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Introduction

Since the seminal work by Karlovitz et al. [1] and Scurlock and Grover [2], the influence of combustion-induced thermal expansion on turbulent flow within a premixed flame brush was studied by various research groups, as reviewed elsewhere [3][4][5][6]. The majority of such studies addressed the problem of flame-generated turbulence [1,2] and their focus was placed on the behavior of the rms turbulent velocity and Reynolds stresses within the mean flame brush, particularly, downstream of the instantaneous flame front. However, until recently, certain fundamentally important and challenging subjects such as (i) eventual influence of thermal expansion on turbulent flow of unburned reactants both within and upstream of a mean flame brush or (ii) behavior of two-point turbulence characteristics, which provide insights into energy distribution over length scales, in premixed flames were rarely addressed. For instance, over many decades of research into premixed combustion, only a few spectra of turbulence energy were obtained from flames by measuring temporal correlations [7][8][9][10][11][12], with significant influence of combustion on the spectra being documented in these experiments. Recent advancement in Direct Numerical Simulation (DNS) of turbulent reacting flows provided the combustion community with a powerful research tool capable for evaluating various characteristics of turbulent flames, including two-point turbulence statistics. Nevertheless, only a few studies of the influence of premixed combustion on turbulence-energy spectra have yet been performed by extracting two-point spatial correlations from DNS data [13][START_REF] Lipatnikov | Proc. 25th Int. Colloq. Dynamics Explosions Reactive Systems[END_REF][START_REF] Towery | [END_REF][16]. As these studies revealed substantial changes of the spectra at small wavelengths comparable with the relevant laminar flame thicknesses, further research into behavior of two-point turbulence characteristics in premixed flames is definitely required, in particular, in order to examine whether or not (or under which conditions) the Kolmogorov theory may be used to characterize turbulence in flames.

In order to explore the issue more efficiently, the well-known, but sufficiently expensive spectral method is worth being complemented with other research tools, which either could be easier to use, or/and could be applicable under different conditions, or/and could offer an opportunity to take a look into the influence of combustion on turbulence from another side.

Structure functions widely used by the turbulence community [START_REF] Monin | Statistical Fluid Mechanics: Mechanics of Turbulence[END_REF][START_REF] Kuznetsov | Turbulence and Combustion[END_REF][START_REF] Frisch | Turbulence: The Legacy of A.N. Kolmogorov[END_REF][START_REF] Pope | Turbulent Flows[END_REF][START_REF] Davidson | Turbulence: An Introduction for Scientists and Engineers[END_REF] appear to be such a tool. While higher order structure functions are particularly well known due to their importance for fundamental research into intermittency in turbulent flows [START_REF] Kuznetsov | Turbulence and Combustion[END_REF][START_REF] Frisch | Turbulence: The Legacy of A.N. Kolmogorov[END_REF], even the second-order structure functions are widely used equally with spectral methods, with each of the two approaches having its advantages and disadvantages [START_REF] Davidson | Turbulence: An Introduction for Scientists and Engineers[END_REF]. For instance, the latter structure functions were successfully used to develop models for large-eddy simulations of turbulent flows [START_REF] Lesieur | Large-Eddy Simulations of Turbulence[END_REF]. It is of interest to note that Kolmogorov developed his theory of the locally homogeneous, isotropic turbulence by analyzing the second-order structure functions [START_REF] Kolmogorov | [END_REF], whereas the 5/3 spectrum of turbulence in the inertial subrange was predicted by his PhD student Obukhov [24].

Contrary to the wide use of the structure functions by the turbulence community, this method has yet been beyond the focus of research into combustion. The present authors are aware on a single application of the structure functions to premixed flames, i.e., a theoretical study by Kuznetsov [25] of manifestations of the hydrodynamic instability [START_REF] Landau | Fluid Mechanics[END_REF] in turbulent flows. The goal of the present work is to fill this gap and to advance applications of the structure functions to examining the influence of combustion-induced thermal expansion on turbulence and, in particular, its two-point characteristics.

For this purpose, in the next section, the structure-function method is extended by introducing conditioned structure functions following an approach developed by Kuznetsov and Sabelnikov [START_REF] Kuznetsov | Turbulence and Combustion[END_REF] to study intermittency in non-reacting turbulent flows. Subsequently, the newly extended method is applied to analyzing DNS data whose attributes are summarized in the third section. Obtained results are discussed in the fourth section followed by conclusions.

