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Selection and mutation in a shifting and fluctuating environment

Susely Figueroa Iglesias? Sepideh Mirrahimi'
October 18, 2019

Abstract

We study the evolutionary dynamics of a phenotypically structured population in a changing environ-
ment, where the environmental conditions vary with a linear trend but in an oscillatory manner. Such
phenomena can be described by parabolic Lotka-Volterra type equations with non-local competition and a
time dependent growth rate. We first study the long time behavior of the solution to this problem. Next,
using an approach based on Hamilton-Jacobi equations we study asymptotically such long time solutions
when the effects of the mutations are small. We prove that, as the effect of the mutations vanishes, the
phenotypic density of the population concentrates on a single trait which varies linearly with time, while
the size of the population oscillates periodically. In contrast with the case of an environment without linear
shift, such dominant trait does not have the maximal growth rate in the averaged environment and there is
a cost on the growth rate due to the climate shift. We also provide an asymptotic expansion for the average
size of the population and for the critical speed above which the population goes extinct, which is closely
related to the derivation of an asymptotic expansion for the Floquet eigenvalue in terms of the diffusion rate.
By mean of a biological example, this expansion allows to show that the fluctuations on the environment
may help the population to follow the climatic shift in a better way.

Keywords: Parabolic integro-differential equations; Time periodic coefficients; Hamilton-Jacobi equation;
Dirac concentrations; Adaptive evolution; Climatic change.

AMS subject classifications: 35A02, 35B10, 35C20, 35D40, 35P15, 92D15.

1 Introduction

1.1 Model and motivations

The goal of this article is to study the evolutionary dynamics of a phenotypically structured population in an
environment which varies with a linear trend but in an oscillatory manner. We study the following non-local
parabolic equation

N — 00zxn = nla(t,x —ct) — p(t)], (t,x) € [0,+00) x R,

moz/ﬁﬁmm, (1.1)

R

n(t =0,2) =ng(x).
This equation models the dynamics of a population which is structured by a phenotypic trait x € R. Here, n
corresponds to the density of individuals with trait . We denote by a(t,z — ¢t) the intrinsic growth rate of
an individual with trait = at time ¢. The term —¢t has been introduced to consider a variation of the optimal

trait with a linear trend. The dependence of the term a on the first variable is assumed to be periodic to
consider fluctuations of the environment, which may vary the optimal trait or other parameters of the selection
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as for instance the pressure of the selection. The term p which corresponds to the total size of the population
represents a competition term. Here, we assume indeed a uniform competition between all the individuals. The
diffusion term models the mutations, with o the mutation rate.

A natural motivation to study such type of problem is the fact that many natural populations are subject
both to directional change of phenotypic optimum and random fluctuations of the environment ([I2]). Here,
we consider a deterministic growth rate that varies with a linear trend but in an oscillatory manner as a first
step to study such situations. Will the population be able to adapt to the environmental change? Is there a
maximum speed above which the population will get extinct? How is such maximal speed modified due to the
fluctuations?

1.2 Related works

Models closely related to , but with a local reaction term and no fluctuation, have been widely studied (see
for instance [9, [7, 8, [6]). Such models are introduced to study dynamics of populations structured by a space
variable neglecting evolution. It is shown in particular that there exists a critical speed of environment change
c*, such that the population survives if and only if the environment change occurs with a speed less than c¢*. We
also refer to [I0] where an integro-difference model has been studied for the spatial dynamics of a population
in the case of a randomly changing environment. Moreover, in [I], both spatial and evolutionary dynamics of
a population in an environment with linearly moving optimum has been studied. While in the present work,
we don’t include any spatial structure, we take into account oscillatory change of environment in addition to a
change with linear trend.

The evolutionary dynamics of structured population under periodic fluctuations of the environment has been
recently studied by [23] 211, 15 2]. The works in [21], 2] are focused on the study of a particular form of growth
rate a and in particular some semi-explicit solutions to such equations are provided. In [23] [I5] some asymptotic
analysis of such equations for general growth rates are provided. The present article is closely related to [I5]
where a periodically evolving environment was considered without the linear trend. The presence of such linear
trend of environment change leads to new difficulties in the asymptotic analysis. Moreover, we go further than
the results in [I5] and provide an asymptotic expansion for the average size of the population in terms of the
mutation rate. Such expansion is closely related to an asymptotic expansion of the Floquet eigenvalue for the
linear problem. Furthermore in a very recent work [I1] the authors study a closely related model, but without
the linear change of the environment, and study the impact of the different parameters of the model on the final
population size.

In this article, we use an asymptotic approach based on Hamilton-Jacobi equations with constraint. This
approach has been developed during the last decade to study the asymptotic solutions of selection-mutation
equations, assuming small effect of the mutations. Such equations have the property that their solution concen-
trate as Dirac masses on the fittest traits. There is a large literature on this approach. We refer to [13], 24] [5]
for the establishment of the basis of this approach for homogeneous environments.

1.3 Mathematical assumptions

To introduce our assumptions, we first define

T
aty) = 7 | alt.spat.

We then assume that a € L (R4, C3(R)) is a time-periodic function with period T, such that:
a(t,") =a(t+T,-), VteR, and3Idy>0:|a(t, )o@ <do YtER, (H1)
and that the averaged function @ attains its maximum and

max a(z) >0, (H2a)



which means that there exist at least some traits with strictly positive average growth rate.
Moreover, for some of our results (Theorem [7] and Theorem [J)) we assume that this maximum is attained at a
single point x,,; that is

Nz, maﬁ(ﬁ(x) =a(zm), (H2b)
e
and also
2
N7 <zp; a(T) + i a(zm). (H3)
o

Finally, we make the following assumption on the initial data:
0 < no(z) < el vreR, (H4)

which indicates that the initial density of individuals with large traits is exponentially small.

1.4 Preliminary results
To avoid the shift in the growth rate a, we transform our problem with a change of variable. We introduce
indeed n(t,z) = n(t,x + ¢t) which satisfies:
On — €Oyn — 00zyn = nla(t,z) — p(t)], (¢, z) € [0,+00) x R,
p(t):/n(t,z)d:c, (1.2)
n(t = 0,2) = 7io(x).

Next, we introduce the linearized problem associated to ([.2). Let m(t, ) = n(t, z)eJo #9)45 for n the solution
of (1.2), then m satisfies

Om — cOpm — 60 m = a(t,x)m, (t,x) € [0,400) X R, (13)
m(t =0,z) = no(x), z € R. ’
We also introduce the corresponding parabolic eigenvalue problem as follows
atpc - Eaacpc - Uaxxpc - a(t7 x)pc = AE,O'pCa (t, 13) S [07 +OO) x R, (1 4)
0 <pe; pe(t, @) =pe(t + T, 2), (t,x) € [0, +00) x R. '

For better legibility, we omit the tilde in the index of p., while we still refer to the problem with constant c.
We also define the eigenvalue problem in the bounded domain [— R, R], for some R > 0,

atpR - anpR - ansz - a(tv -'E)pR = )‘RpRa (t7 .’17) S [Oa +OO) X [_Rv R]a
pr =0, (t,x) € [0,400) x {—R, R}, (1.5)
0 <pr; pr(t, ) =pr(t+T,z), (t.x) € [0, +00) x [-R, R].

It is known that problem has a unique eigenpair (Ag,pr) with pr a strictly positive eigenfunction such
that ||pr(0, )| L~ (—r,r) = 1, (see [I7]). Another fundamental result (see for instance [19]), for our purpose is
that the function R +— Ag is decreasing and Ag — Az, as R — —+oo0.

To announce our first result we introduce another assumption. We assume that a takes small values at infinity
in the following sense: there exist positive constants § and Ry such that

a(t,z) + Aep < =0, Vt>0and |z| > Ry. (Hc)

Proposition 1 Assume (H1)), (H4) and (Hd). Then for problem (1.4)) there exists a unique generalized principal
eigenfunction p. associated to Nz 5, with ||pc(0,-)||L~®) = 1. Moreover, we have p. = Rlim pr and
— 00

pe(t, ) < [[pellpme™ IR0 v(t @) € [0, +00) X R, (1.6)



= 2
forv=—£+1/E+1 ().
Finally, the eigenfunction p.(t,x) is exponentially stable, in the following sense; there exists o > 0 such that:

[m(t, x)e**7 — ap.(t,2)||p~m®) — 0 exponentially fast as t — oc. (1.7)

The proof of this proposition is based on the results in [I5].
We next define the T—periodic functions Q.(t) and P.(t,x) as follows:

B Jg a(t, x)pe(t, z)dx pe(t, x)

Qc(t) = , Pt,r) = —F7—, 1.8
(*) Jg pe(t, x)dx () Jp pe(t, z)dx (18)
and we recall a result proved in [I5].
Proposition 2 There exists a unique periodic solution p(t) to the problem
dp . e
{ T =plQu ~7. te ), L9)
p(0) = p(T),

T
if and only zf/ Q.(t)dt > 0. Moreover this solution can be explicitly expressed as follows:
0

1 — exp l— /OT QC(S)dS]
exp [ / ' QC(S)dS] / e [ / S ch)de] i

1.5 The main results and the plan of the paper

pt) =

We are interested, in determining conditions on the environment shift speed ¢ which leads to extinction or
survival of the population. In the case of the population survival we then try to characterize asymptotically the
population density considering small effect of the mutations.

To present our result on the survival criterion, we define the ”critical speed”.

Definition 3 We define the critical speed ¢ as follows

ag

~ 2 _0)\0,07 Zf )\O,U < 07
¢ { 0, otherwise, (1.10)

where Ao, corresponds to the principal eigenvalue introduced by Proposz'tion in the case ¢ = 0.

The next result shows that ¢’ is indeed a critical speed of climate change above which the population goes
extinct.

