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Abstract

We will consider the Navier-Stokes equation on a Riemannian manifold M with Ricci
tensor bounded below, the involved Laplacian operator is De Rham-Hodge Laplacian. The
novelty of this work is to introduce a family of connections which are related to solutions
of the Navier-Stokes equation, so that vorticity and helicity can be linked through the
associated time-dependent Ricci tensor in intrinsic way in the case where dim(M) = 3.
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1 Introduction

The Navier-Stokes equation in a domain of R" is a system of partial differential equations
Opur + (ug - V)ug — vAug +Vpr =0, V-up =0,  uli=o = up, (1.1)

which describes the evolution of the velocity u; and the pressure p; of an incompressible
viscous fluid with kinematic viscosity v > 0. The model of periodic boundary conditions for
(1.1) on a torus T™ has been introduced to simplify mathematical considerations. In [14],
Navier-Stokes equations on a compact Riemannian manifold M have been considered using
the framework of the group of diffeomorphisms of M initiated by V. Arnold in [5]; where the
Laplace operator involved in the text of [14] is de Rham-Hodge Laplacian O, however, the
authors said in the note added in proof that the convenient Laplace operator comes from
deformation tensor.

In this article, we would like to explore the rich geometry coded in the Navier-Stokes equation
on a manifold.

Let V be the Levi-Civita connection on M. For a vector field A on M, the deformation
tensor Def (A) is a symmetric tensor of type (0,2) defined by

(Def A)(X,Y) = %((VXA,Y) + <VYA,X>), X,Y € X(M), (1.2)
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where X' (M) is the space of vector fields on M. Then Def : TM — S2T*M maps a vector
field to a symmetric tensor of type (0,2). Let Def * : S2T*M — TM be the adjoint operator.
In [32] or in [36] (see page 493), the authors considered the following Laplacian

~

[0 = 2Def * Def . (1.3)
They considered the Navier-Stokes equation with viscosity described by 0, namely

Opur + Vo, ur + vOuy = —Vpy, div(uy) =0,  ul=o = uo, (1.4)

The reader may also refer to [33] in which the author considered the same equation as (1.4)
on a complete Riemnnian manifold with negative curvature. Variational principles in the
class of incompressible Brownian martingales in the spirit of [5] were established recently in
[10, 2, 3, 4] for the Navier-Stokes equation (1.4).

In this work, we will concerned with a complete Riemannian manifold M of dimension n,
with Ricci curvature bounded from below. We are interested in the following Navier-Stokes
equation on M defined with the De Rham-Hodge Laplacian [,

(1.5)

Orur + Vy,ue + vOuy = —Vpy,
div(ug) =0, ult=0 = uo,

where u(z,t) denotes the velocity vector field at time ¢, and p(z,t) models the pressure. If no
confusion may arise, we will use u; (resp. p;) to denote the vector field u(-,t) (resp. p(-, 1))
for each t.

There are a few works [26, 38] which support this choice of [J. The probabilistic representation
formulae behave better with Navier-Stokes equation (1.5) (see [11, 20, 19]). Our preference
here for [J is motivated by its good geometric behavior and its deep links with Stochastic
Analysis. See for example [6, 7, 8, 12, 13, 15, 18, 17, 22, 25, 27, 31, 34]. From the view of
kinetic mechanics, the viscosity effect of a non-homogeneous fluid should be mathematically
described by the Bochner Laplacian of the velocity vector field, where the metric tensor
describes the local viscosity distribution. On the other hand, the de Rham-Hodge Laplacian
operating on one forms is mathematically more appealing. By invoking de Rham-Hodge
Laplacian in the model, according to the Bochner identity, one then produces a no-physical
additional term which is however linear in the velocity. An additional linear term in the
Navier-Stokes equation will not alter the fundamental difficulty, nor to alter the physics
of the fluid flows, which justify the use of de Rham-Hodge Laplacian. There is also a good
reason too to consider Navier-Stokes equations on manifolds, if one wants to model the global
behavior of the pacific ocean climate for example.

Let’s first say a few words on the definition of [ on vector fields. There is a one-to-one
correspondence between the space of vector fields X'(M) and that of differential 1-forms
AY(M). Given a vector field A (resp. differential 1-form w), we shall denote by A (resp.
w*) the corresponding differential 1-form (resp. vector field). To see more intuitively these
correspondences, let’s explain on a local chart U: as usual, we denote by {8%1, ce %} the
basis of the tangent space T, M and by {dz!,... dz"} the dual basis of T;M, called the

co-tangent space at x, that is, dz‘(=—) = d;;. The inner product in T, M as well as the one
t t t x, that is, dz’ 3 ;5. Th duct in T, M 1l as th
2

in the dual space T, M will be denoted by (, ), while the duality between T M and T, M will

0

n
be denoted by (, ). Set g;; = (%, %). Let u be a vector field on M, on U, u = E Uiy
(3 7 e :E’i
1=1



then @ admits the expression

3
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U = ( gijuj)d:ci.
1 j=1
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I

Let g¥ = (da',dz’). Then the matrix (¢*) is the inverse matrix of (g;;). For a differential
n

1-form w = Z wjdxj , the associated vector field w# has the expression
j=1
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Concisely
(w,A) = (W, A) = (w, A), A€ X(M), weA (M),

Now for A € X(M), the De-Rham Hodge Laplacian (JA is defined by
OA = (JA)#, O=dd* +d*d,

where d* is adjoint operator of exterior derivative d. Then we have the following relation

/M(DW,A) dr = /M<Dw,fx> dr = /M<w,DA> dr = /M(w,DA) dzx

where dx denotes the Riemannian measure on M. The classical Bochner-Weitzenbock reads
as

OA=—-AA+Ric(A), AeX(M), (1.6)
where Ric is the Ricci tensor on M and AA = Trace(VV A), characterized by

_/ <AA,A>dx=/ IVAJ? da. (1.7)
M M

Let T : X(M) — X (M) be a tensor of type (1,1), and denote by 7% : ALY(M) — A (M) its
adjoint defined by

(T*w,A) = (w,T(A), AecX(M), (1.8)
where we used notation AP(M) to denote the space of differential p-forms on M.

In the space of R3, the inner product between two vectors u,v will be noted by u - v. The
vorticity & of a veloclty uy is a vector field defined as §& = V x u;. When u; is a solution to
Navier-Stokes equation (1.1), then & satisfies the following heat equation

d&y

E + vutft — Z/Agt = Vgtut (19)

where V*u; is the symmetric part of Vug, such that Vgtut -v = Defug(&,v) with Def
introduced in (1.2). How to interpret the term Vi u; 7 From (1.9), a formal computation
leads to

th/ \gtyde+u/ ]V§t|2dx—/ Def (uy)(&, &) dx (1.10)

3



Since K. Ito introduced the tool of stochastic parallel translations along paths of Brownian
motion on a Riemannian manifold, especially after the works by Eells, Elworthy, Malliavin
and Bismut (see for example [31, 16, 8]), there are profound involvements of Stochastic
Analysis in the study of linear second order partial differential equations and in Riemannian
geometry [6, 34, 25, 29]. The purpose of this work is to geometrically explain the right hand
side of (1.10). To this end, we will consider Navier-Stokes equation in a geometric framework
in order that suitable geometric meaning could be found.

