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This document contains the mathematical justifications concerning the Piecewise-Linear NDF pre-
sented in the paper. We provide all the mathematical details for the normalization factor, its correspond-
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1 A Piecewise-Linear normal distribution function

1.1 General anisotropic formulation

We define our anisotropic Normal Distribution Function (NDF from now on) D(m) (with ϕ and θ the
polar coordinates of the normal m) as an interpolation over ϕ from two normalized isotropic distributions
Dx when ϕ = 0 and Dy when ϕ = π

2 :

D(m) =
cos2 ϕDx(θ)Dy(0) + sin2 ϕDy(θ)Dx(0)

c
(1)

with c = 1
2(Dy(0) +Dx(0)) the normalization factor. This latter is computed in the following manner:

c =

∫ 2π

ϕ=0

∫ π
2

θ=0
D(θ, ϕ) cos θ sin θ dθ dϕ

= 4

∫ π
2

ϕ=0

∫ π
2

θ=0
D(θ, ϕ) cos θ sin θ dθ dϕ

= 4

∫ π
2

ϕ=0

∫ π
2

θ=0
(cos2 ϕDx(θ)Dy(0) + sin2 ϕDy(θ)Dx(0)) cos θ sin θ dθ dϕ

= 4

∫ π
2

ϕ=0
Dy(0) cos2 ϕ

∫ π
2

θ=0
Dx(θ) cos θ sin θ dθ dϕ

+4

∫ π
2

ϕ=0
Dx(0) sin2 ϕ

∫ π
2

θ=0
Dy(θ) cos θ sin θ dθ dϕ. (2)

Dx(θ) and Dy(θ) have to be normalized, then
∫ π

2
θ=0Diso(θ) cos(θ) sin(θ) dθ = 1

2π and finally

c =
4Dy(0)

2π

∫ π
2

ϕ=0
cos2(ϕ) dϕ+

4Dx(0)

2π

∫ π
2

ϕ=0
sin2(ϕ) dϕ

=
2Dy(0)

π

π

4
+

2Dx(0)

π

π

4

=
1

2
(Dy(0) +Dx(0)) (3)

Note that the formulation proposed in Equation 1 is different from common anisotropic distributions
(e.g GGX or Beckmann). For example, if we choose Dx and Dy as isotropic beckmann distributions,
Equation 1 gives an alternative anisotropic distribution slightly different from the conventional anisotropic
Beckmann formulation.

In the case where Dx(0) = Dy(0) = 0, the normalization factor is null and Equation 1 is undefined.
Hopefully, in such a case, the distribution can be simply expressed as D(m) = cos2 ϕ Dx(θ)+sin2 ϕ Dy(θ)
because it is already normalized.

1.2 Controllable Isotropic NDF

Our anisotropic NDF formulation (Equation 1) allows to blend two different isotropic NDFs: for example
one could be defined from GGX formulation and the second from Beckmann, both with eventually different
roughness parameters. This give more flexibility in NDF shape design. Unfortunately, Smith-Bourlier GAF
derivation [9, 3] is not trivial.

To give more user NDF control, and to overcome the intractable GAF computation issue, we build a
user controllable NDF upon a piecewise continuous isotropic NDF Diso(θ) defined as a combination of n
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linear functions

Diso(θ) =


a1θ + b1 θ0 = 0 ≤ θ ≤ θ1

a2θ + b2 θ1 ≤ θ ≤ θ2

. . .

anθ + bn θn−1 ≤ θ ≤ θn = π
2

(4)

This distribution have to be normalized which means
∫

Ω+Diso(m)(m · n)dm = 1. The normalization
factor ciso is given by

ciso =

∫ 2π

ϕ=0

∫ π
2

θ=0
Diso(θ) cos θ sin θ dθ dϕ

= 2π

∫ π
2

θ=0
Diso(θ) cos θ sin θ dθ

= 2π
n∑
i=1

∫ θi

θ=θi−1

(aiθ + bi) cos θ sin θ dθ

=
π

4

n∑
i=1

2(aiθi−1 + bi) cos(2θi−1)− 2(aiθi + bi) cos(2θi)

+ai(sin(2θi)− sin(2θi−1)) (5)

In the following, we always consider Diso as normalized by default (already divided by ciso). Now, the
parameters Dx and Dy can be inserted in Equation 1. We obtain finally our full Piecewise-Linear NDF,
where Dx and Dy can be discretized from any common NDFs (Beckmann [2], GGX [10], or more generally
STD [7]) or directly controlled by the user by moving up or down the values of the distribution in discrete
θ.

