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Abstract

A modification of the Adaptive Biasing Force method is introduced, in which the free
energy is approximated by a sum of tensor products of one-dimensional functions. This
enables to handle a larger number of reaction coordinates than the classical algorithm.
We prove the algorithm is well-defined and prove the long-time convergence toward a
regularized version of the free energy for an idealized version of the algorithm. Numer-
ical experiments demonstrate that the method is able to capture correlations between
reaction coordinates.

1 Introduction

Consider € TP a vector representing the positions of particles with periodic boundary
conditions (T = R/Z), and a potential energy V € C* (']I‘D ) We are interested in computing
expectations of the form

1
— V@ = d
f’]I‘D BV (@) /TD (10(1')6 x /]I‘D papy,s

where ¢ : TP — R is called an observable and duy s := e V@) dz is the Gibbs law with
potential V' and inverse temperature § > 0. The large dimension D is so significant that,
in practice, these quantities have to be computed with Markov Chain Monte Carlo (MCMC)
algorithms, which consist in approximating the average of ¢ with respect to py g along dy-
namics that are ergodic with respect to py 3. A typical sampler is the overdamped Langevin
dynamics

dXt = _VV<Xt)dt + v 2671(1375

where (B;);o is a Brownian motion over T?. It is ergodic with invariant measure py g, so
that

1 t
—/ o(Xs)ds — odpy, .
0

t t—o00 TD

Nevertheless, the convergence of the process (or, in practice, of any alternative Markov pro-
cess with invariant measure py3) toward its equilibrium in the long-time limit may be very
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slow. This is due to the so-called metastability phenomenon, according to which the process
remains for long times in some region of the space, with very rare transitions from one of these
metastable regions to another. This is related to the multi-modality of the Gibbs measure
and the fact MCMC algorithms typically perform local moves, so that leaving a mode of the
target measure py 5 is a rare event. We refer to [18] for more details on this topic. For this
reason, several adaptive methods have been developed in order to force the process to leave
the metastable traps faster. Among those, we focus on the adaptive biasing force (ABF) al-
gorithm, which may be seen as a particular Importance Sampling method. The general idea
is to run a biased process

dXt — —VV(Xt)dt + v%l‘as7t(Xt) + AV 26_1dBt (1)

where the biasing potential Vi, is adaptively constructed from the past trajectory (X;)sejo,q
in such a way that it is expected to converge to some Viiqs.00. Expectations with respect to
iy, are then recovered through a reweighting step, assuming that ergodicity still holds:

= —
t i - V’ias oo
%fo e /Bvbzas,S(Xs)dS t—oo fTD e By , d:“V—Vin-as,ooﬁ

t > _ ) X _ .
% f(] ¢(Xs)e /BVblas,s(Xs)dS ITD (’06 /B‘/bzas,ooduv_vbiaspoyﬂ _ / gpdy[vﬂ .
TD ’

(2)

Classically, in such an Importance Sampling scheme, the aim is to design a target bias Viias.co
such that two conditions are met: 1) sampling the biased equilibrium py_v;,,, s is sim-
pler than the initial problem (i.e. the corresponding overdamped Langevin process is less
metastable) and 2) the biased equilibrium is not too far from the initial target so that the
exponential weights in do not cause the asymptotical variance of the estimator to skyrocket.

In the ABF algorithm, this issue is addressed with the use of so-called reaction coordinates
(or collective variables) and the associated free energy as a bias. Reaction coordinates consist
of a small number d < D of macroscopic coordinates of the whole microscopic system = € T?.
These coordinates are defined through a map ¢ : T? — M where M is a manifold of dimension
d. In molecular dynamics, for example, x € T? is a vector which gathers the positions of all
the different atoms of the system of interest, and &(x) typically represents some distances
between particular pairs of atoms, or angles formed by some triplets of atoms. These reaction
coordinates should be chosen to capture the main causes of the metastability of the system.
More precisely, £(X;) should converge to equilibrium as slowly as X;, while the conditional
laws L(X | £(X) = 2) for fixed z € M when X ~ py 3 should be easier to sample (see [19] for
more detailed considerations). In other words, (z) should be a low-dimensional representation
of x that captures the slow variables of the system.

To these reaction coordinates £ is associated the corresponding free energy A : M — R,
given by

1
A(z) = —=1In e_ﬂv($)5€(x)_z(dm),

B Jizerr, g(0)=2)
where 0¢(,)—. is the so-called delta measure, which can be defined from the Lebesgue measure
on the submanifold {z € TP, {(x) = z} through the co-area formula, see for example [20,
Section 3.2.1]. This definition ensures that, if X is a random variable with law py5 on TP,

then £(X) is a random variable with law p4 5 on M. The heuristic of the ABF algorithm is
the following. Suppose that M is compact. If we were to sample from the process

Y, = —V(V—Aog) (Y)dt+ /28 1dB,

the equilibrium would be gy _40¢ 3, whose image through &, by definition of A, is the uniform
measure on M. This means that there would be no more metastability along &, since all



the regions of M would be equally visited by £(Y;)s. Unfortunately, it is not possible to use
directly this free-energy biased dynamics in practice, since it would require the knowledge of
A and thus the computation of expectations in large dimension. The idea of the ABF method

is to learn A on the fly, i.e. to run a process (X’t> solving with a biasing potential Viigs
=0

=

constructed from <X5> 04 and designed to target A o ¢ in the longtime limit.
s€(0,t

In practice, the choice of good reaction coordinates is a difficult problem. Up to recently,
their definition has been based on the knowledge and intuition of specialists. The question
of the automatic learning of suitable reaction coordinates is currently a vivid research area,
see for instance [7, [§]. Moreover, some techniques like the orthogonal space random walk [22]
provide a general way to construct new reaction coordinates from previous ones. Due to these
recent progresses, one would like to consider a relatively large d. In ABF, Vj,45, is a function of
the d reaction coordinates. From a numerical point of view, since Vj;qs, is adaptively learned
on the fly, its values have to be kept in memory, which requires a grid whose size typically
scales exponentially with d. This limits the application of ABF to small dimensional reaction
coordinates (d < 4). The aim of the present work is to lift this limitation by approximating
Viias using a sum of tensor products of one-dimensional functions, which reduces the size of
the memory to O(dm) where m is the number of tensor terms. Remark that this can in turn
help for the definition of good reaction coordinates, by considering as candidates a relatively
large number of reaction coordinates and then conduct a statistical study to select or combine
some of them. Nevertheless, this question exceeds the scope of the present work, in which &
is supposed to be given.

Note that the question of increasing the number of reaction coordinates in adaptive biasing
algorithms has also been considered in the Bias-Exchange algorithm introduced in [26], where
several replicas of the system are run in parallel, each associated with a one-dimensional
reaction coordinate. The replicas exchange their bias according to some Metropolis-Hastings
probability, so that each replica eventually feels the bias in all the different directions of the
reaction coordinates. Nevertheless, in this case where one-dimensional reaction coordinates are
treated independently one from the others, the system remains very sensitive to correlations
between reaction coordinates (the same goes for the generalized ABF introduced in [27]),
contrary to the algorithm introduced in the present work.

Besides, let us mention that numerical methods involving both tensor approximation and
Monte Carlo methods for molecular dynamics are also introduced in [16], 24] for other purposes.

In the rest of this introduction we provide a presentation of the ABF algorithm we consider
in this work in a simple framework, and refer to Section {4|for generalizations. The presentation
is divided into two parts. In Section [I.1] we present the reference ABF algorithm we consider,
without the tensor-product approximation. In Section [1.2] we introduce the tensor-product
approximation of the bias. These two ingredients are then combined to yield the Tensor-
ABF algorithm in Section The two algorithms and associated convergence proofs of the
reference ABF algorithm and of the tensor-product approximation are presented separately
since we think they have their own interest.

1.1 Free energy and the ABF algorithm

Let us first present the ABF algorithm in a simple framework (see [I5] [10, T9] for more general
settings). From now on, we write

Ho= pvg,



seen both as a probability law and as the density of the latter with respect to the Lebesgue
measure.

Let us assume that M = T¢ and that, for all z = (¢,2) € TP = TP x T4, () = £(q,2) = 2
where p =D — d.

At first sight, this may seem a very restrictive choice of reaction coordinates. But, using
extended variables (see [13]), this can be applied actually in very general contexts. We refer
the reader to Section [ for more details on this point.

The associated free energy for z € T¢ is then
1 BV (a,2)
A(z) = —=In [ e PV dq.
B J

Following the previous discussion, our aim is then to define for all time ¢ > 0 a function A; on
T4 and to sample the process

th = —VqV(Qt, Zt)dt + \/ 26_1dBtl (3)
dz, = -V, V(Q, Z,)dt + V. A(Z,)dt + \/28-1dB?,

where B! and B? are independent Brownian motions respectively of dimension p and d, in
such a way that A; gets close to A in large time.
Note that the free energy A satisfies

 J V2Vi(g, 2)e PV 29)dg

VzA(Z) pr e‘ﬁv(q’z)dq

= E,[V.V(Q,2) | Z =~].