Proposition 4 (Long time behavior)

Let n(t,z) be the solution of (1.2]). Assume (H1)), (H2a|), (H4) and (Hc)). Then the following statements hold:
(i) if ¢ > €&, then the population will go extinct, i.e. p(t) — 0, as t — oo,

(i) if ¢ < ¢k, then |p(t) — p(t)] = 0, as t — oo, with p the unique solution of (1.9)).



— 0, as t — oo. Consequently we have, as t — oo:
LOO

(iii) Moreover, H

[In(t,-) — p(t)Pe(t, )|l — 0, if <€ and |n|pe~ —0,ifc>72k.

Remark 5 Note that if Ao, > 0, then ¢ = 0, which means that the population goes extinct even without
climate change, that is ¢ = 0.

Proposition {4 allows to relate extinction/survival of the population to the climatic change speed and shows
that if the change goes "too fast” the population will not be able to follow the environment change and will
get extinct. However, if the change speed is "moderate” the phenotypic density n converges to the periodic
function n.(t, z) = p(t)P.(t, ), which is in fact the unique periodic solution of (L.2)).

Next, we are interested in describing this periodic solution n., asymptotically as the effect of mutations is small.
To this end, with a change of notation, we take ¢ = €% and ¢ = ec, and we study asymptotically the solution

~ . R C ~ e ~
Nee, Pec) as € vanishes. For better legibility, we also define ¢* := == where &*, stands for the critical speed ¢*
P hes. For better legibilit, Iso define ¢} = . "

€
with ¢ = ¢2. Note that, in view of Proposition |4} to provide an asymptotic analysis considering o = 2 small,
a rescaling of the climate shift speed as ¢ = ec is necessary (see also Theorem E[) The population can tolerate
only a climate shift with small speed if the mutations have small effect.
In order to keep the notation simpler we denote (nec, pee) = (ne, pe), which is the unique periodic solution of
the problem:
Oine — ecOyne — e20un. = nefa(t,x) — pe(t)], (t,z) € [0,+00) x R,

pe(t) = / ne(t, x)dz, (1.11)
R
ne(0,2) = n (T, z).
To study asymptotically this problem we perform a Hopf-Cole transformation (or WKB ansatz), i.e we consider

_ 1 Ve
nsx/%exp(E) (1.12)

This change of variable comes from the fact that with such rescaling the solution n. will naturally have this
form. While we expect that n. tends to a Dirac mass, as € — 0, 1. will have a non singular limit.
Here is our first main result:

Theorem 6 (Asymptotic behavior)
Assume (H1)), (H2a) and (Hd)) and also that ¢ < hIErL%lf cz. Then the following statements hold:

(i) Ase — 0, we have ||pe(t) — 0(t)||Le — 0, with 9(t) a T—periodic function.

(ii) Moreover, as € — 0, V. (t,x) converges locally uniformly to a function ¢¥(z) € C(R), a viscosity solution
to the following equation:

C 2 _ _ 2
—awz/}+—‘ a(z) —p— 5, TR,
2 = 0 (1.13)
maxy(z) = : :

with

for some positive constants Ay, Az,c1 and ca = —5 + /0 + %



The above theorem is closely related to Theorem 4 in [I5]. A new difficulty comes from the drift term. To deal
with the drift term we use a Liouville transformation (see for instance [7, [§]) that allows us to transform the
problem to a parabolic problem without drift.

To present our next result, let us consider the eigenproblem (1.4)) for o = 2 and ¢ = ce, that is:

8tpcz-: - 5campcs - Eza:cmpcs - a(tv ZE)pcs = pcs>\c,€7 (ta .’E) S [07 +OO) X R,
0 <pce; pce(tax) :pcs(t+Tax)7 (t,.’E) € [07+OO) x R. (114)

Here we denote A, the eigenvalue Az, with o = €2 and ¢ = ce for better legibility.

Theorem 7 (Uniqueness and identification of the solution)

Let Ace be the principal eigenvalue of problem (1.14) and assume (HI)), (H2b), (H3) and (Hc). Assume in

addition that ¢ < lim iélf ¢k, then the following statements hold:
e—

‘ _ T _
(i) Let . = 7 [, p(t)dt, then p, = —Acc.
(i1) The wviscosity solution of (1.13) is unique and it is indeed a classical solution given by

v) = 5@ -0+ [Vl ey | [ Vatem) — et (1.15)

where T < Ty, is given in (H3)). Moreover, as e — 0, p. converges to p = a(T).
(i4i) Furthermore, let n. solve (1.11)), then

ne(t,x) — o(t)o(x —7) =0, ase—0, (1.16)
point wise in time, weakly in x in the sense of measures, with ¢ the unique periodic solution of the following
equation

@—N[a(ta?)—j te (0,7)
{ ,dt - @N ) 0], ) ) (117)
0(0) = o(T).

Remark 8 The statement (iii) in Theorem@ implies, for the solution 1. to the initial problem (1.1)) with o = 2
and ¢ = ce, that
ne(t,x) —o(t)o(x =T —ct) =0, ase—0,

point wise in time, weakly in x in the sense of measures. This implies that the phenotypic density of the
population concentrates on a dominant trait which follows the optimal trait with the same speed but with a
constant lag x,, — T.

Note that while in [I5] the uniqueness of the viscosity solution to the corresponding Hamilton-Jacobi equation
with constraint was immediate, here to prove the uniqueness of the viscosity solution more work is required. In
particular, in order to prove such result the constraint is not enough and we use also the bounds on ¥, given in
(T:13). More precisely we introduce a new function u(z) = ¢(x) + £z which solves

—|0zul? = a(z) -7 - % r €R,
maxgecr u(r) — o =0, (1.18)
—Aj)z)? — Ay < wu(x) <cp —colz| + <,

where the constants A, As, ¢1, co are the same as in ((1.13)).
The main idea comes from the fact that any viscosity solution to a Hamilton-Jacobi equation of type ([1.18)) but



in a bounded domain ) can be uniquely determined by its values on the boundary points of 2 and by its values
at the maximum points of the RHS of the Hamilton-Jacobi equation [20].

Finally, in our last result we provide an asymptotic expansion for the Floquet eigenvalue which leads to an
asymptotic expansion for the critical speed ¢} and the average size of the population p..

Theorem 9 (Asymptotic expansions)

Let Ace be the principal eigenvalue of problem (1.14) and assume (H1), (H2b) and (Hc). Assume in addition

that ¢ < lim i(r)lf ¢, then the following asymptotic expansions hold
e—
Pe = —Ace = a(T,) — £ —Ca(Tm) /2 4 o(g), (1.19)

U (Tm)

s +o(e). (1.20)

ck=2v/a(xy) —¢

Note that the expansion for the Floquet eigenvalue is indeed related to the harmonic approximation of the
ground state energy of the Schrodinger operator [16]. However, here we have a parabolic, non self-adjoint op-
erator.

In Section [ we study an illuminating biological example and show thanks to the above result that the fluctua-
tions of the environment may help the population to follow the climate shift.

The paper is organized as follows: in Section [2| we deal with the long time study of the problem and prove the
preliminary results Proposition [I] and Proposition[d] Next in Section [3] we provide an asymptotic analysis of the
problem considering small effect of mutations and we prove Theorem [6} In Section [} we obtain the uniqueness
of the viscosity solution to and prove Theorem [7l Section [f| is devoted to the approximations of the
principal eigenvalue (average size of the population) and the critical speed, given in Theorem @ In Section |§|
we study a biological example and discuss the effect of the fluctuations on the critical speed of survival and on
the phenotypic distribution of the population. Finally, in Appendix A and B, we provide some technical results
and computations.

2 The convergence in long time

In this section we provide the proofs of Proposition [1| and Proposition To this end, we make a change of
variable which allows us to transform the problem into a parabolic equation without the drift term.

Let m(t, x) satisfy the linearized problem 7 we denote Py and P, the linear operators associated to problem
, for ¢ = 0 and ¢ > 0 respectively, that is:

Pow 1= Oyw — 00z,w — a(t, )w, Pew 1= Oyw — COzw — 00z,w — a(t, T)w.

In Subsection [2.1) we introduce the Liouville transformation and provide a relation between Py and P, which
allows us to obtain a relationship between ¢ and Az,. Next in Subsection (2.2) and (2.3) we provide the proofs
of Proposition [I] and Proposition [ respectively.

2.1 Liouville transformation

Here, we reduce the parabolic equation ([1.2]) to a parabolic problem without the drift term via a Liouville
transformation (see for instance [7, 8] where this transformation is used for an elliptic problem).
Let M(t,z) be given by

‘m

|

M(t,z) == m(t,x)e2", (2.1)



for m(t, ) the solution of the linearized problem ([1.3]), then M satisfies:

2

OM — 00, M = [a(t,x) _ £

E} M.

We denote P the linear operator associated to the above equation, i.e.
Pw = Ow — 00z,w — a(t, x)w,

'52

E .

We establish in the next lemma the relation between the principal eigenvalues associated to the operators Py,
P. and P.

where a.(t,z) = [a(t,x) —

Lemma 10 Let A(P,D) denote the principal eigenvalue of the operator P in the domain D, it holds
Moo = A(Po, Ry x R) = X (75,R+ x ]R) .