2 Importance sampling

The microfacet normal m is sampled according to the probability density function pdf(m) = D(m)|m · n|
and its associated cumulative distribution function:

cdf(m) =
1

c

∫ ϕm

ϕ=0

∫ θm

θ=0
(cos2(ϕ)Dx(θ)Dy(0) + sin2(ϕ)Dy(θ)Dx(0)) cos(θ) sin(θ) dθ dϕ (6)

The sampling of the microfacet azimuthal angle ϕm and the elevation angle θm is not trivial. We first
describe how to choose ϕm independently of θm and then explain how to sample θm.
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2.1 ϕm importance sampling

As said before, the choice of ϕm is independent of θm. Thus, the cdf becomes:

cdf(ϕm) =
1

c

∫ ϕm

ϕ=0

∫ π
2

θ=0
(cos2(ϕ)Dx(θ)Dy(0) + sin2(ϕ)Dy(θ)Dx(0)) cos(θ) sin(θ) dθ dϕ

=
1

c

(∫ ϕm

ϕ=0
cos2(ϕ)Dy(0)

∫ π
2

θ=0
Dx(θ) cos(θ) sin(θ) dθ dϕ

+

∫ ϕm

ϕ=0
sin2(ϕ)Dx(0)

∫ π
2

θ=0
Dy(θ) cos(θ) sin(θ) dθ dϕ

)

=
1

c

(
Dy(0)

2π

∫ ϕm

ϕ=0
cos2(ϕ) dϕ+

Dx(0)

2π

∫ ϕm

ϕ=0
sin2(ϕ) dϕ

)
=

Dy(0)

π(Dy(0) +Dx(0))

(
ϕm
2

+
1

4
sin(2ϕm)

)
+

Dx(0)

π(Dy(0) +Dx(0))

(
ϕm
2
− 1

4
sin(2ϕm)

)
cdf(ϕm) =

ϕm
2π

+
Dy(0)−Dx(0)

4π(Dy(0) +Dx(0))
sin(2ϕm). (7)

Unfortunately, this CDF is not directly invertible. As shown in Figure 1, the CDF is equal to the linear
function ϕ

2π for ϕ = {0, π2 , π,
3π
2 , 2π}. If we limit the domain to

[
0, π2

]
, we can observe that the shape of

Figure 1: Two isotropic randomly generated piecewise continuous distributions (first plot) are mixed to
create an anisotropic distribution. The cumulative distribution function cdf(ϕ) (second plot) oscillates
around the linear function ϕm

2π .

the CDF is smooth and have a close-to-linear nature (exactly linear if Dx(0) = Dy(0)). In the manner
of [6], we can combine a bracketing interval and Newton’s method (alg. 1) to invert the CDF given ξ1, a
uniform random number in [0, 1). For that, we need the derivative of the CDF:

cdf ′(ϕm) =
1

2π
+

Dy(0)−Dx(0)

2π(Dy(0) +Dx(0))
cos(2ϕm).

2.2 θm importance sampling

Knowing the azimuthal angle ϕm, the cdf to sample θm is:

cdf(θm|ϕm) =
1

c

∫ 2π

ϕ=0

∫ θm

θ=0
(cos2(ϕ)Dx(θ)Dy(0) + sin2(ϕ)Dy(θ)Dx(0)) cos θ sin θ dθ dϕ. (8)
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Algorithm 1 Importance Sampling of ϕm.
Require: ξ1 ∈ [0, 1)
1: if ξ1 > 0.75 then
2: a← 3π

2
3: c← 2π
4: else if ξ1 > 0.5 then
5: a← π
6: c← 3π

2
7: else if ξ1 > 0.25 then
8: a← π

2
9: c← π

10: else
11: a← 0
12: c← π

2
13: end if
14: ϕm ← ξ12π // The starting point is given by the linear function ϕm

2π
15: while true do
16: if !(ϕm > a && ϕm 6 c) then
17: ϕm ← 0.5 ∗ (a+ c)
18: end if
19: value← (ϕm2π +

Dy(0)−Dx(0)
4π(Dy(0)+Dx(0)) sin(2ϕm))− ξ1

20: if |value| < 1e− 5 then
21: break
22: end if
23: if value > 0 then
24: c← ϕm
25: else
26: a← ϕm
27: end if
28: derivative← 1

2π +
Dy(0)−Dx(0)

2π(Dy(0)+Dx(0)) cos(2ϕm) // The Newton step
29: ϕm− = value/derivative
30: end while
31: return ϕm
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Note that cdf(π2 ) =
Dy(0) cos2(ϕm)+Dx(0)sin2(ϕm)

c which is in fact the normalization factor of the cdf. Thus,
we obtain

cdf(θm|ϕm) = ξ2 ∗
Dy(0) cos2(ϕm) +Dx(0)sin2(ϕm)

c
with ξ2 ∈ [0, 1) a second uniform random number. The problem here again is to invert the cdf and given
a uniform random value of ξ2, get the value of θm:

cdf−1(ξ′2) = θm

with ξ′2 = ξ2 ∗ Dy(0) cos2(ϕm)+Dx(0)sin2(ϕm)
c . Our distribution is a continuous piecewise distribution and the

cdf can be written as a sum of integrals:

cdf(θm|ϕm) = cos2(ϕm)
k∑
i=1

∫ θi+1

θ=θi

2πDx(θ)Dy(0) cos(θ) sin(θ) dθ

c

+ sin2(ϕm)
k∑
i=1

∫ θi+1

θ=θi

2πDy(θ)Dx(0) cos(θ) sin(θ) dθ

c

+
2π

c

∫ θm

θ=θk+1

(
cos2(ϕm)Dx(θ)Dy(0) + sin2(ϕm)Dy(θ)Dx(0)

