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INVERTING RAY-KNIGHT IDENTITY ON THE LINE

TITUS LUPU, CHRISTOPHE SABOT, AND PIERRE TARRES

ABSTRACT. Using a divergent Bass-Burdzy flow we construct a self-repelling one-dimensional
diffusion. We show that this self-repelling diffusion inverts the second Ray-Knight identity on
the line.

1. INTRODUCTION AND PRESENTATION OF RESULTS

Ray-Knight identity on R. We will construct a continuous self-repelling one-dimensional
diffusion, involved in the inversion of the Ray-Knight identity on R. We start by recalling the
latter.

Given a = 0, (¢\?(z)),er will denote a massless Gaussian free field on R with condition @ in
0, that is to say (¢(¥) (2)/v/2)z=0 and (¢ (—z)/v/2)z=0 are two independent standard Brownian
motions starting from a/+/2.

Theorem 1.1 (Ray-Knight [Ray63, Kni63, EKM™*00, RY99, MRO06, [Szn12]). Let a > 0. Let
(Bt)t=0 be a standard Brownian motion started from 0 and Ef(x) its local time process. Let 7'62/2
be the stopping time

Thh sy = if{t > 0167 (0) > a?/2}.
Let (¢ (x))per be a massless Gaussian free field on R with condition 0 in 0, independent from
the Brownian motion 3. Then the field

(6O @)*/2+ 075 (2))aer

a2/2
has same law as the field (¢\® (2)?/2)per.

The original formulation of Ray |[Ray63] and Knight [Kni63|] is different. It states that
(66 (7))z>0 is a squared Bessel process of dimension 0, started from a?/2 at x = 0 (see also

Ta2/2
[RY99], Section XI.2). (¢(?)(2)%/2),=0 is by definition a squared Bessel process of dimension 1,
and by additivity property of squared Bessel processes, (¢ (x)2/2 + EB (x))z>0 18 a squared

Ta2/2
Bessel process of dimension 1 = 1+0, started from a?/2 = 0+a?/2, the same as (¢(* (2)%/2)»>0.
In Theorem [T we use a reformulation of Ray-Knights identity that generalizes to a much wider
setting, such as any discrete electrical network, continuum setting in dimension 2 and 3 after
a Wick renormalization of the square of the GFF [EKM™00, MR06, [Szn12]. It also makes the
connection to Brydges-Frohlich-Spencer-Dynkin’s isomorphism REF [BFS82 [Dyn84al, [Dyn84c,
Dyn84b] and Symanzik’s identities in Euclidean Quantum Field Theory [Sym65,[Sym66], [Sym69].

Inversion of Ray-Knight. We are interested in the conditional law of 3 s _, given @)
a2/2

The Ray-Knight identity of Theorem [L.T] generalizes to discrete electrical networks and sym-
metric Markov jump processes on them [EKMT00, IMRO6| [Szn12]. This is known as second
generalized Ray-Knight identity. The inversion in discrete setting was done in [ST16] [LST17].

2010 Mathematics Subject Classification. 60G15, 60J60, 60K35, 60K37(primary), and 60J55, 81T25,
81T60(secondary).
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This inversion makes appear a nearest neighbor self-repelling jumps processes on the network.
More precisely, the jump rate at time ¢ from a vertex z1 to a neighbor xo is given by

)

(1.1) C(x1,x2) (Dlwa)” = 2Lalws))
(®(1)? — 2Ly ()}

where C(z1,22) is a fixed conductance, L(x;) is the time spend in x; by the jump process
before time ¢, and ® is a field on the vertices, considered as an initial condition. In the inversion
of Ray-Knight ® is random, distributed as a discrete Gaussian free field. In Section 3] we detail
this in the setting of a discrete subset of R.

If one takes a one-dimensional fine mesh lattice and renormalizes the jump rates (LI]), then
on a purely formal level, without dealing with the convergence or the meaning of the terms
involved, one gets the following equation for a continuous self-repelling diffusion:

= o=

-~ 1 . . . .
(1.2) dXy =dW; + ”5893 log(A¢(z)) dt” Ar(x) = Ao(x) — 20 ().
z=X
There )\Et is a continuous stochastic process on an interval I, Ay a continuous function from I
o (0,+00), W; is a standard Brownian motion and f;(x) is the local time process of X;. We
will call A, occupation profile at time t. Our process X; is defined up to a finite time

T = sup{t = 0|\(X;) > 0}.

We will also assume that
5 supl _
(1.3) f No(z) " tde = +oo, f No(z) "t = 40
inf I

and say that Ao is admissible. This is a condition for not reaching the boundary of I in finite
time. X’t is a self-repelling process that tends to avoid places it has visited a lot, yet we will
see that a.s. it will eventually exhaust the occupation profile at some location in finite time
T. As we will further see, this self-repelling process appears in the inversion of the Ray-Knight
identity in continuous one-dimensional setting.

The equation (L2]) is not a classical SDE. It is not immediately clear how to make sense

1 ‘ .
of the drift term 5835 log(A¢(x)) % dt, as x — {;(z) will not be differentiable for ¢ > 0, and
T=A¢

moreover there will not be a change of scale under which it will be differentiable for all ¢ > 0.
So the problem is not only to solve (I.2]) by an approximation scheme, the problem is already to
give an appropriate meaning to being a solution to (L2]). The equation (L2]) is also somewhat
misleading, as we believe that a solution X’t would not be a semi-martingale, admitting an
adapted decomposition into a Brownian motion plus a drift term with zero quadratic variation,
but with an infinite total variation. See [HWO00, [LST19] for a discussion on this point.

However, it turns out that the equation (L.2]) is in some sense exactly solvable, and in this
paper we will give the explicit solution which involves a divergent bifurcating stochastic flow
of diffeomorphisms of R introduced by Bass and Burdzy in [BB99]. Our construction here is
similar to that of [LST19], where we introduced a reinforced diffusion constructed out of a
different, convergent, Bass-Burdzy flow.

Heuristic reduction to a Bass-Burdzy flow. Next we explain the heuristic derivation of
an explicit solution to (L2]). A similar heuristic appears in the introduction to [LST19].
Assume that for tg > 0, th(to) is a continuous process coinciding with )Z't on [0, %], and after
time ty continues as a Markovian diffusion with infinitesimal generator
1 1, d
——— + =0z Aty —-
2dz?2 | 277y

In other words, there is no additional self-repulsion after time ty3. Then after time ¢, t(to)

a scale and time changed Brownian motion. Given Sy, a primitive of )‘to , (Sp (X, (fo) )) >t IS
2



local martingale. By further performing the time change
du = Ny (X)) 2t

we get a standard Brownian motion.

Then it is reasonable to assume that near time tg, Xt is close to X, ) " The idea is to let
the change of scale depend on tlme Assume there is a flow of changes of scales St I > R,
such that St is a primitive of )\ , and such that St(Xt) is a local martingale. Assume that by
further performing a change of time

du = j\t (Xt)72dt,

gu()v(u)u>o is a standard Brownian motion (By)y>0. Let 1 < x5 € I. Then

d ~ ~ dt d 1
7 (Sul@2) = Sula)) = du%L M(z) " da
¢ v d t { /¥ =2
VA EL 1, ¢ 20(X,) s
(1.4) = 25‘25()\515)25‘15()\515)_2 z1<Xt<x0
211’1<)\€t<$2

215, (01)<Bu<Su(wa)
By considering moreover that infinitesimally after time ¢, the process spends the same proportion
of time left and right from its position at time ¢, we get

dSu(z)

Vo eI, du Yu>B. " 8. w)<Bu

This is an equation studied by Bass and Burdzy in [BB99]. In the sequel we will construct )\Et
out of the flow of solutions to the above equation.

