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MEAN NUMBER AND CORRELATION FUNCTION OF CRITICAL POINTS
OF ISOTROPIC GAUSSIAN FIELDS AND SOME RESULTS ON GOE
RANDOM MATRICES

BY JEAN-MARC AZAis' AND CELINE DELMAS?
Unstitut de Mathématiques de Toulouse, Université Paul Sabatier, jean-marc.azais @ math.univ-toulouse.fr

2Mathématiques et Informatique Appliquées Toulouse URS75, INRAE, celine.delmas.toulouse @inrae.fr

Let X = {X(¢) : t € R™} be an isotropic Gaussian random field with
real values. In a first part we study the mean number of critical points of
X with index k using random matrices tools. We obtain an exact expression
for the probability density of the kth eigenvalue of a N-GOE matrix. We
deduce some exact expressions for the mean number of critical points with a
given index. In a second part we study attraction or repulsion between these
critical points. A measure is the correlation function. We prove attraction
between critical points when N > 2, neutrality for N = 2 and repulsion for
N = 1. The attraction between critical points that occurs when the dimension
is greater than two is due to critical points with adjacent indexes. A strong
repulsion between maxima and minima is proved. The correlation function
between maxima (or minima) depends on the dimension of the ambient space.

1. Introduction. Critical points of random fields play an important role in small or large
dimension. In large dimension data they appear in the study of algorithms of maximisation
of the likelihood [13, 29]. In smaller dimension they play a role in many applications from
various areas: detection of peaks in a random field [16, 32, 33, 34], optimisation of a response
modelled by a random field [19], modelling of random sea waves [24, 7, 28]. Critical points
and their indexes are an important element of the geometry of random fields. They appear in
the computation of the Euler characteristic [2, 18]. They are a subject of study on their own
asin [27, 3, 11, 17].

Let X = {X(t) : t € RV} be an isotropic Gaussian random field with real values. If we
look at the repartition of the critical points of X" as a function of their index in dimension
two, considerations of symmetry and of Euler characteristic (see, for example, [1], lemma
6.1.1) imply that if N(S), N§(S), N5(S), NY(S) are respectively the number of critical,
minimum, maximum and saddle points on a given set .S

1) ENG(S)) = BVE(S)) = 5 BN (S)) = ; EV(S))

In higher dimensions simulations suggest that such a simple result does not hold true. The
purpose of Section 3 is to compute these expectations using random matrices tools. With
this objective in mind, we obtain an exact expression for the probability density of the kth
ordered eigenvalue of a N-GOE matrix (see Theorem 3.5 and (22)—(28)). We deduce exact
expressions for the mean number of critical points with a given index (Propositions 3.2,
3.7 and 3.8). In particular, for N = 3, if we denote by N§(S), N7(S), N5(S) and N§(S)
respectively the number of minimum, the number of critical points with index 1 and 2 (see
Section 3, equation (9) for the definition) and the number of maximum on a given set .S, we
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obtain (see Proposition 3.7)

BNG(S) = B (S) = 200 Be(s)),
BVE(S) = BAG() = 22 V0 poves)),

Proposition 3.8 gives these expectations for N = 4.

On the other hand Section 4 studies how the critical points are spread in the space. In
a pioneering work, Belyaev, Cammarota and Wigman [11] study the attraction or repulsion
(see Section 4.2 for a precise definition) of the point process of critical points of a particular
random wave model in dimension 2. In the case of random processes (N = 1), it was gen-
erally admitted that repulsion between crossings or critical points occurs. In fact this result
has never been written explicitly so it is the object of Section 4.4 with Proposition 4.4. With
respect to this behaviour the result of [11] is unexpected since no repulsion occurs between
critical points. The object of Section 4.5 is to explore the phenomenon of attraction or re-
pulsion for a large class of random fields, in all dimensions and for each type of indexes.
A precise definition of attraction and repulsion is given in Section 4.2. Theorem 4.6 proves
attraction between critical points when N > 2, neutrality for /N = 2 and repulsion for NV = 1.
Theorem 4.9 shows that the attraction between critical points that occurs when the dimen-
sion is greater than 2 is due to the attraction between critical points with adjacent indexes. In
Theorem 4.11 we prove a strong repulsion, growing with IV, between maxima and minima.
Finally Theorem 4.12 gives an upper bound to the correlation function between maxima (or
equivalently minima) proving repulsion for NV < 5.

In Appendix A we prove the validity of all the Kac-Rice formulas used in the paper. Ap-
pendix B is devoted to the proofs of Lemmas 2.1, 4.1 and 4.2.

2. Notation, main assumptions and background.

2.1. Notation.

* ¢(-) and ®(-) are respectively the probability density and the cumulative distribution func-
tion of a standard Gaussian variable, () :=1 — ®(-).

* If X and Y are random vectors, Var(X') denotes the variance-covariance matrix of X and
Cov(X,Y):=E ((X —E(X)) (Y - E(Y))T>.

e For X and Y two random vectors px(z) is the probability density of X at z and
px(x/Y = y) the probability density of X conditionally to Y = y when these densi-
ties exist.

* For a random field X = {X (t) : t € RV}, we denote by VX () the gradient of X () and
by V2X (t) its Hessian, when they exist.

* (M) is the index of the matrix M : the number of its negative eigenvalues.

e 2zt and 2~ denote respectively sup(0, z) and — inf(0, z).

o X (t)

e X, .4 (t) denotes —————.
ll’L2~--7ﬂn,( ) at“atw e 6]57:7;
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* Id, is the identity matrix of size n; J, j the (n X p)-matrix with all elements equal to 1.
* |S| is the Lebesgue measure of the Borel set .S.

* For a random field X = { X (¢) : t € R"} the number of critical points is precisely defined
for every Borel set S as

NE(S):=#{te S:VX(t)=0}.

2.2. Main assumptions. In the sequel we will use the following assumptions (Ak), with
k=2, 3ord4.

ASSUMPTION (Ak). * X ={X(t):t € R"} is a stationary and isotropic Gaussian
field with real values. We assume, without loss of generality, that it is centred with variance
1. We set

E(X (s)X (1)) = c(s,t) =x(||s — t||*)

* ris of class C*. This is equivalent to the existence of a finite 2kth spectral moment Aoy,
and it implies that X is k& times differentiable in quadratic mean. Note that V/=1,..., N
andn=1,...,k

1= Var(X (£)) = £(0),

X(1) (2n)!
2) Aop := Var ( 507 =(-1)" (™ (0).
* To avoid the trivial case of a constant random field, we assume that Ay = —2r’(0) > 0.

* When N > 1 we know from Lemma 2.1 below that App Aoy g > A3, , forn=2,... k.
When N =1, we have to assume these relations to avoid the particular case of the sine-
cosine process.

* When k£ = 2 we have to assume, in addition for the validity of the Kac-Rice formula, that
X is C? which is slightly stronger than the finiteness of A4 . When k > 3 the fact that X’ is
C? is a consequence of the finiteness of \g.

Note that, of course, (A4) is stronger than (A3) which is itself stronger than (A2).

2.3. Background. We give two lemmas that will be needed in the next sections. The first
one gives universal properties for X'. The second one is more technical.

LEMMA 2.1. Let X be a stationary and isotropic Gaussian field. When Aoy, is finite, the
spectral moments satisfy forn=2,....k

(2n—1)(2n—4+4+N) ,

3 AonAon—q >
3) A4 2 o TR (an — 2 V)22
Moreover when i1 + j1,...,iN + jn are all even and when all the quantities hereunder are
well defined
L oxm) dixe Y oi(s
Ot ..., 0t ol ... oty Osyi,..., 05Ot ..., 080 | _,
N
: (26)! Bl+1j ]! 25e
4) — (—1)l:U8D (g 1) \+|J|)\ 7
(1)) [T = (1) gy 2|ﬁ,,H

{=1



|| + 17
2

i+ Je

where || =

vanish.

and By = for £ =1,... N. In the other cases the covariances

2n—1)(2n—4+N

REMARK 2.2. Note that the coefficients K (n, N) := Gn—3) 22+ N)
n— n—

are greater

than 1 when N > 1 and take the value 1 when N = 1.

The proof of Lemma 2.1 is given in Appendix B.

