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STABILITY OF THE MAXWELL-STEFAN SYSTEM
IN THE DIFFUSION ASYMPTOTICS OF THE
BOLTZMANN MULTI-SPECIES EQUATION

ANDREA BONDESAN AND MARC BRIANT

ABSTRACT. We investigate the diffusion asymptotics of the Boltzmann equation
for gaseous mixtures, in the perturbative regime around a local Maxwellian vec-
tor whose fluid quantities solve a flux-incompressible Maxwell-Stefan system. Our
framework is the torus and we consider hard-potential collision kernels with an-
gular cutoff. As opposed to existing results about hydrodynamic limits in the
mono-species case, the local Maxwellian we study here is not a local equilibrium
of the mixture due to cross-interactions. By means of a hypocoercive formal-
ism and introducing a suitable modified Sobolev norm, we build a Cauchy theory
which is uniform with respect to the Knudsen number ¢. In this way, we shall
prove that the Maxwell-Stefan system is stable for the Boltzmann multi-species
equation, ensuring a rigorous derivation in the vanishing limit ¢ — 0.

Stefan system, hydrodynamic limit, perturbative setting, hypocoercivity.
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The multi-species Boltzmann system is an extension of the standard Boltzmann
mono-species equation [22, 23, 19], adapted to the case where the particles con-
stituting the rarefied gas are of different kinds. More precisely, a gaseous mixture
composed of N > 2 different species of chemically non-reacting monoatomic par-
ticles, having atomic masses (m;)i<i<ny and evolving on the 3-dimensional torus

T3, can be modelled by means of a distribution function F = (Fy, ...,

Fy), where

F; = F;(t, x,v) describes the evolution of the i-th species of the mixture and satisfies,
for any 1 < i < N, the equation of Boltzmann type

(1.1)

OF; +v-V,F=QiF,F) onR, xT? xR
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with a given initial data
Fi(0,2,v) = E™(z,v), x€T? veR.

We mention in particular that one can derive this type of equations from Newtonian
mechanics, at least formally, in the case of a single species gas [22, 23]. The rigorous
derivation of the mono-species Boltzmann equation from Newtonian laws has by
now only been proved locally in time (see [10, 38, 37] and, more recently, [29, 17]).

Throughout the article, N-vectors (or vector-valued functions) will be denoted by
bold letters, while the corresponding indexed letters will indicate their components.
For example, W represents the vector or vector-valued function (Wy,..., Wy).

The Boltzmann operator Q = (Q1,...,Qy) is given for any 1 <i < N by
N
Qi(F.F) =Y Qy(Fi, Fy),
j=1

where ();; models the interactions between particles of either the same (i = j) or
of different (i # j) species and is local in time and space. We focus on binary
and elastic collisions, meaning that if two particles of different species of respective
atomic masses m; and m; collide with velocities v" and v}, then the shape of their
post-collisional velocities v and v, is prescribed by the conservation of momentum
and kinetic energy

/ / 1 2 1 2 1 12 112
(1.2) mv+ mjv, = mv' +mjuy, 5m1|v| + émj|v*| = §mi|v |+ émj|v*\ :
We point out that, unlike the mono-species case where N = 1 and so m; = m; = m,
we can see here an asymmetry in the role played by v and v,, due to the different
masses of the species. This issue will be of primary interest in our work. The
bi-species collision operators then read, for any 1 <4,7 < N,

Qi;(Fi, F;)(v) = / Bij (|v — v, cos¥) [F/F/* — F;F}] dv,do,
R3xS?

where the shorthand notations F} = F;(v'), F; = Fi(v), F;* = F;(v,) and F} =

F;j(v,) are used with the definitions

’ m;v + MUy m;
Vo= + v — v,o,
m; +m,; m; +my; (v—0,)-0
cos) =
, miv + m;v, m; v — v,
v, = - v — v,]o,
m; + mj m; + mj

In particular, the cross-sections B;; model the physics of the binary collisions between
particles. Here we shall focus on cutoff Maxwellian, hard-potential and hard-sphere
collision kernels. Namely, let us make the following assumptions on each B;;, ¢ and j
being fixed.
(H1) It satisfies a symmetry property with respect to the interchange of both
species indices ¢ and j
Bij(Jv — v,|,cos9) = Bji(|v — v.],co89), Vou,v., € R® VI € R.

(H2) It decomposes into the product of a kinetic part ®;; > 0 and an angular part
bij = 0, namely

Bij(|v — vy],cos?) = (v — vy])bij(cos V), Vv, v, € R3 V9 eR.
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(H3) The kinetic part has the form of hard or Maxwellian (v = 0) potential, i.e.
(I)z‘j(|v —0,]) = C;I;W — 7, C;I;- >0, v€/[0,1], Vov,v, € R3.

(H4) For the angular part, we consider a strong form of Grad’s angular cutoff [33].
We assume that there exists a constant C' > 0 such that

0 < byj(cos ) < Clsind||cos, b;;(cosv) < C, ¥ € [0,].

Furthermore, we assume that

inf min{bu-(al . 0'3), bn‘(O’Q . 0'3)}(310'3 > 0.
01,02€8? g2

Note that the above hypotheses on the collision kernels are standard in both the
multi-species setting [25, 7] and the mono-species one [2, /3], and are assumed to
hold in order to derive suitable spectral properties on the linear operator. Assump-
tion (H1) translates the idea that the collisions are micro-reversible. Assumption
(H2) is only made for the sake of clarity (even though it is commonly used in a
lot of physical models) and could probably be relaxed at the price of technicalities.
Assumption (H3) is proper to collision kernels that come from interaction potentials
behaving like power-laws. Finally, the positivity assumption on the integrals appear-
ing in (H4) is satisfied by most physical models and is required to obtain an explicit
spectral gap estimate in the mono-species case [2, /3], thus becoming a prerequi-
site to establish explicit computations of the spectral gap also in the multi-species
setting [17].

The first a priori laws one can extract [27, 11, 25] from (1.1) are the conservation,
over time t > 0, of the quantities

Cioo = / Fi(t, z,v)dzdo,
T3 xR3

N

Poolloe = / m;vF;(t, x,v)dxdo,
(1.3) Z T3 xR3 ( )

=1

N
3 i
5,000900 = ;:1 /TS My — uoo|2Fi(t,x,v)dxdv,

xR3 2

where ¢; o, stands for the number of particles of species ¢, and we have denoted the
total mass of the mixture p,, = Zfil M;Ci oo, 1ts total momentum pus and its
total energy %pooeoo. The lack of symmetry mentioned before clearly appears here,
since only the total momentum and energy of the gas are preserved, as opposed to
a preservation of the momentum and energy of each single species.

The second important feature is that the operator Q = (Q1, ..., Qn) also satisfies
a multi-species version of the classical H-theorem [27], from which one deduces
that the only distribution functions satisfying Q(F,F) = 0 are given by the local
Maxwellian vectors (M(Ci’ujg)) having the specific form
(1.4)

1<i<N?

m; 3/2 i a2 3 3
M(Ci,uﬁ)(t7x7 U) - Ci(th) m € W) 12 07 zeT , UV E R )
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for some functions ¢ = (¢;)1<i<n, w and 0. These are the fluid quantities associated
to M and satisfy, for any (¢,7) € R x T3, the relations

ci(t,r) = M up)(t, z,v)dv, 1<i <N,
R3
N N
Z mgci(t, x)u(t,z) = Z miv M e, w0)(t, z,v)dv
i=1 i=1 /R®

N N

3 i

5 E mci(t, z)0(t,x) = E /R3 m7 v —u(t,z)? M, u0)(t, z,v)dv.
i=1 i=1

In particular we stress again the fact that, in contrast with the case where only one
gas is considered, in the multi-species framework not all local Maxwellian vectors are
local equilibrium states for the mixture, since the relation Q(F,F) = 0 is satisfied
if and only if the local bulk velocity u(¢, x) and temperature 0(t, z) are the same for
each species.

Going further, since we work in T2, one can also prove that the only global equi-
librium of the mixture, i.e. the unique stationary solution F to (1.1), is given by
the global Maxwellian vector (M(ci,oo,uooﬂoo))l CieN whose fluid quantities satisfy the

relations (1.3). It is defined, for any 1 <7 < N, by

m; 8/2 [v—uoo|?
Mc- u, = Ci00 . T S y v ERg.
) =i (50 ) e :

In particular, without loss of generality, in what follows we shall consider as unique
global equilibrium of the mixture the N-vector g = (u1,...,uy), defined compo-
nentwise as

m;\ 3/2 w2
2—’) e ™2 YueR3,
T

(1.5) 1i(v) = Cioo (
and obtained by a translation and a dilation of the coordinate system, which allow
to choose us = 0 and 0., = 1.

The Cauchy theory and the trend to equilibrium for solutions of equation (1.1)
studied in a perturbative setting around the global Maxwellian state (1.5) have been
shown in L2 (T?% L1(R*)) with polynomial weights [17] and in L, (T x R*) with
exponential and polynomial weights [1(]. In the present work we are interested
in studying the diffusion limit of equation (1.1). More precisely, we consider the

following scaled version of (1.1), given for any 1 < i < N by
1 1

(1.6) OF; + —v- Vo F; = Qi(F°,F°) on Ry x T? x R,
€ €

and we investigate the behaviour of the fluid quantities ¢ (¢, z), us (¢, x) and 605 (¢, x)
associated to each distribution F7, when the scaling parameter ¢ > 0 vanishes. A
first formal derivation [ ] showed that, in the case where F¢ = (M(Cls,u;:j))l cicn 15 @
local Maxwellian vector with constant temperature 6 > 0 and (cf, u), <i<y Converge
towards (¢;, u;), <i<n» the limit macroscopic quantities are solutions, on R, x T3, to
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the flux-incompressible Maxwell-Stefan system

(17) 8tci + Vm . (Czuz> = O,
N uA _u.

L. —VaC = N

(1.8) V.c jzlccj A,

=1 =1

(1.9) o (Z ci) =0, V.- (Z cu) =0,

where A;; are symmetric (with respect to the species indices) positive constants only
depending on 6, the masses (m;)1<i<ny and the collision kernels (By;)1<; j<ny. Note
that the incompressibility is to be understood in the whole and not for each species.
At first sight, the structure of the limit equations looks rather different from the
Navier-Stokes limit of the Boltzmann mono-species equation (N = 1). However, as
showed in [11], the momentum balance equation appears partly at order €2 under
the explicit form

€
J

—Uu
)
Aij

€
Uy

N
£ 00 () + V- (¢l @ )] + V] = Y- s
j=1

and we actually see the Navier-Stokes structure showing up, without viscous terms
because the solution is supposed to be a local Maxwellian and therefore the inter-
actions between the microscopic part and the fluid quantities are not taken into
account.

In particular, the Maxwell-Stefan system (1.7)—(1.8)—(1.9) is of core importance
in physics and biology, since it is used to model the evolution of diffusive phenomena
in mixtures [12, 17, 18 21 11]. As such, its derivation from the kinetic equations is
of great interest from both a mathematical and a physical point of view.

As already underlined, the problem at hand is reminiscent of the hydrodynamic
limit of the mono-species Boltzmann equation, towards the incompressible Navier-
Stokes system. Therefore, let us first give a brief description of the strategies which
have been developed in this context. We emphasize that the list is not exhaustive,
does not concern any other type of hydrodynamic limit (such as Euler equations or
acoustics) and we refer to [10, 30] for more references and discussions.

The formal derivation of the Navier-Stokes limit from the mono-species Boltz-
mann equation came from a series of articles called the Bardos-Golse-Levermore
(BGL) program [, !]. It has been made rigorous in various ways, always with
the help of a Taylor expansion of the solution with respect to the parameter e
[31]. Ome could look at perturbative solutions around a global Maxwellian p(v) =

Coo/ (27050 )3/% exp {—%}, that is to say solutions of the form F® = u + ¢, and

study their limit when € tends to 0. This has been done by describing the spectrum of
the linear operator L(f¥) = e 2(Q(, )+ Q(f%, 1)) [23, 5], by directly tackling the
Cauchy problem for f¢in Sobolev spaces to get convergence results on the fluid quan-
tities of f¢ in the setting of renormalised solutions [31, 32, 1] or by using hypoco-
ercivity techniques [35, 15]. Another strategy is to investigate the stability of the
Boltzmann equation not around a global equilibrium, but around a local Maxwellian
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whose fluid quantities solve the limit macroscopic system. In this spirit, De Masi, Es-
posito and Lebowitz [20] studied solutions of the form F* = M. .y 0.)+€f° where
u = u(t, x) is a smooth solution of the perturbed incompressible Navier-Stokes equa-
tion, around the constant macroscopic equilibrium (¢4, 0,0 ). The interest of this
method, initiated by Caflisch [2!] for the Euler limit of the Boltzmann equation, is
that the main order term already encodes the limit system and one can thus study
the fluid perturbations explicitly.

For the time being, only formal derivations of the Maxwell-Stefan system from the
Boltzmann multi-species equation have been obtained [, 36, 12] and, unlike the
BGL program [!] for the mono-species case, they do not provide any convergence
of the fluid quantities given an a prior: convergence in distribution. Note moreover
that in the context of mixtures other formal hydrodynamic limits have been also
recently derived in a non-dissipative regime [0, &, 7, 1] and in a stationary regime
for two species in a slab [19; 20] but, up to our knowledge, no rigorous convergences
have been provided yet. This work aims at filling this gap.

The strategy of studying close-to-global equilibrium solutions offers bounds (and
thus compactness) in Sobolev spaces, but has to be transferred into a convergence of
the nonlinear moments. We therefore chose to investigate the hydrodynamic limit
of the multi-species Boltzmann equation in the spirit of [21, 26]. More precisely,
we construct solutions in Sobolev spaces to the perturbed system (1.6) of the form
Fe = M° + ef®, where the local Maxwellian state M® = (M5, ..., My) is given for
any 1 <i < N by
(1.10)

m; \*? v — eu;(t, )|
M (t,x,v) = ¢(t, x) (—_) exp{—mi A }, t>0,2€T? veR?
21l 20

and its fluid quantities (¢;, u;)1<i<ny are perturbative solutions of the incompressible
Maxwell-Stefan system (1.7)—(1.8)—(1.9), whose global existence and exponential
relaxation to equilibrium have been recently obtained by the authors in [7)].

We however differ from [20] in several ways. First of all, the local Maxwellian
(1.10) is not an equilibrium state for the mixture, meaning in particular that the
relation Q(M®, M?) = 0 does not hold true in our setting. Secondly, even though we
only deal with the case of a fixed temperature 6, we do not ask ¢;(¢, ) to be constant,
but we shall consider perturbations of a constant state [9]. At last, we shall not use
higher order fluid expansions, but we are able to develop a hypocoercive strategy
in the spirit of [11, 17], by separating the leading order of the limit Maxwell-Stefan
components from the full microscopic and fluid part perturbations. The idea is
indeed natural, remembering that the Maxwell-Stefan system is obtained when one
only looks at the interactions at the first order in e.

We plug the perturbation F¢ = M®+&f* into the rescaled Boltzmann system (1.6)
and we obtain the perturbed equation

1 1 1
(]_]_]_) 3th + EU . foe = gLs(fa) + gQ(fE, fs) + S€7

where the linear operator L = (L5, ..., L) is given for any 1 < i < N by

Mz

(1.12) L (£°) (QU s f7) + Qi (ff M€)>

Jj=1
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and the source term S° encodes the distance between the Maxwell-Stefan system
and the fluid part of the perturbed Boltzmann equation, and is defined through the
relation

1 1 1
(113) S¢ = —BQ(ME7ME) - —3tM€ - —2'0 : vas

€ € €
The pertubative setting (1.11)—(1.12)—(1.13) is classical in the case of the Boltzmann
mono-species equation. Usually, the strategy consists in proving that the linear
operator L® is self-adjoint in some space, with non-trivial null space, and features a
spectral gap. In fact, the spectral gap allows to get strong negative feedback from
the microscopic part (orthogonal to ker L¢) of the solution and therefore one is only
left with finding a way to control the kernel part of the solution, in order to close the
energy estimates. This can be achieved either by investigating the fluid equations
[35, 17] or by using hypocoercive norms [11, 50, 15] which generate a complete
negative return in higher Sobolev norms, via the commutator [v-V,,V,] = =V,.

Unfortunately, the central spectral gap property essentially comes from the fact
that, in the mono-species case, any local Maxwellian is a local equilibrium. As
soon as N > 1 we have seen that a local Maxwellian vector is an equilibrium of
the system of equations (1.6) only if each component shares the same velocity and
temperature (1.4). This is not the case for the local Maxwellian state (1.10) we
consider, where each species evolves at its own speed cu;. Not only one looses the
self-adjointness of the linear operator L¢ in the usual L? space weighted by the
local Maxwellian M*®, but also the spectral gap property. However, it has been
recently showed in [10] that if one does not have a spectral gap, it is still possible
to recover a negative return on the fluid part by adding an error term of order ¢,
as long as the velocities (eu;)1<;<ny remain small, of order . Our contribution aims
at extending this perturbative result to the case of more general densities ¢;(t, x),
in particular to the case of perturbative solutions of the Maxwell-Stefan system,
where the loss of the spectral gap remains at a lower order of magnitude. We then
construct a new modified Sobolev norm which allows to recover a coercivity property
and to close the energy estimates on the nonlinear terms. This is an extension
and an adaptation of the hypocoercivity methods developed in [, 15], where fine
controls over the e-dependencies of the coefficients act to counter-balance the out-of-
equilibrium property of our system, as well as the interactions with the non constant
fluid quantities appearing in the weight. We emphasize again that this is achieved
by looking at the perturbative solutions of the Maxwell-Stefan system constructed in
[9]. Such a setting also appears in standard studies in the mono-species case, where
one only recovers perturbative Leray solutions of the incompressible Navier-Stokes
equation. Besides, the perturbative setting for the Maxwell-Stefan system proves
itself to be exactly the one needed to control the problematic source term S°. In
particular, we underline once more that the perturbative setting we look at extends,
to a non constant density and a non-zero momentum macroscopic equilibria (even
though the perturbations we consider are small), the previous results of Caflisch [21]
and De Masi, Esposito and Lebowitz [20] in the mono-species case, and provides a
hypocoercive approach to their framework.

The rest of the paper is structured as follows. In Section 2 we introduce the no-
tations, we state our main theorem and we also provide a thorough description of
the methods and strategies built up to prove it. Using the expansion F¢ = M¢ + ef*¢
around the local Maxwellian vector M* given by (1.10) we establish in Section 3
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global existence and uniqueness of the fluctuations f¢, which are solutions to the
perturbed Boltzmann equation (1.11). The uniform in e a priori estimates eventu-
ally allow us to prove a stability result which tells that the distribution function F¢
remains close to the local Maxwellian M® up to an order ¢, thus ensuring a rigor-
ous derivation of the Maxwell-Stefan system (1.7)—(1.8)—(1.9) from the Boltzmann
multi-species equation (1.11). In particular, our strategy exploits the hypocoercive
structure of (1.11), following the works [11, 15]. This consists in proving a series of
a priori estimates satisfied by the operators L® and Q, and by the source term S¢.
While in Section 3 we only introduce these fundamental results, all their technical
proofs are finally collected in Section 4.

2. MAIN RESULT

2.1. Notations and Conventions. Let us begin by detailing all the notations that
we use throughout the article. Recalling that we denote W = (Wy,..., Wy) any
vector or vector-valued operator belonging to RY, we shall use the symbol 1 to name
the specific vector (1,...,1). Henceforth, the multiplication of N-vectors has to be
understood in a component by component way, so that for any w, W € R and any
q € Q we have
wW = (w;Wi)icien, W= (W)i<ien.