1 1 ‘
Note that if in the equation (L2]), one replaced the 3 in front of 5633 log(Ae(x)) % dt by
w=Xt

a different positive constant, one would not get an as simple explicit solution. Indeed, the
cancellation of powers of A\;(X}) as in (I.4]) would not occur.

Construction of a self-repelling diffusion out of a divergent Bass-Burdzy flow. The
divergent Bass-Burdzy flow is given by the differential equation

% _J1 ifY, > B,,
du | =1 ifY, < B,,
where B, is a standard Brownian motion started from 0. The behavior at times when Y,, = B, is

not specified. It is shown n [BB99] that given an initial condition, there is a.s. a unique solution
defined for all positive times that is Lipschitz continuous. Moreover, these Lipschitz continuous

(1.5)

solutions form a flow of increasing C' diffeomorphisms of R, (i’u)u>0. For the properties of this
flow, we refer to [BB99, [HWO0O0, [Att10].
Define

gu = (\\I/Iu)il(Bu)
(\T/u)u>0 satisfies a bifurcation property [BB99]: there is a finite random value ypi; € R, such that
for y > ynif, \\ﬁu(y) > B, for u large enough, and limJroo b «(y) = +oo, for y < ypir, \Tfu(y) < B,
for u large enough and lim , o, W, (y) = —o0, and {u = 0|W,,(ypi¢) = By} is unbounded. Moreover,

Yoit = lim &,
u——+00

The process (£y)u=0 admits [BB99, [HWQ0] a family of local times A, (y) continuous in (y,u),
such that for any f bounded Borel measurable function on R and u > 0,

ju f(Eu)dv = f ) ku(y)dy
0 3]R



Moreover, these local times are related to the spatial derivative of the flow as follows:

0 « o
—v, =1+2A .

0~ A~
For all u > 0, A «(Y), — ¥, (y) and a—(\I/u)*l(y) are locally 1/2 — ¢ Holder continuous in y.
Y

oy

Next we give the construction of )\Et out of the flow (i’u)u>0.

Definition 1.2. Let xg € I. Let be the change of scale
€T
So(z) = j o(r)tdr, zel,
o

and 50_1 the inverse change of scale. Consider the change of time t(u) from u to t (and u(t)
the inverse time change) given by

(1.6) dt = 3o(S5 7 (€))(1 + 2A8,(€4)) ~2du.
Let o

T = jo N85 (G2 (1 + 2R, (€,)) 2.
Set X; = §51(§u(t)), forte [O,T).

We will call (By)y>0 the driving Brownian motion of )v(t.
Note that

P [T RG @ra2Ru@)  = [ [ RE wPa+ 2Kaw) Ry
dy

- f So(S5 @) — (1 + 2K ()7
< 2 (Sup gu lnf gu) sSup 5‘%
u=0 [55 ! (infus0 €u),55  (supy =0 €u)]

Since &, converges at 400 and thus has a bounded range, T < +o as. The process X’t has
local times § 5 _ _

Ce(x) = Xo(x) (1 — (1 + 2, (So(x))) ™).
Indeed, for f a measurable bounded function on I,

u(ty) - - -

Olf()v(t)dt - f( <£u(t>>dt=f FB E) M35 (€))L + 2K (E,)) 2du

0

u(t1 - . x o -
_ j j (35 )20(55 )21 + 2R (y)2duRu(y)dy
— 5 | TG )R )P~ (1 2Ry )y

R

= %f F@)Ao(@) (1 — (1 + 28,4, (So(2))) V) dz.
I

Set
Xt(w) = 5\0 — 2&(.%’) = 5\0(.%’)(1 + 2Au(t)(SO($)))71-
A posteriori, the change of time (L6]) is
dt = Xt()\ft)Qdu.
We see that for all ¢ € [0,7) and z € I, A;(z) > 0. Note that f = (S0) " (ywit). Moreover,

llIIzl/ Xt()\gt) = 111’11 Xo(ybif)(l + QKu(yblf)) O,
t—T u——+00

as limy o0 /vXu(ybif) = 400 (see Section 4 in [HWOQ]).
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Statement of the results. Now, let us see why ()v(t,j\t) can be interpreted as solution to
the equation (L2]), with initial condition (xg,Ag). We will give an explanation in terms of

(

discrete approximations. Let J( = 27"Z ~ I. Let )Z'tn) be a continuous time discrete space
self-interacting nearest neighbor jump process on J™, defined by the jumps rates from z to
x4+ 027" o€ {—1,1}, at time ¢, equal to

92n—1 5‘z(tn) (z + 0'2_n)%

(1.7) I
where .
A (@) = Rola) — 20" (2), I (2) = 2"f 1o, ds.
Let ’
T = sup{t > O|5\§n) ()Z't(n)) > e},e >0, tg:i)nj](n),maxj(") = inf{t > O\X’t(n) e {min J™, max J(}}.

If there were no self-interaction, that is to say in (L7 5\5/") were replaced by Ao, the process
would converge in law as n — 400 to a solution of the SDE

1 .
dXy = dWy + =0, log(Ao(z)) dt.
2 =Xt
In our case with self-interaction, we have the following:

Theorem 1.3. With the notations above, for all € > 0 the family of process

F(n) (n) v (1) 5 (n)
(T Aty 50 g0 Koo A (@))aesto 30

min J(™) max J(7) min J(M) max 7(7)’

converges in law as n — +00 to

(Te, X, 75 A o (@))aer 10,
where )Z't is given by Definition 1.2 and

T. = sup{t = 0| X(X;) > ¢},
provided that X'O(n) converges to )?0. In particular,

(n) (1)
7fminq]I("),maXJ(") = TE

with probability converging to 1. The convergence in law is for the topology of uniform con-

vergence on compact subsets of I x [0,+00). The spatial processes on I are considered to be

linearly interpolated outside J(™.

Next we state how our self-repelling diffusion is related to the inversion of the Ray-Knight
identity of Theorem [Tl

Theorem 1.4. Let a > 0 and (¢\?(2)).er be a massless Gaussian free field on R with condition
a in 0. Let I(¢\®) be the connected component of 0 in {x € R|¢\® () > 0}. For x e I(¢®), set
No(x2) = ¢\ (x)2. Then a.s. N} satisfies the condition (L3). Let (X;, \f (x))melw(a)) o<t<Tx b€

the process, distributed conditionally on (¢9 (x))ser, as the self repelling diffusion on I(¢(®),
started from 0, with initial occupation profile A§, following Definition[L.2. Let be the triple

(0@ 600 @) 0t
jointly distributed as in Ray-Knight identity (Theorem [I1]). Let be
7ha = 7, 1o —supft [0, 75, /2]\¢<0> (B) = 0 and Vs € [0,1), Bs # By}
Then the couple

(X7, ¢(a) ($)2)$6R,0<t<’i*
5



has same distribution as

(’87'52/2 —t’ ¢(a) (w)Q)mER,O$tSYV’B7“'

The notation (X, A (x), T*) is reserved to the case of the initial occupation profile Ni(x) =
@) (7)%, so as to to avoid confusion with the case of generic Xo.