Moreover, let Ao,o = APy, R4 X R), then Aeo = X0 + %'

Proof. The proof follows from the definition of the eigenfunction and eigenvalue and the fact that

Puw = (Pc (w67%1>) €357,

2.2 Proof of Proposition

Proposition [1| can be proved following similar arguments as in the proof of Lemma 6 in [I5]. Note that the
argument in [I5] is based on an exponential separation result for linear parabolic equations in [I9] that holds
for general linear operators of the form

wy = L(t,x)w, in [0,400) X R,
with L(t,z) being any time-dependent second-order elliptic operator in non-divergence form, i.e:
L(t, z)w = a;;(t,£)0;0;w + B;i(t, x)0;w + A(t, x)w,
where the functions B;, A € L (R4 x R) and a;; satisfies
a;j(t, x)&& > alé?,  (t,x) e Ry xR,

(see Section 9 in [19] for more details).
Here, we only provide the proof of the inequality (1.6)) which is also obtained by an adaptation of the proof of
Lemma 6 in [I5]. Let @.(¢, ) = ac(t,x) + A\z» then p. is a positive periodic solution of the following equation:

Otpe — COzPe — 00zzPe = pedc(t,z), nR xR. (2.2)
Note that we have defined p. in (—o0, 0] by periodic prolongation. We denote [|pc||zo®rxr) = I' and define:
C(t,x) = e 0(t—to) 4 pe—v(lzl—Fo)
for some v to be found later and 4, Ry given in . One can verify that

I <((t,z) if |z|]=Ryort=tp.



Furthermore if || > Ry or t > ty evaluating in (2.2]) shows:

0¢¢ — €0,C — 00,2C — Cac(t,x) = De=0t—t0)(—5 — @ (t, x)) + [e~¥(l#—Fo) (5I/|i| —ov? — Eic(t,x)) >0,

since a.(t, x) + fz—a =a(t,z) + A&, < —0 thanks to assumption (Hc]) and choosing v conveniently such that the

inequality holds. Indeed, since —1 < £ < 1, we have:

||

- - . & —Cc — /46 2¢2 —C 4+ V46 2¢2
CV%—O’VQ—GC(LL,I‘)Z—CV—0V2+(5+%ZO for ¢ 2U+ ¢ <v< et 20+ <.
x o o o

Thus ( is a supersolution of on:
Ao ={(t,z) € (to,0) X R;|z| > Ro},
which dominates p. on the parabolic boundary of Ag. Applying the maximum principle to { — p., we obtain
pe(t,z) < Te d(tto) 4 pevilzl=Fo) |z| > Ro, t € (tg,00).
Taking the limit tg — —oo yields
pe(t,x) < Le¥(lzl=Fo) |z| > Ro, t < +o0,

—C+ V4o + 2¢2
20

in particular, for v = . We conclude that p. satisfies (|L.6]).

2.3 Proof of Proposition

The proof of Proposition {4} is closely related to the proof of Proposition 2 in [I5] but we need to verify two
properties before applying the arguments in [I5]. To this end we prove the following lemmas. The rest of the
proof follows from the arguments in [15].

Lemma 11 Let Az, be the principal eigenvalue of problem (1.4). Then, Az, < 0 if and only if ¢ < c}.
Proof. Follows directly from the definition of ¢ .

Lemma 12 Assume (H1)) and (H4) and let C3 = Co(0Cy + €) + do then the solution n(t,x) to equation (1.2)
satisfies:
n(t,z) <exp(Cy — Colz| + Cst), V(t,z) € (0,400) x R.

Proof. We argue by a comparison principle argument. Define the function 7i(t, z) = exp (C1 — Ca|z| 4+ Cst).
We prove that n < n. One can verify that for C'5 defined as in the formulation of the Lemma, we have the
following inequality a.e:

Cx

Oyt — COpt — 0t — [a(t, z) — p(t)] 1 = e C1=C2l2HCs) 1 0y — 602 4 Cy— — a(t,z) + p(t)| > 0.

||

Moreover, we have for ¢ = 0, n(0,2) < 7(0,2) thanks to assumption (H4). We can then apply a maximum
principle to d(t,z) = n(t,z) — n(t,x), in the class of L? functions, and we conclude that:

0 <d(t,z) = n(t,z) <at,z), V(z)e (0,+00) xR.



3 Regularity estimates

In this section, we prove Theorem @ To this end we first provide some uniform bounds for p.(¢). Then, in
Subsection [3.2] we prove that ) is locally uniformly bounded, Lipschitz continuous with respect to z and locally
equicontinuous in time. Finally in the last subsection we conclude the proof of Theorem [6] by letting € go to
zero and describing the limits of . and p..

3.1 Uniform bounds for p.
We have the following result on pe.

Proposition 13 Assume (HI)), (Hd) and let ¢ = ec with ¢ < liminfel. Then for all 0 < € < g, there exist
e—0

positive constants p,, and pprs such that:
0 < pm < pe(t) < pm, Vt>0. (3.1)

The proof of this result follows similar arguments as in [15]. For the convenience of the reader, we provide this
proof in Appendix A.

3.2 Regularity results for .

In this subsection we prove some regularity estimates on . which give the basis to prove the convergence of .
and p. as € — 0 in Subsection From the Hopf-Cole transformation ([1.12]) we deduce that 1. solves:

2

1 2
gatws - 5amm77bs = 3#/’5 + g‘ + a(tax) - Z - ps(t)a (tax) € [Oﬂ +OO) x R. (32)

We claim the following Theorem.

Theorem 14 Assume (H1), (H2a) and (Hc). Let ¥. be a T—periodic solution to (3.2)). Then the following

items hold:

(i) The sequence ()¢ is locally uniformly bounded; i.e.

—A|z)? - gx —As <t <1 —ealz|, V()€ Ry xR, (3.3)

for some positive constants A1, Az, ¢y and c3 = —§5 + /0 + %

(i) Moreover, the sequence (. = \/2¢1 — e )e, is uniformly Lipschitz continuous with respect to x in (0, +00) X
R.

(iii) Also, (3c)e is locally equicontinuous in time in [0,T] X R and satisfies

[Ve(t,x) — (s, )] >0 ase—0, VO<s<t<T. (3.4)

In the next subsections we provide the proof of the lower bound in (3.3) and the uniform Lipschitz continuity
of ¢.. The proof of the other properties can be obtained by an adaptation of the arguments in [I5]. For the
convenience of the reader we provide them in Appendix A.
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3.2.1 Lower bound for .

To obtain the lower bound for . we use the bounds for a in (H1) and for p. in (3.1) and we obtain for
Do =do + pum
Oyne — cedyne — £20,5ne > —Don..

Let n} be the solution of the following Cauchy problem

ot — cedyni — 20yen’ + Dont = 0,
_ 0
nk(0,x) =ng,

we define N analogously to (2.1]) by the Liouville transformation of n} as follows
N (t,z) == n’(t,z)ez=".

Then, N} solves the heat equation

3,5]\75* — EZaIzN: —+ DlN; = 0,
N (0,2) = n2(x)e3?,

for D1 = Do + %. The solution to the latter equation is given explicitly by the Heat Kernel K,

e—Dlt lo—y|2

\
/N;(O,y)e_ w2 dy, t>0.
R

NZ(t,x) = e P (NZ(0,y) * K) =
At

Note that NX(0,z) from its definition can be written as follows

N0, 7) = m&(o)eéx. (3.5)

We recall that p.. is uniquely determined once ||pee(0, z)|| o () = 1 is fixed. Then, one can choose x. such that
Pee(0,z2) = 1. From an elliptic-type Harnack inequality in a bounded domain we can obtain

pCE(tOu‘rE) S sup pCE(t(hy) S CpCE(t07x)7 V(t07.1'> S [6072T] X B(:L.675)7 (36)
yEB(ze,2)

where dg is such that 0 < §g < T and C' is a positive constant depending on §p and dg (we refer to Appendix
A-Proof of upper bound, for more details on this inequality). We then use the T'—periodicity of p.. to conclude
that the last inequality is satisfied for all ¢ € [0,T].

From (1.6, (3.5) and (3.6) we deduce that

pe(0,2)e="
Sz p=(0, 2)dx

for some positive constants Dy and D3 depending on ||pe||re, pm, 0, and the constants of hypothesis (Hc).
Then, for all (¢,z) € (0,+00) x R

—1 ,&+Lw *
e "Dye” T T2 < p, < NZ(0,z), Vze B(x.,e),

D2 _ D3+eDyt / e lz—y|?
NX(t,z) > e E e2eYe” a2 (
6( ) e2\/4nt Bl(z..e) Y
Ds|B(z.,¢)| * + (Jze| +)* | ¢ rae D3 + Dite
exp s — +*(*—1)—7 .
e2/4mnt 2te2 2\ ¢ €

By the definition of n} and the comparison principle we obtain that n}(t,z) < n.(¢,z) and hence

Dy|B(ze,¢)| |z|> + (Jze| +€)® ¢ (3. —x D3 + Dyte
> ————"—expq— bt 1) = .
e2\/Ant 2te? 2 5 €

>

ne(t, )

11



This, together with the definition of ., implies that

o (Dle(xe,s)> 2P 4 (Jze] + )
8 e2\/4rt 2te

In particular, we obtain that

clog [ 22B@e )l [al* + (ze[ +2)*
e3/2\/Ant 2t
Note that x. is uniformly bounded in & thanks to (1.6)). Then we can conclude by using the periodicity of ..

We obtain a quadratic lower bound for 1. for all ¢ > 0; that is, there exist A;, Ay > 0 and g small enough
such that for all € < eg,

+ g(xg — a2 —e)— (D3 + Dite) < ¢e(t,z), Vt>0.

(xe —x —€) — (D3 + Dit) <. (Zw), Vee 1,14 1.

o

Azl - gx — Ay < e(t,x), VE>0.