In what follows, we present the organisation of the paper and main results. In Section 2, first
we follow more or less the exposition of [36]. To a solution u; to Navier-Sokes equaion (1.5),
we associate a differential 2-form @; which is the exterior derivative of #;; a heat equation
for &y will be established with involvement of V5u;. When M is of dimension/i’),/the Hodge

star * operator sends @ to a differential 1-form w;. In flat case of R?, wy = V x u;. We call
such w; the vorticity of us; a heat equation for w; is also obtained in Section 2. In second
part of Section 2, the a priori evolution equation for w; is established. Using heat semi-group
e ™ on differential forms as well as Bismut formulae, the existence of weak solutions in
the sense of Leray to Navier-Stokes equation (1.5) over any intervall [0,77] is proved under
suitable hypothesis on boundedness of Ricci tensor : to our knowledge, these results are
new while comparing to recent results obtained in [33]. In Section 3, we give an exposition
of the involvement of Stochastic Analysis on Riemannian manifolds; stochastic differential
equations on M, defining the Brownian motion with drift w € L2([0, T], H*(M)) of divergence
free is proved to be stochastic complete; then w; admits a probabilistic representation. By
introducing a suitable metric compatible affine connection on M, a Brownian motion with
drift w on M can be obtained by rolling without friction flat Brownian motion of R™ on M
with respect to it : it was a main idea in [31, 16], and well developed in [25]. So to a velocity
ug, we associate a metric compatible connection V! on M, which admits the following global
expression

2
VY =VxY — mKt(X, Y), X,Y e€X(M)

where Ki(X,Y) = (Y, u;) X — (X, Y )uy: it gives rise to a connection with torsion 7% which is

not of skew-symmetric. Section 4 is devoted to compute the associated intrinsic Ricci tensor
ot

Ric which was first introduced by B. Driver in [12] as follows:

n
—t
Ric (X) = Ric'(X) + Y (VET")(X,e)),
i=1
where Ric! is the Ricci tensor associated to V! and {e1, ..., e,} is an orthonormal basis at tan-

gent spaces. The formula (1.10) has the following geometric counterpart for 3D Riemannian
manifold M,

1d/ |wi|? da + 1// |Vw|? dx = 1/ (we, ug)? d — 1// (Eﬁt’#wt,wt) de.  (1.11)
2 dt M M 2v Ju M

As well as vorticity w; is not orthogonal to velocity us, a phenomenon of helicity (wy, u;) will
appear. Formula (1.11) says how helicity and intrinsic Ricci tensor fit into the evolution of
vorticity in time and in space. Section 5 is devoted to interpretation of main results obtained
in Section 4 in the framework of vector calculus. Finally in Section 6, we collect and prove
technical results used previously.



2 Vorticity, Helicity and their evolution equations
Let u; be a (smooth) solution to the Navier-Stokes equation on M,
Opur + Vy,ue + 0wy = =V,  div(ug) = 0, ufi=0 = uo. (2.1)

Transforming Equation (2.1) into differential forms, 4, satisfies

8tﬂt + vutﬂt + Ul:lﬁ/t = _dpt7 (2 2)
d*y = 0, =g = do. '
Let
W = duyg, (2.3)

which is a differential 2-form. For vector fields X,v on M, Lie derivative L satisfies the
product rule, that is,

ﬁv(a,X) = (ﬁva, X) + (ﬂ’ EUX),

where

By taking v = u, we get
1
(Loti — Vi, X) = (1, VouX — LX) = (4, Vxu) = (u, Vyu) = 5(d\u|2, X)

which yields that

1
Lot — Vi = 5dyu|2. (2.4)

By definition £, = i,d + di, where i, denotes the interior product by u, so the exterior
derivative d commutes with £, since dL, = L,d = di,d, and therefore by using (2.4),

AVt = dLyu = Lydi.
It is obvious that Od = dJ. Then by acting d on the two sides of (2.2), we get

{8,5@ + 'Cuta}t + I/D(I)t = 0, (25)

Bi—o = @o.

Remark 2.1. Since d*a = 0, by definition (2.3), d*© = d*du = Ou, and therefore, as O
admits a spectral gap, t can be solved by

o =0"Yd").
It is sometimes more convenient to use covariant derivatives. To do this, let 5 be a differential
p-form and T': X(M) — X (M) be a tensor of type (1,1). Define for X1,..., X,
(B<T)(Xy,... ,Xp) = 5(T(X1),X2, e Xp) + ...+ B(X, ... ,Xp_l,T(Xp)). (26)
If 5 is a 2-form and T' = Vu, then for X, Y € X (M),

(BaVu)(X,Y) = B(Vxu,Y) + B(X, Vyu). (2.7)



In the same way as for proving (2.4), we have
(Lof = VuB)(X,Y) = B(Vx0,Y) + (X, Vyv) = (61 V0)(X,Y).

Now replacing £,& by V,& + @ < Vu in (2.5), we obtain the following form

Ot + Vut‘:)t 4+ vwy = —wr A Vg, (2 8)
@lt=0 = @o.
Proposition 2.2. Let V**u be the skew-symmetric part of Vu, that is,
1
(V*u, X @Y) = 5(<vXu, Y) — (Vyu, X)).
Then & < V**u = 0.
Proof. Fix x € M and let {ej,...,e,} be an orthonormal basis of T,,M. Then
n
V=) (Viue)(X, e e;
J*l
n
Zdu (es,e5)(X,e5)e Z w(X, e;) ey,
i,j=1 J=1
so that .
S(Vu,Y) =3 60X, e))d(ej, ) = &(Vitu, X).
j=1
Combing these relations and Definition (2.6), we have
(@aVH*u)(X,Y) = 0(Vv,Y) + &(X, ViFv) = 0.
O

Let V®u be the symmetric part of Vu, that is
1
(Vu,X®Y) = 5(<vxu, Y) + (Vyu, X)).

V?u is called the rate of strain tensor in the literature on fluid dynamics. Therefore Equation
(2.8) can be written in the following form:

{8,5(:),5 + Vutu*)t + VD(I)t = —(I)t < Vsut, (2 9)

Dli=0 = Wo.
In the case where dim(M) = 2 or 3, Equation (2.9) can be simplified using Hodge star
operator *. Assume that M is oriented and w, is the n-form of Riemannian volume, let

w = %@, which is a (n — 2) form such that

OAa=(w,a)pyn-2 Wy, foranya € A" 2(M),

or

BN *@ = (©,B)r2 wy, foranyp € A2(M).



Proposition 2.3. Let w be a p-form on M and div(u) = 0. Then V,(xw) = *(V,w).

Proof. Let B be a p-form. Then A xw = (,w) wy,. Taking the covariant derivative with
respect to u, the left hand side gives

VuB A (xw) + B A Vu(w) = (VufB,w) wn + B A Va(5w),
while the right hand side gives
<vu67w> wn, + <67 vuw> Wn = <vu67w> wn + BA*Vyw

as Vyw, = 0. Therefore A Vy(xw) = B A (xV,w) holds for any p-form [, the result
follows. o

Proposition 2.4. Assume dim(M) = 3. Then
*<wt 4 Vsu) = (x) 4 Vou. (2.10)

Proof. Fix x € M; let {e1,e2,e3} be an orthonormal basis of T, M, {é;1,é2,€3} be the dual
basis of Ty M. Let {i1,i2,i3} be a direct permutation of {1,2,3}, and w = é;; A &;,. Then

—~

(waVu)(X,Y) = ((Viwa Vi ~ i, <V§u>i2) + (V3w X, = Xiy (V) )

3
= [V Wi XY, = (V2 0)ia X Vi, + (V2 )i Xi, Y — (V2 u)i, XY |
j=1
3
= (Vs )i, (X XZQYJ> +3 (v (X Y — X, )
j=1 j=1
It follows that s ,
w<aViu = Z(V‘;U)Z‘léj A €, + Z(ngu)iQéil AN éj.
j=1 j=1

More precisely
waViu = (Vzil u)i1éi1 A éiQ + (VL;Q u)iQéh A éiz
+ (Viig )iy €iz A iy + (V;S )iy €iy A Ci.-

Since Cs, ). = Trace(Vu) = div(u) = 0, therefore ﬁnally we get
€. j
- J

*(w 4 vsu) = _(vziSU)i1éi1 - (Vzigu)izéiz - (vzi?)u)%éis' (2'11)