The following alternative equivalent characterization of A will be useful in the sequel. Let us
define

H = {f € HY(T?) : Tdf(z)dz:O}, (4)

and let us denote by P(T? x T?) the set of probability measures on T? x T¢ = T?. For all
v € P(TP x T?) and f € H, let us define

) = [ IVVias) - Vep@P.2)

It holds that, up to an additive constant (like the potential V', the free energy is in fact always
defined up to an additive constant), A is the unique minimizer in H of the functional £, i.e.

A =argmin &, (f). (5)
fed

At time t > 0, a trajectory (Qs, Zs)scpp,g of is available. Let 1, be the probability
measure on TP x T? = TP defined as follows: for all ¢ € C(T? x T¢),

t
TP x T4 0

We call v; the unbiased occupation distribution of the process. By the ergodic limit , vy is
expected to converge to p as t goes to infinity (at least if A; does not change too fast with ¢).
However, note that v, is a singular probability measure, so that the minimization problem

inf &,(f)

fed

-1

t
/0 0 (Qs, Zs) e PA(Zs) s . (6)



is ill-posed. To circumvent this difficulty, one may consider two different alternatives to reg-
ularize the problem which we detail hereafter. Consider a smooth symmetric positive density
kernel K € C®(T? x T4 R, ) with

K(y,z)dz =1 and K(y,z) = K(z,y) Vy,z € T?. (7)

Td

In practice, K (y, -) should be close to a Dirac mass at y (see Theorem 2| below). For instance,
a possible choice for K would be the so-called von-Mises kernel for a given small parameter

e >0, ie.
d 1 Zi — Vi
K(y,z) Eexp (_52/2 sinz( . 5 l)) : (8)

Now, consider also a regularization parameter A > 0. For all v € P(T? x T%) and all f € H,
we define

T(f) = / IVyV(a,y) = Vaf(2)PE(y, 2)dzdv(g,y) + A | |V.f(2)Pdz, (9)
TP xTdxTd Td

Note that, as K (y, -) converges toward the Dirac mass at y and A goes to 0, for all f € H, J,(f)
converges towards &,(f). The interest of introducing 7, is that, thanks to the regularization,
the minimization problem is now well-posed:

Proposition 1. Assume that either K > 0 on T¢xT? or A\ > 0. Then, for allv € P(TP x T9),
J, admits a unique minimizer in H.

In summary, in the whole article, we work under the following conditions.

Assumption 1. V € C*(T?), D >3, 3 >0, A > 0 and K € C>*(T? x T%,R.) satisfies (7).
Moreover, either K >0 or A > 0.

We now have all the elements to define the reference ABF algorithm in this work, see
Algorithm [I] below.

Remark that, contrary to the cases studied in other theoretical works like [19] [1, 4], in
Algorithm [T the bias A; is piecewise constant in time, with updates at the times ¢, k €
1, Nyp]. This is due to the fact that, as will be detailed in Section , the bias updates are
numerically demanding in our case, and thus we cannot perform them at each timestep.

We prove in Section [2] the long-time convergence of Algorithm [I}

Theorem 2. Under Assumption |1, let (Qi, Zt, At)i=0 be given by Algorithm 1| (with N, =
+00). Then, as t — +o00, almost surely, v, weakly converges toward p and

IVA, — VA — O,
t—o00

where A, 1is the unique minimizer in H of J,. Moreover, A, satisfies

VAG) - VAR ([ Koy d:

< 4| V2A|esup [ |y —2|*K(y,2)dz+2X | |[VA(2)]*dz. (10)
yeTd JTd Td

Td P Td



Algorithm 1 ABF algorithm

: Input:

Initial condition (go, z9) € T? x T¢

Brownian motion (B}, B?);>o on T? x T¢

Regularization parameters K, A

Update period T, > 0, number of updates N,, € N,, total simulation time T}, = T3, Nyp

Output:
Estimated free energy Ar,,, € H
8: Trajectory (Qs, Zt)icio,1) € C ([0, Tyor), TP x T)

9: Begin:

10: Set (Qo, Zo) = (qO,Zo).

11: Set Ag(z) = 0 for all z € T

12: Set ty, = kT, for all k € [0, Ny,].

13: for k € [1,N,,] do

14: Set A, = Ay, for all t € [tx_1,tx).

15: Set (Q+, Zt)tejty 1.4, to be the solution of with initial condition (@, ,,Z,_,) at
time tk—l-

16: Set Ay, to be the minimizer in H of 7, given by (6) and (9).

17: end for

18: Return Ag,, and (Qy, Zt)te[O,Ttot}'

Note that implies that, as A and sup,cra [ra [y — 2|° K (y, 2)dz go to zero, A, converges
in H to A (which corresponds to A = 0 and K (y, z) = d,(2)).

The long-time convergence of a similar ABF algorithm has been established in [I] but in
the case where the empirical measure v, is replaced by the law of the process at time t. Rather
than a self-interacting process (i.e. a single trajectory with memory), this corresponds to a
system of N interacting particles (with no memory), and more precisely to the mean-field
limit as N goes to infinity of this system. Moreover, a result similar to Theorem [2| has been
established in [4] for a closely related self-interacting process, the adaptive biasing potential
algorithm. In addition, in the recent preprint [5], a similar result is established for the ABF
algorithm but when the occupation measure is not unbiased (see the discussion in Section

13).

1.2 Tensor approximation

This section focuses on the minimization step of Algorithm [I} Assumption [1]is enforced. Fix
v € P(T? x T9). For all f € H, the cost function J,(f) defined by (9) is equal to

TS = Cot (14 [ IR(2) = VHEPO)d: (1)
Td
with some constant C, independent from f and where, for all z € T,
1
) = g (V[ K (12)
1
F(z) = — V., V(g 9)K(y, 2)dv(q,y) . 13
©) = G o TV @K vy (13)



Note that, under Assumption [I} 6, is the density of a probability measure, bounded from
below by (A 4+ min K)/(1 + A) > 0. Moreover, since K is smooth and bounded, so are 6,
and F,. Note that neither the additive constant C, nor the multiplication by 1 + A affect
the problem of minimizing 7,. As a consequence, the unique minimizer f, of J, on H (see
Proposition [1]) is equivalently the unique minimizer of

Hofm 30 = IR = ViEP G (14)

The gradient of J, at f« is the Helmholtz projection in L?(6,) of F,. The Euler-Lagrange
equation associated to the minimization problem of 7, over H is

V(Gu(vf*_Fv)) - 07 (15)

where V- denotes the divergence operator. When d is small (d = 2 in [I]), as ¢ increases, the
functions 6,, and 6, F,, are updated and kept in memory on a discrete grid of dimension M?
for some M € N*, and the Euler equation is solved with standard PDE techniques. However
this is not sustainable if one wants to consider a larger number of reaction coordinates. For
this reason, we now present a method to approximate f, by a sum of tensor products, namely
by a function f,, € H which reads as follows

::]&

Vzi= (21, ,2q) € TY, Z

k=1j

T (%)

I
—

for some m € N, and some functions 7 ; : T — Rfor 1 < j <dand 1 <k <m. See [14] for
a general overview on tensor methods.

Let g be a simple tensor product function, i.e. a function such that for all z = (z1,--- | z4) €
T4, g(2) = H?:l ri(z;) for some rq,--- ,rq € H'(T). Such a simple tensor product function

will be denoted herefater by g = ®;l:1 T

If g belongs to H, its (Lebesgue) integral vanishes, which is equivalent to the fact there
exists ¢ € [1,d] such that the (Lebesgue) integral of r; vanishes. This motives the introduction
of the following subspaces of H: for ¢ € [1,d], define

d
S = {gEH, g=Qr; with r; € H'(T) for all j € [1,d] and/

=1 T

ri(z)dz; = O} )

Proposition 3. Under Assumption |1, for all v € P(TP x T¢), i € [1,d] and f € H, there
always exists at least one minimizer in >; to the optimization problem

min 7,(f +g). (16)

From Proposition [3| the greedy algorithm described in Algorithm 2| below is well-defined.
In Section [3]is established the following:

Theorem 4. Under Assumption[l}, let f, be the minimizer of J, in H and f,, = Greedy(v, fo, m)
as given by Algom'thm@for some v € P(T? x T?), fo € H and m € N. Then

[ fro = fillgr —> 0.
m——+00



Algorithm 2 Greedy(v, fo, m)

: Input:

Probability measure v € P(T? x T%)
Initial guess fo € H

number of tensor terms m € N,

Output:
6: fm € H.