3.2.2 Lipschitz bounds

In this section we prove the Lipschitz bounds for ¥.. To this end we use a Bernstein type method closely related
to the one used in [5, [15]. Let ¢ = v/2¢1 — ¢, for ¢; given by (3.3), then ¢, satisfies

! e 2 alt,z) = pe(t)
gaﬂbg = COz¢e — €0u P — <¢e - 2¢6> ‘a¢s| = T

Define ®. = 0,.¢., which is also T—periodic. We differentiate the above equation with respect to x and multiply
by 2= i.e.
‘(I)El I I

1 € €
28t|(1>5| — 0 |P.| — €040 | Pe| — 2 (4) — 2(;’)5) D, - 0,|Pc| + ( +2
€

>@3<@Ww%mND@A_%wQ
¢g £ =

292 20| e
From ({3.3) we deduce that

\/a§¢€§\/A1|x|2+;x—|—A3, Vit>0, zeR,

£
\2 <¢>s - 2@)

for some positive constants A4 and As. From here, we deduce for ¥ large enough

for A3 = As + 2¢q. It follows that

< Aylz| + As,

1
~0i|.| — ;|| — 200 0c] — (Aulz| + A5) |2 - O] | +2 (|2 = 9)° <. (3.7)

Let Ty > 2T and Ag to be chosen later, define now, for (¢,z) € (O T—M} x [-R, R]

’ €

L. Ag R” +9
20/te  REP—[z?

O(t,x) =

We next verify that O, is a strict supersolution of (3.7 in (O, %} x [=R, R]. To this end we compute

1 2A6R2$
00, = ———, 0,0:= 535 02:0:=
K At\/te (R2 — |z[?)?

2A6R2 8A6R2|$|2
(R? —[a]?)? (R — |z[?)*

12



and then replace in (3.7) to obtain

10,0, — ¢9,0. — £0,,0. — (Adlz| + A5)|O. - 9,0, +2 (0. — ¥)°

_ _ 1 _2cA¢R’x e 246 R? + 8AgR?|z|?
det /Et (R2,|x|2)2 (327|ZL"2)2 (R2,|m‘2)3

1 AgR? 246 R?[a| 1 acr? )
—(Aglz| + As) (273 t et 19) ) T2 (2\/67 * RZ%W)

2A6R%d 8AgR* 1 AgR? 2A¢R?
> | fefits + e | - (AR + 45) (0 + 7 + ) i

346R? (1 AgR? 246R? AZR®
+ 3ol (g + i) + oy (@ — )
where, for the inequality, we have used that |z| < R.
One can verify that the RHS of the above inequality is strictly positive for R > 1, ¢ < 1, and Ag >> 1.

Therefore, O, is a strict supersolution of (3.7)) in (O M} x [-R, R] and for £ < 1.

€

We next prove that
T
[ (t.)] < O(t,2) in (0, 2] x [~R. R).

To this end, we notice that ©.(t, z) goes to +00 as |z| — R or as t — 0. Therefore, |D.|(t,z) — O.(¢,x) attains
its maximum at an interior point of (0, %} X [—R, R]. We choose tpax < TTM the smallest time such that the

maximum of |®. (¢, ) —O. (¢, ) in the set (0, tmax] X [~ R, R] is equal to 0. If such ¢y does not exist, we are done.

Let Zmax be such that [D.|(t,2) — O.(¢,2) < |Pc|(tmaxs Tmax) — Oc(tmax, Tmax) = 0 for all (¢, 2) € (0, tmax) X
[-R, R]. At such point, we have

O S 8t(‘¢6| - @6) (tmaxa mmax)a 0 S _a:rx(|q)5| - 95)(tmaxyxmax)7

|(I)5 ‘ (tmaxa xmax)az |<I)s|(tmaxa xmax) = 65 (tmax, mmax)axgs (tmaxa $max)~

Combining the above properties with the facts that |®.| and O, are respectively sub- and strict super-solution

of (3.7), we obtain that
(‘(I)El(tmax; xmax) - 19)3 - (ea(tmaxa mmax) - 79)3 < 0 = |(I)E‘(tmaxa-rmax) < @E(tmaxaxmax)y
which is in contradiction with the choice of (tmax, Tmax).- We deduce, then that

1 N AgR?
2Vt R? —[zf?

We note that for ¢ < ¢ small enough we have % > % > % +T7 > % Letting R — oo we deduce that

T
B (t,2)] < +9 for (t,x) € (071”} % [-R,R], VR > 1.

1 1 T T
< < bl ,
|<I>5(t,:c)|_2\/57+A6+19_2\/T+A6+19 for (¢,z) € |:€’€+T:| x R

Finally we use the periodicity of ®. to extend the result for all ¢ € [0, +00) and rewriting the result in terms of
¢. we obtain for some positive constant Ay

|0xp<| < A7, in [0, 400) x R.

3.3 Derivation of the Hamilton-Jacobi equation with constraint

In this section we derive the Hamilton-Jacobi equation with constraint (1.13]) using the regularity estimates in
Theorem [14

13



3.3.1 Convergence along subsequences of 1. and p.

According to section {1} is locally uniformly bounded and equicontinuous, so by the Arzela-Ascoli Theorem
after extraction of a subsequence, v (¢, x) converges locally uniformly to a continuous function (¢, z). Moreover
from , we obtain that ¢ does not depend on t, i.e ¥(t,z) = ¥(z).

Furthermore, from the uniform bounds on p. in we obtain that |d£’; | is also bounded. Then we apply the
Arzela-Ascoli Theorem to guarantee the locally uniform convergence along subsequences of p.(t), to a function

o(t) ase — 0.

3.3.2 The Hamilton-Jacobi equation with constraint

Here we use a perturbed test function argument (see for instant [14]), in order to prove that, 1 (x) = lim._,o ¥ (¢, )
is in fact a viscosity solution of the following Hamilton-Jacobi equation.

2

2
—a(z)—p— — (3.8)

C

where p = % fOT o(t)dt. We prove that 1 is a viscosity sub-solution and one can use the same type of argument
to prove that it is also a super-solution.

Let us define the auxiliary “cell problem”:

Ord = a(t,x) — o(t) —a(x) +p, (t,z) €0, +00) x RY,
¢(0,z) =0, (3.9)
¢ : T — periodic.

This equation has a unique smooth solution, that we can explicitly write:
t
o(t.0) = ~tla(e) ~p) + [ (alt,) - 20t
0

Let ¢ € C*°(R) be a test function and assume that ¢ — ¢ has a strict local maximum at some point zy € R,
with ¢(zo) = ¢(x9). We must prove:

c|? c?

—|0pp (o) + 5‘ —a(ao) + 5 +7 0. (3.10)
We define the perturbed test function W, (¢, z) = ¢(x) + €¢(t, z), such that p. — U, attains a local maximum at
some point (t., ). We note that U, converges locally uniformly to ¢ as € — 0 since ¢ is locally bounded by
definition, and hence one can choose z. such that z. — xo as € — 0, (see Lemma 2.2 in [3]). Then U, satisfies:

1 c|? c?
gatllls(tsv‘rs) - Eamm\:[}s(tsvms) - aac\:[js(ts; xs) + 5’ - a(tsvxs) + Z + Pe(ts) S 07
since 1, is a solution of (3.2)). The above line gives:
c|? c?
8t¢(t57 xs) - Eaxx<p($a) - 52890:c¢(t57 xs) - ax@(xe) + 5ax¢(t67 935) + 5’ - a(taa ze) + Z + ps(ts) <0.

Using (3.9)), this last equation becomes:

2
Bppl@s) + 0p(te,x2) + Ef +(pe = B)(t:) —ale) +7+ 7 0. (3.11)

_Eaxa:@(ma) - 528ww¢(ts; 335) - 9

Next we pass to the limit as ¢ — 0. We know from Subsection 3.3.1 that p. — o locally uniformly as e — O.
Moreover ¢ is smooth with locally bounded derivatives with respect to x, thanks to its definition. Using these

14



arguments and letting ¢ — 0 in (3.11]) we obtain (3.10|) which implies that 1 is a viscosity sub-solution of (3.8)).

Furthermore, note that ¢ is also bounded from above, by taking the limit as € — 0 in (3.3)), i.e.,
Y(x) < a1 — ol

and attains its maximum. We claim that

v =0

Indeed, from the upper bound for p. in , the definition of 7. in and the continuity of ¥, we obtain
that 1 (x) < 0. Moreover, from the locally uniform convergence of ¥, to ¥, as e — 0, and we deduce that
max,cgr ¥(z) < 0 implies that ¢.(z) < —8, for all z € R and ¢ < g9 and some positive constant 8. This is in
contradiction with the fact that p. is bounded by below by a positive constant p,, (we refer to section 4.3 of
[15] for more details).

4 Uniqueness of the viscosity solution to ((1.13]) and explicit identi-
fication

In this section we provide the proof of Theorem [7} To this end, we first derive an equivalent Hamilton-Jacobi

equation to ((1.13) by mean of the Liouville transformation and prove some properties of the eigenvalue A, .. We

then prove the uniqueness of the viscosity solution to such equivalent equation. This allows us to establish the

uniqueness of the solution to (1.13)) and to identify it explicitly. Finally, we provide the proof of the convergence
of n. to the Dirac mass given by (1.16).

4.1 Derivation of an equivalent Hamilton-Jacobi equation

In this subsection, we define a new function
u(x) :=¢Y(x) + ==, (4.1)

which solves the following Hamilton-Jacobi equation in the viscosity sense

2
T
Note that the transformation (4.1)) is indeed analogous to the Liouville transformation presented in Section
We have the following boundedness result for w.

Lemma 15 The function u(x), defined by (4.1)), is locally bounded and satisfies

~[0cul* =a(x) —p - (4.2)

—Aj|z)? — Ay <u(x) < ey —eolz| + gx, Vo eR, (4.3)

where the constants A1, As, c1 and co are given in (3.3)).
Proof. From Subsection [3.2] we got uniform bounds for ¢, in (3.3)), which lead to bounds on . That is
—Al\m|2 — ga: — Ay < YP(x) <1 — colz].

Then, the bounds (4.3)) follow directly from the definition of u(x) in (4.1)).
|

Therefore, we conclude that the function u satisfies ((1.18]). In Subsection we will prove a uniqueness result
for (1.18]) which will imply the uniqueness of 1, the solution to ([1.13).
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4.2 Some properties of the eigenvalue A .

In this subsection we prove Theorem m-(l) We also establish that A. . is uniformly bounded above and below
by negative constants and derive some properties of the limit, along subsequences, of A. .