)
cos(θ) sin(θ) dθ. (9)

The terms in red color can be precomputed and tabulated and we call it T kx and T ky respectively. The sum
of these two first terms is also the cdf(θk+1|ϕm) of the elevation angle θk+1 for a given azimuthal angle
ϕm. Moreover, given a uniform number ξ2, the corresponding elevation angle is θm ∈ [θk+1, θk+2]. Thus,
we have

2π

c

∫ θm

θ=θk+1

(
cos2(ϕm)Dx(θ)Dy(0) + sin2(ϕm)Dy(θ)Dx(0)

)
cos(θ) sin(θ) dθ = ξ′2 − cdf(θk+1|ϕm)∫ θm

θ=θk+1

(
cos2(ϕm)Dx(θ)Dy(0) + sin2(ϕm)Dy(θ)Dx(0)

)
cos(θ) sin(θ) dθ =

c(ξ′2 − cdf(θk+1|ϕm))

2π∫ θm

θ=θk+1

((
cos2(ϕm)Dy(0)axk+1 + sin2(ϕm)Dx(0)ayk+1

)
θ +

cos2(ϕm)Dy(0)bxk+1 + sin2(ϕm)Dx(0)byk+1

)
cos(θ) sin(θ) dθ =

c(ξ′2 − cdf(θk+1|ϕm))

2π
.

with ajk and bjk parameters of linear functions for the interval k and axis j in our picewise isotropic NDF
definition (Equation 4). To simplify the notations, we note

Aaniso = cos2(ϕm)Dy(0)axk+1 + sin2(ϕm)Dx(0)ayk+1

Baniso = cos2(ϕm)Dy(0)bxk+1 + sin2(ϕm)Dx(0)bxk+1

C =
b(ξ′2 − cdf(θk+1|ϕm))

2π
.

Now we have: ∫ θm

θ=θk+1

(Aanisoθ +B) cos(θ) sin(θ) dθ = C

1

8

(
2(Aanisoθk+1 +Baniso) cos(2θk+1)− 2(Aanisoθm +Baniso) cos(2θm) +

Aaniso(sin(2θm)− sin(2θk+1))
)

= C.

This function is smooth enough to adopt the same strategy as for the sampling of ϕm. Knowing the θ
interval where is the desired θm (for a given ξ2), we propose the algorithm 2. The starting point is given by
the linear function ξ′2 = aθm + shift with a =

cdf(θk+2|ϕm)−cdf(θk+1|ϕm)
θk+2−θk+1

and shift = cdf(θk+1|ϕm)− aθk+1.
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Algorithm 2 Importance Sampling of θm.
Require: ϕm, ξ2 ∈ [0, 1) and k + 1 the index of the minimum plausible θm
1: Aaniso ← cos2(ϕm)Dy(0)axk+1 + sin2(ϕm)Dx(0)ayk+1

2: Baniso ← cos2(ϕm)Dy(0)bxk+1 + sin2(ϕm)Dx(0)byk+1

3: ξ′2 ← ξ2 ∗ Dy(0) cos2(ϕm)+Dx(0)sin2(ϕm)
b

4: C ← b(ξ′2−cdf(θk+1|ϕm))
2π

5: bmin← θk+1

6: bmax← θk+2

// The starting point is given by the linear function cdf(θk+2|ϕm)−cdf(θk+1|ϕm)
θk+2−θk+1

θm −
cdf(θk+2|ϕm)−cdf(θk+1|ϕm)

θk+2−θk+1
θk+1

7: a← cdf(θk+2|ϕm)−cdf(θk+1|ϕm)
θk+2−θk+1

8: shift← cdf(θk+1|ϕm)− aθk+1

9: θm ←
ξ′2−shift

a
10: while true do
11: if !(θm > bmin && θm 6 bmax) then
12: θm ← 0.5 ∗ (bmin+ bmax)
13: end if
14: value← 2(Aanisoθk+1 +Baniso) cos(2θk+1)
15: value← value− 2(Aanisoθm +Baniso) cos(2θm) +Aaniso(sin(2θm)− sin(2θk+1))
16: value← value