Moreover, we introduce the Euclidean scalar product in RY, weighted by a vector

W, which is defined as
N
(£.8)w = > _ figWi,
i=1

and induces the norm ||f||3, = (f,f). In particular, when W = 1, the index 1 will
be dropped in both the notations for the scalar product and the norm. At last, note
that we shall also make use of the following shorthand notation

(v) = 1+ ol

not to be confused with the scalar product defined above.
The convention we choose for the functional spaces is to index the space by the
name of the concerned variable. For p € [1, +00] we have
LY = LP(0,+00), LP=1LF (’]T3) , LP=1T1F (R3) )

Consider now some positive measurable vector-valued functions w : T? — (R%)Y
in the variable z and W : R* — (R%)" in the variable v. For any 1 < i < N,
we define the weighted Hilbert spaces L?(T?, w;) and L*(R?, W;) by introducing the
respective scalar products and norms

<Ciadi>L%(wi) = / Cidiw?d% HCiH%z(w.) = <Ciaci>L2(wi)> Ve, d; € LQ(T?’,wi)v
T3 o ‘

(fi» 9i) 20wy = /3 figiWido, 1 fillZ2wy = (fis fd ez, Vfigi € LH(RE, WY).
R

With these definitions, we say that ¢ : T2 — R belongs to L?(T®, w) and that
f: R? — RY belongs to L?(R3, W) if and only if ¢; : T2 — R € L?(T3,w;) and
fi : R = R € LAR3,W,) for any 1 < @ < N. The weighted Hilbert spaces
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L*(T3,w) and L*(R3, W) are therefore endowed with the induced scalar products
and norms

N N 1/2
<Cad>Lg(w) = Z<Ci7di>L%(wi)7 el 2wy = (Z ||Ci||%%(wi)> 5
i=1 i=1

N

1/2
<f7 g)L%(W) = Z(fzag7,>L%(W,)a |f||L2(W (Z ||f’l||L2 ) )

i=1

Note that in the specific case of positive measurable functions W : R* — (R*%)Y
in the sole variable v, without risk of confusion we shall also consider the weighted
Hilbert space L*(T? x R3, W), defined similarly by the natural scalar product and
norm

(f,g) 12, (W) = Z/ (z,v)gi(z,v)W7 (v)dady,

3% R3

N
I o = - [ SR oWE ) dad,
=1

for any f,g € L2 (T? x R*, W).

Finally, in the same way we can introduce the corresponding weighted Sobolev
spaces. Consider two multi-indices o, f € N*, of lengths o] = 320 _ a; and |§| =
Zi:l Bk respectively . We shall use the convention that o always refers to z-
derivatives while [ refers to v-derivatives. Note in particular that we shall use the
standard notation of the canonical basis in R? to name the specific multi-indices hav-
ing one component equal to 1 and the others equal to 0, so for example e; = (1,0,0).

For any s € N and any vector-valued functions ¢ € H*(T?, w) and f € H*(S, W),
where either S = R? or S = T? x R?, we define the norms

1/2
el g (w) = iZ”agci”iﬂwi) ’
i=1 |al<s
N 12
HfHHg(W): ;;@”aﬁfi‘}ig(m@ ’
12
1525w = Z > lolossills o

=1 |al+|B|<s

2.2. Statement of the result and strategy. Thanks to the Cauchy theory built
up by the authors [J], we can construct the local Maxwellian M* whose fluid quan-
tities are perturbative solutions of the Maxwell-Stefan system (1.7)-(1.8)—(1.9). For
the reader convenience, let us first recall the result obtained in [J].
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Theorem 2.1. Let s > 3 be an integer, u : Ry x T* — R? be in L*°(Ry; H*(T?))
with V, -u =0, and consider € > 0. There exist 6 s, Cus, Clyg, Aus > 0 such that
for all e € (0,1] and for any initial datum (c™,a™) € H*(T3) x H~Y(T?) satisfying,
for almost any x € T3 and for any 1 <i < N,

N
(i) Mass compatibility: Zan(x) =0 and / ¢ (x)dx = 0,
i=1 T8

(ii) Mass positivity: ¢; +ec"(x) >0,

nein .
2 ),
gAY

H: < 5MS and ||E||L?OH§ < 6MS;

C

(iii) Moment compatibility: Vx?:j“ =

~in

C

(iv) Smallness assumptions: |

there exists a unique weak solution
(c,u) = (C+ec,u+en)

in L (Ry; H¥(T?)) x L (Ry; H*(T?)) to the incompressible Mazwell-Stefan sys-
tem (1.7)~(1.8)~(1.9), such that initially (¢, 1) |,_, = (€™, u™) a.e. on T3. In par-
ticular, if s > 4 and u € CO(R+;H5(T3)), then the couple (c,u) also belongs to
CO(R; H1(T?)) x C°(Ry; H(T?)).

Moreover, ¢ is positive and the following relations hold a.e. on Ry x T3:

N

(2.1) (c,u) = Zci(t,x)ﬂi(t,x) =0 and /ngi(t’ z)dz = 0.

=1

Finally, for almost any time t > 0

P

Hs (E‘? Hs (6_%) ’

Pl Ll PSS

2
Hy(e2) "
The constants dns, Aus, Cus and Clg are constructive and only depend on s, the

number of species N, the diffusion coefficients (A;;)1<ij<n and the constant vector €.
In particular, they are independent of the parameter c.

t
/ s A7) |7, AT < Clyg €™
; :

Now, recall that we can select as unique global equilibrium of the mixture the
global Maxwellian state g defined by (1.5), where u,, = 0 and 6,, = 1. Thanks
to the above result, we can choose the macroscopic equilibrium state (¢;,%)1<i<n
to be compatible with the global (kinetic) equilibrium of the mixture u, by taking
Ci = Cioo for any 1 < i < N. Therefore, supposing the uniform (in space) and
constant (in time) temperature # to be equal to 1 for simplicity, we introduce the
local Maxwellian vector M® = M(ccu1) = (M7, ..., My), given for any 1 <i < N
by
(2.2)

my

3/2
M'Le(t7 Z, U) = ci(t7 ZE) <2_> exp {_mz
‘s

lv — eu;(t, z)|?
2

}, t>0, ze€T? velR
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where (c,u) is the unique weak solution of the Maxwell-Stefan system (1.7)—(1.8)—
(1.9), perturbed around the macroscopic equilibrium state (c., ). More precisely,
the fluid quantities of M¢ take the form

¢i(t,x) = ¢ oo + €¢i(t, ),
(2.3) t>0, €T3
wi(t,x) =u(t,z) +eu;(t,z), V- -u(t,z) =0,

for any 1 <7 < N. In particular, we notice that under the assumptions of Theorem
2.1 the following fundamental properties are verified by the couple (¢, +£¢, U +cn):
(i) inf min (¢;00 +eGi(t,2)) >0,

Rt XT3 1<i<N

(ii) (Coo +e€(t,z),1) =Cy >0 a.e. on Ry x T3

(iii) ||C||L§’°H§(c;%) < Ouiss

(v) 1l pgopgs < Oms  and 1Al oo s < OmsClus.

Starting from this choice of the local Maxwellian, we consider solutions to the
Boltzmann multi-species equation (1.6) of the form F¢ = M? + ¢f, where the fluc-
tuations f satisfy the perturbed system (1.11).

Our strategy for developing a uniform Cauchy theory for equation (1.11) is in-
spired by the works [/, 1] and aims at building a suitable Sobolev-equivalent norm
which satisfies a Gronwall-type inequality among solutions of (1.11). The idea of
the method originates from the hypocoercive behaviour shown by some classical
kinetic equations in the mono-species framework, where the interaction of a degen-
erate coercive operator with a conservative operator may induce global dissipation
in all variables, and consequently relaxation towards equilibrium. A typical exam-
ple is precisely the inhomogeneous Boltzmann mono-species equation. In fact, the
mono-species Boltzmann operator L linearized around a global equilibrium of the
gaz exhibits a spectral gap which translates into a negative return in some Hilbert
space depending on the sole velocity variable v. In particular, L is degenerate in the
sense that its kernel is much larger than the set of global equilibria. Here, precisely
comes into play the effect of the conservative transport operator v - V,, that intro-
duces a dependence on the space variable x which at first sight cannot be handled
using the dissipation of L in v. Nevertheless, it is possible to prove [0, /1] that the
association of these operators can actually produce a global negative return in both
x and v, if one considers a well-designed Lyapunov functional that is able to transfer
the dissipation of L into a (hypo) dissipation of T'= L —v-V,. One possibility is for
example to introduce [11] a modified Sobolev norm where we add to the usual H;
norm, new suitable terms based on commutators of higher derivatives, such as the
well-known [v - V., V,] = —V,. In this way, the linear part is dealt with, and the
full nonlinear Boltzmann equation (close to equilibrium) can be tackled [11] and its
solution can be proved to relax towards a global equilibrium, with an exponential
decay rate of convergence.

As already mentioned in the introduction, a similar strategy has been developed in
[15] for the study of the hydrodynamic limit of the Boltzmann mono-species equation
set under a standard diffusive scaling, leading to the same conclusions as [11]. In
particular, a global dissipation can be obtained if one introduces a new Sobolev
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norm which is adapted from the one used in [!/], by adding a dependence on ¢ in
its terms. In such a way, the operator T7¢ = e 2L — ¢~ 'v - V,, exhibits the required
hypocoercive behaviour, which provides a control on the nonlinear stiff term 1@
and allows to ensure a global negative return in both x and v, and the expected
convergence to equilibrium for the solution.

In the multi-species setting we consider here, even if the linearization around
the non-equilibrium Maxwellian M*® gives rise to a linearized Boltzmann equation
(1.11) involving the new operators L and S¢, we wish to prove that the underlying
hypocoercive structure of our model is in fact almost formally identical to the one
featured by the mono-species equation studied in [15]. The approach that will guide
our presentation from now on will consist in adapting the tools and computations
developed in [15], in order to study equation (1.11). However, we stress the fact
that this is not a straightforward extension. Indeed, a full spectral gap property for
L¢ is missing [10] when we settle our analysis in an Hilbert space weighted by the
global equilibrium g, which is incompatible with the operator L?, linearized around
the local Maxwellian M®. In particular, we recall that we see the appearance of an
extra positive term of order e, which contains the projected part 7, (f) and precisely
takes into account this incompatibility. It is therefore fundamental to ensure that
this loss in the spectral gap does not affect too much the computations derived in
[15] and that L€ can still provide a complete negative return in combination with
the transport operator v - V,. This feature is indeed characteristic of our model
and will appear any time the linearized operator L (and more specifically its higher
derivatives in z) is involved. It is at this point that the specific form of the fluid
quantities (2.3) prominently comes into play in order to gain a lower order factor
in € or in dys. In particular, we underline the importance of having dyg as a free
parameter of the problem, since its choice shall be crucial in order to obtain a careful
control on some of the extra terms produced by L*, where the presence of the factor
e will not be enough to close the estimates as in [15]. Finally, we remind the reader
the additional difficulties caused by the source term S, which displays an intricate
dependence on the local Maxwellian M*, and is at first glance of order O(e7?).
Again, the particular form of the solution (c,u) is at the core of our derivation of
the correct estimates to control S¢, and the perturbative setting we consider for the
Maxwell-Stefan system will prove itself sufficient in order to handle the negative
powers of ¢.

Choice of the functional spaces. It has been pointed out in [10] that even if L*
exhibits no clear self-adjointness in the usual space of linearization L?((M?)~7, R?)
it is still possible to recover a partial spectral gap property for L® by linking it to the
Boltzmann operator L, linearized around the global equilibrium g. This connection
is obtained by choosing L? (]R?’,pf%) as the space of interest. Therefore, in order
to exploit the result of [10], from now on we set our study in the corresponding
weighted Sobolev spaces H*(T?* x R‘o’,u_%), defined for any s € N.

Choice of a referent hypocoercive operator. Next, we must identify the dis-
sipative and the conservative operators that play a central role in the theory of
hypocoercivity. Since it is crucial to determine the explicit expression of the equi-
libria of the mixture, L® is not a valuable choice as we possess no information
about the shape of its kernel. Therefore, as in the mono-species case [11, 17], we
select the hypocoercive operator of interest to be defined for any ¢ € (0,1] by
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T¢ = e 2L — ¢ v - V,, acting on H* (T3 X RB’,/L_%). In particular, recall that the
dissipative operator L = (Lq, ..., Ly) is defined for any 1 < i < N by
N
Li(f) = Z (Qz‘j(ﬂu fi) + Qij(fiaﬂj))u

Jj=1

and is a closed self-adjoint operator in the space L? (RS, p’%). Moreover, its kernel
is described by an orthonormal basis (¢(k))1<k<N+4 in L? (R3,u_%), that is

ker L = Span (qb(l), . ,¢<N+4)>,

where
(40— 1 L el :
P = mﬂi(éij)lgg‘gN = m#ie , 1<i<N,
N+&) _ Ve
o (ZN 1/2 (mitts) ey 1SLS3,
j=1 mjcj,w)
¢(N+4) _ 1 (ml‘l}|2_3lu>
1/2 \/6 3 ) :
N (]
(ijl ijoo) 1<i<N

\

1

In this way, we can write the orthogonal projection onto ker L in L2 (R3, ,u*2) as
N+4
_1
(2.4) m(f)(v) =) <f,¢(’“)>L% = oM (v), Vfe L*(R%pu ).
k=1
In particular, its explicit expression is given by

N

1 )

7i,(f) :Z L. /R fidv} Mie(l)
i—1 1,00 3

1=

N
(2.5) + Z [Z \ mikaidU] (miﬂi)1<i<N

Z 1mCZOO

P i mio =3 (mi|v|2_3u')
zi]ilci,oo i—1 YR3 \/_ ' \/6 ' 1<7L<N.

Choice of the norm. With the aim of deriving similar a priori estimates to [15],
we choose the same Sobolev-equivalent norm. For any s € N* and any ¢ € (0, 1], we
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introduce the following functional, defined on the space H*® (']T3 x R3 ,u,_l) by

(2.6)

D A P

lor|<s |l <s
k, ap>0
1/2

DI LU A

la|+|B]<s
181>1
" (Vs (ps) s s)
for some positive constants (aa )a, (bm k)a , and (da 5) to be appropriately fixed
later.

Thanks to these choices, we can now establish our main result.

Theorem 2.2. Let the collision kernels B;; satisfy assumptions (H1)-(H2)-(H3)-
(H4), and consider the local Mazwellian M® defined by (2.2)—(2.3). There exist
so € N*, dys > 0 and gy € (0,1] such that the following statements hold for any
mnteger s = Sg.

. . oy (5) (5) S ) S
(i) There exist three sets of positive constants ( aq )a, (ba,k>a,k and (d ﬁ)aﬁ

such that, for all e € (0,&0|, both following norms are equivalent

1/2
[0} (0% 2
Il ~ Iy sy + 201080, epy +2° D 9201, (ot
jo<s 181 <s
18121
(ii) There exists 0p > 0 such that, for all ¢ € (0,g0], for all dys € [0,0us] and
for any initial datum £ in H* (T3 x R3, p~ %) with
Hfin‘ - < 53, H’]TTE(fin>HL%v(Pf*) 06M57

for some positive constant C' > 0 independent of the parameters € and 0 s,
there exists a unique f € C° <R+; H® (TS X ]RS,,U,_%)) such that F& = M°®+&f

is the unique weak solution of the Boltzmann multi-species equation (1.11).
Moreover, if F&I" = M®™ + f " > 0, then F°(t,z,v) > 0 almost everywhere
on Ry x T® x R®. Finally, for any time t > 0, F¢ satisfies the stability
property
|Fe — M°||,,. <ebp, Vee (0,e)
The constant dg is explicit and only depend on the number of species N, on the
atomic masses (Mm;)1<i<n, and on the cross sections (Bij)1<ij<n- In particular, it is
independent of the parameters € and 0 yg.

Remark 2.3. Let us make a few comments that help in clarifying some important
features of the above result.

(i) First of all, the uniqueness has to be understood in a perturbative regime,
that is among solutions of the form M°® + ef with small £. Moreover, due
to the presence of the source term S we do not obtain an exponential decay
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to equilibrium for the perturbation f, but we expect to recover it in the case
where U =0 (see Remark 3.13).

(ii) We also emphasize that the Maxwell-Stefan model we consider is not properly
the hydrodynamaic limit of the Boltzmann multi-species equation, since the
fluid quantities of the perturbation f have the same order of magnitude as the
ones of the local Mazxwellian M¢. However, we here prove that the system
(1.7)~(1.8)—(1.9) is stable in the limit € — O of the perturbed equation (1.11).
In other words, our result shows that the arising Maxwell-Stefan system is
actually a stable perturbation of Fick’s multi-species model, whose derivation
from equation (1.6) has been recently proved in [15].

(iii) At last, it is important to note that since the proof of Theorem 2.2 is based
on the hypocoercive formalism, its procedure can be actually applied to a
wider class of limit macroscopic models which satisfy some minimal abstract
hypotheses. In particular, our theorem could be easily generalized to cover a
lot of previous results regarding the diffusive limit of the Boltzmann mono-
species equation (and their counterparts in the multi-species setting), like
the rigorous derivation of the Navier-Stokes equations obtained via Hilbert
expansion [20] or by means of hypocoercivity techniques [10]. We shall not
give any details of its proof since it could be recovered with a slight adjustment
to our next computations, which is out of the principal scope of this work.

Theorem 2.4 (More general result). Let the collision kernels B;; satisfy assump-
tions (H1)—(H2)—(H3)—(H4), and consider some general fluid system of equations
P(c,u) = 0. Let the system possess a unique perturbative solution (c,u) = (¢ +
£C, U + eu) around any macroscopic equilibrium (¢,1) of P, with € € (R%)Y and
u=(u,...,u). Construct the local Maxwellian M? defined by (2.2), using the fluid
quantities (c,u) and suppose that there ezists a constant dgyq > 0 verifying

(i) €€ L®(R; H(T®))  and  [[€]] poe pry < tuias
(i) w, u € L®(Ry; H*(T%) and [0l oo gz > [[0ll oo gz < O,

(iii) The microscopic and the fluid parts of the source term S are controlled in
the HZ norm as

5ui €
Hg:O< ﬂ€d> and || (S7)]

Then, there exist sg € N*, Ofuia > 0 and &g € (0, 1] such that, for any integer s ? S0,
there ezists an explicit 55 > 0 such that, for all e € (0,e0], for all dgya € [0, Ofuial
and for any initial datum £™ in H® (T3 X R?’,,u,_%) with

1™

I (89)]

Hs =0 (5ﬂuid) .

e S0 mre®@)] L, (,py = Onaa),

there exists a unique f € C° <R+;HS (']T3 X Rg,u_%)) such that F& = MF® + ef is
the unique weak solution of the Boltzmann multi-species equation (1.11). Moreover,
if FoIn = M&™ 4 ef @ > 0, then FE(t,2,v) = 0 almost everywhere on R, x T? x R3.
Finally, for any time t > 0, F¢ satisfies the stability property

[ — M|

w: < €0p, Ve € (0,&].
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3. PERTURBATIVE CAUCHY THEORY FOR THE BOLTZMANN MULTI-SPECIES
EQUATION

In this section we establish a Cauchy theory for the Boltzmann multi-species equa-
tion (1.11), perturbed around the local Maxwellian state (2.2)—(2.3). In the first
part we present the hypocoercive properties satisfied by the Boltzmann operators
L and Q, which allow to connect our analysis to the formalism used in [11, 15].
The proofs of these lemmata are postponed to Section 4 for clarity purposes. In the
second part we prove Theorem 2.2: we derive suitable uniform (in €) bounds for the
problematic source term S¢; then list the a priori energy estimates that we are able
to recover for any solution f of (1.11); we at last notice that our estimates actually
coincide (up to lower orders in € or in dys) to the ones obtained in [15].

3.1. Hypocoercive formalism. The initial step consists in verifying some struc-
tural properties on L® and Q, necessary to recover the basic a priori energy estimates
that will be presented in the following part. We shall see that the extension of the
methods in [17] is absolutely nontrivial and many new issues come up in the analysis.
For this reason, we choose to keep the same order of presentation of the technical
assumptions adopted in [!5]. This will allow us to enlighten the similarities and
especially the main differences between our strategies.

Before stating our lemmata, we here provide a brief description of the main fea-

tures of the linearized Boltzmann operator L. We recall that L® can be written
under the form

I = K¢ — Va,
where K® = (K%, ..., K%) is defined, for any 1 <7 < N, by
N
B0 KO =3 [ Billo = vul.coso) (M7F7 + M7 = Mf; )dudo,
=1 R3xS2
and v° = (15,..., %) acts like a multiplicative operator, namely, for any 1 <i < N,
N
vi(£)(v) = Y v5(0) i),
j=1
(3.2) vi;(v) = / Bij(|v — v.],cos ) M (v,)dv,do, Vv € R,
3%xS§2

Remark 3.1. Note that throughout this initial presentation we shall suppose that the
solution (c,u) of the Mazwell-Stefan system we consider is always smooth enough
to perform all the estimates, as stated in Theorem 2.1. The required regularity will
be fized afterwards and will allow to apply all the results obtained in this section. As
such, the quantities min; ¢; > 0, Cy = (c, 1), ||c|| 1y and ||Jul| e . are consid-

L2 Hs (o
ered as constants and we only keep their track when the explicit order of magnitude
O(0ps) is needed in order to close the energy estimates at the kinetic level. Also,
each time a constant is written, it is independent of €. This is only done for a sake
of simplicity and clarity, but nevertheless each of these constants will be computed
explicitly inside the proofs.

