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Biregular Cremona transformations of the plane

Shamil Asgarli Kuan-Wen Lai Masahiro Nakahara Susanna Zimmermann

Abstract

We study Cremona transformations that induce bijections on the k-rational points. These
form a subgroup inside the Cremona group. When k is a finite field, we study the possible
permutations induced on P?(k), with special attention to the case of characteristic two.
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1 Introduction

We call a birational self-map of a variety a birational permutation if both it and its inverse are
defined on all rational points of the variety. In particular, such a map induces a bijection on the
set of rational points. Over a finite field, the rational points form a finite set, so such biregular
maps induce permutations in the usual sense. Fixing a variety and a finite ground field, one can
ask what kind of permutations on the rational points can be realized this way.

In this paper, we focus on the birational self-maps of a projective space P", i.e. the Cre-
mona transformations. They form a group Cry(k) where k is the ground field. We say that a
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Cremona transformation is bireqular if it is a birational permutation. Clearly, biregular elements
form a subgroup BCr,, (k) C Cry(k). When k = [, the finite field of ¢ elements, there is a group
homomorphism

oq: BCry(Fq) —— Sym(P"(F,))

which maps a biregular element to the induced permutation on the set of F,-points. When the
dimension n = 2, the image of o, satisfies

e Im(o,) = Sym(P?(F,)) if ¢ is odd or ¢ = 2.
e Im(o,) contains the alternating subgroup Alt(P%(F,)) if ¢ = 2™ > 4.

This result was proved by Cantat [Can09] based on a geometric construction. In this paper, we
follow the same general strategy, but provide an arithmetic approach to this result which leads to
more explicit formulas in Section 2.

When ¢ = 2™ > 4, we expect that the inclusion Im(o,) 2 Alt(P?(F,)) is in fact an equality;
in other words, no odd permutation can be realized from a birational permutation. We take two
approaches to examine this conjecture: (1) Study properties of the group BCry(k) for a general
perfect field k, including a list of generators. (2) Focus on elements in BCry(F,) that are conjugate
to an automorphism of a rational surface. Our first main result is:

Theorem 1.1. Assume that k is perfect.

(1) Let T C Cra(k) be the set of generators for Cra(k) given in [Isk91]. Then T NBCra(k) forms
a set of generators for BCro(k).

(2) BCra(k) is not a finitely generated group if k admits a quadratic extension.
(3) BCra(k) is a non-normal subgroup in Cro(k).
(4) BCra(k) C Cra(k) is of infinte inde.
A precise list of generators of BCry(k) is given in Proposition 4.4. Over F, where ¢ = 2™ > 4,

all but one family of generators from the list can be shown to induce even permutations. This is
primarily due to our second main result:

Theorem 1.2. Assume that ¢ = 2™ > 4. Then the elements of BCra(IF,) belonging to the following
categories induce even permutations.

(1) Elements conjugate to automorphisms of a del Pezzo surface.

(2) Elements conjugate to a birational self-map of a conic bundle over P! preserving the fiber
class.

(3) Elements of finite order.

Using Theorems 1.1 and Theorem 1.2, we can reduce the parity problem to a single class
of birational maps. In general, a quintic transformation means a plane Cremona transformation
defined by the linear system of quintic curves passing through six geometric points with multiplicity
two. The class of birational maps for which the parity problem is still open consists of the quintic
transformations with a point of degree six as base locus. In the following, we denote such a quintic
transformation by fge.
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Corollary 1.3. If every quintic transformation fee over Fy, where ¢ = 2™ > 4, induces an even
permutation on P2(F,), then Im(o,) = Alt(P*(F,)).

During this project, Lian Duan was able to write a Magma code to enumerate all possible
quintic transformations fgg over Iy and Fg, and verified that all such transformations induce even
permutations on [F -points for ¢ = 4 and ¢ = 8, respectively. Combining the results of his experiment
with Corollary 1.3, we deduce the following theorem.

Theorem 1.4. Im(o,) = Alt(P?(F,)) for ¢ =4 and q = 8.

The proof of Theorem 1.2 relies heavily on being able to study the parity of a birational per-
mutation under conjugation by a birational map. For the sake of consistency, we denote the group
of birational self-maps of a surface X defined over a field k£ as Crx(k), and denote by BCrx (k)
the subgroup of biregular elements. In this notation, BCry(k) defined earlier is a shorthand for
BCrp2(k). In general, we expect that the parity of a birational permutation is governed by the
birational geometry of the underlying variety over F, where ¢ = 2™ > 4. In the two-dimensional
case, for example, the parity of a birational permutation is invariant under the conjugation of a
birational map. More precisely:

Theorem 1.5. Let h: X --+Y be a birational map between smooth projective surfaces defined over
F, where ¢ = 2™ > 4. Suppose that there are ax € BCrx(F,) and oy € BCry (Fy) fitting into the
commutative diagram

Then the actions of ax and oy on X (Fy) and Y (F,), respectively, have the same parity.

This paper is organized as follows: In Section 2, we discuss the realizability of all permutations
on the rational points in the plane over finite fields of odd characteristics and Fs. Section 3 concerns
the parity problem over a non-prime field of characteristic two, starting with the analysis of the
parities induced by linear transformations. Afterwards, we prove Theorem 1.5, and use it to reduce
the proof of Theorem 1.2 to the case of automorphisms. In Section 4, we give a list of generators
of BCry(k) when k is a perfect field and prove Theorem 1.1 (1). We then analyze whether each
generator induces an even permutation, and deduce Corollary 1.3. Lastly, we develop some basic
properties of BCra(k) as a subgroup of Cra(k) to finish the proof of Theorem 1.1.
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2 Realizing arbitrary permutations

The purpose of this section is to provide an arithmetic approach to the theorem below. One
advantage of this approach is that it allows one to easily construct explicit examples of birational
permutations on P? via a computer algebra system.

Theorem 2.1. Consider the canonical homomorphism
04 BCra(F,) — Sym(P%(F,)).
Then the image of o, satisfies
e Im(o,) = Sym(P?(F,)) if q is odd or q = 2.
e Im(o,) D Alt(P%(F,)) if ¢ = 2™ > 4.
Cantat’s proof of Theorem 2.1 in [Can09] is built upon a property about the subgroups of

Sym(P"(F,)) which contain PSL,,;1(F,): The elements in Sym(P"(F,)) which preserve the collinear-
ity, i.e., map collinear points to collinear points, are called collineations. They form a subgroup

PTL,(Fy)  Sym(P"(IF,))
which clearly contains PSLy,41(F,). Recall that the alternating group
Alt(P"(Fy)) € Sym(P"(Fy))
is the subgroup of index two consisting of even permutations.

Theorem 2.2 ([Bha81,KMT74, Lis75,Pog74]). Let G C Sym(P"(F,)) be a subgroup. If G contains
PSL,,11(F,), then either G C PT'L,(F,) or G D Alt(P™(F,)).

Applying this result to the image subgroup o,(BCrz(F,)), Cantat concluded that o, is surjective
by constructing an element f € BCry(F,) such that

e f does not preserve the collinearity on P*(F,),
e f induces an odd permutation on P?(F,).

Our main goal in this section is to exhibit the construction of f explicitly using input from the
theory of primitive roots.

This section is organized as follows. In §2.1 we consider a certain quadric surface Q@ C P3;
we construct a birational map ¢ : Q --+ @ that preserves a conic fibration Q — P!, and satisfies
certain properties. In particular, in §2.2 we explain how the map ¢ should behave on the special
fiber of the conic fibration. In §2.3 we construct f from g by projecting from a point on ), and
prove Theorem 2.1 for the case of odd g. The characteristic 2 case is treated in §2.4.

2.1 Birational maps preserving the conic fibrations

We first recall the examples constructed in [Can09, §3]. Consider a smooth quadric @ and a line L
in P3, both defined over Fy, such that L meets @) in a pair of conjugate points over the extension
Fg2 /Fq. The projection from L then induces a rational map 7r,: Q --» P! fibered in the conics cut
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out by the planes containing L. Assume further that there exists Py € P! (F,) over which the fiber
Co = m; ' (P) is smooth.

The hypothesis implies that every degenerate fiber defined over [, is a union of lines Ly # Lo
conjugate to each other over 2 /F,, where the node P := L; N Ly appears as the only F,-point.
The projection from such a node then defines a birational map 7p: Q --» P2. Together with the
fiber structure, we obtain the following diagram defined over F,:

Q-2 p?
|
mr,: conic fibration | (21)
4
IP)I
Below are explicit examples of this which we use later:

Example 2.3. Assume that ¢ is odd. Let [z : y : z : w] be a system of homogeneous coordinates
on P3. Choose a non-square ¢ € F,, \F?I Then the data

Q:={2 -ty +22=w?} CP? L:={z=w=0}CP,

and P:=[0:0:1:1] € @ provide an example of (2.1). Here the projection map is explicitly given
by 7r([x 1y : 2 : w]) = [z : w], and the degenerate fiber through P is defined as 2% — ty? = 0 on the
plane with parametric equations

P2 P ifz:y:u]l [y u:ul
For a smooth fiber, one can choose
Co =7 ([0:1]) = {2? — ty* = w?} C Q. (2.2)

Example 2.4. When g = 2™ for m > 1, we need another set of data as the quadric in the previous
example is not smooth in characteristic 2. Following Cantat, we use the following quadric:

Q:={x? +roy+sy* +22 +ax(z+w) +yz+w) +20=0}
where 7, s € F; are chosen so that the polynomial X 24+ rX 4 s=0 has no roots in F q-
Cantat’s construction of a desired f € BCra(F;) can be roughly divided into two parts:

(1) Constructing a birational self-map g on ) which preserves the fiber structure, acts as a
prescribed odd permutation on Co(F,), and acts as the identity on the other F,-fibers.

2) Descending g down to P2 as f := mpogon,!, and showing that f induces an odd permutation
P
on the [F -points and does not preserve collinearity.

Let us now construct the function g in (1) above in the case of odd characteristic. We keep the
notation of Example 2.3. The process starts with constructing a suitable automorphism on a single
smooth fiber over ;. Here we choose 77 ([0 : 1]) C Q, or equivalently, the conic

Cp = {3:2 —ty? = wz} ~ p! (2.3)
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lying on the plane {z = 0} C P3. The automorphisms we are interested in have the form
P2 5 P?:[z:y:w]— [ax+tBy: Br + ay : w],
where the parameters (a, ) are points on the affine conic
5°:={a®—tp* =1} C A%

Note that the formula gives the identity map when («, ) = (1,0). In general, this induces an
automorphism gg: Cy — Cy as one can verify that

(ax +tBy)? — t(Bz + ay)? = 2* — ty* = w’. (2.4)

In the following, we develop a method in extending such automorphisms to the whole quadric
@ as a birational map. Moreover, the extensions would fix the Fg-points not lying on Cp. In §2.2,
we show the existence of automorphisms fy which induce odd permutations on Cy(F,). Hence such
extensions induce odd permutations on Q(F,). The method is built upon the following lemma
about interpolations. We only need the case n = 1 for our purposes; we present the proof of the
general case as it is not any harder.

Lemma 2.5. Let F, be a finite field. Fiz any Py € P*(F,) and Py, P, € PY(F,) such that P, # Ps.
There exists a rational map h: P" --» P! defined over F, such that

o h(Py) =Py,
o h(P) =P, for all P € P*(F,) \ {Pp}.

Proof. We use an argument inspired by partition of unity. We first show that given Py € FZ‘H \ {0},
there exists a homogeneous polynomial fp, € Fy[xo, ..., x,] such that for each P € F’q”l \ {0},

1 if P=MP for A € F*
fr(P) = . 1
0 otherwise

Indeed, after applying a GLy1(IF4)-action, we may assume that Py = (1,0, ...,0), in which case the
polynomial

n
-1 -1 -1
fPozxg H((Eg _x;’l )
=1

satisfies the desired property. Next, consider

1
f:: q—il Z fP qu[xov"'vxn]'

Perptl

By construction, f(P) = 1 for each P € FZH\{O}. In order to prove the lemma, write P, = [« : ],
Py = [y: 6], and lift Py € P"(F,) to Py € F ™. Consider & : P" --» P! defined by,

hP) = [vf(P)+ (a=7)fp,(P): 0f(P)+ (8= 0)f5 (P)].

The map h is well-defined, and has the desired interpolation property. O
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We continue working with the notation retained from Example 2.3. In particular, the quadric
Q C P3 is defined by the 22 — ty? + 22 = w? where t € Fq \ Fg is a non-square element. Similarly,
recall the definitions of the plane conic Cjy and the affine conic S° from the beginning of §2.1.

Proposition 2.6. For every (o, Bo) € S°(IFy), the automorphism
go: Co = Co: [z :y:w] = [aox + tBoy : Box + aoy : w].
extends to a birational self-map g: Q --» Q which preserves the fibration wr: Q --» P and satisfies

b g|Co = 90,
e glc =id for all Fy-fibers C # Cy of mp,.

Proof. Let ¢ be an affine coordinate on P!. We identify S° as an open subset of P! via the
stereographic projection from (—1,0) € S°:

_ B
14+a

S° P (o, B) = ¢
Let (o € P! denote the image of (g, p) € S° under the map. Note that (1,0) € S° is mapped to

0 € P'. Note also that we can recover o and 3 by

1+ t¢2
o= —7r
1— 2’

2¢
1— 2

5= (2.5)

Consider the fibration 77 : Q --» P!, and let
Py:=10:1] = 7.(Cp) € P.
By Lemma 2.5, there exists a rational function
¢ = h(z,w) € Fy(P")

such that h(Py) = (o and h(P) = 0 for all P € P*(F,) \ {P}. Substituting it into (2.5), we obtain
two rational functions
2h(z,w)

1 4th(z, w)? B
1 —th(z,w)?’

- ].—th(Z,’lU)Q’ /8(27w)

a(z,w)

which determine a birational self-map on () via the inhomogeneous formula:
g:Q-->Q:[z:y:z:w—[ax+tfy: Pfr+ay:z: w.

Note that this is well-defined due to the same computation as (2.4). From the construction, we
have

o (a(P), B(Py)) = (a0, Bo),
e (a(P),B(P)) = (1,0) for all P € P\ {Py},

where the first one implies that g|c, = go, and the second one implies that g|c = id for all Fy-fibers
C # Cy. O
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2.2 Special actions on the smooth fiber

We continue to use the notation in Example 2.3. Note that, as Cy = P!, it is straightforward to
find an automorphism on Cp which induces an odd permutation of the F,-points. However, it is not
obvious that every such automorphism can be extended to () in a way which allows one to control
the induced permutation on the other IF -points. Here we consider automorphisms of the form

go: Co = Cy: [ :y:w]— [ax +tBy : Bz + ay : yw] (2.6)
where [a : 3 : 4] € P? is any F,-point on the conic
S:={a? — 8% = 4%} C P~
Note that every Fg-point on S has v # 0 since ¢t € F, is a non-square. Due to this fact, we will

assume that v = 1 in the following for the convenience of computations.
To find such an automorphism which acts on Cy(F,) transitively, we use the fact that F =

F, ® Vt~'F, and view Cp = P! as the projectivization
Co = P(F, @ Vi~1F,) = P(F ).

Lemma 2.7. Under a suitable choice of the isomorphism Cy = P(F2), the action of go can be
obtained as the multiplication on F 2 by the element

B4 (a—1)Vt-l € Fp (2.7)
where o, B € F, satisfy a® —t3% = 1.