In the sequel we need a precise description of the distribution of X (¢), VX (t), V2X (t)
and, for technical reasons in the last section, we need to add X1;;, X114, X1111 for 1 <: < N
and 2 < ¢ < N. To get independence we have to partition this vector as follows. Set

Ci= (Xa(t), .o Xoo1 (8), Xewa (8), Xn(2) T,
Goi=(Xy(t),6,j=1,...,Nandi#j)T,

C3 = (X(t), X1111(t), X11(2), X2 (t), X33(t), ..., Xyn(t) ",
Coi=(X1(t), X111 (), X122(t), X133(t), ..., Xinn (£) T,

G = (Xe(t), Xu1e(t)

LEMMA 2.3. Under Assumption (A4) the random vectors (1, (o2, (3, (4 and (5 defined
above are Gaussian, independent, centred with variance matrices respectively given by

A
Var (C1) = Aoldy_2, Var((2) = ?IdN(N—l)/% Var ((3) = M(n12),

Var (G1) = My +1), Var (¢s) = (—342/3 _AA64//5?)> ’

where
1 Vi — A9 —A2 ... =X
)\4 )\8 _)\6 —)\6/5...—/\6/5
“Xy —X¢ M A/3 ... /3
Mny2) = | =Xy —Xg/5 Aa/3 0) A\
(;‘Id]v_1 + 34JN—1>
=2 —X¢/5 A1/3
and
)\2 _)\4 —)\4/3...—/\4/3
M e X6/5 ... N¢/D
M(N+1) — —>\4/3 )\6/5 2A6 Aﬁ
: (15[(11\[_1 + 15JN—1>
—A1/3 Xe/5
Moreover we have
A\
) det (Var (X11(t), Xaa(t), ..., Xnn () = (N +2)2N 1 <34> 7

(6)
det (Var (X1(t), X122(t), ..., Xainn () = <

206\ V77 3V + DAodg — 5(N — 1)A3
15 45 '
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PROOF OF LEMMA 2.3. The joint distribution of (1, (2, (3, (4 is a direct consequence of
(4). Now let us prove (5) and (6). We have

22 A
Var(X11(t), Xoo(t), ..., Xn(t)) = 74de + ?JN,N.

For z,y € R it is well known that
@) det(xIdN+yJN7N):acN’l(x—i-Ny).
So we obtain (5). We have

Ay A
det (Var (Xl(t), Xlgg(t), cee ,XlNN(t))) =det |: 2 ~12:|
Ag1 Ago
. T 7 "’T ~ 2)\6 )\6
with Alg = [—)\4/3 te —)\4/3], A21 = A12 and AQQ = E[d]\f_l + T5JN—1,N—1-
Then using the fact that for a partitioned matrix A = [411 212} we have (see [30] p.46)
21 A22
(8) det A =det 12111 X det(z‘igg — 12121/11_1112112),

we obtain

det (Var (X1(t), X122(?), ..., Xainn(2)))

26 3XaX6 — 53
= ldy- N | ) )
)\gdet< T dy—1+JN-1,N 1( 1509

Finally using (7) we obtain (6). ]

3. Mean number of critical points with a given index. In this section X is a random
field satisfying Assumption (AZ2). Then it is proved in Appendix A that the sample paths are
almost surely Morse and this implies that the number of critical points with index k in a Borel
set S, N(S), is well defined. More precisely

) NE(S) :=4#{t€S:VX(t)=0, i(V>X(t)) =k}.
We define also the number of critical points of index k above the level u by
(10) NE(w, S) :=#{t€S:VX(t) =0, i(V2X(t) =k, X(t)>u}.

The aim of this section is to derive explicit and exact expressions for the expectation of (9)
and (10).

3.1. The general case. By Kac-Rice formulas (68) and (69) and Lemma 2.3 we get

S
C _ ‘S‘ +oo $2
1 BN, 5)) A2 or) )2 /u P <_2>

x E (’ det(VZX(t))]li(VzX(t)):k‘ /X(t) = .%') dx.

Our main tool will be the use of random matrices theory and more precisely the GOE distribu-
tion. We recall that G, is said to have the GOE (Gaussian Orthogonal Ensemble) distribution
if it is symmetric and all its elements are independent centred Gaussian variables satisfying
E(G%) =1 and E(ij) = 1. The relation between GOE matrices and the study of critical
points of stationary isotropic Gaussian fields is due to the following lemma initially due to
[8] and that can be derived from Lemma 2.3.



LEMMA 3.1. Let Gy be a size N GOE matrix and A a N(0,1/2) random variable
independent of G. Then V2 X (t) is equal in distribution to

V2 (e ara),

and under the assumption that \y > 3)\3, V2 X (t) conditionally to X (t) = z, is distributed

as
,/%4 <GN - ]\IdN),

- [ 3 Ai—3)\3
where A isa N | Aoz —, 24272 ) vandom variable independent of G .
2047 2

We recall that the joint density fx of the eigenvalues (1, ..., un) of a N-GOE matrix (see
Theorem 3.3.1 of [25]) is given by:

21‘\11 /ﬁ2
(13) fn(p, .o pN) = ky exp —Z*Tl H |k — pal
1<i<k<N
where:
N —1
(14) ky = (2m) N2 ((3/2)N (HF(1+2'/2)> :
=1

Using Lemma 3.1, (11), (12) and (13) we get the following proposition.

PROPOSITION 3.2. Let L, be the pth ordered eigenvalue of a (N + 1)-GOE matrix
(L1 < Lo <...<Lny1) For X and S as above, under Assumption (A2)

e ISL (MY kv 1 I
(15) E(/\/}C(S))—7T(N+1)/2 3 kNHiN—FlE exp 5 )

When Ay — 3)\3 > 0,

(16) EWj(u,9)) =

S| (MY k1
m(N+1)/2 39 kN—i—l N+1

L? _
xEqexp | ——EH | & M 5 | u— L1<;+17\/6)\2 ;
and when Ay — 302 =0

: S| ky 2" L
an - BN S) = i iy 1\ PP T2 ) Bz )

REMARK 3.3.  Such kind of result was first obtained by [4] for the p-spin spherical spin
glass model defined on the Euclidean sphere of radius v/N of RY. This result can also be
found in [17] (Proposition 3.9) written in a slightly different way. In this paper we go further:
in Theorem 3.5 we obtain an exact expression for the probability density of the kth ordered
eigenvalue of a V-GOE matrix, denoted by qf“\,(l) (see (20) and (22)—(28)). We can deduce
exact expressions for (15), (16) and (17) as in Propositions 3.7, and 3.8.
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REMARK 3.4. Asremarked in [10] the condition \4 > 3)\5 is met if the covariance func-
tion r is a “Schoenberg covariance™: it is a valid covariance function in every dimension.
Note that more general cases have been studied by [17].

PROOF OF PROPOSITION 3.2. Using (11), Lemma 3.1 and (13)

9 N/2
:<3> k:NN!/M T bwe—mil T 12— il

1<p2 <o e A o1 < <UN | <G k<N 1<i<N

2

(2P gy kv N L2,
=== T ——Elexp| — )

which proves (15). Using Lemma 3.1, by (12) and (13) we can write

N 2
exp <_le’u’1> 77-_1/2 exp(_)\2/2) exp(—)\Q/Q)dul .. d,uNd)\

S| /+°° 22\ 22\ V2
EWNE(u, S)) = —— — knyN!
(Nie(u, 9)) NWPammine ), CP\T2 )3 N
N 2
i=1 M
></ T = mil T Iy —milexp (—221>
o <o <o < <Y< P41 < <UN 1<i<k<N 1<i<N

x exp(—y®/2) exp(y®/2)py (y)dp - .. dun dy da.
Integrating first with respect to = we obtain (16). In the same way, when Ay — 3)\3 =0,

V2X (t)/X (t) = z is distributed as /2A\3Gx — AexIdy and following the same lines as
previously we obtain (17). O

3.2. Exact expressions. Before giving exact expressions for E(N(S)) and E(N{ (u, S))
we obtain, in the following paragraph 3.2.1, some results concerning the probability density
of the kth ordered eigenvalue of a N-GOE matrix. These results will be used in paragraph
3.2.2, with Propositions 3.2, to derive exact expressions for E(N(S)) and E(N{(u, S)).

3.2.1. Probability density of the kth ordered eigenvalue of a N-GOE matrix. We denote
by L1 < Ly <...< Ly the ordered eigenvalues of a N-GOE matrix. We denote by ¢%;(¢)
the probability density of L. In this section we obtain an expression for qf“v (£). We give
explicit expressions of qjl‘{,(ﬁ) for N=2,3,4,5and k=1,...,N. In particular we obtain
that ¢3(¢) is the density of a A'(0,1/2) random variable.

Let F,(n) be the set of the parts of {1,2,...,n} of size p. Let I € Fp,(n), let £ € R, we
define D! (¢) = (—00,£) when i € I and D} (¢) = (¢,+00) when i ¢ I. We denote by s(.)
the sign function. We define the matrix A% (1, /), for & = 1 or 2, as follows. When n is even,

A*(I,0) is the n x n skew matrix whose elements are, Vi, j =1...,n:
(18)

0= [ dn [ dy sty—eat a0t e -
’ DIy  JDI(0)

CL‘2+y2
5 .
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When n is odd , A%(Z, /) is the (n + 1) x (n + 1) skew matrix whose elements are defined
by (18) Vi, j =1...,n and we add the extra terms, for¢ =1,...,n:
(19)

0 (1,0) = —a% 1 ,(1,0) = /
D/ (€)

. 2
27z —0)%exp <_x2> dx and aﬁﬂmﬂ(ﬂ) =0.

We are now able to state the following theorem that gives an exact expression for qf{, 0),
the probability density of L, the kth ordered eigenvalue of a N-GOE matrix.

THEOREM 3.5. Using notations above, for { € R and for k=1,..., N we have

2
(20) quv(g):kNN!(—1)k—1exp<—€2> > PE(AYIL0)
IeF,_1(N-1)

where ky is given by (14) and Pf (A'(I,0)) is the Pfaffian of the skew matrix A'(I,()
defined by (18) and (19) withn=N — 1 and o = 1.

REMARK 3.6. The probability density of the kth ordered eigenvalue of a N-GOE matrix
was only known for £k = N, the largest eigenvalue (see [20]). Theorem 3.5 gives an expression
forall k=1,...,N.