Structure Functions

The second-order structure functions of the velocity field are defined as follows [START_REF] Monin | Statistical Fluid Mechanics: Mechanics of Turbulence[END_REF][START_REF] Kuznetsov | Turbulence and Combustion[END_REF][START_REF] Frisch | Turbulence: The Legacy of A.N. Kolmogorov[END_REF][START_REF] Pope | Turbulent Flows[END_REF][START_REF] Davidson | Turbulence: An Introduction for Scientists and Engineers[END_REF][START_REF] Lesieur | Large-Eddy Simulations of Turbulence[END_REF][START_REF] Kolmogorov | [END_REF] (

where and are two spatial points, is -th component of the velocity vector , and designates an ensemble averaged value of a quantity . These structure functions characterize the second moment of the velocity difference across scales of size . Accordingly, they measure the energy of such and smaller eddies and, therefore, allow us to examine the energy distribution over the spatial scales directly in the physical space, contrary to energy spectra which deal with wavenumbers. Due to this feature, the second order structures are widely used both in theoretical and experimental studies of turbulent flows [START_REF] Monin | Statistical Fluid Mechanics: Mechanics of Turbulence[END_REF][START_REF] Kuznetsov | Turbulence and Combustion[END_REF][START_REF] Frisch | Turbulence: The Legacy of A.N. Kolmogorov[END_REF][START_REF] Pope | Turbulent Flows[END_REF][START_REF] Davidson | Turbulence: An Introduction for Scientists and Engineers[END_REF][START_REF] Lesieur | Large-Eddy Simulations of Turbulence[END_REF][START_REF] Kolmogorov | [END_REF].

Within a premixed turbulent flame brush, local velocity is increased due to a decrease in the local density , caused by combustion-induced thermal expansion. Often, such density changes are localized to thin zones and the local velocity normal to the zone jumps at the burned side of the zone when compared to the unburned side, with such effects being most pronounced in the flamelet regime of premixed turbulent combustion [4][5][6]. Because such a velocity jump is hardly associated with turbulence, the use of mean (ensemble-averaged) quantities for characterizing turbulence in premixed flames appears to be a flawed approach [5,6], at least in the flamelet combustion regime. To resolve the problem, flow characteristics conditioned to unburned (or burned) mixture are often considered instead of mean flow characteristics, as reviewed elsewhere [5]. However, as far as energy spectra obtained from spatial correlations computed in DNS are concerned, the present authors are aware on a single study of the conditioned spectra [START_REF] Lipatnikov | Proc. 25th Int. Colloq. Dynamics Explosions Reactive Systems[END_REF], with that study being restricted to the leading edges of mean flame brushes. The structure functions offer an opportunity to gain insight into the conditioned two-point statistics of turbulent velocity field.

Indeed, let us consider a statistically stationary, planar, 1D premixed turbulent flame that propagates from right to left along the -direction in the coordinate framework attached to the flame brush. 1 The considered flame and flow are statistically homogeneous and isotropic in any transverse plane const and we will restrict ourselves to structure functions measured for two points and that belong to the same transverse plane , i.e., .

Let us introduce three indicator functions such that in reactants and vanishes otherwise, in products and vanishes otherwise, whereas vanishes in the reactants and products, but is equal to unity otherwise.

Obviously, . Then, for any quantity , the following identity holds

where designates the value of conditioned to -th state of the mixture and is the probability of finding this state. Henceforth, dependencies of various quantities on time and spatial coordinates are not specified unless the opposite is required, whereas and designate values of a quantity , measured in points and , respectively, at the same instant .

By averaging the following identity

over transverse plains and time, we arrive at (4) where subscripts and refer to spatial coordinates, subscripts and refer to the state of the mixture, are conditioned structure functions, and are the probabilities that the mixture states and are recorded in points and , respectively, at the same instant. In Eq. ( 4), the tensor depends solely on and , rather than and , because the considered process is statistically homogeneous and 

DNS Attributes

In the rest of the present paper, we will illustrate certain opportunities associated with the newly introduced conditioned structure functions by extracting them from a DNS database created by Nishiki et al. [START_REF] Nishiki | [END_REF]28] about 15 years ago. The choice of this database, which may appear to be outdated when compared to recent DNS data generated in the case of complex combustion chemistry and a high ratio of to the laminar flame speed , e.g. [29][30][31][32][33], requires comments. The point is that the focus of the following discussion is placed on the influence of combustion-induced thermal expansion on the structure functions conditioned to either reactants or products. Therefore, detailed description of intermediate states of the mixture (e.g., complex combustion chemistry) appears to be of secondary importance when compared to two other major requirements. First, a study of any new approach should be started under conditions that are associated with the strongest manifestation of effects the approach aims at. Accordingly, to make the thermal expansion effects as strong as possible, heat release and density drop should be localized to sufficiently thin zones and the velocity jump across such zones should be sufficiently large when compared to . In other words, the flamelet regime of premixed turbulent combustion associated with a low ratio of should be addressed. The DNS by Nishiki et al. [START_REF] Nishiki | [END_REF]28] dealt with this regime, as discussed in details elsewhere [34], whereas the majority or recent advanced DNS studies attacked other combustion regimes. Second, to better explore the thermal expansion effects, data obtained at significantly different density ratios are required and the DNS database by Nishiki et al. [START_REF] Nishiki | [END_REF]28] satisfies this requirement, as cases of and 7.53 were simulated, with all other things being roughly equal.