Proof. 1t is easy to see that the statement holds when gq is the identity, i.e. a = 1, so we assume
that a # 1 below.

First we identify Cy with P! using the stereographic projection from [~1:0: 1] € Cp. On the
affine chart w = 1, this map can be defined as

Y

. ~ 1. _
0:Cop — P .(x,y)b—>C—1+m

where ¢ is an affine coordinate on P!. Its inverse #~1: P! 55 () is

1+ t¢? 2¢
r=——-: = .
1wz YT 1 e

We claim that gy := 0o ggo~1: P! =5 Pl is given by the formula
B+t Ha—1)
(@—1)¢+8

Indeed, as go(z,y) = (ax + tPy, Bz + ay) in the affine coordinates, a straightforward computation
shows that

90(C) (2.8)

go(¢) = L) royll) 8 (i) + o (i)
1+ax(§)+tﬂy(o 1_,_04(}252)_’_%(%)
B(1 +1C2) + a(20) 18¢? + 20C + B

(1—tC2) +a(1+tC2) +tB(2¢)  tla—1)2+2t8(+ (a+1)
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Using the quadratic formula and the fact that a? — t3% = 1, the numerator and the denominator
can be decomposed into linear terms:

B+ F(C+ %) t8(¢+ %5)

ta— D¢+ SN2 t(a—1)(¢ + o)
which can be further simplified as

tBC+(a—1) _ tB(+(a—1) BC+t 1 (a—1)
ta-1)¢+ & tHa—1C+t5  (a—1C+f 7

96(¢)

90(C) =

as claimed.
In view of (2.8) and the isomorphism P! = P(F, & vVt~1F,), we can conclude that

9= (Of ) i e 1)> € PGLo(F,).

B
It’s easy to verify that this matrix acts on F 2 = F;®V t—1F, as the multiplication by S+ (a—1)Vt~1,
which completes the proof. ]

As a consequence of the lemma, to find an automorphism as (2.6) which acts on Cy(FF,) tran-
sitively, it is sufficient to find a primitive root of F 2 of the form (2.7). To attain this, we use the
following result by S. D. Cohen:

Theorem 2.8 ([Coh83, Theorem 1.1]). Let {01,602} be a basis of F2 over Fy and let a1 be a non-
zero member of Fy. Then there exists a primitive root of Ko of the form a1601 + az62 for some
ag € ]Fq.

Corollary 2.9. There exists a primitive oot of Fp2 of the form
/8+(Oé—1)vt_1 EFZQ
where o, B € F, satisfy o® —t3? = 1.

Proof. By applying Theorem 2.8 to the basis {1, \/t_l}, we find ¢ € F,; such that

t
E:=c— §vt—1 € Fpe

is a primitive root of Fy2. We claim that ¢! can be expressed as the required form. If we write
¢ =B+ (a—1)Vt1, then
15} a—1

TP}y T EAL

&=

Equating the coefficients of vt~ in the two expressions for &:
o a—1
2 B2—t1(a—-1)

which implies that
(a—1)2—tﬁ2 =2a-1) = o —tp? =1,

as required. O
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2.3 The induced actions on the projective plane

We are ready to establish Theorem 2.1 when ¢ is odd. Note that Proposition 2.6 and Corollary 2.9
imply the existence of a birational self-map g: Q) --» @ acting transitively on the F,-points of a
smooth fiber Cp, and leaves all the other F4-fibers fixed. The maps we constructed have the form:

9:Q-->Q:[x:y:z:w— Jax+tly: fxr+ ay: vz : yw]

where «, 3, v are homogeneous in z, w and satisfy o? — t3% = ~2.
Recall that @Q and L are defined as

Q:={2 -ty +22=w?} CP® L:={z=w=0}CP,

and we have picked P =[0:0:1: 1] € Q as the node of one of the degenerate fibers in the fibration
7r: Q --» PL. Moreover, the conic 7[‘21([0 : 1]) = {z = 0} NQ is smooth by hypothesis. We identify
H := {z = 0} with P? via the identification [z : y : u] ~ [z : y : 0 : u]. Projection from P onto
H = P? defines a birational map

mp:Q-—-»Piziyziw [Ty w— 2]
The inverse is given by:

mp P2 -5 Q

[z :y:u] — [2ux : 2uy : 2? — ty? — u?

x? — ty? + ).
After composing the three maps, we get
fi=mpogomp': P? s P?
Proposition 2.10. The induced map f : P? --» P? satisfies the following conditions:
1) f e BCry(F,)
2) f fizes all the Fy-points away from the conic Cy.

(1)
(2)
(3) f transivitely permutes Co(Fy) as a (¢ + 1)-cycle.
(4)

4) There exists a triple of collinear points Py, Ps, Py € P%(F,) such that f(P1), f(P), f(Ps) are
not collinear.

In particular, the induced permutation P*(F,) EA P2(FF,) does not preserve collineation, and more-
over, induces a (q + 1)-cycle, and hence has odd sign as q is odd.

Proof. (1). We have the following commutative diagram:

5 #BlpQ -5 BIpQ

1 e
7/ TP
/ -
/ P

Tp

10
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Note that the above diagram factorizes f = mpogo 7r1§1 as f =7pogo fi. The two lines passing
through P in @ become disjoint (—1)-curves on Blp@. The morphism 7p is then the blow down
of these two lines. Hence 7p and f; are both defined at all the F,-points. It suffices to show that
g induces a bijection on the F-points of BlpQ. Indeed, this follows from the fact that g induces a
bijection on Q(F,) and fixes the blown up point P. It follows that f is defined on all F-points of
P2. By symmetry, the same argument applies to f~!, and hence f € BCra(F,).

(2). Let A € P*(F,) \ Co(Fy). In particular, A ¢ L as LN Cy consists of two F2-points that are
Galois conjugates. Then 7' (A) € Q such that A ¢ 7;([0: 1]) = Cp, and so g(7p(4)) = 75" (A).
It follows that f(A) = mpogomp (A) = A.

(3). Let A € Cy(F,). Then 75 (A) = A because the line joining A and P meets the quadric at
A € Q. Since g permutes the points of Cy(F,) as a (¢ + 1)-cycle, so does the map f =mpogo 7r1§1.

(4). Take an Fg-point P which lies on C, and consider the tangent line L = TpC C P2. Then
LNC = {P}. The map acts as identity on all the F-points of L except for P, and sends P to another
point on C which does not lie on L. Consequently, the map does not preserve collinearity. ]

By combining Theorem 2.2 and Proposition 2.10, we obtain Theorem 2.1 when ¢ is odd.

2.4 The construction in characteristic two

The goal of this section is to prove Theorem 2.1 in the case ¢ = 2, and show that the image of o,
contains Alt(P?(F,)) for ¢ = 2™ where m > 2. The strategy is the same as the case when ¢ is odd.
We first explain the construction over Fy. Consider the quadric surface given by

Qi={a? vay+y?+22+a(z+w) +yz+w)+2w=0} C P

As before, let L := {z = w = 0} C P3. We consider the projection P3 --» P!, given by [z, vy, 2, w] —
[z, w]. Restricting the map to Q, we get a conic bundle 7, : Q@ — P!. We analyze the conics on the
three Fo-fibers:

Cp = TFZI([O, 1)) = {[z,y, u] :x2+my+y2+xu+yu:0}
[2,y,u] : 2® + 2y +y* + 22 + 22 +yz = 0}
[z,y,u] : #° + zy +y* = 0]}

One can check that Cy is smooth, while C; and Cs are both union of two F4-lines meeting at a
single Fo-point. In fact,

Co {[0,0,1],[1,0,1],[0,1,1]}
Cl(IFQ) = {[17 1, 1]}
C2 {[0707 1]}

Consider the map g : P> — P3, given by [z : vy : 2 : w] = [y : = : z : w]. By the symmetry of
the defining equation, the quadric @ is preserved under g. It is also evident that g acts as a single
transposition on Cy(F2), and trivially on both C;(F2) and Cy(F2). Using the same argument given
in Proposition 2.10, we see that the induced map f = wpogo 7r1§1 is an element of BCry(F2).
Furthermore, the induced permutation f : P?(Fy) — P?(Fy) is odd, as it transitively permutes
the three points of Cy(Fy). It also does not preserve collineation for the same reason explained in
Proposition 2.10 (4). By Theorem 2.2, 02(BCra(F2)) = Sym(P?(F3)).

11
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For ¢ = 2™, we use the quadric @) given in Example 2.4:
Q= {2 +ray+ sy’ + 22 + x(z + w) + y(z + w) + 2w = 0}

where r, s € IF, are chosen so that the polynomial X 2+ rX +s = 0 has no roots in the field F q- The
map g :P3 = P3 given by [z :y:2:w]+ [y:2:2: w] preserves the quadric. It can be checked
that the fiber Cp := 7, '([0 : 1]) is a smooth conic. Using the same argument in Proposition 2.10,
we see that the induced map f =7mpogo 7r1§1 is an element of BCra(IF,;). Moreover, the induced
permutation f : P?(F,) — P%*(F,) does not preserve collineation by the same argument given in
Proposition 2.10 (4) that involves looking at the tangent line: f fixes all the Fy-points on the
tangent line TpC except for P, while P is sent by f to another F,-point away from TpC. By
Theorem 2.2, we deduce that o,(BCra(F,)) 2 Alt(P%(F,)).

3 The parity problem in characteristic two

We assume that £ = F, where ¢ = 2" > 4 throughout this section. Our goal is to prove Theorem 1.2,
which states that an element of BCry(F;) induces an even permutation if it belongs to one of the
following categories.

(1) Elements conjugate to automorphisms of a del Pezzo surface.

(2) Elements conjugate to a birational self-map of a conic bundle over P! preserving the fiber
class.

(3) Elements of finite order.

In §3.1, we prove some preliminary results, including showing that any linear transformation on
P™ induces an even permutation on the Fg-points for any n. We also show that this is false for [Fs.
We then prove Theorem 1.5 in §3.2 that implies the parity of a birational permutation is invariant
under conjugation. This reduces the proof of first two items of Theorem 1.2 to just proving that
any automorphism on either a conic bundle over P! or a rational del Pezzo surface induces an even
permutation on its k-points. We treat the case of conic bundles in §3.3 and of del Pezzo surfaces
in §3.4. In §3.2.2, we show that the third item of Theorem 1.2 follows from the first two. We give
the proof of Theorem 1.2 in §3.5.

3.1 Parities induced by linear transformations

In this section, we study the parities induced by linear automorphisms. Since the proof is easily
adapted to P for any n > 0, including the plane, we work with projective spaces of arbitrary
dimension. The results of this section also allows us to study the parity problem without choosing
specific coordinates for P".

3.1.1 Automorphisms of projective spaces

According to Waterhouse [Wat89], the group GLy41(F,) is generated by two elements A,, and B,
for all ¢ and n > 1, which clearly descend to generators for PGLj,41(F;). Therefore, to prove that
PGLy41(F,) € Alt(P™(Fy)), it is sufficient to verify that A, and B,, induce even permutations.

12
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The general formulas for A, and B,, depend on whether n =1 or n > 2. Let us denote by I, 41
the identity matrix of size n + 1, and E; ; the square matrix of size n + 1 with 1 at the (7, j)-th
entry and zeros elsewhere. In the case n > 2, we can choose a generator « for the multiplicative
group Fy, and let

Ap=Ip1+(a—1)E22+ Epti1,
B,=Fip2+Fy3+- -+ E11.

For example, when n = 2 we get
100 010
As=|0 a O , Bo=10 0 1
1 0 1 1 00

In the case ¢ > 2 and n = 1, we choose a generator 8 for the multiplicative group IF’(;Q, and
define
a:=p1 s =Tr(B) =B+ p% r:=—Nom(8)=—p7",

0 r a 0
A1_<1 s>’ Bl_(o 1)‘
We emphasize that the case ¢ = 2, n = 1 is not covered by the formulas above. In this last case,

GLy(F2) is generated by (? i) and <é }) which act respectively as a 3-cycle and a 2-cycle on
PL(Fy).

then we let

Lemma 3.1. Both A1 and By induce even permutations on Pl(Fq) where ¢ = 2™ > 4.

Proof. The element « is a generator of F; = Z/(q — 1)Z, so B fixes [1 : 0] and [0 : 1] and acts as
an (¢ — 1)-cycle on
P (Fg) \ {[1:0]U[0: 1]} = F,

which is even for all ¢ = 2™ > 2. On the other hand, A; can be decomposed into
0 r r 0\ /1 0\ /0 1
(1 .s> B <0 1) (s 1> (1 o) = Andiedi.

e Ay has the same parity as B; since r = —a = a.

Among the factors:

e Ao fixes [0 : 1] and acts on P}(F,)\ {[0 : 1]} = F, as a translation by s, which is a composition
of ¢/2 transpositions (because char(k) = 2) and thus even for ¢ = 2™ > 4.

e Ay3 is an involution fixing [1 : 1], so it is a composition of ¢/2 transpositions which is even
for ¢ =2™ > 4.

As a result, A; acts as a compositions of three permutations which are all even, so Ay is even. [J
Lemma 3.2. Assume that n > 2 and ¢ = 2™ > 2. Then A, induces an even permutation on

P (Fy).

13
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Proof. One can directly verify that A,, = T,,M,, where

10 --- 0 1 0 0
o1 --- 0 0 « 0
Tn:: . . . . ; Mn::

It is sufficient to prove that both T;, and M, induce even permutations. Note that M, has order
q — 1 which is odd, so its action is even. Hence only T, needs to be analyzed.
First, by writing T}, = I,41 + E,11,1, we have

T2 = Iny1+2Eni10 + Epyy g = Inga,

so T}, is an involution. Thus its action on P"(FF,) is a product of disjoint transpositions. Second,
T, acts on the homogeneous coordinates as

[Xo @1t i@y = [Tt ot Tyt 2 X0 + Ty,
so the fixed locus is exactly the hyperplane {zp = 0}. Therefore, the number of transpositions in

T, is . .
1 B 1 qn+ -1 qn_l 1 qn+ _qn qn
~ (IP™(F,)| — [P Y(F,)|) = = - = ([t ) =L

which is even for n > 2 and ¢ = 2™ > 2. O

Lemma 3.3. Assume that n > 2 and ¢ = 2™ > 4. Then B, induces an even permutation on
P(Fy).

Proof. We choose a generator b € Gal(Fyn+1/Fy) =2 7Z/(n+1)Z and an element 6 € F n+1 such that
{0; :==0'(0) :i=0,...,n} CFpun

form a normal basis over F,. This identifies the underlying affine space (IFq)"+1 of P" as
Feo @Fe01 ®--- D Fy0, = Fqn+1

where a point (2o, ..., 2,) € (Fg)"*! corresponds to oy + - - - + 0y € Fyns1. Since b(6;) = bi1
for i =0,...,n—1 and b(6,,) = 6y, we have

b(:vge() + 2101 +---+ xnen) = x,00 +x0b1 + -+ xp_10y,

which identifies the action of By, on (F,)""! from the left as the action of b~! on Font1.
Suppose that n + 1 = u2¢ where u is odd. Then the parity of b* is the same as the parity of b,
and there is a filtration of Fyn+1 invariant under the action of b*:

Fgu C-++ CFpuar C - CF 0 = Fynia.