PROOF OF THEOREM 3.5. Let Gy_1 bea (N —1)-GOE matrix with eigenvalues denoted
by p1,...,un—1. For{ e R, wesetfork=2,...,.N —1, Ox({) = {(ps,i=1,...,N—1) €
RV <po <o <y <0< pp <...<py_1}, with trivial adaptation when k = 1
and N. L; < Lg < ... < Ly denote the ordered eigenvalues of a N-GOE matrix. Using (13),
the probability density of L, is given by:

an () —N!/ IN(ps - pN—1,€)dp .. dpn—1
Ou(0)

kyN!

kn—1

/ ( )(—1)k71d6t(GN—1 —ldy-1)fN-1(p1s - iN—-1)
Ot

£2
xXexp | — dpy ...dun—1.

2
2
Thus ¢% (1) = kkN N(=1k Lexp <—£2> 'yjlif_ll’l(f) where
N-1
N0 =kn_1(N —1)!
’YN_1,1( ) =kn-1( )!
N-1 N—-1 9
i=1 M
X / (i =€) H (145 — ;) exp <—Z21> dpy...dun—1.
Ox(0) ;=1 1<i<j<N-1

We set hu, (115, ¢) = ,u;”_l (nj—2)exp (—u?/2) . We denote by H (g, £) the matrix {hp, (115,¢),m, j =
1,...,N — 1}. Then calculating det(H(u, £)) using a Vandermonde determinant we obtain:
O =y -t [ et (B )~
Ot
We denote by I(p, 4, k) the (N — 1) x (N — 1) diagonal matrix defined by

I(/J,,f, k‘) = diag(]lmﬁb ceey ]lukilgg, ]l,ukzg, ey ]]‘H/N—ISZ)
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with trivial adaptations when £k =1 or £ = N. We set
H*(u, 0, k) :=H(p, O)I(p, L, k).
Then
’leif:ll,l(e) =ky-1(N - 1)!/ det(H"(p, £, k))dp - - pinv—1-
<. <pn-1

Now we need to introduce some more notation. Let I and J € F,(n) and M a n X n matrix,
we set Ay j(M) for det(Mj ;). We use the convention Agg(M)=1. K ={1,...,n}\K
for any subset K. Let I € F(n), oy is the permutation of (1,2,...,n) such that o], 5
(resp. 01|(p+17m7n)) is an increasing one-to-one mapping from (1,2,...,p) on [ (resp. from

(p+1,...,n) on I). Finally we denote by ¢(o) the signature of the permutation o of
(1,2,...,n).

For a (n + p) x (n+ p) matrix D we have, for any J € F,(n + p) fixed,
1) detD= Y e(or)e(0s)AL1(D)Af 7(D).
IeF,(n+p)
We apply itforp=k—1,n=N —kand J={1,...,k—1}. We get ¢(o;) = 1 and

7]%:11,1(@ = k?N—l(N - 1! Z G(U])
IeF,_1(N-1)

. / AIJ(H*O‘"’ Ev k))Af,j(H*(#aga k))d:ul T MN-1-
<. <pun_1

We denote by HY (u, £) the matrix {/m (11, 0)1,, epr (¢),m,j=1,...,N —1}. We have
Ar, g (H (1, 0)) = Apy (B (u,€)) and Ay 5 (H (s, 0)) = Ay 5 (H (1, 0)).

To check this, note that, for example, for j < k — 1, the indicator function appearing in the
entry (m,j) of H*(u, ¢, k) is 1,,,<,. For every I and for m € I, this quantity is also equal to
1 I(p)-

w €D],(€)

Thenusing 21) withp=k—1,n=N—kand J ={1,...,k—1},wehave A; ,(H (u,()) =
0 when I # I and

det(H' (1, )1y, <..<pn, = (o) A,y (H (1, 0) Ap 7B (11, 0)) Ly, < <y,
We conclude that

WO =kya(N=1! > / det(H (i, £))dpa -+ -1
IeF,-1(N-1) < SN

Since Pf (AI(I,E)) :/ det(HI(u,E))d,ul-~-uN,1 (see [15], [26] or equation
H1<...SpuN—1
(13) in [20]) we obtain (20). This concludes the proof.

O

The major drawback of the result above is its complicated form. However, for small values
of N, we are able to get an explicit expression for qé‘{,(l) and consequently (using (15), (16)
and (17)) for E(NE(S)) and E (Nf(u, S)). We give some examples below and we derive
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Propositions 3.7 and 3.8 which are new results.
Examples: After tedious calculations we obtain

1. For N =2: q3(1) = ¢3(—1) and

exp (-4 2
(22) @) = 1;{/7?2) [exp (—2) + \/ﬂl@(l)} .
_a. gy _ 3 5y exp (=1?)
2.For N =3: q3(1) = g3(—1), ¢5(1) = NG and

e

TV 2
4 () 21 — 3
3. For N =4: q4(1) = q5(—1), q;(1) = q;(—1) and

23) ¢3(l) = [\/E(2l2 - 1)® (z\/i) +V2mexp (-Z) ®(1) + lexp (-z?)] .

Q4) @)= ﬁ [31 exp <—3l2> +V2r (1 - l;) B(1) exp (—1%)

o 2 2
—”(2@; 3D g (zx/i) B(1) + Sﬁ(l; 2) (z\/i) exp (—i)} .
gy P <—%) 3 312 12 9
(25) qil) = —- [2 exp <—2> —Vor <1 — 2) O(1) exp (—1?)
+7T(2lf[;3l)¢> (l\/ﬁ) o) + Sﬁ(l;_ 2l2)<1> (l\/ﬁ) exp (—i)} :
4.For N =5: g3(I) = ¢3(~1), ¢3(I) = g5 (1) and
(26) (1) =q3(l) —2¢2(1) + W [w (4t — 1217 +3) @ (1\6)
+vT (3z3 — 123l> exp (—1%) +V2r <z4 +31% + i) exp (—Z) @(z)} .
exp (—L
e at= 2L [y () (03
+V2rd (z\/i) exp <—l;> <l4 32 Z)} .
28) ¢(l) = ﬂe;(:?)g;l;) [(2# — 62 + ;) =0 (1v2)

13

+ (z4 1324 z> V2@ (1V2) (1) exp (—i) +V2r (2 + EZ) ®(l) exp (-?)
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+ (313 - 13;) Vrd (z\/§> exp (—1%) + (I —2) exp (—21?)| .

These probability densities are plotted in Figure 1. They all seem very close to a Gaussian
density. But only one, ¢3(l), is exactly Gaussian.

Probability density

Probability density

FIG 1. Probability densities g% (1), k=1,...

2,3,4,5.

01 02 03 04 05 06 07

0.0

0.1 02 03 04 05 06 07

0.0

N=2

WA
A

/A

N=4

3.2.2. Mean number of critical points.

Probability density

Probability density

01 02 03 04 05 06 07

0.0

0.1 02 03 04 05 06 07

0.0

N=3

N=5

, N, of the ordered eigenvalues of a N GOE matrix for N =

For N = 2, using (15) and (23), after some cal-

culations, we retreive (1) with

2|5 ( A4 )
EWeS)=—7 |-+ |-
VN =2 (5,
In Proposition 3.7 we give the exact expression of E (N(S)) when N =3 for k =0,1,2,3.
This proposition is a new result.

PROPOSITION 3.7.  Under the conditions of Proposition 3.2 when N = 3

3/2 _
B(A(S) —EWNG () = (:X) <2912§gé)
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BNE(S) =B (9) = (M) (200G,

V2 12v/6
Consequently:
ENG(S) _ EWN5(S)) _ 29-6V6
EVe(S)  EWe(s) 16 12
EWNF(S) EW5(S)  29+6vV6
ENV(S) ~ BVes) — 116~ 03767

In the same way for N = 4, we obtain the expressions given in Proposition 3.8.

PROPOSITION 3.8. Set Z:=E (®(Y)®(V2Y)), Y being a Gaussian centred variable
with variance 1/3. Under the conditions of Proposition 3.2 when N = 4

BV =B = 5 (20) (21,

i3 (5 ()
. S| ( As \? [ 507m(1 —2T) + 57
BNES) _7 <32> ( 24v/31 )
Consequently,
E(NT(S))  EWN5(S)) 1 E(N§(S))  EWE(S)) T x100m —57 ~ 0.060
E(N¢(S)) EWe<S)) 4 EW<S)) EW<(S)) 2007 T

E(Ng(S))  50m(1 —2T) + 57

BNS)  toom 050

Note that, in the same way, it is possible to obtain exact expressions for the mean number of
critical points above a level u for NV = 2, 3 or 4 using (23), (24), (25) and (26), (27), (28)
with Proposition 3.2.

4. Correlation function between critical points. In this section X is a random field
satisfying Assumption (A2).

4.1. Correlation function, two points function. The correlation function of a point pro-
cess P is defined by [14]

1
A(s,t):= ll_r)r(l) 7200 E (P(B(s,€))P(B(t,€))) when it exists,

where P(B(s,¢€)) is the number of points in the ball with center s and radius € and V' (e) its
volume of this ball. When the considered process is stationary and isotropic, this function
depends only on the norm p := ||s — t|| and by a small abuse of notation we will denote it by
Alp).