From the equation (L.14)) we can integrate in R, divide by [, pee(t, 2)dz and integrate again in ¢t € [0,7] and
obtain

1 T
Aee = —7 /O Qee(t)dt. (4.4)

where Q. (t) is defined analogously to (1.8]) from the periodic eigenfunction p... We next use the relationship
between the solution n. to ((1.11)) and the eigenfunction p.. to obtain the first claim of Theorem Indeed, from
equation (1.11) after an integration in z € R we obtain:

dp<(t)
dt

= [ nelt.aalt. )iz - 20
R
We divide by p.(t) and use the relation between n. and p.. inside of the integral, that is:

d S Pee(t, z)alt, x)dx
ps(t) + alnﬂs(t) =-R prcg(ty)dy

Note that the RHS is exactly Q... We then integrate in [0,7] and using (4.4)) and the T'—periodicity of p. we
deduce that

Pe = _)\C,E’

We next prove that A. . is uniformly bounded above and below by negative constants. Combining and (H1)
we obtain that
_dO S >\c,5-

Moreover, since we are in the case ¢ < lim i(IJlf ¢, we can find a positive constant 7 such that for every ¢ < g,
E—r

with ¢ small enough we have ¢ < ¢ — 7. Then from the definition of ¢} we deduce that

2
c<2y/ X2 —T=2 f)\c,5+cz—7,

which leads to )

crT
Moo <=2 =,
ST TG
and hence, for A\, = & + é we obtain
Aee <= < 0. (4.5)

Thus (A¢c)e is a uniformly bounded above and below by negative constants. This implies that we can extract
a subsequence, still called A, which converges as € — 0 to some negative value A;. Moreover passing to the
limit as € — 0 in assumption (Hc) we obtain, for all such limit values Ap,

E(JT) < —0— A, V|$| > Ry. (46)
Note that passing to the limit of p, as € — 0 along the same subsequence, we obtain that

P =—\. (47)
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4.3 Uniqueness and explicit formula for u(x)

In this subsection we prove the uniqueness of the viscosity solution of the Hamilton-Jacobi equation (1.18]). To
this end we consider the Hamilton-Jacobi equation as follows

—|0zu* = h(z), =€, (4.8)
where h € C'(R). Note that this corresponds to our problem for h(z) = h(z) := a(x) —p — %.
We divide the proof of the uniqueness result into several steps. We first prove that, in the case where 2 is an
open bounded domain and h < 0 in €, a viscosity solution to can be uniquely determined by its values
on the boundary of 2. We then use this property and to prove that in our problem it is not possible that
h(z) < 0 for all # € R. We prove indeed that max h(x) = 0 and this maximum is attained only at the point
Z,,. Finally we use these properties to conclude that w is indeed uniquely determined by an explicit formula.

Step 1: If h < 0 and () is bounded then the viscosity solution to is uniquely determined
by its values on the boundary of Q). Suppose that h(z) < 0, for every = € €. For this problem we obtain
uniqueness of the viscosity solution thanks to a representation formula for the function u. Indeed, for 2 bounded
we define L(z,y) as follows

To
Liz,y) = sup{ — /R(E@)dt/(Ty, ) such that £(0) =z, £(Ty) =y, £(t) € 9.Vt € [0,Ty),

0

d .
df’ <la.ein [O,TO]},

and in [20]-Chapter 5 the following is proved.

Proposition 16 Assume that h(z) < 0, Vo € Q, with Q a bounded domain. The function

u= ylenafﬂ[ o(y) + L(z,y)],

is the unique viscosity solution of

|Du| = v/—=h(z) in Q; u=¢ on ON.

Step 2: max,cg h(z) :_i_z(scm) =0 and the maximum is only attained at this point. We assume in
the contrary that max,ecg h(x) < 0. We consider Q = Br: = (—R', R') for R’ > 0, to be chosen later. According
to step 1, we can express the value of the viscosity solution of (4.8]) at the point 0, for h(x) = h(z), as follows:

u(0) = max {u R - ’/R V-h)dy| de }

Note that thanks to (4.6) and (4.7), we obtain that

2 -
\/ o+ CZ <y\/=h(y), Vly| > Ro.
We deduce that, for all R’ > Ry,

/_OR/ \/%C@ZH(R’—R@, and /OR/ \/T@)dyZH(R/—

Next we combine the above inequalities with the third line of (1.18)) to obtain

cz 2
u(0) < max < ¢; — 6—}——— - Ry) —: ¢ +cR - R (5—}—*— - (H—Z )
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for ¢; given in (L.18). This implies that, taking R’ arbitrarily large, u(0) is arbitrarily small which is a contra-
diction. Therefore the assumption on h(z) of being strictly negative in (2 is false.

We have proved that h(x) vanishes at some point z € R. Note also from (4.2]) that

¢
4

and max,eg h(z) is attained at the unique maximum point of @, which is z,,.

a(x) —p—— <0,

Step 3: Identification of v in R.  We now prove that the solution u is uniquely determined by its value
at the maximum point of h(z). That is, for all z € R

/wi \/T(y)dy‘ + u(m)- (4.9)

To this end we choose 0 < R, and 0 < R’ such that R << R’ and we consider the domain Br = ER’, T ] U

u(x) = —

[, R']. Note that h < 0 in the sets (—R’,z,,) and (,,, R’). We can thus apply Proposition [16| in these
domains:

u@g::max{u«JW)—‘/jy\/—hggﬁ,nxxm)—léi\/—hgndﬂ.}, Vi € (<R, am),
u(x):max{u(R')— /f\/T(y)dy;u(xm)— /; \/T(y)dy‘.}, Vi € (@ms R),

We next prove the following inequalities for R’ large enough,

and combine them with the above lines to obtain (4.9) for all x € [-R, R]. Since R is arbitrary we thus obtain

[E9).

Suppose that x,, < x < R. We prove the second inequality (the first one follows from an analogous argument).
We claim that, for R’ large enough

- /: \ —h(y)dy + u(zm) + /wR/ \/ —h(y)dy — u(R') > 0.
Indeed, for = € [z,,, R] we have B
7/1, V=h(y)dy > ,/OC \ —h(y)dy. (4.10)

Moreover, from the upper bound for w in (4.3)) we obtain for all x € Br/ (z,),

—u(z,) <

u(z) < e1 — eola| + gx = uw(R) < e+ %R’. (4.11)

Furthermore, following similar arguments as in the previous step we obtain that:

=h(y) > \/5+§, Yy € (Ro, R)). (4.12)

Finally, putting together (4.10)), (4.11) and (4.12)) we obtain:

_ /T: \/T(y)dy+u(xm)+/j \/T(y)dy—u(R’) > — /Tj \/T(?/)dy+u(mm)+(3’—Ro)M—ER’—Q >0,

for R’ large enough.
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Step 4: Uniqueness of u. We finally determine the value of w at z,, which leads to the uniqueness and

an explicit formula for u thanks to (4.9).
[ \p+ 5 —awy
Tm

Replacing the value of & in ([4.9)), we obtain
This directly implies that w is in fact a classical solution for x € R which attains its maximum at z = x,,. We
also recall the second property in (1.18]), that is

u(z) = w(@m) — , VzeR.

c
IgIcleafé(u(l‘) — 5% = 0.

We denote the set of maximum points of u(z) — Sz by X*, ie

X" :={z" € R such that u(z*) — gx* = 0}.

Let 2* € X*, we evaluate the above formula of u at z* in order to obtain an expression for u(z,,). This implies

/ " Valen) —aly)dy / " Vo) —awdy|, VeeR.

c
u(z) = 51‘* +

Moreover, we have

which implies that

and hence z* < x,,. Note also that we have a(z,,) = p+ % from step 2 and a(z*) = p thanks to (1.13).
Combining these properties with assumption (H3)) it follows that * = T, and hence u is uniquely determined.
As a consequence we obtain the explicit formula (L.15) for ¢(z). This ends the proof of Theorem [7}(ii).

4.4 Convergence to the Dirac mass

We deal in this subsection with the result for the convergence of n., that is Theorem (iii).

Call f.(t,z) = "p(t(t ;”)

fe(t,-), converges, along subsequences, to a measure, as follows

fet,))—=6(-—%) as e—0,

, then f. is uniformly bounded in L>°(R,, L'(R)). Next, we fix t > 0, and we prove that

weakly in the sense of measures.
Indeed, we already know that

max y(e) = Y(@) =0 and  $(x) < o1 — eolal,
for Z given in Theorem [7] This implies that for any ¢ > 0, there exists 8 > 0 such that ¢(z) < —f for every
zeR\[Z-¢( x4
We denote O =R\ [z — (,Z + (] and choose x € C.(O), such that supp x C K, for some compact set &, then
it follows that

1 Ye(t.z) 1 Ye(t,z)
/ fo(t,2)x(2)dz| < / 22 |y (@) de < / 242 (@) de.
(@) Pm JoO Pm JK

From the locally uniform convergence of 1., to ¥(x), we obtain that there exists €9 > 0 such that Ve < &g,
Ve (t,z) < —g, Vz € K, and hence

/ S Ix(x)|dz < / e_%|x(x)|dx —0 ase—0,
K K
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since x is bounded in K. Therefore, thanks to the uniform L' bound of f., we obtain that f. converges weakly
in the sense of measures and along subsequences to pud(xz — T) as € — 0. Then to prove that in fact, u = 1 we
can proceed as in Section 4.3 in [I5].

4.5 Identification of the limit of p.

In order to identify the limit of p. we first write thanks to Proposition [d] and Proposition [2] the following explicit

expression for p.:
1- exp l / ch ]

expl / Quss ] / exp[/:chw)de}ds’

where Q¢ is defined analogously to (1.8)), using the periodic eigenfunction p.. of problem (|1.14)).