Because the DNS data were discussed in details elsewhere [START_REF] Nishiki | [END_REF]28] and were already used by various research groups [34][35][36][37][38][39][40][41][42][43][44][45][46][47][48], we will restrict ourselves to a brief summary of those compressible simulations. They dealt with statistically planar, 1D, equidiffusive, adiabatic flames modeled by unsteady 3D continuity, Navier-Stokes, and energy equations, supplemented with a transport equation for the mass fraction of a deficient reactant and the ideal gas state equation. The Lewis and Prandtl numbers were equal to 1.0 and 0.7, respectively. Combustion chemistry was reduced to a single reaction.

Temperature-dependence of molecular transport coefficients was taken into account, e.g., .

The computational domain was a rectangular box with mm, mm, and was resolved using a uniform rectangular ( ) mesh of points. Homogeneous isotropic turbulence ( m/s, mm, and the turbulent Reynolds number [START_REF] Nishiki | [END_REF]28]) was generated in a separate box and was injected into the computational domain through the left boundary . In the computational domain, the turbulence decayed along the direction of the mean flow. The flow was periodic in and directions.

At , a planar laminar flame was embedded into statistically the same turbulence assigned for the velocity field in the entire computational domain. Subsequently, the inflow velocity was increased twice, i.e., , in order to keep the flame in the computational domain till the end of the simulations. Here, is the turbulent flame speed.

Three cases H, M, and L characterized by High, Medium, and Low, respectively, density ratios were studied [START_REF] Nishiki | [END_REF]28] Finally, transverse and longitudinal structure functions for the transverse velocity were found as follows: and , respectively.

Results and Discussion

Typical mean (dots) and conditioned (lines) structure functions are shown in Fig. 1. These data were computed in the middle ( ) of the H-flame brush in order for the probabilities to be significant, see Fig. 2, thus, allowing us to obtain solid statistics. It is worth noting that the majority of mean or conditioned structure-function variances are slightly larger than the corresponding mean or conditioned structure functions, respectively, with the difference being more pronounced for the mean structure functions. However, the transverse structure function for the axial velocity and the longitudinal structure function for the transverse velocity or , conditioned to unburned reactants in one point and burned products in another point, see solid lines marked with ub (i.e., unburned/burned) in Figs. 1a and1c, respectively, are much larger than their variance. The focus of the subsequent discussion is placed on the mean structure functions shown in dots and structure functions conditioned to unburned reactants in both points (uu), unburned reactants and burned products (ub), and burned products in both points (bb), shown in bold lines (dashed, solid, and dotted-dashed lines, respectively). The following trends are worth emphasizing.

First, the mean structure functions, see dots, differ substantially from the conditioned structure functions, see lines, thus,

showing that the velocity jumps associated with the unburned-burned intermittency strongly change two-point statistics of the velocity field within a premixed turbulent flame brush. Therefore, results plotted in Fig. 1 call for investigation of the conditioned fields in order to properly characterize the aforementioned two-point statistics. Second, the unburned-burned structure functions and and the relevant probability (solid lines in Figs. 1 and2, respectively) vanish at mm, with this distance being equal to the distance between planes and in the unperturbed laminar flame H. If , then, all three structure functions are positive. Therefore, there are pairs of points such that (i) both points lie on a line parallel to a transverse coordinate axis and, hence, normal to another transverse axis, (ii) distance between the two points is close to , and (iii) and or vice versa. However, the probability of such events is low if is close to , see solid line in Fig. 2. Since, under conditions of the present DNS and at , the flamelet scalar structure is weakly perturbed when compared to the laminar flame [34], items (i)-(iii) considered together imply that the flamelet is locally parallel to the -axis, i.e., the behavior of the conditioned structure functions at is controlled by flamelets characterized by and either or . Indeed, if the magnitude of be substantial, the or -distance between two points characterized by and will be substantially larger than .

Fig. 2. Probabilities of various events. Legends are explained in caption to Fig. 1.

