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Abstract

This paper focuses on a dual approach in order to study the data completion problem. A classical
method to solve this problem is to minimize the so-called regularized Kohn-Vogelius functional. How-
ever this method needs to choose an appropriate parameter of regularization to ensure its efficiency in
the numerical reconstruction. To avoid this difficulty, we propose to study the inverse problem through
a dual problem.

Using some well-chosen functional spaces and establishing theoretical results in a abstract setting,
we prove the well-posedness of the dual minimization problem and the convergence of our regularized
solution to the exact solution when the amount of noise on the data goes to 0. Moreover we prove that
the regularized solution satisfies the well-known Morozov discrepancy principle. Then we establish
that the minimization of the dual functional permits not only to stably obtain a good reconstruction
of the missing data of the Cauchy problem but also to determine the value of a suitable parameter of
regularization in the Kohn-Vogelius strategy. We finally present numerical results, in two and three
dimensions, to underline the efficiency of the proposed method.

1 Introduction

Data completion problem. We are interested in the regularization of the data completion prob-
lem, also known as Cauchy problem, for Laplace’s equation. More precisely, let 2 be a connected
bounded open domain of R?, where d = 2 or d = 3 is the dimension, with a Lipschitz boundary 9.
We assume 952 to be divided in two open sets I and I'. = 9Q\T of strictly positive Lebesgue measure.
Let v be the unit exterior normal vector to Q. For a Cauchy data (gp,gn) € H/?(T) x H’1/2(F) our
problem of interest reads: find u e H'(Q) such that

Au = 0 in Q,
u = gp onl, (1.1)
ou = gy onl

where 0,u is the normal derivative of w.
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It is well known that such problem is severely ill-posed: it admits at most one solution, but fails to
have one for a subset of Cauchy data dense in H/?(I") x H"/(I"), and presents exponential instabilities
with respect to noise (see, e.g., [8, @, B32]).

From a reconstruction point of view, these instabilities are the main issue: in particular, for
any € > 0 and for any data (gp,gn) for which Problem admits a solution u, there exists an-
other data (gp, gn) for which Problem also admits a solution @, so that at the same time (see,
among others, [25, Section 2])

o | =

lgp = gplerrzry + llgn = gnlg-12¢ry <€ and lu =] (o) >

As, from a practical point of view, one should always expect noise on real-life data, it is not only
necessary to propose a regularization method that reconstruct a good approximation of the searched
solution when exact data are at hand, but it is mandatory to provide a strategy to deal with the noise.

The best stability one can expect for this problem is a logarithmic conditional stability as underlined
in the following result (see [3, Theorem 1.9]):

Theorem 1.1. Let M > 0 and 6 > 0. There exist C > 0 and p € (0,1) such that for all Cauchy
data (gp,gn) € H2(T) x HY2(T') werifying

lgp ey + lgnlla-1r2ry <9,
for all w e H(Q) solution of (L.1)) with an a-priori bound on the H'-norm
|l o) <M,

one has

4
ey < (M + 8)w( 75 )

where w : R, — R, satisfies

w(t) € ¢ Vie (0,1).
In

1o (1A
(%)
In other word, one may restore a very weak stability assuming that the solutions we are looking
for are a priori bounded by some constant.

Remark 1.2. In the present article, we focus on Laplace’s equation for simplicity. But everything we
present easily adapts to a general elliptic data completion problem, with Laplace’s equation replaced by
a general elliptic equation in divergence form

div (oVu) =0,

where 0 € W (Q) satisfies the usual ellipticity condition o > ¢ >0 a.e. in §), and where the normal
derivative is modified accordingly.

Several regularization techniques has been proposed to tackle Problem . Without being ex-
haustive, we may mention methods based on surface integral equations [12, 23], Lavrentiev regulariza-
tion [10] [I1]), stabilized finite elements methods [I5HI7], quasi-reversibility method [13] 18], 26} B35 [36],
fading regularization method [24] 27], etc.