(7, .
ne(t,2) / pee(t,y)dy. Replacing pe. by
pe(t) R

pe(t) (4.13)

We then compute the limit of Q.. as e — 0. We know that p.(t,x) =

this quantity in the formula for Q.. we obtain

ne(t, x)
/Ra(ux)pcg(t,x)dx - /Ra(t7x) (D) /Rpcg(t,y)dydx /Ra(t,x)ng(um)dx‘

ch(t) = = =
/pcs(t,x)dx /pcg(t,x)dx pe(t)
R R

From the previous subsection we deduce that:

e—0

lin% Qee(t) = lim [ fo(t,z)a(t,z)dz = a(t, T).
E— R

Finally we can pass to the limit in the expression (4.13)) for p., to obtain the following explicit formula for g

1— exp [— /OTa(s,x)ds‘|
exp [— /0 ! a(s,x)ds] /f e [ /t ) a(H,x)dG} ds

which is in fact the unique periodic solution of the equation ((1.17)) thanks to Proposition Therefore using
the convergence result for p. we deduce finally (1.16]) and this ends the proof of Theorem

o(t) =

5 Approximations of the eigenvalue

In this section we prove Theorem |§|, i.e., the asymptotic expansions and . Note that the first
equality in has been already obtained in Section

To this end we develop an asymptotic approximation of order ¢ of the eigenvalue .. given by the eigenvalue
problem . To obtain such abymptotlc expansion we construct an approximate eigenfunction p. corre-
sponding to an approximate eigenvalue )\ which solves an equatlon close to (| - We then use Pr0p051t10nl
to prove that )\ approximates \.. with an error of order &2

To construct an approximate eigenfunction, we first try to approximate we, obtained from the Hopf-Cole trans-
formation of p.. as follows:

1 we (t,2)

pcs(tax) = \/ﬁe €
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One can verify that w, solves:

2

12
Dpw. + 5‘ +alt, @) + Aee — T (5.1)
We can obtain similar bounds for w,. as for 1., which guarantee the convergence along subsequences of w,
to certain function w = w(z), which is in fact the limit of the whole sequence w,, and satisfies the following

Hamilton-Jacobi equation in the viscosity sense

1
*6{[05 — aamwg =
e

C2

cl2
axw+§‘ = a(@) + \ — T (5.2)

Remark 17 Note that in order to obtain the limit equation (5.2) we can argue exactly as for . in Section
by a "perturbed test function” argument, (see also [15]).

Note that, thanks to theorems[6|and[7, A = —p and () is a solution to (5.2). We then, write (formally)

we(t,z) = P(x) + gt x) + *w(t,x) + 0(e?) and Aec = —p+eXa + o(e), (5.3)
for some T'—periodic functions ¢ and w, and we construct the following approximated eigenpair:

{[1\;:1/;%—5(;5 and Xez—ﬁ-i-ﬁ)\z.

We then substitute this pair (1’/;;, XE) into (5.1) and obtain:
Orp — oy — 20y — g — 20000 = |0 + €029\ + a(t, 2)—p + g + 0(e),

where the notations v, and ,, correspond respectively to the first and second derivative of 1.
Regrouping the terms with similar powers of € we obtain the following system for ¢,

2

c|? c
wx'i_ 5‘ +(I(t,.’L’) - 7_ﬁa

3t¢ = 4

(5.4)
1 T
Vg = [2'¢)r + C]T/O 6z¢(t,o:)dt + Aa.

We remark that the previous system has a unique solution ¢ up to addition by a constant. Indeed, from equation

(1.13)) we obtain
O = a(t,z) — a(x).

Integrating in [0, ¢] leads to
t
o(t.2) = 6(0.0) + [ a(r.)dr - ta(a),
0

and the value of ¢(0,z) can be obtained from the second equation in (5.4) once we fix ¢(0, z,,). Note that here

we use the fact that 2v, + ¢ vanishes only at the point z,,.

1 be (t,z)

We now define p¢(t,z) := e~ = , and use the system ([5.4)), to obtain the equality:

27e
Pepe — Xsﬁs = —¢? (‘ax¢|2 + axﬂc¢) Des (5'5)

for P, the following parabolic operator

P.p = Oip — ce0pp — €2040p — alt, z)p.

We denote _ _
At = A+ 2K, and M- =\ — 2K,

with
K= |||8z¢|2 + Oz @ L, (5.6)

where the well definition of K is guaranteed by the next lemma which is proved in the next subsection.
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Lemma 18 The constant K given in (5.6)) is well defined. Moreover the function ¢ computed above solves ((5.4)
with g = / —@$z($m)/2.
We then deduce from ((5.5)) that

Pede < 0ipe — c€04Pe — €20,50De — a(t, T)Pe < Dedet -

We next define the functions

tA_—

g.(t,x) =pe(t,x)e” "=, ¢ (t,x)= Pe(t, x)e” et

One can verify that g, and g_ are super- and sub-solution of the linear problem (1.3)) with o = &2 and ¢ = ce,
that is
Org_ — ceOug_— 628mg5 < g a(t, ),

01q, — c€0,q, — 528@/@5 >q.a(t,x).

We then apply a Comparison Principle and obtain that the solution g.(¢,z) to the following linear problem

{ at(k - Cga:ff]s - 523196(15 = an(ta :ZZ),
q=(0, ) = p:(0,z),

satisfies
0 (t,7) < @.(t,2) ST(ta), V(t,a) €Ry xR

From the proof of Proposition 1 in Section 2.2 (see equation (1.7)), applied to the case o = ¢% and ¢ = ce we
know that ¢g. converges exponentially fast as ¢ — +oo to the periodic eigenfunction in (1.14]), (see also [19)]);
that is, we can write for some positive constants o and 3,

g€ — apee L= < e P" (5.7)
We recall that g.e'*== can indeed be written as
QEet)\C’E = Eje,l + 56,27

with g. 1(¢,-) € span{pc:(t,-)}, Ge,2 — 0 exponentially fast and

[ Talt.owitpiz =0,
R
where p?, is the principal eigenfunction to the adjoint problem
—0iph. + c20up). — 200apl. = (alt, x) + Ae )P,

(see Theorem 2.2 in [19] and the proof of Lemma 6 in [I5]). The positivity of « is then derived from the fact
that ¢.(0, ) and p_ are positive functions.
On the one hand equation (5.7) implies that,

0< ﬁse(*AﬁJr/\c,a)t < P + e Bt
Since p.. and p. are time-periodic functions, then necessarily
Ace — At <0,
otherwise we get a contradiction as ¢ — +o0o. Therefore

Aee — Ae < K2, (5.8)

)
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where K is defined in ([5.6)).
On the other hand, from (5.7)) we obtain

peel e Tt > ap — e
Note that if A. . — A.- < 0 we obtain from the T'—periodicity of the eigenfunctions, as t — 400, that p.. <0,

which is also a contradiction. We deduce that

Therefore we have

Combining both inequalities (5.8) and (5.9)) we write
[Aee = (=P +eXg)| < Ke2,

which leads thanks to Theorem @(ii) and Lemma to an approximation for the eigenvalue of order €2 as

follows:
2

Ao = —a(2m) + CZ + e/ tge (Tm) /2 + 0(2).

The approximation ([L.20]) for the critical speed ¢} can be derived from the above approximation and (1.10).
Indeed, from ([1.10]) and the definition of ¢} we obtain

cgzz\/a(xm)—s —Wﬂ(s)ﬁ Tlom) — ey |~ dze@m) oy

5.1 Boundedness of K
In this subsection we prove Lemma We provide the proof in several steps.

Step 1: |0,¢| is bounded. An integration in [0, 7] of the first equation in (5.4)) gives us the already known
equation for ¢ in (3.8]). This allows us to rewrite the equation as follows:

O = a(t,x) —a(x) = 0,¢(t,x) = 0,¢(0,z) + /0 ag (T, x)dT — tay(z), (5.10)

where a, and @, denote the derivatives with respect to x of a(t,z) and @(x) respectively. This implies that in
order to bound 9,¢ we just need to bound the derivative of ¢ at point ¢t = 0 since a(t,z) € L= (R, C3(R)).

Then from the second equation in (5.4)) we obtain:

29, (z) + ¢ ’

if the last formula is well defined, i.e., if all the derivatives exist.
Note that, an integration for ¢ € [0,T] in the equation (5.10)) leads to, (after dividing by T')

T
%/O Dpb(t, x)dt = (5.11)

1" IR T
7| oottt =o.00.0)+ 7 [ [ acraira—Ga, (o)
since 0;¢(0,x) does not depend on t. We then deduce from the last formula and ((5.11])

0.0(0.0) = LD Elerltn) 4 ),
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where
1 (Tt T
G(x):_f/ /aw(r,x)dfdtJr—ax(x), (5.12)

is a regular function. We next prove that the derivatives involved in (5.11]) exist. To this end we claim the
following technical result.