Suppose now that the point process P is the process of critical points of X'. Under our condi-
tions, the Kac-Rice formula of order two in sufficiently small sets is valid (see Appendix A,
Proposition A.3, equation (70)) . In particular if S and T are disjoint, sufficiently close and
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sufficiently small (as B(s,¢€) and B(t,¢) for s # ¢ and ||s — t|| and e sufficiently small), the
Kac-Rice formula of order two (70) yields

29) EWN“(S)N(T)]
:/S TE (1det(V*X (s))det(VZX (2)]/VX(s) = VX (t) =0) pyx(s).vx (s (0,0)dsdt,

proving that for p sufficiently small, A(p) is well defined and given by
(30) A(p) =E (| det(VZX(0)) det(VZX (1))|/VX(0) = VX (1) = 0) pyx(0) vx(1)(0,0)

with, for example, t = pe; and €1 := (1,0,...,0).
Some papers, as [11] consider the behaviour as p — 0 of

T(p) :==EWN“B,)(N°(B,) —1)), B,is any ball with radius p.

It is elementary to see that if A(p) ~ Cp? then T'(p) ~ CV2p?™2N | where ~ means, as in
the rest of the paper, equivalence as p — 0 and V}y is the volume of the unit ball.

4.2. Attraction, neutrality, repulsion.

* The reference of neutral point process is the Poisson process for which the correlation
function A(p) is constant and T'(p) behaves as p?V.

* The repulsion is defined by the fact that the correlation function A(p) tends to zero as
p — 0. Equivalently T'(p) = o(p?"). Note that determinental processes [23] are a way of
constructing repulsive point processes.

T(p)

p2N

* The attraction is just the contrary: as p — 0, A(p) — +o0, — +00

As already mentioned in the preceding section, under our assumptions the sample paths are
a.s. Morse, and the index of each critical point can a.s. be defined. We can generalise the
definition of the correlation function by

BI)  A(s,1) = lim —— B (N (B(s, ©)NE (B(t,¢))), when it exists.

The Kac-Rice formula (71) yields that for p sufficiently small this function is well defined
and

(32) A" (p) = pyx(0),vx()(0,0)
x E (| det(VQX(O))]lz‘(vzx(o)):i1 det(v2X(t))]li(V2X(t)):i2 |/VX(0)=VX(t)=0),

with again ¢ = pe;. In the same way, we can consider attraction, neutrality or repulsion be-
tween critical points with indexes ¢; and 7.

Before giving our main results concerning correlation functions between critical points,
we give in the following paragraph some results concerning the conditional distribution of
V2X(0),V2X (t) given VX (0) = VX (t) = 0.

4.3. Conditional distribution of V?X(0),V2X(t). In this section, for short, r(p?),
r'(p?), r(p?), r’"(p?) and r®(p?) are denoted by r, r/, r”, r’”” and r®. We recall that
t = peq.
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LEMMA 4.1.  Let £(0) and £(t) be a representation of the distribution of V?X (0) and
V2X(t) given VX (0) = VX (t) = 0. We note £4(t) the vector (£11(t),. .., Enn(t)) and &, (t)

the vector (glg(t), &i3(t), ..., f(N,l)N(t)). The joint distribution of (£4(0),&,(0),&4(t),&u(t))
is centred Gaussian with variance-covariance matrix:

rrorso
0TIy 0TIy
'sor; 0
0TIy 0TI
I’y is the N x N matrix:
12r”(0) 4r”(0) ---  4r”(0)
r, — 4r”(0) . 4r”(0) n p*r'(0) <
Coa(0) - (o) | 2002 = (22
4r”(0) .-+ 4r”(0) 12r”(0)
with
(121,// + 8p2r///)2 41,//(121,// + 8p2r///) 41,//(121,// + 8p2r///)
41,//(121,// + 8p2r///) 16172 .. 16172
M= . . . :
41‘"(121‘” + 8p2r///) 16172 .. 16172
[y is the N(Jg_l) X N(]\;_l) diagonal matrix:

8p2(r”)2r’(0)
1(0)2 — (/)2
We set a := 4r" + 8p°r" and d := 12r" + 48p%r"" + 16p*r™). '3 is the N x N matrix:

Iy = [Dl 0 ] with Dy = <4r”(0) +

0 D2 ) IdN_l and D2 = (4[‘”(0)) Id(N—l)Q(N—Q).

_d a ------ (1/ T
al2r” 4r" ... 4r”
Fg oA e ap N p2(r/ —+ 2r//p2) o
2 [I"(O)Q _ (I./ + 21'”,02)2]
coor A" el 4r”
L a 4r"” .- 4r" 12r" ]
[y is the N(]\Qf*l) X N(]gfl) diagonal matrix:

f) 0 L 802 (v ¢! B
I'y= [ 01 [)J with D1 = (a—|— I"I?O)(z—)r’Q Idx_1 and Do =4rllfdw,

The proof of Lemma 4.1 is given in Appendix B.

In the following lemma, we give the equivalent of the variance-covariance matrix of
V2X(0),V2X (t) given VX (0) =VX(t)=0as p— 0.
LEMMA 4.2.  Using the same notation as in Lemma 4.1, for j # k and j,k # 1, as p— 0

NN
(33) det (Var (VX (0), VX (1)) ~ p*¥ A;;Vf‘i ,
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Aodg — A 2 (92206 — HAZ
(34) Var (€11(t)) ~ 2(26&4), Var(flj(t))ziw,
84 A
(35) Var (5(t)) = =5%, Var (§u(6) =~ 5,
110X — 157 2
(360)  Cov(€n(t), (1) = PP =1 +0(p), Cov (&;(1), Gur(t)) = =g~

(37)  All the other covariances Cov(&;(t),&mn(t)) are zero, Vi, l,m,n € {1,...,N}.

We have of course the same relations for £(0).

Moreover we have Vj, k €{2,...,N}and Vi€ {1,...,N}; as p—0,
(38)  Cov(&k(0),&k(t)) = Var (§;x(t)), Cov (£1:(0),&1i(t)) =~ — Var (&1(t)),
(39)

Cov (€0 (0), &5, (1)) = p? 24 = TN

1802
(40)  All the other covariances Cov(&;;(0),&mn(t)) are zero, Vi, l,m,n € {1,... ,N}.

Finally we also have

Folp?), Cov (€5(0),&uult) = 2" for  # .

% (s = AF)(Aads — AD)
144 Aoy '

41) det (Var (£11(1),£11(0))) ~

The proof of Lemma 4.2 is given in Appendix B. It is based on some lengthy computations
but uses a trick that simplify drastically computations. We present it here in the example of
the proof of (33).

TRICK 4.3. Because a determinant is invariant by adding to some row (resp. column) a
linear combination of other rows (resp. columns) as p — 0,

det (Var (VX (0),VX(t))) = det(Var(X}(0),..., Xn(0), X1(t),..., Xn(1)))
= det(Var(X7(0),..., Xx(0), X1 (t) — X1(0),..., X (t) — X (0)))
~ p*N det(Var(X7(0),..., X~ (0), X,1(0),..., X 5 (0))).
Using Lemma 2.3 we obtain (33).

4.4. Correlation function between critical points for random processes. The result below
appears in a hidden way in Proposition 4.5 or Section 5.2 of [9] or in [5]. It is stated in term
of crossings of a level and can be applied directly to critical points that are simply crossings
of the level zero of the derivative.

PROPOSITION 4.4. Let X = {X(t) : t € R} be a stationary and isotropic Gaussian pro-
cess with real values satisfying Assumption (A3). Let A(p) be the correlation function be-
tween critical points of X defined in (30). Then, as p — 0

(A2 — )\i)
87/ AN P
Under Assumption (A4), let A1 (p) (resp. A%°(p)) be the correlation function between max-
ima (resp. minima) defined in (32). Then as p — 0
(Agds — A2)3/2
129672(\2) (Aahg — )\2)1/2p

(42) A(p) ~

(43) A (p) = A% (p) =~
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Note that all the coefficients above are positive. The interpretation of the proposition is that
we have always repulsion between critical points and a very strong repulsion between max-
ima or between minima. As we will see, the surprising result is that does not remain true in
higher dimension.

Before beginning the proof we need to give the following lemma .

LEMMA 4.5. Let X,Y be two jointly Gaussian variables with common variance o* and
correlation c. Let r a positive real. Then as ¢ — —1

E((XTY ™)) ~ Ko 2047 (det(Var(X, Y)))* /2,

where

+oo +o00o 1
K, xy" exp ( +y)° )d:cdy<+oo , Ki=
271' 2 6m

Moreover as ¢ — —1

0_2

E(X'Y )~ 5

PROOF OF LEMMA 4.5. We set X := Var(X Y'). Then

+oo  p+o00 2($2 _ 20xy+y2)
E((Xty ) ( )d d
/ / Y e P 2dety ray

+oo 2
_ y)
~ det (2r+1)/2 2(1+7”)/ / ror (‘T dad
_271(62) o ; ; xyexp<—72 )xy,

det X , /detX

where we have made the change of variables = = 2’ 5 Y=Y 5— and the passage
(o g

to the limit is justified because the integrand is a monotone function of c. It is easy to check
the convergence of the integral.

