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This document contains the mathematical justifications concerning the Piecewise-Linear NDF pre-
sented in the paper. We provide all the mathematical details for the normalization factor, its correspond-
ing importance sampling procedure (Section 2) as well as the Smith-Bourlier GAF computation (Section
3) thus giving practical information on its implementation.
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1 A Piecewise-Linear normal distribution function

1.1 General anisotropic formulation

We define our anisotropic Normal Distribution Function (NDF from now on) D(m) (with ¢ and 6 the
polar coordinates of the normal m) as an interpolation over ¢ from two normalized isotropic distributions
D, when ¢ =0 and D, when ¢ = 7:

cos? D, (0) D, (0) + sin? ¢ D,/ (0) D, (0)
&

D(m) = (1)

with ¢ = 5(Dy(0) + D,(0)) the normalization factor. This latter is computed in the following manner:
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=0 J6=0

= 4 / 2 /2 (cos® D, (0) D, (0) + sin? pD, () D(0)) cos §sin 6 df dip
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0=0
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= 4/ Dy(0) cos® ¢ ’ D, (0) cosfsin€ df dy
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+4 [ 7 Dy(0)sin? 02 D,/ (6) cosfsin 6 db dy. 2)
»=0 =0

D,(#) and Dy(#) have to be normalized, then feg:() Dis0(0) cos(0) sin(f) df = 5= and finally

4D B AD, B
c = nyr(O)/S;O cos® () dy + 2750) /io sin?(p) d

2D, (0) 7  2D,(0) 7
. _I_ —
T 4 T 4

= S (Dy(0) + Du(0)) 3)

Note that the formulation proposed in Equation 1 is different from common anisotropic distributions
(e.g GGX or Beckmann). For example, if we choose D, and D, as isotropic beckmann distributions,
Equation 1 gives an alternative anisotropic distribution slightly different from the conventional anisotropic
Beckmann formulation.

In the case where D,(0) = D,(0) = 0, the normalization factor is null and Equation 1 is undefined.
Hopefully, in such a case, the distribution can be simply expressed as D(m) = cos? ¢ D, () +sin® p Dy (6)
because it is already normalized.

1.2 Controllable Isotropic NDF

Our anisotropic NDF formulation (Equation 1) allows to blend two different isotropic NDFs: for example
one could be defined from GGX formulation and the second from Beckmann, both with eventually different
roughness parameters. This give more flexibility in NDF shape design. Unfortunately, Smith-Bourlier GAF
derivation |9, 3| is not trivial.

To give more user NDF' control, and to overcome the intractable GAF computation issue, we build a
user controllable NDF upon a piecewise continuous isotropic NDF D4, () defined as a combination of n



linear functions
a10+b1 6h=0<

Diso(6) = a2 +by 01 <0 <0

(4)
ane + bn 071—1 <

6
This distribution have to be normalized which means [,  Djso(m)(m - n)dm = 1. The normalization
factor c;s, is given by

[NIE]

2T z
Ciso = / Diso(0) cos@sin6 db de
=0 J60=0

™

= 27 ’ Dis0(0) cos@sin6 do
6=0

0;
= 2#2/ (aif + b;) cosOsin b df
0=0;_1

<
= Z Z 2(@1'91'_1 + bz) COS(29i_1) — 2(@1(91 + bz) COS(20¢)
=1

+a;(sin(26;) — sin(26;-1)) (5)

In the following, we always consider D;s, as normalized by default (already divided by ¢;s0). Now, the
parameters D, and D, can be inserted in Equation 1. We obtain finally our full Piecewise-Linear NDF,
where D, and D, can be discretized from any common NDFs (Beckmann [2], GGX [10], or more generally

STD [7]) or directly controlled by the user by moving up or down the values of the distribution in discrete
6.

2 Importance sampling

The microfacet normal m is sampled according to the probability density function pdf(m) = D(m)|m - n|
and its associated cumulative distribution function:

m 9771
cdf (m) = % / 500 /6 (cos*(£)D2(6)D4 (0) + 5in() Dy (0)D,(0) cos(9) sin(0) a0 di (6)
Lp: =

The sampling of the microfacet azimuthal angle y,, and the elevation angle 6, is not trivial. We first
describe how to choose ), independently of 6, and then explain how to sample 6,,.