For each 1 < r < ¢, there are ¢"“?" — q“QP1 elements in F uor \IE‘qW-fl, and the b%-orbit of each
element has size [F u2r : Fqu] = 2". Therefore, the number of 2"-cycles in the cycle decomposition

of b* equals

q

1

or 27‘71
g( Y=gt ).

1
? ’Funr \ ]Fqu27‘71 ‘ =

14
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Upon passing to the quotient space P"(FF,) = P(Fn+1), which we consider as the set of Fy-lines in
(F,)™*! through the origin, the number of 2"-cycles for the action of b* becomes

i qu2r _ qu2T_1 _ qu2’"_1 qu2r_1 -1
2r g—1 2r g—1 '

When g = 2™, m > 2, we have mu2™l —r>0foru>1land 1<r< £, so the number

quT’l _ 2mu2771 _ 2mu27>_1—'r
2r 2
w r—1
is even. As the fraction ‘12#_1 is clearly an integer, we conclude that the number of 2"-cycles in
b* when acting on P"(IF,;) is even for all » =1,..., ¢, thus the action is even itself. O

Remark 3.4. Suppose the ground field is Fo. Then the proof of Lemma 3.3 indicates that the
action of B, on P"(Fy) is even if n = 2¢ — 1 for some m > 1 and odd otherwise. In the previous
case, the action consists of exactly one 2-cycle and an even number of 2"-cycles for every 2 < r < {.

Proposition 3.5. Over k = F,, ¢ = 2™ > 4, and for any n > 1, the action of PGL,11(k) on
P™(k) induces even permutations.

Proof. This follows from Lemma 3.1, 3.2, and 3.3. O

The parity of a permutation is invariant upon raising to an odd power, so we usually assume
the order of a permutation to be a power of two when studying the parity. For a permutation
induced by a linear transformation, the following lemma indicates that we can say more about the
cycle type if its order is a power of two, which is a consequence of Proposition 3.5.

Corollary 3.6. Assume that k = F, where ¢ = 2™ > 4 and n > 1. Suppose 0 € PGLy41(k)
induces a permutation of order 2". Let ¢; be the number of 2'-cycles in its cycle decomposition,
where 1 = 0,...,r. Then cg is odd and the sum c1 + --- + ¢, is even. In the case n = 1, there are
only two possibilities:

(1) co=q+1andc;=0 for all1 <i<r, i.e. o is the identity.

(2) co = 1 and ¢; = 0 for all but one 1 < i < r. The unique nonzero c; where 1 < j < r equals
q/2 > 1.
Proof. Because a 2i-cycle is odd for i > 1, ¢; + - - - + ¢, must be even due to the fact that o is even
by Proposition 3.5. Then the equations
P"E)|=q¢"+ - +qg+l=co+2ca+-+2c

imply that ¢q is odd.

Assume that n = 1 and that o is not the identity. Then the fact that ¢y is odd implies that
co = 1. Let 1 < j < r be the smallest integer such that ¢; # 0. Then 0% becomes the identity
since it fixes 1 + 27 c; > 3 points. It follows that every nontrivial cycle in ¢ has the same size 27,
Note that 2/ = ¢ implies that o is a g-cycle thus is odd, which is impossible by Proposition 3.5.
Therefore, we have 27 < ¢ and the equality

) ,
IPY(k)| = q+1 =1+ 2¢
implies that ¢; = ¢/27 > 1. O
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3.1.2 Projective bundles over finite sets

Let B be a finite set. We define a P"-bundle over B to be a set of projective n-spaces indexed by
B:
P=1[r P=P
i€B
together with the natural map
h:P——B:P+——1.

Since P is a disjoint union of projective spaces, we can consider the set P(k) of k-points in P in
the usual way. We are interested in elements o € Sym(P(k)) of the form:

(1) For every i € B, o(P;(k)) = Pj(k) for some j € B; in other words, the conjugation op =
hoh~! is well-defined as an element of Sym(B).

(2) Each bijection o: P;(k) — P;(k) is induced by a projective transformation over k.
Note that such elements form a subgroup of Sym(P(k)).

Lemma 3.7. Assume that k =F, where ¢ =2™ > 4. Let o € Sym(P(k)) be an element satisfying
(1) and (2). Then o and op := hoh™' € Sym(B) have the same parity.

Proof. The parity of a permutation is invariant upon raising it to an odd power, so we can assume
that both ¢ and op consist of disjoint cycles of sizes powers of 2. Suppose that

O:={p,..pp,yCB, r=2'>1,

is one of the orbits of 0. Then the set of k-points in h~1(0) C P is invariant under o. This reduces
the proof to the case O = B. Note that the case r = 1 follows immediately from Proposition 3.5.
Hence we further assume that » > 2, in which case op is odd, and so our goal is to prove that o is
also odd.

Fix an element p € O. The assumption O = B implies o; = id, so ¢" acts on the k-points of
h=1(p) = P". Denote this action as 0, Observe that, in the cycle decompositions, a u-cycle in oy,
contributes a (ur)-cycle in o, and every cycle in ¢ is obtained this way. Assume that o) consists
of ¢; many 2'-cycles where ¢ > 0. Then o consists of ¢; many (2'r)-cycles for i > 0, which are all
odd since 2r > 2 by the hypothesis that r > 2. By Corollary 3.6 applied to oy, the sum > ¢,

which also equals the number of cycles in o, is an odd integer. Therefore, o is odd. ]

3.2 Birational invariance of the parity

In this section, we investigate how the conjugation via a birational map affects the parity of a
birational permutation. The main result is Theorem 1.5 given in the introduction, whose proof will
be given in §3.2.1. As an application, we illustrate in §3.2.2 how the theorem simplifies the parity
problem for elements of finite order in BCra(k). Recall that for the sake of consistency, given a
variety X defined over k, we denote its group of birational self-maps as Crx (k) and the subgroup
of biregular elements as BCrx (k).
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Example 3.8. It is easy to construct a counterexample to Theorem 1.5 in the cases that ¢ is odd
and ¢ = 2. Consider an element g € PGL3(F,) of the form

g:

o o 2
S Qo
_ o O

Note that g fixes p=1[0:0:1]. Let X be the blowup of P? at p. Then g lifts to an automorphism
on X which acts on the exceptional P! as <CCL 2) , and the parity is altered via the lifting if this

: . 1 e
matrix acts as an odd permutation on P! (F,). For example, one can choose (0 2) if ¢ is odd,

. e 1 1Y).
where « is a generator for the multiplicative group Fy, and (0 1> if g =2.
In view of Theorem 1.5, one may wonder if there exists a birational odd permutation on a
surface over F, where ¢ = 2™ > 4. Below we exhibit an example of an odd permutation over Fy
induced from an automorphism.

Example 3.9. Write Fy = Fy(¢), where £ + & +1 = 0, and let £ denote the Galois conjugate of
&. Consider the elliptic curve in Weierstrass equation

E:y’+ay=2a>+1.

Then j(E) = 1 and Aut(E) = Z /27 is generated by og: (x,y) — (z,y+x) [Sil09, Propositions A.1.1
& A.1.2]. A straightforward computation shows that E(F2) = {(1,0),(0,1),(1,1),psc} where ps
is the point at infinity, and there are additional four points (¢,0), (£,0), (£,€), (€,€) over Fy. The
involution o fixes (0,1), poo and exchanges points in the pairs

{(1,0),(1, 1)}, {(£,0), (6,9} {(€0), (&}

In particular, o acts as a product of three transpositions on F(F4) hence is an odd permutation.
Define X := P! x E and consider it as a P!-bundle over E. Then o can be extended as ox € Aut(X)
where

ox: X =X :(p,q)— (p,or(q)

whose action on X (F4) is odd by Lemma 3.7. In fact, it is not hard to see that the permutation
consists of 5 disjoint permutations of the same type as og.

3.2.1 Proof of Theorem 1.5

Remark 3.10. Let Y be a smooth projective surfaces over a perfect field k, oy € BCry (k) and
h: X — Y the blow-up of a finite set of k-rational points B and £ = h~!(B) the union of its
exceptional divisors. Suppose that oy := h~'oyh € BCrx (k). Then ox does not contract any
curve in E as they are all rational, and hence ox(FE) = h™loyh(E) = h='(oy(B)) is a curve. It
follows that oy (B) C B. Since oy induces a bijection on Y (k), we have oy (B) = B and hence
ox(E)=FE.
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Lemma 3.11. Let Y be a smooth projective surface over k = Fom, m > 1. Let oy € BCry (k) and
h: X —Y the blow-up of a set B CY of closed points. If ox := h~loyh € BCrx(k), then oy and
ox have the same parity.

Proof. First, if B(k) = (), then h|x): X (k) — Y (k) is a bijecton and ox and oy have the same
cycle type. Otherwise, define U := X \ E and V :=Y \ B where F is the exceptional locus lying
over B. Then h can be divided into two parts h|g: E — B and h|y: U — V such that for any
b e B(k) and v € V(k),

oy|p(b) =hlgoox|zo (hlg) ' (b) and oy|y(v) =hlyoox|vo (hly) " (v),

by Remark 3.10. Because h|y is an isomorphism, the second relation implies that ox|y and oy |y
have the same cycle type on U(k) and V (k) respectively. Note that the exceptional divisor £ C X
is a P!-bundle over B over the algebraic closure k of k. Restricting h to E(k) induces the relations
among finite sets

hlg (k)

E(k) = P'(k) x B(k) B(k),

as well as the relation between permutations

ov|pu = Plew © oxlem © (Mlew)

Then oy |g) and ox|pg(r) share the same parity by Lemma 3.7 (here we use k = [y, ¢ = 2™ > 4),
hence the conclusion follows. O

Lemma 3.12. Let Y be a smooth projective surface over k = Fom, m > 1 and h: X — Y a
birational morphism. Let oy € BCry (k). If ox := h™loyh € BCrx(k), then oy and ox have the
same parity.

Proof. If h is the blow-up of a set of closed points in Y, the claim is Lemma 3.11. In the general
case, we can decompose h into a sequence of blowups at closed points [Man86, Lemma 18.1.3]

€p €r—1 €2

Y1

€1

h: X =Y, Y Y. (3.1)

This sequence can be arranged in the way that the points in Y; blown up by €;41 lie in the exceptional
locus of ¢;. Indeed, if there exists a point € Y; blown up by €;41 but not in the exceptional locus
of ¢;, we can form new maps

€§+1 / 6;
i1 Y] ——=Yi (3.2)

b

€i+1 i
Yis1.— Y, ——Y; 1

Yl

where €] is ¢; followed by the blowup at z, and € ; blows up the same points as €;11 except for z.
Then Y/, ; and Y;;1 are canonically isomorphic and we can replace €;€;1 by €e;, ;. Repeating this
process from i = r — 1 to ¢ = 1 gives us the desired sequence.

Let 0g := oy and define inductively that

o; = 6;101_161' S CI‘YZ. (k’), 1=1,...,7 (3.3)
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Note that o, = ox. Let us prove that every o; € BCry, (k) by induction. The case i = 0 follows
from the definition. Suppose that o;,_; € BCry, , (k) and, to the contrary, that o; ¢ BCry; (k). Let
p € Y;(k) be a base-point of ¢;. Consider the two points

¢ :=¢€(p) € Yima(k), ¢ =0i-1(q) € Yima(k).
There are three conditions to analyze:

(1) ¢ is not blown up by ¢;. This implies that o; is well-defined at p by (3.3), which contradicts
our assumption.

(2) ¢ is blown up by ¢; while ¢ is not. Let Ey C Y; denote the exceptional divisor over ¢'.
In this case, p does not lie in the exceptional locus of €;, so it is mapped bijectively to a
point p € X (k) via the inverses of the blowups in (3.1). The relation (3.3) implies that o3
contracts the proper transform of Ey to p, so p is a base-point of ox, which contradicts the
fact that ox is biregular.

(3) ¢ and g are both blown up by €;. Let B, C Y; and Ey C Y; denote the exceptional divisors
over ¢ and ¢, respectively. In this case, we have the commutative diagram

€
E,/—Y,—— Y,
| |
| 04 | Oi—1
. +
1
Eq/ —Y,— Y, 4.

The composition o;_1€;: Y; --» Y;_1 pulls ¢/ back as the divisor E; while ¢’ is blown up by ¢;
as IJy. By the universal property of blowing up, o;_1¢; factors through €; uniquely as

E,——Y; LN Y. 1

[ [
J;EqJ{N =N | Oi—1
Lo
By —— Y~ Y.

Note that o} is well-defined on E; and o] = €, loi_1€6;, = 0;. Hence o; is well-defined on E,
and in particular at p, a contradiction.

Since we get contradictions in all possible conditions, we conclude that o; € BCry;,(k), hence the
claim is fulfilled by induction. As a result, the permutations induced by o;, i = 0,...,r, which
include ox and oy, have the same parity by Lemma 3.11. O

Proof of Theorem 1.5. We are now ready to prove Theorem 1.5 in the general case. We can elimi-
nate the base locus of h by a sequence of blowups at closed points [Kol07, Corollary 1.76]

€r €r—1 € €
X, —— X, 4 X1 ——Xo=X
|

\h
h +
Y
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Let E; C X; denote the exceptional locus of ¢;, and let
Ci_q1:= GZ(EZ) CcX;—1, 1=1,...,r

denote the center. Through the same process as (3.2), one can arrange the blowups above so that
C;CE;fori=1,...,r—1. Let 09 := o0x and define inductively that

o= ei_lai_lq € Crx,(k), i=1,...,r (3.4)
We claim that, for each ¢, there exists a birational morphism
n;: Z; — X; such that 7; :== ni_lami € BCry, (k). (3.5)

We prove the claim by induction starting from ¢ = 1. Consider the action of ox on X (k) and
let O C X (k) be one of its orbits. Then there are two situations:

(a) If O N Cy = @, then oy is well-defined on (e;1(0))(k) C X1 (k).

(b) Assume that O N Cy # (). Note that, if O C Cp, then one can argue that oy is well-defined on
(e71(0)) (k) C X (k) in a similar way as (3) in Lemma 3.12. In general, there exists ¢ € O\ Cy
such that o¢(q) € Cp, and

O\ Co={q,05(q),---.05 (a)},

for some £ > 0. In this case, o1 is undefined at the p := el_l(q) due to (3.4). Blowing p up will
resolve this indeterminacy for a similar reason as (3) in Lemma 3.12, but this will produce a
new base-point for o1 at p’ := el_l(agl(q)). By repeating the same process until all points in
e, (O \ Cp) are blown up, the base-points coming from O will be resolved.

Let Oq,...,0, C X(k) be the orbits of o; which meet Cy nontrivially. Define

n

Bi =[] &0\ Co) € Xu(k)\ En,
j=1

and consider the blowup
m: Zl = BlBle *)Xl.