Third, at the lowest associated with , , , and m 2 /s 2 , respectively, whereas the laminar-flame m 2 /s 2 in case H. The very small magnitude (when compared to ) of the transverse unburned-burned at also indicates that flamelets associated with the lowest distance or between the reactants and products are almost parallel to the or -axis, respectively. Otherwise, both velocities and and axes and would be partially normal to such a flamelet and, consequently, contributions from , i.e., difference in in the -direction, and , i.e., difference in in the -direction, would yield a larger due to jumps of the locally normal components of and across the flamelet. Then, based on the fact that the longitudinal unburned-burned , which is locally (for the considered flamelets, which are parallel to the or -direction and, hence, normal to the or -direction, respectively) controlled either by variation of in thedirection or by variation of in the -direction, is substantially less than , one may conclude that the velocity field in the flamelet is significantly perturbed when compared to the velocity field in the laminar flame. Furthermore, based on the fact that the transverse unburned-burned is as large as 4.3 m 2 /s 2 and is sufficiently close to , one may also conclude that there are significant variations in the axial velocity across the considered flamelets, which the velocity is almost tangential to ( , as discussed in the previous paragraph). In other words, the magnitude of the locally normal gradient of the locally tangential velocity within flamelets may be comparable with the magnitude of the normal velocity gradient in the laminar flame. Appearance of such relatively strong shear layers (i) puts into question a common practice [4][5][6] of modeling velocity variations in turbulent flamelets by invoking expressions derived for the laminar flames and (ii) calls for development of a more advanced modeling approach.

Application of target-directed diagnostics, which were developed to further explore the aforementioned trends that had been revealed by analyzing the conditioned structure functions, did show (i) appearance of flamelets almost parallel to the or -axis and almost normal to two other axes, as well as (ii) appearance of large locally normal (to such flamelets) gradients of locally tangential velocity [49].

Fourth, an increase in the transverse unburned-burned structure function for the axial velocity with , see solid line (ub) in Fig. 1a, may be attributed to a mechanism highlighted by Scurlock and Grover [2] and by Libby and Bray [50]. If reactant coordinate is kept constant, but the distance is increased, the axial distance between products in point B and the local flamelet leading edge is likely to be increased. Therefore, such products are likely to be accelerated by the local axial pressure gradient during a longer time required to reach the more distant point B. Consequently, their axial velocity is higher. A decrease in the longitudinal unburned-burned structure function for the transverse velocity or with , see solid line (ub) in Fig. 1c, may be attributed to the same mechanism. If the products are accelerated in the axial direction, the magnitude of their transverse velocity decreases due to mass conservation, because the product density is constant.

Fifth, the magnitudes of burned-burned structure functions are typically larger than the magnitudes of unburnedunburned ones, cf. dotted-dashed (bb) and dashed (uu) lines in Fig. 1, because is higher in the products due to thermal expansion. However, Fig. 1b shows the opposite trend for the transverse structure functions and for the transverse velocity or at , cf. dotted-dashed (bb) and dashed (uu) lines.

Such less pronounced small-scale spatial variations in two-point velocity differences in the products when compared to the reactants may be attributed to disappearance of small-scale eddies due to dilatation and increased viscosity. Such effects were documented in numerical [51] and experimental [52] studies of interaction of a laminar premixed flame with a vortex, as well as in recent experiments with turbulent flames [53].

The conditioned structure functions appear to be particularly useful for exploring eventual influence of thermal expansion in premixed flames on the incoming turbulent flow of unburned reactants and such an influence was observed by analyzing the present DNS data. For instance, Fig. 3 shows the longitudinal unburned-unburned structure functions for the transverse velocity or computed in the reactants upstream of and within turbulent flame brushes in cases H and L. Upstream of the flame brushes, see curves shown in dots and double-dashed-dotted lines, evolution of look similar in both cases. A decrease in with , i.e., less-pronounced small-scale spatial variations in the velocity difference at larger , could be attributed to an increase in length scales of the spatially decaying turbulence. However, the behavior of within flame brushes is different in cases H and L, cf. curves shown in dotted-dashed or solid lines in Figs. 3a and3b, respectively. In particular, at is largest or lowest in case H or L, respectively, see solid lines in Figs. 3a and3b. 