2.1 ¢, importance sampling

As said before, the choice of ¢,, is independent of 6,,,. Thus, the cdf becomes:

cdf(pm) = lu/%i/zQmﬁ@ﬁDAmL@m)+sm%wﬂ%OﬂDﬂm)aB@ﬁmﬂmchw
C Jp=0 Jo=0
_ ! ™ cos? : in
- ! ( L " ot ()D, (0 /9 * D (0)cos(®) sin(6) a0 dy
+ [T sin2(0)Da(0) [T Dy(6) cos(6) sin(6) db dgp)
=0 =0
B 1 (0) Pm DI(O) Pm ]
= - ( ;W - cos®(p) dp + 277/:0 sin? () d<p>

) Pm 1
ﬂ%@+a@»<2+ﬁ“ww>
D, (0) Pm 1.
mm@+aw»<2_ﬁmw“>
om . Dy0) - Dy(0)

cdfom) = S8 T D, 0]+ Da(0)) SR (7)

+

Unfortunately, this CDF is not directly invertible. As shown in Figure 1, the CDF is equal to the linear
function &= for ¢ = {0, §,m, 2 T 27}, If we limit the domain to [0, g], we can observe that the shape of
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Figure 1: Two isotropic randomly generated piecewise continuous distributions (first plot) are mixed to
create an anisotropic distribution. The cumulative distribution function cdf(¢) (second plot) oscillates

around the linear function %’r‘.

the CDF is smooth and have a close-to-linear nature (exactly linear if D, (0) = D,(0)). In the manner
of [6], we can combine a bracketing interval and Newton’s method (alg. 1) to invert the CDF given ¢, a
uniform random number in [0,1). For that, we need the derivative of the CDF:

1 Dy(O) B Dx(o)

A (om) = 5+ 52D, (0) = Da(0

) cos(2¢m)-

2.2 6, importance sampling

Knowing the azimuthal angle ¢,,, the cdf to sample 8,, is:

df (B, _/%/ +(0)D in?(¢)D, (6 Osinf df d
cdf (Onm|om) ; (cos? (0)Dy(0) + sin“(¢) Dy(0)D,(0)) cos  sin ©. (8)



Algorithm 1 Importance Sampling of ;.

Require: & € [0,1)
1: if & > 0.75 then

I e T o S e G
I A T

18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

3
a< %3

c< 27

else if §; > 0.5 then

a<— T

3
C(—7

else if & > 0.25 then

s
CL<—§
C T

else

a<+0
T
C<—§

. end if
Om 51277
: while true do

if 1(¢om > a && ¢ < ¢) then
©m < 0.5% (a+c)
end if
value < (52 + % sin(2pm,)) — &
if |value| < le — 5 then
break
end if
if value > 0 then
C— om
else
a4 Om
end if
derivative + 5= + % cos(2¢m)
©m— = value/derivative

30: end while
31: return @,

Pm

// The starting point is given by the linear function £=

// The Newton step




Note that cdf () = Dy(0) cos*(em)+Da(Q)sin*(¢m) i hich is in fact the normalization factor of the cdf. Thus,

C
we obtain

cdf (Oliom) = £ 5 2u(0) €05"(Pm) Jcr D (0)sin2(0n)

with & € [0,1) a second uniform random number. The problem here again is to invert the cdf and given
a uniform random value of &s, get the value of 0,,:

Cdf_l(gé) = Om

2
with & = & x Dy (0) cos (‘pm)iDz( Jsin"(em) - Oyur distribution is a continuous piecewise distribution and the

cdf can be written as a sum of integrals:

k 041 wD.. oS sin /
cdf (Omlpm) = cos2(<pm)z/9 27 D, (0) Dy (0) cos(6) sin(6) db

=0, C

+ sin®(¢m, Z/ 21Dy ( (O)SOS(Q) sin(6) do
+ 2% - (cos?(¢m) D1 (0) Dy (0) + sin®(pm) Dy(0) D1 (0)) cos(6) sin(0) db.  (9)