Then 7 := 1y 'o1m € BCrg, (k) according to (b).
Assume that there is a desired blowup (3.5) for some 1 < ¢ < r — 1. The fiber product
X 1= Xiy1 xx, Z; fits into the commutative diagram

/ 2
X1 —— Zi

€41
Xit1 X;

€4

where 7, and me are the projections to the first and the second components, respectively. Due to
the fact that B; C X;(k) \ E; and C; C E;, we have B; N C; = (), so that Xj ; is constructed by
blowing up X; at B; and C; where the order does not matter. In particular, 7o is the blowup
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By hypothesis, we have 7; := 77;10’1'771' € BCrg(k), and it can be lifted to X;, ; as
0’§+1 = 7T2_17'Z'7T2 S CI‘Xl{_‘_1 (k)
Note that, by tracking the commutative diagram above, we have
Oi1 = 7r2_17'i7r2 = ngni_lomﬁrz = 7T1_1€Z»—+110'Z‘6i+171'1 = 7T1_10'7;_|_17T1. (3.6)

Let O, ...,0, C Z;(k) be the orbits of the action of 7; on Z;(k) such that O; Nn; *(C;) # 0 for all
j. Define

1= U w05\ () € X (R).
j=1

Consider the blowup
Mig1: Zig1 = BIB{HXz{—s—l — X

Then 7541 := né;%agﬂngﬂ € BCrz,, (k) by the same reasoning as the i = 1 case. Define
N1 = M1y : Zig1r — Xiy1.
Using (3.6), we obtain
=1 7 /—1_—-1_ P -1 .
Titl = M410i41Mi41 = Mi41T1 Oit1T1401 = M410i+170i+1-

Hence statement (3.5) is fulfilled for ¢ + 1.
By induction, (3.5) holds for i = 1,...,r. In particular, there exists a birational morphism

Wi Zr — X, such that 7. :=n'o,n, € BCrg, (k).

As a result, we obtain the commutative diagram

where f =¢€,---€n, and g = ?”77* are birational morphisms. Moreover,

oz = [loxf=(e1--- &) op(er - eny)
ey 7771_16;1 “ e 61_10.061 PR 67'777‘ — 77;10-7‘7711 — 7_7"
which belongs to BCrz, (k). Using the relations h = gf ! and oy = hoxh™!, we derive that

oz =fltoxf=g " hoxh tg=gtoyg.

Therefore, the actions of ox, oy, and oz on the k-points have the same parity by Lemma 3.12,
which completes the proof. O
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3.2.2 Birational self-maps of finite order

Theorem 1.5 allows us to transfer the parity problem from one surface to another via conjugations.
In the case that f € BCry(k) has finite order, we have the following fact.

Lemma 3.13. Let k be a perfect field. Suppose G C Cra(k) is a finite subgroup. Then there exists a
surface X together with a birational map ¢: X --+ P? such that there is an injective homomorphism

" G — Aut(X): g — ¢ 1go. (3.7)
Moreover, X can be minimal with respect to G in the sense that
(1) X admits a structure of a conic bundle with Pic(X)® = 72, or
(2) X is isomorphic to a del Pezzo surface with Pic(X)® = Z.

Proof. The same argument in the proof of [DI09, Lemma 3.5] works in our situation. As a conse-
quence, there exists a surface X and a birational map ¢: X --» P? such that (3.7) holds.

Now consider G as a subgroup of Aut(X). Assume that X is not minimal with respect to G,
i.e. there exists a surface Y and a birational morphism h: X — Y together with an inclusion

h*: G — Aut(Y): g — h~lgh

such that the rank of Pic(Y)? is strictly less than the rank of Pic(X)“. This process terminates
at either (1) or (2) by [Isk79, Theorem 1G]. O

As a corollary, given f € BCry(k) of finite order, we can always conjugate it to an automorphism
on a minimal surface. This reduces the parity problem for such elements to the problem on the
parities induced by the automorphisms on a conic bundle or a del Pezzo surface. We start the
investigation case-by-case starting from §3.3.

Since the parity of a permutation is invariant upon taking an odd power, we will usually assume
the order of an induced permutation to be 2" for some r > 0 when studying its parity. The following
lemma will be useful in this situation.

Lemma 3.14. Let X be a surface defined over k = F,, ¢ = 2™ > 4, which is rational over the
algebraic closure, and let o € Sym(X (k)).

(1) Iford(c) =2" for some r > 0, then o has odd number of fixpoints.
(2) If ord(o) =2 and the number of fixpoints equals 1 modulo 4, then o is an even permutation.

Proof. Tt is well-known that |X (k)| = ¢® + aq + 1 for some non-negative integer a [Wei56]; see
also [Pool7, Proposition 9.3.24]. On the other hand, the cardinality of each orbit of o divides
ord(c) =27, so

¢* + aq+ 1 = 20 + |{fixpoints of ¢}|, for some £ > 0,

which implies (1) immediately.
Assume that ord(c) = 2 and that o has 4b+ 1 fixpoints for some b > 0. In particular, o can be
decomposed into a product of disjoint 2-cycles. The amount of the 2-cycles equals

SUX ()|~ b+ 1)) = (¢ +ag —4D) =0 mod 2.

Hence the induced permutation is even. O
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We use a simple observation to end this section.

Proposition 3.15. Let X be a del Pezzo surface defined over a finite field k = F,. Then Aut(X)
is a finite group.

Proof. If X is a del Pezzo surface, then the anticanonical class —Kx is ample and thus —rKx

becomes very ample for some r > 1. The linear system | — 7K x| defines an embedding X — P™.
Since every f € Aut(X) preserves Kx, it extends to an automorphism on P". Hence f is of finite
order because PGL,,11(F,) is a finite group. O

3.3 Birational self-maps on conic bundles

Fix the ground field as k = F,; where ¢ = 2™ > 4. Here we show that the birational permutations
on a conic bundle preserving the fibration induce even permutations.

Recall that, over a finite field k, a conic C' C IP’,Qg is isomorphic to one of the following four
configurations

(I) C is smooth, i.e. C = PL.
(IT) C is double line.

(I11)
(v)

C = ¢ U/ where ¢ and ¢ are distinct lines defined over k.
C = (U /! where £ and ¢ are conjugate over the quadratic extension.

Let B be a finite set. We define a conic bundle over B to simply be a set of conics indexed by B:
c=Ja
i€B

together with the natural map
h:C——B:Cj+——1.

As C is a union of conics, we can consider the set C(k) of k-points on C in the usual way. We
are interested in elements o € Sym(C(k)) of the form:

(1) For every i € B, o(C;(k)) = Cj(k) for some j € B; in other words, the conjugation op :=
hoh~! is well-defined as an element of Sym(B).

(2) Each bijection o: Cj(k) — C(k) is induced by an isomorphism between conics over k.
Note that such elements form a subgroup of Sym(C(k)).

Lemma 3.16. Let k = F,, ¢ = 2™ > 4. Assume that o € Sym(C(k)) satisfies (1) and (2). Then
o and op := hoh™! € Sym(B) share the same parity.

Proof. Since the parity of a permutation is invariant upon raising it to an odd power, we can assume
that both ¢ and op consist of disjoint cycles of sizes powers of 2. In particular, each nontrivial
cycle is an odd permutation. Suppose that

O:={p1,...,pr} CB, r=2°2>1,
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is one of the orbits of op. Then the set of k-points in h~1(O) C C is invariant under o, and it’s
sufficient to show that this action is odd. This reduces the case to O = B.

By hypothesis, the fibers over O are mutually isomorphic and thus of the same type. If they are
of type (IV), then the node in each fiber appears as the only one k-point in that fiber. It follows
that o has the same cycle type as op, hence are both odd. Case (II) can be reduced to Case (I) by
considering the reduced substructure. On the other hand, Case (I) follows from Lemma 3.7.

Assume that the fibers are of type (IIT). Then each C; := h=1(p;) = ¢; U £; where ¢; and £, are
copies of P,lg. In this case, the nodes

S =400 i=1,.r
form an orbit of size r. Let o, denote the action of o on the set of lines
L= {01,0,,05,0,,....0,, 0.
Then there are two possibilities:

(i) L has two orbits of size r. More precisely, we can relabel the components of C; as Z;r and /£
such that

oL =], . 0, 0.

(ii) L forms a single orbit of size 2r. In this case, using the notation from the previous case we
can write
op =, ... 05,0,

yvr o v r

In both cases, we use those lines to form a new conic bundle
g:CJFHC*%O*HO*,
where OF = {pT, ..., p}} are two copies of O, and
hi
Ct={6E, .y 0 i pt
For each i = 1, ..., 7, the node d; splits as 52* € Z:r and 6, €/, .

Suppose that we are in case (i). Replacing the cycle (d1,...,d,) in o by the product
(55 65)6T - 07)

»ryr

produces o € Sym(C(k)) which satisfies (1), (2), and
E&%*l = (pi‘ra 7pj)(pf7 7p;)7

which is even. Because the fibers of h are smooth, we conclude that & is even by the result of the
previous case. It follows that o is odd since o has one less odd cycle than o.
Suppose that we are in case (ii). Replacing the cycle (d1,...,d,) in o by the cycle

(5, 6F,67,...,67)

yYr o yYr

produces o € Sym(C(k)) which satisfies (1), (2), and

hoh™ = (pf,.,p Py sy ),

which is odd. We conclude in a similar way that ¢ is odd. Therefore, ¢ is also odd in this case. [
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For our applications of the above lemma, we are interested in the case where B is the set of
k-points on a curve. The following corollary is then immediate.

Corollary 3.17. Let C — D be a conic bundle over a curve D defined over k = F,, where
q=2">4. For f € BCrc(k) preserving the conic bundle structure, let p(f) € Aut(D) be the
mduced automorphism on D.

(1) The permutation of C(k) induced by f and the permutation of D(k) induced by p(f) have the
same parity.

(2) If D = P!, the permutation of C(k) induced by f is even.

Proof. The bundle morphism 7: C — D sends C(k) onto B := D(k), so f induces a permutation o
on C(k) satisfying (1) and (2). Let op be the permutation of B induced by p(f). By Lemma 3.16,
o and op have the same parity. If D = P!, it follows from Proposition 3.5 that oz and hence o are
even. O

3.4 Automorphisms of rational del Pezzo surfaces

Recall that, over an arbitrary field k, a del Pezzo surface X is a smooth projective surface such
that the anticanonical divisor —Kx is ample. The degree of X is defined as the integer d = K§(
which takes values from 1 to 9. For example, a del Pezzo surface X of degree 9 is a Severi-Brauer
surface, i.e. Xz =X @y k= IP’%.

In this section, we investigate the parities of the permutations on X (k) induced by automor-
phisms on a rational del Pezzo surface X defined over & = [F;, where ¢ = 2™ > 4. Our goal is to
prove the following theorem:

Theorem 3.18. Every automorphism on a rational del Pezzo surface X defined over k = Fy,
g =2" >4, induces an even permutation on X (k).

Remark 3.19. Over Fy there are rational del Pezzo surfaces X of degree 6 which have an auto-
morphism inducing an odd permutation on X (FF3), as is shown in Proposition 4.7.

A rational del Pezzo surface of degree 9 over k is just IP’%, so this case is covered by Proposi-
tion 3.5. We proceed the proof case-by-case with the degree d going from high to low in a similar
way as the proof of [Man86, Theorem 29.4].

Proposition 3.20. The claim of Theorem 3.18 holds for rational del Pezzo surfaces X of degree
d=K%,3<d<8.

Proof. Let g € Aut(X). Since raising g to an odd power does not change the parity of its permu-
tations, we can assume g has order a power of 2. By Lemma 3.14(1), there exists p € X (k) that is
fixed by g.

Case (d = 8): If X is not minimal (over k), then there exists a (—1)-curve E C X defined over
k, and the contraction of E gives a morphism h: X — P2. Every g € Aut(X) leaves E invariant,
hence is conjugate to an automorphism of P? fixing h(E) € P2. It follows that g induces an even
permutation on X (k) by Propositions 3.5 and Theorem 1.5.

If X is minimal, then it is a quadric surface obtained by blowing up }P’% at a point of degree 2
(resp. two rational points), and then contracting the proper transform of the unique line through
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that point (resp. the two rational points). In particular, over the quadratic extension L := F 2, we
have X = IP’lL X ]P’lL. Let X7 be the blow up of X at p and let E be the exceptional curve. Then
the two rulings of X 2 P} x P} meeting at p lift to disjoint (—1)-curves Ey, B> C X7 over L that
are conjugate to each other (resp. rational), and g is conjugate to ¢’ € Aut(X7) which leaves the
set {F1, E2} invariant. Let h: X7 — IP’% be the contraction of E1, Ey. Then hg’h~! is a PGL3(k)-
action on P? leaving the set {h(E1), h(E)} invariant. It then follows from Propositions 3.5 and
Theorem 1.5 that g induces an even permutation.

Case (d = 7): There is a unique (—1)-curve E on X that is invariant under both the Galois
action and g. Hence, blowing down E, we get X — Xg where Xg is a del Pezzo surface of degree

8, and g descends to an automorphism gg on Xg. The result then follows from Theorem 1.5 and
Case d = 8.

Case (d = 6): Over the algebraic closure, X contains six (—1)-curves Ei, ..., Eg whose
intersection relations can be depicted as a hexagon:
Eq
Eg Ey
Es E3
Ey

This configuration is invariant under Gal(k/k),

If p does not lie on any of the lines on X7, then the blow up X5 = Bl,(X) is a del Pezzo surface
of degree 5, and g lifts to an automorphism g5 of X5. Let E, denote the exceptional curve over
p. Over k, there are exactly three disjoint (—1)-curves intersecting FE,. The set of these lines is
invariant under both Gal(k/k) and g5, we contract them and get X5 — Xg, where Xy is a del Pezzo
surface of degree 8, and g5 descends to an automorphism gg of Xg. By Case d = 8, gg induces an
even permutation on Xg(k), and we finish by applying Theorem 1.5.

Suppose p lies on some line, say E1, on Xz. If p does not lie on any other line, then E1 must be
invariant under both Gal(k/k) and g. We can then blow down Ej to get X — X7 where X7 is a del
Pezzo surface of degree 7, and g descends to an automorphism g7 of X7. By Case d = 7, g7 induces
an even permutation on X7(k), and we finish by applying Theorem 1.5. Otherwise, p lies on the
intersection of two lines, say F1, E2. Then the orbit structure of {E1, ..., Eg} under Gal(k/k) or g
is either (1) {E1},...,{FEs} or (2) {E1, E2},{FEs, Es},{E4, E5}. It follows then that {E3, s} must
always be invariant under both Gal(k/k) and g, so blowing down E3, Eg yields X — Xg and the
automorphism descends to one on Xg. We finish by applying Case d = 8 and Theorem 1.5.

Case (d = 5): If p does not lie on any exceptional curves, then the blow up X4 = Bl,(X) is
a del Pezzo surface of degree 4. Moreover, g lifts to an automorphism g4 on Xy4. Let E, denote
the exceptional curve lying above p. There are 5 pairwise disjoint (—1) curves which intersect Ep,
and they must be Galois invariant. Hence we can blow these down to get X; — P2, and g4 also
descends to an automorphism on P2. An application of Propositions 3.5 and Theorem 1.5 does the
job.

Suppose p lies on a (—1)-curve. We denote the set of (—1)-curves on X3 by {D;;}, where
1 <i < j <5 and D;; intersects Dy, if and only if 4, j, k,1 are all distinct. Suppose that p lies on
D1s. If p does not lie on any other D;;, then D19 is invariant under both Gal(%/k) and g, so we can
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blow down X — Xg to a del Pezzo surface of degree 6, and g descends to an automorphism on Xg.
We are then done by Case d = 6 and Theorem 1.5. If p lies on another line, we can assume this is
D34. By the intersection properties, these are the only two lines that p can lie on. It follows then
that D12U D3y is defined over k and invariant under g. The other lines which intersect D15U D3y are
D35, Dys, D15, and Dss. Hence D35 U Dys U D15 U Dog is defined over k and invariant under g. They
are pairwise disjoint, and blowing these down gives X — P? and ¢ descends to an automorphism
of P?. We are done after applying Propositions 3.5 and Theorem 1.5.