On the other hand, *w = €;,, so that

Mw

(xw) 4 (VPu)(X) = (xw)(Viu) = p (Ve u)i X

1

J

It follows that
(s0) @ (Vo) = (V2, wiy@iy + (V2 w)iyia + (V3 0y (2.12)

Now combing (2.11), (2.12), and by symmetry of V*u, we get (2.10). O



Corollary 2.5. Let dim(M) = 3 and wy = *w;. Then
Owr + Vywe + vwe = wy < (Viuy). (2.13)

Proof. First note that O = x[J (see [40], p. 221), so (2.13) follows from Proposition 2.3 and
Proposition 2.4. ]

Remark 2.6. Since xx = (—1)p(”_p) on p-form, so forn = 3, O, = *w; and in the case where
O admits a spectral gap, the following relation holds

@y =07 (d* (+wy)). (2.14)

Proposition 2.7. In the smooth case, it holds
2dt/ |ug |2 dm—|—1// |V |* d$——1// (Ricug, ug) dx. (2.15)

1
Proof. Remark first that / (Vaugug, up) de = 2/ Lo, |ut|*dz = 0 and / (Vp,us) dx = 0.
M M M
Then using equation (2.1), we get

2dt/ |ut|2dsc+1// <Dut,ut>d =0.
Now using Bochner-Weitzenbock formula (1.6) and (1.7) yields (2.15). O

Proposition 2.8. Assume that there exists a constant k € R such that
Ric > —k. (2.16)

Then the following a priori estimate holds
1 2 ! 2 1 2 +
lluellz +v [ N[Vus|lz ds < Slluollz exp(2vts™), (2.17)
0

where k't = sup{k, 0}.

Proof. Using (2.16) and (2.15), we get inequality

2dt/ |y |2 d3:+1// ]Vut|2dx<1//-i/ lug|? dz < ve™ / |g|? d.

1 t
Let ¥(t) = §Hut\|§ + l// ||Vus||3ds. Then ¢ satisfies inequality
0

1 t
0(t) < gl + 20" [ w(s)as
Gronwall lemma yields (2.17). O

In what follows, we will establish the existence of weak solutions in Leray sense over any
[0,7] and
ue L*([0,T), H'(M)) 0 L>([0,T], L*(M)).

To this end, we will use the heat semi-group T; = e "/2 to regularize vector fields. Let v be

a continuous vector field on M with compact support and define Tyv = (th))#. Then Tyv
solves the heat equation



0 1
— + -0 (Tw) =0.
((% + 2 > (Tw) =0
By ellipticity of O (see for example [40]), (t,z) — (Tiv)(x) is smooth. It was shown in [21]
that
div(Tw) = TM (div(v)),

where Ti\/[ denotes heat semi-group on functions. Hence T, preserves the space of divergence
free vector fields. By (6.14) in Section 6 it holds true that

ITy0| < /2 T ). (2.18)
It follows that for 1 < p < 400, ||T||, < et t/? ||v]|p, and for 1 < p < 400, Tyv — v in LP.
Consider a family of smooth functions p. € C°(M) with compact support such that

0<p:<1, @e(x)=1forz e Blxpy,1/e) and sup||Vee|loo < +00, (2.19)
e>0

where x,; is a fixed point of M. For € > 0, we define
F.(u) = -T.P (cpE VTEu(npngu)) —vT OT.u, wuc€ LQ(M)

where P is the orthogonal projection from L?(M) to the subspace of vector fields of divergence
free. We have

TP (e Vir,u(0eTew)) o < e 2P (0 V,u(peTew))||2 < e 2|V u(0eTeu) 2.

Since . is of compact support, we have

HvtpsTsu(QPeTsU)HQ < lpeTeul|o [[V(peTeu)l|2. (2.20)

Again due to compact support of ¢., when n = 3, by Sobolev’s embedding theorem, there is
a constant 3(¢) > 0 such that

|lpeTeulloo < B(e) [lpe Teul| -

For the general case, it is sufficient to bound the uniform norm by the norm of H™ with
m > 2.
2

Proposition 2.9. For any T > 0, there are constants 51, B2 such that

O] < il\uHQ, VTl < 22, >0 (2.21)

\/g?

Proof. We will restate, in Section 6, (2.21) with more precise coefficients dependent of cur-
vatures of M and give a proof based on Bismut formulae obtained in [18, 13]. O

By Proposition 2.9, there are constants 5(¢) > 0, 5(¢) > 0 such that

lpeTeulloo < Ble) Jullz, [ T-OTullz < B(e) |[ull2- (2.22)
Combining (2.20) and (2.22), there are two constants 31(g) > 0 and S2(e) > 0 such that

1Fe(u)ll2 < Bu(e) [[ull3 + Bz(e)llull2,



and F_ is locally Lipschitz. By theory of ordinary differential equation, there is a unique

solution u* to
dug

dt
up to the explosion time 7.

= F.(uf), u§=wug€L? div(u)=0, (2.23)

Theorem 2.10. Assume that ||Ric||cc < +00 and that Ra is bounded below. Then for any
T > 0, there is a weak solution u € L?([0,T), H') to Navier-Stokes equation (2.1) such that

1 t 1
llull + [ 19wl ds < 3 luol} exp(vtsh),
0
where k is lower bound of Ric and R is the Weitzenbock curvature on 2-differential forms
defined in (6.8).
Proof. Rewriting Equation (2.23) in the following explicit form, for ¢ < T,

dug
dt

+ TP (pe Vug (9 Tets)) + vTOT.uf = 0.
Note that
/ <TEP(S0€ ngUi((PngU?)), u§> dx :/ <VT5u§((PeTsu§))v (PETEU§> dx
M M
= / £T5U§|(10€T5u§|2 dz =0,
M

since div(T.u§) = 0, and

/ (TOT.ug, uj) do = / VTl do + / (Ric(T.uf), Toul) da.

M M M

Hence

1d
th/ \u§2d$+u/ \VT.uf | do = —l// (Ric(Teug), Toug) dx
M M M
< —VKJ/ |T.uf|* de,
M
or in the form
1 2 ' 2 1 2 ' 2
gl +v [ Nl Bas < Slluol 3+ v [ [Tl Bas (224
According to (2.18), above inequality implies that
1 €12 1 2 + ext ! €112
D13 < Sl + e [ )3 as.
0
Gronwall lemma implies that for t < 7

1 1
Sl 13 < S lluoly expltvnteer).

It follows that 7 = +00. Now again by (2.18) and (2.24), we get
1 €112 ext ! g2 1 ext 2 + ext ! €112
T e [ IV Tl Bas < 5o ol o+ wtes™ [ maa s

10



Gronwall lemma yields, for ¢ < 1, that

1 t er’
Il + v [NIVTazlBds < Goljlf explovnter”). 225)

Let T > 0. By (2.25), the family {T.uf; € € (0,1]} is bounded in L*([0,7], H') as well in
L>([0,T],L?). Then there is a sequence e, and a u € L2([0,T], H*) N L>=([0, T], L?) such
that T., u® converges weakly to u in L2([0,T], H') and s-weakly in L®([0,T], L?). Now
standard arguments allow to prove that u is a weak solution (2.1). The boundedness of Ric

is needed while passing to the limit of the term / (Ric(Teug), vy) de.
M
O

Proposition 2.11. Let dim(M) = 3. The vorticity wy satisfies a priori identity:

1d
Zdt/ \wt|2d:z:+u/ \th|2d:c:—y/ <Ricwt,wt)da:+/ (we A Viup, wy) dz.  (2.26)
M M M M

