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Abstract: Let X = {X(t) : t € RNV} be an isotropic Gaussian random field with real values. In a
first part we study the mean number of critical points of X with index k using random matrices
tools. We obtain an exact expression for the probability density of the eigenvalue of rank k of a
N-GOE matrix. We deduce some exact expressions for the mean number of critical points with
a given index. In a second part we study attraction or repulsion between these critical points.
A measure is the correlation function. We prove attraction between critical points when N > 2,
neutrality for N = 2 and repulsion for N = 1. The attraction between critical points that occurs
when the dimension is greater than two is due to critical points with adjacent indexes. A strong
repulsion between maxima and minima is observed. The correlation function between maxima (or
minima) depends on the dimension of the ambient space.

Keywords and phrases: Critical points, Isotropic Gaussian fields, GOE matrices, Kac-Rice for-
mula, Point processes, Random matrices.

1. Introduction

Critical points of random field play an important role in small or large dimension. In large dimension data
they appear in the study of algorithms of maximisation of the likelihood [14, 31]. In smaller dimension they
play a role in many applications from various areas: detection of peaks in a random field [18, 33, 34, 35],
optimisation of a response modelled by a random field [21], modelling of random sea waves [26, 7, 30].
Critical points and their indexes are an important element of the geometry of random fields. They appear
in the computation of the Euler characteristic [2, 20]. They are a subject of study on their own as in
[29, 3, 11, 19].

Let X = {X(¢) : t € RY} be an isotropic Gaussian random field with real values. If we look at the
repartition of the critical points of X as a function of their index in dimension two, considerations of
symmetry and of Euler characteristic imply that if N¢, NS, N ., N qae are respectively the number
of critical, minimum, maximum and saddle points on a given set:

, , 1 , 1 X
E(Nr;nw) = E(N'rcnax) = 7E(Nscaddle) = Z E(NL)

2
In higher dimensions simulations suggest that such a simple result does not hold true (see Figure 1). The
purpose of Section 3 is to compute these expectations using random matrices tools. With this objective in
mind, we obtain an exact expression for the probability density of the eigenvalue of rank k of a N-GOE
matrix (see Theorem 3.5 and (18)-(24)). We deduce exact expressions for the mean number of critical
points with a given index (Propositions 3.3-3.8). In particular, if we note N and NS the number of
critical points respectively with index 1 and 2 (see Section 2.3 for the definition), we obtain, for N = 3
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(see Proposition 3.6):

29 — 6v6

E(Nﬁnn) = E(Nr(;zax) = 1716 E(NC)
BVE) = E5) = 2V e

Proposition 3.7 gives these expectations for N = 4. Proposition 3.8 gives the mean numbers of critical
points with index k above a level for N = 2 and Ay — 3A\3 = 0.

On the other hand we can consider how the critical points are spread in the space. In a pioneering work,
Belyaev, Cammarota and Wigman [11] study the attraction or repulsion (see Section 2 for a precise
definition) of the point process of critical points of a particular random wave model in dimension 2. In
the case of random processes (N = 1), it was generally admitted that repulsion between crossings or
critical points occurs. In fact this result has never been written explicitly so it is the object of Section
4 with Propositions 4.1 and 4.3. With respect to this behaviour the result of [11] is unexpected since
no repulsion occurs between critical points. The object of Section 5 is to explore the phenomenon of
attraction or repulsion for a large class of random fields, in all dimensions and for each type of indexes.
Our hypotheses as well as a precise definition of attraction and repulsion are given in Section 2. Theorem
5.2 proves attraction between critical points when N > 2, neutrality for N = 2 and repulsion for N = 1.
Theorem 5.3 shows that the attraction between critical points that occurs when the dimension is greater
than 2 is due to attraction between critical points with adjacent indexes. In Theorem 5.4 we prove a
strong repulsion, growing with N, between maxima and minima. Finally Theorem 5.5 gives an upper
bound to the correlation function between maxima (or equivalently minima) proving repulsion for N < 5
and suggesting neutrality for N = 5 and attraction for N > 5. All these results generalise the results of
[11].

In Appendix A we present some results on GOE matrices. Appendix B is devoted to the calculation of the
conditional joint distribution of the Hessian matrices of X (¢) and X (0) given the nullity of the gradients
of X(t) and X (0) and to the proof of Lemma 5.1 giving some of its asymptotic equivalents when ¢ — 0.

2. The point process of critical points
2.1. Assumptions (Ak) , k = 2,3,4 and basic notations

In all the sequel X = {X(t) : t € RN} is stationary and isotropic Gaussian field with real values. We
assume, without loss of generality, that it is centred with variance 1. We set

E(X ()X (1) = r(|ls — t|*).

We assume that r is of class C*. This is equivalent to the existence of a finite 2kth spectral moment Aoy
It implies that X is k times differentiable in quadratic mean.

We denote by VX (t) = (X{(t),...,Xx(t)) the gradient of X(¢), and by

V2X(t) = (Xj5(#),i <j=1,...,N) its Hessian. We have for every i = 1,..., N

1= Var(X(t)) = r(0) Ao := Var(X/(t)) = —2r'(0)
Ay := Var(X/(t)) = 120" (0) X := Var(X,;(t)) = —120r"(0) if k = 3,4
As = Var(X M (£)) = 1680r™¥(0), if k = 4.

iiii
that are all finite because of our hypotheses. X (4)

:::(0) is, for example, the fourth derivative in the ith
direction.
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We assume that the joint distribution of X(O),X{(O),...,Xl(k) (0) is non-degenerated where Xl(k) (0)
denotes here the kth derivative of X in the first direction. Note that the choice of the first direction, that
is arbitrary, plays no role. A direct algebra shows that this non-degeneracy condition is equivalent to

Ao >0, A\ > /\%7

Ao g > /\i, if k> 2
Mg > A2, if k= 4.

Finally pvx@),vx(s)(z,y) denotes the density probability of (VX(t),VX(s)) at (z,y) when it exists;
() and ®(-) denotes respectively the probability density and the cumulative distribution function of a
standard Gaussian variable and ®(-) =1 — ®(-). Let S be a compact subset of RV, we denote by |S| the
Lebesgue measure of S. If X is a random vector, Var(V') will denote the variance-covariance matrix. We
keep the notation Cov for the matrix

Cov(X,Y):=E ((X —B(X))(Y - E(Y))T).

2.2. Correlation function, two points function

The correlation function of a point process P is defined by [15]
1
A(s, t) := lim ——— E (P(B(s,€))P(B(t,¢€))),

where B(s, €) is the ball with center s and radius € and V (€) its volume. Since the process is stationary
and isotropic, this function depends only on the norm p := ||s — ¢|| and by a small abuse of notation we
will denote it by A(p).

Suppose now that the point process P is the process of critical points of X and let us define for S € RY
compact

Ne(S)=#{te S:VX(t)=0}.
Under our conditions, the derivatives of A" satisfies the Kac-Rice formula of order two. In particular if
S and T are disjoints (as B(s,¢) and B(t,¢) for s # ¢t and e sufficiently small), the Kac-Rice formula of
order two yields
BV SN = [ B(|det(V2X (5)) det( VX (0)]/TX (5) = VX (1) = 0) poxo) v (0, 0)dsd
SxT
(1)
proving that
A(p) = E (| det(V2X(0)) det(V>X (1)) /VX(0) = VX (t) = 0) pyx(0),vx(1)(0, 0), (2)

with, for example, t = pe; with e; := (1,0,...,0).
Some papers, as [11] consider the behaviour as p — 0 of

T(p) := EN®(B,)(N“(B,) — 1)), B, is any ball with radius p.

It is elementary to see that if A(p) ~ Cp? then T(p) ~ CV2p?+?N  where ~ means, as in the rest of the
paper, equivalence as p — 0 and Vy is the volume of the unit ball.
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2.3. Attraction, neutrality, repulsion

e The reference of neutral point process is the Poisson process for which the correlation function A(p)
is constant and T'(p) behaves as p?.

e The repulsion is defined by the fact that the correlation function A(p) tends to zero as p — 0.
Equivalently T'(p) = o(p?"). Determinental processes [25] is a way of constructing repulsive point
processes.

T(p)

e The attraction is just the contrary: as p — 0, A(p) = +00, —5+
p

— +00.

In many situation, assuming that the function is Morse, i.e. there is no critical point with a degenerated
Hessian, one considers the index i of the critical point defined as the number of negative eigenvalues of
the Hessian. We define

NE(S) :=#{t € S: VX(t) = 0;i(V2X(t)) = k}. (3)

All the quantities above have direct generalization when, instead of considering all the critical points, one
considers the relation bewteen the number of critical points with indexes i; and i2. As in (1) and (2) the
Kac-Rice formula of order two yields

A (p) =
E (| det(V>X(0))1;(v2x(0))=is det(V2X () Li(v2x(1))=in |/ VX (0) = VX (t) = 0) pyx(0),vx(1)(0,0), (4)

with again ¢ = pe;. In the same way, we can consider attraction neutrality or repulsion between critical
points with indexes i; and is.

3. Mean number of critical points with a given index
3.1. The particular case of random processes (N=1)

Suppose that the random process X satisfies Assumption (A2), and let M1 (S) and M3 (S) be respectively
the total number of maxima and minima of X on S then by direct application of the Kac-Rice formula :

E(My(S)) = B (Ma(S)) = % %‘

More interesting is the case when we consider the numbers M, (u, S) (respectively Ma(u, S)) of maxima
(respectively minima) of X’ above a certain level u on S a compact subset of R. We can write the Kac-Rice
formula of order one:

0 “+o0
E (M](U, S)) = / / / |f,C// |pX”(t),X/(t),X(t) (l'/l, 0, "E)dmdfﬂ//dt,
S J—ocoJu

where px(¢), x/(+),x(¢)(%",0,2) denotes the density probability of (X" (t), X'(t), X (t)) at (2”,0,z). We
deduce immediately the following proposition.