We begin with a lemma which establishes some general controls on v* and L°
(stating in particular the coercivity of v¢).
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Lemma 3.2 (Estimates on v© and L¢). For any e € (0, 1], the linearized operator L*
and its multiplicative part v¢ satisfy the following explicit bounds. There exist some
explicit positive constants C¥, C¥ and CT such that, for any f,g € L? (R?’,u_%), we
have

(3.3)
v 2 v € v
Cl ||f||L%(”7%) O ||f|| ( y7/2 —1/2) < <V (f)7f>L%(” ) C ||f|| ( y1/2 —1/2) )

L
(34) <L5(f) g>L2( ) C ||f|| ( 7/2 _1/2) ||g||L2( >’Y/2“—1/2) °

The constant C} in (3.3) translates into a coercivity property for v°. Our next
result shows that v° also exhibits a defect of coercivity along its v-derivatives.

Lemma 3.3 (Defect of coercivity for 0°0%v°). For any s € N*, and for all multi-
indices a, 8 such that |a| 4+ |5| = s and |5| = 1, there exist some positive constants

v, with k € {3,...,7}, such that, for any f € H*(T? x R:”,/f%),

rYv T

(35) <85(:);11/€( 858‘”‘f>L2 ( 7;) 2

(C% — elgap13CF) |02

. (o)

— (G5 + elgjapy CF) ||fHHs 3(w3)

! / 2
— elgjaz11 07 Z Haf oy f

N
2 2,792
0<[a’|+]6'|<s-1 2, (/2 3)

We here notice for the first time the main difference with the mono-species case
treated in [15], where the Boltzmann equation is perturbed around a global equi-
librium. Since the Maxwellian M?® we consider depends on the space variable, we
see the appearance of several new terms in the estimates, coming precisely from the
x-derivatives of M¢. Nevertheless, each of these correction terms is at a lower order
in ¢ and they are thus likely to be controlled by the main terms, which correspond
to the ones derived in [17].

Let us now turn to the analysis of K*. Following again the strategy of Mouhot and
Neumann [ 1], we want to prove that this operator exhibits a regularizing behaviour
whenever we consider some v-derivatives. More precisely, we shall see that 9°9%K? is
controlled by a main term only depending on lower derivatives of f plus a correction
term (which can be made arbitrary small) involving the same order of derivatives
0%0%f. We can think of this property as the counterpart of the defect of coercivity
shown previously on 9°90%°, in the sense that the correction term appearing in
the bound of 9?90%K*® will be controlled by the negative contribution coming from
oPoove.

Compared to mono-species case, we shall dive deeper into the structure of the
operator, encountering two major issues. The first issue is that we need to recover a
full explicit expression of K¢ in a kernel form, which is not just a simple extension of
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the mono-species case. This is done in Appendix A by deriving a precise Carleman
representation of K¢, following the work of [I7]. The second issue arises because
the kernel operator strongly depends on |v — v,| and we need to properly treat the
v-derivatives in the small region where the relative velocity is close to zero. This
last step will in particular involve dealing with the different decay rates of the global
equilibria p;, a strategy developed in [10].
Lemma 3.4 (Mixing properties in velocity for 9°0°K¢). Let s € N* and consider
two multi-indices a,  such that |a| + || = s and |B| = 1. Then, for any & € (0,1),
there exist two constants CF(€), CF > 0 such that, for all f € H;, (,u,_%),
(3.6)

(9200K=(f) 85804f>L%,v (}) S CE(E) NI

Y Yv Y

2 K Baaell?
e (u ) TEOE IOE L, () -
The constants C¥ (&) and CX are explicit, and in particular CX does not depend on
the parameter &.

The next crucial step in establishing a solid hypocoercivity framework is to deter-
mine whether L possesses a spectral gap in the space of interest L? (]R?’, ,u’%). The
main issue is linked to the fact that L is not self-adjoint in our setting and thus
all the tools from classical spectral theory, as well as methods from [25, 17], cannot
be applied directly. Nevertheless, a partial answer to this problem has been already
provided in [10], where we were able to recover a quantitative upper bound for the
Dirichlet form of the linearized operator L¢ in the space L2 (R3,p’%). We recall
that the idea is to look for a penalization of type L = L + (L® — L), where L is
the Boltzmann operator linearized around the global equilibrium g. In this way, the
Dirichlet form of L can be upper bounded by the usual spectral gap plus two correc-
tion terms of order €. The first term gives the distance between the non-equilibrium
Maxwellian M? (of the linearization) and the global equilibrium g, while the second
one translates the fact that the spectral projection is taken with respect to the space
of equilibria of L, which does not correspond to the space of equilibria of L®. We
present an extended and slightly different version of the estimate obtained in [10],
since our study requires more control on the term accounting for the projection onto
ker L (say a control of order €?). The reason is that we need to handle the factor
1/€? in front of L. At last, we stress the fact that it is also crucial at this point
to keep track of the quantity dys that uniformly bounds the L2° norms of ¢ and u.
Indeed, in what follows we shall eventually need the freedom in the choice of dyg, in
order to take it small enough to close the a priori estimates and recover the correct
negative return in the Sobolev norm |||

Hs

Lemma 3.5 (Local coercivity of L¢). Let the collision kernels B;; satisfy assump-
tions (H1)-(H2)-(H3)(H4), and let A, > 0 be the spectral gap in L*(R® p~7)
of the operator L. There exists an explicit constant Cy¥ > 0 such that, for all
e € (0,1] and for any n; > 0, the operator L satisfies the following estimate. For

1

any f € L*(R®, p~2)

(37) {L(0).0) 1,3 <~ (M= +m)CE) IF —m (D)

LZ\p 2 L3 ((UWQ;F”Q)

L
C 2

2 2
+e (5MSE ||7TL<f)HL12)(<U>»y/2“71/2) )
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where my, is the orthogonal projection onto ker L in L? (RB’,/L_%), and we recall that
Ops > 0 can be chosen as small as desired from Theorem 2.1.

We now turn to the study of the full nonlinear Boltzmann operator Q.

Lemma 3.6 (Orthogonality to ker L and general controls on Q). The linear operator
Le and the bilinear operator Q are othogonal to the kernel of L, namely

(3.8) m(LE(f)) = 7 (Q(g,h)) =0, Vf g he L2(R% pu2).

Moreover, Q satisfies the following estimate. For any s € N and for all multi-
indices o, B such that |a] + || = s, there exist two nonnegative functionals G5 and
Gy, satisfying Gl < @3, Gt < G2, and such that

. (g h) [If]] , 2 (/) if 18] =0,

(3.9) ‘( 702Q(g, h f>L2 ) <
Gro(g h) I, 2 ((wrr2ut) if 18=1

In particular, there exists sg € N* such that, for any integer s > sq, there exists an
explicit constant C2 > 0 verifying

(3.10)
G:(.1) < €2 (Il 10, 1) I

ez (ot d) T IR g () |!g||H£L%(<U>gM%)> ,

0250 < 02 (Il () 10 (y5) 0, (1) el ()

This last lemma completes the investigation of the hypocoercivity properties sat-
isfied by our kinetic model. We can finally step forward to the actual proof of
Theorem 2.2.

3.2. Proof of Theorem 2.2. For the sake of clarity, we divide our presentation
into several steps. We begin by studying the source term S¢, which constitutes the
main novelty of this work. Its correct estimate can in fact be seen as the last feature
in providing a satisfactory hypocoercive framework. We then present some basic
properties of the macroscopic projector 7y, which is used in the next step in order to
derive the a priori energy estimates satisfied by the perturbations f. In the last step,
we adapt the computations carried out in [15] to recover the conclusions of Theorem
2.2.

Step 1 — Estimates on the source term S°. We here provide the study of the
source term

SE = 513 (M?®, M?) — —8t1\/[5 — glv V.M:e.
This term gives the distance between the Maxwell—Stefan system and the fluid part
of the Boltzmann equation, and it represents one of the main differences from the
model considered in [15], and also one of the main drawbacks. In fact, since S°
strongly depends on inverse powers of € and on M* and its derivatives, it is crucial
to determine its leading order of magnitude with respect to € and to understand the

role played by the macroscopic quantities ¢ and u.
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The idea at the basis of our analysis is simple. The Lyapunov functional (2.6) we
chose is essentially made up of three terms: the L7, (,u’%) norm which accounts for

pure spatial derivatives and for mixed derivatives, and the Li,u (,u’%) scalar product
which corresponds to a higher order commutator. In particular, as soon as one
derivative in velocity is considered, the weights € and €2 are used in order to balance
out the energy estimates by cancelling the stiffest terms.

With this idea in mind, we consider three cases, each referring to one of the
three sums appearing in the Sobolev norm (2.6). Their investigation is similar and
essentially based on the separated study of the linear part and of the nonlinear term
Q(M?, M?). On the one side, the linear part accounts for an order ™! since we can
check that V,M*® = O(e). On the other hand, we handle the nonlinear term by
exploiting the particular form of u = W 4 eu. More precisely, we show that M* is
close to a local equilibrium of the mixture (with common macroscopic velocity eu)
up to an order €2, allowing to prove that 9°02Q(Me=, M*) = O(e?) for any multi-
indices «, 5 > 0. In such a way, we are able to deduce that the general leading
order of the source term (and of its derivatives) is actually O(e~!), which can be
easily handled in the H¢ norm by the factors € and &2, as soon as one derivative in
v is considered. Unfortunately, since x-derivatives are instead controlled by a mere
factor of order 1, the L2 (u‘é) norm of 92S¢ could blow up at a rate of O(e71).

That is why we derive a more precise estimate for the source term, in the case
where only x-derivatives are taken into account. In particular, the strategy consists
in decomposing 09S¢ into a fluid and a microscopic part as 9S® = 7y, (928%)+02S°+,
in order to show that the stiff problematic terms are actually concentrated in the
sole orthogonal component d*S**. This, together with the fact that ¢ and u satisfy
the Maxwell-Stefan system (1.7)—(1.8)~(1.9), will be sufficient to prove that actually
mL(09S°) = O(1). Thanks to the previous considerations, we shall eventually recover
the leading order 0SS+ = O(¢~'), but in this case it will no more constitute an
issue since the spectral gap of 5L will provide the needed negative return.

Lemma 3.7 (Estimates on S%). Let s € N and f € H* ('I[‘3 X RS,;F%), and consider
two multi-indices o, B such that || + |B| = s. If |B| > 1, there exist a positive
constant Cy. g, such that, for any € € (0,1] and any ny > 0,

5MSC ,B

(3'11) ‘<afagssvafa§f>L2 (u—%) < — ‘aﬁaafHL2

(v)/ 2~ %) :

In particular, if a > 0 for some k € {1,2,3} and = e, there exist Coy, > 0 such
that, for any € € (0,1] and any n3 > 0,

< 5MsCak 3 Haekaa ekaL2

(3.12) ‘<a§siagka;ekf>%(u% o opru3) -

Finally, if |8] = 0, we ask for a stronger control on the projection m,(S%). There
exist a positive constant C,, such that, for any e € (0,1] and any n4,n5 > 0,
(3.13)

aQE Qo 5MSCOé of apel
R R TG AR L

, .
op N475 B2 y/2ut)
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The constants Cy 5, Cor and C, are explicit and only depend on the physical pa-

rameters of the problem, and on polynomials in the variables Hc||L el _%> and
7 Ha Coo

[ull, o jylet+a- In particular, they are independent of €.
£ T

Again, the proof is left to Section 4.

Step 2 — Properties of the fluid projection 7. The derivation of the a prior:
energy estimates finally requires a deeper understanding of the properties of the
projectors mr- and m,. We present in this step three lemmata which are prelimi-
nary to our following study, the main one being a result establishing a fundamental
Poincaré-type inequality satisfied by 7y,.

Lemma 3.8. For any € > 0, the operator T° = 5L — v - V,, acting on H*(T? x

R?’,,u,_%), satisfies ker T¢ = ker L N ker (v - V). Moreover, the associated projection
e explicitly writes

(3.14) mpe (£) = /T mu(f)de,

for any £ € H'(T? x R?’,u*%).
The proof of this lemma is very simple and is therefore omitted. It can be found

for example as an initial remark in [17, Section 4].

Next, we present a very useful property of the projection 7y, which is intensively
used in what follows: the equivalence of the L2(p~7) and L2((v)?/>u~/2) norms on
the space ker L.

Lemma 3.9. There exists a positive explicit constant C, such that

(3.15) I, (o2 < CrlmL (O -1y

for any f € LQ(R?’,;I,_%).

Proof of Lemma 3.9. Recalling the explicit expression of 7, (f) from (2.4) by means
of the orthonormal basis (d)(k))l Ch<N+4 in L? (]R3, ;f%), we can successively write

2
| (f) HL% ((oyr/2u-172)

2

N N+4
— Zég Z <f’¢(k)>Lg(“_%)¢§k)(U) () dw
=1 k=1
N+4 N o
= (k) ) (0 ) ") -
k,ﬂzl (h.é >L5(“7§)<f’¢ >L%(u2)izl/ma ¢ i (v)p; dv
N+4

— Z (f, ¢(k)>L% = (f, ¢(e>>L% () <¢(k)’¢(4>>L% (eiaumi)

k=1
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<¢(k) ) ¢(€) >L% ((v)W/Z;rl/Z)

N+4

< 3 (08 )+ 06

k=1

N+4

= (N +4) max <¢(k)’¢(£)>L%(<v>v/2u*1/2) Z<f’¢(k)>i%(#‘%)

1<k <N+4
k=1

_ ¢ 2
=N+ 1<kEN+1 (.9 )>L%(<U>W2u*“2) HWL(f)”L% (w2)”

thanks to Parseval’s identity.

In particular, the specific form of the elements of the orthonormal basis allows to
easily show that ¢ € L2(R?, (v)?/2u~"/?) for any 1 < k < N + 4. Therefore, the
maximum of the scalar products is a bounded quantity, and we can finally choose

k 4
CF = (N + 4) 1<$2%+4 <¢( )7¢( )>L% (<v>7/2#—1/2)

to infer the validity of (3.15). O

To conclude this preliminary step, we establish a Poincaré-type inequality for 7,
which represents a tool of crucial importance in order to apply the hypocoercive
strategy of [11, 15]. Note however that, as opposed to the works in the mono-species
setting, where the solution of the Boltzmann equation is perturbed around a global
equilibrium, the linearization around M?® we perform here does not give access to
a perfect Poincaré inequality. Indeed, the projection part 7 (f) does not have zero
mean on the torus because of the presence of the source term S in (1.11). We evade
this obstacle by showing that a Poincaré inequality can still be recovered at a lower
order, allowing the appearance of a small correction of order O(d%5).

Lemma 3.10. Let us denote with Cys the Poincaré constant on the torus, and let
dms > 0. Consider a solution f € H! (T3 X R?’,u_%) of the perturbed Boltzmann
equation (1.11), satisfying initially

H?T'Ts(fin)” 1) <05M57

L3, (lff

for some constant C' > 0 independent of the parameters € and épg. There exists a
positive constant CT such that

(3.16) e (6)117

L2

x,u(lf%) < 2073 ||V$f||i%v (lf%) + 5%450'1'.

In particular, CT is explicit and does not depend on the parameter e.

Proof of Lemma 3.10. Pick a solution f € H'(T? x R?’,p‘%) of (1.11). Recalling
the relation (3.14) between the projectors, we observe that we can express 7, (f) in
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terms of 7 (f). Applying Poincaré inequality, we first obtain

(3.17)
e (£)]12 < 2|{|m(f) - — (f) 2 +LH ()l
P () S TR ey e )
<2Wn V@2, (4 + oy lrre (0]
SO g () e T e ()
Note that for the models in [11, 15], the authors are able to prove that mr-(f) = 0,

starting from an initial datum satisfying 7y (f™) = 0. This is a peculiarity of the
Boltzmann equation, which naturally preserves the action of the projection mr- on
it. Clearly, in our case we do not have the same property, and in fact our aim is to
show that actually the second term accounts for an order O(d3;5). To do this, we
need to recover an equation for mr-(f) from (1.11).

Using Lemma 3.8, thanks to the linearity of mpe and to the orthogonality of
L® and Q to kerL given by (3.8), one can see that the transport terms and the
Boltzmann operators cancel out, so that we are left with the identity, holding a.e.
on R, x T3 x R3,

1
(9t7rTe (f) = —gaﬂ'{'Ts (ME),

where we have also used the fact that the projection operator commutes with the
time derivative. In particular, integrating over [0,¢] the above identity, we obtain
the desired equation for - (f), which reads

(318) e (f) = Trpe (fln) _ gﬂ'TE(ME . Mz—:,ln).

Consequently, since M® and M®" only depend on the macroscopic quantities
(c,u) and (c™,u™), using the relation (3.14) together with the formula (2.5) of the
projection 7, it is possible to explicitly compute the value of mp:(M?® — M=), Tt
is first easy to check that, for any 1 <7 < N,

Ci (ta l’)
1
M;(t, z,v) v dv = ec;(t, x)u(t, ) 7
R3 ‘U‘Q

ity @) 4 ¢t o) |uit, )
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and the equivalent holds for M. It thus follows that

ZZ 1 MiCi00 ™

2 mglv]? —
m; (cilw|® — ¢ lu**)dz ( : ui) :
\/_Zl 1 Gi,o0 [ZZ/ ) \/6 1<iKN

In particular, the couple (c, u) is solution of the Maxwell-Stefan system (1.7)—(1.8)—
(1.9), so that, from (2.1), one gets that the zeroth-order terms disappear, because
both ¢; and ¢ have zero mean on the torus. Therefore, replacing the above identity
n (3.18), we finally recover the expression of - (f), which writes explicitly

= [Z mz Gy — zm m)dx] (mlluz)1<z<N

mre(f) = mpe(F) — [Z - mZ citli = Zm m)dx] (mllul)1<z<N

S micio

m;fv]? —
m; (cilw|* — ¢ u**)dz ( ,uZ) :
\/_Zz 1czoo [ZZ/ ) \/6 1<iKN

Recalling the uniform controls on ¢ and u given by Theorem 2.1 and applying the
continuous Sobolev embedding of H. i/ %in L for s > 3, one easily infers the existence
of a positive constant CT such that

N

v
e E / ml(cluZ - cmum)dx
Zi:1 MiCico ;=1 /T3

_ |N\T3|
< Py Ly e

< (lel oty I

<ol (2llexll oy +el@l oy FellE
22 (ex*) i (o) i3 (e
x (21w

in

Hgl)

c” H;(c,%) ||‘1

wit + 2|

H;*)

mgr e[|

< CT(5M3|U‘(\/N |T3| + €5MS)(1 + éTCMs),
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and a similar result can be recovered for the second order terms. As ¢ < 1, we can
thus successively increase the value of CT > 0 to derive the final control

Ime- (O, 3y < 2lme- (0, (et + 7810+ ol + oDl )

2
T ¢2
<C 5MS?

since the norm on the right-hand side is clearly finite, and we have also used the
hypothesis on the initial datum fi".

Moreover, since 7, commutes with z-derivatives, we can use the unique orthogonal
writing V,.f = 7, (V,.f) + V.ft to get

2 2
IV (£) ) < HVJHL%,U([%) :

L2, (;f%

Plugging both last inequalities into (3.17) and redefining accordingly CT allow to
end the proof.
O

Step 3 — A priori energy estimates. It is crucial at this point to show the strict
similarities between the a priori estimates that we obtain here, with the one derived
in [I5, Section 3]. Indeed, it is enough to prove this analogy in order to deduce
that the exact same computations of [I5] apply in our case, leading to the expected
results of existence and uniqueness. To do this, we write down all the estimates for
the terms appearing in the modified Sobolev norm (2.6), whose structure has been
fixed at the beginning of this section. We list all the estimates, separating inside
square brackets the extra terms that appear in our study. In particular, the extra
terms involving the norms of f and its derivatives are estimated either by a factor of
order € or by a factor of order dys, both of which can be taken as small as desired
in order to close the estimates as in [15]. Note however that we cannot recover the
exponential decay in time obtained in [11, 15], as the presence of the source term
strongly influences the shape of the energy estimates. Despite this inconvenience,
we mention that our analysis is not the sharpest possible, and we guess that an
exponential decay rate could probably be recovered in the particular case when
u = 0. We shall give a brief discussion on the topic later on.