+00 2(332—20xy+y2)
E(X+Y™) (f g )d da.
/ /0027r Jdety P 2dety ydz

Integrating first with respect to y we obtain

det 3)3/2 +oo 2 22 o2
E(XtYy™ (7 — P | — d
( )= 2ot C/o o2 P < 2) Vet )

det X
Asc— —1, 672 =0%(1 —c*) — 0, therefore
o
+oo 42 22 o2 o2
— P - dr — —.
/o oV 2w P ( 202> DN gets ) 2
det X2)3/2
Moreover (det ) — 0. That concludes the proof. O

o6

PROOF OF PROPOSITION 4.4. The first relation (42) is a particular case of Theorem 4.6
below. Let us prove the second relation (43). By (32)

A (p) = px:(),x(0) (0, 0) E (X" (0) " X" (p) */X"(0) = X'(p) = 0).
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By (33) we have

Px/(p),x7(0)(0,0) =~ p~ ! <27T\/E) o
Define
w := Cov (X"(0), X" (p)/X'(0) = X'(p)=0),
0= Var (X"(0)/X'(0) = X'(p) = 0) = Var (X"(p)/X'(0) = X'(p) = 0) .
D :=det (Var (X"(0), X"(p)/X'(0) = X'(p) =0)) =v* — w®.
By (38), (34) and (41) we have w ~ —v,

_ )2 )2 12

4o 144X 5 M4

Now using Lemma 4.5 we get

D3/2
) = 6mv?’

That concludes the proof. 0

E (X"(0)7X"(p)"/X'(0) = X'(p) =0

4.5. Correlation function between critical points for random fields.

4.5.1. All the critical points. Consider X = {X (t) : t € RV} a stationary and isotropic
Gaussian field with real values. Let us consider two points s,¢ € RY. Theorem 4.6 below,
gives the asymptotic expression (as p — 0) of the correlation function between critical points
(30) of any isotropic Gaussian field. It generalizes the result of [11] and of [12] to general
fields in any dimension.

THEOREM 4.6. Let X = {X(t):t € RN} be a stationary and isotropic Gaussian field
with real values satisfying Assumption (A3). Let A(p) be the correlation function between
critical points (30). Then as p — 0,

N
LN N () Qeds —A)
(44) Alp) =0 S (\/;) PV

where Yy _1 is defined by
YN—1:=E (det2 (GN,1 - AIdel)) ,

with Gn_1 a (N — 1)-GOE matrix and A an independent Gaussian random variable with
variance 1/3.

REMARK 4.7. We set yy_12(z) :=E (det2 (Gn-1— xIdN,l)). Note that formulas
2.2.16 and 2.2.17 in [26] give explicit expressions for the calculation of yy_; 2(z) for z € R.

REMARK 4.8. ¢ Of course when N = 1, we retrieve (42).

* In the particular case N = 2, our result agrees with the result of [12], Theorem 1.2.

* Theorem 4.6 means that, for IV = 2, there is a neutrality between critical points and for
N > 2 there is even attraction! This is quite different from the case N = 1. The next
theorem will give an interpretation of this phenomenon.
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* A first important consequence is finiteness of the second moment of the number of critical
points. Indeed if S is a compact set of RY we can write the Kac-Rice formulas of order 1
and 2, (11), (29), (32). If N¢(.S) is the number of critical points that belong to S then

B(N(8)) = [S|E (| det V2 X (1)) pyx (1) (0)

and
@5) B(WVSHN(S) = 1) = [ Alls—Hds i

Since )4 is assumed to be finite, the expectation is always finite. As for the second factorial
moment, its finiteness is in general not systematic. In our case (44) implies the convergence
of the integral in (45) on the diagonal implying in turn the finiteness of the second moment.
Nevertheless our conditions are less general than [22] or [6].

PROOF OF THEOREM 4.6. For the simplicity of the exposition we admit in a first step all
passages to the limit. They will be justified at the end of the proof. By (30)

(46) A(p) = E (| det(£(0)) det(£(1))]) pvx(0),vx (1) (0,0),

with ¢ = pe;. We recall that £(0) and £(t) are a representation of the conditional distribution
of the Hessian at 0 and ¢. Because of (33),

@47) P (0),9x(0) (0,0) = p~ N3N TN ANTN 2 (o)~

It remains to study the expectation in (46). We denote by {_1(¢) the (N — 1) x (N — 1)
matrix corresponding to the Hessian matrix £(¢) without its first row and column.
Let us develop det ({(t)) with respect to the first row, for example. The first term is

&11(t) det (§-1(2)).

Consider another term and develop it now with respect to the first column. Each of the N — 1
terms that appear are products that include a factor £;;&;,1 with 7, 5" # 1 so because of (34)
they are Op(p2): divided by p? they are bounded in probability. As a consequence we have
proved that

det (&(1)) = &u1(1) det (6-1(1)) + Op(p?).
By (35) and (34) we have

/2
(48) 5,1(t) ~ % (GN—I — AIdN_l) ,

where A is a A/(0,1/3) random variable, G _1 is a size (N — 1) GOE matrix defined previ-
ously, A and G _1 are independent. So

24
3

The order of magnitude of the first term in the development of the determinant is then p.
In conclusion we have proved that

(50) det (£(t)) = Op(p) = &11(t) det (61 (1)) + Op(p%)
det (£(0)) det (£(t)) = Op(p®) = £11(0)&11(t) det (£-1(0)) det (£-1(t)) + Op(p°).
By (38), (36) and (37):
Corr(£11(0),&11(t)) = —1, Corr(§;x(t),&x(0)) = 1, Vj,k€2,..., N,
Cov(&11(t),&5(t)) = O(p?), Cov(&i1(t),&k(t)) =0Vj#kel,...,N.

(N-1)/2
(49) det (§-1(t)) ~ < ) det (Gy—1 — Aldn_1).
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Then
(51) det (£(0)) det (&(t)) = —&11(t)2det® (€1 (1))

E (| det ((0)) det (£(1)) |) = Var(&11 (1)) E (det® (€-1(2))) ,
Finally equations (34) and (49) with (47) and (46) give (44).

Justification of the passages to the limit: Since we are in the Gaussian space generated by
the random field X all the variables considered above are jointly Gaussian. So their absolute
values are bounded by the maximum in absolute value of a bounded random field. General
results about the maximum of random fields, for example the Borell-Sudakov-Tsirelson the-
orem ([9] Section 2.4) implies that the maximum of its absolute value has moments of every
order, giving all the dominations needed. O

4.5.2. Correlation function between critical points with adjacent indexes.

THEOREM 4.9. Let X = {X(t) :t € RN} be a stationary and isotropic Gaussian field
with real values satisfying Assumption (A3). Let A¥*+1(p) be the correlation function (32)
between critical points with index k and critical points with index k + 1, k=0,...,N — 1.
Then as p — 0,

k N 2
B B M) (odg — A2)
52 ARk 2N IN-1 [ A} (A2Ae =AY
©2) () =p™ " Sz |\ 3y SV
where ’yf\,_l is defined by
(53) Ya_1:=E (det® (Gn-1 — Aldn—1) LGy —Aldw )=k} -

with Gy_1 a (N —1)-GOE matrix and A\ an independent centred Gaussian random variable
with variance 1/3.

This theorem gives an interpretation to Theorem 4.6: the attraction for N > 3 is in fact
due to attraction between critical points with adjacent indexes.

Again, in the particular case of the random plane wave (N = 2), our result agrees with the
result of [11], formula (9).

We set fy]’i,_l,z(:v) =E (det2 (Gn—1—xIdn_1) ]l{i(GN,l—xIdN,l):k}) for x € R. Before
proving Theorem 4.9 we give in the following lemma an exact expression for the calculation
of ’leif—1,2($)~

LEMMA 4.10. Using notation above and notation introduced in paragraph 3.2.1 we have

Yh @) =kva (N =11 3" PE(AX(1,0)),
IeF,(N-1)

where ky_1 is given by (14) and Pf (A*(1,0)) is the Pfaffian of the skew matrix A*(I, ()
defined by (18) and (19) withn=N — 1 and oo = 2.
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PROOF OF LEMMA 4.10. The proof follows the same lines as in Theorem 3.5 with

N-1

71%—1,2(@ =kn_1(N — 1)!/ H (i — 0)?
Or1(0) ;=1
N-1
I (—m)exp (—221“> dpur .. dpn 1.
1<i<j<N-1
Then we set H(p,l) the matrix {hm(pj,£),m,j =1,...,N — 1} with hy,(p;,¢) =
WP (g — €)% exp (—u?/2)- =

PROOF OF THEOREM 4.9. By (32) we have
AP (p) = pyx(0) v x (1) (0, 0) E (| det £(0) |1 gie(oy)=ry | det E) L gicet))=k+13)
= —pvx(0),vx((0,0)E (det (£(0)) Lgie (0=} det EE) Lgie(ey)=ht1}) -

We can modify the computation of the determinant of £(0) in (50) to compute in place

det (5(0) - )JdN>:

(54) det (£(0) = Mldn) = (£11(0) — A) det (§-1(0) — Aldn—1) + Op(p).

Note that as p — 0, £(0) converges in L? (or a.s. if we use a Skorohod imbedding argument)
to

Its eigenvectors converge to those of this last matrix. These eigenvectors are associated to
different eigenvalues so we can define properly the eigenvalue w; that tends to zero. Because
of (54) with A = pq:

(£11(0) — 1) det (€-1(0) — prTdn—1) = Op(p?),
implying in turn that

i =&11(0) + Op(p?).