One could also extend the definition of the self-repelling diffusion to metric graphs, where
it is again related to the inversion of Ray-Knight identity. The proof would be essentially the
same as for an interval. We won’t detail it here. A metric graph is obtained by replacing in an
undirected graph each edge by a continuous line segment of certain length, corresponding to the
resistance of the edge. For background on Markovian (non-selfinteracting) diffusions on metric
graphs, see [BC84| [EK0I] Werl6]. The Gaussian free field on metric graphs was introduced in
[Lup16], in relation with isomorphism theorems.

Other works on self-interacting diffusions in dimension one. Now let us review some
other works on self-interacting diffusions in dimension one and their relations to ours. Two other
Bass-Burdzy flows appeared in construction of self-interacting diffusions. First, in [War05] it
was shown that the flow of solutions to

Yy _
du = 1Y, >B.

was related to the Brownian first passage bridge conditioned by its family of local times and
to the Brownian burglar [WY98]. There the problem is similar to ours, i.e. constructing a
Brownian motion with some conditioning on its family of local times, yet it is different and the
processes obtained are different. Then, in [LST19] we constructed a linearly reinforced diffusion
on R out of the flow of solutions to

dyy,

du
that is to say the signs are opposite to those in (L5]). The reinforced diffusion in [LST19] can
be considered as a dual of the self-repelling diffusion in present paper.

Our self-repelling diffusion is different from the Brownian polymer models studied in [DR92,
CLJ95| [ICM96, [Pem07, TTVI12, BCG15, [Gaulf|, as here the interaction of the moving particle
with the occupation profile occurs locally, at zero range, and is not an average over positive
ranges. In other words, we do not mollify the occupation profile prior to taking its derivative.
Also, for that reason, we do not expect our process to be a semi-martingale as the above
Brownian polymer models, but only a Dirichlet process in the sense of Follmer [F681], admitting
an adapted decomposition into a continuous local martingale and zero quadratic variation drift,
with the drift term not necessarily of bounded variation (see also [HWO00] and [LST19]). Our
process is also different from the true self-repelling motion (TSRM) introduced by Té6th and
Werner in [TW9S|, as our process, unlike the TSRM, has the Holder regularity of a Brownian
motion and does not exhibit a 2/3 scaling exponent. We do not know if our process is related
to the continuum directed random polymer indtroduced by Alberts, Khanin and Quastel in

[AKQ14).

= —1ly,>B, + 1v,<B,,

Organization of the article. We will first prove Theorem [[L4] as well as Theorem [[.3] in
the particular case when the initial occupation profile is random, given by the square of the
free field. The proof relies on the restriction of continuous processes to discrete subsets and on
taking the limit of discrete space processes inverting Ray-Knight in discrete setting. On one
hand these discrete space processes are embedded into a standard Brownian motion. So the
limit exists a priori and is a Brownian path. On the other hand one can construct out of the
discrete space processes discrete analogues of the divergent Bass-Burdzy flow converging to the
latter. Further, the proof of Theorem [[3] for general occupation profile will follow out of a path
transformation as in Proposition 211 (1).
6



The reason why we do not proceed directly to the proof of Theorem [[.3] for general occupation
profile is that we need tightness and need the ratio

j\ii)ﬁ(”) (x+277")
X(")v (m)

t/\TE(n)

to converge to 1 as n — +oo, uniformly in (z,t) on compact subsets. For A} = (¢(®)? this is
achieved by embedding the discrete space self-repelling processes into a Brownian motion.

Our article is organized as follows. In Section Pl we will give some properties of our self-
repelling diffusion. In Section [8] we will recall how the self-repelling jump processes of Theorem
[L3l appear in the inversion of the Ray-Knight identity on discrete subsets of R. This is a result
obtained in [LST17]. Using this we will prove in Section [ the Theorem [I[.4] and the particular
case of Theorem [L3 when A\o(z) = A§(z) = ¢(®(z)2. In Section Bl we will prove Theorem 3] in
general.

2. ELEMENTARY PROPERTIES OF THE SELF-REPELLING DIFFUSION

First, we give some elementary properties of ()\Et, Me(z)) They are straighforward

el 0<t<T"
and come without proofs. For proofs of analogous statements, see Proposition 2.4 in [LSTT9].

Proposition 2.1. (1) Let I and I* be two open subintervals of R. Let be g and A two admissi-

zel 0<t<T’ (X7, A (x))xel-,ostsf-
the corresponding self-repelling diffusions, starting from xo € I, respectively xg € I°. One can
go from one to the other by a deterministic path transformation. More precisely, let

ble initial occupation profiles on I, respectively I*, and ()\Et, Me(z))

So(z) = f No(r)tdrz e, SO f No(r)tdr,z e I°.

Let t — 0°(t) be the change of time
do* () = A ((S3 ) "o So(Xi)) Ao (Xr) 2.
T\}/Lenvthen process ((S§5)~ OSO(X(go 1) ), A (t)(SO_ 0 50())) 1epe o<t<pe(F) has same law as
(X7, A7 (x))xel-,ostsf- :
(2)(Strong Markov property) For any T stopping time for the natural filtration of (X, 7)i=o0,

such that T < T a.s., the process (XTH, 5\T+t(x))$el O<t<T—T"
is a self-repelling diffusion with inital occupation pm’ﬁle A 5

(3) Let a < be I such that a < xg <b. Let t, be the first time t that X, hits a or b. We
consider the stopping time tqp A T. Given a Brownian motion (By)uso. Let UtS®) ¢ (0, 4+o0]
the first time By, — u hits §o(b), whenever this happens. Let USo(a) ¢ (0, +00] the first time
By, + u hits Sy(a), whenever this happens. Then

conditional on the past before T,

Pty < T, Xy, = b) = PUTSO) < 4%@) - pt,, < T, X, , = a) = PO < 150),

P(tap > T) = IP’(UTgO(b) _ tSola) +o0).
In particular,
P(tay < T, K, = 1) = Pltay < T, X1, = )
if and only if

b . o - To
f So(r)tdr = 3o(8) < [S0(a)] = f So(r)~!

Next we state that our self-repelling diffusion depends continuously on the initial occupation
profile.
7



Lemma 2.2. Let (Ix)n>0 be a sequence of open subintervals of R such that

lim inf I = inf I € [—o0, +00), lim suply =supl € (—o0, +00].
n—+0 n— -+
On each I, we consider 5\6’“ an admissible occupation profile, and we assume that for all K
compact subset of I,
sup Ao — 5\6’“| =0.
Kﬂlk

Let ()z'tlk,}\t[’“ (m))melk,ogtgflk be the self-repelling diffusion on Iy with initial occupation profile

5\6’“. We assume that limg_, 1 o )\Eé’“ = )Z'O €l. Then, as k — +0,

w7 o
( tiflk’AtifIk(x))xEIk,tZO

converges in law to

(X, 70 A7 (@) el 120,
where the convergence is for the uniform topology in t € [0,+00), and uniform on compact
subsets of I for x.

Proof. This is an immediate consequence of Definition [[.2] and Proposition 211 (1). If moreover

all of the processes ()Z'tl’“, A (@) 4er, 0<t<ine and ()?Mf, A

same driving Brownian motion (B, ),>0 (Definition [[.2]), then the convergence is a.s. O

(x))zert=0 are constructed of the

3. INVERSION OF THE RAY-KNIGHT IDENTITY ON A DISCRETE SUBSET

Consider the triple
(QS(O) ('I)2? Bt, gb(a) (x)2)xER,0<t<fer/2’

jointly distributed as in Ray-Knight identity (Theorem [LI)). Let I(¢(¥) be the connected
component of 0 in {z € R|¢(® (z) > 0}.

