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1. Introduction

To mathematically derive the Reissner-Mindlin model of thin linearly elastic plates (see [1]), we considered a periodic
distribution of plates abutted together through thin and soft adhesive layers. So, it is natural now to examine the case when
the adhesive layers are stiff. One of the main motivations is the rigidification of plates through a distribution of parallel
stiffeners. But it is also a first step in the study of the optimization of plates. In that respect, a more distant goal lies in
the relation between the design of the plate and the improvement of some selected aspects of its mechanical performances,
without altering the total quantity of material employed (see [2] for example). We will present here six models indexed by
p=(p1,p2) in {1,2,3} x {1, 2}, where p; is a geometric parameter linked to the stiffeners layout, while p, accounts for
the order of magnitude of the rigidity of the stiffeners.

More precisely, as usual we make no difference between the Euclidean physical space and R*® with orthonormal basis
{e1,e2,e3} and, for all £ = (&1, &, &) in R3, we define é := (&1, &) and denote the standard Euclidean distance by dist. Let

(%, vy := (e5_, ex), for k=1,2 and (t3,13) := E(e] +e3,e1 —ey), (h,&,n) three small positive real numbers and w a

domain of R? with a Lipschitz-continuous boundary dw. For all k in {1, 2, 3}, we define:

sti=liet+ Rt noiez, F=liezisizo] = (Jsh) xcnm, s = 54

ielk k<p1
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The following two subsets of Q" := w x (—h, h) denoted by

Bh

nep = {erh;dist(x, E'I’,])<n8}, ph = Qh\Bh

n.€,p1 ° 1,€,P1

are occupied by linearly elastic materials with strain energy densities «W; and W respectively, where w is a large stiffness
parameter. Introducing SV as the space of all N x N symmetric matrices equipped with the usual inner product and norm
denoted as for RN by - and |- |, W and W, are two positive quadratic forms on S3.

Two geometric parameters

The thin plate and its thickness The stiffeners layout

4

SN
LN

/]

€3

€

€
Fig. 1. The thin plate, the triplet of geometric parameters (1, €, h) and the stiffeners’ layout in the case p; = 3.
The structure made of these two parts perfectly bonded together is clamped on l“’,’) := dw x (—h,h) and subjected to

body forces and surface forces on F’i = x {xh)} of densities f" and g". Hence, the equilibrium of the structure involves
a quadruplet s := (i, n, &, h) of data and leads to:

(P;) Min{]i,(v); ve HIE% Q" R3)}

where, classically, for all domain G in RN and all smooth part y of its boundary 3G, H}, (G; RN) denotes the subspace of
the Sobolev space H!(G; RN) made of the elements with vanishing trace on y,

IHOES / Wie(v))dx+pu / Wie(v)) dx — L"(v)

Bh

h
P 7.6,p1

n.e.p1
"(v) ::/fh -vdx+ / g vdx
Qh rhurt
e(v) being the strain tensor associated with the displacement field v.
Clearly, if (ff, g") belongs to L2(Q" x (I U T ); R3), (’Pf,) has a unique solution u3, and, considering the data s as a

parameter, we are interested in the asymptotic behaviour of u; when s takes values in a countable set of (0, +00)* with

5:=(400,0,0,0) as a unique limit point. As in the mathematical derivation of Kirchhoff-Love theory of plates (cf. [3,4]), it
is convenient to introduce the linear mappings I1" and Sj:
t=(¢ 5)eR - " = (¢, ht3) e R’
2,00 3 2 3 [ p—
velL Q" R — Spv e L7(2; R?) s.t. (Spv)(x) = EH v(II"x)), VxeQ:=wx(—1,1)

We make the following assumption on the loading:

(H1) 3(f,8) e l2(Q x (I UT_); R3) sit.
Xy = hIT" f (x) ae.x e Q, gh(I1"x) = h2T1"g(x) ae. xe Ty

therefore, us p 1= Shu; is the unique solution to

(Por) Min{js,p(v); veHL (% R3)}
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where
Jsp(v) = / Wieh,v))dx+ un f Wi(e(h, v))dx — L(v)
Py.e.py By.e.py

L(v)::/f-vdx—i— / g-vdx
Q

r,ur_

1 1
eap(h, v) =eqp(v), eq3(h, v) = peas(v), 1=, p =<2, es3(h,v) = 2€33(v)
with I'p the reciprocal image by IT" of 'l and, similarly, index h is dropped for the image by (IT")~! of I't, Qf, B

h k.h h
Py e p» 0" and Xy .

h
n.€,p1’