On the other hand, the others eigenvalues, say o, ..., iy, converge in distribution to that
given by the right-hand side of (48). This implies in turn that

Ltice(o))=ky = Lger1 (0)<0sie— (0)=h—1} T L1, (0)> 0361 (0)) =k} -

As a consequence, when computing E (det (£(0 ) Lgieoy)=ky det E@) Lgige(e))= k+1})’
have four cases to consider depending on the signs of £11(0),&11(¢). First we consider the
case £11(0) > 0,&11(¢) < 0. We have the equivalent of (51)

det (£(0)) det ((t)) Lie,, (050,611 (1) <03 L () =i(e_1 (0))=k}
= —£11(t)* ey, (iy<oydet® (E-1(8)) Dice, (iy)=r} + Op(p?),
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giving

E (| det (£(0)) det (£(t)) Mg, 0)>0,6, (1)<0y Liie_, (1))=ie_»(0))=k})
= 1/2 Var(fn(t)) E (det2 (f_l(t)) ]l{i(é,l(t)):k}) -+ O(p3>.

This gives (52) as soon as we have checked that the three other cases give smaller contribu-
tions which is direct.
O

4.5.3. Correlation function between critical points with extreme indexes. First, we give
a bound for the correlation function between maxima and minima (Theorem 4.11) then a
bound for the correlation function between maxima (or between minima) (Theorem 4.12).

THEOREM 4.11. Let X = {X(t) :t € RN N > 1} be a stationary and isotropic Gaus-
sian field with real values satisfying Assumption (A3). Let A% (p) be the correlation func-
tion (32) between minima and maxima. Then for all € > O there exists a positive constant
K (€) > 0 such that as p — 0,

(55) A%N(p) < K (e) x p?N17e
Upper bound (55) proves strong repulsion between maxima and minima.

THEOREM 4.12. Let X = {X(t) :t € RN N > 1} be a stationary and isotropic Gaus-
sian field with real values satisfying Assumption (A4). Let ANN(p) (respectively A%°(p))
be the correlation function (32) between maxima (respectively minima). Then Ve > 0 there
exists a constant K (€) > 0 such that as p — 0,

(56) A%(p) = AN (p) < K(e) x p" N,

Upper bound (56) proves repulsion between maxima (or minima) for N < 5.

In the particular case N = 1, note that, strictly speaking, Proposition 4.4 gives no equiva-
lent of Theorem 4.11. In fact, since a maxima is followed by a minima and reciprocally it is
easy to deduce from (42) that we have (55) with € = (. On the other hand (43) implies that
the result of Theorem 4.12 holds true with € = 0.

As this work was achieved we have discovered the work [12] which is similar to the result
of this section but limited to the dimension /N = 2. In this last particular case Theorem 4.6 is
the analogue of Theorem 1.2 of [12]; Theorem 4.9 has no equivalent in [12]; Theorems 4.11
and 4.12 are similar but a little weaker than Theorems 1.3 and 1.4 of [12] that are obtained by
a difficult diagonalization of the Hessian which is absolutely impossible in the case N > 2.

PROOF OF THEOREM 4.11. We use Hadamard’s inequality. If M is a positive semidefi-
nite matrix of size N
det(M) < My x -+ x Myn.
As a consequence for any symmetric matrix M’
(7 det(M')Liarm=oy < (M{y) " x o x (Myn)™
By Kac-Rice formula (32)
AN (p) = pyx(0),vx(1)(0,0) E (| det £(0)| 1 gi(v2e(0))=oy | det E()| T gi(v2eyy=ny) -
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We have
AP (p) < (1) Py (0),vx(1)(0,0) E (£71(0)€55(0) ... v ()€ (DR (1) - Eyn (1)) -
By Cauchy-Schwarz inequality and symmetry of the role of 0 and ¢ we obtain
A (p) < (1) pux().vx (0,0 B (€1 (0)%65(0) - Exn (0)€() - £y (1)) -
By Holder’s inequality for every p > 1

_ (»=1)/p
A" (p) < pyx(0) vx(1)(0,0) x I, x (E (5;&(0)21’/(” 1))) .

where I, := (E (|€5(0) ... & v (0)655(8) ... Eun (B) |p))1/p. Since £;1(0) is centred Gaussian

s Aodg — A2

with variance p 5\ 4 there exists a constant K (p) > 0 depending on p such that
2

(e (eatomo)) " < o

By (47) we have py x (o), vx(1)(0,0) = O(p~™). Now let us prove that

(58) I,=0 (p(N—1><2+1/p>> ‘

We set € := (§22(0),...,&nnN(0),822(), ..., Enn (D)), & the ith coordinate of & for i =
L,...,2N — 2, £ (resp. §_(; ) the vector & without its ith (resp. ith and jth) coordi-

nate(s). We set ¥, := Var(£). We define S = {x ¢ R*N"2: 2, > 0,...,xx_1 > 0,2y <
0,...,z9n—2 < 0}. Then

(59) I — / ‘51 .. -é?N—Q’p exp <_1£Z_15T> dé 1/p
?7 \Js (2m)@N-2)/2, /dets, 2°7r '

e Equivalent of det(3,) as p — 0

For short we set X; := X;(0) and X;; := X;;(0).

det Var(Xag, ..., Xy, Xoo(t), ..., Xnn(t), X1, ..., XN, X1(8),..., XN (1))
det Var(Xq,..., XN, X1(t),..., Xn(1)) '

Using Trick 4.3, we obtain as p — 0

det Var(Xao, ..., Xnn, X122, ..., Xaivn, X1, X, X, .., Xaw)
detVar(Xl,...,XN,Xll,...,XlN) '

Using Lemma 2.3, (5) and (6) we get, as p — 0
(N—1) detVar(Xn, . ,XNN) detVaI‘(Xl,Xlgg, ... 7X1NN)

detX, =

det s, ~ p?NV=1)

det X, ~p?
¢ P p VaI‘(X1>VaI‘(X11)
N-1 N-2 2
~ 2D 4 9) 2\ 26 BN +1)dds —5(N — DAY
3 15 135X

So

A\ VT 206\ VT2 /3(IN 4 1)Aghg — BN — 1)A2
20-N) det 33, ~ g 1= (N +2) | 222 R = )
P ety =gi=(N+2)| 3 15 135X
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5(N—1) 5(2+N)
3N+1) S 3@+

2+ N
By (3) we have A2 Ag > 52+ N)

o LS
Z A I Since

we deduce that g > 0

under our hypotheses.

e Equivalent of 32, as p — 0.

Because of the exchangeability of the coordinates 2, ..., N

1. apldy_1+ BpIn—1,N-1|VpldN—_1 + pIN_1,N-1
P\ pldn—y + 6 IN1N—1|apldn_1 + BpIn_1in-1 )

Using the classical expression of conditional variance and covariance

1 _ det Var(¢_;)

71 _
)i = Var@/e) ~ detvar@
(5:1), = —COV(EE,EZ‘/E:(@'J)) :Var(gi/gf(i,j))+Var(gj/g:(i~,j))~_ Var(& + &/ (i)
Y detVar(fi,fj/f_(m)) QthVfir(fiafj/f—(iJ))
_ detVar(é_j) + det Var(g_i) — det Var(fi + é:j,g_(i,j))
N 2det Var(€) ’

and using the same techniques as those previously used for the calculation of the equivalent
of det(%,,) and for the proof of Lemma 4.2, we obtain the equivalents of (¥,1), ., (X,

p )12’
(Eljl)lN and (2;1)1(N+1)'

15
%’Pﬁp—/&—

p*8,~ —B.So p* 31 converges to

11°

15 5A7 — 3¢
206 3(N + 1) AaXg — 5(N — 1))\?1 ’

We get anp ~ = p27p ~ —q and

$ . < oddy_1 + BIn_1n—1 |—oddn_1 — BJN—1,N—1>
’ —aldy_1 — BIn—1,n—1] aldy_1 + BIn—1,N-1

where the matrix afdy_1 + Jn—1,ny—1 is positive definite under our conditions. Indeed by

)

det(ald, + BJnn) = a"‘l(a +np),
and we have o > 0 and
15 3(N +1—n)Agds —5(N =1 —n)A]
26 3(N +1)A2xe —5(N — 1)A]

under our conditions.

a+nf= >0Vn=1,...,N—1

e Formal finite limit

We make the change of variables §~ = pz in (59) to obtain
(60) Ip — p(2N72)+(N71)/p

1/p

. _o|P 1
X / |21 22N exp <—z (,022/;1) zT> dz
5 (2m)@N-2)/2, [ p20-N) det 33, 2
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We set 2 := (21,...,2N-1), 22 := (2N,...,22n—2) and

21...29n—-2|P 1 _
fo(2) = 21 2ol exp (—z (pQEpl) ZT).

(2m)@N-2/2, [20-N) det 3, 2

|Zl...ZQN_2|p 1 - T
2m N2 exp —52225 equals to

|Zl e 22N72|p ox
(2m) @272, /5 p

that is integrable on S since g > 0 and aldy_1 + BJn—1,n—1 is positive definite.

As p—0, f,(z) converges to

—%(51 — Zo)(aldn—1+ BIN-1,N-1)(Z1 — 22)T>

e Domination

Let us choose gg, ag and Sy such that 0 < gg < g, 0 < ag < a and By < B such that
0<ap+nbyVn=1,...,N — 1 which is always possible. Then for p sufficiently small
(61)

’21...22N_2’p 1 _ _ _ _\T
fo(2) < 2N /g exp | =5 (21 = 2)(aoldy—1 + fodn-1,v-1)(21 = 22) " ).
Since ag > 0 and ag +nfp >0Vn=1,...,N — 1, agldn—_1 + BoJn—1,n—1 is positive
definite and the right hand side of (61) is integrable on S. Finally we conclude the proof
takingp=1—e. O

PROOF OF THEOREM 4.12. We follow the same lines as in the proof of Theorem 4.11.
By Kac-Rice formula (32):

A%(p) = pux(0),vx(1)(0,0) E (| det £(0)| L v2e(0))=03 | det ()L i w2¢(ey)=0y ) -
Using (57), Cauchy-Schwarz inequality and symmetry of the role of 0 and ¢ we get

A% (p) < pyx(0),9x(5(0,0) E (€11 (061 (1)€53(0) .. €35 (0)%) .