For the sake of simplicity, we shall use the notations C*) and C,, for the technical
constants appearing in the following a priori estimates. Their explicit values can be
found in Appendix B, together with the detailed derivation of all the inequalities.
In addition to this, in order to enlighten the computations, we suppose from now on
that dys < 1, even if this requirement may not be optimal.

Let s € N* and consider a function f in H*(T?* x R3,,u*%) which solves the
perturbed Boltzmann equation (1.11) and satisfies initially ||mpe (£ in)HL2 (h) =

O(0us), as in the statement of Theorem 2.2. Moreover, let us introduce the standard
notation f+ = f — 7 (f) for the part of f that is projected onto (kerL)*.
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The estimate for the L7 , (u_%) norm of f reads

AL

d .. 8(CE +1)
. - 1 < _—
<3 19) dt ”f||L%,v(“7§) |

((v)w/Qlf%) + AL

Gu(f,£)*
ousC IVEIS, (o) + Cdys |-

The time evolution of the wa (,u_%) norm of V,f is estimated as

(3.20)
d AL 9 8(2 +2CY + CLK,)
G IVatly, () S =SVt s () + AL
SureC'3) ~
5Msc(2) ||v f|| %> + E%HfLHi%U(@)W/?yf%) + Cx(SMS .
The estimate for the L? (;f%) norm of V,f reads
K Kz
(320 GVl () < I e, () + 2 IV, oy
cy 4(3+ CK) Coluis
=2 1Vl oty + =g GBS
The estimate for the commutator reads, fro any e > 0,
3.22 d V., V,f
( * ) E< T+ v >L%,u(/‘_%)
20 e 1 c®
|| Ve fL”LZ wrrad) T gHfoHigyv(“ 3yt Ve o7, 2 (o)
+ 2—egl(f £)? + | SuseC® ||V, £
c x 9 MSe T L%m (#7%)
82 52 e@;,v
HfJ_HL2 () /2~ 2) +MST )
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We then consider two multi-indices «, 8 € N® such that |o| +|3| = s. If |8] = 0, the
estimate for higher z-derivatives reads

d
(3'23) & Ha?f\\i%v(u—%) < - Haaf‘LHL2 v)7/2 **) +C(7)gs(f f)

8& fJ_‘

2, (@w/2ut)

+[€5}/;52Ka Z ‘

la/|<s—1
a2 ~
+ 5M50(8) ||8mf||L92w (#7%) + Oa(;MS .

In the case when we have at least one derivative in v, that is when |3| > 1, we obtain
the estimate on mixed derivatives

a2 Spasenel?,

Ks—l

C¥ o
e N

1
H;,_vl (IJ,_Q)

45+ CE + %)
22,(w) cy

+ 0O N g gt G: (£, £)?

k, Br>0

14
507

||f| + 6&,65MS .

e (OR )

In the following, we also need to consider the particular case when we replace o with
a — e and § with e, in the previous estimate. Inequality (3.24) becomes

d
(325) & ’ . (“_%)
€ o—e KS
3 Ha ka kaL2 ( V1 /2p~ 2) + c2 : H |Hé l(li %)
0) || A2 45+ CE+CY) .
||a$f||L§U(M7%) + cv G, £)?
n 6C‘7’

|£ HHQ 1((U>%lr%) + Copoms | -
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Finally, we need to upper bound the commutator for higher derivatives
(3.26) i <8“f 8ek8a_ekf> 1
de T g ()

20 € o 1 «
\ Ha fJ_HL2 7/2# 2) - g Hafoi'%,v(ﬂ_%)

C

e Ha—eg i s 2

» L) v/2u~ 2)

omseKa

£

! ()3 2)

(11) o
+5MS€C ||8 f|| ”(ﬂ 2)

61%/{Seéa,k L)oo o
+ - — g <ax k(/U . fo), ’Ukax f>L%‘U (u,_%> ] ,

3

where the estimate holds for any e > 0, and we remember that the last term satisfies
the fundamental property

(3.27)
2
9=k (v - V), 10,0°F . U-anj/f’ <.
IcvZ < ' > ( ) |oc’|zs—1 Lo (“77)
k, ap>0

Starting from these inequalities, we are now able to establish the link with [17].
For the sake of clarity, we divide the derivation of the a priori energy estimates into
two successive results. In the first one, we recover a preliminary upper bound which
provides a partial negative return.

Proposition 3.11. There exist 6ys > 0 and g5 € (0,1] such that the following
statements hold for any s € N*.

(i) There exist three sets of positive constants (a((f))i, (bfj)k,)ik and (d )ﬁ)s

; .f
such that, for all € € (0, &),
(3.28)

1/2

15, ey + 2005, ey +2* D2 0008 (ot

la]<s \a|+lﬂ\<s
1B1>1

(ii) There exist four positive constants K(gs), K9, K and C such that, for
any values of ¢ € (0,e0] and Syg € [0,0ns], if £ € H* (T3 x R?’,p,_%) solves
the perturbed Boltzmann equation (1.11) with initial datum £™ belonging to
HS(T3 X R?’,;f%) and satisfying H?Trra(fm)HL2 (#—1) = O(0ms), then, for

2
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every time t > 0,

d
3.29) —||f
(329) I

2 < K| If]

1 i
i];’v(<v>%p7%) + 8_2 Z ||61’fj_‘

_1
2, ((wy/2u2)
jaf<s

+ KUG(E, )2 + 2K7G2 (£, £)2 + Cd .

Proof of Proposition 3.11. Let f € H* (']I‘3 x R3, pu~ 2) be any solution of (1.11) with
initial condition satisfying the hypothesis of our statement, and consider a solution
(c,u) € HS™ x Hs of the Maxwell-Stefan system (1.7)—(1.8)—(1.9). Moreover,
suppose that dyg < 1 for simplicity. Under these hypotheses, estimates from (3.19)
up to (3.26) hold and can be applied.

Following [15, Section 5], we proceed by induction on s € N*. For s = 1, the

modified Sobolev norm H! reads, for any f € H'(T? x R?, p~7),

€1 = ANEI, (3 +al VI, (o

+ be (V. f, vm% = + de? vafuiiw (1)

Therefore, we consider the linear combination A(3.19)+a(3.20)+de?(3.21)+be(3.22).
Recalling from Lemma 3.6 that we have the monotone behaviour G < Gl we can

easily find some positive constants K fl), KQ(I) and CM such that, at first,

d 1 A
& Hin; < 2 {€(G5MSC(3) +eKid + 0eC%) — ] I£ LHQ 2, ((/2u )

+§{20 b——] [ A

+ [51\/[3 (AC(I) + CLC(Q)) —+ Kdzd - b(l — 5M560(5)>] ||Vg3f||i2 (”7%)

CWb
+[ ) ]nv U2, ()
- SRR, O,
2e? W(wrze ) o(wrreeh)

+ KUVGLHE )2+ 2KVGL (£, £)2 + CWdys.

If we now choose

5 < . Kdmd 1 e < . 1 Kld
X Inin 9 ) X in ) )
MS T ACH £ aC®@7 2e006) 0 aC® 1 K,d+ bC©

we can repeat the same computations in [15] in order to fix the values of A, a, b, d
and e. In particular, the equivalence between the modified norm H! and the standard

Sobolev norm H!L? (u‘é) immediately follows, and we also recover, because ¢ €
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(0, 1], the estimate

d oo
3.30) — [[f[l5n < — (£ fL2
330 510 <= (I8, (o) FIVEIE, (s

+[V.117, (e ,,)+||v A2, (ﬂé)>

B AL
2e2

v

12, (w)y/2u?)

2, (@wrzu3)

Note that we have kept the constants A and a in the extra negative contributions
coming from f+, for the sake of clarity. In particular, we stress the fact that A and
a have been fixed independently of dys and e.

To conclude, we observe that thanks to the Poincaré inequality (3.16) and the
equivalence between the L2, ((v)7/2p~2) and L2 ,(72) norms on ker L, the following
upper bounds hold

1
Hingv ((U>v/2lf%) (HfL”m ( )1/~ 2) + 3 ”Vﬂﬂﬂ@%v(“—%) + 51%/[8) )

1
19812, (pty <O (19 (mity 319018, (,s)).

for some positive constants ¢’ and ¢’ computed from (3.15) and (3.16), which are
independent of the parameters dys and €. By plugging the above inequalities into
(3.30) and by adding the small extra term 6% to the same one multiplying 'V,
we deduce the existence of a positive constant Kél) (independent of dyig and €) such
that

2 1 2
G IE < =K UE, (g

AL min{A4, a}
- L2—52 (”leLQ ( y1/2p~ 7) +1IVa fL||2 ( >7/2“_%))

+ K{VG(E,£)? + 52K§1)Q;,v(f, £)? + CWoys,
Therefore, redefining K" small enough to ensure that also K" < Ay min {4, a} /2,
we finally recover estimate (3.29) in the case s = 1.

For the general case, we suppose that the result is true up to the integer s — 1,
and we prove that it also holds for s. The first statement, about the equivalence
between the H¢ and HS L2 (,u*%) norms, is straightforward. For the second property,
regarding the a priori estimate, in a similar way to what we have done for s = 1,
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we define this time

B30 R() = @B Y [0t (o)t B Y Quald)
|a\‘l-||§|2:s k,|ao‘(:i0

(3.32) Quplt) = aHag‘in%v(u_%)—|—b€<8§k8a7ekf78;‘f>%w(“_%)

+de

2
1
L3, (u_i”) ’

and the positive constants have to be fixed as previously.
By taking the linear combination a(3.23) + be(3.26) + de*(3.25), we compute

d 1 [ A
@ar(t) < 5 2CLeb—a_L} ||aafJ_HL2 (2w h)
‘C(lo)b
+ —CV } Haekaa elcf”L2 (o) %)

+ [BusCOa + 200 — b(1 = duseC™ )| Jl02E 2, (1)

a n acons K, / L
_ aaf ) Mo § ‘811 ’

262 | HL o(r/2u2) * e’ lo/|<s—1 2, (wpr2ut)
R ) + (BuseRanb+=Crd) [£]7, ()

+KPG(E )2+ 2KGE (£, £)? + by

—b <a§‘_ek (U . fo), vk6§f>L2 (Pf%) .

In particular, similarly to the case s = 1, we can redefine dyg to satisfy also

— 9y 1
5MS < mln{ }

C®q’ 2eC(11)
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so that the first three contributions are the same as in [15, Section 5|. Therefore,
we can set the values of a, b, d and e in such a way that

(3.33)
d
ZQan®) < = (na“fll (rut) 10y (o f))
a\ o acous K, o
B 2; H@ fl”L? ()72~ 2) + 1;/[28 Z ‘8 fL’ L2 (<v>v/2;r%)
la/|<s—1 v

+ Koy £

(i) RGN+ SR (58 4 s

—b <a§_ek (1} . fo), vk8§f>L2 (H’_%) ,

where we have used the equivalence between the L2 , ((v}“’/ 2;1,_%) and the L2 (p,_%)
norms on kerL, and we have also accordingly redefined all the main constants of
interest to enlighten the computations. In particular, we stress again the fact that
all these constants remain independent of the parameters dyg and €.

Now, note that if we sum (3.33) over |a| = s and k = 1,2, 3, such that o > 0, the
terms accounting for the scalar products disappear, thanks to the property (3.27).
Therefore, going back to the definition (3.31) of Fi(t), combining B’(3.33) with
£2B(3.24) we obtain

d v a
TRO<-CB Y |o)o; £, )
|a|+|B|=s
181>2
+ Z 09 B2 Z v)wm 2)
|ee|+|B]=s k, Br>0
181>2
_B/[?(()s) Z (Haa H ( » _7)+Haekaa ekaL2 ( /2y 1))
e
CL)\L o a55MSKa o
-5 Z 262 HE? fL”L? v) 2 1) B g2 Z ‘8 fL ((v)w/?u 2)
la|=s lo/|<s—1
k, ar>0

+ (B'i%s_l + B(Koy + scg)) I£]2

i ()3 h)

+KPG(E )2+ 2KGE (£, )2 + )oY
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Redefining the constants if necessary, we can then copy the arguments used in |
Section 5| to finally obtain the existence of gy € (0, 1] such that, for all € € (0, g¢],

)l

d I ¢}
PO Bt 15, 3,00y — |a|§‘|:s lo7oz1|

aA N R
_ B’Q_; 2|: HaszHig,v(@)w/z”_%) +Bl%l |2: ‘
o o |[<s—1

2
12, ()72 %)

2

22, (wy/2ut)

o' ft ‘

+ KVGE ) + 2 K0GE(£,£)2 + CPdys.
To conclude, for some positive constants (K),),<s, we only have to consider a linear
combination » | K Fy(t) and use the induction hypothesis, together with ¢ < 1
and the last requirement
min, K,
2B aKa'
Recalling that the functionals G2 and g%, are monotonically increasing in p, we can

dms <

finally recover the following estimate, valid for any € € (0, £o] and any dys € [0, dwms],

d S
E (p; Kpr(t>>

S Q 1
< —K{) > ledoce] ig’v (wprew ) T 2 > HagfLHigm (wy72u2)

lof+]8l<s ol <s

+KUG ()2 + 2KPG (F,£)2 + CPdys.
which is the expected result.
O

Starting from this general preliminary estimate, we can finally prove the result
that establishes the uniform a prior: control on f, which in turn ensures the stability
of the expansion around M°.

Corollary 3.12. There exist so € N*, dyg > 0 and g9 € (0,1] such that, for
any integer s > sq, there exists dp > 0 such that, for any ¢ € (0,g0] and any

Sus € [0,0us], if £ € H*(T? x ]R?’,;F%) solves the perturbed Boltzmann equation
(1.11), and satisfies initially

1" gy < 05 [l (E™)]]

' O(dus),

L%, (u‘f

then ||f|

we < |7

e for allt > 0.

Proof of Corollary 3.12. Since we are under the same hypotheses of Proposition 3.11,
we have seen how to fix the values of dyig > 0 and ¢ € (0, 1], so that, for any s € N*,
the a priori estimate (3.29) holds for any time ¢ > 0. Note in particular that we can
get rid of the negative terms involving the pure x-derivatives of f, as their presence
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was needed in the previous result only to ensure the control of the small positive
extra terms of O(¢), in order to close the induction procedure. Therefore, for any
s € N* and any ¢ > 0, the time evolution of the H? norm of f is uniformly controlled
ine € (0,60] and 5MS c [O,ng] as

(3.34)

d a2 () 11112
— If]l5,s < =K, f
ai Il o 1€, (0 30-

The idea is then to properly bound the functionals G; and G; ,. For this, recall from
Lemma 3.6 that we can find an integer sy € N* for which estimates (3.10) hold for
any integer s > sg. Moreover, thanks to the equivalence between the H? norm and
the standard Sobolev norm given by (3.28), we can infer the existence of two positive
constants Ceq and Cgq such that

)+K 1G3(£,£)? + 2K57G2 (£, £)2 + Cdys.

(335) Coa [ I3, (o3) + Do NG, (opy+° D0 MO0l ooty
lal<s lal+18]<s ’
181>1
2 2
SR < i, (wd)

Therefore, G; can be successively estimated as

G (. £)* < 2(C)* |13

HyL2 (u2) I£ HH 202 ()3

[

)

20C2° ez pep2
< 5 f S f o 1 7
Coq I3 ||H;,v(<v>2u 2)
and similarly, for G; , we get
2(CQ)?
S(f,f)? £115, v 1y -
gz( 9 ) QCeq || |'H ( >§“7§)

Plugging the above inequalities into (3.34), we thus obtain

a AP o, o
e < (w0 k)

2 s 2

Ceq
If we now choose dg > 0 satisfying
2(CSQ>2 s s K(S)
o (K77 + K37)o% < =5,
thanks to (3.35), we can also infer
d oo Ko oo
- s S ——— Ly +C96
I8 < = S U, (3,8 + O s
(8)
< - 20 ||f|HS—|—C'( OMS,
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as long as ||f||,,. < dp. But now setting \g = Kés)/2CEQ, from Gronwall’s lemma,
we deduce that, for any s > sq, for any € € (0, o] and for all Sy € [0, dns],

fin -Agt + C(S)(SMS (1 N e—)\Bt) ’

B

6 C(S> 1/2
£l < max{ag, ( s ) |
H \p

Therefore, recalling that g has been chosen independently of the parameter dyg > 0,
if we impose

(3.36) ||f]

3-12<‘ ige

or, more explicitly,

- 63 Mg
OIms < 1O

we finally ensure the validity of the estimate ||f]
concluding the proof.

s < 0p for any time ¢ > 0, hence

O

Remark 3.13. We emphasize that the above result only provides a stability con-
dition for the expansion around M?, in the sense that the H: norm of £ can be
bounded uniformly in time by the constant dg > 0. Unfortunately, we cannot obtain
a full exponential decay in time because of the presence of the extra term C*)6%,4
which accounts for the macroscopic quantities that define M¢. It is particularly im-
portant to emphasize that the constant C®) contains factors depending on [eool 2
and ||ﬁ||L?OH;+4, which are uniformly controlled by some positive constants, but can-
not exhibit an exponential decay. To be more specific about this issue, we actually
guess that the only problematic quantity is the incompressible velocity U, because it
appears as a multiplicative factor in some of the terms composing C®). In particu-
lar, if we get rid of W by looking at the stationary macroscopic state (Cs,0), we can
probably recover a global exponential decay in time for £, by means of the exponential
decays obtained for ¢ and u. Besides, this feature can be explained with the pertur-
bative theory of convergence towards equilibrium which, in our case, prescribes the
exponential-in-time relazation towards the sole global equilibrium p, having macro-
scopic velocity Uy = 0. Therefore, the only physically meaningful incompressible
velocity t should precisely be 0.

Step 3 — Existence and uniqueness of the perturbation f. We are finally
able to prove that the solution f to the perturbed Boltzmann equation (1.11) exists
uniquely in time, on R,. Even if the proofs are very standard, we sketch the ideas
behind and the computations, for the sake of completeness.

Proposition 3.14. Let the collision kernels B;; satisfy assumptions (H1)-(H2)-
(H3)—~(H4), and consider the local Mazwellian M® defined by (2.2)—(2.3). Let s > s,
given by Lemma 3.6. There exist ¢g € (0,1] and 0yg, 65 > 0 such that, for all
e € (0,e0), all 6ys € (0,83, and for any initial datum £™ in H* (T3 x R3,,u,_%)
satisfying

I

Hs < 53, ||7TTe(fin)H 1) = O((SMs),

L7, (u_?
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there exists £ € C° (R+; H*(T? x R3,p*%)> such that F¢ = M? + ef is a weak solu-

tion of the Boltzmann multi-species equation (1.11). Moreover, if F&™ = M 4 f i
then also Fe(t,z,v) > 0 a.e. on Ry x T® x R3.

Proof of Proposition 3.14. The proof of the existence is based on a standard iterative
method, where we construct a solution on a finite time interval [0, 7], and we then
show that Tj can be extended up to +oco. Let s > sg, given by Lemma 3.6 and
consider a solution (c,u) of the Maxwell-Stefan system (1.7)—(1.8)—(1.9) which is at
least L>°(Ry; H*M(T?%)) x L°(Ry; H*(T?)). In particular, recall that (c,u) also
belongs to C°(Ry; H™(T?)) x C°(Ry; H*™3(T?)), so that the local Maxwellian M¢
is continuous with respect to ¢ > 0.