7: Begin:

8 n=>0

9: while n <m do
10: for i € [1,d] do

o

11: Find g, = ®?:1 Tp; @ minimizer of g — 7, (f, +g) over g € %, (ie. with
T € HYT) for all 1 < j < d and fT Tni = 0)

12: Set foi1 = fu+ Gn -

13: Increment n < n + 1.

14: end for
15: end while

16: Return f,,.

The interest of Algorithm [2] is that at each iteration, one only has to compute d one-
dimensional functions, which makes it possible to implement even if d is relatively large (say
4 < d < 10). Notice that the price to pay when going from the original problem of minimizing
J, over H to the problem ([16]) is that the Euler-Lagrange equations associated to the initial
problem are linear (since J, is a quadratic functional) whereas the Euler-Lagrange equations
associated to ([16)) are nonlinear. This is due to the fact that the quadratic functional is
minimized over a non-linear space in ((16]).

In practice, the problem of minimizing 7, (f + g) over g = ®;l:1 r; € X; is solved through
the Alternating Least Square method [12], which is a fixed point procedure on the Euler-
Lagrange equation : the r;’s are optimized one after the other, the others being fixed,
repeatedly. This amounts to solving a system of one-dimensional elliptic PDEs of the form

0., (a0:,m;) (25) = bj(2)ri(25) = ¢;(2)) (17)

with

aj(z;) = /le (H ri(z > z)dzy;

bj(z) = Z/le 0., [ [ (=)

I#j

¢i(z) = /le (H (2 ) (F,;0,) (2)dzyz; — Z/ 0z, (H'r’z 2 ) vn(2)0(2)dzy;

l#j I#7

(2)dzy;

where dz,; means that all variables except the j* are integrated and F); denotes the j*
component of F,,. If for all y = (y1, -+ ,ya), 2 = (21, ,24) € T4, K(y, 2z) = I, K;(y;, 2;) for



some functions K; : T x T — R for all 1 < i < d (like the kernel (§))), for v = v; given by (),

(14 Naj(z)) H 172ll72m) + /D (H/7’12<21)K1(yz721)d21> K;(yj, 2;)dvi(q, y) ,
™ \ 1 /T

I#]

which can be computed without computing F,,(z) and 6,,(z) for all z € T¢ (which would be
improssible in practice). The same holds for b; and c;.

1.3 The tensor ABF algorithm

As already explained above, the main objective of this work is to introduce a new algorithm
to adapt the standard ABF approach to multi-dimensional reaction coordinates. Combining
Algorithms |1 and , the Tensor ABF (TABF) algorithm is described in Algorithm [3| below.
Note that, for the sake of clarity, it has been kept relatively simple. In particular, we haven’t
addressed here the question of time and space discretization.

Moreover, the proofs of convergence of Algorithm [I] and Algorithm [2| also have their own
interest. The convergence of Algorithm [I]is based on the so-called ordinary differential equa-
tion method [6], and requires specific contractivity bounds. The convergence of Algorithm
is an adaptation of the proof of convergence of greedy algorithms [9], the main difficulty being
to deal with the zero average constraint in H.

The paper is organized as follows. Section [2] is devoted to the proof of Theorem [2 In
Section [3], we prove Theorem [] Section [] provides a detailed discussion on practical consid-
erations and possible variations of the algorithm. Finally, some numerical experiments with
the TABF algorithm are reported in Section [5

Algorithm 3 TABF algorithm

: Input:

Initial condition (go, z9) € T? x T¢

Brownian motion (B}, B?);>o on T? x T¢

Regularization parameters K, A

Update period T, > 0, number of updates N,, € N,, total simulation time T}, = T3, Nyp
Number of tensor terms by update m € N,

Output:
Estimated free energy Ar,, € H
9: Trajectory (Qr, Zi)ie0, 1) € C ([O,Ttot],']rp X Td)

10: Begin:

11: Set (Qo, Zo) = (qO,Zo).

12: Set Ag(z) = 0 for all z € T

13: Set tr, = kT, for all k € [0, Ny,].

14: for k € [1,N,,] do

15: Set A, = Ay, for all t € [tx_1,tx).

16: Set (Q+; Zt)tejty 1 4,] to be the solution of with value (Q,_,, Zi,_,) at time ¢;_;.
17: Set f,, = Greedy(v,, Ay, _,,m) given by Algorithm [2 where vy, is given by ().

18: Set Ay, = fm.

19: Return Ag,, and (Qy, Zt)te[O,th}'




2 Proof of the long-time convergence

In the whole Section [2| we consider the ABF process (Qy, Z;, A;)i=0 obtaind through Algo-
rithm (1} (with N,, = 4+00), and Assumption |1 holds.

Lemma 5. For all r € N* and all multi-index o € N, there exists a constant Cy, > 0 such
that, for allt >0, ||0*At]|cc < Cha.

Proof. Since Ry >t — A, is piecewise constant, we may assume that ¢ = ¢, = kT, for some
k € N without loss of generality. Using the notation of Section A; is then the minimizer
over H of J,, defined in . Recall that for all f € H,

Tn(f) = Td|Fw(z)—Vf<z)|20yt<z>dz.

Remark that 6,, is bounded from below uniformly in ¢ and z by (A + min K)/(1 + X) > 0,
and similarly all the derivatives in z of 6,, and of F), are bounded in L°*(T%) by constants
which depend on_K and V' but not on ¢. The Euler-Lagrange equation associated to the
minimization of J,, reads

v-(,VA) = V-(0,F,) . (18)
By elliptic regularity (cf. [2]), A; is thus C* and, differentiating , multiplying it by
derivatives of VA, and integrating, we classically get by induction that
|0°V A0, < C,
Td
where o € N? is any multi-index, for some constant C, > 0 which does not depend on t.
Conclusion follows from Sobolev embeddings. m

Theorem 2] will be a direct corollary of:
Proposition 6. Almost surely, v, ;ﬂf I
— 00

The proof of Proposition [f] is postponed to the end of this section. Let us prove that
indeed, given the latter, Theorem [2| holds:

Proof of Theorem [ By the arguments of the previous proof, for all ¢ > 0, the function
T? > 2z + 6,,(2) is bounded and Lipschitz with constants which are uniform in ¢. Hence, for
any ¢ > 0, we can find N. € N* and a finite set of points z1,--- , zy. € T? such that for all
z € T, there exists i, € [1, N.] such that, for all t > 0, |0,,(z:.) —0,,(2)| < &. The same holds
for #,. On the other hand, according to Proposition [6, almost surely,

sup [0y, (z1) = 0(25)] — 0,
i€[1,N:] 0

so that ||0,, — 0, ||« goes to zero as t — oco. Similar arguments enable us to obtain the same
results for all the derivatives of 6,, and for F,, and all its derivatives. Note that A, is the
minimizer of

Tulf) = | 1Eu(=) = VIR0 (2)d

Let t = t,, for some n € N*. The associated Euler-Lagrange equations associated with the two
minimization problems on A; and A, lead to

V-0,V (A= A)) = V(0 F, —0,F,— (0, —0,) VA). (19)

10



Multiplying this equality by A; — A,, integrating and using the uniform control on VA,
established in Lemma [5| (and the lower bound on 6,), we get that

y |V (Ai(2) — Au(2)) |’ dz — 0.

t—o00

More generally, differentiating , multiplying it by derivatives of A; — A,, integrating and
using the uniform controls of the derivatives of A;, we obtain by induction that

VO™ (A; — A,) (2)|°dz — 0

Td t—o00

for all multi-index o € N¢ The first statement of Theorem |2 then follows from Sobolev
embeddings.

Finally, inequality stems from the fact that J,(A4.) < J,(A4). More precisely, using
that

y VAy)u(q,y)dg = /w Vi, Vig,y)ulg,y)dg,

we get that for all f € H, J,(f) = T.(f) + [ |V,V[2du — [ |[VA]2du where
G = [ VAW - VIEPE () ) [ V5P
TP x T x Td T4

In other words, 7, and ju only differ by an additive constant, so that A, is the minimizer of
J, over H. Then

/ VA() - VA()PE (g, 2)d=du(g, y)
TP xTdxTd

< 200+ [ VA - VAEPK (. dedula. o
TP x Td x T4

< 27z VAW - VAG)PE (. el v
TP x T4 x T4

< 2\ / VA()Pdz +4 / VA(y) — VAR)PE (y, 2)d=dp(a, )
Td TP xTdxTd

< 2)\/ IVA(2)]Pdz + 4| VA4 sup/ ly — 2|*K (y, 2)dz
Td Td

y€eTd
]

The rest of the section is dedicated to the proof of Proposition[6] which follows the so-called
ordinary differential equation (ODE) method [6].