The terms in red color can be precomputed and tabulated and we call it Tif and T; respectively. The sum
of these two first terms is also the cdf(0j+1|¢m) of the elevation angle 01 for a given azimuthal angle
©m. Moreover, given a uniform number &2, the corresponding elevation angle is 6, € [0+1,0k12]. Thus,
we have

2% - (co8?(¢m) D (0) Dy(0) + sin®(pm) Dy (0) D (0)) cos(0) sin(6) d6 = & — cdf (O41]0m)
/ T (cos (om)Da(8)Dy (0) + sin2(om) Dy (0) Da(0)) cos(8) sin(6) db — = Cd]; Or1lom))
9:9k+1 T

Om
[ (o emD, 00t + s o) Dul0)cL.) 0 +

=0k+1

(& — cdf (Ok+1lom))
2 '

COS2(<,0m)Dy(O)bz+1 + sin2(g0m)Dz(O)b%+1) cos(f)sin(f) dd =

with ai and bi parameters of linear functions for the interval k and axis j in our picewise isotropic NDF
definition (Equation 4). To simplify the notations, we note

Aa’niSO — COSQ(¢m)Dy(O)a£+1 + Sin2(¢m)D$(0)a%+1
poniso COS2(SDm)Dy(O)b£+1 + Sln2(90m)Dx(0) i-&-l

o = M=ol Ounlen)

Now we have:
Om ]
/ (A™i%°9 + B)cos(0)sin(d) dd = C
0=0x11
(Z(Aanisoek+1 + Baniso) COS(29k+1) _ Q(Aam'soem + Baniso) COS(Q@m) +
A0 (8in (20,,) — sin(20541))) = C.

This function is smooth enough to adopt the same strategy as for the sampling of ¢,,. Knowing the 6
interval where is the desired 6, (for a given &), we propose the algorithm 2. The starting point is given by

the linear function & = afy, + shift with a = “Cue2ppn) Ll On1lon) and shift = cdf (041 pm) — b1

| =




Algorithm 2 Importance Sampling of 6,,

Require: ¢, 52 €[0,1) and k + 1 the 1ndex of the minimum plausible 6,,
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8:

9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

. A@niso  nng (Som)D (0>ak+l + sin ((pm)D (0)ak+1
B0« cos*(m) Dy (0)bf 1 1 + sin®(om) D (0 i
& & % Dy(0) cos? (pm)+Da (0)sin? (pm)

b
C b(fé*Cdfgikﬂ lom))

bmin < 601
bmax < ;1o
//  The

cdf (Ox+2]em)—cdf (Ok+1]em) Or
Opr2—0k11
a Cdf(9k+2\90m) Cdf(9k+1|<Pm)
Opr2—0k11

shift < cdf (Ory1lom) — abria
0,, %fzhift
while true do
if 1(0,, = bmin && 6, < bmazx) then
O < 0.5 % (bmin + bmazx)
end if
value + 2(AY5°0, | + B™°) cos(20y41)

starting point is given by the linear

function

value + value — 2(A¥5°0,, + B¥5°) cos(20,,) + A5 (sin(26,,)

value < ”“l“e - C

if |value| < le — 5 then
break

end if

if value > 0 then
bmax < 6,,
else
bmin + 6,
end if
derivative <—
0mn— = value/derivative
end while
return 6,,

aniso aniso
A0 B G o9,

cdf (Ory2lom)—cdf (Ory1lem) 0,,
O r2—0k11

— sin(2041))

// The Newton step




3 GAF computation

Following the Smith-Bourlier GAF assumptions, Ashikhmin et al. |1, 5] propose the expression

cos 0,

Gi(o,m) = Jolo-m)D(m) d m

(10)

where the integral is the most complicated part to compute. A first solution is to pre-compute the GAF
for different values of (6,,¢,) (the spherical coordinates of the vector o) and store them in a 2D-table.
We propose here an alternative solution by trying to solve the integral by decomposing the integration
domain in sub-domains.