8 − C
17: if |value| < 1e− 5 then
18: break
19: end if
20: if value > 0 then
21: bmax← θm
22: else
23: bmin← θm
24: end if
25: derivative← Aanisoθm+Baniso

2 sin 2θm // The Newton step
26: θm− = value/derivative
27: end while
28: return θm
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3 GAF computation

Following the Smith-Bourlier GAF assumptions, Ashikhmin et al. [1, 5] propose the expression

G1(o,m) =
cos θo∫

Ω〈o ·m〉D(m) d m
(10)

where the integral is the most complicated part to compute. A first solution is to pre-compute the GAF
for different values of (θo, ϕo) (the spherical coordinates of the vector o) and store them in a 2D-table.
We propose here an alternative solution by trying to solve the integral by decomposing the integration
domain in sub-domains.

∫
Ω
〈o ·m〉D(m) d m =

∫ 2π

ϕm=0

∫ π
2

θm=0
χ+(o ·m)(o ·m)D(m) sin θm dθm dϕm

=

∫ 2π

ϕm=0

∫ π
2

θm=0
χ+(xo sin θm cosϕm + yo sin θm sinϕm + zo cos θm)

(xo sin θm cosϕm + yo sin θm sinϕm + zo cos θm)D(m) sin θm dθm dϕm

(11)

with χ+(a) the Heaviside function (1 if a > 0 and 0 if a ≤ 0). When ϕm ∈ [ϕo − π
2 , ϕo + π

2 ], the dot
product is positive so the Heaviside function can be dropped on this half integration domain∫

Ω
〈o ·m〉D(m) d m =

∫ ϕo+
π
2

ϕm=ϕo−π2

∫ π
2

θm=0
(o ·m)D(m) sin θm dθm dϕm

+

∫ ϕo+
3π
2

ϕm=ϕo+
π
2

∫ π
2

θm=0
χ+(xo sin θm cosϕm + yo sin θm sinϕm + zo cos θm)

(xo sin θm cosϕm + yo sin θm sinϕm + zo cos θm)D(m) sin θm dθm dϕm.

(12)

Using a trigonometric transformation, we can observe that (o · m) = sin θo sin θm cos(ϕm − ϕo) +
cos θo cos θm and so∫

Ω
〈o ·m〉D(m) d m =

∫ π
2

θm=0

∫ ϕo+
π
2

ϕm=ϕo−π2
(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)

D(θm, ϕm) sin θm dϕm dθm

+

∫ π
2

θm=0

∫ ϕo+
3π
2

ϕm=ϕo+
π
2

χ+(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)

(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm dθm.

(13)

The integrals of this equation are noted I1 and I2 respectively. I1 can be analytically computed
(Sections 3.1). I2 is more complicated and we explain in Section 3.2 how to handle it.
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3.1 Computation of I1

I1 =

∫ π
2

θm=0

∫ ϕo+
π
2

ϕm=ϕo−π2
(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)

D(θm, ϕm) sin θm dϕm dθm

=
sin θoDy(0)

c

∫ π
2

θm=0
Dx(θm) sin2 θm

∫ ϕo+
π
2

ϕm=ϕo−π2
cos(ϕm − ϕo) cos2 ϕmdϕm dθm

+
sin θoDx(0)

c

∫ π
2

θm=0
Dy(θm) sin2 θm

∫ ϕo+
π
2

ϕm=ϕo−π2
cos(ϕm − ϕo) sin2 ϕmdϕm dθm

+
cos θoDy(0)

c

∫ π
2

θm=0
Dx(θm) cos θm sin θm

∫ ϕo+
π
2

ϕm=ϕo−π2
cos2 ϕmdϕm dθm

+
cos θoDx(0)

c

∫ π
2

θm=0
Dy(θm) cos θm sin θm

∫ ϕo+
π
2

ϕm=ϕo−π2
sin2 ϕmdϕm dθm

=
sin θoDy(0)(3 + cos 2ϕo)

3c

∫ π
2

θm=0
Dx(θm) sin2 θm dθm

+
sin θoDx(0)(3− cos 2ϕo)

3c

∫ π
2

θm=0
Dy(θm) sin2 θm dθm

+
sin θoDx(0)π

2c

∫ π
2

θm=0
Dy(θm) cos θm sin θm dθm

+
sin θoDy(0)π

2c

∫ π
2

θm=0
Dx(θm) cos θm sin θm dθm

=
sin θoDy(0)(3 + cos 2ϕo)

3c

∫ π
2

θm=0
Dx(θm) sin2 θm dθm

+
sin θoDx(0)(3− cos 2ϕo)

3c

∫ π
2

θm=0
Dy(θm) sin2 θm dθm

+
cos θo

2
(14)

For the isotropic distribution, the integral over the θm domain can be written as∫ π
2