Case (d = 4): First assume that p does not lie on a (—1)-curve. Then the blowup of X at p is
a cubic surface X3 C P3, and the exceptional curve E C X is a line in P? defined over k. Moreover,
each plane H C P? containing F intersects X3 residually in a conic, so the pencil of such planes
induces a conic bundle X35 — IP’,Ic defined over k. Corollary 3.17 yields the claim in this case.

Now suppose that p lies on a (—1)-curve. If it lies on only one such curve, then we can blow this
curve down, and g will descend to an automorphism of a del Pezzo surface of degree 5. Then Case
d =5 and Theorem 1.5 gives the result. Otherwise, p lies on exactly two (—1)-curves. This defines
a (singular) conic @ on X. We can then define a conic bundle structure as follows: The linear
system | — K x| induces an embedding of X into P* as an intersection of two quadrics. Consider the
pencil of hyperplanes containing ). Each hyperplane intersects X at a conic residual to Q). This
defines a morphism X — P! where the fibers are conics. Since g preserves @ and extends to an
automorphism of P4, it preserves the conic bundle structure. Hence, it follows from Corollary 3.17
that ¢ induces an even permutation on X (k).

Case (d = 3): If p does not lie on any (—1)-curves, then the automorphism lifts onto the blow
up Bl,(X) which is a del Pezzo surface of degree 2. Then the result follows from Case d = 2 proved
in Proposition 3.22 and Theorem 1.5.

Suppose p lies on exactly one (—1)-curve. Then this curve is defined over k and invariant under
g. Hence blowing down, g descends to an automorphism g4 of a del Pezzo surface of degree 4. Then
the result follows from Case d = 4 and Theorem 1.5.

Suppose p lies on exactly two (—1)-curves L1, Ly. The plane containing Lj, Ly intersect X at a
third (—1)-curve Ls. Since L1 U Lo is invariant under both Galois action and g, we have Ls must
be also be invariant under both Galois action and g. Hence we can blow down L3 and conclude as
in the previous case.

Suppose p lies on three (—1)-curves L1, Lo, L. Then p is an Eckardt point, and ¢ lifts to an
automorphism gy on the blow up Bl,(X) which is a weak del Pezzo surface of degree 2. The strict
transforms of L; give a Galois invariant set of 3 disjoint (—2) curves on Bl,(X). We can blow these
down to get Bl,(X) — Y, and g2 descends to an automorphism on Y. The morphism Bl,(X) — P?
induced by the projection from p, factors through Y — P? which is a double cover ramified along
a singular quartic curve. The same argument as in the Case d = 2 in Proposition 3.22 shows that
every automorphism of Y induces an even permutation. We finish by applying Theorem 1.5. [

To prove Theorem 3.18 for degree d = 1,2, we first begin with a proposition on permutations
induced by double covers that will be used in both cases.

Proposition 3.21. Let w: X — Y be a degree two Galois cover of a weighted projective space
Y =Plao, ..., an], where a; are weights, over k = Fy, where ¢ = 2™ > 2. Suppose X is given by

w? + fw+g=0

where f,g are nonzero homogeneous polynomials in the weighted polynomial ring k[xo,...,z,] of
degrees d, 2d respectively.
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Let B € Aut(X) be the deck transformation and B C X be the branch locus defined by f = 0.
Assume that there is an exact sequence of groups

1—— (B) — Aut(X) —— Aut(Y)

where Th = thr~! for h € Aut(X), and that 8 acts as an even permutation on X (k). Then every
h € Aut(X) induces an even permutation on U(k) := X (k) \ B(k).

Proof. Let h € Aut(X) and let hg € Aut(Y) be the induced automorphism. Since hy must fix
the ramification locus of , it follows that hj(f) = cf for some constant ¢ € k. Let k(X) be the
function field of X, it is a quadratic extension of k(Y"), so by Artin-Shreier theory, it is given by

u? tu=z
for some z € k(Y). Set w’ = ¢g/(fw). Then our original equation becomes
w/2 + w = g/f2

This is our Artin-Shreier extension. Now consider the double cover coming from the composition
hoom: X — Y. Under this viewpoint, we can repeat the same calculation to conclude that k(X)
is given by the extension
w//2 + w// — g//02f2

where ¢’ is h(g) It is well-known that these two extensions are the same if and only if there exists
some a € k(Y') such that

g/f=g/f+a+a
So

g =g+ a® +a)
By degree considerations, we must have a € k.

Define an automorphism h’ € Aut(X) by

x,y,z — ho(x), ho(y), ho(z), w— cw+ caf.

Let us show that A’ induces even permutation on X (k) \ B(k).

If a = 0: Let p € 7(X(k)) C Y (k) not lying on the branch locus, and O, be the orbit of p
under hg. Let i = |Op| and note that 771(0,) consists of 2i many k-points. It follows from a = 0
that 771(0,) breaks into two orbits of size i under h’. Hence h induces an even permutation on
77 10,). Tt follows then that A’ induces even permutation on X (k).

If a = 1: After composing with the Geiser involution (which we know is an even permutation
on U(k)), we are reduced to case a = 0.

If a # 0,1: Keep the notation of p,0p,i as before. Since h§(f) = cf, plugging in p gives
f(ho(p)) = cf(p). This implies hg rescales the coordinates of p by a constant e such that e? = c.
Now

hi'(g) = c*'g +i(a* + a)c* 2.

Plugging in p, we get
g(p) = g(ho(p)) = *'g(p) + i(a® + a)c™ f (p)?,
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so that i(a? + a) = 0, which implies i is even. Hence h'*!(w) = c'w, so both points above p are
fixed by k. So then 7=1(0,) breaks into two orbits of size i under ', which shows h’ induces even
permutation on U(k) as before.

Now we finish the proof by showing h has even permutation on U (k). The composition hh/~*
acts as the identity on Y, so it is either the identity or 5. But h’ and Sh’ both induce even
permutation on U(k), so we are done. O

Proposition 3.22. The claim of Theorem 3.18 holds for del Pezzo surfaces X of degree d = K%
ford=1,2.

Proof. Case (d = 2): The anticanonical divisor embeds X as a hypersurface of degree 4 in the
weighted projective space Plw:z:y:z2]=P[2:1:1:1],

w® + fw =g (3.8)

where f,g € k[z,y, z] have degrees 2, 4 respectively [Kol99, Theorem II1.3.5]. The linear system
| — Kx| gives a double cover m: X — P? sending [w : x : y : 2] to [z : y : 2]. The double cover
involution on X is called the Geiser involution, which we denote by ~. Since Kx is preserved under
any automorphism, we have an exact sequence

0= (7) — Aut(X) — Aut(P?). (3.9)

Let us first prove that « induces an even permutation. By Lemma 3.14, it suffices to show that
the fixed point set Fix(y)(Fq) of v in X (k) has cardinality |Fix(v)(F,)| = 1 mod 4. We have

Yw:z:y:z)=[~w—f:x:y:z]. (3.10)

Over characteristic 2, the fixed locus is given by f = 0, a conic in P2. This contains ¢ + 1 many
F,-points if it is smooth. If singular it contains either 1, 2¢ + 1, or ¢ + 1 many [F-points if
it is a union of two conjugate F,-lines, two [Fy-lines, or double line respectively. In particular,
|Fix()(F4)| = 1 mod 4, and so v is even by Lemma 3.14.

Now applying Proposition 3.21, we get that for any h € Aut(X) induces an even permutation
on X (k) \ B(k) where B := V(f). Hence, to finish the proof for d = 2, it suffices to show h induces
an even permutation on B(k). Since f has degree 2, B is a conic in P2, so the result follows from
Corollary 3.17.

Case (d = 1): The equation for X can be given as a hypersurface of degree 6 in the weighted
projective space Plw:z:x:y|=P[3:2:1:1],

w? 4 aqwz + asw = 2° + as2? + ayz + ag (3.11)

where a; € k[z,y] is homogeneous of degree ¢ [Kol99, Theorem III1.3.5]. The linear system | — K x|
defines a rational map p: X --» P! which sends [w : 2z : x : y] to [z : y]. The fibers of p are
affine elliptic curves. Since Kx is fixed under any automorphism of X, we have a homomorphism
Aut(X) — Aut(P!), and set G to be the kernel. Hence, we have an exact sequence

1 — G — Aut(X) — Aut(Ph).

Any g € G is of the form g: [w: z : z : y] —» [W(w,z,2,y) : Z(w,z,z,y) : x : y], preserves the
equation of S, so comparing the degrees in z,y yields that W = w or W = w — ajwz — as and
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73 = 23. Moreover, if ay # 0 we have Z = z. It follows that if aq # 0, then G ~ Z/27Z and is
generated by the involution

Brlw:z:x:y|—[w—awz—ag:z:x:y|, (3.12)

which is called the Bertini involution. Suppose that ay = 0. If ag # 0, then Z? = z implies that
G = (B). If ag = 0 and there exists a primitive 3rd root of unity d, then G is generated by § and
[w:z:xz:y]— |[w:dz:2:y|, and hence G ~ Z/6Z. If there is no such J, then G = ().

We first show that the unique element S of order two in G induces an even permutation. By
Lemma 3.14, it suffices to show that the fixed point set Fix(5)(F,) of § in X (k) has cardinality
|Fix(8)(F,)| = 1 mod 4. Note that for smooth fibers of the elliptic fibration p: X — P!, 3 restricts
to taking the inverse in the group law of the elliptic curve. Since char k = 2, the locus of fixed
points is given by a1 (x,y)z +az(x,y) = 0. Note that z =y = 0,2z = w = 1 is a fixed rational point,
and the only such point when z = y = 0. We now proceed by two cases:

If a; # 0, then the fixed locus restricted to the open set ai(z,y) # 0 is given by

z = ag(i(f, y)/al(l', y)v

w2 = 23 + CLQ('I? y)Z2 + CL4(Q?, y)Z + aﬁ(x, y)7

which gives ¢ more fixed Fy-points. Now let zg,yo € Fy, not both zero, be such that ai(xg,yo) = 0.
If as(zo,v0) # 0, then p~1([zo : yo]) has no fixed F -points. If as(zo,y0) = 0, then p~1([zo : yo])
is a singular affine curve with g-many Fg-points (unique solution in w for every choice of z) which
are all fixed under 3. Hence, if a; # 0 we have a total of either ¢ + 1 or 2¢ + 1 fixed F,-points on
X. In particular, |Fix(3)(Fy)| = 1 mod 4.

If a1 = 0, then we must have az # 0 since X is smooth. If zp,y9 € F,4, not both zero, such
that ag(zo,y0) = 0, then the same argument as above shows that p~!([xo : yo]) has ¢ many fixed
F,-points. Again, |Fix(8)(F,)| = 1 mod 4. It follows by Lemma 3.14 that S induces an even
permutation.

The involution £ is also the deck transformation of the double cover X — P[2,1,1] defined by
[w:z:xz:y]— [z:x:y], where P[2,1,1] is the weighted projective space with weights 2,1, 1. This
double cover is given by | — 2K x| which is preserved under any automorphism of X, so induces an
exact sequence

1= (B) = Aut(X) — Aut(P[2,1,1]).

Now applying Proposition 3.21, we get that any h € Aut(X) induces an even permutation on
X (k) \ B(k) where B :=V(a1z + as). It suffices to show h induces an even permutation on B(k).
Since that p = (r = y = 0,z = w = 1) € B(k) is the unique base point of | — Kx/|, it is fixed
under h. Moreover, since we only care about the rational points, it suffices to consider the reduced
subscheme By := Byeq \ {p}. We proceed by cases:

If a; # 0 and a1 { a3: By is isomorphic to Al. Hence h|p, induces an even permutation by
Proposition 3.5.

If a; # 0 and a; | ag: By is isomorphic to a union of Al and A! meeting at a point. The result
again follows from Proposition 3.5.

If a; = 0: By is isomorphic to a disjoint union of 7 copies of A! where 0 < r < 3. The result
again follows from Proposition 3.5. O

Proof of Theorem 3.18. Let X be a rational del Pezzo surface and d = K2. The claim follows from
Proposition 3.5 for d = 9, Proposition 3.20 for d = 3,...,8 and Proposition 3.22 for d =1, 2. [
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3.5 Proof of Theorem 1.2
We can finally assemble the proof of Theorem 1.2.

Proof of Theorem 1.2. The statement for elements conjugate to a birational self-map of a conic
bundle over P! follows from Corollary 3.17 and Theorem 1.5. The statement for elements conjugate
to an automorphism of a del Pezzo surface follows from Theorem 3.18 and Theorem 1.5. Finally,
for elements of finte order, Lemma 3.13 implies such elements are of the two types above, so we are
done. O

4 General studies over perfect fields

4.1 A list of generators

Throughout this section, let k£ be a perfect field. In this section, we provide a list of generators of
BCra(k), for which we will compute the sign of the induce permutation if k is finite.

Lemma 4.1. Let k =F, for ¢ =p™, where p > 2 is a prime and m > 1.

(1) Let p,p’,q,q be four points of degree 2 in P? in general position. Then there exists A €
Aut(P?) that sends p,p’ onto q,q'.

(2) Let p,q be two points of degree 4 in P? in general position. Then there exists A € Aut(P?)
that sends p onto q.

Proof. (1) Let p1,p2 (resp. pl,ph, resp. qi,qa resp. ¢, q5) be the geometric components of p (resp.
p' resp. q resp. ¢'). Then each p;,p},qi,q; is defined over Fy2, @ = 1,2, and there exists a unique
F 2-automorphism A of P? that sends p; onto ¢; and pj onto ¢} for i = 1,2. For any g € Gal(F 2 /F,)
we have » » »
(AIA™N)(q) = A%(] ) = (Ap] ) = (] )=

In particular, AYA~! is the identity map for all g € Gal(F,2/F,). It follows that A is defined over
F,.

(2) Let p1,p2,p3,pa (resp. qi,4q2,qs3,q4) its geometric components of p (resp. ¢g). Then each p;
and ¢; is defined over Fy4, i = 1,2, and over FF 2, p (resp. ¢) splits into two orbits, say {p1,p2} and
{p3,pa} (resp. {q1,q2} and {g3,q4}). By (1), there exists a I 2-automorphism A of P? that sends

p; onto ¢;, i = 1,...,4. As analogously to above, we obtain that 494~ 1¢; = (Apfil)g = ¢; for any
g € Gal(F,2/F;) and for i = 1,...,4; hence A is defined over F,. O

Let S be a smooth projective surface over a perfect field k, B a point or a curve defined over
k, and 7: S — B a surjective morphism over k. We say that S/B is a Mori fibre surface if 7 has
connected fibres, the relative Picard rank p(S/B) of S over B is p(S/B) =1 and —Kg is m-ample,
that is —Kg - C > 0 for all curves C' contracted by .

