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Abstract

We confirm the study (Licht in C. R, Méc. 341:697-700, 2013) devoted to the
quasi-static response for a visco-elastic Kelvin-Voigt plate whose thickness goes to
zero. For each thickness parameter, the quasi-static response is given by a system of
partial differential equations with initial and boundary conditions. Reformulating
scaled systems into a family of evolution equations in Hilbert spaces of possible states
with finite energy, we use Trotter theory of convergence of semi-groups of linear
operators to identify the asymptotic behavior of the system. The asymptotic model
we obtain and the genuine one have the same structure except an occurrence of a
new state variable. Eliminating the new state variable from our asymptotic model
leads to the asymptotic model in (Licht in C. R, Méc. 341:697-700, 2013) which
involves an integro-differential system.

MSC: 74B99
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1 Introduction

Inarecent study [2], Licht and Weller promoted an old but not so well-known convergence
tool, namely Trotter theory of convergence of semi-groups of linear operators acting on
variable Hilbert spaces, in determining the asymptotic modeling in physics of continu-
ous media. They provided various asymptotic models through the lens of Trotter theory
as a comparison to other classical methods. One of the models mentioned is a reduction
of the dimension problem on thin linear visco-elastic Kelvin—Voigt type plates. Licht [1]
studied this problem before in 2013 and derived the asymptotic model with Laplace trans-
form technique. He found that the mechanical behavior of the limit model is no longer of
Kelvin—Voigt type, because a term of fading memory appears like in the homogenization
problem. However, with Trotter theory of convergence, Licht and Weller suggested that
the mechanical behaviors of limit and genuine models are the same except for the appear-
ance of a new state variable. It is well known that to have the same structure in both limit
and genuine models is useful for numerical computations.

In this study we aim to justify and confirm their suggestion. We reconsider a reduc-
tion of the dimension problem of thin linearly visco-elastic Kelvin—Voigt plates in Sect. 2.
By defining a small parameter ¢, referred to as the thickness of the plate, each problem
is expressed as an initial-boundary value problem (2.1). Under suitable assumptions, we
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rescale the problems and reformulate them in terms of a family of transient problems. In
Sect. 3 we discuss our convergence tool, that is, Trotter theory of the convergence of semi-
groups of linear operators. We then follow a Trotter theory approach by letting ¢ tend to
zero to derive the limit model in Sect. 4. As will be seen in the last section, the limit model
contains an additional state variable but with the structure like that of the original one.
Eliminating the new state variable from the limit model recovers an additional term of fad-
ing memory in the limit model derived by the Laplace transform technique, which implies

integro-differential equations involving partial derivatives of the field of displacement.

2 Setting the problem
Customarily, we assimilate the physical Euclidean space to R3; the orthonormal basis of
which is denoted by {e;, ez, e3}, and for all £ = (£1,&,,&3) in R3, ?:: (£1,&2). We will study
the quasi-static response of a thin linearly visco-elastic Kelvin—Voigt plate subjected to a
given load. Like the problem setting in [1], a thin linearly visco-elastic Kelvin—Voigt plate
occupies a domain £2° :=  x (-, £), where w is a bounded domain in R? with a Lipschitz-
continuous boundary dw and ¢ is the small thickness of the plate. The upper, lower sur-
faces w x {£e} and the lateral part of the plate w x (¢, ¢) are referred to as I'{ and I};,,
respectively. The plate is clamped along a portion of the lateral part I := yp x (-¢,¢)
where yp is of positive length. Moreover, it is subjected to body forces of density f* and
surface forces of density g° on the upper, lower surfaces together with the rest of its lat-
eral part I} := 0§2°\I}j during the time interval [0, T']. We denote I}y, = I{ N I{ and
FIfI,lat =IgNIg.