A dual optimization strategy. In our present work, we focus on an optimization strategy
which is closely related to the so-called Kohn-Vogelius strategy. More precisely, and in a sense we
will make more accurate in the next section, the proposed strategy is dual to the Kohn-Vogelius
optimization problem used in [2I] to deal with problem . This dual strategy is closely related to
the one developed in [14], in the context of inverse problems and quasi-reversibility method, but with
somehow a reverse point of view. It is also closely related to the works [28] B1] in the context of control
theory.

Let (gp,gn) € H/2(D)xH /2(T) be the exact boundary data, in the sense that they correspond to an
ezxact solution ue, € H(Q) to Problem that we seek to reconstruct. From a data completion point
of view, we aim to reconstruct the missing data (Pex,Yex) = (OpUex|r, > Uex|r. ) € HY2(D.) x HY/2(T.)
from the knowledge of (gp,gn)-

We define

F = Vuy - Vup € L*(Q),

where uyx and up belong to H*(2) and satisfyﬂ respectively

Auy = 0 in Q, Aup = 0 in Q,
dyun = gn onl, and up = gp onl, (1.2)
uy = 0 on T, Oup = 0 on I';.

We suppose that we have at our disposal a noisy version (g2, g%) € H'/2(I') x H"Y2(T") of the data
such that

d 4
lgp = gpllaz @y + 98 = 9nla-12(r) 6.
We define u‘;D, u‘sN and F? as up, uny and F'| simply replacing gp and gy by their noisy counterparts g]‘é
and 91(31 in (1.2)). It is not difficult to see that there exists a constant ¢ > 0, independent of J, gp and gn,

such that
| F° - Fp2¢q) < cd. (1.3)

We also make the classical assumption that ¢é < | F° |L2(q), that is we suppose that the ratio infor-
mation versus noise is sufficient so that we may hope to reconstruct something.

Remark 1.3. To apply the method we will introduce below, we need to know the constant c, or at least
to obtain a good numerical approzimation of it. We come back on that matter in Section [3.

We define
H.M2(00) = {0 ¢ HO2(00), (6,1) =0},

and
, -1/2 1 2 2 ( 2 ); _ 5.
F:0eH, 7 (00Q) —> 5 fﬂ(|V111(0)| + |V (6)] )d$+05 fQ|Vw(9)| dx /QF vw(#) dz,

where w(#) € H(Q) verifies [F w(#)ds =0 and

Aw(f) = 0 inQ,
{ a,w(®) = 6 onoQ, (1.4)
and v () and vy(#) belong to H* () and verify respectively
Avi() = 0 inQ, Avg(0) = 0 in Q,
vi(0) = 0 onT, and dva(f) = 0 on T, (1.5)
dyv1(0) = 6 onT,, va(0) = w(f) onT..

We will prove the following result (see Section [4)).

2For the well-posedness of all the Laplace’s problems considered in the study, we refer to Appendix
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Theorem 1.4. The problem of minimizing F over H;l/Q((?Q) is a well-posed problem: there exists a
unique 0, € Hgl/2(8ﬂ) such that
F(0,)= min ZF(0).
9eH, /2 (09)
Obviously, this optimal 6, depends on §, but in the following we forget the dependency in order to
simplify notations. We define

Yo = auw(go)u“c and 'l/)o = w(00)|Fca
where w(6,) is defined by (1.4), and u, € H'(€2) verifies

Au, = 0 in Q,
u, = g% onT, (1.6)
Oy, = o onl.

Notice that ¢,, ¥, and u, depend again on &, but we also forget this dependency for simplicity. We
will prove the following two results (see Section [4)).

Theorem 1.5. For all § >0 and F° € L2(Q) satisfying (L3), we have
[V01(86) = V2(86) = F° |p2(q = ¢4

Theorem 1.6. The triplet (po,10,Uo) converges to (Pex,Vex;Uex) as & converges to zero, strongly
in HY2(T.) x HY2(T.) x HY(Q), where HY?(T.) is the quotient space HY/?(T.)/R.