2.1 Time change and the ODE method
Following an idea of [4], we introduce the (random) time change:
t
T(t) = / e PA(Z) s,
0
so that

1 t , 1 7(t)
vy = m/ﬂ 5Q5,Z57— (s)ds = %/0 (5Qr—l(s)vZT—1(s)dS'

11



In other words, considering the time-changed process X, := (Qfl(t), ZTA(t)) and its occupa-
tion measure .
5 - 1/ 5y ds, (20)
tJo s
then v, = ;). Since, at a fixed time ¢ > 0, A; is smooth and with Lebesgue integral zero,
there always exists z € T such that A;(z) = 0, so that

1Al < Vd/2|V Adlloc (21)

where we used that v/d /2 is the diameter of T¢. Together with Lemma , this implies that in
particular, 7(t) goes to infinity with ¢.

Denoting Sy(z) := A,-1(2) for all z = (¢,2) € TP x T¢, the inhomogeneous Markov
process X solves the SDE

dx, = —eﬁst(yt)v (V=25 (yt) + 25_16’85t(yt)d§t ; (22)

where (B;)>0 is a standard Brownian motion on TP, obtained from (B;);s¢ through rescaling.
We denote by (L) its infinitesimal generator, defined by: for all ¢ € C*(T? x T?) = C?(TP)
and all z € T? x T¢,

Lip(x) = lim

whenever the limit exists. Here,
1
5

We denote by (Ps(t))520 the Markov semi-group generated by L; for a fixed t. Formally,

Liple) = (=V(V =) (0) - Tpla) + 580(0) ) 5.

P = esLe. For all t > 0 the unique invariant measure of L, is p (see [4, Proposition 3.1]).

From Lemma and the bound , we consider C > 0 such that S; € B¢, for all t > 0 where

Be, = {SGCOO (']I‘D),/ S(x)dz = 0, HSHCQ(TD)ch}.
’]I‘D

The principle of the ODE method is the following: for large values of the time ¢, the
evolution of 7 is slow (because of the ¢~ factor in (20))). Hence, for 1 < s < t, in principle,
it holds that S, ~ S; for u € [t, ¢ + ], so that

t s 1 [trs t s
Dris — ’ S e du) ~ 7 . 23
s t+syt+s+t<s/t X u) st T st (23)

In other words, the evolution of 7; approximately follows the deterministic flow

1
Omy = Z(M—mt%
which converges to pu, so that 7, (hence 1) should also converge to p.

Following [6] (to which we refer for more details), we will make rigorous this heuristic. For
t,s >0, set

et+s 57 _lu
e(s) = / Ko T du. (24)

t u

12



It is said that R, >t + 7.t is an asymptotic pseudotrajectory of the flow

Ome = (b —my) (25)
if, for all p € C>°(TP) and T > 0,
lim sup |&(s =0
Jim st ()

(cf [0, Proposition 3.5]). Note that admits ;4 as a unique attractor, in the sense that

dTV<mtaM) < e_thV(m();lu) ):> 0

(e o]

for all mg € P(TP), where

dpy(mi,me) = sup |my(A) —ma(A)| (26)
AeB(TP)

is the total variation distance on P (TD ), whose topology is stronger than the weak conver-
gence. In , we have denoted by B(T?) the set of borelian subsets of T?.

As a consequence, according to [6, Theorem 3.7], the limit set (i.e. the set of (weak) limits of
extracted sequences) of an asymptotic pseudotrajectory of the flow is necessarily reduced
to the singleton {u}. In other words, by compactness (since T? is compact, so is P (TD )), an
asymptotic pseudotrajectory of necessarily converges to p (in the weak sense).

As a conclusion, Proposition [0] is a corollary of:
Proposition 7. Almost surely, Ry 3t +— Vet is an asymptotic pseudotrajectory of .

In order to prove this result, we will need some quantitative estimates. Indeed, note that,
for the approximation to hold, the speed of convergence of P® toward u should be
uniform in ¢. As we will see below, this is a direct consequence of the estimate of Lemma [3]
The approximation also requires that the time evolution of A; is controlled in some sense.

2.2 Preliminary estimates
For a fixed S € C®(TP), consider Lg defined for ¢ € C>(T?) by
1

Lap(a) = (—v<v—s> (5) - Vilo) + %

As@(fé‘)) 55(0)

which is the infinitesimal generator of the SDE

XS = —PEIT(V = 9) (XF)dt + /28 1ef5X)dB, .

Denote (Pts) 1> the associated (homogeneous) semi-group and I's the associated carré-du-
champs operator, defined for ¢, 1 € C*°(TP) and all x € TP by

1

Ps(p,)(x) = 5 (Ls(ev) — pLst = Lsp) (v) = 571" V() - Vip(a),

and I's(p) := Ts(p, ¢). By classical elliptic regularity arguments, if ¢ € C*°(T?) then P ¢ €
C>°(TP), in particular C>*(T?) is a core for Lg, see [3, Section 1.13]. More precisely each
derivative of Py is uniformly bounded over all finite time interval, which ensures the validity

13



of the computations in the proofs of the next lemmas. Integrating twice by parts, it can be
easily seen that for all ¢, € C>(TP),

/1rD o(z)Ls(x)pu(dr) = - Y(z)Lsp(z)pu(dr),

in other words Lg is a self-adjoint operator on L*(u).

Lemma 8. Let us assume that D > 3. Then, there exists C1 > 0 such that for all S € Bg,,
(1, Ls) satisfies a Poincaré inequality and a Sobolev inequality both with constant Cy, in the
sense that for all ¢ € C*°(TP),

el < Ci [ Tslobdu

ol < Ci (g + [ Tstedd)

2D

where p = 57

Proof. For S = 0, the first inequality is the classical Poincaré inequality, which holds here
since the density of u with respect to the Lebesgue measure is bounded above and below away
from zero, see [3, Proposition 5.1.6]. As a consequence, there exists ¢ > 0 such that for all
S € Bg, and p € C=(TP),

el < o [ IVePdn < @ [ Tae)in

D

Similarly, from the Sobolev inequality satisfied by the Lebesgue measure on T? [3, Section 6],

Il < MBI o)
< Ol (Iel3aoy + 196 ]320)

< Ol 1Z (e + 19613 )

< o2l (el + [ Toto)dn)

These inequalities, in turn, yield the following estimates:

Lemma 9. There exist Cy > 0 such that, for all S € Bg,, t = 0 and ¢ € C®(TP),

1P | 2y < e TIg| r2gu

&
PS 00 < NENZETTCN
1Pl < el
&
IVE Pl < ————= [0l

min(1, /)

with g = ¢ — [, edu.
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Proof. The first estimate is a usual consequence of the Poincaré inequality, see [3, Proposition
5.1.3]. The second one, namely the ultracontractivity of the semi-group, is a consequence of
the Sobolev inequality (see [3, Theorem 6.3.1]). The last one can be established thanks to the
Bakry-Emery calculus (see [3, Section 1.16] for an introduction), by showing that Lg satisfies
a curvature estimate, as we now detail. We would like to compare |VPp|*> and Pi(p?). A
seminal idea of the Bakry-Emery calculus is that quantities of the form ©(F,¢) and P,O(yp),
where © is some operator can be hnked through the interpolation P,_;O(Psy), s € [0,t], so
that ©(Pp) — fo (P—sO(Psp))ds. When differentiating with respect to s, we
obtain quantltles of the form —2P,_ SF@(Psw) for some operator I'g, which is of a form similar
to the interpolation (O being replaced by I'g).

More precisely, when ©(p) = ©?, then I'g is the usual carré-du-champ operator, and when
O(p) = |[Vp|? we end up with

1
Ivs(p) = 5L5(|V¢|2)—V¢-VLS¢,

for ¢ € C*°(TP). Writing [p, ] = ¢ — 1, we compute

D

Tvs(e) = Y (Ts(0,9) + 00,00, Ls]0)

=1

WV

D
> [5_16‘5”5”°°|V8m90|2 — 8751V, (V — 9)||Vel|0x, 0|

i=1

1
~B10:, 81”1110,V (V = 5) - Vio + 50|
> Vel

for some ¢ > 0 which is uniform over S € Bg,. Now, following [23, Lemma 4], we want to
consider the interpolation between a(t)|VPp|* + (Pip)? and a(0)P|Ve|* + Pi(p?) for some
a with a(0) = 0 < a(t). For fixed ¢ € C*°(TP), x € TP and t > 0, we set for all s € [0, 1]

U(s) = o(s)PEIVPIe(x) + O R, (PPg)" (2)
with a(s) = (1 — exp(—2ct))/c, so that

9:0(s) = P, (—2a(s)lys+a/(s)|V - |* —2e"CLg) (PPy) (z)
< Qals)e+a'(s) — 2) PEIVPSpP(r) = 0.