2. A convergence result

We assume that

A e (0,+00] s.t. i :=1limQ2un), @e,400)ifpy=1, p=4ocifpy=2
5—S

(H2) 2

lim— =0, lim 0

s—3 5—3 E -
and introduce the space Vi (€2) of Kirchhoff-Love displacements vanishing on I'p:
Vi (Q) = {v € HL (2R st e(v)=01inQ, 1<i< 3}
and the positive definite quadratic form on S? defined by

Wi(q) :==Min{W (e); e € S® s.t. & =g}

where éqg =eqp, 1 <, <2, forall e in S3.
Let (t,v) in {(1:", v"), k=1,2, 3}. We perform the change of coordinates

0
x:(x1,xz,x3)eR3»—>R3 5Yy=Ur,Yv,¥3)=Kx-1,X-V,X3)

and, for all v in H1(2; R3), define v; by v¢(y) = v(0~1(y)) - T. To shorten notations, we write 3, v, for the derivative in
1
the sense of distributions dy, v;. Note that 9;1v;1 = e (Vv), 3;2V,2 =e11(V), 3;3Vys = 5(6“(\/) + 2e12(v) + ez2(v)). For all

k in {1, 2, 3}, we define the real convex quadratic function W," by:

W{‘(t) :=Inf [W, ((Qk)Te Q") ceeS3 e =t}

where Q¥ =1 ®e; + V¥ ® ey + e3 ® e3 and (Q¥)T denotes the transpose of QX.

Let
Vp Z:VKL(Q) lfp2 = ], V(P],Z) = VKL(Q) n ( ﬂ {a.[kv.[k :0})
k<p1
Jp(v) ;:/ [WKL(??(V)) +@2—-p2)pin Z W{‘(Brkv,k)] dx —L(v)

Q k<p1

Then we have the following result.

Theorem 2.1. Under assumptions (H1) and (H2), as s goes to s, us, , converges strongly in H'(Q; R3?) toward the unique solution up
to

(75p) Min{]p(v), ve Vp]

and
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jp(up)=li_rg]s,p(us,p) (1)

/ Wit (@) dx = lim / W (e(us p)) dx 2)

Q Pn,ap]

;1/ > W,"(ark(up),k)dxﬂm}u / Wi(e(us,p)) dx when py =1 (3)
Q k=p1 By

The elementary proof is achieved in two steps through a standard method of variational convergence.

Step 1 (asymptotic behaviour of us )

Proposition 2.1. When s goes to s, us p (up to a not relabelled subsequence) weakly converges in H 1(©2; R3) toward some u pinVy
such that

__Ip(up) <lim Js p(us,p)

5—5§

Proof. As, clearly, us , is bounded in H'(Q;R3), we deduce that there exists some u, in H}D (€2: R3) such that, up to a

not relabelled subsequence, us , weakly converges in HY(Q; R3) toward up, which does belong to Vg (€2). Moreover, the
very definitions of Wy, Wl", 1 <k <3, and Jensen’s inequality imply:

/ W (e(us,p)) dx > f Wi (e(us,p)) dx

Pr.e.pq Pr.e.pq
po [ Witeusp dxz2un S WE@p(< 1 =4 ) dx
By.e.py R2x(—1,1) kK=P1

where

ne
1 — .
o <ust =% T / us,p<(x TR 4 e + t)vk) dt x¥,
ielk n —ne
o xL‘,,- is the characteristic function of {(i +tevk 0 <t < 1} xR x (=1,1)
e V is the extension by 0 to HI(R? x (—1,1); R3) of all v in H}D(Q;R3)

As <u >’5‘,p has the same strong limit i, in L2(2; R3) as U p, a standard lower semi-continuity argument yields the
result. 0O

Step 2 (identification of up)

Proposition 2.2. For all v in V, there exists a sequence v, in H }D (€2: R3) such that

@]S,p(‘/s) =< ]p(V)

Proof. It is straightforward by using test functions like
ws() =hI" p(0 +& Y (8- v /)00 + @y (x- VF/2) (W, 0))
k<ps
with
(p, %) in C°(; R3 x R?) vanishing on I'p,
8y, @y the 1-periodic functions such that
0ift<n

e e e L

S;(1—t) if 1/2<t<1
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to check that v defined by

vs € Hl (2 R?); / DW (e(h, vs)) - e(h, w)dx + 1 f DWi(e(h, vs)) - e(h, w)dx =

Pn.e.pl B’?~€~P1
= / DWgi(e(vs)) -e(w)dx + (2 — pz)ﬂ/ Z DWlk(a.[k(Vg).[k) SOwodx, Yw e H}D (Q;R>
Q Q k=p1

satisfies the assertion. )
Thus u, is the unique minimizer in V, of ], and satisfies (1) and, consequently, (2) and (3). Hence, the whole sequence
us,p weakly converges in H'($2: R?), but also strongly because