Let Etﬁ () be the family of local times of the Brownian motion ;. Let J* be a countable
discrete subset of R, containing 0, unbounded in both directions. Consider the change of time
QU = Y (@),

zeJ*
Define Xg. = ,B(Q_]]',,B)—l(q), where (Q*ﬂ"ﬁ)*1 is the right-continuous inverse. It is a nearest

neighbor Markov jump process on J°, with jump rate from a vertex x; to a neighbor x5 equal
to the conductance

1
(3.1) C(z1,22) = DTr—
Given z € J*, A} (z) will denote
A (2) = 0O ()2 + 20° (z) = X' () + 2fq 1.5 dr
1 (QF*F)=1(q) 0 0 X7 =z

Next, for ¢ = 0, Og. will denote a function from pairs of neighbor vertices in J* to {0, 1}.
Given z1 < x2 two neighbors in J*, we will say that the edge {z1,z2} is open (at time q) if
Og.({,l?l,,l?g}) =1 and closed if Og'({xl,xg}) =0. Og.({,l?l,,l?g}) is defined as follows:

J.
OO ({21, 22}) = 1¢(0) ()2 has no zeroes on [z1,r2]’
OF ({xy,25)) =1 5
q ({ L 2}) d)(O)(x)2+2Z(QJ'7l3)*1(q)(x) has no zeroes on [z1,22]’
By construction, (Og.)t>0 is a family non-decreasing in q.
Next we state that the joint process (X, g., )vq]]',(’)g')@o is Markovian and give the transitions

rates. For details we refer to Theorem 8 in [LST17].
8



Proposition 3.1. (X;IH',XqH',OJq].)q;o is a Markov process. Let x1 and xo be two neighbors in
Je. IfXg' = 11, then:
. X&H. jumps to xo with rate (2|ze — z1])7!. Og'({xl,m}) is then set to 1 (if it was not

already).
e In case Og'({xl,xg}) =0, Og'({xl,xg}) is set to 1 without Xg' Jumping with rate

1 Y ($2)% . 1 1
(3.2) L exp(—|wg — 21| TN (1) 2] (22)2).
20wy — 21 AV ()2 ! !
For x € J°,
. Ld q
N @) =T @) w2 [ e
O T

Proof. If X g' jumps through the edge {x1,z2}, then §; crosses the interval delimited by = and
a3, and then the local time of §; on this interval is positive, and thus O ({z1, z2}) = 1.

As described in Section 2 in [LST17] and in particular in Theorem 8, the conditional prob-
ability that Og.({.%'l,.%'g}) =0, given (X7, A" (2))sepe 0<r<g, and that Og.({.%'l,.%'g}) = 0, and

that XJ* has not crossed the edge {1, 22} before time ¢, equals
) 1 . 1 . 1
exp(C (w1, 22) A (21)EN] (22)% — Clag, m2)A] (21)20] (22)%),
where C(x1,x2) is given by ([B.1]). Thus, the rate (8:2)) is obtained as

\ <1 _ exp(Cla1, 22)A) (21)2 2] (2 5 2)2 — Clar, 22) (O (1) + QAQ);Ag.Ex2);)>- 0

lim — . . .
Ag—0t Ag exp(Ca1, 2o) A (21) 2N (22)2 — Cla1, 22) A (21)2 A (22)2)

The fields ¢(© and ¢ restricted to J* are discrete Gaussian free fields on J*. The triple

O ()2 xI° 3@
(@™ (x)", X5, 0 (a)° ) wee 0<q<QI"B (P t )
satisfies the Ray-Knight identity on the discrete network J*. So in [LSTI17] one can find a
procedure inverting this Ray-Knight identity in discrete setting. It corresponds to a time reversal

of the process of Proposition Bl from stopping time Q‘H.’ﬁ(Tf ) /2). This is explained in Section

3 in [LSTIT], in particular in Proposition 3.4 there.

Let J be a finite subset of R containing 0. Let us consider the continuous time discrete
space self-repelling nearest neighbor jump process on J, which has been introduced in [LST17].
Let 5\‘% be a positive function on J. We consider the process (X;IH, j\q( x))zel,g=0, Where )\Eg is a
nearest neighbor jump process on J, started from 0, with time-dependent jump rates from x;
to a neighbor x5 in J given by

3 1
(3.3) L yla):
20w — 21| X (zy)2
and
. . q
(3.4) M) = X (2) — QL 1, dr.

Let be Q' be a the random time coupled to ( q,)\ (2))zen,g=0 in the following way. If J is
reduced to {0}, then we set QY = . Otherwise, QY is the first time g when the integral

(3.5) f Z




hits an independent exponential random variable of mean 1. The notation x L )V(QJ means that
x is a neighbor of X7 in J. We will further explain where the definition of @ comes from. Note
that a.s. the time Q7 fires before one of the Xqﬂ(az) reaches 0. This is due to the fact that
1 1/2 -1
VK > 0, Lm(exp(Kr 2y 1) tdr = +o0.

Next we describe the process ()? g',ig’, (5°qﬂ')q>0 introduced in Section 3.3 in [LST17]. (7)*5’
is a function from pairs of neighbor vertices in J* to {0,1}. Given z1 < x2 two neighbors in J*,
we set

= ]
o 0 ({.%'1, .%'2}) = 1¢(a)(x)2 has no zeroes on [z1,z2]"

)vfg' is a nearest neighbor jump process on J°. )?g. = 0. For z € J*,

v e q oJe q
)\g (z) = ¢\ (z)? — QJO 1”;’:de =X, (z) — QL 1vﬂ'7md7ﬂ'
Let z1 and x5 be two neighbors in J*. If )v(;]]]' = 11 and (5“(1]].({561,562}) = 1, then:

. )?g' jumps to xo with rate

. ég'({xl,m}) is set to 0 with rate
1 A (22)

w2 — 21| X (2)

(exp(|x2 — xl\*lj\g. (ml)%j\g' (xz)%) — 1)71.

= =

~ Te

X ‘220 jumps instantaneously jumps to xo or stays in x1 depending on which of the two

vertices remains connected to 0 by open edges in X g'.
The process ()? g., Xg', (5“2.)@0 is defined up to time
Q¥ =sup{g = 0|\ (X)) > 0}.

By construction, X “QH. is always in the same connected component induced by open edges in

= o = Jo
O, as the vertex 0. (O, )O<q<é

)?g' (éj') = 0 and the edges adjacent to 0 are closed in (5“3]..

Let be J* = J* n I(¢\@), I(¢®) being as in Theorem [T We consider the process
()\(/';IH*,)V%* (x))xej*,osqsél* following the definition [B3]), (3:4]) and B.1), with J = J*, )vfg* =0,
and X&H* = ¢ ()%, x € J*. By construction, )v(;]]]' takes values in )v(g* One can couple
(X r, 5\;1]]', (’v)Jq].)qu . and ()Z'g*,j\;lﬂ* (x))xej*,osqgé«ﬂ* such that on the event Q% # 0 (ie. J*
not reduced to {0}

;» is a non-increasing family. It is easy to see that a.s.