‘VVL*O

[ to-mip(m) dm - /io / x* (0 m)(0 - m)D(m) $in By O, i
AR

2
= / Zo SN Oy, COS Yy + Yo SIN Oy SIN Oy, + 25 COS O,y)
= _0

(2o SN Oy, COS i + Yo SIN Oy, SIN Yy + 24 €OS Ory ) D (M) sin Oy, A6y, do,
(11)

with x*(a) the Heaviside function (1 if @ > 0 and 0 if a < 0). When ¢, € [po — 5,90 + 5], the dot
product is positive so the Heaviside function can be dropped on this half integration domain

/Q<o-m>D(m)dm _ /:o+g /(, (0 - m)D(m) sin by, by, dipr

m @o_* m=0

Sﬁo‘f‘ ) bl
+ / / X (24 8in 0,1, COS Oy + Yo SiN Oy, SIN Oy, + 2, COS Oy
Som:(Po‘f'% 0m=0

(24 SIn Oy, COS P + Yo SIN O,y SIN 01y + 2 €08 O,y ) D () sin O,y db,yy dppy, -
(12)

Using a trigonometric transformation, we can observe that (o - m) = sinf,sinf,, cos(pm — ¥o) +
cos 0, cos 0,, and so

5 Pot
/ (o-m)D(m)dm = /2 / ’ (sin 0, sin Oy, cos(@m — o) + cos O, cos O,,)
Q 0m=0Jp

T
m_ﬁpo_*

(O pm) Sin by, dop, dby,

<,00+ 2
/ / (sin @, sin 6, cos(Ym — o) + cos b, cos Oy, )
=0 Pm= §00+ 2

(sin 0, sin 0, cos(pm — o) + €08 0, €08 0,,) D (O, 1) Si0 Oy, dpy, dBy.
(13)

The integrals of this equation are noted Iy and Is respectively. [I; can be analytically computed
(Sections 3.1). I is more complicated and we explain in Section 3.2 how to handle it.



3.1 Computation of [;

s (Po+£
I, = /2 / ’ (sin 6, sin O,, cos(@m — o) + cos b, cos b,,)
O0m=0 Jp

m:@O*%
D(Gm, ‘pm) sin O, d@m dfm
in0,D,(0) [% oty
_ sin8.Dy(0) / D) sin® 0, / " cos(Pm — 90) €05 Prndipn Oy,
c 0,,=0 Pm=po—%
sin0,D,(0) [3 . P i
4 566D:(0) / Dy () sin® b, co8(iom — o) $in” Pmdipm dbm
c 0, =0 %mZWO*%
6,D,(0) [3 Pots
+M / 2 D, (0,,) cos 6, sin 0, / C cos? omdpm dbm
C 01 =0 <pm=800*%
8,D,(0) [3 s
. €0806D2(0) / " Dy(6im) 08 Oy 5in 0,  sin® pden, o,
c 0, =0 $m=po=3

_ sin 6,0, (0)(3 + cos 2¢,) /’; Dy (0,) sin 6y, df
30 67”:0 x m m m

sin0,D,(0)(3 — cos2¢,)
* 3¢

/2 Dy(0,,) sin? 0,,, dby,
0m=0

m

[SIE]

in 6,D
4 S 6o Dx (07 / Dy (1) 08 Oy, 5in Oy, By,
2c 0rm=0

ind,D,(0)r [3
4 5inb.Dy(0)m / " Da(Bm) 08 by sin By, By,
2c 0m=0

in 6, D 200) [2 .
_ sinf y(0)(3 + cos 2¢p,) /2 D, (6,,) sin? 6, db,
30 6’"L:0
. D o 2 jus
1 S0 (0)(3 = cos 2p) / Dy (O) sin® 0, dby,
3c O =0
cos 8,
2
(14)
For the isotropic distribution, the integral over the 6, domain can be written as
3 n Oit1
/ Diso(0m) sin® O, dbry = > / (aiOm + b;) sin? 6, db,,
Om=0 =1 O0m=0;
1 n
= 3 Z a; cos(20;) — a; cos(20;41)
i=1
+2(0i41 — 0:)(2bi + ai(0; + 0i11))
+2(bi + Cbigi) Sin(29i) — Q(bi + ai0i+1) sin(29i+1)
= A" (15)

and noted A} and Ay in order to simplify the notations. Inserting this notation in equation 14, we have