A Sarkisov link is a birational map ¢: S --» S’ between two Mori fibre spaces 7: S — B and
7' 8" — B’ that is one of the following four types:

type I: B is a point, B’ is a curve and ¢ is the blow-up of a point.

type II: B ~ B’ and ¢ = n9n, where 1, is the blow-up of a point p = {p1,...,pq} of degree d
with the p; in general position, and 79 is the contraction of an orbit of (—1)-curves of cardinality
e. We write ¢ = fq. if we want to emphasize the degree of the base-point of ¢.
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type III: the inverse of a link of type I, i.e. B is a curve, B’ is a point and ¢ is the contraction
of a Galois-orbit of disjoint (—1)-curves defined over the algberaic closure of k.

type IV: S = S’ and B, B’ are both curves. If S is rational, then B = B’ ~ P! and the ¢ is
the exchange of the two fibrations.

Proposition 4.2. Let X — B and X' — B’ be Mori fibre surfaces and ¢: X --+ X' a birational
map. Then there is a decomposition ¥ = ¢, --- @1 into Sarkisov links and isomorphism of Mori
fibre surfaces such that

(1) fori=1,...,r =1, ¢i110; is not an automorphism,
(2) fori=1,...,r, every base-point of ¢; is a base-point of ¢, - - ;.

Proof. The claim follows from the proof of [Isk96, Theorem 2.5], see also [BM14, Proposition 2.7].
O

Remark 4.3. In particular, if ¢ induces a map X (k) — X'(k), then the link ¢; does not have any
rational base-points. Moreover, the rational base-points of

V() = o

are exactly the base-points of (¢1)~!. Since ¢o¢; is not an automorphism, ¢ does not have a
rational base-point.

The proof of the following proposition is similar to the proof of [BM14, Theorem 1.2], which
shows that BCra(R) is generated by Aut(P?) and elements of BCr2(R) of degree 5; the latter are in
family (1) and they are the only non-linear maps in the generating set from Proposition 4.4 that
exist over kK = R.

A surface X4, X/, denote del Pezzo surfaces of degree d and @, Q" del Pezzo surfaces of degree

8 with p(Q) = p(@) = L.

Proposition 4.4. Let k be a perfect field. Then BCro(k) is generated by Aut(P?) and the set of
elements f in the list below that exist over k.

(1) f sends the pencil of conics passing through two points of degree 2 in general position onto a
pencil of conics passing through two points of degree 2 in general position.
If k is finite, we can choose the two pencils to pass through the same points.

(2) f sends the pencil of conics passing through one point of degree 4 in general position onto a
pencil of conics passing through a point of degree 4 in general position.
If k is finite, we can choose the two pencils to pass through the same points.

(3) f is one of the following compositions, where Xq is a del Pezzo surface of degree d = (Kx,)?
and fqp s a Sarkisov link of type II blowing up a point of degree a and its inverse blowing up
a point of degree b:
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or
X7 Xsg—a  , X7 d € {7,6}
2 /le N 4 faa ~ /flz ~ 2 , (4.2)
P ---=-- > Q - > Q =~ > P* p' = fap)
or
X7 v X3 X5_4 X3 o X7 de {3,4}
/fm\A /fsz\ < fad ™~ /ffl\ /f12\ (4.3)
52 _
P2 ---2=- > Q == > X5 -5 > X5 -7~ Q ------ > P2 p = o5 faafs2 ()
or
X7 X3 y X4 ,
YN /N 2N p' = f52(p) (4.4)
p2 o gl xS, pe
or
X, X; X} XL /
Ve \p Ve AW Ve N Py N P = fa5f52(p) (4.5)
p2 gt x, Im o T2 po
or
X7 X5 . X X; P = f31(p)
P t P # (4.6)
2/f21\ /fSI\ /f13 ~ //fIQ\ 9
P ---=-- > Q - > Xg == > Q' -~ > P2t = fi3(t)
or
X X Xg_ D¢ X!
N SN L PRV VRN fe L) (4.7)
P2 fa1 f31 fad / f13 / f12 0 4
****** > Q - Xg - X -2 Q-2 PP D' = fi3faafa1(p)
or
X} X5_4 X} de {4,3}
p v (4.8)
e i N P s N e I N
p2 - xy e xe T L p2 oy = faa(p)

Moreover, all links of the form fqq can be chosen to be involutions, except possibly fee in

(4-1), f33 and faz in (4.7).

Since the proof of Proposition 4.4 is quite long, we will check afterwards in Lemma 4.5 that the

generators (4.5) and (4.6), (4.7, d = 2) and (4.8, d = 4) are redundant.

Proof. First note that any element in (3) is contained in BCry(k) as they only contract non-rational
curves. The list of involutions is from [Isk96, Theorem 2.6]. For (1) and (2), the claim over a finite
field £ follows from Lemma 4.1.

Let ¢ € BCrg(k). There is a decomposition into Sarkisov links 1) = ¢, ---¢; as in Proposi-

tion 4.2. We do induction on r, the case r = 0 corresponding to ¥ € Aut(P?). Let r > 1. Then ¢,
is a link of type I or II, and its base-point is a base-point of 1, so is of degree > 2. By [Isk96, The-
orem 2.6(i,ii)], ¢1 a link of type I with a base-point of degree 4 or a link of type II of the form
fss, fr7, fe6, f33, fo1 or fs1. We are going to look at these cases separately.
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(a) If ¢1 : P2 ——» X is a link of type I, then it is the the blow-up of a point of degree dy = 4;
X /P! is a conic bundle whose fibres are the strict transforms of conics through the four points, and
K?% =5. Now ¢ is either a link of type II of conic bundles, a link of type III [Isk96, Theorem 2.6(i-
iv)], or an isomorphism. As ¢o¢1 ¢ Aut(P?) by hypothesis (see Proposition 4.2(1)), ¢ is a link of
type II of conic bundles or an isomorphism. Moreover, ¢<;51_1 = ¢, -+ ¢y is well defined on X (k),
S0 ¢9 is well defined on X (k) as well by Remark 4.3. Let r — 1 > s > 2 be the maximal index such
that ¢; is an isomorphism over P! or a link of type II over P! without a rational base-point for any
2 < i < s. The map ¢s---¢; is a birational map over P! from X to a Mori fibre surface X’/P!.
We now look at two cases

If ¢ps11 is a link of type ITI, then v/ := ¢4 16 - - - pa¢b1 is as in (2). Note that vt = ¢, -+ - dsio
is as in Proposition 4.2.

If ¢s11 is not a link of type III, then the map v := d)flqbs -+~ ap1 € BCra(k) is as in (2) and
the map Yv~! = ¢, - - ¢psy1¢1 is as in Proposition 4.2 since the base-point of ¢ is a base-point of
¢r - - - $s4+1 by construction.

(b) Suppose that ¢, is a link of type II, i.e. one of the forms fs3, fes, f77, fss, f21, or f51. In
the first four cases it is of the form (4.1) and we proceed by induction with wqbl_l =y pa. If ¢1
is of the form fa; (case (b1)) or fs (case (b2)), then ¢; ' has a rational base-point p, which is the
unique base-point of wqﬁl_l = ¢, - - ¢Po. Since ¢o1 is not an automorphism by hypothesis, p is not
a base-point of ¢o. Then ¢o(p) is the unique rational base-point of 1/1<b1_1¢2_ L— ¢, ¢s. It may or
may not be a base-point of ¢3.

(b1) Suppose that ¢y = for: P2 -=» Q. Then ¢5 is a link of type I (case (b1.1)) or II
[Isk96, Theorem 2.6]. If ¢ is a link of II, then it is of the form f77, fes, f14 (case (b1.2)) or fso
(case (b1.3)) or f3; (case (b1.4)) by [Isk96, Theorem 2.6(ii)]. The option ¢2 = f12 does not occur
since it forces ¢y € Auty(P?), which is not allowed by hypothesis.

(b1.1) Suppose that ¢2: @ --+ X is a link of type I. Then it is the inverse of blowing-up a point
t of degree 2 [Isk96, Theorem 2.6(i)]. Then K% = 6 and X — P! is a Mori fibre space whose fibres
are the images by ¢a2¢1 of conics in P? passing through p and (bfl(t). Now, ¢3 is an isomorphism
or a link ¢3 of type II or III. We will assume that ¢3 is not an isomorphism, as otherwise we can
assume that ¢4 is not an isomorphism and continue the argument below with ¢4 instead of ¢3.
Since ¢3¢9 is not an automorphism by hypothesis, ¢3: X --» X’ is a link of type II over P

(b1.1.i) If ¢35 has a rational base-point ¢, then ¢ = ¢2(p), where p is the base-point of qbfl,
as it is the unique rational base-point of ¢, ---¢3 by hypothesis, see (b). There exists a link
¢h: X' — Q' of type ITI to a quadric surface Q. Let ¢ € X’ be the base-point of ¢3'. Tt is a
rational point, so there exists a link fi2: Q" --+ P? of type II with base-point ¢4(q’). The map
v = f1adhdspa¢1 € BCra(k) sends the pencil of conics through p, d)fl(t) onto the pencil of conics
through the base-point of f1_21 and the image by fi2 of the base-point of ¢; ! hence belongs to the
family (1). The map v=! = ¢, - - - ps fol is a decomposition as in Proposition 4.2 and we can
proceed by induction.

(b1.1.ii) Suppose that ¢3 has no rational base-point. Let 3 < s < r — 1 be the maximal index
such that ¢; is an isomorphism over P! or a link of type II with no rational base-points for all
3 < i < s and consider the map ¢s---¢3: X --» X’. The map ¢sy1 is a link of type III or a
link of type II with a rational base-point. If ¢4y; is a link of type II, we proceed as in (bl.1.i)
with ¢si1¢s--- @3 instead of ¢3. If ¢sy1 is a link of type III, then ¢sy1 is a contraction X' — @’
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to a quadric surface @’. Recall from (b) that ¢o(p) is the unique rational base-point of ¢, - - - @3,
where p is the base-point of ¢1_1. There exists a link fio: Q' --» P? of type II with base-point
(st1¢s -+~ d3¢2)(p). The map v := fia¢sy1 - ¢1 sends the pencil of conics through p, ;' (¢) onto
the pencil of conics through the base-point of f1_21 and the image by fio of the base-point of ¢;&1-
We proceed as in (bl.1.Q).

(b1.2) If ¢o € {fr7, fos}, then ¢2 is, up to an automorphism of @, a birational involution of
Q [Isk96, Theorem 2.6(ii)]. Recall from (b) that ¢;* has a rational base-point p € @, which is the
unique rational base-point of ¢, - - - . There exists a link fi2: Q --» P? of type II with base-point
#2(p). Then fiagedy € BCra(k) and is as in (4.2). Furthermore, ¥(fia¢2¢1)™ ! = ¢, - --¢3f1_21 is
a decomposition as in Proposition 4.2 as the base-point of fﬁl is a base-point of ¢, - - - ¢3 ff21 by
construction.

If po = faa: Q ——» Q', let fia: Q" ——» P? be the link of type II with ¢2(p) as base-point and
¢, ¢’ the base-point of ¢g, 5 ! respectively. Then fiada¢; sends the pencil of conics through qbl_l(q)
onto the pencil of conics through f12(¢), so it is a member of (2).

(b1.3) Suppose that ¢o = fs2: Q --» X5, where X5 is a del Pezzo surface of degree 5. Then
qbg is one of f33, f44, f15, f25 [ISk96, Theorem 2.6].

If ¢35 € {fa3, faa}, then it is a birational self-map of X5 [Isk96, Theorem 2.6(ii)]. Let fi2: Q@ --»
P2 be a link of type II with base-point (¢51¢3¢2)(p), where p is the (rational) base-point of d)fl
according to (b). Then v := f12¢2_1¢3¢2¢1 is in the family (4.3) and Yv~—! = ¢, - --¢4¢2f1_21 is a
decomposition as in Propostion 4.2.

If ¢35 = f15, then its base-point is ¢ = ¢2(p) by (b) and so ¢3pa¢; is as in (4.4).

If p3 = fo5, then it is a map to a quadric surface Q’. Let fia: Q' --» P? be a link of type II
whose base-point is ¢3¢p2(p), where p is the (rational) base-point of ¢1_1 according to (b). Then

fi203p201 € BCra(k) is as in (4.5), and ¥(fiad3¢201) "t = ¢, - - - ¢4f1_21 is a decomposition as in
Proposition 4.2.

(b1.4) If ¢o = f31: Q --» X¢, then 1/J¢1_1¢2_1 = ¢, - - ¢3 has two rational base-points, namely
¢2(p) and the base-point ¢ of ¢5 1 Furthermore, ¢3 is a link of type II of the form fss, fad, f33, fo2
or fi3 or a link of type III to a quadric surface [Isk96, Theorem 2.6]. The latter forces ¢3¢2 to be
an automorphism, which contradicts our hypothesis, see Proposition 4.2(1).

Suppose that ¢3 = f13: X --+ Q' is a link to a quadric surface Q'. As ¢, ¢y = ¢y - - 3 has
exactly two rational base-points, namely ¢2(p) and ¢, and the base-point of ¢ of ¢35 is a base-point
of ¢, ---¢3 by hypothesis (see Proposition 4.2(2)), it follows that ¢ = ¢2(p) or ¢ = t. The latter
forces ¢3¢9 to be an automorphism, which contradicts our hypothesis (see Proposition 4.2(1)), so
q = ¢2(p). Let fio: Q' --» P? be a link of type II with base-point ¢3¢2(t). Then v := fiad3pa¢y is
of the form (4.6) and Yv=! = ¢, - - -(;54]“1721 is as in Proposition 4.2.

Suppose that ¢3: Xg --» X is one of fss, faa, f33, f2o. There is a link fi3: X --» Q" of
type II with base-point ¢3(t), and fi2: Q' --» P? a link of type II with base-point fi3¢3¢2(p).
Then v := fi12f13¢3 - - ¢1 is of the form (4.7) and ¢r=! = ¢,.--- ¢4f1_31f1_21 is a decomposition as in
Proposition 4.2. By [Isk96, Theorem 2.6], f55 and f44 can be taken to be birational involutions.

(b2) Finally, suppose that ¢1 = f51: @ --» X5. Then, as ¢ has no rational base-point by (b),
it is a link of type II and hence of the form fy4, f33, fo5 [Isk96, Theorem 2.6]. We proceed as in case
(b1.3) with ¢4 instead of ¢3 and construct a map as in (4.8) if ¢o = f44, d = 3,4, or the inverse of
a map of type (4.4) if ¢o = fos.
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O

Lemma 4.5. In the list in Proposition 4.4, the generators (4.5) and (4.6), (4.7, d = 2) and (4.8,
d =4) are redundant.

Proof. (4.5): Consider a map ¥ := f12fa5f52f21 as in (4.5) and denote by g5 (resp. ¢2) the base-
point of fsa (resp. fos) and ¢} (resp. q) the base-point of fi,' (resp. fo5'). We complete the
blow-up diagram of ¢ given in Proposition 4.4(4.5) as follows:

Thus 1 sends the pencil of conics through the base-point of fo; and fz_ll(qé) onto the pencil of
conics through the base-point of fﬁl and f12(q2), and is hence in the family (1).