<g’
)s

~

* ST A
Q" =sup{g > 0]OF = Oy},
and
Xk T S
Vge[0,0"],X] =X7.
O’ is the first time q when one more edge of J* is closed in (7);1]]'. Note that after time QJ*,

the processes X g* and X g' do not coincide anymore.

Proposition 3.2 (Lupu-Sabot-Tarres [LST17], Proposition 3.4). With the notations above, the
process



has same law as the time-reversed process

X" A ,or . .
Komas, p-aomaes, v-o Comais, )-Posaca ety )

In particular, by considering (X N\ (’)J.

q g )0<q<QJ. up to time QJ* we get the following:

Corollary 3.3. Let T %% be 0 if I* is reduced to {0}, and otherwise,
Fba o suplt € [0,75 116 € (minJ*, max ), 6O (8) = 0 and Vs € [0,6), B, # B}
Then, the joint law of
(I*, ¢\ (x), Xéﬂ- 5r /2),q)mej*,o<q<Qﬂ’76(T QI T )
is the same as the joint law of

ST
(J*,Qb(a) (x)an )er*,O<q<@J*'

Proof. The identity comes from Proposition and the fact that, in case J* is not reduced to

{0},

Je.8 ¥ Ba . Jo Al
Q ( T ) = inf {q > 0[O, OQJ’ o2, )}
and
Je.B8 J*.8 _ IEBay J*.8 Je Je
@, a2/2) @ ( r ") = sup {q € [0,Q77(r, a2/2)]‘OQJ"B(Tf2/z)—q OQJ' 8(r" 2/2)}'

4. CONVERGENCE FOR SQUARED GFF INITIAL OCCUPATION PROFILE

We use the notations of the previous section. First we will check that the condition (L3]) is
satisfied by \j(z) = (@) (z)2.

Lemma 4.1. A.s. we have that
sup I(¢(*))
f o\ (2)"2dx = 400, f o\ (x)"2dz = +o0.
inf I(¢(a))

Proof. Conditional on inf I(¢(®), (¢ (inf I(¢(®) + x)/\/—)0<:v<|1nfl(¢>(a))|/2 is absolutely con-
tinuous with respect to a Bessel 3 process started from 0. So we only need to check that given
(p(x))z=0 a Bessel 3 process started from 0,

fop(x)_de = +0o0.

For h > 0, let x/ denote the first "time” 2 when p(z) reaches the level h. Then,

f 2dw—2f2k 2dac
0 2k1

By the strong Markov property of p, the sum on the right-hand side is a sum of positive
independent terms. Moreover, by Brownian scaling satisfied by p, these terms are identically
distributed. So the sum is a.s. infinite. O

Now we consider J* = Z,, = 27"Z, and J* = Z* = Z,, n I(¢\?). Let

X;" = Bgray1aney
11



Lemma 4.2. The process

() (@) (02 _ opB 3
X 2/ 20
( (Q—TLQZn,B(TfQ/Q)_t)7 ¢ (-T) 7—(;32/2 (-T) + (QZ”’ﬂ)_l(QZ””B(TGBQ/Q)—ZW) (.%'))

re T 0 <t < (27QM (rg ) =27 mQE (r y — T,

*
n’

(5752/2*15’ ¢ (@)? — %fﬁ () + %fﬂ —t(x))fref(¢(a)),0<t<f6’“

a2/2 a2/2

interpolated linearly outside x € Z%, converges a.s. in the uniform topology to

as n — +0.

Proof. One needs to show that, on one hand, as n — 400, a.s. (QZnﬁ)*l(Q”t) converges to t
uniformly on [0, Tf 2 /2], and on the other hand 775 converges a.s. to 1%,
The first convergence comes from the fact that
27" Y (@)
re2—"Z

converges to
t= f 0 (z)da
R

uniformly on compact intervals of time.
The second convergence comes from the fact that (minZ}, maxZ?) is a non-decreasing se-

quence of intervals converging to I(gb(“)), and thus, a.s., for n large enough, Tha = TZiBa, O

Let )Z't* () _ )Z'QZ;t be the self-repelling jump process on Z*, accelerated by the factor 2". It

n’
is the same process as in Theorem [[L3], but with a random initial occupation profile

A (2) = 3o (2) = ¢ (2)2, 2 € 2,

We will show that )Z';k (n) converges in law as n — +00 to our self-repelling diffusion. For this we
will use a method that appears in [LST19], and construct a discrete analogue of the divergent
Bass-Burdzy flow.

Proposition 4.3. Given ¢\@, let )\f:(n) be the process on Z7 defined above, and

¢
Xf(n)(x) _ ¢(a)(x)2 o 2n+1f 1X*(n)_$ds, X € Z;kl.
o T
Then, as n — 400, the process
(4.1) (X:/EZ)_néZfL s 5\:/(\7;)_”@2;; (x))erﬂj,z?O?

*

. converges in law to the self repelling diffusion

interpolated linearly outside x € 7
(X7 s Ao (@) e (p(@) 10

with )Z'g‘ = 0 and the initial occupation profile Xa‘(m) = ¢ (x)%. In particular, by combining
with the identity in law of Corollary[3.3 and with Lemma[{.2, one gets the Theorem [1.].

Proof. From Corollary B3] and Lemma we already know that the process (£1)) has a limit
in law, but we want another description of the limit, which we will obtain by convergence. We
will need the triple

(¢(o) (x)2, B, ¢(a) (x)2)xeR70St§7—52/25

jointly distributed as in Ray-Knight identity (Theorem [[LI]). We will also assume that all of the
)\5: ™ are defined on the same probability spaces, embedded in §; as in Corollary [3.3]
We introduce (gf(n))0<t<27nézﬁ a family of maps R — R, parametrized by t. For a given n,

the family is characterized by the following;:
12



e For all z such that z and = + 27" are in Z¥, and for all ¢ € [0,2-"Q%"],
SE (g 427 — §F () = 27X ()72 X (g 4 27 s,

o 5 —.
e For every x € Z, t — §;k () (x) is constant on each time interval on which )?;“ ™) — .
e For each x € Zj, t — §;k () (x) is continuous.
e For each t, §: ™) g interpolated linearly between points of Z:.
e Below minZ* and above maxZ*, z — S; () (x) has constant slope 1.
By construction, z — :9/: (n) ")
change of scale. For z € I(¢(®) and t € [0, 7'52/2), set

. . . . . S .
is continuous strictly increasing. We see St( as a time-dependent

‘t*(m)zfx((ﬁ(a)() —20°, w20, )lan

0 7 a2/2 Ta2/2™

x+— SF(z) is an increasing diffeomorphism from I(4(®)) to R. Clearly, we have the following

Lemma 4.4. A.s. :9/:(") (x) fgf(n) (0) converges to S (x)— S} (0) uniformly for (z,t) in compact
subsets of I(¢(®) x [0,7'52/2). Similarly, a.s. (y,t) — (5:(71)) Yy + S*(n)( 0)) converges to

(y,t) — (SF) "y + Sf(0)) uniformly on compact subsets of R x [O,Tag/Q)

Let be Mt(n) = 5:(71) (X, +n )) Let (" be the first time X:(n) hits min Z} or max Z.

min Z¥ max Z¥

Lemma 4.5. The process (M( ")

) B )t=0 1S a local martingale in the filtration of
A27Q%n
mafoL

man*
(¢(a)’X*(") t *(n)

< . 1 .
tA2—T Qlﬁ > “min Z¥ max Z} tm(lz)z* — St)

Proof. Indeed, consider the stopping times for the above filtration: tk(n) the first time X, X ()

performs k jumps, and
(4.2) T+ = sup{t > XX > g,
Then |M FOIREOR Q—nézﬁ‘ is bounded by

k2™ (HZl}kn)\O( ™A e)~ L.