In particular,
a(t)[VE ¢l (x) < U(t) < (0) = P (x) < "llpl%
which yields the desired estimate. 0

Lemma 10. There exists Cs > 0 such that for all S € Be,, the operator Rs defined for all
p € C=(TP) by

Rsp = — / P Tlpdt
0

satisfies LsRs = RsLs = Il and, for all p € C>=(TP),

[Rs¢lloo + [VRs¥lloe + [ARs¢ll < Csl¢0]| o (27)
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Proof. We follow the proof of [6, Section 5.2 and Lemma 5.1]. First, from Lemma[J] (and using
the fact that || P ¢lle < |9l for all £ > 0),

0 1 0
/ |PSTIg|dt < / M |dt + / | PS Tl edt
0 0 1

< 2ol + Co / | PS Tl o o dt

1

< gl + Co / &0/ L o dt
1

< 20+ C)ol.

and similarly, using the fact that ||VP Ty« = [|[VPLPS [ 1lp|le < Col|PS 119 for ¢ > 1,

e 1C 0
| Ivesnelade < [ gt +0o [ 1R M)t
0 0 1
< G (2+20146) llelloo -

In particular Rgp and VRgyp are well defined in L>(TP) for ¢ € C*°(TP). Moreover, using
the fact that, from Lemma@ | PATLp]| 0o < Coe™ 1/ || 12,y — 0 as t — +o0,

LsRsp = — / Lg P Tlpdt
0

= —/ 0, (PP Tlp) dt = .
0

The case of RgLg is similar: since p is invariant for Lg, LgIl = Lg = I1Lg, and thus P°TILg =
PS5 LIl = 0,(P ) for all t > 0.
As a consequence,

[ARsp| < "PleARsp| < " ([€™V(V = 5) - VRsglloo + [Tpllc) < Cslllloc
for some C5 > 0 uniform over S € B¢,, which yields the desired result. O
Lemma 11. There exist Cy > 0 such that for all Sy, S, € Be, and ¢ € C(TP),

[Rsy 0 — Rs,0llec < Cull VST = VSl lpll o
Proof. From RsLg =11,
(Rs, — Rs,) Ls, + Rs, (Lg, — Lg,) = 0.

Multiplying this equality by Rg, on the right, and using that Rgll = Rg, we get for all
p € C=(TP),

(Rs, — Rs,)p = Rs, (Ls, — Ls,) Rs, 0.

Conclusion follows from the estimate and the fact that ||e?* — 92| < C||VS1 — Vsl
for some C' > 0 uniformly over 51, Se € B, . O

Lemma 12. There exists Cs > 0 such that for all k > 1 and ¢ € C*>(TP)

Cs
1Ra, 0 = Bay, Plle < =@l
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Proof. From Lemmalf, A; € B, for all t > 0, so that Lemma [IT] applies. It remains to obtain
a bound on ||[VA;, — VA, |« In this proof, to simplify the notation, we write §;, = 0., and
F, = Fytk. Denoting by

t t
ft:H 5(QS,ZS)€BAS(ZS)d5 t:+1 eBAS(ZS)dS

m = T 4 and p:= —— ,
L eﬁ S(Z.S)ds fO 66 S(Zs)ds
k

it holds that
Vi1 = (1 _p)ytk + pm.
In particular, for some ¢, > 0, for all z € T? and k € N,

b
‘9k+1<2) _ek(’z)’ =7, \ / K(Zay>(dm(Q7y) _dytk(Q7y)) < cp < 7
L+ X {J(gyerexre k

where we used that A; € Bg, for all s € [0,f441]. The same argument also works for the
derivatives of 8,,, for F,, and its derivatives, so that for any multi-index o € N?, there exists
a constant C, such that for all £k > 1,

Ca
10% Frsr = 0% Filloo + [|0%0k1 — 9%0ulloc < =
Now, from the Euler equations satisfied by A, and A, , we get

V- (0:V (A — A,,)) = V- (VAu,, ki1 — ) = V- (O Fopr — 0:F%) . (28)

Multiplying this equation by A, — A, ., integrating and using Lemma [5| and the lower bound
on 0, we get

c
K2

for some ¢ > 0. Next, differentiating , multiplying it by derivatives of A, — A, .,
integrating and using by induction the previous estimates, we obtain in fact that

y \% (At,c — Atkﬂ) (2)Pdz <

Ca
Vo (Atk - Atkﬂ) (2))Pdz < -
Td k
for some ¢, > 0 for all & € N¢, and Sobolev embeddings then yield the conclusion. m

2.3 Proof of Proposition

The arguments are similar to those of the proof of [0, Theorem 3.6]. To alleviate notations,
we write Ry = Ry, and, fixing some ¢ € C*> (T?), we set

Gil#) = TReplo),

for all z € TP. Recall the time-changed process (Yt) 1= SOlves . Denoting by 7 = 7(t),
[t6’s formula applied on the intervals [7,, 7,,.1[ yields, for 0 < s < t,

1

Gi(Xy) — Guo(Xs) = My—M,+Y_ Loejsil -

keN

f (GuXo) = 5 Rup(K) ) du

(RTk - R’Fk—l) (20(77%)
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where M; is a martingale with quadratic variation 237! fst IVGL(X )25 (X du,
By definition of R,,

t t B
_ X)) —
/LUGU(Xu)du - /“0( W = Jediy,

u

so that, recalling the definition of g4(s),

et+s

/ LuGo(X)du

t

let(s)p| =

< laa(s )+ laa(s, 1) + las(s, )] + laa(s, 1)
with
al(s,t) = Get+5 (yebks) — Get (Yet)

t+s
1

a2(85t> = / ERu§0<7u)du

1 _
a3(87 t) = Z ﬂrke]et,et+5]7__ (R’rk - Rkal) SO(XT;C)
keN k
a4(5,t) = M6t+s — Met.

Lemma 5| states that A; € Be, for all ¢ > 0 so that, for all s,¢ > 0, from (27)),
jai(s,t)] < 2C3e7 o]l
|a’2<87t)| < C3e_t||90||007
and from Lemma [12)]
1
) < C 0 1, vet—-.
(sl < Callol - By

From the uniform bound on A;, 7, grows at least linearly, in the sense there exists r; > 0 such
that, for all £ € N, 74,1 — 7. > 1. On the other hand, for the same reason, 7, grows at most
linearly, so that 7, < r9k for some r5. Hence,

las(s, )| < Csllelles Y

keN

T2

m < cllelloe™

for some ¢ > 0.
Therefore, for all 7' > 0, almost surely,

sup (lai(s,t)| + |az(s,t)| + |as(s,t)]) — O.
s€[0,T] t—00

The quadratic variation of M+s — M, being bounded by 237! (650003||g0||00)2 e, Doob’s
inequality implies that for all 7,6 > 0,

2
P osup las(s,t)] >0) < =5 ("OCllplle)” e
s€[0,7 66

This implies

t 2 t
P sup fas(s,t)] 2 e s | < 2 (P00 p]) e
s€[0,T7] ﬁ
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and, by the Borel-Cantelli Theorem, almost surely,

) 1
limsup—log sup |as(s,t)] < —-.
twoo U sef0,1] 4

At the end of the day, we have proved that, for all ¢ € C* (’]TD ) and all T" > 0,

lim sup |e:(s)p] = 0, almost surely. (29)
t=0s5¢0,1)

Actually, in order to show that R, > ¢t — 7; is an asymptotic pseudo-trajectory of the flow
, the result we wish to prove is that

almost surely, (V@ €C™(T?), VI >0, lim sup |e(s)y| = 0) : (30)
t—=005¢10, 7]

Nevertheless, as stated in [6, Proposition 3.5], to get , it is sufficient to prove that
holds only for ¢ and T in a countable set of C*°(TP) x R,. This concludes the proof of
Proposition [7], hence of Proposition [6, hence of Theorem [2]

3 Consistency of the tensor approximation

This section is devoted to the proof of Propositions [1| and [3| and Theorem In all this
section, Assumption [If holds and we write § = 60,, ' = F,, J = J, for some fixed v €
P(TP x T9). Recall that F,0 € C®(T?), that 6 is a positive probability density on T¢, and

that the minimizers of J in H are exactly the minimizers of J in H, where for all f € H,

J(f) = /T |F(2) — Vf(2)]%0(2)dz,

the link between J and J begin given by .