By (47) we have py x (o) vx (1) (0,0) = O(p~ ). Now let us prove that

(62) I, = E (£h(0)&,()&5(0)2 ... &6 5 (0)2) = O(p* /7).

By Holder’s inequality for every p > 1

6 1< (BER 0P 07) " (B (600D gy 0/0))
Since Cov(£11(0),&11(t)) ~ — Var(&11(t)) (see Lemma 4.2), by Lemma 4.5

75 (det(Var(£11(0), &1 (t))))P+1/2,

(r—1)/p

64 E(&7(0)P& (1)) =~ (const) (Var(&nl(t)))

By Lemma 4.2 we have

det(Var(£11(0),&11(t))) =~ 144 Aoy ’
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and by (64) we deduce

(65) (B (&,0)7&/; ()P)) 7 = (constyp* /7.

(»-1)/
We now consider the term (E (5;2(0)2”/(”_1) Ehn (0 0)2p/(p= U)) " (63).

We set & := (£22(0),&33(0),...,Enn(0)). € is a Gaussian vector centred with variance-
covariance matrix

Var(g) = (apIdN_l + prN—l,N—l)
explicitly given in Lemma 4.1. According to Lemma 4.2, as p — 0,
2
5
Using Lebesgue’s dominated convergence theorem we can deduce that there exists a constant
C(p) > 0 such that, as p — 0

(66) E (L0700 gf 5 0)2/770) = C(p).
(66) and (65) give (62). Finally we conclude the proof taking p =1 — . ]

2
a, — 74 and b, —

APPENDIX A: VALIDITY OF KAC-RICE FORMULAS FOR STATIONARY
GAUSSIAN PROCESSES AND FIELDS

Let X = {X(t) :t € U C RV} be a zero-mean, stationary Gaussian random field defined
on an open set U C RY. We follow chapter 6 of [9]. So we need VX (-) to be C*. Recall that
Ne(S), NE(S) and N (u, S) are respectively the number of critical points, the number of
critical points with index £ and the number of critical points with index k above the level u
of the random field X (-) in a Borel set S C U .

PROPOSITION A.1. Let X ={X(t):t € U C RN} be a zero-mean, stationary Gaussian
random field defined on an open set U C RN . Suppose that X is C? and that the distribution
of V2 X (t) does not degenerate, then the Kac-Rice formula of order one is always true in the
sense that for every Borel set S C U

(67) E(N(S)) = |S|pvx()(0) E (| det(V2X ())])
(68) E (VE(S)) = |SIpvx () (0) E (| det(V2X () 1wz x (1)) =k)

(69) E(WNg(u,9)) = ISpvx () (0)

+oo
< [ px@E (142X (@) Liwaxiop-r/ X () = ).
In addition the sample paths are a.s. Morse functions.

Note that Lemma 2.3 implies that the conditions of Proposition A.1 are met for a random
field satisfying (A2).

REMARK A.2. In the particular case N = 1, the Kac-Rice formulas (67), (68) and (69)
are always true (both sides are equal, finite or infinite) when X is a zero-mean stationary
Gaussian process with C 1 covariance function. This can be proved as in [21]. These condi-
tions are weaker than those in Proposition A.1.
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PROOF OF PROPOSITION A.1. We first consider the mean number of critical points. We
need to apply Theorem 6.2 of [9]. The conditions are clearly verified in our case except for
the condition (iv) :

P{3tc S:VX(t)=0,det(V?X(t)) =0} =0.
This last condition is equivalent to the fact that the sample paths are a.s. Morse functions.
In the case of stationary random fields the simplest is to use Proposition 6.5 of [9] with
condition b). Note that because of stationarity, by an extension argument, we can get rid

of the compactness condition. Since VX (¢) and V2X () are independent, this condition is
equivalent to

P{|det(V?X(t))| <6} = 0asd— 0.
which is equivalent to
P{|det(V2X(t))| =0} =0.
This is implied by assuming the non degeneracy of V2X (¢).

We consider now the case of Kac-Rice formula for the mean number of critical points with
a given index and above the level v . We have to apply Theorem 6.4 of [9]. More precisely
we have to write their formula (6.6) with

g(t, Yt) = g(VQX(t),X(t))7

here the process Y is simply the Gaussian vector V2X (t), X (t) which is Gaussian as re-
quired in Theorem 6.4 of [9]. On the other hand, g is the indicator of the index multiplied
by the indicator function that X (¢) > w. It is not continuous and we must apply an approx-
imation with a continuous function, followed by a monotone convergence argument. Then,
since we have independence between X (¢) and VX (t) and between VX () and V2 X (t)
(see Lemma 2.3), we obtain (68) and (69). [

For simplification we limit our second proposition to the isotropic case

PROPOSITION A.3. Under Assumption (A2), the Kac-Rice formula of order 2 is valid for
a sufficiently small set S in the sense that if S1 and So are sufficiently small and sufficiently
close to each other,

(70) E(NC(Sl)NC(Sz)):/S ; dt1dtapy x(1,)v x () (0,0)

E (|det(V2X (t1)) det(VZX (t2))|/VX (t1) = VX (t2) = 0)

(71) E(N,ﬁ(Sl)N,S/(Sg)):/S . dt1dtapy x (1,)v x (¢, (0,0)
1 X2

E (|det(V2X (81)) (w2 x(t,))=k det (V2 X (t2)) Liw2x (1)) =k |/ VX (11) = VX (2) = 0)
PROOF. We need to apply Theorem 6.3 from [9]. With respect to Proposition A.1, we need

in addition the distribution of VX (0), VX (pe;) to be non degenerated in R?V (Condition
(14i") of [9]). From section B.2.1.1 we have

Var (VX (0)) = Var (VX (pe1)) = Aoldn

E(VX(0)VX(per)T) = diag( —2r'(p?) — 4p%t" (), —2v'(p?), ..., —2r’(p2)) ,
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which implies that the N vectors (X;(0), X;(pe1)),i=1,..., N are independent. It remains
to check that the correlation between X;(0) and X;(pe;) cannot be 1. This is done by the
Taylor expansions

—2r'(p?) = —2r'(0) — 29’ (0) + 0(p?)
—2r'(p?) = 4p”r" (p?) = —2r'(0) — 6p°r"(0) + o(p°).

Since by hypothesis 0 < r”(0) = \4/12 < 400 the result follows.
We consider now the case of Kac-Rice formula for the mean number of critical points with
a given index. We proceed using Theorem 6.4 of [9] as in the preceding case. O

APPENDIX B: PROOFS OF LEMMAS

B.1. Proof of Lemma 2.1. We start by proving (3). The spectral moment of order 2p
has the following expressions

(72) Aop = /R e, NPAF(N) = /0 +Ooag?f%za(g;) /S . ((e1,u))*do(u),

where I is the spectral measure; o is the uniform probability on the sphere SV~! and G
is a measure deduced from F' by change in polar coordinates. Using the fact that a standard
normal variable is the independent product of a uniform variable on the sphere by a x (V)
distribution and the fact that those two distributions have well known moments, we obtain

_ 2p _ (2p-DIT(N/2)  T(N/2)T'(1/2+p)
= [ ()Mot =S = N )
We have

_ (2n—44+N)2n—-1) ,
Honon—4 = (2n —2 N)(Qn — 3) Hopn—2-

Using Cauchy-Schwarz inequality we conclude that

+00 +o00
A2nAon—4 = ,u2nu2n—4/ JCQndG(&“)/ y?"dG (y)
0 0
+o0 400
KN, [ G [ G
0 0

“+o00 400
> K(n, )iy /0 224G () /0 Y2 20G(y) = K (n, N)X3p_s

giving (3). Now let us prove (4). By (72), see also [31] and [35], r(||s — t||?) can be written
as

r(||s —t||*) = /0+00 dG(x) /le Ccos <(<Hs - t||el,xu)))da(u)

(73) - /mi( )k 22 (|ls — ¢)2)" 1G(2)
Tl & EEEREI R 1 (N - 2)/2)
Thus setting | 5] = il + 15| and (B = e+ Ik for k=1,..., N, we have

2

OlHile(||s —¢]1%)
Dsi ..., AsW ... Ot

N (—1)I81 218
_/0 PABHN=22IBIT(|B] + 1+ (N = 2)/2)

s=
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olil+1il (HS—tHQ)lm
i i J JN
Osy',...,0sy 0t ..., 0ty 5

G(z).