To see that (Mt(n)

*(n)  pE(n)  yx(n) —n L
/\tk /\TE mmZ>X< maxZ* n2 o

)i=0 is a martingale, observe that at time ¢, if

)V(:(n) =z € ZX*\{min Z* max Z*}, X jumps left with rate
H) (g — 27m)2

22n 1 >\
AN ()2

)

and then Mt(n) decreases by
27\ (p — 27~

NI
P
=+ %
—~
S
=
—
S
S~—
I
N[

and )\il':(n) =z € Z} jumps right with rate

92n— 1>‘*(n)( +27")
A )

N

)

and then Mt(n) increases by

=

27N (@ + 27 A ()7,
13



so the average variation of Mt(n) is 0. O

Next we will apply a time-change which will make (Mt(jz)e*(”) o )t=0 into a mar-
min Zﬁ,maxzﬁ

tingale with normalized variance. Let be
f X*(”))ff ()\*(") (X*( R 7")7% + 5@(") ()v(:(") + 2*")*%>d5.

Let U™ = UM (t* (n) maxzE 2-nQZx n). By considering the rate of jumps and the size of

min Z¥
n)

jumps of Mt( , we immediately get the following:

Lemma 4.6. The process ((M(n) () )2 — U™ () AUM) =g is a local martingale

Xk
A= OLy
mm Z* ,max Zi Q

in the filtration of (¢(® X*(n) t*(n) 1

A2-n QZE “min ZF max 7% <t)

mm Z* max Z* =

Let be

(n) _ (n)
2 = Mgy

Lemma 4.7. (Zf;i)zj(n))uzo is a martingale in the filtration of (¢(¥, ZQ(Ln) Z/{(”)lv(n)< ). More-

over, for any 0 < uy < uo,

4.3) E[z™ . -2z

u2/\u(n) Ul/\u(”)) |¢ ( )0<u<u1,u( )lu(")<ul] =

Elus A U™ UL A o™ ‘(ﬁ (a) (Z(n))0<u<u17u( )lu(")<u1]

or equivalently, ((Zi’i)a(n))sz/\Lv{("))u>o is a martingale in the filtration of (¢, Z& n) U( )1,

(")<u) :

Proof. First not that, since (M(n)*(n) PR () g 32 )i=0 is a bounded martingale,
man* maxZ;kl A "
S0 is (Z(n)

uAU(n)(t:(")ATS‘("))AH(H))UZO' Moreover, with the sizes of jumps and the jump rates, one

sees that dUt(n) is the average squared variation of Mt(n) during dt. So after the time change,
for qun),

(n) (n) _

E[(ZugAU(n)(t:(n)/\Tg*(n))/\ljl(n) N ZulAU(n)(t*(n) T*(") ) |¢ ( )0<“<“1’u( )12/{(")<u1] -

E[uz AU (65" ATZ) AU —ug aU™ (1 MT*("))Au(" 169 (Z5)ocuzuns U Lz <. -

For a fixed u > 0, (2™ - .
- ( uAU(")(t:(n)AT:_(?))AZ/{(")

converges a.s. to AR

uAl ™)

(Zi?z](m)@o is a martingale and (£.3). N

Jk>1 is a martingale parametrized by k € N*. It

and is bounded in L2, so the convergence is also in 2. It follows that

For ¢ > 0 and n € N*, we consider 7" the time defined by (£2). Let be (Z Zm 6))u>0
the process, which up to time U(")(v*(n)) U™ coincides with ZQ(Ln), and after that time

continues as a standard Brownian motion started from Z'" ()

D) (T ) conditional of that

value independent of everything else.

Lemma 4.8. As n — 400, the pair (qﬁ(“),z(ﬁ’g))u;o converges in law, for the uniform con-
vergence on compact subsets, to (qﬁ(“),Bu)u;o, where (By)u=0 is a standard Brownian motion
started from 0, independent of ¢,

Proof. The convergence of (Z, Ztm 8))uzo to (By)uso follows from Theorem 1.4, Section 7.1 in
[EK86]. To apply it, we use the following;:
14



. (Z(Ln’a))u>0 is a martingale.
o ((Z(Ln’e))2 — u)y>0 1S a martingale by Lemma [.7]

{*(n)

e The jumps of (quns))u are bounded by 27" (mingx A" A €)1, and in particular

lim E[max(Z("e) Zq(zz,@))z] =0.

n—+00 u=0

The independence of (By)u>o from ¢(® follows from the fact that the above listed three condi-
tions hold after conditioning by ¢(®. O

We stress that in Lemma 4.8 we neither require (By)u=0 to be defined on the same proba-
bility space as the X (") and (6O (2)2, By, ¥ (2)?)

probability.
Let be, for ¢ € [0,75],

xeR,Ogtger/Q’ nor the convergence to be in

Ut) = fo GOBs -2 (B )+’ (B ) %ds

T —
a2/2 T a2/2 a2/2 Ta2/2 s a2 /2

and
TP = supft > 008 (Bs )2 =200 (B )+20%  (Bs _)>e)

a“/2 T a2/2 a2/2 Ta2/2 a 2/2

Clearly, we have the following:

Lemma 4.9. For alle > 0, a.s., Tz converges to TV, UM (t ) A U(")(v*(n)) AU converges
to U(t) A UTE) uniformly on [0,+%), and (U™)~(u) A T&™ m(:l)z;’;maxZﬁ A 27 Q8
converges to U~ (u) A T2 uniformly on [0, 4+00).

Next, for u € [O,ﬁ(")), we define

V() = Sy 1 ° S5 W), yeR.

By simple computation, we have the following:

Lemma 4.10. For u € [O,ﬁ(")) such that Zz(Ln) Z(n), we have the following expressions and
0«

— 0 (y):

bounds for
ou
« ) = 20, ZED ) = o;
o« f U () e (2, SR 27!
#(n) “(r) pyd
0 < i\i(n)(y) < 2>\(U(")) !u )( (UM)~(u )+2 ) ’ .
“ y* (1) v (n) —1 (n) (1) 17
‘ A1) Ewomy-1 = 2772 + Ao 1w E g1y 277
o« if () = S L 27,
{#(n) T*(n) =1
0§y = 2A w1 K wm)-10y 277 .
o) o R R ) Y
ou A1) K-y = 2772+ Nty Koy + 2772
o if B ) e (SR — 27 2,
_oy*(n) o#(n) _ 9—ny—=%
0> ﬁ@(%ﬁ> 2\ o)1 K wm)-1 ~ 2777 :
o NN oI NS S CO NN ol I



o if B () < ST s — 27

S

2)\*(n) Xﬁ*(n) _9-n)—
0§y = )1 X w1 =27

{*(n) F#(n) 1 {*(n) #(n)
A1 Ewm)1w 2772 T Agm)-1w X pm)w

N|—

+27n)"

For ¢ > 0, let U™ 8)( ) be defined as follows. For u € [0, U™ (T, *(n)) AUM], T g (y) =
\ff&n)( ). For u > UM(T, *(n)) AU™, \Tf&n’s)( ) is a divergent Bass-Burdzy flow driven by Z{me)
(which is then a Brownian motion) satisfying

u
\Ij(nve) (ne) = 1"’ng ~(n.e —1~ns S(n,e d?}.