With these choices, set initially

(s)
0 min {1, Kg }
3.37 fO) = ¢in Ty =
( ) ) 0 4C(s)5MS )

and suppose that on [0,Ty] a sequence of functions ( f (ﬁ)) 0<men 1S glven up to an
integer n € N*, satisfying, for any 0 <7 < n and for any t € [0 Tol,

f(n - HS(T?’ X Rg,’j,_%)’ Hﬂ'Ts fn ||L§ ( 7;) = O((SMS)

w72
By induction on n > 0, we define the function £+ such that
atf(nJrl) + lU . fo(n+1) — %LE( (n+1)) 1Q(f(n (n+1)) + SE’
(3.38)

f(n+1) ‘t:o — fin

It is now a classical result the existence of a solution f™™) € H*(T? x R, u_%) for
the above evolution equation. Indeed, recalling the definition of T¢ = E%L - év -V,
we can rewrite

1 1
(339) Q0T = TECTY) 4 (L - L) (F0HY) + ZQUET, £0) + 87

Since L is self-adjoint in L?(T* x R?’,,uf%) and possesses a spectral gap Ap,, and
v -V, is anti-symmetric, it is easy to prove that T¢ generates a strongly continuous
semigroup in H*(T? x R?, ,u_%) (see [39] for the general theory, and [17, Section 4.2]
for the specific case of the Boltzmann multi-species equation). In particular, as done
in [17, Section 6], introducing the following functional defined on H*(T? x R?, ,u_%)

'Hs / ||f %”7%) dT) s

from estimates (3.9)—(3.10) of Lemma 3.6, it immediately follows that

Q™. ) - (Hs(qr3 x RS,M—%),E[O,TO}(J) (HS(Tg xR, pz)), | Hy,, (u ))

is a bounded linear operator, and the same holds for the penalization L® — L. To
ease the computations, from now on let us drop the subscript [0, Ty] in Ejg ). By
means of the functional £, one can then apply Duhamel’s formula in combination
with a suitable fixed point argument to show that, as long as Hf in " is chosen small

Epoy(£) = sup <||f

tGOTo

=

0,
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enough, there exists a solution £+ to (3.39), which is in H* (']T3 x R3, p,_%) for any
time ¢ € [0, Ty]. Moreover, applying 7p- to (3.39) and performing an identical study
to the one carried out in the proof of Lemma 3.10 to derive the Poincaré inequality
(3.16), we also ensure that

H’R'Te (f(n-l-l)) ||L%7v (#77) C 5MS; YVt € [O, T()],

so that, by induction, the sequence (f (”))n oy Temains well-defined.

Starting from these considerations, one then aims at proving that the constructed
sequence (f (”)) nen Can be uniformly bounded in the E norm. For this, since obvi-

ously £ ( 0) = Hf mH < d0p from our initial choice (3.37), we proceed by induction
on n € N, supposing that we can uniformly bound E(f (")) < 0p up to some integer
n > 0, and proving that also E(f("*V) < dp.

Now, each f(®) satisfies all the hypotheses needed in order to copy the computa-
tions used to derive the a priori estimates in the previous step. More precisely, from
Proposition 3.11, we know that there exist dys > 0 and gy € (0,1] such that, for
any s > sg, for any dys € [0, dys] and e € (0, &), one recovers the estimate

f(n+1 ‘

. < 5) Hf (n+1) ‘

a H H, () 3p})
+ K{S)g; (f(”)7 f(n+1))2 + €2K§5)g§m (f(”)7 f(n+1))2 + O(S)5MS~

Moreover, thanks to (3.35) and proceeding like in the proof of Corollary 3.12, we
also establish the bounds

G (f(n)’ f(n+1))2

4(CQ)? : .
< (I gty + I 6 03,0
G: (£, £ D)
4(CQ)? : -
< £2C,, <Hf | nhu) + [|£¢ +1‘H3 f()|H;,v(<v>%;r%))-

Consequently, naming K = % (K fs) + Kg(s)), we deduce the following estimate

d
il

8) Hf (n+1) |

s n) 112 2
e (3 3) T ECE 5, s ()} )

2

+ KO || ‘ g, (2

£ ’

s %) + O 5MS

< (KOBE) - &) |

holding for any ¢ € [0, Tp].
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Choosing dg > 0 such that E(f(”)) < KO(S)/QK(S), we can thus integrate the
previous inequality on [0, ¢], with ¢ < Tp, to obtain

K
HS / Hf n+1 )|

Therefore, if we also suppose that

(s) (s)
K, K}
dp < min {1, TO} J2K®  and 0 < min { } /4,

thanks to the induction hypothesis on E (f (”)), we deduce that
2 2C)§

’ Hs TO AN
min § 1, =3 min § 1, =3

thanks to our choice of T. Hence, the sequence (f (”))

||f(n+1)} dr

2o(2u )

fin

<|

e F KOBEMD)B(ED) 4+ 10Oy,

E(f(n+1)) < fm

ey 18 uniformly bounded by dp

in the £ norm, and thus also in L* (0, To; H3, (,u_%)> n L! <0, To; Haﬁ,v(<v>%ﬂ'—%)> :
Therefore, thanks to the Rellich-Kondrachov theorem on compact embeddings into

less regular Sobolev spaces, we can take the limit n — +o00 in (3.38), since T¢, L —L
and Q are continuous. In particular, we can extract a subsequence that converges

towards a function f(* which belongs to C° <[O, To; H* (T? x R3,,u_%)> and solves
the initial value problem

O f) + 1y V£ = LL(£09)) 4 LQ(F0), £()) + S,

)]y = £,
This proves our result on the interval [0, Ty]. Moreover, £(>) satisfies

H’/TTE (f(oo)) HL%’U (“_%) < CT(SMS, Vit € [0, To],

) 4s S 0B, thanks to Corollary 3.12. By simply restarting this

procedure on a new time interval [Ty, 27y] using £(°)(T}) as initial datum and con-
sidering the corresponding functional Ejz 27;), one can repeat the previous computa-

tions, so that we recover the existence of a solution f € C° <R+; H* (T3 x R3, ,u_%)>,

as desired. In particular, thanks to the a priori estimates that we previously estab-
lished, this solution satisfies the uniform control

I£|5 < 0B, VE=0

holding for any e € (0, g¢].
The positivity of the solution F* = M? + ef is finally showed using a standard

method, which can be found for example in [I7, Section 6.3]. This ends the proof.
]

Finally, the constructed solution is unique, providing the full Cauchy theory of
our problem.
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Proposition 3.15. Let s > sy and consider a function fin satisfying the assumptions
of Proposition 3.1/4. There exist 0 s > 0 and €9 € (0,1] such that, if £ and g are
two solutions of (1.11) having the same initial datum £, then f = g.

Proof of Proposition 3.15. As in the proof of the previous result, fix initially a time

(s)
0 min {1, Kg }
To :

T 40Oy

Next, define h = f — g. Subtracting the equations satisfied by f and g, we see that
h is solution on [0, Ty] x T? x R? of

o+ to- Vo= SL0) + L (QME) + QL. h)).

hj;—o = 0.

The idea is to derive similar estimates to the ones obtained in the proof of the
previous result. For this, note the linear part obeys the same upper bounds, and for
the nonlinear terms we shall again use estimates (3.10) of Lemma 3.6.

More precisely, using the a priori estimate of Proposition 3.11, we get

d S s S S
g Il < =K,y + K7 (G000 + (e h)?)

S 2um2

+2 K (3, (0,6)° + G2, (1)),

The terms inside the parentheses are then bounded is the same way as before, using
(3.10) and the norm equivalences provided by (3.35). Skipping the computations
and denoting F = Ejy1,, we recover the existence of a positive constant K such

that
2. < (K(llfl

d 2 2 (s) 2

Zim(hﬁ%u_%)> b

e 2
LR (Hfl T el :

2
Hg, () 3u )

< (ié(E(ﬂ + E(g)) - Kéﬁ) I

2
iy, () 3u )

+& (1t FlglE, (3, 1) ) EO)

In particular, since f is a solution of the Boltzmann multi-species equation (1.11),
we have seen previously that it satisfies the estimate E(f) < dg on [0, 7p], and the

2
H, () 3p %)

same holds for g. Therefore, choosing initially dg < K(()s) /4[~( and integrating on
[0, 1], with ¢ < Ty, since h'™ = 0 we obtain this time

K(S) t
b, + =2 [ In)
0

Z%Qw )dTg]“ﬂM<E@%+E@»,
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from which immediately follows that

2K 6

()
. K,
min {1, %}

Taking dg > 0 sufficiently small allows to conclude that E(h) = 0, and thus f = g
for any time ¢ € [0, Tp]. We can then repeat the computations on the time interval
(T4, 2T,] wtih E = Ep, 27), recovering the same conclusions. An iteration of this
procedure finally allows to deduce that f = g for all ¢ > 0. This ends the proof.

OJ

E(h) < E(h).

Step 4 — Conclusion. Theorem 2.2 is a direct gathering of Propositions 3.11, 3.14,
3.15 and Corollary 3.12.Moreover, thanks to Theorems 2.1 and 2.2, both the local
Maxwellian M* and the perturbation f are well-defined, are unique and exist globally
in time. Therefore, we can now reconstruct F¢ = M®+&f, which is the unique global
weak solution of the Boltzmann multi-species equation (1.11), perturbed around
the non-equilibrium state M¢. To conclude, since the perturbation f is uniformly
bounded in the H? norm by the constant dg (independent of £ and computed in the
Corollary 3.12), we also deduce the stability property

[F — M|

ns = € |Ellyys <edp, Ve € (0,2).

4. TECHNICAL PROOFS OF THE HYPOCOERCIVITY PROPERTIES

In this last section we collect all the proofs of the lemmata which lead to the hypoco-
ercive structure of our model.

Since, in what follows, we often estimate the Euclidean distance between M*®
and p, in order to enlighten our computations we here introduce the local and
global Maxwellians M, = M(j cy1) and M = M o,1) which will allow us to write
B = c.M and, in this way, separate M* into a close-to-equilibrium part and a lower
order term as M?® = ¢, M, + ccM..

4.1. Proof of Lemma 3.2. Fix § € (0,1). In order to prove (3.3), we initially
observe that, since M; = ¢;M;, we can apply to M similar estimates to the ones
derived in [10, Lemma 4.1] to obtain for any 1 < ¢ < N the upper bound

(4.1)

4m;
M (t,z,v) < C5° (1 + exp { N m652lui(t,aj)\2}) aMo(v), t>0,2€ T veR?

where

1SN \ 27 lv]eR

Similarly we can recover a lower bound for M; as follows. For any 1 <@ < N, we
can write

M (t,z,v) = ./\/l;/é(v)./\/lf(t,x,U)M_1/5(v), t>0, x €T velR.

i

. 301-9) m;
C§? = max (mz) ’ <sup e (1=0) Ftv]? —|—1> > 0.

Then, the product MM, /% can be lower estimated as

MiM; () > (32) e [T e ol - <2
7 1 = 27T p 25 1 K 2 1 b)
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where we have dropped the dependence on both variables (t,z) for the sake of
simplicity. We then distinguish two cases.

46e|u;
(1) For |v| > €\u5]’ we have
m 3(6—1) m
. —1/5 i\ 2 i
MM @) > (52) 7 e {=Dteuf}
46e|u;
(2) For |v| < 5|u6|’ we get
my\ 25 ) m
e —1/808 (_Z) 2 e —2 22|12 i 2012
M (v)M; " (v) > 5 exp{ 4m11 —5¢ lui]* — o€ | }
These estimates allow to deduce that
70+ 1
(4.2) M;(v) > C’lowexp{—miz(l—té)ezmlz}cﬂ%yé, Vv € R,
where we simply set
| 36D
CIOW— min <@> " >0
1SN \ 27

Gathering now (4.1) and (4.2), it is easy to deduce that, for any 1 < i,j < N,
there exist two positive constants I/S ) Z(j ) such that, for all v € R3,
75 j
O gmiaiea =l e (o) < v (v) < TP (1 + effs*‘“j'Q) cj{v)”.

This in turns implies that, for any 1 < i < N, there also exist ﬁgd),ﬁfé) > (0 such
that, for all v € R?,

(4.3)

—(5) B ' +1 9 . ‘ .
0<7; exp{ 1r£iz>]<\fmz—2(1 _5)5 |7 o0 min c; (v)

0<V

2
= (0 Ae 2 y
<vi(v) <y (1 +exp { lrgg}fvmzl —5 HUHLgOLgo }) ”CHLtOOLgO ()7,
recalling that min; ¢; > 0 a.e. on R, x T3,

Since v° is a multiplicative operator, from these bounds it is finally easy to com-
pute explicitly the values of CY and C¥ such that

CV H H ( 7/2 1/2) g <V8(f)7f>L2 (IJ' ) C HfH ( 7/2 1/2)
is satisfied. Moreover, since (v)7 > 1, it is then straightforward that the L2 ((v)?/?u~1/?)
norm upper bounds the L2 (u_%) norm. Thus (3.3) is proved for any ¢ € (0, 1).

At last, estimate (3.4) can be proved in a very similar way using the fact that K¢
can be written under a kernel form and applying (4.1) to obtain the same bounds
as in [10]. From this and from (3.3), using the Cauchy-Schwarz inequality, we infer
(3.4) by choosing

4e2 =
Cr = C(9) ||C||L?°L§° (1 + exp{ max m’bl—ié ||u||L§°Ls>.o}> max E—] > 0.

<N I<i,j<N
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Here C(§) is a constant only depending on the masses (m;)i<i<n, the number of
species N and an arbitrary parameter § € (0, 1), where ¢ is fixed independently of
e. This concludes the proof.

4.2. Proof of Lemma 3.3. We prove the result in the simple case where |a| =
|B] =1 (the case |a| = 0 being included). The general case can then be obtained in
a similar way, by iterating our computations.

We first notice that, thanks to our assumptions on the collision kernels B;;, it is
easy to check that V,vf € L2(R3) for any 1 < i < N. In fact, choosing § € (0,1)
independently of ¢ and using the upper bound (4.1) on M5, we obtain, for any
v € R3,

N

Z/ bij(cosV)ylv — v, | ——
— Jr3xs? v —

+|

Vi (v)] = M;: (v,)dv,do

j=1

N 2
< COY o / o — v, 7™ du, < O(6) (e, 1) < +oo,
=1 E

since v € [0, 1] and thus the above integral is clearly finite.
Next, considering the (xy,vy) derivatives, we can write
N

<aveawkys(f>vavea’ﬂkﬂL%v(#—%) 22/11‘3 RS avé(ViE wkfi)aveaxkfiﬂ;ldxdv

=1
N
+ Z/ Dy, (awkyffi)avgamkfi,u/;]-dxdv.
T3 xR3

i=1
Denote by I; and I, respectively, the first and second term on the right-hand side.
Using Young’s inequality, the first term can be estimated as

N
[1 - Z (/T3XR3 8vlyfaxkfzavgaxkfz,ul_ldl'dv—|—/

i—1 T3 xR3

uﬂ@vﬁxkffu;ldxdv)

N

1 Oy, V5 )? 1
(_5/ ( zil )_(3xkfi)2u;1dxdv + 5/ Vf’aveamkfi\zuildxdv>
1 TIxR Vi T3 xR3

WV

i=

v 2 v 2
2 03 ||av£axkaL%,v(<v>7/2ﬂ7%) _05 ||fHH%7U(#—%) )
where C¥ is obtained from (4.3) as

1 (8 +1
Cy = 5 (11315\/% cl) eXp{ 1%2}5\177%2(1 — 5)5 ”u”LfoLgo >0,

and

2
v (81115 Vf)
Cf = max sup — ——

1SN yer3 2V

is positive and finite thanks again to the lower bound (4.3) and the fact that Vv €
Le(R?) for any 1 < i < N.
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To estimate the second term, we first notice that from M® = c, M + ccM* we
get, for any (t,z,v) € Ry x T3 x R3,

Op Vs (t, z,v)
N
- Z/ bij(cos V) |v — 0,70, M; (vi)dv.do
=1 R3x§2

:52/

= ev; (t,z,v),

bij(cosV)|v — v, |7 (&ck’c} + mjcj(ve — euy) - akaj)M;(U*)dU*dU

3% S2

hence v and v{ have the same structure. In particular, as done for v;, it is easy to
show that V,7¢ € L°(R3) and that the following upper bound, similar to (4.3), is
satisfied for all v € R3:

. T4+0 5, 2
(4.4) 77 (v) < Cy(0) exp {1%?1(\[”%2(1——6)8 HuHLf%go}

X (108l e+ el urze (14 0l ) 190l e ) (00

Note that, in this case, we are no more able to prove a lower bound for 77, as it was
done in (4.3) for v5. From this lack of positivity comes the last term in the estimate.
In fact, using again Young’s inequality, we easily see that I, can be estimated as

N

I, = gz / 3W§ffi(9waxkfiu;1dxdv + / Dfﬁwfﬁwﬁxkfm;ldxdv
T3 xR3 T3 xR3

=1

1 (00, 7%)? 1 - .
> I w 1 2 1 L ; 4 5 ‘ L
- E; ( 2 /T3><R3 V» f dedv 9 /H‘3xR3 v (0vgfz) M dxdv
1 o L
3 (U + 55)[80, 0o fi 2177 dad
2 T3 xR3
> —eCy H@w&ckfu 2, (o)) eCy Hf‘@%w(ﬂ,%) — Oy (|0, 1],  (t)

where C¥, C¥ are easily recovered from (4.3) and (4.4), and

Oy, U5 )?
C¢ = max sup —( u ;)

— > 0.
1<i<N vER3 2Vi

Gathering the estimates for I; and I, concludes the proof.

4.3. Proof of Lemma 3.4. We prove the result in the simplest case where |a| =0
and |8| = 1. The extension to the general case is again straightforward. We empha-
size that compared to the usual case when the Maxwellian only depends on v, z-
derivatives of MF generate new terms involving products of the form 9% udc,
displaying a lower order in ¢.
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We want to estimate the term
N

€ _ € g1
(V,K (f),VUf>L%U (ut) = Z /Tr . Vo K5 (£)V, fipy tdado,
where, for any 1 < ¢ < N, K¢ is written under its kernel form (explicitly recovered
in Appendlx A) as
N
k0w =3 [ WPweasa s [ awosdn - [ e},
o UUrs R3 R3

For any fixed i, j, we shall treat separately the three kernels.
Step 1 - Estimates for KVEJI.). Starting from /ff]l), we recall that its full explicit
expression is given in Appendix A by (A.1). We compute its v-derivatives and
immediately note that the singularity of the operator coming from |v — v,| imposes
to introduce a proper splitting (depending on a small parameter) in order to deal
with a smooth part that we can derive infinitely many times and a remainder part
(taking into account the region where v — v, is close to 0) which goes to zero with
the small parameter. Let us relabel the relative velocity n = v — v, and choose v
and n as new variables of KZZJ , rewriting v, = v — 1. Thus, denoting R = R(v,n)
and O = O(v,7) the quantities
R=—"0—|y|,

[m; — my|

mi—mj mi—mj

defined for i # j, the operator /{S)

e by (w#)
Do) = Gl | =

+m Qmimj n
w [
—mE T o

reads

1=y

(mi=rmy)mi—m;]

2 — )
%|Rw+0| +€mi(Rw+O)-ui7£2%|ui|2 dw.

X e
In particular,
2m;m; m12+m2 n
7 mi—my 2 T Gmimmg)mi—mg] <w ‘ m)
b“ ’ m = b'LJ m2+m? 2m;m.; n ’
7 J | —
(mi—m;)? + (mi—my)Im;—m;| <w |77‘>
and
_ _ 2m?2 2m.: 2m?
R+ O = 20y 2l 2l
(i m]) | my| (m; mj)|ml mJ|
2m;
+ Jv]? ——(v-n),
i j
(Rw+0) Inl(w-w;) +v-u; + L (n-w)

m; — my| m; —m;
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The operator /12(31-) (v,m) is clearly regular with respect to the variable v, thus we only
need to ensure that we can take derivatives also with respect to 1. For some small
parameter §{ > 0, let us introduce a mollified indicator function 1. >¢ and define
the splitting

(1) (1),8

— (
Kij = Ky’ R

where we have called the smooth part

1 1
£S5 (0,m) = Lgsgry (v,m),

(1),R

and k;;"" is the remainder. It is straightforward to check that mE;)’S(v, n) is smooth

in both variables v and 7, and that I<&( MR

is integrable with respect to n near 0.
More precisely, one can prove that there exists 6 € (0,1), depending on |[ul| and ||c||

but not on e, such that /<a R g uniformly bounded with respect to v, namely

Z-j )R 1/ 5)|n|"e” 5)|”| Vo € R3,

where C;;(0),C(6) > 0 are two exphmtly computable constants depending on an
arbitrary parameter 6 € (6, 1). This last fact allows to easily deduce that

(1) R /
Now, setting

2 2
1) n\ | mp+m; 2m;m; n
Wi (W‘ )“ gt (w-
In| (m; —m;) (m; —mj)|m; —m;| |

to ease the computations, we can take the n-derivative of /-@Z(;)’S to obtain

(4.5) (6)13 Vo e R

y—1

Vi (.0) = CyValgmisg 1l / bW ME (R + 0)dw
il Vilnl” || bWSP M (R + 0)d
gl / V by WO M (o + 0)do
+Cilalal” [ bW M (R + 0)d
T Cylyg /S bW, ME (R + D)o

Direct computations yield the four derivatives
. 1M
(1) Vylnl" =~

Inl’
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_ (mitmy)? (g _ Mi)
My —M4 ) [T — M4 2
(i) Vybi; (w : i) = b, (w : i) 2( . i)l il \Inl — Inl? In] N
(mi—m;)2 1 (mi—my)lms—my] ]
_2=Dmimy  (w _ pw
(iii) V w (w . i) — (mi_mj”mi—inj\ (Inl n[? Inl)
n'ray ‘

W) e )
(mim )2+<mi—mj>|mi—mj| W

2—y?