θm=0
Diso(θm) sin2 θm dθm =

n∑
i=1

∫ θi+1

θm=θi

(aiθm + bi) sin2 θm dθm

=
1

8

n∑
i=1

ai cos(2θi)− ai cos(2θi+1)

+2(θi+1 − θi)(2bi + ai(θi + θi+1))

+2(bi + aiθi) sin(2θi)− 2(bi + aiθi+1) sin(2θi+1)

= An (15)

and noted An
x and An

y in order to simplify the notations. Inserting this notation in equation 14, we have

I1 =
sin θoDy(0)(3 + cos 2ϕo)

3c
Anx +

sin θoDx(0)(3− cos 2ϕo)

3c
Any +

cos θo
2

. (16)
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3.2 Computation of I2

The second double integral I2 in Equation 12 is the most complicated part to compute due to the Heaviside
function:

I2 =

∫ π
2

θm=0

∫ ϕo+
3π
2

ϕm=ϕo+
π
2

χ+(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)

(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm dθm.

(17)

Here again the Heaviside function can be discarded if we restrict the integration domain:

χ+(o ·m) > 0

⇔ o ·m > 0

⇔ sin θo sin θm cosϕm + cos θo cos θm > 0

⇔ sin θo sin θm cosϕm > − cos θo cos θm

⇔ cosϕm > −cos θo cos θm
sin θo sin θm

⇔ cosϕm > − 1

tan θo tan θm

⇔ ϕm ≤ arccos

(
− 1

tan θo tan θm

)
⇔ ϕm ≤ arccos

(
− 1

tan θo tan θm

)
⇔ ϕm ≤ C (18)

with C = arccos
(
− 1

tan θo tan θm

)
. Note that ϕo + π

2 < ϕm < ϕo + 3π
2 and thus the integral domain for ϕm

is split in two sub-domains [ϕo + π
2 , ϕo + C] and [ϕo − C(+2π), ϕo + 3π

2 ]. On the other side, C is defined
only if

⇔ −1 ≤ 1

tan θo tan θm
≤ 1

⇔ −1 ≤ 1 ≤ tan θo tan θm

⇔ tan θm ≥
1

tan θo
⇔ θm ≥ arctan(cot θo)

⇔ θm ≥
π

2
− θo

The integral I2 becomes

I2 =

∫ π
2
−θo

θm=0

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm dθm

+

∫ π
2

θm=π
2
−θo

(∫ ϕo+C

ϕm=ϕo+
π
2

(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm+

∫ ϕo+
3π
2

ϕm=ϕo+2π−C
(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm

)
dθm

(19)

with the first double integral without the Heaviside function because o ·m > 0 when θm ∈ [0, π2 − θo] and
ϕm ∈ [π2 + ϕo,

3π
2 + ϕo] (Figure 2). We note respectively I1

2 and I2
2 the two integrals in Equation 19.
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Figure 2: GAF computation G1(o,m): the integration domain Ω is split in three sub-domains dependently
on the o direction (shown here for three θo angle configurations).

Computation of I1
2

We call E = π
2 − θo an angle in [θk, θk+1] in our piecewise distribution.

I1
2 =

∫ E

θm=0

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm dθm

= sin θo

∫ E

θm=0
sin2 θm

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

D(θm, ϕm) cos(ϕm − ϕo) dϕm dθm

+ cos θo

∫ E

θm=0
cos θm sin θm

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

D(θm, ϕm) dϕm dθm

=
sin θoDy(0)

c

∫ E

θm=0
Dx(θm) sin2 θm

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

cos(ϕm − ϕo) cos2 ϕm dϕm dθm

+
sin θoDx(0)

c

∫ E

θm=0
Dy(θm) sin2 θm

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

cos(ϕm − ϕo) sin2 ϕm dϕm dθm

+
cos θoDy(0)

c

∫ E

θm=0
Dx(θm) cos θm sin θm

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

cos2 ϕm dϕm dθm

+
cos θoDx(0)

c

∫ E

θm=0
Dy(θm) cos θm sin θm

∫ 3π
2

+ϕo

ϕm=π
2

+ϕo

sin2 ϕm dϕm dθm

=
sin θoDy(0)(−3− cos 2ϕo)

3c

∫ E

θm=0
Dx(θm) sin2 θm dθm

+
sin θoDx(0)(−3 + cos 2ϕo)

3c

∫ E

θm=0
Dy(θm) sin2 θm dθm

+
cos θoDy(0)π

2c

∫ E

θm=0
Dx(θm) cos θm sin θm dθm

+
cos θoDx(0)π

2c

∫ E

θm=0
Dy(θm) cos θm sin θm dθm (20)

Using the fact that our distribution is a piecewise function, we can separate the integrals in the sum
of integrals:∫ E

θm=0
f(θm) dθm =

∫ θk

θm=0
f(θm) dθm +

∫ E

θm=θk

f(θm) dθm =

k−1∑
i=1

∫ θi+1

θm=θi

f(θm) dθm +

∫ E

θm=θk

f(θm) dθm.