Since # is bounded from above and below by positive constants, the weighted spaces
L?*(T%0) and H'(T? 0) are equal to the flat spaces L?(T% dz) and H'(T¢ dz). We endow
H (whose definition is given in ({4f), with the norm

171 = \/ (14 [ 9FERoE):

which is indeed a norm, equivalent to the usual H! norm from the Poincaré-Wirtinger inequal-
ity: there exists C' > 0 such that for all f € H,

[ PEOEE < Bl [ P
< Ollfl / Vf(2)de
< L]0 / V(=) 20(2)de.
Td

The scalar product associated with || - || is denoted by (). The choice of such a norm is
motivated by the fact that, denoting by J’ the differential of 7, then for all f,g € H,

J(f) = JO)+T0) - f+f]?
J(f)-g = J0O)-g+2(f9).
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Proposition [1}is then a direct consequence of the strict convexity of 7. The unique minimizer
f« of J over H satisfies

Vg H. /F() V(z /Vf 9(2)0(2)dz
or equivalently

VoeH, J(g) = J(f)+If—al* (31)
Proof of Proposition[3. Let f € H and i € [1,d]. f J (f) =inf{T (f +g), g € X;} then the

result is correct since 0 € ¥; is a minimizer over ;. Suppose now that 0 is not a minimizer,
i.e. that 7 (f) > inf{J (f +9), g € X;} and consider a minimizing sequence (gV);cy in 3;
such that J (f 4+ ¢") converges to inf{J (f+9), g €%} as [ goes to infinity. For [ large
enough, J (f + g(l)) < J (f) so that ¢ # 0, and thus up to an extraction we suppose that

D £ 0 for all I € N. Moreover the sequence is bounded in H' and thus, up to the extraction
of a subsequence, we suppose that it weakly converges in H' to some ¢* € H. The function
H>gw— J(f+g) being convex on H, it is weakly lower semi-continuous, so that

J(g) < fT(f+g).

For all [ € N, there(l()exist ril), e ,rc(ll) € H'(T) such that ¢ = ®j 1 ] . Since g # 0, we

can normalize the 7;"’s so that ||T](~Z)HL2(T) = 1for all j # 4 and [ € N. As a consequence, up to
the extraction of a subsequence, for all 1 < j # i < d, there exists 7} € LQ(']I‘) such that the

sequence (r(-l)

;i )Jien weakly converges to 77 in L*(T). Now, since the sequence g) is bounded in
H and

d
l l
VgD 2omey = D N0 ey TT I 1)
j=1

hj

we get that the sequence (7)), is bounded in H*(T) (since Jr r =0 for all I € N). Thus,

' 0

up to the extraction of another Subsequence, the sequence (r;”);eny weakly converge in H'(T)

to some r; € H'(T) such that [.r; = 0. From [I7, Lemma 2], (¢"));en converges in the

distributional sense to ® i=1 7. Thus, g* = ®;l:1 77 and since g* # 0, this implies that for all
1 <j<d,r;#0. Finally, since

va*H%z(Td Z 102,75 HL2 (T) H HthLmr

h#j

is a finite quantity, this implies that for all 1 < j #1 < d,

162,77 Vg HL2('J1‘d o
25 L2(T )
& Hh;é] ||Th||
and thus r; € H L(T). This implies that g, € ¥; and yields the desired result. O

Remark 13. The problem would be ill-posed if we were to try and minimize J(f + g — fw 9)
over allg € ¥ :={r® - ®rg, r; € HY(T) for all 1 < j < d}. This is the reason why we
introduced the condition that one of the r;’s has zero mean. Indeed, consider the situation where
d=2, f=0and F(z) = (d(z1),V(22)) for some smooth functions a,b : T — R with zero
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mean. Then, the minimum of J over H is 0, and only attained at f*(z1,22) = a(z1) + b(22),
which is not of the form g — de g for some g € ©.. Nevertheless, the sequence (g")en- defined

by: for alll € N*, g = T%l)rél) with

a(z)

l 7
15 a minimizing sequence. Indeed, the sequence (g(l) — de g(l))leN* weakly converges to f*. In
other words, the set {g — de g, g € E} 15 not weakly closed in H .

r(z) =1+ ) (25) = 1+ b(2)

Proposition [3|proves that all the iterations of Algorithm [2]are well-defined. In the following,
we consider a sequence (f,,)nen given by the latter and g, = f,11 — fn for n € N. The general
idea of the proof of Theorem {|is that, if the sequence (f,)nen converges to some fo, in H,
it holds that J'(fx) g = 0 for all g € UL Y, and a density argument enables to conclude.
Nevertheless, remark that %J; is not a vector space and that its elements all have null integral,
so that one should be careful. In the following, we essentially adapt the arguments of [9].

Lemma 14. For all g € UL ,Y; and n € N,

d—1
1T/ (fa) -9l < 6llgl D lgnssll
=0

Proof. Let i € [1,d] be such that g € ¥;. Let n; € [n,n + d — 1] be such that g,, € ¥;. We
bound, first,

(T (fa) -9l < 1T (Fai) - 9l + 2009, fri = fu)] -
The second term of the right hand side is bounded by 2||g|| 32" ||g,||. To deal with the first

j=n
one, note that, even though g,, is a minimizer of J(f,, + -) over ¥;, it is not necessarily true
that J'(fn, +gn,) - g = 0, since 3}; is not a vector space. We follow the proof of [9, Proposition
3.3]. By convexity of

teR = P(t) == T (fu, +9+tgn, — 9))
and since ¢t = 0 minimizes ¥ (), we get
Y(0) < ¥(1) =¢(0) <0,
which reads

T (frut9)-9 = T (fat+9): Gn,-

Hence,

—T (fn. +9)-9+2|g]?
T (o +9) - s +2|9]1?
T (fa + 9n) * G + 2(gnss gns — 9) + 2|9

Now, 1 being a minimizer over R of ¢t = T (fn, + t9n,;), T (fn; + Gn;) - gn; = 0, so that

_j,(fm> g

NN

=T (fa) 9 < 2(Ignll* + lgllll gl + 1lglI?) -
When applied to g = %||gn,[lg/]lg]|, this inequality yields
1T (fui) -9l < 6llgllllgn,ll,
which concludes the proof. O
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Proposition 15. Let f, be the unique minimizer of J over H. Then
n—oo

Proof. As in the previous proof,

for all n € N, so that,
T(fn) = T (for1) = T(fos1 — gn) = T (far1) = HgnH2' (32)

In particular, since (J(fn)), is a decreasing sequence bounded from below,

> lignll® < oo (33)

n=0
Together with Lemma |14 and the fact J'(f.) = 0, this implies that for all g € Span (UleEi),
2fe = fasg) = T'(f)-9=T ()9 —2 O

Now, for all 71, ,ry € C®(T), denoting by h := ®r; € C*°(T%) (note that we do not have
necessarily that [, h = 0), we can write

o L= (o o) (T ) T

which proves that h — [, h € Span (UL, ;). As a consequence,

(1N [ 0V(f = f)-Vh = <f*—fn,h—/wh> 0,

Td n— oo

As a consequence, the limit f., of any convergent (in the weak sense in H) subsequence of
(fn)nen necessarily satisfies that

/ OV (f. — f) - Vh =0,
Td

for any tensor product function h = @r;, with r; € C®(T) for all 1 < i < d. By [9]
Lemma 2.1}, this implies that fo = f.. On the other hand, since (|| f,]|),,cy is bounded, all its
subsequences admits weak convergent subsequences, and the fact they all have the same limit
f+ proves that the whole sequence (f,,)n,en Weakly converges in H to f,. In particular

Thus, it only remains to prove that ({f. — fn, fn)),ey also converges to zero as n goes to
infinity to obtain the strong convergence of the sequence (f,,)nen to fi. in H. From Lemma |14,

2“f¥“f%,fﬁ>‘ = |C7%j%>'j%‘
< ST -
k=0

n—1 n+d—1
6( ||9kl|> > gl

k=0 Jj=n

N

< 6, |nday Y gl
k=0
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with a, = Z?;ffﬁl llg;]|?. Using , since Y., cyan < dY, oy llgnll? < 00, there exists an
extracted subsequence (ny)g>1 such that (nya,, )r>1 converges to 0 as k goes to infinity. As
a consequence, ((fi — fays fay))k>1 goes to zero as k — oo, and thus so does (|| fn, — fell)k>1
by (34). Finally, from (31]), the sequence (|| f, — fi|l)nen is non-increasing, so that the whole

sequence goes to zero. Hence the result. O]

4 Discussion and variations

For the sake of clarity, the TABF algorithm defined in Section has been kept relatively
simple, and there is obviously room for many variations or fine-tuning. We list here a few of
them.

4.1 Extended ABF

Consider general reaction coordinates & : TP — M where M is a submanifold of R? or T9.
In the Extended ABF (EABF) algorithm introduced in [I3] (see also [21]), the state space is
extended to TP x M with the addition of auxiliary variables (or fictitious particles) z € M,
and the potential V on TP is extended to a potential V on TP x M as

Vig.2) = V(x)+ 5= (dista (£(q),2))°, VY(g,2) € TP x M,
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for some small parameter o > 0, where disty, stands for the distance on M. The reaction
coordinates on the extended space are then defined by é (¢, z) = z, which means the framework
considered in the present paper is general for the EABF algorithm. If (Q,Z) is distributed
according to jiy; 5, the law of Z is obtained from the law of £(Q) through a Gaussian convolution
of variance 02/3. There are several practical advantages to EABF:

e In the potential V', in the case where dist v, is an Euclidian distance, the z;’s for i € [1,d]
appear in separate terms of a sum, they are not directly coupled. As a consequence, in the
EABEF case, pa s should be, in some sense, closer to the product of its marginal (namely,
at equilibrium, the Z;’s should be closer to be independent) than in the non-extended
ABF case. In [13], this was a crucial point since the density p4 3 was approximated by a
tensor product. But even in our case where the approximation as a sum of tensor product
is made at the level of A, we can expect this form of V to improve the approximation.

e After convolution, the so-called mean-force V, A is smoother than the initial mean force
in the non-extended ABF case. Since it varies less, its estimation is expected to be
easier.