Proof. Using Equation (2.13) and the same as proving (2.15) yields (2.26). O

The term H; := [ 17 (@i, ug) d is called helicity in theory of the fluid mechanics.
Proposition 2.12. Let dim(M) = 3. Then

da
dt o

(wi, ug) de = — 1//

(dwy, *wi)p2 dx — 1// (Vwy, Vug) dx
M

M (2.27)
1// (wt,Ricut)dx+/ (wt, Vi, ug) d.
M M

Proof. Using Equation (2.1) and Equation (2.13), we have

d
—(wt, ut) = —(Vutwt, ut) — I/(Dwt, Ut) + (wt < Vsut, Ut)

dt
- (wt, vutut) - V(wt, Dut) - (th VP)-

It is obvious that
/ {(Vutwt, u) + (wi, Vutut)] dr = / Loy, (Wi, ug) dx = 0.
M M

In addition, by ([40], page 220), d* = (=1)"®*DF1 s dx and *x = (—1)P("P) on p-forms.
Then d*x = + = d, so that

/(wt,dp>da:—/ (x@y, dp) dx—/ d*(*&;t)pda:—i/ *(dwy) pdx = 0.
M M M M

On one hand, using Hodge star operator,

/(wt,Dut)d:U:/ <wt,d*d&t>dm:/ <dwt,d)t>dm:/ (dwy, *wy) dx.
M M M

M

On the other hand, using Bochner-Weitzenbock formula,

/(wt,Dut)dx:/ (th,Vut)d:E—l—/ (wy, Ricug)dx.
M M M

11



By putting these terms together we conclude that

4 (wi, uy) de = — 1// (dwy, *wiydr —v | (Vwy, Vug) do
dt M M M
- V/ (wg, Ricug)dx + [ (wi, Vi, ue) dz,
M M
since (wy 9 Viuyg, up) = (wi, Vi, ug). We get (2.27). O

3 Heat equations on differential forms

We will express solutions to equation (2.13) by means of principal bundle of orthonormal
frames O(M). An element r € O(M) is an isometry from R" onto 77,y M where 7 : O(M) —
M is the canonical projection. More precisely, an element of O(M) is composed of (x,r),
where z = 7(x,r) and r is an orthonormal frame at x, that is, an isometry from R" onto
T, M. For the sake of simplicity, we read r as (7(r),r), but we sometimes have to distinguish
them. The Levi-Civita connection on M gives rise to n canonical horizontal vector fields
{A41,..., A} on O(M), which are such that dn(r) - A, = re;, where {e1,...,e,} is the
canonical basis of R™. A vector field v on M can be lift to a horizontal vector field V' on
O(M) such that dr(r)V; = vy(y. Let w be a differential 1-form. Following Malliavin [31], we
define

F(r) = (Wr(ry,rei) = (Tw, Ai)r, i=1,...,m, (3.1)

where 7*w is the pull-back of w by 7 : O(M) — M. We have
(EAjFZ,)(r) = (Vyg;w,rei) = (Vw, re5 @ 1ey), (3.2)

where the second duality makes sense in Ty(,yM ® Ty(,yM. In fact, let t — r(t) € O(M) be
the smooth curve such that 7(0) = r,7/(0) = A;(r). Let & = n(r(t)). Then //; ' :=ror(t)™!
is the parallel translation from T¢, M onto T, M along . and

F;(T(t)) = (wﬁtvr(t)gi) = (//t_lwﬁmrgi)'

Taking the derivative with respect to t at ¢ = 0 yields (3.2). In the same way, we get
(EzAj F)(r) = (Vie,Vw,rej @ 1¢;). Therefore

AoanFl =Y L4 Fl = (Aw,re;) = FA,(r).
j=1

Let U; be the horizontal lift of u; to O(M). Then Uy(r) = Z(ut(az),raj)Aj(r), where
j=1
z = 7(r) and according to (3.2),

n

(Lo FY)(r) =Y (ur,rej)(La,Fy)(r) = (Vuw, rei) = F, 4 (r).
j=1

Let ¢ = wy < V3u; then

F;)t (T) = (¢t7 7"67;) = Wt(VigiUt) = Z<vieiuta T5j> (wta Tfj) = Z<Vf’6iut7 T€j>F£t.
j=1

12



Define K;j(t,r) = (Vﬁeiut(ﬂ'(r)),rsj) and K (t,r) = (K;;(t,r)). Then Fy,(r) = K(t,r)F,,(r).
By applying Bochner-Weitzenbock formula (see (1.6)) to 1-form w, Ow = —Aw + Ric%w. Let
ric, = r_lRicW(T)r denote the equivariant representation of Ric on O(M). Then Fy;.#,,
ric F,, since ric is symmetric. Now applying F' on two sides of Equation (2.13), we get the
following heat equation defined on O(M ), but taking values in flat space R™:

d

dt
This equation was extensively studied in the field of Stochastic analysis, see [6, 7, 8, 15, 17,
25, 27, 31, 34] for example. However the situation becomes more complicated when the vector
field is time-dependent (see [35]).

Fo, = VAo Fur — Loy Fuy + (K(t,-) — vric) Fl, . (3.3)

In what follows, we will derive a stochastic representation formula for the solution to (3.3).
First of all, we have to prove that the concerned diffusion processes do not explode at a
finite time. For this purpose, consider a family of vector fields {v:(z); t > 0} on M. We
assume here that (¢,7) — v;(z) is continuous and for each t > 0, v; € C'T® with a > 0, and
div(v¢) = 0. Let V4 be the horizontal lift of v; to O(M). Then div(V;) = div(v) o7 (see [21],
595) and therefore div(V;) = 0.

Consider the following Stratonovich stochastic differential equation (SDE)

n
dry = ZAk(rt) o thk + Vi (ry)dt, Tliso =T0 (3.4)
k=1
where W; = (WL, --- W) is a standard Brownian motion on R". Denote by r:(w,rq) the

solution to (3.4). Let ((w,rp) be the explosion time of SDE (3.4). Let

Y(t,w) = {ro € O(M); ¢(w,ro) > t}.

Then for each ¢ > 0 given, almost surely 3(¢,w) is an open subset of O(M) and ro — r¢(w, 79)
is a local diffeomorphism on X(¢,w) (see [27]). To be short, set r¢(ro) = r(w,r9). The
Jacobian J,, of rog — r¢(rg) is equal to 1, since by [27], the Jacobian JT;1 of inverse map r;,
admits expression

Sy = exp(— /Ot zn:div(Hk)(rs(ro)) odWk — /Ot div(Vs(rs(ro)) ds) =1.

k=1
Then for any ¢ € C.(O(M)), almost surely,
| ot s (ro)dro = | 00} L gstean () o (35)
O(M) o(M)

where drg is the Liouville measure on O(M) (see [34], page 185) such that my(drg) = dxo.

Let dpr(x,y) be the Riemannian distance on M between x and y. Fix a reference point
xym € M, consider

p(r) = d (7 (r), zar).
It is known that for each zy given, x — dps(x, zg) is smooth out of Cp, U {xo}, were Cy, is

the cut-locusof xg. It is known that Cy, is negligible with respect to dx. Then p is smooth
out of 77 H(Cy,, U{za}). By [34], p. 197, out of 7~ 1(Cyy U {z0}),

3000 (x().20) € grt s+ VR (3.6)

13



It is known that out of Cy, U {xo}, |Vadr (7, 20)| = 1. Therefore out of 7~1(Cyy U {z0}),
|Lv,dar (7(-), @o)| < Vi (3.7)

The lower bound of %AO( ap is more delicate. According to [24], page 90,

n—1 1

TR 5\/7m, quadn (r) € B(xyr, R)\(Cyzo U{z0}). (3.8)

1
sBoandu(n(-),z0) 2

where Kp is the upper bound of sectional curvature on the big ball B(zs, R).