(iv)
V, M:(Bw + 0) = — 2 ME (Rw + O) (vn [Rw+ O - 2V, <(}_%w +0)- u)) ,

2
where
_ _ 4m? 2m. 2
V,,|Rw+0|2: 1) i — —(v- w)—i—Lv
(mi —my) Im; — my] |n| m; — m;
2m2 n
+ . (—(77 -w) + |77|w> :
(mi — my)|mi —my| \|n]
and
Vn<(}_%w +0) - ul> =)+ —
[m; —my] |n] m; —m;

Our aim is now to bound each term If . uniformly with respect to v € R3. The

estimate for ]15:1 is straightforward, since |b;;| < C from Grad’s cutoff assumption
we have made on the collision kernels, and

(mg —my)?  (mg —my)|m; —my| |n|

thanks to the hypothesis that v € [0,1]. Thus, }VVZ(JI)’ < 1 and we can apply the
upper bound (4.1) for the local Maxwellian M? to initially infer that

-1 -1
K m? + m]2 —2m;m; |”

=1,

(m; —m;)?

1) < CEalil” [ M (Ro+ O,

for any 6; € (0,1). Then, using the same estimates as in [| 7, Lemma 5.1], we recover
the bound

_ 2 _ ]\m?—z(vn) ./\/l‘sl
|15, | < C(6y)ey e A memal=ontmems) ==z \/T

For If,, I} and I}, we obtain a similar result, since
Valnl” <y, V,bii < Cyln|™"  and also VnWi(jl) < Cyinl ™,
thanks to the assumption that }bfij(cos ¥)| < C. Thus, for k € {2,3,4}, we deduce

that
In[2=2(o- n>|
—dpA(my,m;) <77|2 | ez Mék
|1k < C@k)eslnl™ e /\/lé’“
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for any 4 € (0,1), k = 2,3,4. A bit different is the last term I,. We observe that
V| Bew +0]" < Cyg(Inl + [v]) ~ and Vn((ﬁw +0) Uz) < Cijluil,

thus

for any 05 € (0,1). Therefore, since € < 1, we can upper bound the last term as

2
|in12=2(0m)]

B . 2 | T =
55/\(mumj)<|77| + 2 M?‘) (’U)

|[15,5’ < C(ds)en (In] + o] + us|)e m

Gathering the estimates on Iﬁk, ke {1,...,5}, and, in particular, carefully choosing
the parameter d5 € (0, 1) in order to control the term in |v|, the computations carried
out in [10] directly apply and provide the uniform bound

1), (v —mn)
(4.6) ’Vn“z(j) S(Uﬂ?)’ \/ )

C; _ _ 2
< OO0 2 el (14 Iull s ) (1 ™ ™+ o) e @O

holding for any v € R and any § € (0, 1), where § € (0, 1) is fixed independently of
€.

. . .. 1,8 1),R .
In a similar way, we can estimate the v-derivatives of mz(»j) and ﬁgj) . It s
even simpler in this case, since the only dependence on v inside these operators

appears in the Maxwellian M7 (Rw + O). Looking at vvlil(-;)’s (for VUKS)’R the same
computations will apply), we easily get

7S IS ») a)
Vuf%(-]l-) (v,m) = CijlyyeIn” /S2 bijWi(jl)vai (Rw + O)dw,

where this time
2m

. ey
———|njw + 2v + L - 25ui) .
m; — my| m; —m;

Vﬂﬁ@%+5%:J%MﬂRwﬂﬂ<

Therefore, repeating the previous considerations and thanks to the straightforward
upper bound

VMg (o +0) < Cy@)es(inl + o] + ) M (R + D).

valid for any 0 € (0, 1), we recover the uniform estimate

(DS () pi(v = 1)
(@7) [Vorl )| [F 2

C; _ 2
< O/ L lellere (14 ullpps ) (14 7 + e O,

holding for all v € R? and for any § € (8,1), where & € (0, 1) is fixed independently of
e, and can in particular be chosen in order to satisfy both (4.7) and (4.6). Using the
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same arguments in order to derive an upper bound for VUFJE;)’R, estimates (4.6)—(4.7)
finally imply that for all v € R? we have

S(o.m)y /% < .9,
Ly

(4.8) ang;)’s(v,n)ﬁ / % < Ci(jl)(5a £,
Ly

, p1;(v —
VDR () ﬁ <o (5,0).

Ly
(1) . We rename

the relative velocity n = v — v,, so that v, = v — n, and the exphclt form of /fgj)

given by (A.2) reads in the new configuration

mi+m; 2 2 =
Vil 1XE (et m :
00 = Pyt [ b () () e+

(mﬁ-m]) |T]|2+|X|2 Qmj

o (o3 o 1)

2 m; |In2=2(vn) 2
Cjie_sm Ll ]7| . 2 al +e 5t (nuy)—e L (7'"‘ = ">%)'Uj f1:(v)
] pi(v — 1)
Next, for some small parameter £ > 0, introduce a mollified indicator function 1 |>¢
and define the splitting

Step 2 - Estimates for n . We proceed in the same way as for r;;

with

Pij (U, 77) =

HEJ) = 5(2) s + /12(]2-)’R,
where again we have called the smooth part
2),S 2
D5 (0,m) = Dgse ks (v,m),

(2),R

and r,;""" is the remainder. Following again [17, Lemma 5.1] and the computations
in [10], a similar analysis to the one carried out for /@( ) gives in this case
i\U — _
W0, A < 052 OO, o € R

pi(v)

for some positive explicit constants C;;(), C(§) depending on a parameter 6 € (4, 1),
where 6 € (0,1). This in turns means that we recover the needed control in L}], which
reads

@8 py 10 =)

o & o)

<CP (OO, Yo eR?.

Ly
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(2),8

Next, we consider some n-derivatives of «,;;”". Naming this time

~y—1

( m; +m;\° ’
W-~2) 2 | x|2) — i j 2 X2
S 167 = | (5,7 ) WP +IxE)

direct computations show that
mwmmm<%0+wmgowwwﬂw+2m@zmm
k=—2

2 4
+1X
(i) by (2, |1 X 1) < ﬂMW%L

(i) W2 (InP, 1X[2) < Cyalnl™,

. 2 _
(iv) VW (1nl?, 1X1?) < Cpaln~2,
2
2 L+ [[ulf7y + X

and at last that
1
0,X + X))—Eu <Oy
(\ |’ ( ’ ’ ]

By gathering these estimates together, we derive the following upper bound for
Vn/{g)’sz

; Hi (U — 1) 3 3 )
(WHE?S(M)\ ,/ﬁ < Ciil0) llell e (1 + |yu||%) (1 +Z|n|v ) cOm?

holding for all v € R? and for any & € (6, 1), where ¢ € (0,1) is fixed independently

of e. Then, we can obtain a similar control for V, I<L(2~)’S

pi(v - 2
1Z]vnh/ Cyil M@«wamjuﬂw+m“)cm'

and the same holds for the remainder term V, Ii . The collection of these inequal-
ities finally ensure the expected bounds in L1

2

which reads

(2),8 pi(v —n) (2)
Vnﬁij (U7 77) ,ul(v) L Cij (& 5)7
(2),8 pi(v — 1) @)
(4.10) vvﬁij (U7 77) ,ul-(v) p Cij (5’ 5)7

n

HilU — 1]
Vo [P < e
Ly

(3)

Step 3 - Estimates for k;; (3)

. The case of k;;’ is straightforward and we do not
need any additional effort. Introducing as before the splitting l€(3) = l'i( S 4 /{(3) R
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and renaming 17 = v — v,, v, = v — 1), very easy computations provide the bound for

the remainder HE?)’R
(3) R /:“J U=
and the estimates for the derivatives
.S iU — 1
VoS () [ ¢ o 5,6,
1 (v) I
n
(4.12) Vor® S (0, [ < o5 8),
1 (v) I
n

3),R ,u v—n 3
‘ o vm/ BEZ <),
Ly

Step 4 - Conclusion. Now, we can successively write

(4.11) (6)E7+3,

for all v € R3.

(V) Vb)), (1)

/ ( / /ﬁg;)(v,v*)f; + /@Z(J)(v v fi— /{(3 (v, v*)fjdv*) Vo fip; 'dady
T3 xR3 R?

N
N
3 [ (5 L (20 4 2 %0m) 50 b Sy

N

#6410 o = )n) Vi dnce

1,7=1
N

+ / (Vv / (ﬁg’)’s(vm) + Hz(?)’R(v,n)) filv = n)dn> Vo fipi Hdadv
ig=1 7 T3 xR3 R3

=1 + 1o + Is.

The behaviour of the three terms is the same. We shall thus focus on the first one
and the others will be estimated in an equivalent way. Since

vaj(” - 77) = _vnfj(v - n)a
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we initially apply integration by parts to deduce that

Vo » (/{E;)’S(v, n) + /fg)’R(v, n)) fi(v—mn)dn
= /R (Voo = Vo w,m) + Va0, m) ) £(0 = mdy

+ /RS ke (0, m)V o fi (0 — n)dn.

Thus, if we multiply and divide inside the integral by the factor \/p;(v — n)/pi(v),
we can apply Cauchy-Schwarz inequality and an L'/L? convolution inequality, to-
gether with estimates (4.5) and (4.8), to finally deduce that

LGOI, (1) +ECONIVALL, (1)

for any £ € (0,1).
As already mentioned, the same argument applies to Z, and Z3 using estimates

(4.9)-(4.10)—(4.11)—(4.12) and for some positive constants C,£2), C,Eg), k =1,2. Gath-
ering the bounds for the three terms concludes the proof.

4.4. Proof of Lemma 3.5. The proof follows exactly the computations presented
in [10], except for the final estimate where Young’s inequality allows to refine the
control on 7y, (f). Let us sketch the idea.

We initially rewrite L® componentwise as

Li(f) =
N
/ B;j(v, v, 1) (ci,oo./\/lf/f;-* + cjpo/\/lj'*fi/ — CiooM f — cj,oo./\/lj*fi> dv.do
jil R3XSQ
N
+e) / Byj(v,v,, ) (an’ Fr A+ GM [l = GMS fr — G M5 fl-)dv*da
]:1 R3 xS2

= LS (f) + e L5 (f).

Now, we can study the Dirichlet form of L® by introducing the penalization with
respect to L. Recall the shorthand notation f*+ = f — 71, (f). Using the fact that L¢
shares the conservation properties of the Boltzmann operator Q, we can successively
write

= (L) o) +(L® —LOL ),y
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We estimate each term separately. Thanks to [!7, Theorem 3.3], the first term
provides the spectral gap for L

<L(f)afL>L%(,;%) — o[£ Hm y1/2u-1/2)

Recalling that L, — L = O(e), the second term can be estimated following the
strategy of [10]. We split f = f+ + 71, (f) and we then apply Young’s inequality with
a positive constant 7, /e to recover

(Lo =L))oy = (L5 BYEDED) )
(L ~ L) (mu(0).£) 1, ()

2 cy
< (e+ m)CgLHfLHL%(Mwu,l/z) +e” [uf 77_? HWL(f)Hi%(@WVW) .

In a very similar way, using again Young’s inequality with the same constant 7, /e
and increasing the constant C¥ if necessary, the third term provides

(L)1) gy ooty = Oy gy RO 1) )

771 2 1 OL 2
||f HLQ( /2 1/2) +€||CHL°° 77_ H L( )||L%(<u>v/2“71/2)'

Gathering the three estimates, and using the Sobolev embedding of HY? in L to
upper bound [[uf| . and [[¢]| . by dus, we obtain the expected result. This ends

the proof.

4.5. Proof of Lemma 3.6. The first part comes from the conservation properties
of the Boltzmann operator. In fact, we have seen that

N
243 Qi(g,0) (V)i (v)dv = 0, Vg, h e L*(R® pu~7),
=1

whenever ¥ € Span(e®,....e™ y;m,vom,v3m, [v]?m) is a collision invariant of
) 3 ) ) , V31,

the mixture. In particular the above equality rewrites
<Q(g,h),ﬂL(f)>L2(“ 1) =0 VEghe L*(R? pu2),

which is exactly (3.8) for Q. Then the property follows also for L#, since by defini-
tion Le(f) = Q(M¢, f) + Q(f, M?) and both terms are orthogonal to ker L.

The second part is an extension of the same property satisfied by the Boltzmann
operator in the mono-species case. Let s € N and a, § be fixed such that |a|+|3| = s.
We initially note that

N
o — BAYY). (. . .
< aacQ g, 7 >L?_-v(lh_%) - Z <8vamQ”(g“hj)7fZ>L%_U<ui_%>'
: ] :
Since each @);; acts like a mono-species Boltzmann operator, we can easily adapt
the computations made in [I5, Appendix A] to prove that, for any 1 < 4,5 < N,
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there exist two nonnegative functionals g“ * and Q“ satisfying ng st gfj’”’i

gfj St gff and such that

g@'j (gi,hj) HfiHL%,U((m% ,%) if |8 =0,

Hy

NI

<6560QU gza )7fz> 9 - <
2o02) ) G £ (i) T 18I=1

Moreover, there exists an integer sq > 0 such that, for all s > sg, there exists an
explicit constant C’g > ( verifying

gixj,s (927 h])

H;L%(Wui%)) ’

Q , . .
Ozj (ng”H;L%(#i;) Hh HH L2(< >%u;%) + HhJHH;L%(Hf%) HgJ

v j

and

g$’l}8(gl7 h)

< (g 1 1Ry 1y + IRy 1y llgi )
of (LU L PARAES TN TRy

From this, we immediately deduce that

(S0 95 0 k) U ((omety 1 181=0,
(0502Q(g,h f>L%v(r)<

(S0 9570 ) Wl ((yoimety I 18121

and defining CQ = N2  nax C’g finishes the proof of (3.9)—(3.10).
0,J<

4.6. Proof of Lemma 3.7. We divide the proof into two separated parts for the

sake of clarity. The first one deals with inequalities (3.11)—(3.12), where at least one

v-derivative is considered, since the proofs of the two estimates are almost the same.

The second part treats pure spatial derivatives, which require a slightly different

approach. Note that, throughout the proof, we shall carefully keep track of the

2 . . .. ~112 2

parameter dy;g which uniformly bounds the quantities ”CHLOOH ( ,%) and [[ul|7p.-

t x =] v

For simplicity, all the other factors multiplying the term of interest d3 will always
be hidden inside a suitable constant, even if a lower order (in dyg or in €) appears.
This choice will also help in enlightening the computations.

Step 1 - Estimates with velocity derivatives. The idea to recover the first
estimate (3.11) is to show that 97902S® = O(e~1). For this, let us initially extract a
power ¢! from the source term and write

Y Yv Y

1 1
/8 aqe ﬂ o _ = - ﬂ Q £ o £ ﬁ 6%
<8 8 S 8 8 f> (If%) = E( <8vﬁx (atM + EU va )7avaxf>L2v ”7%)

Y Yu Y x

1
YoRate] € e YoRate]
—|——€2 <8U0$ (M,M)80f> (M_l)).
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We shall treat the linear part and the nonlinear term separately.
Computing the time and space derivatives in the linear contribution, we note that,
forany 1 <7< N,

1
(413) (9th -+ EU . Ver = (@ci + &fmiCZ'(U — 6UZ‘) . (9tui

k=1

3
+ Z U, (6%@ + mici(v — euy) - &;kui>)/\/lf,

and that the leading order seems to be O(1). Let us show that it is actually O(dus).
For this, recall that (c,u) is the unique perturbative solution of the Maxwell-Stefan
system (1.7)—(1.8)—(1.9). From the mass equation:

oc=—-V, (cu)=—-£V,c-u—cV,-u

we easily deduce a bound for dyc. Rewriting the momentum equation (1.8) in vec-
torial form:

V.c = A(c)u,

we can derive an estimate for dyu by taking the time derivative on both sides to
obtain

A(c)0u = —0A(c)u + 0,(V,c).
It is then straightforward to check that the right-hand side of the above equality
satisfies

—0,A(c)u + 0,(V,c) € (ker A)*,
so that the relation can be inverted by applying A(c)™!, and the equation governing
oOyu explicitly reads

ou = —Ac)™ <0tA(c)u ~Vi(—eV,e-u—cV, - u)>

Noticing that one of the macroscopic quantities ¢ and u (or their derivatives) always
appears as a factor in each term of (4.13), by means of the continuous Sobolev
embedding of H* in L2, s > 3, we can infer the existence of a polynomial P, such
that, for any 1 < i < N and for almost any (¢, z,v) € Ry x T3 x R3,

2

O M (t, z,v) + év -V M (t,z,v)| < 51%/150(5)P(U)M?5(U),

for a positive constant C'(0) only depending on an arbitrary parameter § € (0,1),
which is chosen independently of €. Note in particular the factor 2 (simply coming
from the square power) in the exponent of M2’ which is crucial in order to com-
pensate the weight p; ' of the L?w (/1_%) norm. Moreover, we again emphasize that
the other terms containing ”CHL 1) or [[uf| ey (for s < 4) have been simply

o H3 Coo®
collected inside the constant C'(9). (
Now, taking o and 3 derivatives of the linear term only increases the number of
factors depending on polynomials of v, and (at most) |a| + 4 derivatives of ¢ and
u. In particular it does not modify the leading order O(¢~1), nor the presence of
the multiplicative constant d3q. Therefore, the exact same arguments apply, and we
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deduce that there also exist a polynomial P, and a constant Cp(4) > 0 such that,
for any 1 <i < N and for almost any (¢, z,v) € Ry x T3 x R3,
2

(4.14) < SusCr(6) PL(v) M (v),

oo (&Mf(t, z,v) + lv V.M (1, x, v)>
£

where again § € (0, 1) is arbitrarily chosen, and the other dependencies on ||c|| , . ;lal+4

and |[ul|, . loi+4 have been hidden inside C',(d).

If we now fix 6 € (1/2,1) in (4.14), applying Young’s inequality with a positive
constant 7,/ and recalling the that we use the notation p; = ¢; M, for any 1 <
1 < N, we can finally estimate the linear part as

E <a{jag (O:M° + L. VxME),858§f>
€ € 12 (u’

)

(4.15)
1 ? 2 2
B o € o € 2 B

772 9792 (oM + v VM) ) +5 |00t =
<W—L“)§:/ P ME w)dado + 2 Jo2oe]2, (4
T roxms ' iz, (wm2)

82sCL(
< L ‘aﬁaaf}lm _7) 7

72 Min ¢

1<i<N

by simply increasing the constant C'(9) in order to include the value of the sum of
the integrals, which are clearly finite since 26 — 1 > 0 thanks to our choice of the
parameter 9.

Let us continue with the analysis of the nonlinear term Q(M¢, M?). For this,
recall that the macroscopic velocity u is defined componentwise as u; = U+ cu;, and
introduce the local Maxwellian distribution Mz = (Mg, .., Mgn), given for any
1<t <N by

\ 3/2 .
Mz i(t,z,v) = (%) exp {—% v — sﬂ(t,xﬂz} , t>0, €T velR
77

Since the bulk velocity @ is common to all the different species, My is a local
equilibrium state of the mixture. This means in particular that Q(Mz, My) =

We exploit this property by following the same used to study the linearized operator
Le. Namely, we split M® = cMyz+ (M® — cMy) into a local equilibrium part which
cancels the nonlinear term, plus a penalty which is close to this local equilibrium
up to an order &2 ||ul| 12 - More precisely, since also Q(cMyz,cMz) = 0, we can

rewrite

Q(M*, M°) = Q(c My, M® — cMy) + Q(M*® — c My, cMy)
+ Q(Ma — CM@, ME — CME).