Proposition 3.1. With notations above, under Assumption (A2):

E (M, (u,S)) = % i—i(i <um> + |S\|/\§‘72<p(u)¢ <\/%> ;

B(Mu(.5) = 1) /58 (“ ) A_4A2> - 'S%j%(u)é (%) |
2 4 2 T — 2
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Let us set a := A\;/)\3. Under Assumption (A2), o > 1 and

BMiws) VAR (uy/zE) - varewe ()
E (M;i(u,S) + Ma(u, S)) 2(\/55) (u\/g)er‘P(u)q’(\/;j))*\/ﬂap(u)’

depends only on a.

3.2. A first class of expressions
3.2.1. Mean number of critical points

N€(S) and N(S) are respectively the number of critical points and the number of critical points with
index k that belong to S. To compute their mean number we use the Kac-Rice formula of order one.

BOWA(S) = [ B (det(TXO)/TX(0) = 0) pexo (00t = =7z E (1 etV X)), )
BNE(S)) = gy ys B (146t(T2X () Lo oy-s)- (©)

Let G,, be a size n GOE matrix. We recall that G,, is said to have the GOE (Gaussian Orthogonal
Ensemble) distribution if it is symmetric and all its elements are independent centred Gaussian variables
satisfying E(G;) = 1 and E(G})) = 3

The relation between GOE matrices and the study of critical points of stationary isotropic Gaussian fields
is due to the following lemma derived from [24] and Lemma 8.5 of [8].

Lemma 3.2. V2X(t) is equal in distribution to

\/ 224 (GN AIdN>

where Gy is a size N GOE matriz and A follows a N(0,1/2) independent of Gy .

Proof. The proof is a direct consequence of the following identity that can be found, for example, in
Lemma 8.5 of [8]:

A
E (Xih ()X (1) = 5 [Biarbins + dindine + Siwbin] (7)
where § is the Kronecker symbol. O

We recall that the joint density fy of the eigenvalues (u1,...,un) of a N-GOE matrix (see Theorem
3.3.1 of [27]) is given by:

N2
fn(pa, .. un) = knyexp (_21—21/%> H I — pal (8)

1<i<k<N

where:
-1
kn = (2m)"N/2(1(3/2)) (HF 2/2> . (9)

Using Lemma 3.2, (5), (6) and (8) we get directly the following proposition.
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Proposition 3.3. With notations above, under Assumption (A2):

c _ ‘S| Ag Nz kN 1 Liﬂ
BN =i \3y) v\ ) (10)
e 18] M\ ky L2

where L is an eigenvalue “at random” and Ly, is the eigenvalue of rank p of a (N + 1)-GOE matriz.

Proof of Proposition 3.3. We give the proof of the first equality only. Using Lemma 3.2 and (8)

E (|det VX (1) 15(v2x (1)) =k)

2)\ N/2
:<34> kNN!/ I e —mal JT 1A= sl
w

1< <o <k A1 < SEIN 1<k <N 1<i<N

_Z?]:l T —1/2 2 2
exp 5 ™ exp(—A“/2) exp(=A°/2)dpy ... dpndA

N/2
_ (2 /W—m LANEL LI (R CLia)y
3 Eng1 (N +1)! 2

The rest is plain. O

Remarks:

e The expected number of critical points depends on the spectral moments of the random field whereas

E (VE(S))

E (N¢(5))

e Such a result was first obtained by [4] for the p-spin spherical spin glass model defined on the
euclidean sphere of radius v/N of RY. This result can also be found in [19] (Proposition 3.9). In this
paper we go further: In Theorem 3.5 we obtain an exact expression for the probability density of
the eigenvalue of rank k of a N-GOE matrix, denoted g% (1) (see (17)—(24)). We can deduce exact
expressions for (10) and (11) as in Propositions 3.6 and 3.7.

Ry (1)
N+1’

the ratio is universal.

e The density probability of L, denoted
7.2.32.

can be found in [27] chapter 7 formulas 7.2.30 and

e For N = 2 it is known, using symmetry and mean Euler characteristic considerations, that
C C 1 C 1 C
E(NG(9)) = EW3(9)) = S EWT(S)) = ;EW(S)).

E (NVE(9)) . . . . N!
W is equal to the binomial coefficient m In

higher dimension, by simulations, we can affirm that this equality is no longer true as shown in
Figure 1 for N = 10.

In that particular case, the ratio
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Propaortion
0.15 0.20 0.25
1

0.10
|

0.05
L

0.00
I

Ficure 1. N = 10. In white : Estimation of E (N£(S)) /E(N€(S)) as a function of the index k (mean over 1000 samples;
each sgmple is the mean of 10000 simulations). Confidence intervals in black at the top. In black : Binomial coefficients
N

NN —R)! "

3.2.2. Mean number of critical points above a level

We consider the mean number of critical points above a level u € R. We define

N (u,S)=#{t€S:VX(t)=0, X(t) > u}
Nig(u, S) =#{t € S: VX (t) =0, i(V>X(t)) =k, X(t) > u}.

The Kac-Rice formula implies that

|51

E(Nk (u,S)) = W

+oo 22
/ exp <2) B (|det(V2X (1) Liwzxp=k| /X (1) = @) dz.

To simplify the presentation we limit our attention to the case Ay > 3A\3. As remarked in [10] this condition
is met if the covariance function r is a “Shoenberg covariance™ it is a valid covariance function in every
dimension. Note that more general cases have been studied by [19]. Following [24] and Lemma 8.5 of [§],
by regression formulas we have that under the condition X (¢) = x, V2X (¢) can be written in distribution
as the independent sum:

V23X (t) = [N ()\2:1:, <A34 - A%)ﬂ Idy + \/?GN,

where G is a N-GOE matrix. Then using (8), by direct calculations we get:
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Proposition 3.4. With notations above, under Assumption (A2), when Ay — 3)\3 > 0,

ey RS |

NE S| kv X" Lit
E( k(uas)):ﬂ_(N_,_l)/g ]{?N+1N+1E eXp | — 9 1Lk+1>u/\/§ ) (13)

EW (u, S))
_ |S] M N2 £ exp _Liﬂ 5
7T(N+1)/2 3)\2 kN+1 N + 1 2

When Ay — 3)\3 =0

where Ly, is the eigenvalue of rank p of a (N + 1)-GOE matrix.

3.3. Explicit expressions
3.8.1. Probability density of the eigenvalue of rank k of a N-GOFE matriz

The aim of this section is to give an exact expression for the probability density of the eigenvalue of rank
k of a N-GOE matrix and to deduce exact expressions for E(N¢(S)) and E(N{(u, S)).

For simplicity it is conducted using the simplest family of polynomials: x?, i = 0,1,2,... in equations
(15), (16) and (17). In fact it is valid using any family P;(x) of monic polynomials: P; has degree i and
its highest coefficient is one.

We must introduce some further notations.

We recall that the Pfaffian of an n x n skew matrix A (a;; = —a;i;, a;; = 0), for n even n = 2m, is defined
by:
1 n n ' '
Pf (A) = 2mm' Z e Z U(Jl’ et 7]n)aj1j2aj3j4 U a‘jZ'mfljZ'm (14)

Ji=1 Jn=1

with o(j1,...,Jjn) the signature of the permutation ji,...,j, with o(j1,...,j,) = 0 if two of the j’s are
equal.

Let J = {m1 < -+ < my,} a set of integers and K a subset of {1,...,n}. The n x n (n even) or
(n+1) x (n+1) (n odd) skew matrix BX () that depends on the real [ is defined by its entries b;;.
When n is even

2, .9
bij = / dw/ dy s(y—z)z™ ty™iexp (— 5 > , (,i=1,...,n), (15)
prw  Joxo

where s(.) is the sign function, DX (1) = (—o00,1) when i € K, DX () = (I, +00) when i ¢ K.
When n is odd, we use also (15) and we add the extra terms

z2 .
bt () = —bus1s(l) :/ 2o Fdr, (1= 1,...,n); by (D) = 0. (16)
DF()

We are now able to state the following theorem that gives an exact expression for qJ’i, (1): the probability
density of the eigenvalue of rank k of a N-GOE matrix.
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Theorem 3.5. Let g% (1) be the probability density of the eigenvalue of rank k of a N-GOE matriz. Using
notations above, for l € R we have:

2\ & o
a% (1) = kxNlexp <2) Z(fl)k+l i-1 Z Pt (B?(l)) (17)

i=1 KeFi-1(N-1)

where I = {1,..., N}\{i}, kn is given in (9), Fx_1(N —1) is the set of parts of size k—1 of {1,...,N—1}
and BE(1) is the matriz B (1) defined in (15) and (16) withn =N —1 and J = I.

Note that in the particular case where k = N another exact expression for the cumulative distribution
function of the largest eigenvalue of a N-GOE matrix has been obtained by [22].