Proposition 3.1. Assume furthermore that

/0 ' /M (s (2)[2 dads < +oo. (3.9)

Then there is a non-decreasing process lit > 0 and a Brownian motion {S; t > 0} on R such
that for almost surely initial ro,

t
1 .
p(rt) — p(ro) = B +/ ((§AO(M) + Lv,)p)(rs) ds — Ly,  t < ((w, o). (3.10)
0
Proof. The proof will be given in Section 6. O

Theorem 3.2. Assume Ric > —k and (3.9) holds. Then for almost all ro, ((w,rg) = +00
almost surely.

Proof. We have, by (3.10),
tAC 208
p(renc)? < plro)” +t A ¢+ 2/ p(rs)dfs + 2/ p(rs) (Lsp)(rs) ds,
0 0
where £ = §Ao) + Lv,. Using (3.6) and (3.7), there is constants C' > 0 such that
B(p(rinc?) < o0 + € [ B((20lr)(Lap)r) + 1)1z ds

plro)? + 20/ (1 + )@+ Valro) D Lescy ) ds.
Let u be the probability measure on O(M) defined in (6.6). Then
t
L Bt dus [ pPaur20 [ B0+ plr) 0+ Wil D<) duds
O(M) O(M) O(M)

< /O P aC / /O o B0 plrsnc?)) amas)

//O(M (1+ Va(rs)))?1 s<g>duds)1/2,

1/2

Note that

/ot/O(M) E((l + |Vs(rs)|)21(s<g)> duds < 2<T + /OT/M !vs(x)Ideds>.
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Set (1) = | o E0c) dp

C(T,v) = 40\/5\/T 11012 0.1 00)- (3.11)

Remarking that /€ < 1+ & for £ > 0, above two inequalities imply that
t
0) < ([ ol dut OT,0) +CT0) [ wls)ds

O(M) 0

The Gronwall lemma then yields
| Bl < ([ plro) du+C(T.0)) exp(C(T0)).
O(M) Oo(M)

The result follows. O

Now we are going to obtain a probabilistic representation for solution to the heat equation
(3.3). To this end, set F(t,r) = F,,(r). Let T > 0 be fixed. Assume that u; is a solution
to (2.1) such that (t,2) — wu(z) is continuous and for each t > 0, uy € C**® with a > 0.
Consider the following SDE on O(M),

drs¢(r,w) = \/QVZAi(rs,t(r, w)) o dW} — Ur_y(rs (r,w))dt, s<t<T, (3.12)
i=1 .

Tes(r,w) =7

Let v¢(z) = up—¢(x). Then by Theorem 3.2, SDE (3.12) is stochastic complete. Let Qs +(w)
be solution to the resolvent equation

%Qs,t(w) = Qst(w)Jr_t(rsi(r,w)), s<t<T, Qss(w)=1d (3.13)

where
Ji(r) = K(t,r) — vric,. (3.14)

For the sake of simplicity, we denote rg; = 7 (r,w). Applying It6 formula to Qs (F'(T'—t,7s )
for d; with t € (s,T), we have

dt (Qs,t F(T - t7 Ts,t)) = dth,t F(T - t7 Ts,t) + Qs,t dt (F(T - ta rs,t))
= QuaJr—1(rs ) F(T = t,re1) + V20 Quy Y (LA, F)(T — t,7r4y) AW}
=1

+ Qsﬂg (—(8tF)(T — t, Ts,t) + v (AO(M)F)(T — t, Ts,t) — (['UT,tF)(T — t, 7'5715)) dt

n
= V20 Qs Y (La,F) T —t,rey) dWy,
i=1
where the last equality is due to Equation (3.3). It follows that

n t
Qoi F(T —t,754) — F(T —5,7) =\2v Z/ Qs (LA F)(T —7,15,) dWL.
i=1"¢
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Taking expectation on the two sides gives E (Qs,t F(T—t, 7“57,5)) = F(T—s,r). Lett =T. Then

E(Qsj F(0, 7’57T)> = F(T — s,r). Replacing s by T — t, we get the following representation
formula to (3.3):

Fo, = E(Qr-t;rFuy (rr-1.7)). (3.15)

In what follows, we will explain how a vector field v on M gives rise to a metric compatible
connection I'V. For a time-independent vector field v on M, the diffusion processes {z;, t > 0}
associated to the generator 2A m + v can be constructed in the following way:

n
dry =" Ai(ry) o AW + V (ry) dt (3.16)
i=1
where V' is the horizontal lift of v to O(M), and let x; = 7(r;). We assume that the lift-time
¢ = 400 almost surely.

In Chapter V of [25], Ikeda and Watanabe introduced a metric compatible connection I'” so
that the diffusion process of generator %A M +v can be constructed by rolling without friction
Brownian motion on R™ with respect to the connection I'V. More precisely let {B, ..., B,}
be the canonical horizontal vector fields on O (M) with respect to I'”, consider SDE on O(M):

dry(t ZB rw(t)) o AW}, 1ry,(0) = 1.

Then the generator of diffusion process t — z4(w) = 7(ry(t)) is 1A +v. In fact, it holds

1 — 1
§Z£23j(fo7r): ((iAM—i—v)f)om (3.17)
j=1
This connection I'V was defined locally in [25]. On a local chart U, {8%1’ ol am 9_1 is a local

0
. Let F%k be the Christoffel

basis of tangent spaces T, M with x € U, and v = Zv
Ox;

coefficients of Levi-Civita connection. According to ([25} p.271), the Christoffel coefficients
Ffj of I'V is defined by (see also [1]),

T —ro’f——( klzgﬂv — gijv ) (3.18)

Proposition 3.3. Let V" be the covariant derivative with respect to the connection I'Y, and
VY with respect to the Levi-Civita connection. Then for two vector fields X,Y on M,

2
V%Y = VeY — —IKU(X, Y), (3.19)

where
K,(X,Y)=(Y,u) X — (X,Y)v. (3.20)

Proof. We have, using (3.18),
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{ZXYJF’“—FZX’ }8?:1?

k=1 i,j=1
0 2
XYIToH XZ ] _ 2
[Z +Z ory n—17%
k=1 4,j=1
where
G, 9 "9 D G,
X’YJ(SZ XtyJ T \k ’
Z ki >8xk Z <8x7;’ 8.7)]'>U oxy,
7]k 1 ,j,k’:l

n

3}
since Zgjgvé = <%,v>. It is obvious to see that the first sum in I is equal to (Y,v) X,
j

=1
while the second sum yields (X,Y) v. The relation (3.19) and (3.20) follow. O

Having this explicit expression, we will compute the associated torsion tensor 1.

Proposition 3.4. TY(X,Y) admits the expression:

TV(X,Y) = %(mw X (X)), (3.21)

Moreover, T is skew-symmetric (TSS), that is (TY(X,Y),Z) = —(T"(Z,Y), X) holds for all
X, Y, Z € X(M) if and only if v = 0.

Proof. Using (3.19) and the fact VY — V9. X — [X,Y] = 0, we have

2

,Iw()(7 Y) - —m

(Ko(X.Y) ~ Ky(¥.X)) = = ({¥.0) X — {X,) ¥).

n—1

that is nothing but (3.21). Now if for any X,Y, Z € X(M), (T*(X,Y), Z{(+(T"(Z,Y),X) =0,
then this equality yields

2(Y,v)(X, Z) = (X,o)(Y, Z) + (Z,v)(Y, X).
Taking ¥ = v and X = Z in above equality, we get
[o]?|1X]? = (X, v)*.

If v #£ 0, taking X orthogonal to v yields a contradiction. O

4 Intrinsic Ricci tensors for Navier-Stokes equations

In what follows, we will denote Levi-Civita covariant derivative by V°. We first compute the
Ricci tensor associated to the connection VY.