=t
By the multinomial formula

a4 (ls—t»)"= 3 kﬂxw“'((ﬁt1)2)klx...><((sNtN)2)kN.
kit +kn=|8|
Thus
ali+lil (s —t||2)‘6|
Osit ... At ... Ot

SRRRUTPTY § gekal

'7
s=t k:lﬁ

since the only term in the sum in the right side of (74) whose derivative is not null is the one

for which k1 = Zl;jl,...,kN M . We obtain
Ol (|)s — t]?) _ (=DP(-1)1)8)
Osy ... 0sot], ..oty |, 22PHINERRIBND(A+1 4+ (N —2)/2)

(2
X H ﬁk / 228ldG ().
Furthermore, using (73), we have

(=pP! e
r0(0) = STATE £ T3 (V= 2)/2)/ 294G ().

That gives the first equality in (4). The second equality is obtained using (2).

B.2. Proof of Lemma 4.1. We give the steps for the computation of the conditional
variance of V2X (0), V2X (t) given VX (0) = VX (t) = 0 with t = pe;. Some tedious but

easy calculations are not detailed. r(p?), r'(p?), r’(p?), v (p?) and r(¥ (p?) are denoted by

r,r, ", r"” and r® for short. The results below extend Lemma 2.1 to two times.

B.2.1. Unconditional distribution.
B.2.1.1. Gradient.
Var(VX(t)) = Var(VX(0)) = —2r'(0)IdN,

Cov(X1(0), X1(t)) = —2r' — 4p*r” and Cov(X;(0), X;(t)) = —2r fori # 1.
Any other covariance is zero.

B.2.1.2. Hessian. We define X//(t) as (X11(¢),..., Xnn(t)) and X/ (t) as {X;;(t),1 <
i < j < N}. These two vectors are independent and

Var(X[7(0)) =4r"(0)(2Idn + Iy N),

12r" + 48p%r" 4+ 16p*r™  (4r” +8p*r"")Jy (n_
Cov(X/(0), X}(t ( L))
ov(Xa(0), Xa(0)) = (4r” + 8p°r /”)J(N—l),l 4r"(21dy 1 + JN-1),(N—1))

Var(X,,(0)) = 4r"(0)Idn(n-1)/2,
Cov(X/(0), X1/(t)) = diag ((4r" + 8p°r" ) Idn_1,4r" Id(n_1)(N—-2)/2) -
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B.2.1.3. Relation between gradient and Hessian.
E (X11(0)/X1(0), X1(t))

— 1 " 30 —2r (0) 2r/+4p21'// Xi(
T 4r(0)2 — (2 + 4p2r")2 5(0,12pr" 4+ 8p°r") o' + 4p%r”  —2r'(0) X (t)

(2r' + 4p%r") X1 (0) — 2r'(0) X4 (t)
4r'(0)2 — (2r/ +4p%r")?
=: (12pr" + 8p%r") K1 (t).
Fori+#1

()
=

— (12pr// + 8p3r///)

B 1 m [ —2r'(0)  2r X;(0)

= w0y — gy ) < o —2r'(0) ) \ Xi(1)

2r' X;(0) — 2r'(0) X;(¢)

4r'(0)2 — 4(x")?
E (X;(0)/X1(0), X1(t)) = 4pr" K1 (t).

We have equivalent formulas, reversing time, for example:

(—(2r' +4pr") X1 (t) + 2r/(0) X1 (0))

4(r(0))2 — (2 + 4p%r" )2
—: (120" +85°8") KL (1).

Any other case corresponds to independence between gradient and Hessian.

E (X1(0)/X3(0), Xi(t))

=4pr” =:4pr" K;(t).

E(X11(t)/X1(t), X1(0)) = (12pr" 4 8p°r")

B.2.2. Conditional distribution. Since the conditional variance-covariance matrix is
equal to the unconditional variance-covariance matrix diminished by the variance of the con-
ditional expectation, we compute this last term only.

Let us consider for example the two terms X1 (0) and X3, (¢) given VX (0) = VX(¢) = 0.
The 2 x 2 matrix to subtract is (12pr” + 8p%r"")? Var (K (t), K1 (t)) with

_ 1 —2r'(0)  —(2r +4p%r")
Var(Ba(0). K0 (1) = Gerrmye — (e + a2 <—(2r'+4p2r”) Cor(0) )

In the same way for ¢ # 1 :

Va6 Rele) = 1 —2r'(0) —2r/ ) .

4r’(0)2—4(r’)2< —2r"  —2r'(0)

Giving the extra term to substract to get Lemma 4.1.
B.3. Proof of Lemma 4.2. First note that (37) and (40) are deduced from Lemma 4.1.

B.3.1. Proof of (34), (35) and (41). 'We now consider the case of £;1(¢). Using Trick 4.3
we have

Var (£1(2)) = det(Var (X (

0), -+, Xn(0), X11(0), X1 (t), ..., Xn (1))
det (Var (VX (0), VX (1))
0)

o~ det(Var (X ( XN (0),X11(0), X1(t) — X1(0) — pX11(0),
Xg(t)—XQ(O),...,XN(t)—XN )))/det Var(V ( ),VX(t)))
23N—1

AN

det(Var(Xl(O), cee ,XN(O),XH(O), cee ,XlN(O),XHl(O))).
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Ao — A2
By Lemma 2.3 we obtain Var (£;1(¢)) ~ 'ZW. The other variances in (34) and
2

(35) and the determinant (41) are obtained in the same way.

B.3.2. Proof of (36), (38) and (39).
e We consider Cov(;;(t),&kk(t)) for j # k and j, k # 1. Since

Cov(&;(1), &k (t)) = % (Var (&5;(t) + &rr(t)) — Var(&j;(t)) — Var(§er(t)))

8\
and since, by (34), Var(§;;(t)) = Var(&(t)) = ?4, we just need to compute

det(Var(Xy5(t) + Xee(t), X1 (0), ., X(0), X (), X (1))
det (Var (VX (0),VX(t))) ’

Var (‘fjj( )+ &kk(t)) =

Using Trick 4.3 we obtain
Var (&;(t) + &k (1))
_det(Var(X;(0) + Xgx(0), X1(0), ..., Xn(0), X11(0), X12(0), ..., Xin/(0)))
det(Var(Xl( ) ...,XN(O),Xll(O),Xlg(O),...,XUV(O))) '
By Lemma 2.3 we have
det(Var( (0)+ka(0),X1(O>,,XN(O),XH(O),X12(0),,XU\[(O)))

= (M) AY det(Var(X11(0), X;;(0) + Xxx(0))),

3
det(Var(X11(0), X;;(0) + Xz (0))) = 205?1
and
A5 AL
det (Var (X1(0), ..., Xn(0), X11(0), X12(0), ..., X1n(0))) = 3N-1-

20 24
Finally we obtain Var(¢;;(t) + &k (1)) ~ 09 =, implying Cov(&; (£), & (1)) =~ —g - Inthe

same way we obtainCov (;;(0), ki (t)) =~ %\4, Cov(&k(0),&k(t)) ~ Var(&i(t)) for j #k
and COV(SM(O), fll(t)) ~ — Var({li(t)) Vi € {1, ceey N}

211)\2>\6 1572

e Now let us prove that Cov(&11(%),&;;(t)) = 1800 +o(

(see Lemma 2.3 and Sections B.2.1.2 and B.2.1.3)
Cov(X;;(0),X;(0)) =0, Vi,je{1,...,N}
Cov(X;(0), Xi(t)) = — Cov(X; (), Xi(0)) = 4pr” (p*)8u; for j #1,
Cov(Xii(0), Xi()) = — Cov(Xy(t), Xi(0)) = (12pr" (p*) + 8p°r" (p*))81; and
Cov(X11(0), Xj(t)) = 4r" (p*) + 8p7r" (p?).

With Section B.2.1.1 we deduce
Var(€;;(0)) = det(Var(X1(0), ..., Xn(0), X1 (), ..., Xn(t), X;;(0)))
73 det (Var(VX(O) VX(t)))
_ det(Var(V_ 1) X(0), V_1) X (?))) x det(Var(X:(0), X1 (1), X;;(0)))
det (Var (VX (0),VX(t))) ’

p?) for j # 1. We have,
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where V_ 1) X denotes the gradient without its first coordinate. Similarly

det(Var(V,(l)X(O), V,(l)X(t))) X det(Var(X1 (0), X1 (t), XH(O)))

Var(£11(0)) = det (Var (VX (0), VX (t)))

and
Var(£11(0) +&55(0)) =
det(Var(V_(1)X(0), V_)X (1)) x det(Var(X1(0), X1 (1), X11(0) + X;(0)))
det (Var (VX(0),VX(t))) .

Using Lemma 2.3 we can verify that

det(Var (X2 (0), X1(1), X11(0) + X35(0))) = 5 AN — Mol +2)? — S \af?
det(Var(X1(0), X1(t), X11(0))) = A3 — Aaat — My 37
det(Var(X1(0), X1(2), X;;(0))) = MA3 — Xaad — A3,

where 81 = —2r/(p?) — 4p?r" (p?), o = 12pr" (p?) + 8p°r" (p?) and i = 4pr”(p?). We
deduce

d%ﬂ@ﬂV4UXmLV%DX@»)x(;MA%-&amQ—;Mﬂa
det (Var (VX (0),VX(t)))

Cov(£&11(0),¢5;(0)) =
We can check that

VT -1A52~ HELSEW A
342 2a1a2341—P 180246 12

We deduce, using Trick 4.3 and Lemma 2.3, that
1106 — 152
2 216 4
180X o)

1522 — TAgAg
2 4 2
180\, +o(p?),

Cov(£11(0),&;;(0)) =

In the same way we prove Cov(£11(0),&;5(t)) =
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