(4.6): Consider a map ¢ := f12f13f31fo1 as in (4.6) and denote by g2, g3, ¢4, ¢, the base-point of
fo1, fa1, fﬁl, fle respectively. We complete the blow-up diagram of v given in Proposition 4.4(4.6)
as follows:

q3 ‘Ié
/ \
X ‘/X”' o X! X!
q2 . \p a3 Y \t D - \‘13 t/ / \‘12
R S RS £ S RN L B VNN TN

where p' = f31(p) and ¥’ = fi3(t). Let ri,72 (vesp. si1,s2,s3) be the geometric components of go
(resp. fy;'(g3)). On Xy, there are exactly sixteen (—1)-curves over the algebraic closure k of k:

e The exceptional divisor of r1,72; they make up an orbit of length 2.

e The exceptional divisor of s1, s2, s3; they make up an orbit of length 3.

e The strict transform of the conic through rq, 79, s1, S2, s3, which is rational.

e The strict transform of the line through 71, ro, which is rational.

e The strict transform of the line through s;, sj, ¢ # j; they make up an orbit of length 3.

e The strict transform of the line through r;,s;; they make up an orbit of length 6 whose
members are not disjoint.

It follows that the blow-up of g2, ¢} is redundant and ¢ = fs3.

(4.7, d = 2): Consider a map ¢ := fiafizfoafs1fo1 as in (4.7) and denote by g¢3,q2, ¢, ¢4
the base-points of fs1, fag, fil, ff; respectively. We complete the blow-up of ¢ given in Proposi-
tion 4.4(4.7) as follows:

Xg Xé
/ W\
X7 @ Xy 4 /| Xé
AN / \f 2N t/ \.3 s, N
2 P R D X o P . o2
P f21 f31 > Xe fo2 Xg fi3 Q fi2 P
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where p’ = (f13f22f31)(p) and ' = fao(t). Thus ) belongs to the family (1).

(4.8, d = 4): Consider a map ¢ := fi5f4af51 as in (4.8). Let qu, ¢}, g5, g5 be the base-point
of fu4, f;ll, f51, f15, respectively. We complete the blow-up of v given in Proposition 4.4(4.8) as
follows, where Y is the blow-up of X7 at the point p, and is not a del Pezzo surface:

where p’ = fy4(p). With Lemma 4.1, we obtain that 1 is in the family (2). O

Lemma 4.6. Let T C Crao(k) be the set of generators for Cra(k) given in [Isk91]. Then TNBCry(k)
forms a set of generators for BCra(k).

Proof. We compare the list of generators in [Isk91] contained in BCry(k) with the list of generators
in Proposition 4.4, and see that the two lists coincide, if we replace “preserving the pencil of conics
through a point of degree 4 (resp. two points of degree 2)” by “sending the pencil of conics trough a
point of degree 4 (resp. two points of degree 2) onto a pencil of conics of the same kind” in [Isk91]:

Prop. 44| (1) | (2 | (4.1) | (42) | (43)
[sk91] [ A11 | (15),(20) | (7),(8),(19’),(15”’) | (10),(11) | (12),(13)
Prop. 4.4 | (4.4) | (4.5) | (4.6) | (4.7) | (4 8)
[Isk91] | A17 | (14) | (19") | (16),(17),(117),(18) | (2

while type (9), (97), (11°), (15%), (15”), (19) from [Isk91] are not contained in BCry(k). Note that
(4.6) is covered by (197) by Lemma 4.5. O

4.2 Revisiting the parity problem

In this section we prove that almost all of the generators given in Proposition 4.4 can only induce
an even permutation when the ground field is k& = Fom for m > 1. We will rely heavily on the
results proven in Section 3.

4.2.1 Parities of the generators (4.1)

Here we prove that fs3, f77, and fgs always induce even permutation.

Up to an automorphism of P2, the maps fr7 and fsg are Geiser and Bertini involutions respec-
tively. They are given by equations (3.10) and (3.12) respectively. By Theorem 3.18, these and
hence f77 and fgg induce even permutation on P?(Fam), m > 1.

The birational map f33 is the usual quadratic transformation which is defined as follows. Fix
three non-colinear points in P2. The linear system of conics passing through these points defines
a birational map f : P? --» P2, called a quadratic transformation. Choose a coordinate system
[z : y : 2] for P2, Then, up to a projective transformation (over k), the map is given by the

equation f([x:y:z]) = [yz:xzz: xy].
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Proposition 4.7. Let f : P2 —-» P2 be a quadratic transformation over a finite field Fam. Suppose
f is reqular. Then the permutation induced on the points P*(k) under o is odd when m = 1 and
even when m > 1.

Proof. The base points of f form a Galois orbit under some Galois action o of order three:
p=la:b:c, p’=1[a®:07:c], p7 =[a7 :b7 7]

Let s : P2 -—s P? be the standard quadratic transformation defined by the three base points
[1:0:0],[0:1:0],[0:0:1]. Consider the action of PGL(3) on P? as the multiplication from the
left on column vectors. Under the linear transformation

a a’° a
2

g = b b7 b ,
c &

we have f = gsg~'. The fix points under the standard transformation s are
[l:1:1], [-1:1:1], [1:-1:1], [1:1:-1]
which are all the same over characteristic two, so f has exactly one fix point
g([1:1:1]) = [a—l—a”—l—a”Q b+ b+ b :c—|—c”—{—c‘72]
which is clearly defined over k. Note that f is an involution:

fof=(gsg " )o(gsg™")=s0s=id.

Hence f acts on P?(k) as a product of £(22™ + 2™) transpositions. Thus the permutation is odd
when m = 1 and even when m > 1. O

4.2.2 Parities of the generators (4.2) to (4.8)

Any birational map f € BCra(k) which over k is a Geiser involution (resp. Bertini involution) up
to an element of PGL3(k) lifts to an automorphism of a del Pezzo surface of degree 2 (resp. degree
1). In fact, the geometric description of f is analogous to the one of the Geiser involution (resp.
Bertini involution) over k and to the Geiser involution (resp. Bertini involution) over & with only
one base-point. It yields directly that f lifts to an automorphism of a del Pezzo surface of degree
2 (resp. degree 1). Hence, f induces an even permutation by Theorem 3.18.

Generator (4.2), (4.3), or (4.7, d = 4,5): Let f be the corresponding birational map. Note that
we can take fyq in the respective generator to be an involution, so that geometrically fy, is either a
Geiser or Bertini involution, which induces an even permutation. Upon applying an automorphism
of P? or (), we can assume that f is conjugate to fzq. Hence, f also induces an even permutation
by Theorem 1.5.

Generator (4.4): Let ga be a point of degree 2 and g5 a point of degree 5, both in general
position. Over k there are exactly two cubic curves passing through ¢s, g2 with a double point at
one of the points of g2, and we call Cs its orbit over k. Similarly, there are exactly five cubic curves
with a double point at one of the points of g5, and we call C5 its orbit over k. We complete the
blow-up diagram of f = fi5fs2f21. By abuse of notation we write p for fo1(L), f52(p) and their

38



GENERAL STUDIES OVER PERFECT FIELDS

image in X3. In X3 there are exactly two curves which over k are orbits of disjoint (—1)-curves of
length 2 and 5, namely the strict transforms of Cy and Cs, denoted by Cs and Cs.

Q2X7pq53ész4és
< N Y, N < .\
P2 LN Q LN X5 RELEEN P2

The blow-up diagram of f shows that f has the same geometric description as a Geiser involution
over k with base-points g2 and ¢s. Thus, up to composition by an element of PGL3(k), f lifts to
an automorphism of the del Pezzo surface X5. Now Theorem 3.18 and Proposition 3.5 imply that
f induces en even permutation over k = Fy,q = 2™ > 4.
Generator (4.5) By Lemma 4.5, this map is, up to an automorphism of P2, a member of the
family (1) and hence induces an even permutation for k = Fom, m > 2 by Corollary 3.17.
Generator (4.6) By Lemma 4.5, this generator is equal to fs3, so is treated in Proposition 4.7.
Generator (4.7, d = 3) We can complete the blow up diagram as in Lemma 4.5 to get

Xg a3 X2 Xg/
M
X7 b3 X5 X p,3 , X é y py X é
CON g NN e N s,
2 > () -----—-—- > Xg ———-—-—-- > A > L S > P2
P f21 f31 Xo f33 X6 fi3 Q fi2 P

where g3, ps3, ¢5,ps are the base points of f31, f3, fi3, f3—31 respectively. Hence, the composition
f13f33f31 is geometrically a Geiser involution. Hence the permutation induced on @) --+ @ is even.
Since f = fiafi3f33f31f21 is conjugate to fi3f33f31 (upon applying automorphism of P2?), f also
induces an even permutation by Theorem 1.5.

Generator (4.8) The case d = 4 follows from Lemma 4.5. If d = 3, we have the blow up diagram,

VP )
. X '” Xy BOTX
5 3 B
/f\qu/f\ap/f\g)
P2 Pl Xy - Xy - P2

where ¢3, ¢, g5, ¢5 are the base points of fa3, f?gl, f51, fi5 respectively. Hence, f = fi5f33/f51 is a
Bertini involution, so f induces an even permutation.

Proof of Corollary 1.3. By Corollary 3.17 and results proven in §4.2.1 and §4.2.2, it follows that
the only generator listed in Proposition 4.4 for which we do not know to induce even permutations
is f66 in (41) ]

The difficulty in proving that fg induces an even permutation is that the points of degree 6
being blown up by fgg and its inverse cannot be identified with one another via an automorphism
on the respective surface. This is in contrast with f33, f77, fss in which we were able to do this. In
particular, we cannot apply Theorem 1.2.

39



GENERAL STUDIES OVER PERFECT FIELDS

4.3 Some basic properties

In this section we prove the remaining parts of Therorem 1.1:
Theorem 4.8. Let k be a perfect field. Then BCra(k) satisfies the following properties:

(1) BCra(k) is not finitely generated if k admits a quadratic extension.
(2) BCra(k) C Cra(k) is not a normal subgroup.
(3) BCra(k) C Cra(k) is of infinite index.

The Cremona group Cra(k) itself is not finitely-generated over any field & [Canl2, Proposi-
tion 3.3], [Canl8, Proposition 3.6]. Our proof for (1) borrows ideas from Cantat’s proof.

This proof is organized as follows. We first prove (1) for fields k such that k/k is a finite
extension. For (1) in all other cases, our strategy is to construct elements of BCry(k) whose
indeterminacy locus consists of a point of arbitrarily large degree. The construction is a Sarkisov
link of type II for conic bundles. We prove (2) in §4.3.2 and (3) in §4.3.2. The proof of Theorem
4.8 is given at the end of this section.

4.3.1 Non-finite generation of BCry(k)

Let ko be the prime field of k, which is either Q or F, depending on the characteristic. For each
f € BCra(k), let Bs(f) C P2(k) denote the indeterminacy locus of f. For any extension K/kg, we
say Bs(f) is defined over K if every point in Bs(f) is defined over K. Let k; be the minimal field
extension of kg satisfying:

(1) f and f~! are both defined over ky,
(2) Bs(f) and Bs(f™!) are both defined over k.

Lemma 4.9. If [k : k] < 0o, then BCra(k) is not finitely-generated.

Proof. Assume that BCry(k) is generated by a finite subset S. Let kg be the compositum of
{kf}res. Since every g € BCra(k) is a composition of elements of S, it follows that k, C kg.
Choosing g € PGL3(k) to be the map g: [z : y : z] = [z +ay : y : 2] for some a € k, we obtain
that kg = ko(a) C ks. As a € k is arbitrary, we have k C kg. Now, kg C k C kg is a tower of field
extensions where [kg : k] is finite and kg is finitely-generated over kg. By the Artin-Tate lemma,
k is a finitely-generated extension of kg, which is impossible for fields with [k : k] < oo (see for
instance [Jac89, Theorem 8.37] for this basic fact from field theory). O

Proposition 4.10. Suppose that [k : k] = 0o, and let T be a quadratic extension of k and K/T be
a non-trivial extension. Then there exists f € BCra(k) whose base locus contains a point of degree
[K : k| over k.

The construction of the Cremona maps in Proposition 4.10 requires careful selections of the
candidates for the indeterminacy points in P?. Before we prove Proposition 4.10, we first prove two
statements which help us accomplish the positioning problem.
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Remark 4.11. Suppose that [k : k] = oo and that k has a quadratic extension T'/k. There exists
four points {ai,as, by, be} in P2(T) such that {a;,as} and {by,by} form Gal(T/k)-orbits, and no
three of these four points are collinear. Indeed, pick any a; € P?(T) \ P?(k). Let az be its Galois
conjugate. Consider the k-line a spanned by a; and ao. Take 8 to be any other k-line. Since
B = P! over k, we can find a pair of Galois-conjugate points {b1, b2} on f3.

As a consequence of Remark 4.11, there exists a unique conic C, through {ai, a9, b1, bo,z} for
every z € P?\ {a1, as, b1, ba}, which degenerates if and only if x lies on the line spanned by any two
of the four points [BKT08, Theorem 1]. In particular, all but three of these conics are smooth, and
the three degenerate ones consists of

Co = span(ay, az) Uspan(by, ba),
Cy = span(ay, by) Uspan(ag, ba),
Cy = span(ay, b2) U span(azg, by).

Note that Cy, C1, and C5 are all defined over k.

Lemma 4.12. Let k, T and ay, as,bi,by as in Remark 4.11. Let {1 C P? be a line over T passing
through ay, but not ag, by, by, and let o be its Gal(T/k)-conjugate. Let K/T be a Galois extension.
There exists a closed point x € {1 defined over K/k but not over any proper subfield, such that

(1) r of the Gal(K/k)-conjugates of x lie on {1 (resp. l3), where r = 3[K : k].

(2) Let x1 = x,...,x9, be the Galois conjugates of x. For each 1 < i < 2r, the unique conic
passing through {a1, az, b1, ba, x;} is non-singular.

(3) If zi,z; are any two distinct conjugates of x, the siz points a1, az, b1, ba, x;, xj do not lie on
any conic.

Proof. By the primitive element theorem, K = k(z) for some z € K, which can be seen as a K-point
z € PY(K) = K U{pt}. Let {z = z1, ..., 22,} be the Galois orbit of z in the base P!. The space of
conics in P? passing through ai, as, b, by is parameterized by P'. Let F\, ..., F5, be the conics in
IP? corresponding to the points zi, ..., 2o, respectively. The conic F) intersects ¢1 at the point ai,
which is defined over K. Moreover, F; cannot be tangent to ¢1 at a; since otherwise F} is defined
over T. Hence the residual intersection with ¢; will be a point x # a; defined over K. Its Galois
orbit {x; = x, ..., x9, } can be labeled in such a way so that z; is on the conic F;. In particular, they
are all distinct. They equally distribute on [; and Iy since Gal(T'/k) = 7Z/27Z induces an involution
on {x1,...,x9,} compatible with the transposition on I; and Iz, which proves (1). The remaining
properties follows easily from the construction: Property (2) holds since each F; is defined over K
but not over any proper subfield, while the three singular conics Cy, C1, and C5 are all defined over
k. Finally, as Fj is the only conic passing through {a1, as, b1, b2, z;} for every 1 < i < 2r, if z; € Fj,
then F; = Fj, which is a contradiction. This proves (3). O

Proof of Proposition 4.10. The construction is accomplished via several steps:

(1) Pick four points ai,as, b1, by € P? as in Remark 4.11. Blowup P? along {ai,as,by,be} to
obtain a conic bundle C — P!, which is fibered in the conics passing through {a1, az,b1, bo}.
Recall that only three of the fibers are degenerate, namely, Cy, C1, and Cy. The exceptional
divisors Ay, As, B1, Bs over aq, as, by, by, respectively, form four sections of the bundle.
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(2) Let x be the point obtained in Lemma 4.12 and consider it as a point on C. Blow-up C along
the Gal(K/k)-orbit of  to obtain a map X — C. Let E1,..., Fs, be the exceptional divisors.
Then Pic(Xg) is generated by {L, Ay, Ay, B1, B, E1, ... E9.} where L is the pullback of a
general hyperplane from P2. Let Fi, ..., F5, denote the fibers of C — P! that contain a Galois
conjugate of the point x. By abuse of notation, we denote their strict transform in X by F;
as well. Let F' denote a general fiber on X. Then F? = 0 and F = F; + E; in Pic(Xy) for
each 7, from which we calculate that Ff =—1.