Similarly to the case of the linear part, one can infer (see [0, Lemma 4.1] for more
details) the existence of some polynomials P; and P in one variable, such that, for
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any 1 <4 < N and for almost any (¢,7,v) € R, x T? x R3,

i (ci(t,x)(/\/lf(t,x, V) — Maa(t, a:,v))) < 226051 (8) Py (0) M2 (v),
(4.16)

P o (ci(t, 2) Mg, (t, z,v)) < C(8) Py(v) M (v),

for some positive constants C;(9), Co(6) depending on a parameter § € (0, 1), which
can be chosen independently of . It is important to note that, for |a| = 0, we can
still recover the correct factor dys in the first inequality, but this is not the case for
the second one. Indeed, when |a| = 0, the computations carried out in Section 4.1,
proof of Lemma 3.2, show that

Oy (ci( M5 — May)) <€ [[ufl C1(8) Py (v) M (v),

for some other polynomial P, and a constant 51(5) > 0. In particular, we immedi-
ately see that this does not represent an issue, since we always consider products of
type 0702 (c;( M5 — My;)) x 8502 (¢;Mag,;), which preserve the expected O(0%g)-

Indeed, using estimate (3.10) from Lemma 3.6 applied to the decomposition of
Q(M=*, M¢), we deduce that

Y Yv Y

2

13 (0Joz (v, M), 9702t) ()

20 ME—CMg
(u Ml () [P

) g, ()2u2)
M? — c My
tl—= Mz o 1y | [|0Pocf
H 2 = It i, (0w 2)> I [ W)
C? c Ma_ Mﬂ
" #z, (@) Fuh)
+HM_—CMu IM? — c My wha-h >HaﬁaafH wyrt)
e (o)

Now, each term inside the parentheses is dealt with by simply taking the square
power in the inequalities (4.16). In particular, we recognize the same structure of
(B.2), which allows to infer the boundedness of all the terms involving cMz and

Me — c Mgy, by some constant only depending on ||c]| 1) and ||, w ylal+a-
t T

L H T (e
In this way we recover the correct leading order O(¢7!), and we can finally apply

Young’s inequality with the same constant 1, /e used for the linear part, to get
(4. 17 )

RisCald) |
5 aa Ma Ma Y] af < MS“@Q N L
<3 07 Q( ) ey STt PG

To conclude, since (v)? > 1, it is straightforward that

Hafagf“@,v(u‘%) < H aafH ( /2y ) , Vfe HS(TS X ]R:S,;f%),
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Thanks to this inequality, we can further bound the linear part (4.15) to finally
ensure the validity of the first estimate (3.11), by gathering (4.15) and (4.17) with

the choices C, 5 = maX{ L) CQ((S)}.

min; ¢; o0 ’

The same arguments can be used to derive estimate (3.12). The only difference is
that, in the H? norm, we only have a factor € multiplying the commutator. There-
fore, in this case, we are constrained to preserve the order ¢! in front of each
term. This is easily achieved by choosing a general positive constant 73 (in place of
n2/€) each time Young’s inequality is applied. In this way, estimate (3.12) for the
commutator directly follows.

Step 2 - Estimates for the spatial derivatives. In order to prove estimate (3.13)
for the z-derivatives, we first expand the scalar product by means of the orthogonal
projection mr,. We split
(4.18)

8 080),, () = (MUES )T, (,y) + (OSTOEY),L .

AV

and we study both contributions separately. Regarding the first term, let us begin
by making some considerations about 7, (S¢). Using the linearity of the orthogonal
projection, together with the fact that Q(f,f) € (kerL)!, from Lemma 3.6, we
obtain

1 1 1
™(S%) = 7L (—gatl\/[E - ?U : va€> + EWL (Q(ME; ME))

= —ElzTFL (6@1\/16 +v- vas)

The idea is again to prove that this term is actually O(dys). In fact, 7, (&?(9t1\/I5 +
v - VIM‘E) is nothing but the projection onto the macroscopic equations governed
by the Maxwell-Stefan system (1.7)—(1.8)—(1.9). Thus, following the computations

in [11], it is easy to see that, for any 1 <i < N,
Ci(ta LE)
1
M (t,z,0) | v |dv= eci(t, z)u;(t, )
R ol

%ci(t, x) + e2¢i(t, z)|u;(t, )2

i

We can then deduce, for any 1 <7 < N, that

/ (€ath +v- Vfo)dU = 6(@01- + Vz . (ciui)),

R3

/ m;v (sﬁth +v- Vme)dv = &%m; <8t(c,~u,~) + V. (qu; ® u,)) + Vi,
R3

m;|v]? — 3

e ME + v -V, ME)dy =
s \/6 ( tiV1; v ) v
2 3
7%% () + %(miat(cim,ﬁ) 43V, - (Ci|ui|2ui)),
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since

5 3
lv[*v - V. Mfdv = e—V, - (csu;) +*—V, - (ci|wi|*us).
R3 my; my;
The fact that (c,u) is a solution of the system (1.7)-(1.8)—(1.9) ensures that, for
any 1 <7< N,
8tcl- + Vx . (clul) = O,

with

N N N
Z Vﬁci = O, 8t (Z Cl') = O, Vx : (Z ciul) =0.
i=1 =1 =1

This allows to conclude from (2.5) that the orthogonal projection of S¢ onto kerL
explicitly writes

WL(Sa) ==

v [f: ma(Oulcaes) + V. - (s )

Z . (mi/‘i)migN
i=1 MiCico | j=1

N
£ m;|v|* — 3
- T = mla Ci U/i2 +3V1-' C’i ui 2u1' (— 1) .
AT lz( (i) (cilul >)] )

i=1

Supposing that we have all the required regularity on the solution (c,u), as done in
the previous step, we now note that either ¢; or u; always appear in each term of the
sums in the left-hand side. Therefore, we can infer the existence of two constants
Ch, Cy > 0 such that

2
g 0151%/[3,

i (@(Ciui) + V.- (cu; ® uz))

L3

N 2

Z <mz‘at(ci|ui|2) + 3V, - (Cz|uz|2uz)>

=1

< 0261%/187

LE

which in turn ensures that it is possible to control my,(S) in the L2 | (u‘é) norm as

[EACH] (1) S CrrgOts || (1 + 0] + |v|2)MHQL%m (u?)

T,v

2
§ Cﬂ'L 5MS?

since the integral is clearly finite (we have also used that ¢ € (0, 1]).

Moreover, because the orthogonal projection only acts on the velocity variable, it
commutes with the x-derivatives. Note that this property was not at hand in the
previous step, when dealing with v-derivatives. Therefore, in the case |G| = 0 we
are looking at here, the arguments used for 7, (S°) apply in the exact same way to
7L(09S?), allowing to deduce that

H?TL(a?SE)HQL%U(“_%) = |05 (S)]” S O ds-

L2, (/F? @
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We conclude that the first contribution can easily be estimated applying Young’s
inequality with a constant 4 > 0, to get

(4.19)
1 2 2
aQe lo" N < = aQe L o L
(OS) (@), (,a) < o Im@SOG, gy @D, ()

GRS

T4

< + [ (95D, (wt)
The second contribution in (4.18) is handled in a very similar way, by explicitly
writing the definition of the orthogonal part. It gives
agel qapel o Qe aQeE apel
<8xS ,00f >L%,v( ) = <6xS — 7, (05S%), 0of >L%,v(u_%)

ut
— <a§ss,a§fl>% = <WL(8§S€),3§fl>L%m (ut):

Looking at these two terms, we regognize the same structure of the scalar products
that led to estimates (4.15), (4.17) and (4.19). In fact, all the computations carried
out until now only depend on the particular form of the source term, and not on the
scalar product in itself (the final upper bounds have been always obtained thanks
to an application of Young’s inequality). Using Young’s inequality with two positive
constants 75/ and ns, we can thus repeat the previous considerations to recover
(increasing the values of the constants if necessary)

. s (CL(0) + Cq(9))
s

(2% 058%) 1, (43 + 2 18 g ()

from (4.15)—(4.17), and

(mL(958 )’afo>L%,v(u_%) < Mj75 + 175 Hafo”L;m(pf%) :

from (4.19). Therefore, since the L2 ((v>7/2/f%) norm controls the L2 | (,u_%) norm,
we obtain

BisCe”
M5
We finally infer the validity of the last estimate (3.13), by gathering (4.19)—(4.20)

with the choice C, = max { n5C,(11), 7740&2) } This concludes the proof of Lemma 3.7.

N

4.20 aasaL’ aafL
(120) (st ()

n fe% 2
v p,i% + 5_; ‘afo||L%w(<v>’Y/2“7%) :

APPENDIX A. EXPLICIT CARLEMAN REPRESENTATION OF THE OPERATOR K¢

We here provide the basic tools that are used in Lemma 3.4 to prove the regularizing
effect of 9°02Ke. Looking at the work of Mouhot and Neumann [1] in the mono-
species context, the authors recover this property by transferring to the kernel of
the compact operator K all the derivatives, which are then computed and estimated
explicitly. This analysis is possible mainly because the kernel of K has itself an
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explicit expression. Ideally, one may want to apply a similar strategy in our multi-
species framework, but this would require knowing the structure of the kernel of
Ke.

In this first appendix we derive an explicit expression of the kernel of K¢, following
the methods of [17] where a Carleman representation of the Boltzmann multi-species
operator was obtained. In particular, we shall rework the pointwise estimates estab-
lished by the authors, replacing them by a series of pointwise equalities where all
the technical computations are made fully explicit.

Let us begin by recalling that K® = (K%, ..., K%) can be written componentwise,
for any f € L? (Rg’,u_%), under the kernel form [17, Lemma 5.1]

K (f)(v) =
N 1 Bi; (U = V(w,v.), va*:vlf‘> E
S o, / o / M; (w) dE(w) | fidv.
j=1 re \ v — 0l S, [w—=v.]
N | By; (U — V(v w), %)
+ 0/ [T —~M; (w) dE(w) | fdv,
; " Jrs \ v — vl g, fw =] A

N
- Z/ </ B;i(|v — v, cos G)Mfd(f) fido,,
‘o IR \Js2

where we have defined V' (w,v,) = v, + mimj’lw — mimj’lv and called Cj;,Cj; > 0
some explicit constants which only depend on the masses m;, m;. Moreover, we have
denoted by dE the Lebesgue measure on the hyperplane E% | orthogonal to v — v,
and passing through

m; +m; m; — m;
Ve(v,v,) = v v— S Uy,
j j

and by dE the Lebesgue measure on the space E;Jv which corresponds to the hy-
perplane Ef}v whenever m; = m;, and to the sphere of radius R = R(v, v,)

R:

|y — v,

[m; _m]’

and centred at O = O(v,v,)

whenever m; # m,.
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We can thus define, for any 1 < 1,5 < N, the kernels

C. By (v=V(w,n,), =) _

i (o 0) = = | P M () dB(w),
v — .| JEy, [w — v,
c, By (v = V(. w), 22

)0 = i [ e ) B (),
o — v Jey jw = v.]

VUx

3 €
Kz(j)(v,v*) = /§2 Bij(Jv —v.|, cos0)M;do,

where we have dropped the parameter € in order to enlighten our notations. In this
way, each K can be rewritten as

N

K:(f)(v) = Z {/Rg 55]1.)(11, v,) f;dv, +/ ng@ (v,0,) fFdv, — /RB Hg?(v, v*)f;dv*} :

=1 R

Let us now fix two indices 7,5 € {1,..., N} and study each of the three kernels
separately.

(1)
domain of integration £}, is a sphere. We thus perform an initial change of variables
consisting on a translation of its centre and a dilation of its radius, in order to end

A.1. Explicit form of «;’. The first kernel is easy to make explicit, since the

up on S?. In this new coordinate system, mfjl ) reads
Cyym? bij (v, Vs, W)
(1) VAt 17\ Uy Uxy €
ki (0,0,) = ———————|v — v, M (Rw + O) dw
D) = s o [ e M (R +0)

where the angular part b;; explicitly writes

b |y (V@R 0.0 - (v (R 0))
50 ) =\ L T R 0, )[R 1 0 —w] )

recalling that we have defined V(w, v,) = v, + mimj’lw — mimj’lv. Simple algebraic
manipulations show that

U_V(Rw_’_O;v*):U_U*_Q(RW‘FO)—F&’U

m; m;
—LW—U*W— e, (v —vy),
m; — my| m; —m;
and similarly
vy — (Rw+0) = — i |v — v, w — i (v — vy).

m;| m; —m;

m;
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It is then easy to check that
(v—V(Rw+ 0,v.)) - (vx — (Rw + O))

2m;m; m? 4+ m?
e L R A [CaA R
(mi —my) (mi —my)|m; — my|
B 9 2m;m; mg 4+ m? (v—0,) w
= |v— v o w . . _
(m; mj) (m; m3)|mz m]l v — v,

and
v — V(Rw+ O, v,)]> = |[Rw+ O —v,|?

= gl —w Ty o0 v) - w
(mi —m;) (mi — my)|m; —mj|
_| o [ mi+m’ 2m;m; (V=) w
BRI N R oo vy e
) j % J 7 J *

Thus, the angular part depends on v only through the cosine of the deviation angle

between =1 and w € S?, and finally reads
—Ux
2m;m; + m%-‘,—m? (v—v4)-w
b I b | & i—mj)? " (mi—mj)mi—m;| [v—v.]
ij | W = Ujj 2.2
|v — v*‘ my+ms; + 2m;m; (v—vs)w
(mi—m;)? * (mi—mg)mi—m;|  |v—v
. : 1
We can then rewrite our integral term liz(j) as
bi' W - C;
(1) J [v—vx]
(A1) ko (v,00) = Cyjcilo — v — T—
s2 | _mitm; 2mim; (v—vs)w
(mi—myj)? * (mi—myj)|lmi—m;| |o—v|
> 67%|Rw+0|2+€mi(Rw+O)-ui752%|ui|2 dw,

where we have renamed for simplicity
. — Cl]mf (@)3/2
Y (my —my)? \2r

and the exponent explicitly reads

m
|Rw + O = —3lv - v.l? +

Imi —m;

(1)

This concludes the study for x;;".
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A.2. Explicit form of riz(-?). Recovering the explicit expression of /12(32-) is more subtle.

We recall that the domain of integration E% is the hyperplane orthogonal to v — v,
and passing through
m; + mj m; — m]‘

Vi «) = — 4
E(U7U ) 2mj v Qmj !

Let us consider w € (Span(v — v*))L and let us make the initial change of variables
w = Vg(v,v,) +w which translates EY, to the parallel hyperplane passing through

the origin of R®. Thus /{Z(?) transforms into

Bij (v —V(vs,w) M)

() __Gi ”< Ll v (w) dE

S =0 g, [ = v, ) dBw)
C] bij(vav*aw)

_ M: . dw,
0= 0] Jiouy [0 =V (0s, Va(v, ) + @)1 (Ve(v,v,) + w) dw

where the angulat part writes

(v =V (vs, Ve(v,02) + w) - (Ve(v,v:) + w —v,))
v — V(vs, VE(v,0,) + W) |[VE(V,05) + w — v |~

bij('UaU*aW) = bij (

Easy calculations show that

VE(Uav*) +w—v,= %jﬂlj(v - U*) +w7
v—V (v, Ve(v,0,) +w) = M(v — V) — W,
2mj

and

2
(U—V@Mwﬂww+ﬂm'u%@w0+w—%):(T§¥&>\V—wP—WR
J

2
m; +m;
o=V (v, Ve (v, 0.) + 0)]* = [V (v, 0.) + 0 — 0. = (W) o = v.” + o,
J

Moreover, the exponent of the Maxwellian can be computed as follows. We initially
develop the square to get

Ve(v,v,) +w — eus|* = |Vp(v,v,) + w]? — 26 (Ve(v,v:) +w) - uj + % |uy .

The first term can be rewritten as
2

1 i
Ve (v,v,) +w)? = |w+ §(v—|—v*) + ;le (v —wy)
1 2 m2 m;
i 2 i 2 2
- w+§(v—|—v*) —|—4m?]v—v*| +%(lv| — us]?)
1 S| 2 m? m;
— —yt Z |yl — o — 0,2+ —=(|v]? = |v,|?
Wt gV + g VI gl = o+ g (1 = ),
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where we have decomposed v + v, = VI + V1 with VIl being the projection onto
Span(v — v,) and V+ being the orthogonal part. In the same way, the second term
reads

1 i 1
(Ve(v,00) + w) - uj = <§V” + 27;‘(@ — v*)) ;- (5‘/L —i—w) -y
J

Since by the definition of VI

v+ (v —1,))’ o2 — |v, 2
(0 +0) =v) i
v = v? v —w.f?

Vi -

the kernel /@Z(-]Q») becomes

1
K (0,0.) = Py (v, 0,) / bij (v, Ve, W) Wis (0, 04, w0) M <w + 5w) dE(w),

(v—va)*

where

2
12— v |2

2 v . 2 2 (v— s
. _m _ o my | mi . My |2 — v (v—vx) U -
P Cji gy (Vv = e (v )t s T Hi
(U, 0,) = e i
g \Uy Ux ’u*’
%

v — v

] N\ 2
(2522) o — waf? = oo

bij (U, U, W) = bij

i

mi+mj>2 v — v, |2 + |w]?
2m]- *

m; +m;\’ T
Wi (v, 0., w) = <(—12 J) lv — v, |2 + |w|2>
m;

Finally, it remains to take care of the domain of integration which still depends
on (v,v,). The idea is to transform the hyperplane defined by (v —wv,)* to end up on
R2. Proceeding as in [13, Proposition 2.4], we first observe that the integral is even
with respect to v — v,, since it only depends on its modulus. Thus, we focus on the
set of relative velocities v — v, such that the first coordinate is nonnegative. Call e;
the first unit vector of the corresponding orthonormal basis and, for any fixed =%

[v—vs|
introduce the linear transformation

~ (er 4+ 22) - X _
c(” ”*,X)zz vl (e1+v U*)—X, VA € R,

S vt

which corresponds to the specular reflection through the axis defined by e; + ‘f]:zzl.

Now, L is a diffeomorphism from {X = (0, X), X € R?} onto (v—wv,)*, with unitary
Jacobian matrix. Thus, we can use this linear transformation to pass from (v —uv,)*
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)

to R? into the integral of r;;’,

which can be finally explicitly written as

(A2) kP (v,0,) =

ij

y—1

2
() o — w2 - |XP 2 "
Pij(l),l)*)/ bij 2my ((mz—{—m]) |U—U*|2+|X|2>
RQ

2
(M) o= w2+ xP ) AN 2T

2mj
— v, 1
M (o 2= (0, x +=X)))dx,
J v — v, 2

where we have called X € R? the preimage of V* € (v —v,)* through the transfor-
mation £, and we have used the straightforward identity

'ﬁ(u (ij))‘:‘)ﬂ, VX € R?, Yu,v, € R3.

CRaCHE

This concludes the study for /11(32-).

A.3. Explicit form of /@S’). The analysis of KJS) is the easiest one, since it is already
fully explicit. It simply reads

S (v,v,) = / Bij(|v — .|, cosO)M;do

1] S2

V — U c
= /S2 bij (0 . m) |U — ’U*|7MZ~ (’U)dO’.

This concludes its study.

APPENDIX B. PROOFS OF THE a priori ENERGY ESTIMATES FOR THE
BOLTZMANN EQUATION

We shall follow the computations in [I5, Appendix B], in order to show that we
recover very similar a priori estimates for the quantities in H (;f%).

Let us thus consider an integer s € N* and a function f € H*(T? x R?, ;F%) which
solves the perturbed Boltzmann equation

1 1 1
B.1 Of + ~v-V,f = —L(F) + -Q(F, f) + S°,
(B.1) 4 L0 VE = L) QU +
and satisfies initially ||z (f i“)HL2 = = O(dus)- In particular, we suppose from

now on that dyg < 1. Indeed, even if not optimal, this choice helps in enlightening
the presentation.

To simplify the computations, we recall that we denote f+ = f — 7,(f) the pro-
jection onto (kerL)™.
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B.1. Time evolution of ||f ||i2 (t)" We initially take the scalar product of (B.1)

against fu~! and we integrate in x and v to get
d 9 2 . 2
ai Wl (o) = @ WO oty =20V D (o)

Thanks to the anti-symmetry of v - V,, the term containing the transport operator
vanishes. In order to bound the linear term, we exploit the spectral gap estimate
(3.7) satisfied by L®. We successively obtain

(B.2) §<L€<f),f>%(#%) <=5 (= M) 2, (o)

N 200sCL

™

2
IIWL(f)IIL%,U(<v>v/2,,%)

4CYCCrps
< - <>\L —(e+m CL) HfLHLz ( v/2 —7) + 5MSQTT I\fo\!i%w(“_%)

2CLC, CT

Y

+ 83

T

where we have also used the equivalence between the L2 ((v)7/?p~2 ) and L2 ([.l,_l)
norms on ker L from Lemma 3.9, and the Poincaré inequality (3.16).