_ sinB,Dy(0)(3 4 cos 2¢p,)

- An 4 S0 0oD,(0)(3 — cos2¢p,) An . €08 0o

3c r 3c Y 2

(16)

10



3.2 Computation of [,

The second double integral I in Equation 12 is the most complicated part to compute due to the Heaviside
function:

§00+ )
/ / (sin 0, sin 0, cos(Ym — o) + cos b, cos bO,y,)
0m=0 Pm= <P0+7r
(sin 6, sin 0, cos(@m — ©o) + €08 0, €08 01, ) D (O, o) SIN Oy dpyyy dOy.
(17)
Here again the Heaviside function can be discarded if we restrict the integration domain:
xt(o-m)>0
& o-m>0
< sinf, sin 6, cos @, + cos b, cos O, > 0
< sin b, sin 6, cos @, > — cos b, cosb,,
0 0
& COS Py > —w
sin 6, sin 6,,
1
= > -
€08 m tan 6, tan 0,
1
& < S
Pm = ATECOS < tan 0, tan 6m>
1
&= < —_—
Fm = QTECOS < tan 0, tan Hm)
&S o <C (18)
with C' = arccos (—M) Note that o, + 5 < om < @0 + T and thus the integral domain for ¢y,

is split in two sub-domains [¢, + 5, ¢, + C] and [Sﬁo — C(+27), 9o + 2F]. On the other side, C is defined
only if

1
tand, tanf,, —
—1 <1< tanf,tanb,,

1
tan 6,

6,, > arctan(cot 6,)

9mZE—90
2

—1<

tan 6, >

t ¢ ¢ T

The integral I becomes

*—00 5 t¢o
/ (sin @, sin 0, cos(Ym — o) + €08 8, €08 O, ) D (O, o1 ) SIN Oy, dppy, dby
m=0 ‘Pm:%‘HF%

‘Po“l‘c
+ / (/ (sin 0, sin 0,,, cos(m — o) + €08 0, €08 0,,) D (O, 1) Sin Oy, dpyn+
0m=Z-0, %)

_g m:SOo"F%
Yot b}
/ (sin 0, sin O, cos(pm — o) + €08 0, €08 0,,) D (O, 1) i Oy, doyy, | dOy,
@m:@o“!‘Qﬂ'_C
(19)

with the first double integral without the Heaviside function because o-m > 0 when 6,, € [0, 5 — 6,] and
©m € [§ + ©o, 37” + o] (Figure 2). We note respectively I3 and I3 the two integrals in Equation 19.

11



B B @Oz

Figure 2: GAF computation G1(o, m): the integration domain €2 is split in three sub-domains dependently
on the o direction (shown here for three 6, angle configurations).

Computation of I}

We call £ = T — 0, an angle in [0, 0;41] in our piecewise distribution.
7"‘900
I = / / (sin 0, sin 0,,, cos(@m — o) + €08 0, €08 0,,) D (O, 1) Si Oy, dpy, iy
=0Jp

m=3 +800

377"_’_(‘00
= sinf, / sin? 6, ’ D (0, om) cos(@m — @o) dpm dbpm,
=0 @m_g“r@o

7‘1’500
+ cos 0, / c0s 0, sin 0, / Dby, om) dom dbp,
0:m=0

2+<Po
ing,D,(0) [F T
_ sinb,Dy(0) / Da(0,)sin 6, [ co8(9m — Po) 08 P o A
¢ Om=0 em=5+%o

in0,D,(0) [F T
—i—u / Dy (0:m) sin? 6, ’ cos(¢Ym — o) sin” Pm dpm dOp
C 0y, =0 *'Hpo