Lemma 19 The function 1(x) is twice differentiable for every x € R and

- % (2) z < Ty
2\/a(xm) —alz)’ ’

¢xz(x) - —\ _axm(xm)/Q; T = T,

(1)
2/ a(xy,) —a(x)

s T > Ty

Proof of Lemma [19]
Indeed, from the explicit formula (1.15) we differentiate and obtain:

-5+ Va(zm) —a(z), =<z,
"/}z(x): _gv T = Tm,
-5 = Va(xm) —alz), >,
We next compute
w—)w;tl T — Tm x—>x$ T — Tm w—)wj’n T — Tm

where we have denoted f(z) = a(x,,) — a(x). We write a Taylor expansion of f around x = z,,, i.e.:

F(2) = ~3alom)(@ — ) = Sz (En) (@~ 70)? + (7 — 7)),

since f(x,,) =0 and z,, is a maximum point. It implies that:

— lim G N e Y

wﬁwj’n T — Tm w—)w;‘{l 2 ZL(.’Em) — EI((E)

Note that z,, being a maximum point, a(x,,) > a(z), Vo € R and @y, (x,,) < 0. Following similar arguments
one can prove that

i Lol ZVelom) oy, @) e s

We pursue with the proof of Lemma
By substituting the derivatives of ¢ in (5.11)) we obtain for every = # x,,:

Gy () — \/_QE:cx(mm)(a(xm) —a(r))

A@(zm) —a(x)) ’

0:9(0,2) = G(z) + (5.13)
a;(z) + \/_26wx(mm)<a(xm> —a(r))

A@(rm) —a(z)) ’

T < Ty,

T > Ty
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We can bound 9,¢(0,x) near to x = x,,. We write the limits as * — x,, in (5.13) in terms of f and its
derivatives A = —a,,(2,)/2 and B = —@yq0(24,)/6, and compute:

lim 9,¢(0,z) = lim G(z)+ lim @) F 2V AV (@)

z—xk oz, z—oxk 4f(1') ’

(5.14)

if both limits exist. Note that from the definition of G in (5.12)) we deduce that the first limit in (5.14]) exists
and is equal to G(x,,). We, then, only need to compute the second one to guarantee the existence of 9,¢(0, z,,).
We compute both lateral limits separately:

—f'(z) — 2VAVf(x)

T @)
o —[2A(z — 2p) + 3B(x — )2 + o((z — 21)?)] — 24|x — zm\\/l + Bz —ap) +o((x — zn))
o x_l,r;l;l 4(A(x — z)%2 + B(x — 21)3 + o((x — ,n)3))
— lim —2A(x — 1) — 3B(x — 2m)% + o((x — 2,)?) + 2A(2 — 2,,) (1 + %(m — ) +o((z — )
TSI, 4(A(x —2m)? + Bz — 2m)? + o((z — 7)3))
B
5

Following similar arguments one can prove that

—f'(z) —2VA\/f(x) _ B

lim = ——

ozl 4f(x) 2A°

From this last computation and formula (5.13)) we deduce that 0,¢(t, z) is bounded for every (¢,z) € Ry xR
and

[ (xm)
6yy(Tm)

0o (0, 2m) = G(2m) —

Step 2: |0..¢| is bounded. Again in order to bound 0., ¢(t,z) we can bound 0,,¢(0,z) according to
formula . Note that far from x,, this derivative exists and it is bounded because of the regularity of
a(t,z). To verify the boundedness near of z,, we follow the same arguments as above for the first derivative,
that is, we denote f(x) = a(x,,) — a(x) as before and we compute

/ 2B
lim_ 8$¢(0,32 - 2"”(]5(0’””’”) = lim_ W + lim_ —/'(@) i;ﬁ; ]: (z) ;L aflo), (5.15)

if both limits in the RHS exist and are bounded. Note that the first limit in the RHS of (5.15) exist and is
equal to G’ (x,,) because of the definition of G in ([5.12)) and the regularity of a(¢, z). Moreover, using the Taylor
expansion for f(x) around z = x,, the terms in the numerator of (5.15)) can be developed as follows

f'(x) = 2A(x —z) +3B(x — 2)% + O((z — 7)3),

[\

N
=
&

[

241z — 2|\ /1 + B (2 — 2m) + O((& — 2n))?
24z = 2| (1+ (@ = 2m) + O((z — 2m)?)),

Lf@) = 2B(@—a)?+O0((x —2n)°).
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We substitute into (5.15)) and it holds that the terms remaining in the numerator are of order (x —x,,)3. Indeed,

—f'(x) = 2VVA/f (@) + 22 f(x)

lim

T—=Tm ZLJC(QU)(QIj - T)
_ i —2A(x — xm) — 3B(x — 2m)? + 2A(x — 2p) (1 + Z (2 — 2)) + 2B(z — 2,) + %(z — )2+ O((z — 2m)?)
B mj)ril;L 4A(x — 21 )3 +4B(x — x,)* + O((x — x)*)
B2
=5

and by an analogous procedure we can obtain

@) WATE - ) B
wzh 4f(x)(x — xm) 2A2

We then conclude that the second derivative of ¢ at point (0, z,,) is bounded and

aimx (Z‘m)

Derf0rtm) = Gam) ¥ 355 (o)

Step 3: Ay = \/—au.(zm)/2. We next evaluate the second equation in (5.4) at = x,, to obtain A =
V=bge () /2.

6 An illustrating biological example

In this section we discuss the effect of the periodic fluctuations on the critical speed of survival and the phenotypic
distribution of the population for the following particular growth rate

at,z) =71 —g(t)(z - 0(t))?, (6.1)
where r is a positive constant which represents the maximal growth rate. The function ¢(¢) is a positive and

1—periodic function representing a time-dependent pressure of the selection and the 1—periodic function 6(t)
represents the optimal trait at time ¢.

We compute the mean of a(t, x)

1
a(e) = [ alt,a)dt =1~ a5+ 209, ~ ga
0

where ) . .
a= [ ottt o= [ e o= [ gweea (62
0 0 0
and we observe that the maximum of a(z) is attained at z,, = %1, with
2

@(xm> =T+ % — 9g2.

Moreover from Theorem [7}(ii) we obtain that ¢ (z) the solution of the Hamilton-Jacobi equation (L.13) attains
its maximum at
T=Tm— 5 ===~ 5=



Let ¢(x) be given by (1.15]), then for this specific growth rate it can be written as follows

o) = §(m-gia)+ [ VP ||V

- (e 2)

_ VI e
= —7(33—3:).

Moreover, the asymptotic expansions in Theorem [J] imply that

gt ¢ 9
Pe=r+ —ge—p—eVitole) d=fr+T—g—c

Furthermore, following the arguments in [I5]-Section 5, we can also obtain an approximation of order e for the
phenotypic mean y. and the variance o2 of the population’s distribution, that is:

fi rn T I—ﬂfi 02: 1 xr — 2’[?, x I:i o
pet)= o [antade = L - S vep) +o(e), o= [ @ pePnelta)e = S 4ol

where D(t) = 0,¢(Z,t) for ¢ the solution of the system (|5.4). We refer the readers to the Appendix B for more
details on the derivation of the moments.
One can verify that for this growth rate we have

D(t) = —cVg <t — ) + 2/ / 0(s))dsdr — /Otg(s)(f — 6(s))ds.

Note that the phenotypic mean is 1—periodic since D(0) = D(1). Moreover (uc(t)) = L — 3
[y D(t)dt = 0.

We are now interested in comparing these quantities with the case where there is no fluctuations. To do
so we first consider a case where g(t) = g > 0 is constant and then a case where 6 is constant.

[

+o(e) since

S

Case 1. g(t) = g constant. Note that, in such a case g; = gf and g = ¢ fo 62(t)dt with 6 = fo t)dt. We compute

2 —

1
2y C
Pegty=g =T T4 {92 - /0 92(t)dt} -1 e\/g +o(e), (He,g(t)=g(t)) = 0 — WA o(e),

cz,g(t)_g:2\/r+g[92—/0192(t)dt] _6\/T+g{ gf o } +o(e).

We compare then, the sub-cases where 6 is constant or periodic.

a) If 0(t) = 6,2 is constant equal to its value at ¢ = 1/2, without lost of generality (i.e. 6/, := 0(1/2)),

we obtain in particular 82 = f 6%(t)dt and we have

c? c .
pavc:T_Z_‘?\/g‘FO(&?)a (He.c(t)) :01/2_ﬁ+0(6)7 6570—2\/;—5\/§+0 £
b) If O(t) is a 1—periodic function then, 92 < f 62(t)dt and we obtain

— 02 n * g
Pep <T =~ e/gto(e), (pep(t))=0———+ole), c,<2yr— 6\/:+ o(e)



Case 2.

Thus, by keeping the pressure of selection constant, we deduce that, for £ small,
ﬁs,p S pe,c and C:,p § C:,c'

This means that having an oscillating optimal trait is not beneficial for the population, in the sense that
the mean total size of the population decreases with respect to the case with a constant optimal trait and
the critical speed which leads the population to extinct is smaller in the periodic case.

O(t) = 0 constant. Note that, in such a case g; = g6 and g, = g#*. We compute
c? _
Peot)=0 =T — T ev/g +o(e), (beoy=o(t)) =0 —

C * g
+ g =2Vr—ey/=+ .
NG o(e), e 0(t)=0 Vr—e . o(e)

We compare then, the sub-cases where g is constant or periodic.
a) If g(t) = gy is constant equal to its value at ¢ = 1/2, without lost of generality (i.e. g1 /2 := g(1/2)),
we obtain
2
_ c c * gi/2
Pee=T= " ~ ez +o(e),  (pec(t)) =6— N +o(e), ct.=2/r—¢ == +o(e).

b) If g(t) is a 1—periodic function then we obtain

c? c g
Pep =T~ 7~ eVg+o(e), {(pep(t))=0-— NG +o(e), ¢,=2r— 5\/§+ o(e).

If we choose an oscillating selection pressure function g(¢) which satisfies:

g <9(1/2), (63)
then we obtain that

Pee <Pep and ¢ <cl,.
This means that the mean total size of the population increases with respect to the case with a constant
selection pressure. Moreover, the critical speed above which the population goes extinct is larger in the
periodic case. This means that the periodic fluctuations can help the population to follow the environment
change.
Note that the condition imposed to g(t) is the opposite to the one imposed in [I5] (equation 51
of Section 6.2), leading to more performant populations. There, it was proved that in presence of the
mutations and while the fluctuations act on the pressure of the selection (that is with a similar growth
rate, however with ¢ = 0 and under the condition g > ¢(1/2)), a fluctuating environment can select for a
population with smaller variance and in this way lead to more performant populations. What is beneficial
in a (in average) constant environment may indeed be disadvantageous in a changing environment.
Note also that in the present example under condition , we have

‘<Ma,p(t)> - 9’ > ‘(ug,c(t» - 9‘.