That being said, the tensorized ABF introduced above can also be straightforwardly extended
to a general ABF framework, without extended coordinates.

4.2 Non-periodic reaction coordinates.

In general, M may be different from T?. If it has boundaries, for instance if M = [0, 1]¢,
the definition of the algorithm is the same except that the diffusion is reflected at the
boundaries of M. The proof of well-posedness and convergence of the tensor algorithm, i.e.
Theorem [4], is unchanged. The proof of the long-time convergence of the idealized algorithm,
i.e. Theorem [2] is similar up to technical considerations in particular to take into account
boundary conditions in Section [2.2]
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Moreover, M may not be compact, for instance M = RY. Since the Lebesgue measure
has not a finite mass, a confining biasing potential has to be added to the adaptive biasing
potential, see [I9] Section 1.2], in which case the law of £(X;) does not converge to a uniform
law (flat histogram) but to a target unimodal law on R?.

4.3

Real implementation.

The algorithm really implemented for the numerical experiments in Section |5| differs from the
theoretical Algorithm [3|in the following points:

1.

4.4

Time and space are discretized. The SDE is replaced by an Euler-Maruyama scheme
with some timestep 0t and the time integral in (@ is replaced by a discrete sum with a
timestep At (not necessarily small; it can be of the order of the decorrelation length of the
process (Q, Zi)i>0). The one-dimensional functions in the tensor terms are restricted to
be continuous piecewise linear, determined by their value on a discrete grid with ¢ € N,
points, so that solving amount to solve a g x ¢ linear system. In particular, the
discrete space interpolation plays a role similar to the regularization kernel K which is
no more necessary, hence is discarded.

In fact, it is not necessary to re-weight the occupation distribution, namely @ can be
replaced by v, = 1/t fo 0(Q..z.)ds. In that case, v, is expected to converge to uy_z g

for some A, instead of fy,3 but the conditional law of () given Z = z is the same for
these two laws. Since the free energy only depends on these conditional laws, A; is still
expected to converge to A,, that should be close to the true free energy in a sense similar
to . This is clear in the mean-field limit of the algorithm, where no regularization is
needed so that A, = A (see [19]). It is more difficult to establish for the self-interacting
ABF process, but in parallel of the present paper it has been done in [5]. We tried
numerically both cases, and the results were similar. The results presented in Section
are obtained with the full (non reweighted) occupation distribution.

Instead of a single particle, in practice, several replicas of the process are simulated
in parallel. Denoting N the number of replicas and (Q¢, Z!):¢ the " replica, i € [1, N,
the total empirical distribution of the system is

1 Ll
I;N,t = MZ Z (QhatZiag) - (35)

=1 k=1

The replicas all use the same bias A; obtained from this empirical distribution by mini-
mizing J;,, at times t =t = kT,

Other possible simple variations.

. From the biased trajectory (Qy, Z;)i>o provided by the TABF algorithm, in order to

compute expectations with respect to the target Gibbs measure ;1 = 1y 5, an alternative
to the reweighting step is the following. Remark that only the Z Variable is biased, so
that for all z € T%, the conditional expectations [, f(q, 2)p(q, 2)dq/ [r, 11(q, z)dg can be
estimated without re-weighting. On the other hand, the marginal law of Z is estimated

by eXp<_/8ATtot)/ fjrd exp(_ﬁATtot(Z»dZ'

The bias update period T, and the number m of tensor products added at each update
in Algorithm [3] instead of having fixed values, could be adaptively chosen. For instance,
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the bias could be updated when the histogram of the reaction coordinates have reached
some stability, and m could be the lowest integer n € N such that J,(A;, + fo—a) —
T (A, + fn) < € for some threshold € > 0.

. A time-dependent weight in the definition @ of v, (or, in practice, in for Iy ) can
be added in such a way that old samples have less influence than new ones since they
are more biased toward the initial distribution.

. The regularization kernel K and parameter A may depend on time. Indeed, as time
goes, the size of the sample increases. Since the problem of minimizing .7,, is in practice
solved on a finite dimension space, for a time large enough the regularization is actually
not necessary anymore and the minimization problem with K(z,y) = d.(y) and A = 0
is well-posed.

. It is possible to use the tensor approximation only as a correction of the classical ABF,
or more precisely of the Generalized ABF (GABF) algorithm proposed in [27] where the
bias is just a sum of one-dimensional functions. Namely, for all time ¢ > 0, for j € [1,d],
let

) = [ 0V @)Ky s)dule.y)
TP xT

Biuly) = / Ky, 2)dvi(a. ).
TP xTd

These functions can be recorded on d one-dimensional grids and are easily updated
on the fly. Den()z’ging Ve,i(25) = 18, ,(2)>s@,(25)/ Bjt(2;) for some burn-in time s > 0,
let Ayj(z) = [;7 ;(2)dz if the j reaction coordinate z; lies in R and A, (z;) =
I Y (u)du—z; fol 7t,j(u)du if z; lies in T (so that, in both cases, 0., A; ; is the Helmoltz
projection in L?(dz;) of 7, ;). Then, at time ¢, in the dynamics (3)), use the bias V, 4, with
A(z) = 2% Ay, (%) + fm(2) where f,, is a tensor approximation obtained through
Algorithm [2| of the minimizer of H > f — J,, (f — Z;l:l Ay, ), where ¢, = sup{ty <
t, k" € N} is the last update time.

. For k € N, denote by J;* the function given by @ for some A > 0 with v = 14, . Rather
than setting A4, to be the minimizer of J;}, we can set it to be A;, | + f where f is the
minimizer of

H>f = (Atk_1+f)+>\/ V£ (=), (36)
Td

the difference being that A;, | does not appear in the last regularization term any more.
Note that, when A = 0, there is no difference. When A > 0, the theoretical results of
Section |3} i.e. the well-posedness of the tensor approximation, can be straightforwardly
adapted. The long-time behaviour study of Section [2| should be similar, although a bit
more troublesome since A;, would not depend only on the empirical distribution 7, but
also on the previous bias A;, ;. On the other hand, remark that 0 is a minimizer of
(36)) if and only if A, is a minimizer of J?. As a consequence, the long-time limit of
A; should be the minimizer of J, with A = 0 which, in view of , advocates for this

alternative form of cost function.

. Since the bias is stored in memory in a tensor form, it is possible to use at some times
a compression algorithm (see [11]) to reduce the number of tensor terms, if needed.
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4.5 Some limitations and perspectives.

A practical limitation observed in the algorithm is the following. Recall that d is too large
to keep in memory the empirical measure on a grid by simply recording how many times
each d-dimensional cell has been visited by the process, as in the classical ABF algorithm.
Instead, the sequence (Zxat, V.V (Qrat, Zrat))ken is kept in memory for some At > 0, and
thus computing an expectation with respect to v; has a numerical cost proportional to t.
Such integrals are computed when solving the one-dimension equations , which have to
be solved repeatedly at each addition of a tensor term to the bias. As t grows, the update
of the bias gets numerically more expensive. We list here some possible directions to address
this question. The analysis of these variations is beyond the reach of the present work.

1. At the beginning of Algorithm |2 a clustering or quantization algorithm (see [25]) can
be used to reduce the memory (Zyas, V.V (Qrats Ziat)) ke[t /aq to fewer points.

2. Another way to deal with this problem would be to use a fixed small size for the memory.
For instance, at an update time ¢, the empirical measure used to define 7, could be

ti tk
Dtk — / e_IBAs(Zs)dS / 6(QS,Z5)€_6AS(ZS)dS
to—i tk—1

for some small [ € N,, say [ = 1. In that case, in order to expect a long-time convergence
of the bias, following classical stochastic algorithms, we would define the new bias as
A, = Ay, + Y fr where f; is (a tensor approximation of) a minimizer over H of
H>f— T, (Ay, + f) and (k) ken is a positive sequence with v, — 0 and Zle Y — 00
as k — oo.

3. Finally, a third way to deal with the memory management as time increases could be to
use a stochastic gradient descent when solving the one-dimensional partial differential
equation . In other words, when optimizing r; for some 1 < 7 < d, instead of
computing averages over all steps [ € [1,t,/At], only use an approximation of v, by
picking a random (and comparatively small) set of steps among [1,¢,/At]. Then only
an estimation of the gradient of H(T) > r; — J,, (f + ®;l:1 r;) is computed, which is
exactly the settings of the stochastic gradient descent.