0,D,(0) [~ e
—i—COSO—y(O) / D (0,,) cos O, sin 6,, / 2 cos” P dpm dbr,
c 0. —0 2"1‘990

FE 74’9@0
/ Dy(6,) cos by, sin 0, sin? @, dom dop,
0m=0 Pm= %“FSDD

0,D,(0
L o8 (0)

Cc

_ sinfoDy(0)(=3 — cos2¢o) / * Dy (0 sin?6,, o
sin 0,D,(0)(—3 4 cos 2¢,)
* 3¢

6,D £
4058y (0)7 / Dy (0m) €0 O sin O b,
2c O =0

E
/ Dy(0,,) sin? 0, db,,
0:m=0

D E
LBID [ ) oty sind .
0

m=0

Using the fact that our distribution is a piecewise function, we can separate the integrals in the sum
of integrals:

/GE f(Om) dem:/Ok f(6m) d9m+/E dem_z/:; ) dby, +/0E F(Om) drm.

m=0 0m=0 Gm:Ok m =0}

12



sin 6,D, (0 )(— — €08 2¢,) !

E
/ D, (0.,) sin? 0, d0m>
s

i+1
/ D, m) %111 Hm d0m+
0

i=1 m="0;

. k=1 0,41
N sm@oDx(U)( 3+0052900 / Dy (0h) sin Oy Oyt
i=1 97n70
E
/ Dy(0,,) sin’ 6, db >
=0},
N cos@ (Z/”l 21Dy (01m) Dy (0) cos 0y, sin by, &+
c
/E 27Dy (0m) Dy (0) 008 b i )
O =0}, c "
n cos@ (Z/ZH 271Dy (01,) Dy (0) cos 0y, sin 6y, &+
c

/E 27Dy (0m) D (0) 008 O i1 >
0

m =0} ¢

(21)

We can see that the two terms in red correspond to the coefficients A¥~! and A];_l respectively and
the two terms in blue correspond to the coefficients TF~1 and T, ;_1.

) o E
121 _ sin 0, Dy (0)(—3 — cos 2¢p,) <A';_1—|—/ Dx(ﬁm)sinQ 6, d9m>
O =0y

3c
. B E
N 8in 0o Dz (0) (=3 + cos 2¢o) Ak—1+/ Dy(0,n) sin® 0, by,
3C v emfek
L costo <Tf—1 + / © 2rDeln) Dy{0) o0 d9m>
4 O =0y, ¢
. .
N cos @, Tk_l—i-/ 21Dy (0m) D4 (0) cos b, sin by, a0, ) . (22)
4 Y 0 =0x ¢

13



The other integrals can also be computed analytically:

sin QoDy(O)(g—?) — €08 2p,) (A’;_l—i-
c

1
- (a’;(cos 26, + c0s 20,) + 2(E — 0;)(a" (B + E) + 26%) + 2(a"6), + b*) sin 26), — 2(aF E + b¥) sin 290)>

sin 0, D (0)(—3 4+ cos2¢,) [ 1
- <Ay +

1
3 (a];(cos 20; + cos 26,) + 2(E — Qk)(a’;(ﬁk +FE)+ QbZ) + 2(a’59k + b’;) sin 26y, — 2(al;E + b]zj) sin 200)>

cosby (1 . 2mDy(0)
270 (i ikt A4
4 < = 8¢
cos 6 1 2mD.(0)

o (k-1 T (
4 < v T 8

(2(a§0k + b5) cos 20, + 2(ak E + b¥) cos 26, 4 a¥ (sin 26, — sin 29k)>>

2(a’§9k + b’;) cos 20y, + 2(aZE + b’;) cos 260, + alg(sin 26, — sin 29k)>> .

(23)

Computation of I?