Proposition 4.1. Let Ric? be the Ricci curvature associated to V9, and Ric’ to VV. Then

4(n — 2)
(n =12

2(n —2
7@ 1)V9(U+

Ric!(X) = Ric’(X) — Ko(X,v) + i pdiv(v) X. (4.1)
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Proof. For the sake of simplicity, put V% Z = V% Z + S(Y, Z), where S is a (1,2) type tensor
on M. Then

vV Z = VAV Z + S(X, V8 Z) = VY (v‘;z +8(Y, Z)) +S(X,V82)
= V&V Z + (V& S)(Y, Z2) + S(V&Y, Z) + S(Y, V% Z) + S(X, VY Z).
Changing role between X and Y yields

VYV Z =VIVYZ + (VY9)(X,2)+ S(VY X, Z) + S(X,VVZ) + S(Y, V% Z).

Also
VFX,Y}Z = V?X,Y]Z + S([X,Y], 2).

Combining above equations, the curvature tensor
R (X,Y)Z =V&VyZ - Vy V& Z — VfX’Y]Z

which admits the following expression

RUX,Y)Z 4+ (V&S)(Y, Z) — (VV9) (X, Z2)+ S(VYY — VY X, Z)
—S(Y,8(X,2))+ S(X,8(Y, 2)) — S([X,Y], Z).

n
Let x € M and {ey,...,e,} an orthonormal basis of T, M. Then Ric’(X) = Z:R”(X7 €i)e;.
i=1

2

n —

Note that S(X,Y) = — 1KU(X, Y). Put

n

=Y S(X,S(eiei)), L= S(e;,S(X,e)).

=1 =1

n n

Is=> (VXS)(eiei), In=) (V2.9)(X, e)

=1 =1
Then
Ric'(X) = Ric®(X) + I} — Iy + I3 — I4.

By a completely elementary computation, we find

4 " - _4(n -1)
I = 7(71 )2 ;1 Ky(X,Ky(eje)) = 7(71 — 1)2KU(X,U)
and "
I, = 74 E Ky(e;, Ky(X,e;)) = —74 K, (X,v)
2 (n _ 1)2 P v (3] v )~ (n 1)2 v 9

For two other terms,

2
0 - _
(VXS)(sz)_ n_lKVg(U(Y’Z)

and 5
(V¥5)(X,Z) = ——Kvy.(X, 2).

18



Therefore

2 n
Is = _’I’L —1 ZKVOXU(eivei) = QV%—U‘
i=1
n
2 s -
B X;Kvgi“(X’ e) =~V X+ 2= Vxe.
1=
Finally
. . 4(” — 2) 2(n _ 2) |
*(X) = Ric"(X) = 5 Ky (X, v) + ==V X
Ric’(X) = Ric”(X) (n—1)2 o(X0) + = Vo + = div(v)
and the computations are complete. .

Since the connection VY has torsion, we have to take account of torsion tensor into Ricci
tensor in a suitable way. A Weitzenbock formula for a connection which is not of torsion
skew-symmetric was established in [17]. Since the dual connection of I'” is not metric, we
prefer here avoid to use it. We will define the so-called Intrinsic Ricci tensor, which was
firstly introduced by B. Driver in [12], in the framework of stochastic analysis on the path
space of Riemannian manifolds (see also [8, 22, 24, 30]). Such a connection was also used
in [1] to obtain an integration by parts formula for second order differential operators on
Riemannian path spaces.

Definition 4.2. The intrinsic Ricci tensor is given by
. n
Ric”(X) = Ric"(X) + > (VL,T)(X, e:). (4.2)
=1
where (e;) is a local orthonormal frame field of the tangent bundle.
Theorem 4.3. Assume that dim(M) = 3. Then Ric® admits the following simple expression:
Ric? = Ric” + 20 ® v + 2V, (4.3)
where V% denotes the symmetric part of V.

Proof. By (3.21),

-2
(VET) (X, e) = ——= ((ei, VY o) X — (X, V2v) el>
_ —2 R w4l B 0 )
o (fei V2.0) X = (X, V8 0)€;) + i,
where 4
= Ty ((ei, Ky(e, 0)) X — (X, Ko(ei,v)) 61)
Then

> = _41)2 ((n —1)[o]2X — KU(X,U)).

n
Therefore the sum Z(VZZ_T”)(X ,€i) is equal to
i=1
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-2
n—1

(div(v) X i(X, V0 v) ei) + (nfl)2 ((n ~ DX - K(X, )).
i=1

When n = 3, the above formula yields that

i(VZiT”)(X, e;) = —div(v) X + i(X, V0 v)e; + 2[0P X — Ky(X,v). (4.4)
i=1 =1
On the other hand, by (4.1), for n = 3,
Ric’(X) = Ric%(X) — K,(X,v) + V&v + div(v) X. (4.5)
Note that
3 3
> (X, Vo) e+ Vo =3 ((X,V80) + (Viv,en)) e = 295,
=1 =1

According to this and summing up (4.4) and (4.5), we then obtain
Ric”(X) = Ric®(X) + 2[v2X — 2K, (X, v) + 2V 0.
Now remarking that |[v|?X — K,(X,v) = (X, v)v, we deduce that
PEC\”(X) = Ric’(X) 4+ 2(X, v)v + ZV()]gsv
for any vector field X and therefore (4.3) holds. O

Remark 4.4. Consider the following SDE on O(M):

dry(t) = V2v zn: B;(ry(t)) o dW/,  14,(0) =1,

=1

which has its infinitesimal generator

uzn:EQBi(f or) = ((VAM + 2uv)f) o
=1

1 1
According to Equation (3.12), we have to choose v = —5 U The term Ric® — =V%5u,
v v

has already appeared in resolvent equation (3.13). In this case, we denote Ric! instead of
Ric™“/? and we have

— 1 1

Ric! = Ric® + ﬁut Q up — ;Vo’sut. (4.6)
Proposition 4.5. Assume that dim(M) = 3. Then
(i) The following holds:

—— 1 1
div(Ric!) = div(Ric?) + =V, us — ;Ricout. (4.7)

202

n

—

(ii) Let Scalt be the associated scalar curvature, that is Scalt = Z(Rictei, e;) for any or-
i=1
thonormal basis (e;) of TuM. Then

—_— 1
Scalt = Scal” + ﬁ|ut]2. (4.8)
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Proof. (i) Since div(us) = 0, we have div(u; ® ut) = Vo, us, and
Vg = Vouy + V¥,

We claim that

div(V*u,) = —Ouy.
In fact, let X € X (M), we have

/ (div(V*uy), X)) dz = — / (V*u,, VX) doe = — / (V*uy, VR X)) da
M M M
= / (diiy, dX) dao = / (d*diiy, X) dx = / (Oiig, X) de.
M M M

div(Viu) = Aug + Ouy = Ricu;.

Therefore

The result (4.7) follows.

(ii) Concerning (4.8), by (4.6), it is enough to remark that

n

Z(Vg;sut, e;) = div(ug) = 0.
i=1

O]

Theorem 4.6. Let dim(M) = 3, and (us,we) be a reqular solution to Equation (2.13). Then
the following identity holds ,

7
/ |we |2 dx—i—v/ \Vothdw—/ (wt,ut)de—l// (Ric" wy, wy) dx. (4.9)
2dt Y

where (Rlc wt, A) = (wt,RlctA) for Ae X(M).
Proof. Using (4.6),

1 1 s
— (wr,w) (ug, A) — ;(wt,vﬂ; w).

——#
(Ric! wy, A) = (wy, Ric®A) + 5

Note that according to Definition (2.7), (wt, V?fut) = (wy a V%) (A). Tt follows that
Ric'” wy = Ric™#uw; + - i — Sy a VO 4.10
1C° wy = R1Cc""wy + ﬁ(wt, ut)ut - ;wt < Ut.- ( . )
. . . i
We shall express the right hand side of (2.26) in term of Ric* . By (4.10),

———itii . 1
(Ric! wy, wy) = <R1C0 Wy, wy) + ﬁ(wt, ut)2 — ;(wt AV, wy).