12



I1
2 =

sin θoDy(0)(−3− cos 2ϕo)

3c

(
k−1∑
i=1

∫ θi+1

θm=θi

Dx(θm) sin2 θm dθm+

∫ E

θm=θk

Dx(θm) sin2 θm dθm

)

+
sin θoDx(0)(−3 + cos 2ϕo)

3c

(
k−1∑
i=1

∫ θi+1

θm=θi

Dy(θm) sin2 θm dθm+

∫ E

θm=θk

Dy(θm) sin2 θm dθm

)

+
cos θo

4

(
k−1∑
i=1

∫ θi+1

θm=θi

2πDx(θm)Dy(0) cos θm sin θm
c

dθm+

∫ E

θm=θk

2πDx(θm)Dy(0) cos θm sin θm
c

dθm

)

+
cos θo

4

(
k−1∑
i=1

∫ θi+1

θm=θi

2πDy(θm)Dx(0) cos θm sin θm
c

dθm+

∫ E

θm=θk

2πDy(θm)Dx(0) cos θm sin θm
c

dθm

)
(21)

We can see that the two terms in red correspond to the coefficients Ak−1
x and Ak−1

y respectively and
the two terms in blue correspond to the coefficients T k−1

x and T k−1
y .

I1
2 =

sin θoDy(0)(−3− cos 2ϕo)

3c

(
Ak−1
x +

∫ E

θm=θk

Dx(θm) sin2 θm dθm

)
+

sin θoDx(0)(−3 + cos 2ϕo)

3c

(
Ak−1
y +

∫ E

θm=θk

Dy(θm) sin2 θm dθm

)
+

cos θo
4

(
T k−1
x +

∫ E

θm=θk

2πDx(θm)Dy(0) cos θm sin θm
c

dθm

)
+

cos θo
4

(
T k−1
y +

∫ E

θm=θk

2πDy(θm)Dx(0) cos θm sin θm
c

dθm

)
. (22)
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The other integrals can also be computed analytically:

I1
2 =

sin θoDy(0)(−3− cos 2ϕo)

3c

(
Ak−1
x +

1

8

(
akx(cos 2θk + cos 2θo) + 2(E − θk)(akx(θk + E) + 2bkx) + 2(akxθk + bkx) sin 2θk − 2(akxE + bkx) sin 2θo

))
+

sin θoDx(0)(−3 + cos 2ϕo)

3c

(
Ak−1
y +

1

8

(
aky(cos 2θk + cos 2θo) + 2(E − θk)(aky(θk + E) + 2bky) + 2(akyθk + bky) sin 2θk − 2(akyE + bky) sin 2θo

))
+

cos θo
4

(
T k−1
x +

2πDy(0)

8c

(
2(akxθk + bkx) cos 2θk + 2(akxE + bkx) cos 2θo + akx(sin 2θo − sin 2θk)

))
+

cos θo
4

(
T k−1
y +

2πDx(0)

8c

(
2(akyθk + bky) cos 2θk + 2(akyE + bky) cos 2θo + aky(sin 2θo − sin 2θk)

))
.

(23)

Computation of I2
2

We call E = π
2 − θo an angle in [θk, θk+1] in our piecewise distribution. We have

I2
2 =

∫ π
2

θm=E

∫ ϕo+C

ϕm=ϕo+
π
2

(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm

+

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
(sin θo sin θm cos(ϕm − ϕo) + cos θo cos θm)D(θm, ϕm) sin θm dϕm dθm

= sin θo

∫ π
2

θm=E
sin2 θm

(∫ ϕo+C

ϕm=ϕo+
π
2

D(θm, ϕm) cos(ϕm − ϕo) dϕm+

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
D(θm, ϕm) cos(ϕm − ϕo) dϕm

)
dθm

+ cos θo

∫ π
2

θm=E
cos θm sin θm

(∫ ϕo+C

ϕm=ϕo+
π
2

D(θm, ϕm) dϕm +

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
D(θm, ϕm) dϕm

)
dθm

=
sin θoDy(0)

c

∫ π
2

θm=E
Dx(θm) sin2 θm

(∫ ϕo+C

ϕm=ϕo+
π
2

cos(ϕm − ϕo) cos2 ϕm dϕm+

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
cos(ϕm − ϕo) cos2 ϕm dϕm

)
dθm

+
sin θoDx(0)

c

∫ π
2

θm=E
Dy(θm) sin2 θm

(∫ ϕo+C

ϕm=ϕo+
π
2

cos(ϕm − ϕo) sin2 ϕm dϕm+

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
cos(ϕm − ϕo) sin2 ϕm dϕm

)
dθm

+
cos θoDy(0)

c

∫ π
2

θm=E
Dx(θm) cos θm sin θm

(∫ ϕo+C

ϕm=ϕo+
π
2

cos2 ϕm dϕm +

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
cos2 ϕm dϕm

)
dθm

+
cos θoDx(0)

c

∫ π
2

θm=E
Dy(θm) cos θm sin θm

(∫ ϕo+C

ϕm=ϕo+
π
2

sin2 ϕm dϕm +

∫ 3π
2

+ϕo

ϕm=ϕo+2π−C
sin2 ϕm dϕm

)
dθm

(24)
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I2
2 =

sin θoDy(0)