Lemma 4.11. For all e > 0, as n — 400, the family

(4.4) (61 (@), Z{), W (), (B)) ™ (9))aer yeruz0

converges in law to, for the topology of uniform convergence on compact subsets, to

(6 (), Buy (1), (W) "1 (1)) er yer w0,

where (By)y=0 s a standard Brownian motion started from 0, indpendent of ¢(a), (\T/u)uzo 18
the divergent Bass-Burdzy flow driven by (By)uso, and (V) Huso the inverse flow.

Proof. For this, first we will show the tightness of the family. For the tightness of (¥, G () (¥))yeR,u=0,
we use that, for u < UM(T, 5*(n)) AUM,

) = (S0 © G5 )W) = 810, )

~

&x(n) v (n) S*(n) n,
- (S:U(n))—l(u) (X(U(:))—l(u)) - S?U(n))—l(u)(o)) + Z’EL 6)7

each term having a limit in law by Lemmas @4] B8 and @.9] and that after time U™ )( (n)) A

U, i) i already a Bass-Burdzy flow. Similarly for ((\If(n €)) Y(y))yer uz0. Further, because
of the idenitities and bounds of Lemma [£I0] any subsequential limit of (4.4]) is of form

(' (), Bu, Uu(y), (Pu) " (¥))aer yer.uz0,
where (B, )y>0 is a standard Brownian motion started from 0, indpendent of #@ . and
(45) Vu(0) = | (oo, — La s, )0

and thus by the uniquennes proved in [BB99], Theorem 2.3, (¥, ),>0 is the divergent Bass
Burdzy flow driven by (By)yu>0. To get (@A), we used that

X:i’%k(n) (x+27")

N (@ —27m)

t/\TE*
@ (3 +27m)2 — 207, 271) + 207 . 27"
¢ (1‘ + ) B L (-%' + ) + (Q%nB)~ (QZ””B(TfQ/Q)*Q"t/\T*(")) (1' + )
a)( _ 9— _ 5 _o— B _ o—n
& )(x 2-n)2 — 2/ (x —277") + QE(QZ 8)- (an,B(TfQ/Q)_zntAf*(n)) (x —277)

7.
2/2

a.s. converges to 1 as n — 400, uniformly in ¢ and uniformly for = in compact subsets of

I(¢@). 0

16



We are now ready to finish the proof of the Proposition [£3l By construction,

x*(m) _ = (G e oy gme) Y
(U("))*l(u)/\TE*(n)/\t*(.n)Z* Z*/\Z*"QZ;’; ( 0 ) ( u/\U(")(TE*(n))/\Z/{(")) ( UAU("‘)(TE*(”))/\Z/{("))

~ ~

We have that the process ((gg(n))_l o (\If&n’s))_l(Zi(Ln’E)))u>o converges in law to the process
((Sg)~Y o (V)Y (By))us0, which appears in Definition [[2] and out of which one constructs
)\5: (n) by the change of time

t

U*(t) =f NY(XF)2ds, te[0,TH).

0

We will also denote
T — supft = 0F(XF) > e).

We use the fact that, as n — +o00, the joint processes

(4.6) (T*™) A ¢+

min Z¥ max Z¥ A2

ngZi ) (f;(n)) AU,

x*) 5 #(n) (z)
t/\f‘j(n) /\t:)(i:)z* - A2—n QL t/\f;k(n) /\t:(iz)z* — A2—n QL ’
n n) (x(n 7 (n n)y—1 7% (n *(n) —n NZ¥
U( )(t) A U( )(Te( )) A Z/[( )7 (U( )) (u) A TE( ) A tminZﬁ,maxZﬁ A2TQ n)erﬁ,t?O,uZO

converges a.s. to
(TP, U (TP,
/8( B

- (a) 2 oyB8 B
Ta2/2—t)/\(T52/2—TEB’a)7¢ () =207, (x)+207 , (x),

B jBa
Ta2/2 (Ta2/2 —t)A (Ta2/2 -T2

U(t) A U(Teﬁ’a)a (U)fl(u) A Tf’a)xe1(¢(a)),t>o,u>0-

If we add to the family (@8] the processes (60 ()2, B;, (@ (z)?) s and ((§g(n))*1 o

zeR,0<t<T 2/

(@5"75))*1(25"75)))@0, we get a tight family which has subsequential limits in law as n — +o0.
Because of the constraints satisfied for finite n, any subsequential limit in law will satisfy:

o X;= Biat, oy for < Tz,

. 6532/2 (x) — KfBQ/Q (z) is the local time process of X} for t < T*.

So we get the equality in law between

(X761 (2)%)

2eR,0<t<T¥
and

(B(Ti/ft)’ R (x)Q)xeR,OStSff’a'
Taking € — 0, we get the equality in law between

(X7, ¢(a) ($)2)$6R,0<t<’f*
and

(B(sz/z—t)’ o' <x)2)xeR,0StST’8’a'

This finishes our proof.
Note that a posteriori, once the above identity in law established, one can show that the

Brownian motion (By )y driving the self repelling diffusion (X}) o<t<Fx can be constructed

zeR,
on the same probability space as (¢ ()2, B, (@ ()?),cr 0<s<r® - and the convergence of
(n) . . .
(ZuAU(n)(T;"("))Ag(n))uzo to (BuAU*(Te*))UZO can be upgraded from in law as in Lemma [£§] to
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almost sure. However, in our proof we carefully avoid using that a priori, and only rely on the
convergence in law. ]

Combining Theorem [[.4] and Proposition 211 (1) one immediately gets the following:
Corollary 4.12. Let be the triple

(¢(0) (x)z’ Bt ¢(a) (x)Q)xeR,OStST%m’
jointly distributed as in Ray-Knight identity (Theorem [I1) and I(¢¥) be the connected com-
ponent of 0 in {x € R|¢p\ (z) > 0}. Let I be another, deterministic, subtinterval of R and \g an

admissible initial occupation profile on I. Let ()\Et, M (z)) = be the self-repelling diffusion

B zel 0<t<T
on I with initial occupation profile Ao, started from xq e I. Let

§8‘(x) = j: qﬁ(“) (7’)*2d7’, T e I((b(“)), go(x) = JI Xt(r)*ldr, zel.

o

Let t — 0(t) be the change of time

do(t) = No(Sy ' o S (B )2 @ (B s ).

B _
Ta2/2 t a2/2

Then then process

~ ~

(501085 (Brs, ) () =200 +20% IS 0 So@)aepocicos)

T T —
a2/2 a2/2

has same law as ()Z't,j\t(x))zel o<t<T

Remark 4.13. Note that the process (ﬁTf2/2_t)0<t<T52 0<t<T52

processes can be interchanged in Theorem [[L4] Corollary B3] and Corollary [£T12]

has same law as () , o the two
2 2

5. CONVERGENCE FOR GENERAL INITIAL OCCUPATION PROFILE

In the sequel I, Xt, A\¢ will denote the general setting, )\Et* and 5\;" being reserved for the
case 5\6"@) = ¢(@(z)2. Next we show that a discrete space nearest neighbor self-repelling jump
process as in Corollary B3] but with general initial occupation profile, can be embedded into a
continuous self-repelling diffusion.