Proof of Theorem 3.5. Let G be a N-GOE matrix with eigenvalues denoted pi,...,un. It is easy to
check that the probability density of the eigenvalue of rank k + 1 of a (N + 1) GOE matrix is given by:

12

k
() = VLN 4 1) /N(fl)kdet(GN —dn) fn(pas - .., jin) €xp <2
R

& > Liican—trdn)=kydp1 - - - dpn

2
= BV -1 e (< ).

where fy is given in (8) and 'yfv’l(l) :=E (det (Gn — UdN) L{i(Gy—i1dy)=k})- We prove in Appendix A,
Lemma A.2, equation (56), that:

N+1
V() =k N (1) e Y PE(BR(),
i=1 KeFi(N)

where I = {1,...,N + 1} \ {i}; BE(l) is the matrix B} (I) defined in (15) and (16) with n = N and
J = I. That concludes the proof. O

The major drawback of the result above is its complicated form. However, for small values of N, we man-
age to get an explicit expression for ¢k (1) and consequently (using (10), (12) and (13)) for E (N£(S)) and
E (N§(u, S)). We give some examples below and we derive Propositions 3.6 and 3.7 which are new results.

Examples: We denote ji(yy, K = 1,..., N, the ordered eigenvalues of a N-GOE matrix. After tedious
calculations we obtain:

1. For N = 2: ¢3(I) = ¢3(—1) and

exp —% 2
@A) = 2Eﬁr) [exp (ZQ) - \/%1@(1)] . (18)
E(uz)) = —E(um)) = g and Var(p(2)) = Var(uq)) = g - %
ex —2
2. For N =3: ¢5(1) = 3(-1), 3(1) = p\ﬁEl) and

2

@) = 7) [\/7?(212 -1)® (z\@) + V27 exp <—12> O(l) +lexp (—1%) ]| . (19)

©]
]
i)
/I\
[SIh
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337 — 81
1270

9
E(usy) = —E(pay) = Wi and Var(u(s)) = Var(u)) =
3. For N = 4: ¢;(I) = ¢;(~1), ¢§(I) = ¢§(~1) and

20 = XPQ(;ZQ) Yo (5) +var (1- 5 ) e (-2) - "o (118) )

P2 g (13 e (-5 )] 0

gl() = M [?’l exp (_312> Vo (1 - lQ) ® (1) exp (~12) + TR =30 (zﬂ) (1)

27 2 2 2 V2
+M@ (l\/i) exp (—l;)] . (21)
4. For N =5: g5(1) = ¢3(—1), ¢3(I) = g3(~1) and
@) =q5(1) —2¢2(1) + W [w (41* — 121+ 3) @ (lf) + VT <3z3 31) exp (—1?)

2

+V2r (14 +312+ 4) exp (-2) @(l)] . (22)

a(l) = W [Fexp< 3; ) (ls 5l) +V21® (z\f) exp (—i) (l4+3l2+i>} (23)

W [(214 612 + 2) 702 (1V2) + (14 4302+ i) V2r® (1V2) (1) exp (—l;)

+V2r (13 Zl) (1) exp (3;2> + (313 13l> Ve (1V2) exp (1) + (1% - 2) exp(212)] C(24)

() =

These probability densities are plotted in Figure 2. They all seem very close to a Gaussian density. But
only one, ¢3(1), is exactly Gaussian.

3.83.2. Mean number of critical points

For N = 2, using (19) and (10), after some calculations, we check that the mean number of maxima is
given by

BNG(S) =B AG(5) = T EW(S)) = 5EWES) = 5 (35).

which coincides with Proposition 1.1 of [11].

In Proposition 3.6 we give the exact expression of E (N£(S)) when N = 3 for k = 0,1,2,3. This propo-
sition is a new result.
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N=2 N=3
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FIGURE 2. Probability densities qécv(l), k=1,...,N, of the ordered eigenvalues of a N GOE matriz for N = 2,3,4,5.

Proposition 3.6. Under Assumption (A2) when N = 3:

3/2 B
BNG(S) = EWG() = 2 () (W)

3/2
B (VE(S)) = BAE(S) = o0 ( A1 ) (29—1—6\/6)

T r2y2 \ 32 T 12v6
Consequently:
EWG(S)  EW5(S)  29-6V6 E(NVE(S)  BNS(S)  29+6V6

In the same way for N = 4, we obtain the expressions given in Proposition 3.7.

Proposition 3.7. We denote I := E (®(X)®(v/2X)) where X is a Gaussian centred variable with
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variance 1/3. Under Assumption (A2) when N = 4:

BviE) =g = 5 () ((20) sy = B () (22D

= 3% ) 3 w2 \ 3 24v/3m
S| A\ [T x100m — 57
) =pwis) =5 (51) (P )-

Consequently:

EN<(S)) EW<(S) 4 ° EWNeS) BEWNS)) o0 = 0-060,
E (NV5(S)) _ 50m(1 —2T) + 57

EV(S) o ~ 0.380.

3.8.8. Mean number of critical points above a level

We can also deduce exact expressions for the mean number of critical points above a level. For example
using (13) and (19) we obtain Proposition 3.8.

Proposition 3.8. Under Assumption (A2), for u € R, when N =2 and Ay — 3\3 = 0,

B (1, S)) = 'SJTA2¢1§ci>< 2u>

—u?/2 —u +oo ,—31%/2
E(N(u, 8)) = |S7|TA2 (“e LIC) +/ ‘ <I>(l)dl>

227 4 w27

—u?/2& —u +oo —31%/2
BNE(, 5)) — 12122 (“e o) _e +/ < q>(z>dz>

™ 2421 4 w2
ue=u’ /2 =
BE(N*(u, §)) = |S7|T/\2 ( N +%<I> (ﬁu))

Note that, in the same way, it is possible to obtain exact expressions for N = 3 and N = 4 using (20),
(21) and (22), (23), (24) and for Ay — 3A3 > 0 using (12).

4. Repulsion for random processes (N=1)

In this section we start by considering crossings of a level and then interpret critical points as crossings
of zero of the derivative.

4.1. Crossings

The process Y = {Y (¢) : t € R} that we consider in this subsection will be, in a second step, the derivative
of X. For this reason we can, in this subsection only, weaken our assumption by assuming only that Ag is
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finite. In addition we cannot assume that the variance \q is equal to 1. We define respectively the number
of crossings Ny and the number of up-crossings Uy of Y on [0, T]:

No = #{te[0,T]:Y(t)=0}
U = #{te0,T):Y(t)=0;Y'(t) > 0}.

We note A(p) the correlation function of crossings and A*(p) the correlation function of up-crossings (or
down-crossings equivalently). By the Kac-Rice formula we have:

A(p) E([Y'(0)Y"(p)|/Y(0) = Y (p) = 0) py(0).v() (0, 0),
A'(p) = EY(0)"Y(p)"/Y(0) =Y(p) = 0) py(0),y (1) (0,0)-

The result below appears in a hidden way in Proposition 4.5 or Section 5.2 of [8] or in [5].

Proposition 4.1. Under Assumption (A3), as p — 0
(o = N9)

A(p) = ,
(n) il
\2\3/2
Au(p) (/\6)‘2 /\4)

~ 4
= 120672 (A2) (Aho — A2)127

Proof of Proposition 4.1. We give only a sketch of the proof since most of the ingredients can be found
in the cited literature and since a proof will be given for higher dimension in Theorem 5.2 .
Define

v = Var(Y'(0)/Y(0) =Y(p) = 0) = Var (Y'(p)/Y(0) = Y(p) = 0),
w = Cov(Y'(0),Y'(p)/Y(0)=Y(p) =0),
D = v?—w?

We have for example from the expression of conditional density

det (Var (Y(0),Y(p),Y'(0))))

Var (Y(0)/Y(0) = Y(p) = 0) = — 3 =7 770) Y ()

Recall that Var denotes the variance-covariance matrix. And we use the following method (see [13]):
because a determinant is invariant by adding to some row (resp. column) a linear combination of other
rows (resp. columns) as p — 0,

det(Var(Y(0),Y (p), Y'(0))) = det(Var(Y'(0),Y"(0),Y (p) — Y'(0) — pY"(0)))
~ %4 det (Var (Y'(0),Y'(0),Y"(0))) .

In the same fashion
det (Var (Y(0),Y (p))) ~ p? det (Var (Y (0),Y’(0)))

yielding

p Ldet (Var(Y (0), Y'(0),Y"(0))) _ 5XoAs — A

17 det(Var(Y(0),Y'(0))) 7T 4n,

By similar calculations
o 1 det Var(Y(0),Y(0),Y"(0), Y(0)) _ 4 (eha — A2 (Aido — AB)
Y det Var(Y (0), Y'(0)) =7 1442012 ’
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-1
Py (v 0)(0.0) = o7 (27 /At Var(Y (). V(0)]) = p7" (20 Daha)
By direct calculations we have w ~ —wv. Using lemma 4.2 hereafter

D3/2

6mv?2

E (Y'(0)*Y/(p)" /Y (0) = Y (p) = 0) ~
and
E(Y'(0)Y'(p)|/Y(0) =Y(p) =0) =

+o0 +o0 0 “+o0
2 / / WLp(y,, v dy, dyy — 2 / / (o, v dydy = v,
0 0 —o0 JO

where p is the density of the centred Gaussian vector with variance ( Z) 15 ) . This achieves the
proof. O

Lemma 4.2. Let X,Y be two jointly Gaussian variables with common variance o and correlation c.
Let v a positive real. Then as ¢ — —1