The problem of determining the quasi-static evolution of the plate involves the param-
eter ¢ of data and the equations satisfied by the fields of displacement »° and stress o*

are:

—divo® =f* in 2¢ x (0, T),

o =a’e(u®) + bbe(it®) in £2°¢ x (0,T),

e(u) := (s + djus)/2, (2.1)
ofn®=g° on G x (0,T),u®*=00on I'§ x (0, T),

u®(-,0) = u in ¢,

where e(u®), n°, a® and b° are the linearized strain tensor, the outward unit normal vector,
the elasticity and viscosity tensor fields, respectively, while the upper dot represents the
time derivative.

To obtain a simpler but precise enough model we study the quasi-static response for the
plate as its thickness tends to zero. Following [1, 3], first we rescale the domain £2° into a

fixed domain £2 := w x (-1, 1) through the mapping 7*:
x=@a3)€R > wx=GEexs)=af €.

Next we add two hypotheses to the data. Hypothesis (H;) is on the real loading which

has to be connected to fixed quantities defined on £2, they concern their intensity and
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horizontality:

3(f,g) € COH([0, T); L2($2; R3)) x CVL([0, T]; L2(I'n; R3))  such that
) Feren,t) =ef (x,0),  fE(mex0) =2fa(x, 1), V(x 1) e x [0,T],

Z(Tex,t) = £25(x, 1), &(mix,t) = 3g3(x,t), V(x,t) € It x [0,T1,

2 (ex,t) = 8(x, ), &(mix,t) = e2g3(x,8), V(x,£) € INyar X [0, T,

while hypothesis (H;) is on the elasticity and viscosity tensors:

at(m®x) = a(x), b (méx) = b(x) witha, b e L®(2;Lin(S?), and
(Ha) : {3k, k. >0:k4le]? <alx)e-e<kqle]>, VeeS? aexc$,

Ik, kp >0 kple|*> < b(x)e-e<kplel?, VeeS?, aexef,

where Lin(S®) denotes the space of linear mapping from S? into S3, S® being the space of
3 x 3 symmetric matrices. It will be convenient to write S? :§® St with S := {ec S3es =
0,0<i<3},St:={ee S3;eaﬂ =0,1 < «,B <2}, and to denote the projection of e onS
and St by and e, respectively. Then one associates a scaled displacement u, = S(¢)u?,
defined on £2 x [0, T], with the true physical displacement %*, defined on 2° x [0, T], by

ut (xe, t) =eiy (%, 1), u (xs, t) = (u)3(%, 2) V(xg, t) e 2 x[0,7).

Using hypotheses (H;) and (H;) and the scaling of displacement, we can formulate the

initial-boundary value problem (2.1) in terms of the scaled variational problem

u, € CY([0, T); Hy), u:(-,0) = ul == S(e)uf;
(Pe) : fQ la(x)e(s, u:)(x, t) + be(e, g )(x, t)] - e(e, v)(x) dx
= [ f(x, ) - vix) dx + fFNg(x, t)-vix)dH, YVYveH,,

where H, is the subspace of H!(£2,R®) whose elements have a vanishing trace on Ip,

eap(6,V) = €ap(v), €3(e,v) = e leq3(v), 1 < af <2, e33(s,v) = £ %e33(v) and H, is the two-

dimensional Hausdorff measure. Subspace H; is equipped with the inner product:

(%4, V), =/ ae(e,u) - e(e,v)dx Vu,ve H,.
2

To deal with non-vanishing external loadings, it suffices to split u, into u{ + u}, where
u¢ solves a static problem associated with the evolution problem under consideration and
involving the surface loading only. Then # does solve an evolution equation with a second

member which is a continuous function of #{ and hence a continuous function of the

loading. The static problem is

(,Pe) . uz(t) € Hy;
| Jpaete, ut(e) - ele, vy dx = [ g8 v dHy VveH,

Page 3 of 9



Terapabkajornded et al. Advances in Difference Equations (2019) 2019:186 Page 4 of 9

which has a unique solution by the Lax—Milgram lemma. As g — u¢ is linear continuous
from L*(I'y; R®) to H,, we have u¢ in C*1([0, T]; H,) The evolution problem is

ul € CV([0, T]; He);
(PL): Y [olae(e, ul) + bele, il)] - e(e, v) dx
= [of -vdx— [ be(e, i) - e(e,v)dx Vv e H,,

which can be reformulated in terms of

dul .
SE-Aul=q. inH,, 22)
ul(0) = ul? := u — ut(0),

with D(A,) = H,,
A u, =w, € Hy; / [ae(s, u.) + be(e, wg)] -e(e,)dx=0 VveH,
Q

(qg(t),v)Hs =/f(x,t)~v(x)dx—/ e(e,ite(t)) -e(e,v)dx YVveH,.
I?; 17

Clearly A, is bounded, selfadjoint and m-dissipative so that the evolution equation (2.2)
has a unique solution #” in C**([0, T]; Hy).