Then
0 0,5 i 1 9
—v (Ric” wy, wy) + (we <V, wy). = —v (Rich wy, wy) + 5(%,%) )
Substituting this term in the right hand side of (2.26), we get (4.9). O

21



Remark 4.7. The term (wy, u;) in the right hand side of (4.9) is called helical density, which
inwvolves explicitly in the evolution of vorticity in time and in space.

Theorem 4.8. Let dim(M) = 3. Then

a
dt Jus

(Wi, up) de = — y/

(dwy, *wi)pz do — 1// (Vwe, Vug) dx
M

- . M (4.11)
u/ (wt,Rictut)der/ (Wtaut)‘ut|2dl“
M 2v M

Proof. By (4.6),

—

; . 1 1
Rict uy = Ric® uy + 2—2\ut]2 Up — —Vg’fut.
v v

Hence - 1
—vRic®uy + v?;fut = —vRictuy + ?]ut\z Ug.
v
Substituting this term in the right hand of (2.27), we get (4.11). O
5 Case of R?

We will specify results obtained in Section 4 on R™. There are an ocean of publications on
Navier-Stokes equations on R™. We only refer to [23, 28] for nice expositions and to [9] for
wellposedness of global solutions. We keep notations used in Section 2 for correspondences
between vector fields and differential forms. In this case, {8%’ 8%7 %} form an orthonormal

basis at each tangent space of R3, and {dac, dy, dz} an orthonormal basis at each co-tangent

space. Let u be a vector field on R3: u = u18f +uza— —i—u;),a—, then 4 = uidx + uody + usdz
x Y z

and

w=du= (aau;—%’)dzAdw+<%?—%?>dmAdy+(%?—({z;f)dy/\dz.

Hodge star operator gives an isomorphism between A%(R3) and A'(R?), we have

W= %W = (%?—%f)dx—k (%?—%f)dy#— (%1;2 - ag;;)dz.

In this case w = curl u, where curl(u) is the curl of u, denoted sometimes by V x u. We have
the following relations

w=Vxu Vx(Vxu)= (d*dﬂ)# = (d*&))#. (5.1)

By (5.1),

/ (dwy, *wy)p2 dx = / (wy, d* (@)) dx = V x(V xu)-(Vxu)dz.

In what follows, we denote & = V x u;. In this flat case, the intrinsic Ricci tensor Ric! defined
in Formula (4.6) has expression

— 1 1
R,iCt = ﬁUt & U — ;VSUt, (52)

where V*u, is the rate of strains. Formula (4.9) becomes into the following form:

22



2dt/ \gt]2da:+1// ]V§t|2dx—/ (& - ug) da:—u/ (RIC &, &) d. (5.3)

This formula says that the variation of vorticity in time and in space can be explicitly mea-
sured by using helicity and the associated intrinsic Ricci tensor. Formula (4.11) has the
form

d

p §t utdx——y/ (Vx&)- §td:v—1// V& - Vug dz

(5.4)
—v | & Ric' up do + / (& - ug) |ug|? de,
R3 2v R3

which shows how the helicity ng & - up dx varies.

6 Appendix

6.1 Proof of Proposition 3.3

We first give a complete proof of Proposition3.3 by following the proof of Theorem 3.5.1 in
[24], and emphasize the steps we have to modify.

Proof. Let i, be the injectivity radius at = and suppose that

v = inf{iz; 2 € M} > 0. (6.1)

This means that the ball B(x,is) does not meet the cut-locus C,, of z. We prepare what we
will need for proving (3.10).

Let x € B(xo,ip/2)¢ which maybe is closed to or in Cy,,. Let v, : [0,n(z)] — M be a distance-
minimizing geodesic connecting xy and x, parameterized by length. Then v, (ips/4) & C, or
x & Cy iy /a)- Puty =vz(ing/4). Then dps(zo, ) = dp(zo,y) +dua(y, z). Since Cy is closed,
there i 1s gg > 0 such that
B(x,g0) N Cy = 0.

We suppose that such gg is valid for all z (in fact, we will restrict ourselves in a compact set).
Let € < gg A ZM , and define

D.={z e M; dy(z,Cy,,) <e}.
We claim that

D. © Blaar,in/2)°. (6.2)

In fact, if there exists © € D, such that dy(x,zpn) < ip/2; there is z € Cy,, such that
dy(z, 2) < g5 then dyr(xpr, 2) < dy(zar, ) + das(w, 2) < ipr which contradicts the definition
of ipr. Let vy, be the geodesic considered above. Then x & C,, with y = v, (iar/4).

Now introduce the stopping times o4 by o9 = 0 and
og =inf{t > oq_1; dy(m(ry),7(ro,_,)) =€}.

Let t > 0 and set t; =t A 04. Then
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“+o00

plr) = plro) = 3 (p(re,) = (i, ) ). (6.3)

qg=1
i — [SB] —1 9 S TN i 0 ’
(i) If w(re,_y) & De, then for s € [ty_1,t4], m(rs) & Cy,,. Applying It6 formula, we have

tg—1 tg—1

p(re,) = p(ry ) = / " (Lapp)(rs) dWE + / " (Lop)(r) ds, (6.4)
k=1

1
where LS = §A0(M) + [’Vs

(ii) Set x4 = m(ry,). If m4—1 € D, then by discussion at beginning, there is 3,1 on a
i
distance-minimizing geodesic 7 connecting xys and x4—1 such that dy(xar, yg—1) = M and

4
rq—1 € Cy,_, and for s € [t;_1,1,],

dM(Tr(Ts)a xq—l) <e <egp.

Therefore 7(rs) & Cy, ,. Let py(r) = dp(7(r), yg—1). Applying Ito formula to pj, we have

) =i ) =3 [ Lo dWE [ (L)) ds.
p p ;/ AP / p

tg—1 tg—1
On one hand

M

dM(xMﬁUqfl) = dM(xMqufl) + dM(xquyqfl) or P(thfl) = + PZ(thfl),

and on the other hand

dar (w21, 24) < dur(@as, yo-1) + dat (g, y0-1) or plry,) < A+ pi(re,).
It follows that
p(rey) = p(rey_y) < py(re,) — pg(re, )
Therefore there exists flq > (0 such that

~

*

p(rey) = p(re,_y) = pg(rey) — pg(re,_) — Lg.
Define
Tr = inf{t > 0, dys(zpr,7(r)) > R}.

As did in [24], page 95, we get

tATR
p(rt/\TR) - p(TO) = 615/\7'}?, + / (LSP)(TS) ds — LE(t A TR) + R€(t A TR)a
0

where

“+o0o
L(t) = Lylp,n((ry, )
qg=1

which converges to L(t) as ¢ — 0. The term R.(t) = me(t) 4 be(t) with m.(t) the same as in

[24], page 95, so that
t

E(jme(t)[) < 4 / E(1p,. (1(rs))) ds.

0
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Therefore for any compact subset K C B(xys, R),

/_1( E(|me(t A 7r)|? dr0<4// E(Lpy, (n(rsnrg))) drods

—>4/ / E(le,, ((ranrg)) drods <4// 10, (x)dzds = 0.