3c

∫ π
2

θm=E
Dx(θm) sin2 θm (3 + cos 2ϕo(cos 2C − 2 sinC)) (sinC − 1) dθm

+
sin θoDx(0)

3c

∫ π
2

θm=E
Dy(θm) sin2 θm (3− cos 2ϕo(cos 2C − 2 sinC)) (sinC − 1) dθm

+
cos θoDy(0)

c

∫ π
2

θm=E
Dx(θm) cos θm sin θm

(
C − π

2
+

1

2
sin 2C cos 2ϕo

)
dθm

+
cos θoDx(0)

c

∫ π
2

θm=E
Dy(θm) cos θm sin θm

(
C − π

2
− 1

2
sin 2C cos 2ϕo

)
dθm.

I2
2 =

sin θoDy(0)

3c

∫ π
2

θm=E
Dx(θm) sin2 θm (3 + cos 2ϕo(cos 2C − 2 sinC)) (sinC − 1) dθm

+
sin θoDx(0)

3c

∫ π
2

θm=E
Dy(θm) sin2 θm (3− cos 2ϕo(cos 2C − 2 sinC)) (sinC − 1) dθm

+ cos θo

(
−1

4
(

∫ π
2

θk+1

2πDx(θm)Dy(0) cos θm sin θm
c

dθm +

∫ θk+1

θm=E

2πDx(θm)Dy(0) cos θm sin θm
c

dθm)

+
Dy(0)

c

∫ π
2

θm=E
Dx(θm) cos θm sin θm(C +

1

2
sin 2C cos 2ϕo) dθm

)

+ cos θo

(
−1

4
(

∫ π
2

θk+1

2πDy(θm)Dx(0) cos θm sin θm
c

dθm +

∫ θk+1

θm=E

2πDy(θm)Dx(0) cos θm sin θm
c

dθm)

+
Dx(0)

c

∫ π
2

θm=E
Dy(θm) cos θm sin θm(C − 1

2
sin 2C cos 2ϕo) dθm

)
. (25)

We can see that the two terms in blue correspond to the coefficients (Tnx − T kx ) and (Tny − T ky ). The
two integrals over θm ∈ [E, θk+1] can be also computed analytically. The other integrals are grouped as a
sum in a function called Λ:

I2
2 = Λ

− cos θo
4

(
(Tnx − T kx )+

2πDy(0)

8c
(−2(akxE + bkx) cos 2θo − 2(akxθk+1 + bkx) cos 2θk+1 + akx(sin 2θk+1 − sin 2θo)

)
− cos θo

4

(
(Tny − T ky )+

2πDx(0)

8c
(−2(akyE + bky) cos 2θo − 2(akyθk+1 + bky) cos 2θk+1 + aky(sin 2θk+1 − sin 2θo)

)
(26)

Λ is

Λ =
sin θo

3

(∫ π
2

θm=E
D(θm, 0) sin2 θm (3 + cos 2ϕo(cos 2C − 2 sinC)) (sinC − 1)

+ D(θm,
π

2
) sin2 θm (3− cos 2ϕo(cos 2C − 2 sinC)) (sinC − 1) dθm

)
+ cos θo

(∫ π
2

θm=E
D(θm, 0) cos θm sin θm(C +

1

2
sin 2C cos 2ϕo)

+ D(θm,
π

2
) cos θm sin θm(C − 1

2
sin 2C cos 2ϕo) dθm

)
(27)
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The two integral cannot be computed analytically and we propose to use a numerical approach to
evaluate it. As our distribution is a piecewise function, we use a trapezoidal rule to approximate it:

Λ =
sin θo

3

(∫ θk+1

θm=E
part1(θm) dθm +

n∑
i=k+1

∫ θi+1

θm=θi

part1(θm) dθm

)

+ cos θo

(∫ θk+1

θm=E
part2(θm) dθm +

n∑
i=k+1

∫ θi+1

θm=θi

part2(θm) dθm

)

Λ ≈ sin θo
6

(
(θk+1 − E)(part1(θk+1) + part1(E)) + ∆θ

n∑
i=k+1

part1(θi+1) + part1(θi)

)

+
cos θo

2

(
(θk+1 − E)(part2(θk+1) + part2(E))∆θ

n∑
i=k+1

part2(θi+1) + part2(θi)

)
(28)

with ∆θ a constant if each sector of the decomposition over θ is equal and part1 and part2 the integrals
over θm in Equation 27.