Proposition 5.1. Let J be a finite subset of R containing 0. Let 5\% be a positive function on
J. Let be (X3, 00(%)) ey 0<ge 0
previously (B3), B4), BA)), started from 0. Let gminJmaxj the first time g when )?;1]] reaches
minJ or maxJ.

Let o = cpj‘g be the Gaussian free field ¢\, with a = 5\%(0)%, conditioned on ¢ being
positive on [minJ, maxJ], and on ¢\®(z) = j\b]](x)% for all x € J. In other words, ©/\/2 is

obtained by interpolating between values Xg(x) %/\/5 for consecutive points x € J with independent
Brownian bridges conditioned on staying positive, and by adding below minJ and above max]J

the nearest neighbor self-repelling jump process on J introduced

two independent Brownian motions, the first one time-reversed, started from X“OH(minJ)% /\/5
and from X“OH(maX J)%/\/E respectively.

Let I(p) be the connected component of 0 in the non-zero set of p. Let be ()?f, Xf(x))zel(w) oxteTe

be, conditional on @, the self-repelling diffusion on I(p), started from 0, with initial occupation
profile \{(z) = p(x)2, T being the first time one of the \{(z) reaches 0. Let t7¥ be the

min J,max J
first time t when X reaches minJ or maxJ.
Let be
QM (1) = ) i (),
ze]
18



where I (x) = (A (x) — A\{(2))/2 is the local time process of )v(f Denote (QV9)~! the right-
continuous inverse of Q¥¥. Then the process

(5-1) (Xoy-10 N@vo) 10 @ senoaaie Foynqres

minJ,maxJ)

has same law as

(5.2) (X3, X0 ())

xEJ,quS Q‘H AQmin J,max J ’

Proof. For (Xg(x))xej\{o} not fixed, but random, distributed as (¢(® (2)?) zen\ (0} $® being condi-
tioned on being positive on [min J, max J], the identity in law is a direct consequence of Corollary
B3land Theorem [[L4l To conclude that the identity in law disintegrated according the values of
()\g(x))xej\{o} also holds, it is sufficient to show that both sides of the identity, (51I) and (&.2)),
are continuous with respect to (A‘OH(x))xEJ\{O}. The continuity of the law of (B.2]) with respect to
(X‘OH(x))xEJ\{O} is clear from the construction. As for (5.1I), first the law of (¢())ze[min J,max]>
hence the law of (Af(%))ae[minJ,max1]> depends continuously on (XOH(x))QCEJ\{O}, and second, ac-
cording to Lemma [2.2] the law of (5.I) depends continuously on (Xg(x))xe[min J,maxJ]- O

Proof of Theorem [[.3. We will first consider the case of I bounded. Without loss of generality,
we assume that 0 € I and X’o = 0. We also slightly simplify by taking )Z'é") = )?0 = 0 for all n.
Using the notations of Proposition B.1] let be J™ = 2777 ~ [ and <p(”) the conditioned GFF
interpolating between (5\0@)%)1@]@)- By Proposition 0.1, we can take

(™ _ o™ 3™y - xe™
(53) Xt - X(Q,]]("),gp("))—l(Qnt)’ )\t (,I) - X(Q,]]("),(p(”))fl(Qnt) (QT),

_ n n) > (n (n)
t <2 nQJ( ) )(TLP( ) A 1P )’

min J(») max J(n)

(n) . . S . .
where t¥ ) is the first time X7 hits min J ™) or max J™.

min J(™) max J(n

Lemma 5.2. Asn — +0, (0™ (2))ser converges in probability to (5\0(33)%)161 for the topology
of uniform converge on compact subsets of I.

Proof. Indeed, given K a compact subinterval of I and n large enough so that K < [min J (") max J (")],
one will obtain (™ by first interpolating linearly between the values of (Xo(x)%)$ej(n), the by
adding of order 2" independent bridges from 0 to 0 of duration 27", each conditioned by a
positivity event. The minimal probability of an event by which we condition will converge to 1

with n. Moreover, for an unconditioned bridge, the probability to deviate more than & from 0

is O(exp(—k2"e?)), for a constant k > 0. This beats the 2" factor. O
o) < ()
Lemma 5.3. Asn — +0, the process (X* _ ) o) AP ) o (2))zer,t=0
tATP AL tATP AL
min.]]("),max.]](") minJ(n),maxJ(")

~ ~

converges in law to (X“T7 )\t/\f(x))xe”;o.

Proof. Indeed, by Lemma [5.2] (Xg(n) ())zer converges in probability to (Ag(x))ger for the topol-
ogy of uniform convergence on compact subsets, the law of the self-repelling diffusion depends
continuously on the initial occupation profile (Lemma [2.2)), and the range of ()\(/' (P )i=0 18 a.s.
a compact subinterval of I. O

Lemma 5.4. As n — +0o0, simultaneously with the convergence in law of Lemmal2.3, we have
that t — 2*”@3( )t )(t AT A tiinj(n),maxj(n)) converges in law to t — t AT for the uniform
topology.

~

Proof. To simplify, we will assume here that all the
X

A
So(n) () ’ =) (™)
EnT? Atmin.]]("),max.]](n) EnT? Atmin.]](n),max.]](")
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and (X

= (2))zer,t=0 live on the same probability space, constructed from the same driving

tAT? t/\T
Brownian motion (By),>0, independent of the gp(") This is always possible to do. Write
) ) SN n—1 o (n)
27"Q EAT?7) = 27 Z A5 i T¢(n)($))
zeJ(™)
_ 1 @ y (™ X
21 3 (A () = X o (@) + A (@)
zeJ ()
+27 ! Z (Xo(z p(@)
zeJ

We have that § §
271 YT (o) — A, (2)

zeJ(n)

converges a.s. to t A T, uniformly of [0, +00). Moreover,

n— (”) (n) -
2771 Z hYs — Xo(z) — AfATM() A (@)
zeJ(n
(n) N (n) -
<Dy max 15" @)~ Rola) = 37 (@) + A,

|I| being the length of I, and the right-hand side converges in probability to 0. Finally,
(n)
t%@

min J(®)

max ) 79" with probability converging to 1. O

Lemma 5.5. Asn — +000, the process

tA2-n QI (M) (Fp(m) ™) )’ a2 QI () (Fp(m) (™)

mmJ(n),maXJ(") mmJ(n),max.ﬂ(n))

() zexm 20

converges in law to ()v(tAf, AtAf(x))er,gO-

Proof. This follows from (5.3), Lemma [5.3] and the convergence of

n n ~ ~(n (n)
t s 27 QY " (g A TP A t? )

min J(?) max J(1)
in law to t — t A T (Lemma [5.7]). O

To finish the proof of Theorem [L.3] observe that by Lemma [5.5]
3 ()Z—(n) )
anQJ](n) (TAP(") ti(m)J( ) maxﬂ(n)) 27nQJ](n),¢(n) (TW(") t:l(m)J(n) gl ))

converges in probability to A\ #(X X ) = 0, thus T( " <o "QJW Pt (T‘p(n) tﬁnnJ( ) max J(n)

) with
probability converging to 1.
Finally, if I is unbounded, it is enough to consider an increasing family of bounded subinter-

vals of I which at the limit gives I, as the range of )Z'Mf(n) is a.s. bounded. O
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