We call E = § — 0, an angle in [0, 041] in our piecewise distribution. We have

I3

2 (1004’0
/ / (sin 0, sin 0, cos(pm — o) + €08 0, o8 0,,) D (O, 1) Sin Oy, dop,
%)

m= 800“1’ B)
74’&00
/ (sin 6, sin O, cos(Ym — o) + €08 0, €08 O, ) D (O, o1 ) SIN Oy, dppy, db,
Pm= <Po+27r C
P} 800+C
sin 00/ sin? 6, / D0y om) cos(@m — @o) dom+
=F Som:SOo+%
74’500
/ D (O, om) cos(om — @o) dom | dom,
Pm= 5004’277 C
z po+C F+eo
-+ cos 00/ cos 0,, sin 0,, / DOy o) dom + / D0, om) dom | dOm
Om=FE CPm:SDo+% me:‘Po“F27T*C
in6,D,(0) [z potC
OO 5 ygysiton | [ coston— o) cos? o dpn+
c em:E Sﬁm:@o‘i’%

7+500 9
/ cos(Pm — o) COS” Y A | dbp,
Som:SOo"FQﬂ'_C

sinf,D,(0) [= : Pt i
_’_#() / Dy(em) Sln2 0m / COS(QDm - S00) Sln2 Pm dg@m‘i_
C Om=F SDm:SDO'i'g

3m 4
2 Po

/ cos(@Pm — ©o) sin? Om d(pm) db,,
Pm= Q00+27T C

0,D,(0) [3 eore o
. cos 0,0, (0) /2 Dy (01 cos Oy, sin O, ( / cos® o, dpm + / ? cos? o dﬁpm) b,
Om=FE v i

c m:¢0+2 m= SOO"‘QT‘- C

c

HODJ; jus <p0+c 7+SOO
+u /2 Dy(em) cos 0,, sin 0,, (/ Sln ©m d(/?m / 2 Sin2 ©m d(Pm) db,,
Om=E v :

m:SOo"‘* m= S@o+2ﬂ' C

(24)
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I3 =
I3 =
_|_
_|_
_|_

. OD s
sin 6o, (0) /2 Dy (6,,) sin? ,,, (3 + cos 20, (cos 2C — 2sin C')) (sin C' — 1) db,,
Om

+M /2 Dy(0) sin? 0y, (3 — cos 2, (cos 2C — 2sin C)) (sin C' — 1) dby,
0

0,D,(0) [ :
+Ly() /2 D (6,) €08 Oy, Sin Oy, <C T sin2C cos 2%) o,
c Om=E e

HOD.Z’ 3 . 1 )
—|—u /2 Dy(0p,) cos O, sin b, | C — T Z4inaC cos 2%, ) db.
¢ Om=F 2 2
in6,D,(0) [2
Sm?,cy() /2 Dy (6,0) sin® G, (3 + c0s 20, (cos 2C — 2sin C)) (sin C — 1) dby,
Om=F
iné,D, g ' | |
Smgc(O) /2 Dy(0rm) sin? 6, (3 — cos 2p,(cos 2C — 2sin C)) (sin C' — 1) db,,
Om=F
N / 2 27D4(0) Dy (0) cosOmsinbn ) /9k+1 2D (6m) Dy (0) €08 O 51 6o
Or1 ¢ Orm=FE c

[NE]

D 1
L D0 / Dy (Bm) €05 O sin 5 (C + 3 in 2C cos 200) d9m>
c 0,,—F

cos 0, <_1(/72T 27Dy (0,) D3(0) cos By, sin 6y, i, + /9k+1 27Dy (01,) D2 (0) cos By, sin by, d0,,)
0 0.

k+1 ¢ m=E ¢

Dq(0)

Cc

B 1
+ /2 Dy(0:,) cos by, sin 0, (C' — 3 sin 2C cos 2¢p,) d0m> . (25)
Om=FE

We can see that the two terms in blue correspond to the coefficients (T — T*) and (T3 — T;) The

two inte

grals over 0,, € [E,0;41] can be also computed analytically. The other integrals are grouped as a

sum in a function called A:

IZ = A

A is

(26)

sin 8,

A = (/2 D(B,,,0) sin? 6, (3 + cos 2p,(cos 2C — 2sin C)) (sin C' — 1)
0

3 B

+ D (O, g) sin’ B, (3 — cos 2, (cos 2C — 2sin C)) (sin C' — 1) d€m>

1
+ coséb, (/ : D(0,,,0) cos 0, sin 6, (C + B sin 2C cos 2¢,)
Om=FE

+ D (O, g) 08 Oy, sin 0, (C' — % sin 2C cos 2¢,) d0m> (27)

15



The two integral cannot be computed analytically and we propose to use a numerical approach to
evaluate it. As our distribution is a piecewise function, we use a trapezoidal rule to approximate it:

. Ort1 n 0i11
A — su;% (/ part1(6,,) db,, + Z / part1(6y,) d6m>
o . :

m:E

Or+1 0it1
+ cosb, / part2(60,,) db,, + Z / part2(6,,) dbm,
0

m=F i=k+1 Om=>0;

%

. 00 i
A w2 ((0k+1 ~ B)(part1(0x11) + partL(E) + A Y part1<"i+1>+l°ar“<"”)
i=k+1

0, Y
+ COZ <(0k+1—E)(part2(<9k+1)+pa7“t2(E))A9 > part2(9i+1)+part2(9i)>
(28)

with Ay a constant if each sector of the decomposition over 6 is equal and partl and part2 the integrals
over 0, in Equation 27.

3.3 GAF plots
Finally, the GAF expression is

B cos b, N cos b,
~ Jolo-m)D(m) dm T L4 I 412

G1(o,m) (29)

Figure 3 shown two examples of the GAF computed for two random configurations of our controllable
distribution.

3.4 Correlated GAF

Previous computations are based on the Ashikhmin et al. |, 5] expression (Equation 10). Other more
convenient expressions of this function can be obtained starting from the work of Bourlier [3]. Walter et
al. [10] and more recently Heitz |5] express the normal distribution in the slopes space Pas(p, q):

Pyy(p, q) = cos* 6, D(m), (30)

where p and q correspond to the surface slopes in the local coordinate system, defining the normal m, such
that p? + ¢> = tan®6,,. The one dimensional distribution of slopes is given by:

R = [ " Pap.q) dp. (31)

—00
Finally, G (v) is obtained by the integration of P:

1

Gi(v) = TYA@)

(32)

yvh{er}e A(v) = i fj;o (¢q—pn)P2(q) dg and p = cot 0,. A formal proof of these derivations is given by Heitz
in [5].

Note that this GAF version is used by most rendering systems, though the discussion proposed by
Ross et al. [3] or Heitz et al. [1] expresses correlated versions between masking and shadowing, considered

16



Isotropic Anisotropic

0.5
05
0.25
0.25
g s 3 n 0 I s ks s
8 4 8 2 8 4 8 2
= Dx(8) — Dy(6) = Dx(8) — Dy(6)
1 1 .
0.75 0.75
0.5 0.5
0.25 0.25 \
I3 I 3n I3 I3 I 3n g
8 4 8 2 8 4 8 2
- G1 for ¢=0 G1 for p=m/4 G1 for ¢=m/2 = G1 for =0 G1 for p=r7/4 G1 for ¢=m1/2

Figure 3: Two examples of the GAF with our controllable distribution (randomly generated here): isotropic
on the left and anisotropic on the right.

as physically more plausible. One more accurate formulation, equivalently computational costly, is the
heigth-correlated masking and shadowing expression:

‘ 1
Gli,oom) =7 A(i) + Ao)” (33)

Note that Equations 10 and 32 are equivalent and thus the expression of the function A is given by:

cos 8, B 1
Jo(0-m)D(m) d m 14+ A(o)
= Ao) = Jo(o - m)D(m) dm_1

cos B,
In Equation 16, I} = % + I11 and thus

I I+ 1 1
Ao) =t l2tls 2

cosf, 2
with
_ sinf,D,(0)(3 4 cos 2¢,) sin 0, D (0)(3 — cos 2p,)
N 3¢ 3¢

Knowing the function A allows to compute the heigth-correlated masking and shadowing expression of the
Smith GAF (Equation 33) considered as physically more plausible.
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