The crucial point to prove that the asymptotic model has the same structure as the gen-
uine one is to apply the tool of some convergence which is a not so well-known result,
involving two fields, in reduction of dimension similar to two-scale convergence in peri-
odic homogenization. The proposed asymptotic models of (P¢) and (P?) will be given by

the following problems:

Ue = (u®,u') € H;
(P°): [ a@we) + 03u! ®; e3) - (€(v) + v ®; e3) dx = erg -vdH,
YV =mv)eH,

set in a Hilbert space H := Vii(2) x H'(-1,1;L%(w; R?))/L?*(w; R3), with Vi = {u €
HI (2;R%);e(u)* = 0}, where HF, ($2;R?) is the subspace of H'(£2; R®) whose elements

have a vanishing trace on I'p, and equipped with the inner product:
U, Vg = / a(e(u) + du' ®; e3) - (V) + d5v' ®; e3) dx
2

and

ur:=w,ut) e Ct\([0, T|; H);
' [ola@u’) + dsu™ @ e3) + b(e(i") + 031 ®; e3)] - (€(v) + 03V ®; e3) dx
| = fofvdx— [, bt + 050 @ e3) - @) + d3v! ®, e3) dx

VYV = (v,v!) € H,

(P)
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which can be reformulated in terms of

AL _AU"=Q inH, 23)
ur(0) = U := U° - ue(0),

with D(A) = H,

AU =W = (w, wl) € H;/ [a(?(u) + Ogut ® 63) + b(’é(w) + 0w ®; eg)]
I?)
. (??(v) + 951" @ 63) dx=0 VV-= (v, vl) € H,

Qo V), = - /9 (@) + 33 (1) @ €3) - (B0) + 05" @, e) dix

o [ Sty s ¥V = () €.
2

Obviously A is bounded, selfadjoint and m-dissipative. Problem (7€) has a unique solution
U° by the Lax—Milgram lemma. and the evolution problem (2.3) has a unique solution U"
in CY([0, T); H).

At this point, we have solutions (u¢), (u}), U¢, and U" to the problems (P¢), (P!), (P?),
and (P7"), respectively. We claim that the sequences (x¢), (1) converge to U*, U" in the
sense of Trotter. Before we prove our claim, let us discuss this type of convergence in
detail.

3 Trotter theory of convergence of semi-groups of linear operators
In the framework of Trotter theory of convergence of semi-groups of linear operators, we

have a family of evolution equations

du, .

= Auuy, = in H,
(Pn) . dﬁ n 0}’! qu n

un(o) = l/ln,

governed by a sequence of m-dissipative operators A,, with domains D(4,), defined in
a sequence of Hilbert spaces (H,,) with norms | - ||z, while initial data #° and g, are in
D(A,) x C*([0, T]; H,). Each problem P, thus has a unique solution in C'([0, T']; H,,) N
C%L([0, T]; D(A,)). On the other hand we have an evolution equation

P): % —-Au=q inH
u(0) = u®,

governed by an m-dissipative operator A, with domain D(A), defined in a Hilbert spaces
H with a norm || - ||, while initial data #° and g in D(A) x C%([0, T]; H). Problem (P)
also has a unique solution in C([0, T; H) N C*1([0, T]; D(A)). The nature of the spaces
H,, and H may be very different, but the sequence of spaces H, has to converge to H. This
requirement paves the way to introduce a kind of sequence of representative operators P,
between H and H,,.
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Definition 1 We say that a sequence of Hilbert spaces H, approximates a Hilbert space
H in the sense of Trotter, if there exists a representative operator P, € L(H; H,) satisfying
two conditions of uniform continuity (77) and good energetic representation (75):

(T1) 3C >0 such that |P,ully, < Cllully, Yu e H, Vn,

(T2) 1m0 IPyutlp, = e, Yu € H,

where L(H;H,) is a space of all continuous linear mappings from H into H,,.