Conclusions

Conditioned second-order structure functions of velocity field were introduced in order to study the influence of combustion-induced thermal expansion on turbulent flow within a premixed turbulent flame brush. Application of this newly developed method to DNS data obtained from two weakly turbulent premixed flames characterized by significantly different density ratios showed that the structure functions convey information important for understanding fundamentals of flameturbulence interaction and finding issues that require further research. In particular, the reported results indicate that (i) locally normal (to flamelet surface) gradients of locally tangential velocity appear within flamelets and may have significant magnitude (ii) the thermal expansion substantially affects small-scale two-point velocity statistics in the incoming turbulent flow of unburned reactants. The newly introduced conditioned structure-function approach deserves further development and applications using both experiments and simulations. 
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 1 Fig. 1. Conditioned (color lines) and mean (black dots) structure functions obtained at in case H. (a) Transverse structure functions for axial velocity. (b) Transverse structure functions for transverse velocities. (c) Longitudinal structure functions for transverse velocities. The structure functions are conditioned to the following events; unburned mixture in both points (blue bold dashed lines marked with uu), unburned and burned mixtures (magenta bold solid lines, ub), unburned mixture and flamelet (maroon fine dotted-dashed lines, uf), burned mixture in both points (red bold dotted-dashed lines, bb), burned mixture and flamelet (orange fine double-dotted-dashed lines, fb), and flamelet in both points (brown fine double-dashed-dotted lines, ff).

Fig. 3 .Fig. 4 .

 34 Fig. 3. Longitudinal unburned-unburned structure functions for the transverse velocity or normalized using conditioned to the reactants and computed at various values of , specified in legends. The structure functions marked with 0 and shown in cyan dots were computed at mm, i.e., well upstream of the flame brushes.
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 1 Fig. 1. Conditioned (color lines) and mean (black dots) structure functions obtained at in case H. (a) Transverse structure functions for axial velocity. (b) Transverse structure functions for transverse velocities. (c) Longitudinal structure functions for transverse velocities. The structure functions are conditioned to the following events; unburned mixture in both points (blue bold dashed lines marked with uu), unburned and burned mixtures (magenta bold solid lines, ub), unburned mixture and flamelet (maroon fine dotted-dashed lines, uf), burned mixture in both points (red bold dotted-dashed lines, bb), burned mixture and flamelet (orange fine double-dotted-dashed lines, fb), and flamelet in both points (brown fine double-dashed-dotted lines, ff).

Fig. 2 .

 2 Fig. 2. Probabilities of various events. Legends are explained in caption to Fig. 1.
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 3 Fig. 3. Longitudinal unburned-unburned structure functions for the transverse velocity or normalized using conditioned to the reactants and computed at various values of , specified in legends. The structure functions marked with 0 and shown in cyan dots were computed at mm, i.e., well upstream of the flame brushes.

Fig. 4 .

 4 Fig. 4. Fig. 4. Ratios of the longitudinal structure function conditioned to reactants to a reference structure function , obtained at various values of , specified in legends.
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  Damköhler and Karlovitz numbers, respectively, evaluated at the leading edges of the mean flame brushes. The two flames are well associated with the flamelet combustion regime, e.g., various Bray-Moss-Libby expressions hold in cases H and L, see figures 1-4 in Ref.[34].

	from zero at	to a finite value at	. As will be discussed later, is approximately equal to the distance between
	iso-surfaces of	and	in the laminar flame and, consequently, is decreased with increasing . Results reported
	in the next section were computed using	.		
	The transverse structure functions	for the axial velocity and their conditioned components were obtained by
	(conditionally) averaging	over time and two sets of points; (i)	,	and (ii)
	,	. Here,	,	,	, and	. The transverse mean
	(conditioned) structure functions	and	for the transverse velocities were obtained by (conditionally) averaging (i)
	and (ii)		, respectively, over time and (i)	,	and (ii)	,
	, respectively. On the contrary, the longitudinal mean (conditioned) structure functions	and	for
	the transverse velocities components were obtained by (conditionally) averaging (i)	and (ii)	,
	respectively, over time and (i)		,		and (ii)	,	, respectively.
							. In
	the following, we will restrict ourselves to (i) case H characterized by the highest	,	m/s,	mm,
	,	,	m/s, and (ii) case L characterized by the lowest	,	m/s,	mm,
	,	, and	m/s. Here,		is the laminar flame thickness,
	and are the The DNS data were processed as follows. Mean quantities	were averaged over transverse -planes and over time
	(220 and 200 snapshots in cases H and L, respectively, stored during a time interval of	ms).
	Subsequently, -dependencies were mapped to -dependencies using the spatial profiles of the Reynolds-averaged
	combustion progress variable		. The probabilities	were directly extracted from the DNS data, with
	reactants and products being associated with		and	, respectively. Variations in from 0.005 to
	0.05 weakly affected results reported in the following, with a single exception of distance associated with a jump in

The approach can be used in a general statistically inhomogeneous, unsteady case.
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