E((XTY ™)) ~ K02 (1 — @)@ 0/2 = 57204 (det(Var(X, Y))) * V2,
where

+o00 +o00
KT—2 / / a:yexp ( —;)>dxdy<—|—oo, K, =1/6m.
T

Proof of Lemma 4.2. By homogeneity we can assume that ¢2 = 1. Then

oo phoo 1 x2 — 2cxy + 32
E(XTYH)r :/ / x” riex <f—>dxd
(( )") VO 2(1_02) y

—+oo
(].—C (2’!‘+1)/2/ / " y exp ( —;y) )dl‘dy7

| 2

where we have made the change of variables = = z/(1 — ¢®)'/2, y = y/(1 — ¢?)/? and the passage to the
limit is justified because the integrand is a monotone function of c. It is easy to check the convergence of
the integral. ]

4.2. Critical points

By applying Proposition 4.1 to the derivatives of X we get directly the following proposition

Proposition 4.3. Let A°(p) be the correlation function between critical points and A°(p) the correlation
function between mazima (or minima equivalently). Under Assumption (A4) and as p — 0

c (A2As — A7)
A(p) ~ 787“/)\47 ; (25)
A%(p) = Dshs — A0 (26)

129672(A2) (Mg A2 — >\2)1/2p

The interpretation of the proposition is that we have always repulsion between critical points and a very
strong repulsion between extrema. As we will see, the surprising result is that does not remain true in
higher dimension.
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5. Correlation function between critical points for random fields
5.1. All the critical points

Consider X = {X(t) : t € R} a stationary and isotropic Gaussian field with real values as defined in
Section 2. Let us consider two points s, € RY. Because of stationarity and isotropy we can limit our
attention to s = 0, t = pey, where ey is the first vector of the basis. Let £(0),£(t) a representation of
the distribution of V2X(0), V2X (¢) conditional to VX (t) = VX (s) = 0. Before giving our theorem we
present in Lemma 5.1 the result that we need on the distribution of (&;;(t),&w(s), 4,4, k,l=1---,N).
The proof of this lemma is detailed in the appendix.

Lemma 5.1. Under Assumption (A3), for j #k and j,k # 1, as p = ||t|| = O:

)\N)\N
det (Var (VX (0), VX (1)) = p* T

> (AeA2 — A7)

2 _E)\2
Var (§11(t)) ~ pZ 7(9)\6)\2 5X)

, Var (&,(t)) ~ PZ , Var (&;;(t)) ~

A2 45X 9 3
(28)
11X2A¢ — 1572 2\
Cov (a1 (1), &5(1)) = p* =14, Cov (&;(1), &r(1)) = =57, (29)
1802 9
All the other covariances Cov(&(t),Emn(t)) are zero, Vi, l,m,n € {1,...,N}. (30)
We have of course the same relations for £(0).
Moreover we have Vj, k € {2,...,N} and Vi € {1,...,N}; as p = 0,
Cov (§x(0), &k (1)) = Var (§x(t)) , Cov (£1i(0), &14(t)) ~ — Var (&1i(t)) , (31)
1502 — Xo\ 2 .
Cov (€11(0), &5 (1) = p* = eoy . Cov (&;;(0). &uk(t) = 5% Jor j # k. (32)
1802 9
All the other covariances Cov(&;(0),Emn(t)) are zero, Vi, l,m,n € {1,..., N} (33)

Theorem 5.2 below, gives the asymptotic expression (as p — 0) of the correlation function between critical
points of any isotropic Gaussian field. It generalizes the result of [11] to general fields and any dimension.

Theorem 5.2. Let A°(p) be the correlation function between critical points. Under Assumption (A3)

and as p — 0,
N
() 0 2-N__ IN-1 [Ar) (A2de — AD)
A%p) = 0" Sigtn—n o N ( )\2> SV (34)

where yny_1 is defined by
n-1:=E (det’ (Gn_1 — Aldy_1)) = E (yn-1,2(A)),

with Gy—1 a (N — 1)-GOE matriz, A an independent Gaussian random variable with variance 1/3 and
yN—1,2 15 defined in (54). Expressions for yn_1,2 are given in Appendiz A, Lemma A.1.
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Remarks:

e Of course when N = 1, we retrieve (25).

e In the particular case of the random plane wave (N = 2), our result coincides with the result of
[11], formula (4) and [12], Theorem 1.2.

e Theorem 5.2 means that, for N = 2, there is a neutrality between critical points and for N > 2
there is even attraction! This is quite different from the case N = 1. The next theorem will give an
interpretation of this phenomenon.

e A first important consequence is finiteness of the second moment of the number of critical points.
Indeed if S is a compact set of RY we can write the Kac-Rice formulas of order 1 and 2, (5), (1),
(2). If N¢(S) is the number of critical points that belong to S then

E(N*(5)) = |S|E (|det V2 X ()])pvx ) (0)

and

E ((V(S)W(S) — 1)) = /S A°(|s — t])ds dt. (35)

Since A4 is assumed to be finite, the expectation is always finite. As for the second factorial moment,
its finiteness is in general not systematic. In our case (34) implies the convergence of the integral
in (35) on the diagonal implying in turn the finiteness of the second moment. Nevertheless our
conditions are less general than [23] or [6].

Proof of Theorem 5.2. For the simplicity of the exposition we admit in a first step all passage-to-the-
limits. They will be justified at the end of the proof.

By (2)

A(p) = E (| det(£(0)) det(£(1))]) pvx (0).vx (1 (0,0), (36)
with ¢ = pe;. We recall that £(0) and £(t) are a representation of the conditional distribution of the
Hessian at 0 and ¢. Because of (27),

Pvx(0),vx(t)(0,0) ~ pNZW=D/2\ N2 N2 (97 =N, (37)

It remains to study the expectation in (36). We denote by £_1 (¢) the (N —1)x (N —1) matrix corresponding
to the Hessian matrix £(¢) without its first row and column.

Let us develop det (£(¢)) with respect to the first row, for example. The first term is &11(¢) det (-1 (¢)).
Consider another term and develop it now with respect to the first column. Each of the N — 1 terms that
appear are products that include a factor & ;&1 with j, 7’ # 1 so because of (28) they are O,(p?). As a
consequence we have proved that

det (€(1)) = 11(£) det (€ 1 (1)) + Op(4?).
By Lemma 5.1 and (28) we have:

Et) = ,/23& (Gn_1 + Mdy_1), (38)

where A is a N'(0,1/3) random variable and Gn_1 is a size (N — 1) GOE matrix defined previously. So:

2

(N-1)/2
3 > det (GN,1 —AIdel). (39)

det (€ 1(1)) ~ (
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The order of magnitude of the first term in the development of the determinant is then p.
In conclusion we have proved that

det (£(1)) = Op(p) = &u1(t) det (€-1(1)) + Op(p?) (40)
det (£(0)) det (£(1)) = Op(p®) = &11(0)11(t) det (€-1(0)) det (€-1(1)) + Op(p%).

By Lemma 5.1 and (31), (29), (30):
Corr(£11(0),£11(t)) — —1, Corr(§,x(t),&x(0)) = 1, V5,k€2,...,N,
Cov(&i1(t),&55(t) = O(p?), Cov(&ur(t),&n(t)) =0Vji#k€l,...,N.

Then:

det (£(0)) det (&(t)) = —&11 (1) det® (€-1(2)) (41)
E (| det (£(0)) det (£()) |) = Var(é11(£)) E (det® (€-1(1))) ,
Equations (28), (39) and (54) give (34).

Passage-to-the-limit: Since we are in the Gaussian space generated by the random field X" all the variables
considered above are jointly Gaussian. So their absolute values are bounded by the maximum in absolute
value of a complicated bounded random field. General results about the maximum of random fields, for
example the Borell-Sudakov-Tsirelson theorem ([8] Section 2.4) implies that the maximum of its absolute
value has moments of every order, giving all the dominations needed. O

5.2. Correlation function between critical points with a given index

Theorem 5.3. Let A¥¥+1(p) be the correlation function between critical points with index k and critical
points with index k+ 1, k=0,...,N — 1. Under Assumption (A3), as p — 0,

k N 2

- _ A (A2A6 — D)
AR ) o 2N N1 \/7 I 42
(p)=p 943(N-1)/2 N Ao A2 4 ’ e

where | is defined by

Yr_1 =E (det® (Gno1 — Aldn-1) LiGn—atdn_1)=k}) = E (Yh_1.2(A)),

with Gy_1 a (N — 1)-GOE matriz, A an independent Gaussian random variable with variance 1/3 and
’y]k\,_L2 is defined in (55). Expressions for 7?\7—1,2 are given in Appendiz A, Lemma A.2, equation (57).

This theorem gives an interpretation to Theorem 5.2: the attraction for N > 3 is in fact due to attraction
between critical points with adjacent indexes.

Again, in the particular case of the random plane wave (N = 2), our result coincides with the result of
[11], formula (9).