Definition 2 A sequence (u,) in H, converges toward an element u in H in the sense of

Trotter if and only if lim,,_,  ||P,u — 4y ||z, = O.

The fundamental result of Trotter theory of convergence of semi-groups of linear oper-

ators is the following.

Theorem 1 Let u,, u be the solutions of (P,) and (P), respectively, if
(i) 1Puu’ -yl — O,
(@) Jy IPaa(®) = qu(0) 15, dt — O,
(iii) Vy € X, densein H, ||P,(I - A)~'y — (I - A,) Py, — O
then, uniformly on [0, T, |Pyu(t) — un ()1, — O and ||un ()|l — (@)l

Now we are ready to prove our assertion.

4 A convergence result

First we have to show that the sequence of Hilbert spaces H, approximate the Hilbert space
H in the sense of Trotter. Let a representative operator P, be defined by u, = P, U for all
U = (u, u") that satisfies

/ ae(e,u,) - e(e,v) dx = / a(e(u) + du' ®; e3) - e(e,v)dx Vv e H,. (4.1)
2 2
The operator P, satisfies (77) because
P U3, = f a(e(u) + 0su' ®; e3) - e(e,u,) dx < C|U |y |IPUllp,.
2

Now choose v = u, in (4.1). The sequences () and e(e, u,) are bounded in H}D(Q;Rs)
and L%(£2;$S?), respectively. Then there exist (#/,«’) in H}D(Q;RB) x L*(£2;S?) such that
(u,, e(e,u;)) weakly converge toward (k') in HJ, ($2;R®) x L*(£2;S?). It follows that
‘e(e, u,) weakly converge toe(u') = «’ in L%(£2;S?). Now we are in the position to introduce
in reduction of dimension problem a kind of convergence involving a couple of limit fields
similar to the two-scaled convergence in periodic homogenization problem. There exists
u'lin HY (-1, 1; L% (w; R3))/L?(w; R?) such that e(s, u, ) weakly converge to ™+ = 83u" ®;e3
in L2(£2;S?). Hence, k' =e(/) + d3u’" ®; e3. Next we choose v = (w + (W, ewl)) where w
in Vi, w! in H'(-1,1; L?(w; R?))/L*(w; R®) in (4.1). As ¢ tends to zero, (4.1) becomes

(U, W), =UW)y YW eH,

where U’ = (o, '), U = (u,u'), and W = (w, w'). It follows that U’ = U.
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Hence,
lim ||P.U||% =1lim | ae(e,u.)-e(e,u.)dx
8—)0” € ”Hg e—0 Jo (’ 5) (’ S)

=lim | a(e(u) + dsu' ®; e3) - e(e, u,) dx

e=>0 Jo

= / a(?(u) + Ogul @ 83) . (’é(u/) + 051t @ 83) dx
?)

= / a(’e\(u) + dgul @ 63) . (e u) + dsu' ®, 63) dx = ||U||%.
2

That is, operator P, satisfies (75). Thus, the sequence of Hilbert spaces H, approximates
the Hilbert space H in the sense of Trotter.
To prove our convergence result, the following lemma is important.