Because of these two results, we consider the triplet (¢o, %0, uo) as our regularized solution to
Problem , U, being an approximation of the exact solution uey in €. Actually, Theoremimplies
that the couple (¢,,1%,) satisfies the well-known Morozov discrepancy principle, while Theorem
ensure the convergence of the approximated solution to the exact one as the amplitude of noise goes
to zero.

Hence, to obtain our regularized solution, we only need to minimize the functional .%# over the
space H;l/ 2((“)Q)7 which is an unconstrained minimization problem easy to solve numerically. Note
also that this is a method without regularization parameter, which automatically construct a solution
satisfying the Morozov discrepancy principle with respect to the noisy data. These are the two main
advantages and novelties of our method.

Link with the Kohn-Vogelius strategy. We now link the minimization problem of The-
orem |[1.4] with the well-known Kohn-Vogelius strategy, which is a regularization method for Prob-
lem based on the minimization of a Kohn-Vogelius functional. Introduced in [5] to stabilize
Problem , it has since been widely used in the context of inverse problems (see, among others,
[, 2, [, [7, 19H22] 3R] and the references therein).

There are several variations of the Kohn-Vogelius strategy to handle Problem (1.1]), depending on
the choices of limit conditions in the auxiliary volumic problems. In the present paper, we focus on
the one used in [21I] to deal with inverse obstacle problem for Laplace’s equation. More precisely,

for ¢ e HY/2(T,) and 1 € Hi/Z(FC), where
Hi/Q(FC) = {g € H1/2(1"C), fr gds = 0}7

we denote v, and vy the two elements of H! () verifying respectively

Av, = 0 inQ, Avy = 0 inQ,
v, = 0 onl, and Ovy = 0 onl, (1.7)
ov, = ¢ onlg, vy = Y onl..



Then the regularized Kohn-Vogelius functional writes, for € > 0 and for all (¢,1) € H™/2(T,) ><H<1>/2(FC)7
as

1 2 c
Jif“//(<p,¢):§/§;|v%_v%_F6| dx+§fg(|w}¢|2+|v%|2) dz.

In this form, it clearly appears to be a Tikhonov functional, and indeed it always has a unique minimizer
(see [21l Proposition 2.5]):

Proposition 1.7. For all € > 0, the functional &V admits a unique minimizer (e, ) over the
space HY?(T,) x H<1>/2(FC).

Remark 1.8. Notice that the above Kohn-Vogelius functional can be written equivalently in the more
classical form

1
AV (o 0) =5 [ 19 +ud) =9y + Q) dre = [ (90, + v0yf?) da,

As usual in inverse problems, one of the main question is then to set the parameter of regularization
with respect to the a prior: known amplitude of noise. We have the following result, basically saying
that the Morozov discrepancy principle is a viable method to do so (see [2I, Proposition 2.8]):

Theorem 1.9. There exists a unique € = £(0) > 0 so that the corresponding minimizer (¢e(sy, Ve(s))
of AV, which belongs to H-'/?(T,) x H}/Q(FC), satisfies the Morozov discrepancy principle
5
vatps(s) - V@¢E(5) -F HLZ(Q) =cd.
Furthermore, (¢e(s5),Ve(s)) converges to (Pex,ex) strongly in H-Y2(T',) x HY*(T'.) when & goes to
zero.