A second possible limitation is the following. Note that, as the number of reaction coor-
dinates increases, we can expect that, at some point, the biasing scheme becomes unefficient.
Indeed, by flattening the energy landscape, we replace the initial sampling problem (that was
mainly restricted to low-energy regions, which form a low-dimensional manifold) by the sam-
pling of the uniform measure on some hypercube, which is not so easy. In some sense, following
the definitions of [I§], at some point, energy barriers are replaced by entropic ones. Moreover,
the variance of the estimator increases due to the exponential weights. As a consequence,
as d increases, a partial biasing with Vjas: = 0 A; 0 £ for some 6 € (0,1) may be more appro-
priate than the full biasing (i.e. # = 1). At the biased equilibrium, if A; = A is the true free
energy, the marginal law of the reactions coordinates is thus g -4, i.e. the temperature
is increased. Then the choice of 6 such that this measure satisfies a Poincaré inequality with
minimal constant (which means the corresponding overdamped Langevin process mixes the
fastest) may not be 6 = 1.
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5 Numerical experiments

Let us fix some details and parameters that will hold for the different examples below. In this
section, the modifications discussed in Section are enforced.

The one-dimensional functions r, ; are stored for all n € N and 1 < j < d on a discrete
grid with M = 30 points, so that the minimization of functions of the form ®?:1 r; —

T (f + ®;l:1 r;) is restricted to tensor products of one-dimensional continuous piecewise
linear functions on this grid, and the Euler-Lagrange equations are replaced by M x M
linear systems. This discretization replaces the regularization by a kernel K, which is no more
necessary. The process is discretized with a time-step ¢t = 25.107°, while the time integral
in the empirical measure v; defined in (6 is discretized with a time-step At = 205¢. In other
words, the reaction coordinates and the associated local mean forces are recorded in memory
only every 20 steps of the Euler scheme. Moreover, N independent replicas of the processes
are run in parallel and the occupation measure used to defined the bias is vy given by .
The update times t; of the bias are fixed at t, = kKT, with T" a multiple of At and the number
of tensor terms ¢, added at each update time is fixed with value m.

5.1 A low dimensional example

We start to test the method on a toy model, with N = 30 replicas, a bias update period of
T = 100At, a regularization parameter X = 107°, and m = 8 tensor products added at each
update. The reaction coordinates are Euclidian coordinates, more precisely &(z) = (21, x2),
so that we don’t introduce any additional extended coordinate.

The dimensions are D = 3, d = 2, particles start at (0,0,0) and

V(z1,x9,23) = —sin(3x;)sin(zg) cos(zs — 1) + cos(3xe + 2)(0.5 4 cos(zg — 2))
+ 2sin(2x; + 0.5) cos(z3) — 5 cos(xy) cos(z2) cos(zs + 1) .

This potential has the following properties: it is not a tensor product and yields a metastable
process but, since V(xy, 9, x3) = (21, 22) cos(xs + p(x1, 7)) for some functions ¢ and ¢,
there is no metastability in the orthogonal space for fixed x1, xs.

The results are given in Figures (| and [2[ (for § = 1) and |3 and 4| (for 5 = 5). In both
cases, the theoretical free energy is successfully computed and the histograms of the reaction
coordinates is eventually flat. This is a bit slower with the inverse temperature § = 5, since
the initial metastability is very strong. As can be seen in Figure [d], at that temperature and
in the same times, a non-biased process is stuck in its initial well.

5.2 Polymer ring in solvent

We now consider a system inspired from [I]. The system is constituted of two types of particles,
solvent particles, and polymer particles. The polymer particles interact through a potential
made precise below to form a ring. The reaction coordinates are the bond lengths between
consecutive polymer particles. This gives a large dimensional problem, for which the total
dimension and the number of reaction coordinates are easily prescribed, and moreover where
the reaction coordinates should exhibit some correlations (if it wasn’t the case, then the TABF
algorithm would not give better results than GABF [27]).

In a two-dimensional periodic box, we consider D /2 = 100 particles among which d (labeled
from 1 to d) form a polymer and the others are solvent particles. The length of the box is
L = +/D/2, to ensure a concentration independent from D. Each pair of particles that involves
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047

Figure 1: For $ = 1, left and middle: estimated free energy respectively at ¢ = 1 and ¢t = 30.
Right: theoretical free energy.

Reaction coordinste histograms, < 30 histograms without biss, £ < 30

Figure 2: For f = 1, cumulated histograms of the reaction coordinates at t = 30 respectively
for the TABF algorithm (left) and a non-biased process (right).

estimated fres anergy, t=10 estimated free energy. t=100
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Figure 3: For § = 5, left and middle: estimated free energy respectively at t = 10 and ¢ = 100.
Right: theoretical free energy.

at least one solvent particle interacts through the purely repulsive WCA pair potential, which
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1 2

Figure 4: For g = 5, cumulated histograms of the reaction coordinates at t = 100 respectively
for the TABF algorithm (left) and a non-biased process (right).

is the Lennard-Jones potential truncated at its minimum, namely

bucat) = et (14(9)" (2)')

where 7 denotes the distance between the two particles, ¢ = 1, ¢ = 0.5 and r, = 2"/%5.
Each pair of consecutive particles in the polymer ring (where the d** and first particles are
considered to be consecutive, closing the loop) interacts through a double well potential

(2r — 2r) — w)2)2

w2

Vow(r) = h(l—

where 7 = rg, w = 1 and h = 3. The minimum of Vpyy is attained at r = r; (compact state)
and r = 7, + w (stretched state). Finally, each triplet of consecutive particles in the polymer
also interacts through the angle 6 they form with the potential

Vi) = % (cos(6) — cos(6,))’

with an equilibrium angle ; = 7(1 — 2/d) that ensures that the total angular potential is
minimized when the polymer particles form a regular polygon.

There are d reaction coordinates, which are the distances between two consecutive polymer
particles. Following Section [4.1] the interaction between an extended reaction coordinate z
and the corresponding distance r in the system is given via the extended potential

1 r—r\’
Ve(z,r) = 2—5<Z— w1>

for 6 = 0.01. The scaling ensures that the minimum of Vg(z,r) + Vpw (r) is attained at

z=(r—r1)/w € {0,1}. Moreover, in line with Section [.2] the extended variable is confined

i [Emins Emaz)? by orthogonal reflection at the boundary, with &, = —0.2 and &0, = 1.2.
The total energy of the (extended) system is thus, for (¢, 2) € (LT)? X [Emins Emaz)?

D/2 d
V(q, 2) = Z Z Vivea (|Qz - C_IjD + Z Vi (Zz’7 ’§i+1 - Qz|)
i=d+1 j<i i=1

d d—1 - - -
~ qi+1 — q; qi+2 — @i—
+ZVDW(‘(]2’_%’+1|>+ZVA (aTCCOS ( + ' 2 . )) ;
i=1 i=1

’Cjiﬂ - ql‘ ’Cfi+2 - (Z’H‘
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Figure 5: The slow motions of the system are the transitions of each bond between two
consecutive particles of the polymer from its compact state to its stretched state.

where ¢; = ¢; for all ¢ € [1,d] and Gu4; = ¢; for j = 1, 2. Initially, the polymer is in a compact
state, i.e. the distances between two consecutive of its particles are at distance ry, the angles
are #,; and all the extended variables (zi)ie[[l,d}] are at 0. For this model, we use the variant
described in point 5 of Section .4 namely, following the GABF algorithm, we keep in memory
one dimensional free energies on a grid and we use the tensor approximation as a correction
of this initial guess. There are N = 50 replicas, the update period, regularization parameter,
and inverse temperature are respectively 7' = 10*A¢t, A = 0.05 and $ = 1, and at each update,
m = 4d tensor products are added.

The free energy is expected to be close to a sum of one-dimensional double well potentials,
with minima attained at points close to 0 and 1. Nevertheless the angular force should favor
configurations where the consecutive distances in the polymer are close. This fact cannot be
grasped by the GABF algorithm alone, for which reaction coordinates are treated indepen-
dently one from the others.

The results are presented in Figure[0] for d = 3 and Figures[7] and [§for d = 5. In Figure[]
we see that indeed the one-dimensional free energies recovered by the GABF algorithm have
two wells approximately at 0 and 1, and that the non-independent part of the free energy has
the following effect: when z3 = 0, the well (0,0) is favored, when z3 = 1 the same goes for
(1,1), and when z3 is intermediate the landscape is flatter and the two wells {z; = 2o = '}
with € {0,1} are favored with respect to the wells (0,1) and (1,0). The result is similar
in Figure [7] even though the quality of the estimation is lower for z3 = z4 = z; = 0.5, which
is to be expected as this lies in a very low probability area (since 0.5 is the saddle point of
the two well potential). This shows that the TABF algorithm is able to recover non-trivial
correlations between reaction coordinates.
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