The bilinear term is handled thanks to properties (3.8)—(3.9). Applying Young’s
inequality with a positive constant /e, we recover

(B.3)

QI

T T L L 1 Ll

Finally, the source term is dealt with using estimate (3.13) for the z-derivatives,
which also holds when || = 0, with some positive constant C'. Applying again the
Poincaré inequality (3.16), we compute

(B.4)
] 282,5C
2(S°, ) < M5 4 o | (£ )||i§v(l,%)

275
L%,v(u’%) NaNs : HfL“L2

()72~ 2)

s ‘fLHL2 J(wyrzat) TAmCr [Va %, 2 (u )

+ 2?74(5 SCT
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Gathering inequalities (B.2)—(B.4), with the choices n = n = 15 = 4(0’\1}+1) and
also ny = dys and € < 7, we obtain ’
d e AL j1o1 2 8(Cy +1) . 2
G 10 ) < ~ 2NN, () + =5 — G (ED)
320LC, Cps (CE + 1) 9
(B.5) + dmis <8C’T3 + . HVIfHL%,v ()

)

s <20T . 8CLC,.CT(CE+1) N 8C(CY + 1))

AL AL

holding for any dus € [0, 1]. By choosing

C(l) _ 8CT5 + 3202[1C7TCT3 (C2L + ].)7
AL
" L T (L L
G — g SCECCT(CE+1) | 8C(CE +1)
AL AL

we thus recover the first estimate (3.19).

B.2. Time evolution of HmeHi2 ()’ The time evolution of the L2 (p %)

norm of V_f is given by

_1
”c,v/“"z ac,vﬂ‘Z AV

d 2 o 2 5 1\ — 2 v - 1

2 €
+ g <VxQ(f7 f), sz>L%’U (ll:_%) + 2 <vxs ;fo>L% ( 1) .

o\ 2

First of all, since the transport operator commutes with x-derivatives, the anti-
symmetry property allows again to get rid of it. We then study the linearized
operator L¢. Applying the Leibniz derivation rule and using the orthogonality of Q
to ker L given by (3.8), we initially observe that

(VLA (6), Vaf) |, (d) = (Q(V.ME ) + Q(f, V,M"), fo%% )
(B.6) ’ :
+ (LA(Vaf), Vaf) ()

The addends involving the derivative of M*® are controlled by a factor of order
O(edus). Using estimate (3.4) we thus get

(QIV-ME£) + QUE VaMO), Vaf) (o

2

< edusCrK, Hf”L%w ( 3) HvzleLg,v(@)w/mf%)'

1;>'Y/2y,7 %
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Using the fact that f = 7 (f) + f+ and the equivalence of the L2 (,u_%) and
Lim((vw/ 2;1_%) norms for 7, (f), we can then apply Young’s inequality with a pos-
itive constant n/e (and increment K, if necessary) to recover the upper bound

(Q(V.M", f) + Q(f, V,M?),V fi> s (b

2651\/[50 K
n

2e260s Oy C K, 9
+ ™ 1y,
S O, ()

where we have also used that ¢ < 1. Moreover, the second term of (B.6) is handled
thanks to estimate (3.7) on the spectral gap of L#, and can be bounded as

<mosCHIG [Vt [, (ot N2z, ()

(L(V.8), 98 1y (1) < = (e = m)CE) IV s (ormat)

L%,v(/f?
Ccy 2
+ 19 (SMSH ||7TL( )HL%,U (<U>7/2“7%) .

Choosing n = 1, we can finally apply the Poincaré inequality (3.16) to obtain

B) 5 VLO.V.0,, ()

2

2
<=2 (o0t -+ BCHRIT (o0

A6nsCE K, 86nsCr Crps (CE + 20T K,)
MSTHHHLQ oyr/2u3) T " V£, 2 (u )
N 463,CCT(CE + 201LK,,:)‘

m

The non-linear term is easily handled thanks to properties (3.8)—(3.9). Applying
Young’s inequality with a positive constant 7, /e we successively get

P 2
- VeQUEDVah) () = Z(V=Q(E. D). foL>Lz,v (%)

(B.8)
2 2
< ZGUEA?
m
Finally, the source term is dealt with using estimate (3.13) on z-derivatives as before,
to get
(B.9)

2(V,S°, fo>L% ) (If%) <

HV leLQ ( V120~ ?)

251%/[8 Ox 2775

2 lIVaEl, (o) IV (et

x,v

where we have also used that H7TL(V,,3f)Hi2 () < ||VgcfHL2 (t)
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To conclude, summing equations (B.7)—(B.9) and recalling that dys < 1, we
recover the estimate

d 2
X ||fo||i%, (b < —?()\L—€Cg“—771(1+02L+C%Km)_775> ||meLHig,v(<v>

1
v I"'i% "//2“7§)

40msCT Ky 11 12 2 e oo
+ —Hf HL%U((Uy//?yf%) + ng(fvf)

&M
80msCrCrs (CF + 2CT K, 2
2 f 1
+ (2m+ . VA2, (o)
n 203sC. . 46sCCT(CE + 2CTK,)
1475 T '
By choosing
A
m = - N1 = OMs, € <1,

=52+ 20 + CLR,)

we finally obtain

d AL 2
dt ”vwf”i%,v(tf%) S g2 }foLHLg’U(@Wﬂ’%)

8(2+2CY + CTK,)

Oms 8K, (24207 + CTKyL) .12 1 2
+ e )\L ||f HL%’U (<v>7/2p,7%) )\L gac (f7 f)
16C,Cps(CY +2K,)(2 + 20F + CLK,) 5
+ Ouis (2 + . ||V$f||L%,U(#,%)
2+2CY + CTK,

+ dus (4C, + 8CCT(CY + 2CTK,)) © ,
L

which is exactly (3.20), with

16C,Crps (CY + 20T K,) (2 + 2CY + CTK,)
AL ’

C® =2+

8K,(2+2CY + K,)

c® —
AL ’

2+2Cy + CTK,
AL '

C, = (40, +8C,CT(CY + 20T K,))
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5

B.3. Time evolution of ||va||f:2 (b)" The evolution equation for the L2 (p
z,0 \M ’

norm of V,f writes

d 2 o 2 £ _ 2 .
T ||va||L%7v(“7%> =3 (V,L (f),V,,f)L%,U(#,l) (V, (v-V,f),V,f) ) ( ,;)

2 € L2 (p~2

2 e
+ g <VUQ(f, f), va>L%’v (lf%) + 2 <VUS ’VUf>L3;,u (M_l) .

2

The first term can be rewritten using the operators K¢ and v and is then dealt with
thanks to estimates (3.5)—(3.6). We have, for any £ > 0,

g(vae(f),va)L% (d) = €%<VUK€(f),VUf>L2 = —8—22<V@u5(f),vvf>Lg, (u?)

v #77 x,v “7§ v “7§

2(CH(§) + C%)

S, (o -

20Y

N

2
IVt ((wpr/2u2)

K
+EEL VAR, (-

Now, we use the identity
||f||i%m(pf%) - HfLHi%U(pf%) + ||7TL(f)||ig%ﬂ,(llf%> )

and the fact that the L2 ({v)"/ 2p~7) norm controls the L2, (1~7) norm to deduce
the first upper bound

B.10) 5 (VL9 ()

2

2(CK CY) ol K
< HETOTD et 2, ) — 2 (CF— O IVL, (

€
203sCT (CE(€) + C¥)
%) + ) ’

where we also applied the Poincaré inequality (3.16). Next, the transport term is
easily estimated thanks to Young’s inequality as

N 4Cps (CE(E) + CY)

2

VAL, 2

(B.11)
2 2
~2 (Vo (0 Vah) VLf) ) (Vof, Vo), (“_%)
2 2
< CIVAEIL, (ay* IV, (et

holding for any n > 0. The non-linear term is handled in a similar way, using
Young’s inequality with the same constant 7/e to recover

2
(B12)  Z(VQ(E£),Vub), (4 S Q’iv(f f)* +—||V Ly (wrnamt)
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Finally, the source term is dealt with using estimate (3.11), which gives

252 2
(B.13) VLS VE) L gy < 2usCh 772|
L%,v(u 2)

V.17, s (wrued)
&1

Therefore, summing (B.10)—(B.13) with the choices { = n = 1, = — =,
6 + 21

we

can finally recover

(B.14)
) 2(CF ) +C8) e g 2
a vafHLg%,v (u—%) < g2 Hf HL2 ( v)7/2u_%) - ? HVUfHL%’v ((v)’Y/%;,‘%)

L1 (12 + 4CK) ) 12 + 4CK
4CTs 5 =" f W+ ———2G (f,f)?
v (40K + o+ TEEEE v, (e

) dvse?(12 + 40K
+ 288 (28usC(CH(E) + o) 4 DEUZEAC))

&1
which is estimate (3.21) with the choices

Ky = 2(CP5(€) + C%),

o A3+ CK
K = ACw(CF(6) + 03) + L),
3
~ T K v 4(3+C§<)
C, =207 (Cy (§)+C5)+?’
3

where we have also used that both ¢ < 1 and dyg < 1.

B.4. Time evolution of (sz,VUﬂLQ (wt)" The equation describing the time

evolution of the L2 (;F%) norm of the commutator is given by

d 2 . 2
& (fo, va>L?w} (“_%) = ; <V:cL (f)7 va>Lg2L-,u (M—%) B g <vx(’U . fo)a v”f>L%,v (M_%)
2 c
T2 (Ve QUE ) Vo), (0) FAVST V), (-

For the linear term we shall successively apply the Leibniz derivation rule and the
decomposition V,f = V, f+ + (V) to obtain

2 c o 3 5 1
= (V,L (f),VUf)L%v (i)~ = (L*(V,f ),va>L%v(“_1)

2 e
+ 5 (L = D)(Vah). Vob) (1)
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where we have used that L(7,(V,f)) = 0. Now, the first term is handled thanks to
estimate (3.4) as

2 €
LAVt V), (1) < 52 HV s () IVoF Il (gt
and can be bounded using Young’s inequality with a positive constant e/e, which
gives

2C

2CL
e —f-—HV f|| ( /2 2).

2
22

ol R P

<LE(V fl v f> ( ) < ()72~ 2)

The second term is of order O(edyg) and can be handled more easily. We again use
estimate (3.4) and Young’s inequality with a positive constant 7, together with the
equivalence of the L? (p~7) and Li?v(@ﬂ/z;ﬁ%) norms on kerL, to get

2 ((LF — L) (e (V. 1)), Vol (ut)

52 2

27751\450 C, 2011‘
< Im(Ve 07, 2 (d) T e Ve 7, N =)

27](51\/[30 C 20%
< TRV, (ony T IV (et

At last, we have already seen how to treat the third term. Skipping the details, we
obtain

2

82 2

<Q(V ME )+ Q(fa V1M€)7V”Uf>[€w( 71)

20MsCT K,
S MS—; I LHL%U((UW/?“*%)

IV, f|| ( a2 ,;)—F

3

4n5§/ISClI‘KmCWCT
. )

8nonsCT K, Cr Crps 2
f 1
! : Vel oy +

using again Young’s inequality with n > 0, and the Poincaré inequality (3.16).
Collecting these upper bounds, we finally derive the estimate for the linear term

(B.15) 632 (VLLAD.V0),, ()

20 e N 2+25MSC}K;B 2CT
e 9812, (o
4775MSC K, n 2775MS(1 + 401[‘[(10”011‘5) 2

N L PPN (R ; IVa£17, (1)

| AndsCFK,CoCT
- .
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For the transport term we successively integrate by parts, first in x and then in v.
Direct calculations allows to recover

(B.16)

2 — L v
_g <V$(U : fo),vvf>L%m(#71) = - HvaHLgu(;f%) - HU vmeL%v(“_%)

1 2
<= ZIVAI, (-

The non-linear term is treated thanks to Young’s inequality with the usual positive
constant 7, and we get

2

(B.17) g(va(f,f),vvf)L%(“) 2779’1 (£, £)? +—||V f|| ( 172y 2).

The source term is then treated using estimate (3.12), which gives

251%/18 Cw v 2773

B18)  2AVEVA), () S T,

f :
V£, NC=)
Gathering inequalities (B.15)—(B.18) with the choices n = e and 73 = 1/e, we
then recover the following estimate

d

(B.19) —

(Vel, V), (1)

1 L 2 2e 2
_€<1 — 2ebyis(1 + AC¥K,C, ng)) Vet (ut) 2 Goull D)

| AeCPEL 5+ 2C%(1 + K,)
O o2, (et + O ey
| 2CFe 26625 (2C K, CCT + C,)

LN, () * : o)

where we have also used that dyg < 1. The choices

CW=5+20F(1+K,), O =2(1+4CrK,CrCrs),

0(6) = 40{-‘Km7 695,1} = 2<201LK$CTFCT + Cﬂﬁav)

finally lead to estimate (3.22).

B.5. Time evolution of Hang; ()" Consider now a € N3 such that |o] < s

Using the Leibniz derivation rule for multi-indices, a direct iteration of the compu-
tations that we have made for ||V35f||z2 () immediately gives estimate (3.23), for
z0 \M

some constants CV, K,, C® and C, which only depend on Ay, C¥, Cy, Cps, CT
and C,.
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B.6. Time evolution of 9°02f. Let o, 3 € N? be two multi-indices such that
la| + 18] < s. The estimate for the L2 (,u,_%) norm of 929f is obtained in a very

similar way to the the one derived for the L? (p,_%) norm of V,f, therefore we shall
skip some passages. Initially, the evolution equation reads

; 2
L3, (;f%)

= 2 <aﬁa°‘L€ 8ﬂ8“f>L2 ( 77) - = <8ﬁ8“ v - V f 858“f>L2 ( 77)

i

» v Y

71190 )y Yo Y 1

mll\D

+ 2 (O10RQUE0),00058) |, (0 +2(O00IS50005E) 0y

Thanks to estimates (3.5)-(3.6) on K*° and v°, the linear term can be bounded as
already seen in the case of V,f. We get

(B.20) <aﬂaaL€ 0[028) (1)

Y Yv Y

2
< =505 = btaimCt — ) 1020381 )

2 v 14
+ 5 (C + 1 apnCE + CR(©)) 11

H“@a

14

F
+lgapn— )

0<|e/[+]8|<s—1

‘ 0% 't

12, (2w t)
Next, direct calculations and the anti-symmetry of the transport term show that
(9202 (v - V,f) ,afagf = = Y Be(0froptet, ajost) (i)
k, Br>0

Since k < 3 and f; < s, using Young’s inequality with a positive constant /e > 0
we can recover the estimate

(B.21) ——<aﬁaa (v V), 00058) 1, (1)

) Yu Y x 35

6n o 2s
< Doty () + 2 Y |

kvﬁk >0

2 1
i (u’?) )

We again apply Young’s inequality with the same constant 7/ to control the non-
linear term

2
(B.22) g<a§ag (f,f) 656°‘f>L2 <o }|aﬂaaf||L2 ) T Qg’“’;v(f £)?,

YYu Y

while the source term is dealt with thanks to estimate (3.11)

2(SMSCoz B 2772 H
2

»Yu Y x

()72~ %) :

(B:23)  2(000p8%,00050) , (4 <
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We now collect estimates (B.20)—(B.23) with the choice 7y = 7, to recover
d ell2
< (08 — Lo CF — €CX — 5n) || 5t
S 2O {laj>11Cy 2 Ui v L2, ( V2= 2)

2
+ (08 + L G +CIO) Il )

Cl/
Flepn— )

0<|a’|+]B"[<s—1

‘Wﬁa

12, (/2= t)

251%/1800175
7’] .

P2 e

T 1. Bes0

2
i%,v (y,_%) + ngc,v(f’ f)2 +

Recalling that both € < 1 and dys < 1, and using the upper bound

NI Haﬁaa

o</ |+|p|<s—1

< If1

L2, (< V172 ,,) HS 1(( >%,f%) ’

together with 1y>13 < 1, so that we finally obtain estimate (3.24) by choosing

Cy
2(5+ CX + vy’

6277: e,

K, 1 =2(CY +C¥ + CX(¢)),

4s(5+ CE +C%)

OO — :
&1

~ 4C, 5(5+ CEK +C%)
Cop = cr .

B.7. Time evolution of (02f, 8§k8§_ekf>m (t)" At last, consider a multi-index

a € N°, with |a| < s and o > 0. The equation satisfied by the L2, (u~2) norm of
the commutator for higher derivatives is

d (0% ($] o—€
a@fﬂv’“@x kf>Lg,v(u—l)
aT € € YX—€L _g (03 . € YX—€L
=3 L (0L (£), 02 B (it) ~ 2 (000 Vab) OF0E) oy

2 (0% c o—e€ (63 1> (] o—¢€
+ z <8IQ(f,f),8vk8x kf>L§7v (u_%) + 2 <8xS , 0k 0 kf>L%,u(M_%) .
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Thanks to Leibniz derivation rule, the linear operator can be split as

L (f) = 0;Q(M”, f) + 97 Q(f, M)

—vn - Y () (@i o + Qe o n)

YL«
Iv[<]ex|

= L(97f%) + (L — L) (mw.(97f))

s ( )( 01V, 927F) + Q(af, 0] M))
<o
[vI<|al

where the second and third terms are of order O(edys). Using estimate (3.4) we can
thus initially bound the linear term as

2 ar e S YX—€k
3 (LA (), 0004 1y (1)
1 () 10 (o

20 CLK,$ « er Qa—e
+ % H’/TL(axf)HL% (< >ﬂ//2 _7) ||a ka ka ( ﬂ//2 1)

o !
€ g

oo,

it () N

la’| <]

for some positive (explicitly computable) constants K}, and Kas. We then apply
Young’s inequality to the first term with a positive constant e/ and to the second
and third ones with the constant e > 0, to recover

(B.24) 2(@%6 aekaa—ekf%%m(ﬁ)

206

< ||8a 251\/[360 de(]

12, (wprewt) T g e, 2 (u )

L
+£(1+5M5(dec +2Ra(1+ ) ) os-oert]5, (o

ce V1/2u~ 7)

2(51\/[560{"]?(135 ‘
e

aa

2, (e t)

lo’| <]
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The transport term is more tricky in this case. Indeed, integrating by parts in xy
and then in vy, we get the identity

2 (67 S YAX—€eL
_g<a:p (U ' vwf)7av 830 f>L32m, (#7%>
(B.25) 1 X
a2 a—e te
= — g Hﬁxf”L%U(p,_%) — g<8x k(U«sz)7vka;pf>L%m(“_%) )

where the second term comes from the integration by parts when one derives the
maxwellian weight u~! with respect to the variable vy. Note that this term does
not have an explicit sign and could therefore create a problem when trying to close
the estimates. However, it is important to recall that we are not interested in the
estimate of each single |a| = s with o > 0, but we only care about controlling the
sum of all these terms. In particular, one can prove that when summing over || < s
and a5 > 0 with £ = 1,2, 3, we get

L2
—_ Z <a‘?_ek(v . V;Bf), Ukagf>L%U<#7%) = — Z v - vl‘(a:? f)‘ L ( 2) < 07
lal=s ’ o |=s—1 z,0 \ M
k, ap>0

so that the problematic term actually exhibits an explicit sign and we can get rid of
it.

Finally, thanks to Young’s inequality applied with the positive constant e/CF, we
can control the non-linear term as

(B.26)
Sy o),

L2 ,(p~

2e S QCL e Qa—e
)< et 2 o),

Nl

’U>’Y/2[.l:7%) ’
while the source term is handled thanks to estimate (3.12), and writes

2
(B.27) 2(078°, 0505 +f) = < 205 Cle + % Hagkag—ekfui?

(u 113 (<U>w/2#*%) :

Gathering estimates (B.24)—(B.27), together with the use of the upper bound

2
o’ 2

> |

la’| <[

22, ((w2u?)



78

ANDREA BONDESAN AND MARC BRIANT

choosing 73 = CT'/e and recalling that dyg < 1, we finally obtain

d 67 S YX—€k
(B.28) E@xfﬁv o° f>L3“,(,u’%)

1 26’6

< 2 (1~ 20se CPRLC) 10381, (oyy + =i 1958 s ()

CL
+—e(3+dec +2K4,(1+ Cy )H °

2
LE o ((v)””u_%)

+ 251\/[56011'}?(190

I¢] 215
e A (O

2e
s f f2
)+ 5Cng‘”< f) eCE

1 a—€l (07
_ g <a$ (U . fo), ?Jkaw f>L?w (lf%) s

which is estimate (3.26) with the choices

[1]

0(10) - 3 + Kélmcw + 2f(idw(1 + 071')7 C(H) = 20{"}(3%07”

~ ~ 2C,
Koy = 2CT Kqy, Co = CL’k-
1
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