Proof of Theorem 5.3. We can adapt the application of the Kac-Rice formula that leads to (2) to get
that

Ak,kJrl (P)

Pvx(0),vx(t)(0,0) E (| det £(0) L gi(¢(0y)=k} | det E@) L giecey)=k+13)
= —pvx(0),vx(1)(0,0)E (det (£(0)) Lii(e(0y=ry det E()Liice(y)=r+1}) -
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We can modify the computation of the determinant of £(0) in (40) to compute in place
det (5(0) - )\IdN)
det (£(0) — Mdy) = (£1(0) — A) det (€-1(0) — Adn—1) + Op(p®). (43)

Note that as p — 0, £(0) converges in L? (or a.s. if we use a Skorohod imbedding argument) to

Its eigenvectors converge to those of this last matrix. These eigenvectors are associated to different
eigenvalues so we can define properly the eigenvalue p; that tends to zero. Because of (43) with A\ = py:

(£11(0) = pr) det (€-1(0) — puldn—1) = Op(p®),
implying in turn that
p1 = &11(0) + Op(p?).
On the other hand, the others eigenvalues, say ps, ..., un, converge in distribution to that given by the

right-hand side of (38). This implies in turn that

Liiceon=ry = Lgii0)<0site_1 (0)=k—1} T L{g11(0)>05i(¢_1(0))=k}-

As a consequence, when computing E (det (£(0)) Lyi(e(0))=r} det £(¢)L(ie(t))=k+1} ), We have four cases to
consider depending on the signs of £11(0),&11(t). First we consider the case £11(0) > 0,&11(¢) < 0. We
have the equivalent of (41)

det (£(0)) det (§(2)) Ly, 0)>0,61 (1) <0t L i1 (1)) =i 1 (0))=k}
= &1 () Liey, (y<ordet® (€-1(8) Liie_y (1))=r} + Op(p?),

giving

E (| det (£(0)) det (£(£)) [ {11 0)>0,601 (<0} L (it 1 () =iCe 1 0)) =k} )
= 1/2Var(&1(1) E (det” (€21(1)) Liie s (1))=k3) + O(p°).
This gives (42) as soon as we have checked that the three other cases give smaller contributions which is

direct.
O

We give now some bound for the case of extremes indexes: maxima and minima. We believe that, in fact,
this bound is sharp but we were unable to find a simple proof of that.

e Assumption (B1): The distribution of (X1(0), X111(0), X221(0), X331(0),..., Xnn1(0)) is non de-
generated. This condition is equivalent to (see (50)):

Bi :=3(N 4+ 4) XX — 5(N +2)A2 > 0.
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e Assumption (B2): The distribution of (X1111(0), X11(0), X22(0),..., Xnn(0)) is non degenerated.
This condition is equivalent to (see (53)):

By := 25(N + 2)M\ A — 3(ON + 16)A\2 > 0.

Theorem 5.4. Let A% (p) be the correlation function between minima and mazima. Under Assumptions
(A4) and (B1), as p — 0,
AN (p) < K (N) x p*N 7, (44)

where K1(N) is a constant depending on N .
Upper bound (44) proves strong repulsion between maxima and minima.

Theorem 5.5. Let ANN (p) (or A%%(p)) be the correlation function between mazxima (or minima). Under
Assumption (A4) and (B2), as p — 0,

A0 (p) = ANV () < Ko(N) x 7N, (45)

where Ko(N) is a constant depending on N.
Upper bound (45) proves repulsion between maxima (or minima) for N < 5 and suggests neutrality for
N =5 and attraction for N > 5.

Note that, for N = 1, (44) and (45) retrieve the behavior in p and p* obtained in (25) and (26).
In the particular case of the random plane wave (IV = 2), the bound (44) is weaker than [11], formula
(8), while (45) is sharper than [11], formula (5) or [12], Theorem 1.5.

Before giving the proofs of Theorems 5.4 and 5.5 we give the following lemma which is obtained by
derivation as in Lemma 3.2

Lemma 5.6. Under Assumption (A4)

Var (Xo, ..., XN, X12, X13, ..., Xan, Xo2, X33, ..., Xy, Xu1, X1, Xv, Xago, Xass, -, Xavw, Xi11)

) A ~
= diag <>\21dN—1, ?IdN—hM(N-',-l)v M(N+1)) )

where
—X¢/b
2)\4 )\4 :
Mgy + 24 :
M1y = Var(Xag, Xa3,. .., Xvn, Xi1, Xiin) = < 3 N3 N’N> —Xe/5
)¢
/5 .. —Ae/5 —Ag As
and
o M3 —MJ3 =\
—A4/3 A6 /5
. ) 2X6 A6 )
Mn41) = Var(Xy, X122, X133, ..., Xaivw, X111) = : ﬁIdN‘FBJN,N :
—A1/3 X6/5

-4 >\6/5 /\6/5 A6
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Proof. The result is obtained by derivation as for establishing (7). O

Proof of Theorem 5.4. We use the classical result of linear algebra. If M is a positive semidefinite matrix
of size N:
det(M) < Mu X oo X MNN~

As a consequence for any symmetric matrix M
det(M")Lgian=oy < (M11)T x -+ x (Myn)*t . (46)
By Kac-Rice formula (4):
AN (p) = pox(0),vx(1)(0,0) E (| det £(0)[1 rsv2¢(0))=0y | det E() L gigv2e(ey=ny) -
We have:
AN (p) < (=) pux(0),vx(1)(0,0) E (651 (0)655(0) - - -5 n (0)13 (1) (8) - - En (1)) -
By Cauchy-Schwarz inequality and symmetry of the role of 0 and ¢ we obtain:
A"N(p) < (=1)¥ pyx0),vx(1)(0,0) E (65,(0)25(0) ... & n (0065 (1) - Exn (1)) -

By (37) we have pyx(0),vx)(0,0) = O(p™™). Let us now prove that

I, =B (£1(0)%5(0) ... €5 (0)855(8) - £y n (1)) = O™ ). (47)
We set f ( 11(0), 522(0) (t) €33(0),&33(t), .- -, Enn(0),Enn (1)), & the ith coordinate of £ for i =
1, &_; (resp. .j)) the vector ¢ without its ith (resp. ith and jth) coordinate(s). We set

Zp = Var(f).

e Equivalent of det(X,) as p — 0

det Zp = det Var(fn(O), 522(0)7 fgg(t)7 533(0)7 fgg(t), e >€NN(O)7 gNN(t))
- detVaY(Xll(O),XQQ(O),XQQ(t), . ,XNN(O),XNN(t),Xl(O), ey XN(O),Xl(t), . ,XN(t))
B det Var(X1(0), ..., Xn(0), X1(1), ..., Xn (1)) '

For short we set X; := X;(0) and X;; := X;;(0). By analogous techniques as those used in the proof of
Lemma 5.1 we obtain:

ﬂdetva'r(Xlw~'aXN7X117X227~"7XNN7X217'"7XN17X1117X2217"'7XNN1)

det X, ~
¢ ’ 4 detVar(Xl,...,XN,XH,...,XNl)
_ ﬂdetVar(Xg,...,XN,Xgl,...,XNl,XH,...,XNN) X detVar(X221,...,XNNl,Xl,XHl)
4 detV&I‘(Xl,...,XN,X117...,XN1) '

By Lemma 5.6 we have:

detVar(Xl,...,XN,XH,.. XNl)—/\N)\4 (/;)4>

1 (A
detVar(Xz,...,XN,Xgl,...,XNl,XH,...,XNN) = (/\Q)N ! <4

N—-1
3) xdetVar(XH,...,XNN).
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Let Jy be the (N x N)-matrix with all elements equal to 1. By Lemma 5.6 we have:

2\ A
Var(Xll,ng, N 7XNN> = 74103]\] + ?JN
For z,y € R it is well known that:
det(zIdy +yJn) = ¥ " (z + Ny). (48)
So we have: N1
2\ T 2A A
detVar(Xll,ng,...,XNN): = 74—|—ZV*4 .
3 3 3
By Lemma 5.6 we have:
detVar(Xl,Xlu,ngl,...,XNNl) = det |: 411 412 :|
A21 A22
I I VAR Vi N [ VY SERTRURS Y- 2 (- 2 Ao
with A11 = |: —A4 )\6 :|,A12 = |: )\6/5 . )\6/5 7A21 = A12 and A22 = 15 IdN,1+15JN,1.
All A12

Then using the fact that for a partitioned matrix A = } we have (see [32] p.46):

A21 A22
det A = det A11 X det(AQQ — A21A1_11A12) (49)

we obtain

2\ 6A2A2 — 106 A2
det Var(X1, X111, X221, - -, Xvn1) = (Aade — A7) x det (156[le + Jn_1 (2664)>

225(Aahg — \2)

and finally using (48)

206\ V72 6(N + 4) AN — 10(N + 2)A6A3
15 225 '

det Var(X1, X111, Xo21,..., XyN1) = (

Therefore:

an (V4 2)22N 4 AT
9N5N o

detX, ~p (3(N +4)A2Xe — 5(N +2)A]) =: p*Ng.
Note that, under Assumption (B1), g > 0.

e Equivalent of ¥ as p — 0

Using the classical expression of conditional variance and covariance

. 1 det Var(£_;)

(=, )u - Var(&; /6_;) - det Var(€)

(1) = ZCEnE/Eip) | Varl&/E ) +Varl&y/E i) — Varl& +6/6 )
P74 et Var (&, &5/ i.5)) 2det Var(&;, &/¢.5))

_ det Var(é_j) + det Var(£_;) — det Var(¢; + gja g—(i,j))

2 det Var(§)
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We set X = (XH(O),XQQ(O),XQQ(t),ng,(O), X33(t), N ,XNN(O),XNN(t)). We obtain:

(271) 7detVar( —i/VX(0),VX(t))
Pl det Var(X/VX(0), VX(t))
_det Var(X_;, VX (0), VX (t))

~ “det Var(X,VX(0),VX(2)

Since X is independent of X5(0),..., Xnx(0), Xa(t),..., Xn(t) (see Section B.1.3) we get:

(5 = det Var(X_;, X1(0), X1 (t))
P2E e det Var(X, X1(0), X1(t))