11m / W1<L(e(u5p))dx<11m / W(e(usp))dx_/WKL(e(up))dx<11m Wi (é(us,p)) dx

5—5§

P'IFP1 Pnfpl Py.e.pq
and
~ 2 C . . 2 — i
le(usp)|“dx < —, lim [ lej3(usp)[“dx=0, 1<i<3 O
2 5—5S
By.e.py Q2

As quoted in [5,6], to make more precise the asymptotic behaviour of u;, we develop a variant of Theorem 2.1. As no

ambiguity ensues, we use the same symbol é for an element e of S such that its non vanishing entries are eap = €ap,
1<a,B <2, and let e :=e —&. Then we have the following theorem.

Theorem 2.2. There exists a unique z, in L*(Q; R?) such that e(h, u3)) converges strongly in L*(Q; S?) towards é(up) + z, ®s e3.
Moreover,

R 1L
° (DW(e(up)-i-zp ®se3)) =0
o/ (e(up)—l—zp ®3€3 dx_/WKL(e(up))dx

. (up, zp) is solution to

(Q,,) Min { / [W(é(v) tz®s e3) A+ Q-p)i Y. Wlk(afkvrk)] dx—L(v): (v.2) €V x L2(Q; R?)

Q k<p1

Proof. As e(h, usp) is bounded in L2(2: S3), it converges weakly toward some é(up) + zp ®s e3 up to a not relabelled

subsequence. Moreover (up, zp) appears as the unique solution to <Qp) because for all element z of C*°(Q; R3) vanishing

X3
on I'p, e(h, Zy), with Z, =hIT" Z, Z(%, x3) := /z(fc, t) dt, converges strongly in L%(2; S3) toward z ®; e3. Hence, the whole

0
sequence e(h, us p) converges weakly in L%($2; S3), but also strongly because

C
[ le(h, us )P dx < <,
n

By,e.pq

Tim W (e(h, us,,))clx_/wm(é(up))dxgfw(é(up)+zp s e3) dx < lim Weh,usp))dx O

s—5 >3
Py.e,pq Q Py.e,pq

Now these mathematical results can immediately be rephrased in terms related to the genuine physical problem (’P;).
which will supply our asymptotic model. Let
Vi@ i={v e Y, @R env) =0.1<i 3]

VE =V @) if pp =1, VI ) = Vi (@ ( () (9pkvor = 0})
k<p1
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~h ._c¢c—1
u, =S, "up
P9 9) ::zp((l'lh)’lx) ae.xeQl
then we have
Theorem 2.3. The fields u, and Z} are solutions to

(Ph) min / [Wie@w) +@=p it Y Wi@nv.o |dx—1"w); ve v

Qh k=<p1

(QZ) Min / [W(é(v) + 2z Qs 63) +Q2-pjii Z Wlk(arkvrk):l dx—L"(v); (v,2) € VZ x L2(QN: R3)

Qh k<p1
and
.1 N a -
tim 5 [ leaws) — e@han=0. [ letwp)P dx=cw )
Qh Qh
/|ei(u;)—hz’; ®s e3> dx = o(h?) (5)
Qh
3. Physical interpretation
The second line of hypothesis (H2) refers to the design of the stiffeners but also to their layout. The condition r;Ts -0

. . h? . . . .
is clear: the stiffeners have to be slender. As to — — 0, it encloses various information. On the one hand, because
n

22
h>  h ne . ) . . . b ) .
2= it says that the slenderness of the microscopic plates constituting the genuine plate Q" (see Fig. 1) is lesser
ne
than the one of the stiffeners. On the other hand, the thickness h of the plate being given, it yields that the distance

h
between two nearest parallel stiffeners has to be large enough (more precisely, the condition is & > _e)'
n

1
Theorem 2.3 tells us that, when the order of magnitude of the rigidity of the stiffeners is 5 the asymptotic behaviour
U

of the structure is the one of Kirchhoff-Love type. The stiffeners supply an additional term [ Z W,"(Brk V.k) to the classical
k<p1
N . C . 1 L
term Wy (é(v)) stemming from the sole W. When the rigidity is of an order of magnitude larger than o the periodic
n

distribution of stiffeners of direction T* implies a vanishing stretch in this direction. Hence, to get a full rigidity, it suffices
e —

to use three families of stiffeners, in our case a fourth direction like is not necessary.

To go to the essential we assumed that the stiffness of each family of layers was the same, it is easy if not tedious to
consider pk € (1,2}, k=1,2,3!...
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