3.3 GAF plots

Finally, the GAF expression is

G1(o,m) =
cos θo∫

Ω〈o ·m〉D(m) d m
≈ cos θo
I1 + I1

2 + I2
2

. (29)

Figure 3 shown two examples of the GAF computed for two random configurations of our controllable
distribution.

3.4 Correlated GAF

Previous computations are based on the Ashikhmin et al. [1, 5] expression (Equation 10). Other more
convenient expressions of this function can be obtained starting from the work of Bourlier [3]. Walter et
al. [10] and more recently Heitz [5] express the normal distribution in the slopes space P22(p, q):

P22(p, q) = cos4 θm D(m), (30)

where p and q correspond to the surface slopes in the local coordinate system, defining the normal m, such
that p2 + q2 = tan2 θm. The one dimensional distribution of slopes is given by:

P2(q) =

∫ +∞

−∞
P22(p, q) dp. (31)

Finally, G1(v) is obtained by the integration of P2:

G1(v) =
1

1 + Λ(v)
, (32)

where Λ(v) = 1
µ

∫ +∞
−∞ (q− µ)P2(q) dq and µ = cot θv. A formal proof of these derivations is given by Heitz

in [5].
Note that this GAF version is used by most rendering systems, though the discussion proposed by

Ross et al. [8] or Heitz et al. [4] expresses correlated versions between masking and shadowing, considered
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Isotropic Anisotropic

Figure 3: Two examples of the GAF with our controllable distribution (randomly generated here): isotropic
on the left and anisotropic on the right.

as physically more plausible. One more accurate formulation, equivalently computational costly, is the
heigth-correlated masking and shadowing expression:

G(i, o,m) =
1

1 + Λ(i) + Λ(o)
. (33)

Note that Equations 10 and 32 are equivalent and thus the expression of the function Λ is given by:

cos θo∫
Ω〈o ·m〉D(m) d m

=
1

1 + Λ(o)

⇒ Λ(o) =

∫
Ω〈o ·m〉D(m) d m

cos θo
− 1

In Equation 16, I1 = cos θo
2 + I11 and thus

Λ(o) =
I11 + I2 + I3

cos θo
− 1

2

with
I1 =

sin θoDy(0)(3 + cos 2ϕo)

3c
Anx +

sin θoDx(0)(3− cos 2ϕo)

3c
Any . (34)

Knowing the function Λ allows to compute the heigth-correlated masking and shadowing expression of the
Smith GAF (Equation 33) considered as physically more plausible.

17



References

[1] Michael Ashikmin, Simon Premože, and Peter Shirley. A microfacet-based brdf generator. In ACM
SIGGRAPH proceedings, 2000.

[2] P. Beckmann and A. Spizzichino. The scattering of electromagnetic waves from rough surfaces. Perg-
amon Press, 1963.

[3] C. Bourlier, G. Berginc, and J. Saillard. One- and two-dimensional shadowing functions for any
height and slope stationary uncorrelated surface in the monostatic and bistatic configurations. IEEE
Transactions on Antennas and Propagation, 50(3), 2002.

[4] E. Heitz, C. Bourlier, and N. Pinel. Correlation effect between transmitter and receiver azimuthal
directions on the illumination function from a random rough surface. Waves in Random and Complex
Media, 23(3), August 2013.

[5] Eric Heitz. Understanding the masking-shadowing function in microfacet-based brdfs. Journal of
Computer Graphics Techniques, 3(2), June 2014.

[6] Wenzel Jakob. An improved visible normal sampling routine for the beckmann distribution. Technical
report, ETH Zürich, August 2014.

[7] M. Ribardière, B. Bringier, D. Meneveaux, and L. Simonot. STD: Student’s t-Distribution of Slopes
for Microfacet Based BSDFs. Computer Graphics Forum, 2017.

[8] V. Ross, . Dion, and G. Potvin. Detailed analytical approach to the gaussian surface bidirectional
reflectance distribution function specular component applied to the sea surface. J. Opt. Soc. Am. A,
22(11), Nov 2005.

[9] B. Smith. Geometrical shadowing of a random rough surface. IEEE Transactions on Antennas and
Propagation, 15(5):668–671, September 1967.

[10] B. Walter, S. R. Marschner, H. Li, and K. E. Torrance. Microfacet models for refraction through
rough surfaces. In Computer Graphics Forum, EGSR proceedings, 2007.

18


	A Piecewise-Linear normal distribution function
	General anisotropic formulation
	Controllable Isotropic NDF

	Importance sampling
	m importance sampling
	m importance sampling

	GAF computation
	Computation of I1
	Computation of I2
	GAF plots
	Correlated GAF