The term b.(¢) has to be modified such that

S i " (Lepy(r) ~ Lupn)) ds] 1. ().
g=1 “ta-1

By (3.6) and (3.8), we have to control the term 1/p. For x,_1 € D, and for s € [t,_1,1,],

=g > 2

) 3t
dar(zar, xs) > dy(xar, wq—1) — dar(xg-1,25) > ]2\4 8M7

and
37 ) 7
dr(Yg—1,s) > dy(xnr, s) — dy(@ar, Yg—1) > ?M — ZM = §M

Therefore, according to (3.7), since x5 = w(rs) € D2, there exists a constant o > 0 such that
[
tg—1

It follows that

(LSpZ(rs) - Lsp(rs)> ’ dslp_ (m(r,_,)) <« /tq (1 +[Vs(rs))1p,. (m(rs)) ds.

tg—1

B0 < aB( | (4 1V b (r(r) ds) (65)

Again by hypothesis (2.16), there is a constant cg > 0 such that vol(B(zg,d)) < %%, and
therefore for a constant \g > 0,

Cy = / exp(—Xo d3;(7(ro), z0)) dro < 400.
Oo(M)
Define the probability measure du on O(M) by

dp(ro) = ClMexp(—Ao 02, (m(ro), z0)) dro. (6.6)

Now integrating with respect to du(rg), we get

t

L[ (0 VD 10n (x(r) L sery) dutro)ds

0 Jr 1K)
t

o [ ] B D, (7))L ery) ) dutrods
0 Jr—Y(K)

t 1/2

<Vt // ve (T 21035 x)dxds =0,

([ ] tow@)Prc,, (o) dads)

under the hypothesis (3.11). The proof of Proposition 3.3 is complete. O
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6.2 Bismut Formulae and Proof of Proposition 2.9

In this part, we will first present a nice derivative formulae for heat semigroup T on differ-
ential p-forms obtained by Elworthy and Li in [18] and by Driver and Thalmaier in [13]. We
keep notations introduced in Section 3. Let Aj,..., A, be the canonical horizontal vector
fields on O(M). Consider the SDE on O(M)

n
dry = Ai(r) o dW}, r,_,=r0. (6.7)
i=1
Assume that the Ricci tensor is bounded below Ric > —k. Then SDE (6.7) is stochastic
complete (see [34]). Set x; = w(ry) with xgp = 7(r9). Then (z;) is a semi-martingale on M,
with respect to which stochastic integral can be defined (see [7]). Then we can write

dry = mw(ry) odry = Zdw ) Ai(ry oth =7, 0o dW;.

t
Therefore Wy = / 7“8_1 o dxs, which is anti-development of {x;;t > 0}. Set
0

t
By = ro W, :/ /)Y o das,
0

where //s =75 oy is Ito stochastic parallel translation along path {z;;¢ > 0}. Recall that
Weitzenbock formula for p-differential forms reads as follows [25, 18]:

O=-A+RF, (6.8)

where A¢p = Trace(VV¢) for a p-form ¢, and Rff : AP(M) — AP(M) is a tensor, called
Weitzenbock curvature. For p = 1, Ry = Ric* is Ricci tensor. As in [18], R,(z) is an
endomorphism of p-vectors, that is, Rpy(z) : APT,M — APT,M. For r € O(M), define
Ry(r) =70 Ry(n(r)) o r~ 1, more precisely, for a;, b; € R,

(Rp(r)(ar A== Nap), by A---Aby) = (Ry(m(r))(ray A -~ Arap), by A--- ATby).

Consider the heat equation on p-forms:

d |
% = 2061, By =0, (6.9)

By definition Tty = ¢;. Consider the following resolvent equation on APR"

dQP 1. . .
CTtt — _§Rp(m QP P =1d. (6.10)

Define QF : AP(Tyy M) — AP(Ty, M) par QPVo = 1Q¥ (ry ' Vo). Tt is well-known (see [18]) that
(T16)(Vo) = E((da,, Vi) = E((Fo(re), QFrg Vo)) ) (6.11)

where Fy is defined in (3.1) if ¢ is a differential 1-form, and Fy(r) € AP(R") is such that
(Fp(r),ar A=+ Nap) = (¢(n(r)),rar A -+ - Arap) where aq,...,ap € R™.
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Proposition 6.1. Assume that
Rp > —kKp, KER. (6.12)

Then
IT:| < ert/2|g). (6.13)

Proof. Using (6.10) and (6.12), we have

SIQF o) = ~(Ry(r)QF (ro¥5), @F (1oV0)) < —rp|F (Vo)

The Gronwall lemma yields that }Qf (roVo)| < e 2|V, Since |Fy| = |¢|, (6.11) yields
inequality (6.13). O

For simplicity, for p = 1, we still denote k instead of k1. In the case for 1-forms,

ITs¢| < e/2TM ). (6.14)

To our purpose, we only state the formula for 1-form established by Elworthy and Li; although
it was stated for the case of compact Riemannian manifolds in [18], but it remains valid in
non-compact cases as did by Driver and Thalmaier in [13], section 6.

Theorem 6.2. For 1-form ¢ and a vector field v,

t

4 _
O = =001 [ (@D a0, 0)] (6.15)
t
where dMy(v) = dM}(v) + dMZ2(v) with
t/2
M) = 0,00 Q2| (@7 1raBr A Q) ), (6.16)
where 0 is annihilation operator, and
t/2

aM2) = /([ (@3w). /1B, (6.17)
Let {e1,...,en} be the canonical basis of R" and set e; = roe;. Then {e1,...,e,} is an

orthonormal basis of T},, M. By definition of 6, the term

<0//Sst (QE /Ot/z(Qg)l(//rdBr A Qi(v))} //sej>

may be identified with the following

t/2
(@ [ @ (/e £ QL)) /BN /) )
0
Hence
n t/2
aMio) = 30 (@2 [ (@ (//edBr A QU0 Jen N ) /s dBE,
k=1
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and
n

dM; (v Z( | e Qw148 1 er st

=1

(ax(s) + br(s)) dB with

NE

Therefore dM(v) =

i

1

n

(@ @B A Q). I [s) s

=1

t/2
and by,(s) = ( /0 (QL(v), //TdBT>) //sex. It is obvious that (ax(s), by(s)) = 0.

Lemma 6.3. The quadratic variation dMg(v)-dMs(v) of Ms(v) admits the following expres-

o /0 "), //dBy))"

Theorem 6.4. Assume that (6.12) holds for p =1 and 2. Then for any differential 1-form
?,

t/2
M, (0) - () = 2@ [ (@) (/)aB. £ @10)

|T:¢||2 < %ei‘m*tﬂ \/Q(n —1)e3r3t/2 41 ||¢|]a, > 0. (6.18)
Proof. By Theorem 6.2,
29\ 1/2
(O, 0)| < 5 VE(GEPE - (E HQt / Qb tant,)[])

4€Ht P o (6.19)
< = VE((z) VE(olz))P - ( ’ / )~ LdM, (v ) .

Note that (QF)~! enjoys the same kind of equations as (6.10). Thus ||(Q?)~!]] < "**/? under
(6.12), so that

‘//2 )Mo 2 <E //2 Y ))‘2]
< B / LML) dMs<v>] = e (11(s) + ().

where

t/2 )
2 [ @pan nQio)|[ ]
0

Ii(s) :E[/t/:
In(s) = E[/t/: (/Om@%(v% //TdB,,>)2ds]

12pkTt/2

4

It is obvious that I2(s) < |v|* and

Ih(s) < 2™ /t;E[H /0 @ asr Q) ] as (6.20)
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Since we have

(@) (//edBr AQ(v)) = (QD)(//rex A QHv))dBE,

k=1

so that

Z/”QQ (e n Q)| ar

< ||/ /rer A Qr(v)|? dr.
i

][ @) (114 r @l

But

1//rex A Qr(w)II* = 1Qp(0)[* = (/ /rer, Qn(v))?,

we therefore have
S/ rex AQIHW)IP = (n = DIQ(v)[* < (n— 1)e |v].
k=1

To simplify calculation, we note that ™" < e t? gince r € [0,£/2]. Substituting these
bounds first in (6.20), then together in (6.19), we finally get

||:|Tt¢‘ < 3f$+t/2 \/2 3H2t/2+1 /T?{W‘(MQ’

and the result (6.18) follows. O
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