Lemma 1 Forall z, in H,, Z in H,
IPeZ ~zellw, >0 < ele,z.) >elz) + 032" ®ses inL*(2;S%).
Proof Observe that
IP-Z — 2|3, = IPZIIE, — 2(PeZ, 2e), + Iz |},
= |P.ZII7, —2/Qae(e,z;) ce(e,z.) dx + ||ze|I7,,
= |IP:ZIIF;, -2 /Q a(e(2) + 832" ®e3) - ele, ze) dx + ||z |17,
= [P ZIIF;, - 2(e(2) + 332" ®; e3,€(e,26)) o 3 + 12 I3,
= IP.ZI, + e, z2) = (22) + 52" ®s €3) [ 1259 — 12113
we have
IPZ ~ 23, = (IPZI13, = 1Z13) = [lee,2:) = (8(2) + d52" @ e) | 2 0y
and the statement follows from condition (7). |

To prove that (1) converges to U° = (¢, u') in the sense of Trotter, it is enough to
show the strong convergence of the scaled strain tensor according to Lemma 1. Like the
proof of condition (T3) of P,, we have e(e, u¢) — () + d3u”* ®; e3 in L*(£2;S?). This weak
convergence and the fact that u¢, U° solve (P¢), (P°) lead to

”6(8' ”Z) - (/é(”e) + 31! @; 63) HEZ(Q;SS)

= / g-uldHy - 2] ae(e, ui) . (’5(u) + 051t ®, 63) dx + / g-utdH,
'n Q

I'n

N 2/ g-udH, - 2/ a(e(u) + 93u’' ®; es) - (€(u) + 93u’" ®; e3)dx = 0.
IN 2
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Therefore, e(s, u) converge strongly to e(u®) + d;u°! ®; e3 in L*(£2;S?). Note that this con-
vergence is uniform on [0, T].

To prove that (&) converges uniformly on [0, T] to U” = (u”, ") in the sense of Trotter,
we have to prove the three conditions of Theorem 1.

Concerning initial data #’° and U™, we make an additional assumption on #?. That is,

(Hy): 3U° = (u°,u°") in U°(0) + D(A) such that |P,U° — 1) ||H€ — 0.
Hence,

[Pt —u?|,, = [Pl = PeU(0) - ] + ug(0) |,

= oot~ ], + [P O) ~ )],

el

The first term on the right hand side of the inequality goes to zero by the additional
assumption on u?, while the second term goes to zero, as previously shown.

In regard to the second members g, = ¢ and Q = [I¢, we again use Lemma 1 by proving
e(e, 1) — e(it®) + 331! ®; e3 in L*(£2;S?) uniformly on [0, 7] because of the smoothness
of g with respect to the time ¢.

In the matter of resolvants (I — A,)~!, (I — A)~!, we have to show that

VY € X, dense in H,

P.(I-A)'Y - (I-A,)"'P.Y|, —0.
We set z, = (I — A;)"'P.Y and Z = (I — A)7'Y that satisfy the problems

z, € H;
[o(a+b)e(e, z.) - ele,v)dx = [, be(e,P.Y) - e(e,v)dx Vv eH,,

and

Z=(z,7") € H;
[o(a+b)(e(z) + 332" ®; e3) - (€(v) + d3v" ®; e3) dx
= [, bEy) + 33" ®; e3) - (€(v) + 03v! ®; e3)dx VYV =(v,v') € H.

Now we consider ||P.Z -z ||z, . They involve a kind of static problem to which the previous
two-fields result on reduction of dimension applies. The proof is then complete and we
now have the main theorem.

Theorem 2 Under assumptions (Hy)—(Hs), when € goes to zero, the sequence of solutions
u, in H }D(.Q;]R3) to problem (P.) converges uniformly on [0, T] in the sense of Trotter to
the solution U = (u,u') in Viq x H' (-1, 1;L%(w; R3))/L*(w; R?) to

U = (u,u') € CH([0, T]; Vi x H' (-1, ;L*(w; R?))/L* (w3 R?));
— [ola(e(w) + dsu’ ®; es) + b(elir) + d3i* ®; e3)] - (€(v) + 03V ®; e3) dx

=f9f~vdx+erg~Vd”H2
YV = (v,v!) € Vi x HY(=1,1; L*(w; R?))/L?(w; R3).

3
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Hence U solves a problem of visco-elasticity with short memory of Kelvin—Voigt type,
but involving a couple (u, u') of state variables. Clearly the field u! can be eliminated as in
[1] so that u does solve a problem of visco-elasticity with long (but fading) memory.
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