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1. DEFINITIONS AND PROPERTIES

For x0 =
∑

i=1,k aiδti , we have yl = (Ax0)l =
∑

i=1,k aie
−j〈wl,ti〉.

The Fourier transform of a function f supported on R
d is

f̂(ω) =

∫

t∈bRd

e−j〈ω,t〉f(t)dt (1)

Let E = R
d. The Gaussian function G defined by G(u) = σd

(
√
2π)d

e−
σ2

2
‖u‖2

2 . Then Ĝ(v) = e−
1

2σ2
‖v||2

2 .

2. PROOFS

Proof of Lemma 3.1. Using the fact that the ωl sample exactly the support of the Féjer Kernel and that, by definition,

Kf(t) =
∑

l=1,m

K̂(ωl)e
j〈ωl,t〉, (2)

we have

z(t) =
∑

l=1,m

dl(
∑

i=1,k

aicle
−j〈ωl,ti〉)ej〈ωl,t〉

=
∑

i=1,k

ai
∑

l=1,m

dlcle
j〈ωl,t−ti〉

=
∑

i=1,k

aiKf(t− ti).

(3)

Proof of Lemma 3.2. Using the properties of the Fourier transform Ĝ of the Gaussian function G and E being the expectation

with respect to the distribution of the frequencies ωl, we have

E(z(t)) =
∑

i=1,k

ai
∑

l=1,m

dlclE(e
j〈ωl,t−ti〉)

=
∑

i=1,k

ai
∑

l=1,m

dlclĜ(ti − t)

=
∑

i=1,k

aiKg(ti − t).

(4)

Using the formula E(|z(t)− E(z(t))|2) = E(|z(t)|2)− |E(z(t))|2 and the previous Lemma, we just need to calculate

E(|z(t)|2) = E







∣

∣

∣

∣

∣

∣

∑

i=1,k

ai
∑

l=1,m

dlcle
j〈ωl,t−ti〉

∣

∣

∣

∣

∣

∣

2






= E





∑

i1=1,k

ai1

∑

l=1,m

dlcle
j〈ωl,t−ti1〉

∑

i2=1,k

ai2

∑

l=1,m

d̄lc̄le
−j〈ωl,t−ti2〉





=
∑

i1=1,k

∑

i2=1,k

ai1ai2

∑

l=1,m

∑

r=1,m

dlcld̄r c̄rE
(

ej〈ωl,t−ti1 〉e−j〈ωr,t−ti2 〉
)

(5)

For r = l,

E

(

ej〈ωl,t−ti1 〉e−j〈ωr,t−ti2 〉
)

= Ĝ(ti2 − ti1) (6)



For r 6= l,

E

(

ej〈ωl,t−ti1 〉e−j〈ωr,t−ti2 〉
)

= E

(

ej〈ωl,t−ti1 〉
)

E

(

e−j〈ωr,t−ti2 〉
)

= Ĝ(t− ti1)Ĝ(t− ti2 )
(7)

Hence

E(|z(t)|2) =
∑

i1=1,k

∑

i2=1,k

ai1ai2





∑

l=1,m

|dlcl|
2Ĝ(ti2 − ti1) +

∑

l 6=r

dlcld̄r c̄rĜ(t− ti1)Ĝ(t− ti2)





=
∑

i1=1,k

∑

i2=1,k

ai1ai2





∑

l=1,m

1

m2
Kg(ti2 − ti1) +

∑

l 6=r

1

m2
Kg(t− ti1)Kg(t− ti2)





=

(

1−
1

m

)

(
∑

i=1,k

aiKg(t− ti))
2 +

1

m

∑

i1=1,k

∑

i2=1,k

ai1ai2
1

m
Kg(ti2 − ti1)

=

(

1−
1

m

)

|E(z(t))|2 +
1

m
‖x0‖

2
K

(8)

Going back to the variance,

E(|z(t)− E(z(t))|2) =
1

m
|E(z(t))|2 +

1

m
‖x0‖

2
Kg

(9)

Proof of Lemma 3.4.

‖
√

ǫdgzd‖
2
2 = ǫdg

∑

i∈Γ

|z(ti)|
2 (10)

As z is continuous on B2(R), it is integrable over B2(R) and this sum is approximating the Riemann integral of t → |z(t)|2

over B2(R) as the grid step size ǫg of Γ converges to 0.
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