This means that even if the population can follow the climatic change in a better way by considering a
fluctuating environment, this population is less well adapted.

Appendix A The proofs of some regularity estimates

Al

Uniform bounds for p.

Proof of Proposition 12.
From equation (|1.11)) integrating in # € R and using assumption (HI|) we obtain:

d(ZE = /Rne(t, z)[a(t, ) — p<(t)]dz < pe(t)[do — p=(1)]-
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This implies that
p=(t) < par = max(p?, do).

For the lower bound we use the explicit expression (4.13]) for p., the solution of (1.9)). We come back to equation
(4.4), which gives, thanks to (H1)), (4.5) and (4.13) the following lower bound for p.

1
0 < pm = Te—doT (M T —1) <pe(t), Vt=0.

|
A.2 Upper bound for ¢.: the proof of the r.h.s of (3.3)
We prove that ¢, is bounded from above using the equation for n.. From (1.6, we have for p..:
1 —4 5+ﬁ z|—R
Pec(t2) < |[peclpe * (=5 /oe 2 )Gty W(t,z) € [0, +00) x R. (A1)
Define qec(t,2) = pee(t, ze), which satisfies
8tq(l6 - Caac‘]ce - aaca:ch = as(tv I)ch, in [07 +OO) x R, (A 2)
0< qcs(tvx) = ch(t'f‘T,CU) .

for ac(t,z) = a(t,ze) + Ace. Note that a. is uniformly bounded thanks to the L —norm of a. Moreover we
have the following bounds for A. . coming from (4.4)),

_dO < )\C,E < _)\m-

We recall that p. is uniquely determined once |[pcc (0, z)[| L () = 1 is fixed. Then, one can choose . such that
pee(0, ) = 1. Note also that ¢. is a nonnegative solution of in the bounded domain (0,27) x B(%=,1).
Here we apply an elliptic-type Harnack inequality for positive solutions of in a bounded domain, (see for
instance Theorem 2.5 [I8]). Let &g, be such that 0 < §g < T', then we have:

sup  Gee(t,z) < C  inf  qe(t,z), Vi€ [d,2T],
zeB(%,1) z€B(%5,1)

where C' is a positive constant depending on §y and dy. Coming back to p. this implies

pcs(th 335) S sup pca(th y) S Cpce(t07 .’17), v(t()v .27) € [507 2T] X B(SL'€7 5)' (A3)
yEB(ze,2)

And we use the T—periodicity of p.. to conclude that the last inequality is satisfied for ¢ € [0, T7.

From (3.1, (A.1) and (A.3) we obtain
pce(ovﬁﬂ) CpCE(O,LE) Cpce(oax) /_—1 c—cplel
< = <Ce  exp =
Jppee(O.2)dz = P pe (0, x)de — M B, )]

nE(Oa Ji) < PM

for all e < g9, with g small enough, where the constant ¢; depends on py, 0, Rg and ¢, and ca = —5 +4/0 + %

Next we proceed with a maximum principle argument to obtain for every (¢,z) € [0,+00) X R and ¢3 =
ca(c+ c2) + do,

c1—

calz|
ne(t,z) < Clexp™ = T3,

From the latter inequality and the periodicity of ., with an abuse of notation for constant ¢;, we deduce that:

Ye(t, ) < e —colz|, V()€ [0,400) X R.
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A.3 Equicontinuity in time for .

We will use the arguments in [15], which follow a method introduced in [4], in order to deduce uniform equicon-
tinuity in time for the family 1. on compact subsets of (0, +o0) x R.

The goal will be to find for any n > 0, constants Ay, Ay large enough such that: for any z € B(0, R/2), s € [0,T],
and for all € < g we have

Ve (t,y) — Ye(s,x) <+ M|z —y|* +eha(t — s),Y(t,y) € [s,T] x Br(0), (A4)

and
ws(tvy) - ws(S,ﬂﬁ) Z - — A1|$ - y‘2 - €A2(t - 8),V(t,y) € [SaT] X BR(O)

Because of the analogy between the both inequalities above we only prove (A.4).
We fix (s,z) in [0, T[x Bg/2(0) and define

E(t7y) = 'L/)E(S,$> +n+ A1|x - y|2 + 5A2(t - S), (tvy) € [S’T[XBR<O)’

with A; and A positive constants to be determined. We prove that, for A; and A; large enough, fA is a super-
solution of the equation (3.2)) on [s,T] x Br(0) and &(t,y) > v.(t,y) for (t,y) € {s} x Br(0) U[s,T] x 0Br(0).

According to Section 3.2.1, {t¢¢} is locally uniformly bounded, so we can find a constant A; such that for
all € < g,
8Yel Lo (0,77 x B (0))
R L2 <Ay
With this choice, g(t,y) > e (t,y) on [s,T] x OBR(0), for all n >0, Ay >0 and = € Bg/2(0).

~

Next we prove that, for A; large enough, £(s,y) > ©.(s,y) for all y € Br(0). We argue by contradiction.
Assume that there exists n > 0 such that for every constant A; there exists ya, . € Br(0) such that

’(/}5<S>yA1,s) - ¢s(8,$) >n+ A1|yA1,6 - .’L‘|2. (A5)

This implies
2W s

1

lya, e — x| < — 0, asA; — oo,

where we have denoted W) a uniform upper bound for ||tz (j0,77x Br(0))- Then for all §; > 0, there exist A;
large enough and ¢ small enough, such that Ve < ¢y,

‘yAl,E - l" S 51'

Therefore, from the uniform continuity in space of . taking J; small enough, we obtain
|¢6(SayA1-,6) - we(sax)‘ < 77/2 Ve < e,

but this is a contradiction with (A.5). Therefore &(s,y) > th-(s,y) for all y € Bg(0).
Finally, noting that R < +o00 we deduce that for Ay large enough, ¢ is a super-solution to (3.2) in [s, 7] x Br(0).
Using a comparison principle, we have

Ye(t,y) <E(ty) V(ty) € [s,T) x Br(0).
Thus (A.4) is satisfied for ¢ > s > 0. To conclude we put z = y and obtain that for all > 0 there exists g9 > 0
such that for all € < g

[Ve(t,2) — Ye(s,2)| <+ eha(t —s),
for every (t,z) € [0,7] x Bg(0). This implies that 1. is locally equicontinuous in time. Moreover we obtain

that

VR > 0, sup [ (t,x) — Ye(s,z)] = 0 ase — 0.
t€[0,T), z€Br
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Appendix B Computations of the moments of the population’s dis-
tribution

In this section we estimate the moments of the population’s distribution with a small error, following [22] [15].
To this end, we use the arguments in Section [5}
Using (1.15]), one can compute a Taylor expansion of order 4 around the point of maximum Z.

P(x) = —g(ac —2)2+ Bz —2)* + C(x — 2)* + o(x — z)*. (B.1)

Note also that using the formal expansions in ([5.3) one can obtain ¢ from an equivalent system to (5.4)), that is

2

c|? c
wm+§} +a(t,$)***ﬁ,

at¢ = 4

- (B.2)

and write (formally)
o(t,z) = ¢(t, ) + D(t)(x —Z) + E{t)(x — 2)* +o(x — 7)?, w(t,z) = F(t) +o(x — 7).

The above approximations of 1, ¢ and w around the maximum point of ) allow us to estimate the moments of
the population’s distribution with an error of order €2 as ¢ — 0. Indeed, we use the following approximation
for the phenotypic density of the population

L 2@ 4 g(t,2)+0(e)

e = ,
\V2me

and replacing by the approximations of ¥, ¢ and w given above, we can obtain

ne(t,x) =

e¢(t,f)€§ _ y2

[@=atnaar = = [y 14 E (B + Dl
R s R
+e (Cy* + E(t)y? + F(t) + 3(By® + D(t)y)?) + o(e) ] dy.
Note that, we performed above a change of variable x — z = /¢ y. Therefore each term z — T can be considered

as of order /¢ in the integration. The above computation leads in particular to the following approximations
of the mean phenotypic trait and the variance:

= 1 xTn xr)dr =T ﬁ % 2
pe(t) = pal(t)/]R (t,x)d +e (52 +t— ) + O(e%),
o2(t) = oD /R(;U — pe)?n(t,x)dr = 1 + O(e?).

B.1 Application to the biological example

We now apply the previous computations to the particular growth rate a given in (6.1). Thanks to (1.13), we
obtain

2 2
poa@y—r B
p=a)=r- L -G g

for g, g1 and go given in (6.2). Next from the second equation of (B.2)) and the fact that .. (z) = Yz (zm),
V z € R, we obtain that

0= (/Olaz¢(t7x)dt> [-2G(zx —Z)+¢c|], VzeR,
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which implies directly, that
1
/ (¢, x)dt = 0. (B.3)
0

On the other hand, by substituting ¢(z) in (B.1]) we find A= /g, B=C =0.
Moreover, we differentiate with respect to z in the first equation of (B.2)) and obtain:

020 = Ox (a(t, x) — a(x)) = 22(g — g(t)) + 29()0(t) — 291,

and an integration in [0, t] gives

Deb(t,7) — 0.(0, ) = 24(xg — g1) — 2 / o(s)(@ — 0(s))ds.

We next integrate the last equality in [0, 1] and use (B.3]) to obtain

B, 0(0,) = —xg + g1 +2 / / 9(s)( — 0(s))dsdt,

from where we deduce that

0 p(t,x) = (2t —1)(xg—g1) + 2/0 /OTg(s)(x —6(s))dsdr — 2/0 g(8)(z — 0(s))ds.

Evaluating in Z gives

D) = 0.0(t.2) =~y (1 5 ) +2 1 | sto)@ - opasar 2 | ' gls)(z — 0(s))ds.

Now we are able to give an approximation of the population mean size p., the phenotypical mean u. and the
variance o2 of the population’s distribution, following the previous computations, that is:
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