(=) = det Var(X_;, X1(0), X1(t)) + det Var(X_;, X1(0), X1(t)) — det Var(X; + X;, X_(;.), X1(0), X1(t))
Pl 2det Var(X, X1(0), X1 (t)) '

By analogous techniques as those used in the proof of Lemma 5.1 we obtain for j =2,...,N; as p — 0:

1 4detVar(X1,X221,...,XNNl)

— = —a
p? det Var(X1, X111, Xoo1,..., XnvN1) P2
1
72

(1), =

(271) N detVar(Xl,ngl,.. XNNlaXlll) . 1
r )i

det Var(X1, X111, X221, ..., Xnvn1)  p2

Note that a and b are positive because of the non-degeneracy hypothesis (B1). For the covariances:

1
71 ~
O L
3 a+b detVar(Xy, Xas1,..., Xyn1, Xoor + X111/2) )\ _ id
,02 4 detVar(Xl,X221,.. XNN17X111 p2
2 fa+b detVar(Xl,X331,...,XNNl,ngl X111/2 1
il — ¢
,02 4 detVar(Xl,ngl,.. XNN17X111 p2
o1 b_ 1detVar (X1, Xaa1, .., Xnvn1, X1, Xoo1 + Xs31) _. ie
- p? detVaT(Xthzh-~-,XNN17X111 p?
~ 1 (p_ ldetVar (X1, Xaa1, s X, Xann, Xoor — Xazn) _. if
o p2 detVar(Xl,ngl,...7XNN1,X111 p2
Moreover it is easy to verify that fori=1,..., N — 1:
-1 -1
(EP )21‘,214-1 (Z/J )23’
fori=2,...,N:
-1 -1 -1 -1
(Ep )1 2i—2 (Zp )12’(2;) )1 2i—1 (Ep )137
fori=1,...,N —2:
-1 _ (v—1 -1 _ (y—1 -1 _ (y—1 -1 _ (y—1
(Ep )2i72i+2 - (EP )24 ’ (ZP )2i,2i+3 - (Zp )25’ (EP )2i+1,2i+2 - (Zp )2i,2i+3’ (EP )2i+1,2i+3 - (Zp )2i,2i+2'
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Now, we compute a,b, c,d, e, f. For a, we have:

det Var(Xl, X221, Ce. 7XNN1) = det Alrl A12
Ajy  As
i 2)6 A6 .
with A1 = A9, A1p = [ —\/3 o, —A4/3 ] and Asy = 1—5]dN + 1—5JN. Using (48) and (49) we
obtain:

2A6>N‘2 3(N + 1)Aadg — 5(N — 1)A?

det Var(X1, Xo21, ..., Xnn1) = ( 15 45

Using (50) we deduce:
10 (B3(N + 1)A2Xg — 5(N — 1))
A6 (B(N + 4)A2Xg — 5(N +2)A7)

a =

Following the same lines we obtain:

15 (B(N +3)Aa)s — 5(N + 1)A3)
226 (B(N 4+ 4)A2h6 — 5(N +2)A2)’

and:
15 (3A2X6 — 5AF)

X6 (BN +4)A2h6 — B(N +2)A3)

c=—-d=-2e=2f=

Because of our hypotheses a,b > 0, the sign of ¢ is not determined. Therefore:

-1 -1
R
where:
[ a  —c c —c c ol . —c c |
—c b b —c¢/2 /2 ... ... —c¢/2 ¢/2
c -b b ¢/2 —¢/2 ... ... ¢/2 —¢/2
- —c —c¢/2  ¢/2 b -b —c/2  ¢/2
= c  ¢/2 —c¢/2 —b b c/2 —c/2
—c —c¢/2  ¢/2 b =b
c  ¢/2 —¢/2 -b b |

e Formal passage to the limit

We denote by pg(z) the probability density of € at z. We have

1 1
. — _ = 271 T
)= e, o (5%

and by equation (47), for k=1,...,N — 1:

I,= 22|23 ... |zan—1] pe(2)dz.

/21 >07Z2k>0722k+1 <0
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We make the change of variables z = pZ to get that I, = pBN_lfp with:

~ 22%5 ... Zon— 1
Ip _ 2172 22N -1 )) exp (_22(p22;1>2‘r) ds.

»/z:1>0722k>0,£2k+1<0 (\/%)2]\[_1 (detgi;,
p

det(3,)

p2N

ngfjl converges to X1 and (

) converges to g, positive, under our hypotheses. So the formal
limit is

J = (const)g_l/Z/

9~ - 1 4. -
zfzz ... ZoN_16€Xp (—ZE 127 dz.
21>0752k>0722k+1 <0 2

Performing the change of variable t; = Z3; — Z2;41 and remarking that
+oo t3

/ 2|2 | f(z — 2')dzd2’ = / — f(t)dt,
2>0,2/<0,z—z'=t 0 6

we get

J < (const)/

1
22635 5% exp (—Z*E*Z*T) dzidty ...dtn_1
21>0,t1>0,...,ty—-1>0 2

T
a —cly_y

x . * o
where 2% := (21,t1,...,tn—1) and X* := ( —cln_1 M

) with M = (b+C/2)IdN_1 - (C/Q)JN_l.
Note that the eigenvalues of M are

e (b+c¢/2) which is positive because when developping its expression, its numerator and denominator
are proportional to By > 0, see Assumption (B1).
e (b+c/2) — (N —1)c/2 which is positive because its numerator is equal to 225/2(AaAg — A2) > 0,

proving that M is definite positive.
4o

—— >0 ¥
)\2)\6_)\3 >0, so

It is easy to prove that its Shur’s complement (a — ¢?15_; M ~*1y_1) is equal to

is definite positive. Finally

1
/ 2S5 exp (—Z*Z*Z*T> dzidty ... dtn—q
21>0,t1>0,...,tn—1>0 2
1
< / 2t Pt .. Jtv_1]® exp (—Zz*E*z*T) dzidty ... dtn_1.
RN

This last expression is finite because it is, up to some multiplicative constant, a moment of a Gaussian
variable.

e Domination

Performing the same change of variables but now with the exact expression, we get

~ 1
1, = (const) / 235t exp <—z*E;z*T> dzdty ... dty_1, (51)
21>0,t1>0,...,t N —1>0 2

with X7 — ¥*.
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As ¥* is definite positive, for p small enough, the smallest eigenvalue of X7 is bounded-below by a positive
quantity, say Q. Then a domination of the integrand in (51) is given by

Qll=*|P?
2 )

243,3 3
Zitity . ty_exp —

giving the result.
O

Proof of Theorem 5.5. We follow the same lines as in the proof of Theorem 5.4. By Kac-Rice formula (4):

A%Y(p) = pyx(0),vx(t)(0,0) E (| det £(0) 15 (v2e(0y)=0y | det £(E) | Lgs(v2e(s))=0}) -

Using (46), Cauchy-Schwarz inequality and symmetry of the role of 0 and ¢ we get:
A% (p) < pux(0),vx(t)(0,0)E (& 0)&f (1)E5(0)2 .. &5 n (0)%)
By (37) we have pVX(O),VX(t)(07 0) = O(p*N). Now let us prove that
I, == E (&1 (0)&1 ()€5(0)% .. x5 (0)%) = 0(0%). (52)

We set € := (£11(0),£11 (), £22(0), &33(0), ..., Enn(0)), & the ith coordinate of £ for i = 1,...,N + 1. We
set ip := Var(¢).

e Equivalent of det(ip) as p— 0

By the same arguments as those used in the proof of Theorem 5.4 for the calculation of the equiva-
lent of det(X,) (see (48) and (49)) we get:

det(i ): pie’detVar(Xl,Xln)detVar(XH,ng,...,XNN,X1111)
P 144 det Var(X1, X11)

det(i}p) ~p

I
A
Qc
—

ot
w
S~—

6 (ade —A3) 20\ VT (25(N +2)0As — BN +16)A3)
A2 3 10800 ' '
Note that g > 0 under Assumption (B2).

o Equivalent of i;l as p—0

v 9

9 A, B o A, B v o
We set ¥, = [ L2 °°F d >yt = por here A, and A 2 x 2, B, and B
e set X, (B; Cp> and X, (B;'— Cp) where A, an p are 2 X » an » are
2x (N —-1),C,and C, are (N —1) x (N —1). We have:
$-1— [ 5 (ip_vépv_vlé;)_l _(‘ipv_ép :p__l_lvé;r):l up vp_l
P —C’*lB;—(Ap—B,,C’*lB;)*1 (CP_Bp A;IBP)*l

All the elements of flp, Ep and é’p are given by Lemma B.1. By direct calculations we obtain:

$-1 ~ A/p*  B/p?
— BT/p2 C )
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where A is the 2 x 2 matrix with all elements equal to d, B is the 2 x (N — 1) matrix with all elements
equal to d, C is the (N — 1) x (N — 1) matrix C' = (b — &) Idy_1 + &Jy_1 with:

900A4(N + 2)
25(N +2)Aghs — 3(9N + 16))\2

a:=

i3 < 25(N + 1)AAs — 3(9N + 7)AZ )
20 \25(N 4+ 2)Ashs — 3(9N + 16)A2
p_ 3 ( 25A4\s — 2TA2 )
20 \25(N 4+ 2)Ashs — 3(9N + 16)A2
CZ o —90)\6

25(N + 2)As)s — 3(9N + 16)A2

e For the passage to the limit we proceed as in the previous theorem:

We perform the change of variable 51 = p2z17§2 = p%2, Ek =z for k=3,... N + 1, to get that:

v

1 e
I, = p5(const)/ zlzgzg ... z]2V+1 exp <ZT21z) dzy...dzny1
2, >0,k>1 2

V_l._ A B

Performing the change of variables t = z1 + zo we get:

where

I,= p5(con5t)/

1. .o
3.2 2 Ckk ux T
123 ... 241 €XP <22 3*Z dtdzs ...dzny1
t>0,23>0,...,z2n4+1>0

y o di},
here 2% := (t,23,...,% and 3 .= (¢ N
w (125, 2av11) (o, %
First we have to check that the matrix C' is definite positive. This is equivalent to
¢« b—¢>0
e b—C+ (N —-1)¢>0,
which are both a consequence of the positivity of Bs, see Assumption (B2).
Second it is easy to check that the Shur’s complement (Zz - ci2]l;_1C’1IlN,1> is positive. We deduce

that ©* is definite positive. The proof ends as in the previous theorem. O

Appendix A: Some results on random matrices

Forl e R, p =1,2 let us define
Ynp(l) := E (det? (G,, — UIdy,)) (54)
and:
v (1) == E (det? (G, — Udy) Lii(c,—i1d,)=k}) - (55)

Expressions for the calculation of (54) are given by [28] and [27]. In this section, we recall their results
and generalize them for the calculation of (55).
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Let H,(z) be the nth "physician" Hermite polynomial: H,(z) = e” (—d/dz)" e * . Define R, the

polynomial of degree n such that:

Hy,
Ron(z) = ;27(133)
Hop(z) — HY,
Ropyi(z) = it (m;n 2 (x)

Define also

_21 2n(2n)\ﬁ

[ ()

Now we state the following lemma due to [28], formulas 2.2.16 and 2.2.17:

Lemma A.1. Using the notations above, for | € R:
1. Forp=1 and n=2L:

H
")/QLJ(Z):]{ZQL(QL)!XT()X oo X1 X 22L

Recall that kop, is given by (9).
Forp=1andn=2L+1,

L
Yor+1,1(1) = —kar41 (20 + 1)! Z (92jR2j+1(1) — g2j41R25(1)) x H T
7=0 i€{0,...,L}\j

2. Forp=2 andn = 2L:

247

L
<H2] + Hy, ()2 = sza)ng(z)) ST -
1€{0,...,L}\j
and forp=2 andn =2L+ 1:
925 Roj(l)  Ry;(D)

L
Yor41,2(1) = karp1 (2L + 1)1 x Y [T v det| gojir Royjra() Ry (D)
7=0 \é€{0,....L}\j 92r+2  Ropta(l !

) Rapio(l)

Now we generalize Lemma A.1 to obtain an expression for 7,’%([) for p =1 and p = 2. For simplicity we
give these expressions, (56) and (57), using the simplest family of polynomials P;(z) = 2%, i = 0,1,2,.. ..
Note that equation (58) gives the general expression for 4} (1) for p =1 and p = 2, valid for any family
of monic polynomials P;(x). We recall that a monic polynomial of degree i is such that the coefficient of

the highest power ¢ is equal to one.

Lemma A.2. Forl € R we have:

n+1

Tal) = kand (=) ST PF(BE)

KEJ-'k(n)

(56)
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where I = {1,...,n+1}\{i}; BE(l) is the matriz B (1) defined in (15) and (16) with J = I; Pf (BE (1))
is the Pfaffian of the matrix B}K(l) defined in (14); Fr(n) is the set of the parts of {1,2,...,n} of size k
and ky, is given in (9). Moreover we have:

o) =kanl D elon)(iz — i)"Y Pf(BF() (57)

T€F2(n+2) KeF(n)

where I = {1,...,n+2}\1, o7 is the permutation of (1,2,...,n+2) such that orl@,2) (resp. o1l(3,...n42))
is an increasing one-to-one mapping from (1,2) on I (resp. from (3,...,n+2) on 1), e(oy) is the signature
of the permutation oy and i1 and iy are the ordered elements of 1.

Proof of Lemma A.2. We set Qi(l) = {(ps,i = 1,...,m) € R" : #{i : p; — 1 < 0} = k} and O(l) =
{(piyi=1,....,0n) €R™: g <po < .. < g <T< pgy1 < ... < upt. Using (8) we have for p =1 or 2:

Yo (1) :=E (det? (G — Udn) LG, —11d,)=k})

=/ T = 07 fupns s pn)dpsn - dpr,
Qr(l) ;24

n n 2
:knn!/ D) ) ex <Zi—1“i>d o du,.
o il;[l(u P Il (s —mi)exp 5 por .. dp

1<i<j<n

We set hp—1(tj) = Pr—1(t5) exp (—u?/2) with P,—1(p;) = ,ujmfl and Pr(nsll denotes the sth derivative of

P,,—1. We construct the (n+p) x (n+p) matrix [hm_l(,uj); P,(szl(l)} L.\ by the concatenation
, 1

1,..., n+op

of the (n+p) x n matrix [hy,—1(1;)] n and the (n+ p) X p matrix [Pr(nsll(l)} L

m=1n =0
Then calculating det [hm,l(u]—); Ps)q(l)] i=1...m as a Vandermonde determinant we obtain:
s=0,..., p—1
m=1,..., n+p

) = bt [ (=1 det s () PO

Ok (1)

The integrand is the same on each orthant up to a change of sign. So:

y l) =k, (=1)"" S(\ttg — i) det |hpm_1 3 )i 7(718)_1[ J
i) = k1) [T st ) et s ) P2 0)

1<i<g<n m=1,...,n+p

We have for a (n + p) x (n + p) matrix D, for any J € Fp(n + p) fixed:

detD= > e(o)e(os)det[D]y, ;s det[Dl; 7,

I€F, (n+p)
where €(o7) is the signature of the permutation o; and o; is the permutation of (1,2,...,n + p) such
that o7|(1,... p) (resp. 0_1|(p+1,_”7n+p)) is an increasing one-to-one mapping from (1,...,p) on I (resp. from

(p+1,....,n+p)onl).
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So we have for J ={n+1,...,n+ p} fixed, e(o;) = (—1)"? and:

k _ S —
(1) = ks /Q T s — mo)»

k() 1<i<g<n

Z 6(0’[) det [hmfl(uj)} J e{1,..., n} det {Pgﬁl(l)} e=0,..., b1 d,u1 e

TeFp(n+p) melt

29

We note my, ..., m, the ordered elements of I := {1,...,n + p}\I. Remarking that each term of the n!

terms of det [Ay,—1(pt5)] je 1.y contributes equally to the integral, we obtain:
m € I

%’i,p(l)knn!/g( I s(ug—mi)x
k

D1<i<g<n

> elon) [ IThmaGu) | aet [P @0] ., | o

IeF,(n+p) j=1 mer

—kanl > eondet [P0] L, o, x
I€F,(n+p) mel

[ TL st s < | TL ) | i

() 1<i<g<n j=1

Now we follow the same lines as [16] section 4. Since for m the integer part of n/2 (see [16]):

H (M 1, Qmm' Z Z .717 s a]n (;U’jz /"LJI)

1<i<g<n Ji=1 Jn=1

S(/J‘j4 - Mj3) X X S(/J’jzm - Mj2m71)7

W) =kt S elon)det[P0] L, %

I€F,(n+p) mel

/ )Qmm,z Z Ty Gin)S (s = 1) X 8(thy = fry) X .o X

Jji=1 Jn=1
S(/’L.jZ'm. - :U’jszl) X hmlfl(ﬂl) X X hmnfl(/‘n)dﬂl s Pn

=k,n! Z €(or) det [PSL(I)] o=0,...,-1 %

IeF,(n+p) m eI
1 n n ) )
> /Qmm, Do D ol dn)s(s — ) X S(ia = ) X X
KeFi(n) T =1 jn=1

S(szm - :U’jszl) X hmlfl(l“)ﬂ{uleD{((M)} X ... X hmnfl(Mn)]l{u,,Lefo(u)}dlll ce

Finally, using the same arguments as [16] section 4, we obtain:

Y =kant 3 elon)x >0 PE(BEW) xdet |PSL O],

IeF,(n+p) KeFi(n) mel

fin

(58)



30 Azais and Delmas

That concludes the proof. O

Appendix B: Computation of the conditional variance-covariance matrix of the Hessian
and proof of Lemma 5.1

We give the steps to the computation of the conditional variance of V2X (0), V2X (¢). Some tedious but
easy calculations are not detailed. (see Lemma 8.5 of [8]). We denote r(p?), ' (p?), 7" (p?), 7" (p?) and
@ (p?) by 7, 7/, v, """ and r* for short. Jn.m is the "all-one" matrix of size n,m : (Jp m)ij = 1. The
elements of the gradient V.X(t) are denoted X/, i = 1,..., N. Those of the Hessian are denoted X%,
ij=1,...,N.

B.1. Unconditional distribution
B.1.1. Gradient

Var(VX(t)) = Var(VX(0)) = —2r'(0)Idy,
Cov(X1(0), X} (t)) = —2r" — 4p*” and Cov(X/(0), X/(t)) = —2' for i # 1.

2

Any other covariance is zero.

B.1.2. Hessian

We define Xj as (X{i,..., Xyy) and X}/ (as upper) as {X';,1 <i < j < N}. These two vectors are
independent.