(3) Using Castelnuovo’s contractibility criterion (see [Bad01, Theorem 3.30] for the case of posi-
tive characteristics), blow-down F1, ..., F, to get X — C'. Let us denote again by A;, B;, F, E;
their images in C’. Define the following divisor classes on (',

A/1:A1—|-T‘F—E1—~-'—E2T
Al2:A2—|—’I“F—E1—--'—E2T
Bi:Bl—I—TF—El—---—EQT
Bé:BQ‘i'TF_El_"'_EQT'

An easy intersection calculation shows that A}®> = —1, A%-F =1, A, E; =1 for each i, and

likewise for A}, B, By. We calculate that A}, A%, B], BY are classes of (—1)-curves.

(4) Since X — C’ only blows down components of fibers, we still have an induced morphism
C' — P! which is itself a conic fibration since the generic fiber is still the same. The blow-
down of C" along A}, A}, B}, BY is a smooth rational surface of Picard rank 1 containing a
k-point from the initial P2, so it is isomorphic to P? over k. Let a},a), b}, b, € P? be the
images of the (—1)-curves. Then the conic fibration ' — P! corresponds to the family of
conics passing through the points a}, a), by, bl.

(5) The desired Cremona map f is then obtained from the composition

X

RN

c ¢ (4.9)

/ N\

P2 - — - - - - P2,

The map f belongs to Cra(k) since it is composed from maps defined over k. It has indeter-
minacy

BS(f) = {ala az, blv b27 T1yeeny xQT}-
In particular, f € BCra(k), and Bs(f) contains the Gal(K/k)-orbit {x1, ..., zo,} of size 2r =
(K : k]

This process produces the desired Cremona maps whenever the point = € C, defined over K
but not any proper subfield, has its Gal(K/k)-conjugates lying on distinct fibers and disjoint from
the sections A1, Ao, B1, Bs. O
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It is worth mentioning that the transformation C --» C’ constructed in the proof of Proposi-
tion 4.10 is a Sarkisov link of type II for conic bundles.

Lemma 4.13. If [k : k] = oo, then BCra(k) is not finitely generated.

Proof. Recall the definition of ky from the beginning of this section and define k:} = kky to be the
composite field. Then k} is a finite extension of k. If BCra(k) is finitely-generated by f1, fa, ..., fr,
then for each f € BCry(k), k} would is contained in the compositum of k‘}l, s k}r, and so

K« k] < []I¥5, : &,
=1

implying that the set {[¥ : k] : f € BCra(k)} is bounded. The assumption [k : k] = oo guarantees
that k£ admits a field extension of arbitrarily large degree d. By Proposition 4.10 there exists
h € BCra(k) whose base-locus contains a point of degree d over k and hence d < [k}, : k], a
contradiction. O

We end this section with the following proposition which gives another viewpoint for the Cre-
mona map constructed in Proposition 4.10.

Proposition 4.14. The Cremona map (4.9) is of the homaloidal type due to Ruffini. More explic-
itly, let M € Pic(X) be the pullback of a hyperplane class from the right P?. Then we have

n
M:(2n—|—1)L—22E2—n(A1+A2+Bl+B2)
=1

in Pic(X), where n = 2r is the cardinality of the large Galois orbit.

Proof. The fiber class F' corresponds to a conic in the right P? passing through aj, b, b}, b, so the
class in Pic(X) corresponding to a conic from the right P? equals

2M = F+ A} + A, + B + B)

F+ A +Ay+ B+ By+2nF —4% " | E;

= (2n+1)2L - A1 —Ay—B1—By) -4 | E;
= (4n+2)L—2n(A1 + Ao + By +B2) —42?:1 E;.

Divide both sides by 2 to get the result. O

4.3.2 Infinite index and non-normality

Lemma 4.15. Let k be any field. Then BCry(k) C Cra(k) is a subgroup of infinite index.

Proof. First, assume that k is infinite. We inductively construct an infinite sequence of maps
f1, f2, f3,... in Cra(k) as follows. Let fi € Cra(k) be the standard quadratic transformation [z : y :
z] ¥ [yz : zz : zy]. Assuming that f; has been found, take three non-collinear points

{a,b,c} e P*(k)\ [ Bs(f;)(k),

1<j<i
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which is possible because k is infinite, and define f;11 := 7 o f; where 7 is a quadratic Cremona
map with indeterminacy exactly at {a,b,c}. It is clear that

Bs(fir1) (k)| = [Bs(fi)] + 3.

Note that the left-cosets f1BCra(k), foBCra(k), ... are all pairwise disjoint because, by definition,
the elements in BCra(k) cannot increase the indeterminacy points of f; in P?(k).

Next, assume that & = [, is a finite field. Start with four points a1, ag,b1,b2 € IP)Q(IFq) such
that no three are on a line. The main construction of the Cremona map carried out in proof of
Propositon 4.10 still works, and for each even integer n = 2r, we get a map f, € Cry(F,) with Bs(f)
containing a1, as, b1, by with multiplicity 2r (Prop. 4.14). In particular, f, ¢ BCra(F,). We obtain
an infinite sequence {fi, fa, f3,...} of elements in Cra(IF;) such that the left cosets fiBCra(Fy),
f2BCra(Fy), f3BCra(F,) ... are all pairwise disjoint. Indeed, for any g € BCra(k) the multiplicity
of frg at a1, a9, b1, bs is equal to 2r. O

When £k is algebraically-closed, Blanc [Blal0, Theorem 4.2] has shown that Cra(k) has no non-
trivial closed normal subgroup with respect to its natural topology. Cantat and Lamy [CL13] prove

that Cra(k) is not simple as an abstract group, and Lonjou generalises it for Cry(k) for any field k
[Lon16].

Lemma 4.16. For any field k, the group BCra(k) is not a normal subgroup of Cra(k).

Proof. Let f € Cra(k) be the standard quadratic involution f : [z : y : 2] — [yz : zz : xy|. Let
g € PGL3(k) C BCra(k) be any map sending [1:0:0] to [1:1:1]. Then f~lgf contracts the line
{z =0} to the point

Flgf(0cy:2])=flg([1:0:0) = fFH([L:1:1]) =[1:1:1].

In particular, (f~1gf)~' = f~lg~'f possesses a k-rational point in its indeterminacy locus, and
thus cannot be an element of BCra(k). O

We end with two propositions concerning the normality of the kernel of the natural homomor-
phism BCr, (k) — Sym(P"(k)).

Lemma 4.17. Let k be a finite field and n > 2. Then the kernel of the natural homomorphism
BCry, (k) — Sym(P"(k)) is not a normal subgroup of Cr, (k).

Proof. Let N be the kernel of BCr, (k) — Sym(P?(k)) and suppose it is a normal subgroup of
Cry (k). Let | € k[zg,...,zy,] be linear and homogeneous, and consider the birational map

I [xoz'--:xn]'—>[m%:xll:xoxg:w-:xga:n]
with inverse
ft [Zo i+ -] = [lxg t mimo  xal 2 -+ 2yl

Both f and f~! contract only two hypersurfaces, namely H; = {l = 0} and z¢ = 0. By assumption,
N is normal, so fgf~! is biregular, and hence g preserves H; U {zg = 0}. We can do the same
argument with afa~! instead of f for any a € Aut(P") and obtain that g preserves any rational
hyperplane of P". We write g: [zo : --- @ @y] — [go : -+ : gn] for some homogeneous g; €
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k[zo,...,,] without a common non-constant factor. As g~! preserves each rational hyperplane,
we have ¢g; = x;g} for some ¢, € k[xo,...,2,], and for any ag,...,a, € k not all zero, we have
> i ai(wigl) = D, aiGi = Dag,....an (D aix;) for some pyg,..q, € k[zo,...,z,). It follows that g; =
Dag....an, € k* fori =0,...,n,and so g is linear. Since g € N, it fixes |P"(k)| = ¢"+¢" 1+ +q+1 >
n + 2 points in P?, and so is equal to the identity map. We have reached a contradiction because
BCry, (k) is infinite by Proposition 4.10 and N is never trivial as it is of finite index in BCry, (k). O

Proposition 4.18. Let k be an infinite field and n > 1. Then the canonical homomorphism
BCry, (k) — Sym(P"(k)) is injective.

Proof. Any element in the kernel of BCry (k) — Sym(P"(k)) coincides with the identity map on

P™(k), which is a dense subset of P"(k), where k is the algebraic closure of k. It follows that f
coincides with the identity everywhere. O

4.4 Proof of Theorem 1.1

Proof of Theorem 4.8. (1) is Lemma 4.9 and Lemma 4.13. (2) is Lemma 4.3.2, and finally (3) is
Lemma 4.15.

Proof of Theorem 1.1. (1) is Lemma 4.6 and the remaining points make up Theorem 4.8. O

References

[B&d01] Lucian Badescu, Algebraic surfaces, Universitext, Springer-Verlag, New York, 2001. Translated from the
1981 Romanian original by Vladimir Masgek and revised by the author.

[Bha81] Prabir Bhattacharya, On groups containing the projective special linear group, Arch. Math. (Basel) 37
(1981), no. 4, 295-299.

[BKTO08] Andrew Bashelor, Amy Ksir, and Will Traves, Enumerative algebraic geometry of conics, Amer. Math.
Monthly 115 (2008), no. 8, 701-728.

[Blal10] Jérémy Blanc, Groupes de Cremona, connezité et simplicité, Ann. Sci. Ec. Norm. Supér. (4) 43 (2010),
no. 2, 357-364.

[BM14] Jérémy Blanc and Frédéric Mangolte, Cremona groups of real surfaces, Automorphisms in birational and
affine geometry, Springer Proc. Math. Stat 79 (2014), 3558.

[Can09] Serge Cantat, Birational permutations, C. R. Math. Acad. Sci. Paris 347 (2009), no. 21-22, 1289-1294.

[Canl2] Segre Cantat, Generators for the cremona group, 2012. online access:
https://perso.univ-rennesl.fr/serge.cantat / Articles/hudson-pan-derksen.pdf.
[Can18§] , The Cremona group, Algebraic geometry—Salt Lake City 2015. Part 1, 2018, pp. 101-142.
[CL13] Serge Cantat and Stéphane Lamy, Normal subgroups in the Cremona group, Acta Math. 210 (2013), no. 1,
31-94. With an appendix by Yves de Cornulier.
[Coh83] Stephen D. Cohen, Primitive roots in the quadratic extension of a finite field, J. London Math. Soc. (2) 27
(1983), no. 2, 221-228.
[DI09] Igor V. Dolgachev and Vasily A. Iskovskikh, Finite subgroups of the plane Cremona group, Algebra, arith-
metic, and geometry: in honor of Yu. I. Manin. Vol. I, 2009, pp. 443-548.
[Isk79] V. A. Iskovskih, Minimal models of rational surfaces over arbitrary fields, Izv. Akad. Nauk SSSR Ser. Mat.
43 (1979), no. 1, 19-43, 237.

[Isk91] V. A. Iskovskikh, Generators of the two-dimensional Cremona group over a monclosed field, Trudy Mat.
Inst. Steklov. 200 (1991), 157-170.

45


https://perso.univ-rennes1.fr/serge.cantat/Articles/hudson-pan-derksen.pdf
https://perso.univ-rennes1.fr/serge.cantat/Articles/hudson-pan-derksen.pdf

REFERENCES

[Isk96] , Factorization of birational mappings of rational surfaces from the point of view of Mori theory,

Uspekhi Mat. Nauk 51 (1996), no. 4(310), 3-72.
[Jac89] Nathan Jacobson, Basic algebra. II, Second, W. H. Freeman and Company, New York, 1989.

[KM74] W. M. Kantor and T. P. McDonough, On the mazimality of PSL(d + 1, q), d > 2, J. London Math. Soc.
(2) 8 (1974), 426.

[Kol07] Janos Kolldr, Lectures on resolution of singularities, Annals of Mathematics Studies, vol. 166, Princeton
University Press, Princeton, NJ, 2007.

[Kol99] J. Kollar, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge / A Series of Modern Surveys in Mathematics, Springer Berlin Heidelberg, 1999.

[Lis75] R. List, On permutation groups containing PSLy(q) as a subgroup, Geometriae Dedicata 4 (1975), no. 2/3/4,
373-375.

[Lon16] Anne Lonjou, Non simplicit du groupe de cremona sur tout corps, Ann. Inst. Fourier (Grenoble) 66 (2016),
20212046.

[Man86] Yu. I. Manin, Cubic forms, Second, North-Holland Mathematical Library, vol. 4, North-Holland Publishing
Co., Amsterdam, 1986. Algebra, geometry, arithmetic, Translated from the Russian by M. Hazewinkel.

[Pog74] B. A. Pogorelov, Mazimal subgroups of symmetric groups that are defined on projective spaces over finite
fields, Mat. Zametki 16 (1974), 91-100.

[Pool7] Bjorn Poonen, Rational points on varieties, Graduate Studies in Mathematics, vol. 186, American Mathe-
matical Society, Providence, RI, 2017.

[Sil09] Joseph H. Silverman, The arithmetic of elliptic curves, Second, Graduate Texts in Mathematics, vol. 106,
Springer, Dordrecht, 2009.

[Wat89] William C. Waterhouse, Two generators for the general linear groups over finite fields, Linear and Multi-
linear Algebra 24 (1989), no. 4, 227-230.

[Weib6] André Weil, Abstract versus classical algebraic geometry, Proceedings of the International Congress of
Mathematicians, 1954, Amsterdam, vol. III, 1956, pp. 550-558.

S. Asgarli, DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BRITISH COLUMBIA
VANCOUVER, BC V6T1Z2, CANADA
sasgarli@math.ubc.ca

K.-W. Lai, DEPARTMENT OF MATHEMATICS & STATISTICS
UNIVERSITY OF MASSACHUSETTS

AMHERST, MA 01003, USA

lai@math.umass.edu

M. Nakahara, DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BATH

BaTH, BA2 7TAY, UK

mn634@bath.ac.uk

S. Zimmermann, LABORATOIRE ANGEVIN DE RECHERCHE EN MATHEMATIQUES (LAREMA), CNRS
UNIVERSITE D’ ANGERS
2 BD LAVOISIER, 49045 ANGERS CEDEX 01, FRANCE

susanna.zimmermann@univ-angers.fr

46



	Introduction
	Realizing arbitrary permutations
	Birational maps preserving the conic fibrations
	Special actions on the smooth fiber
	The induced actions on the projective plane
	The construction in characteristic two

	The parity problem in characteristic two
	Parities induced by linear transformations
	Birational invariance of the parity
	Birational self-maps on conic bundles
	Automorphisms of rational del Pezzo surfaces
	Proof of Theorem 1.2

	General studies over perfect fields
	A list of generators
	Revisiting the parity problem
	Some basic properties
	Proof of Theorem 1.1