Var(X ( )>:4 )(2IdN+JNN)
120" + 48p%r" + 16p*r™®) (4r" + 8p*r"") J1 (N1
Cov(X//( 1)) = (N=1)
OV( ) ( 4r”+8p2 ///)J(N—l),l 47“"(21de1 +J(N—1),(N—1))
Var(X;(0)) = 4" (0)Idn (v -1) /2,
Cov (X! (0), X! (t)) = di g((4r”+8p2r”’)IdN,1,4r”1d(N_1)(N_2) /2) -

B.1.3. Relation between gradient and Hessian

E (X11(0)/X1(0), X1 (1))
/ 2.1 /
- s (;, T 012"+ 80%) ( o ir4(p()2) ’ 27”_;‘,1(%{ ) ( ?{(0) )
(2" + 49%7) X (0) — 2¢'(0) X (1
4r'(0)2 — (2r' 4+ 4p%r"")?
=: (1201 + 8p3r"" ) K (t)
For i #£ 1:

(12p7“// =+ 8p37°m)

" _ 1 p —2r'(0) 27! X1(0)
B (L0/X10)X10) = g (5 oy ) (X))
2 X1(0) — 2 (0) X /(1)
2 (0)2 — 4(r')?
E (X4(0)/X41(0), X{(8)) = 4o K (1

= 4pr =:4pr" K;(t)
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We have equivalent formulas, reversing time, for example:

(=(2r" +4p*r") X1 () + 2 (0) X7 (0))

E(Xill (t)/X{ (t)v X{ (O)) = (12/)7”"—}-8/)37“”/) 4(7./(0)) (27./ + 4p27n//)2

=: (12pr"+8p°r"" K1 ().

Any other case corresponds to independence between gradient and Hessian.

B.2. Conditional distribution

Since the conditional variance-covariance matrix is equal to the unconditional variance-covariance matrix
diminished by the variance of the conditional expectation, we compute this last term only.

Let us consider for example the two terms £11(0),&11(¢). The 2 X 2 matrix to subtract is (12pr” +
8p3r""")? Var(K (t); K1(t)) with:

- B 1 —27’/(0) (27. +4p2 //)
Var (K (t); Ki(t)) = A0 (0))2 — (21 + dp2r7)2 < —(2r" + 4p*r") —27'(0) ) '

In the same way for ¢ # 1 :

Var(Ki(t); I_(z(t)) _ —2r'(0) —2r! ) .

—ie
4702 -4\ —2' -2 (0)

Giving the extra term to substract to get the following lemma

Lemma B.1. We note £;(¢) the vector (§11(t), ..., Enn(t)) and £,(t) the vector (flg(t), &13(t), ... ,f(N,l)N(t)).

The joint distribution of (£4(0),&4(0),&a(t), &u(t)) is centred Gaussian with variance-covariance matrix:

I, 0 Ty 0
0 Ty 0 Ty

rs o I't O
0 I'y 0 Iy
I'y is the N x N matriz:
1277(0)  4r”(0) -+ 47"(0)
" 7 . 207 (0
r, = 4r"(0) 4r"(0) : - 2prl() I V4
47“”(0) 47“”(0) 2[7" (0) - (7" +2r"p ) ]
4r"(0) - 4r"(0) 1277(0)
with
(127‘/I—|—8p2 ///) 4y //(12r//+8p2 ///) e Apr //(127,//+8p2 ///)
47.//(12,,,// + 8p2 /Il) 16T//2 . 167"”2
47"”(127‘” + 8/)27’”/) 16772 L. 16172
T’y is the (N D« (N_l) diagonal matrix:

FQ = |: Dol lg)g ] with D1 = <47’H(0) + w> IdN 1 and DQ (4’)"”(0)) Id(N—l)z(N—2) .
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We note a = 4r" + 8p2rm and d :=12r" + 48/)27“”/ +16p*r™M . T3 is the N x N matriz:

d a ... a
a 120" 47" ... A4y
. 3 2( 0 ! 2
T O 2 T (U Gl el 0 MY ¥
07 — 7+ 2]
S U T
a 4" o 4" 127"

Ty is the (N D« (1\2,_1) diagonal matrix:

_ 8 2 /
I, = [ 131 32 } with Dy = (a+€0)()) Idy_1 and Dy = 47" Id (n— v-2).

B.3. Proof of Lemma 5.1

First note that (30) and (33) are deduced from Lemma B.1 above.

B.3.1. Proof of (27)

det (Var (VX (0), VX (£))) = det(Var(X](0), ..., X (0), X/ (s)

~ det(Var(X}(0),. .., X (0), X, (0) + pX,(0), ..
(0),.

- Xn(s))
~ det(Var(X]

- X (0) + pX [y (0))
X3 (0), pX11(0); -, pX{y(0)))

~ p*N det(Var (X} (0 ) ...,X;V(O),X;’I(O), X (0)).

Using Lemma 5.6 we obtain (27).

B.3.2. Proof of (28)

We now consider the case of £11(t).

Va0 = Vo0 = SO 060150, X0
. ava(O)»Xﬁ(O)»PXn(O) + %Xlll( ), PX12(O) oo 7PX1,N(O)))
det (Var (VX(0),VX(t)))

det(Var(X7(0),..

N-1

)\N)\N
23N 1 / / " " "’

= m det(Var(X7(0), ..., X (0), X11(0), ..., X;5(0), X;11(0))).

det(Var(X{ (0), ..., X (0), X}, (0), £X111(0), X15(0), ..., X[ (0)))

2 (AAa2 — A2
By Lemma 5.6 we obtain Var (£11(t)) ~ %7( 6 2)\ 4). The other variances are obtained in the same
2
way.
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B.3.5. Proof of (29), (31) and (32)

e We consider Cov(&;;(t), &kw(t)) for j # k and j,k # 1. Since

Cov(&;(t), Err(t)) = % (Var (&;(t) + &rr(t)) — Var(&j;(t)) — Var(&xx(t)))

and since, by (28), Var(§;;(t)) = Var(&gx(t)) = %, we just need to calculate Var(&;,(¢) + &kr(t))-

de Var(X X, b XN(0), X1 (1), ..., X

_ det(Var(X55(0) + X5.(0), X1(0),...., X7 (0), pX11(0), pX15(0), . .-

B det (Var (X1(0),... ,X;V(o), pxg’l(o), pX15(0),...,pX{x(0)))
), -

! -, X1n(0)))
)

_ det(Var(X;(0) + X;;,(0), X{(0), - .-, X7 (0), X31(0), X15(0), - ..,
det (Var (X{(0),..., Xx(0), X1,(0), X15(0),. .. ,X;’N(O))

By Lemma 5.6 we have

det(Var(X;(0) + X, (0), X7(0),..., X4 (0), X11(0), X15(0), ..., X (0)))

\,\ V-1 . "
= (34> A3 det(Var(X 1, (0), X;;(0) + X;.(0))),

1" 1" 1" 20)\421
det(Var(X;(0), X;;(0) + X1, (0))) = ——,

and

1" " " ANAN
det (Var (X1(0),., X4 (0), X11(0), X1(0), .. X;x(0)) ) = Z52%

A 2\
1 implying Cov(&;;(t), &rr(t)) ~ 74. In the same way we

Finally we obtain Var(&;;(t) + &er(t)) ~ 9

obtain Cov(&;;(0), & (t)) ~ % and (31).

211)\2)\6 152

1800 for j # 1. We have, for j # 1 (see Section

o Now let us prove that Cov(&11(¢),&;;(t)) ~
B.1.3):

Cov(X;(0), X/(0)) =0, Vi € {1,...,N}

COV(ij(O)7Xz{(S)) = 4107"” (p*)01i = azdy;.

And with Section B.1.1 we deduce:

"

det(Var(X1(0),..., Xx(0), X{(s),..., X} (s), X;,(0)))
Var(g;(0)) = det (VaIJ“V (VX(t),VX(s)))N
_ det(Var(V_(1)X(0), V_1)X (s))) x det(Var(X{(0), X{(s), X;;(0)))

( JJj
det (Var (VX (1), VX(5))) ’
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where V_ (1) X denotes the gradient without its first coordinate. Similarly:

Var(£11(0)) = det(Var(V_(1)X(0), V_(1yX(s))) x det(Var(X{(0), X} (s), X;,(0)))
wn B det (Var (VX (t), VX (s)))

and:

det(Var(V_1) X(0), T_ 1) X (5))) x det(Var(X4(0), X} (5), X{,(0) + X}, (0)))
Var(&1(0) +€5(0)) = det (Var (VX (1), VX(5))) : :

It is easy to verify that:

8 8
= §A4)\§ —Xo(ag +ag)? — §A4ﬁ%

det(Var(X7(0), X1 (s), X11(0))) = AaA3 — Aaaf — g5
det(Var (X} (0), X! (s), X;’j(o))) = MA2 — Xoad — A2,

det(Var(X7 (0), X7 (s), X1(0) + X;;(0)))

where 81 = =21 (p2) — 4p%r" (p2), a1 = 12pr" (p2) + 803" (p?) and ay = 4pr’” (p?). We deduce:

1 1
det(Var(V_1)X(0), V_1)X (s))) x (3@\3 — Aeaiag — 3&55)

Cov(£11(0),&;;(0)) = det (Var (VX (t), VX (s)))

It is easy to check that:

1 1 11 \3
§>\4>\§ — A2onap — gMﬂf ~ p* (180/\2)\4>\6 - 13) .
We deduce, using analogous arguments as in Section B.3.1, that Cov(£11(0),&;;(0)) = Cov(&11(2),&j5(t)) ~
180X, '
2101 — Mg

In the same way we prove Cov(£11(0),&;;(t)) ~ p 150X
2
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