It turns out that (¢,,%,) is precisely the minimizer of J# ¥ corresponding to €(d) (see the proof
of the following result in Section :

Theorem 1.10. We have

£(65) = co
VL (90 1900, ) da

Hence, minimizing the functional % is not only a method to stably obtain a good reconstruction of
the missing data in Problem 7 but also a method to find the minimizer of 2% and to determine
the value of the parameter of regularization in the Kohn-Vogelius strategy satisfying the Morozov
discrepancy principle. This represents the last main result of our work.

and  (PosPo) = (Pe(s), Ve(s))-

Outline. The paper is organized as follows. In Section [2] we study an operator used in the fol-
lowing sections. In Section (3] we prove all the main results in an abstract setting, that we apply in
Section [4]to our problem of interest, proving in particular Theorem[I.4] Theorem [I.5 Theorem [I.6]and
Theorem Section [9]is dedicated to numerical exemples in two-dimensional and three-dimensional
settings, showing the feasibility and efficiency of the proposed method. In Section [ we present some
final comments, in particular on the rate of convergence of the method, and on how to impose exactly a
finite number of constraints on the solution. Finally, in Appendix[A] we precise the different functional
settings used in the study.

Aknowledgements. We are grateful to Sylvain Ervedoza for sharing previous versions of his
work [31], which inspires us the Section We also express our gratitude to Sophie Jan, for enriching
conversations on optimization in infinite dimensional spaces.



2 On an operator from the boundary to the volume
The operator
A (p,0) e HV2(T) x HY*(Te) ¥ Vo, - Vg, € H(Q),
where v, and vy, are defined by (1.7), and where
H(Q) = {Vw, w e H'(Q) satisfies Aw =0 in Q},

plays a central role in our study. From Lemmata [A2) and [AZ3] we know that the bilinear application
on H™12(T,) x HY?(T\)

{(o1,71), (p2,92) } — fﬂ (Vvg, - Vg, + Vuy, - Vuy, ) dz,

is a scalar product, the corresponding norm being equivalent to the standard norm on the space
H-/2(T,) x H}/Q(FC), so that H™'/2(T,) x Hi/2(FC) endowed with this scalar product is a Hilbert
space. Similarly, from Lemma H(Q) is a Hilbert space when endowed with the standard L%
scalar product.

We first have the following properties.
Proposition 2.1. Ker(A) = {(0,0)}, Range(A) + H(Q2) and Range(A) = H(Q).

Proof. Firstly let (¢,v) € HY/2(T.) x Hy*(I'.) be such that A(y,) = 0, that is Vv, — Vo, = 0. There
exists a € R such that v, = vy + @. Then

1
frcwds:frcvl/,ds=0:>a:mfrcvwds.

Opvgr = 0y (vy + O‘)|F = 0yvyr = 0.

It is clear that

As also Av, = 0 and vy r = 0, we have v, = 0. Hence ¢ = 0 and o = 0. As a consequence, we
have vy, = v, —a =0, so ¢ = 0.

Secondly, for (gp,gn) € HY?(I') x H"'/2(T) such that problem fails to have a solution, we
define F = Vuy — Vup € H(Q). If there would exist (p,v) € HY/2(T'.) x HY/*(T.) such that we
have A(p,1) = F, we would get V (v, + up) = V(vy + un) in Q. Therefore, there would exist a € R
such that v, +up = vy +un + «, leading to

A(vp+up) = 0  inQ,
vo+up = ¢gp onl,
Oy(vp+up) = gn onle.

In other words, v, + up verifies (L.1), leading to a contradiction. Hence Range(A) + H((2).
Finally, let p e H(Q) be such that for all (¢,1) e H/2(T') x Hi/z(FC), we have

(A9 9). Py = 0 = [ V(v,=vy)-pda =0,
Let us prove that p = 0 which implies that Range(A)* = {0} and then, using the classical density criteria
(i.e. a corollary of the Hahn-Banach theorem in Hilbert spaces), we will obtain Range(A) = H().
There exists w € HY(2), harmonic in €2, such that p = Vw. So w verifies

[ V(=) Twde =0, ¥(e.0) e HA(T) x HYP(T).
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For 6 € C°(T'.), we define h € H'(Q) as the unique solution of

h = 0 onl,

Ah = 0 in €,
oh = 60 onT..

Setting ¢ = 0, lyr_, it is readily seen that v, = h. So choosing also ¢ =0 so that v, = 0, we obtain

0= fﬂ V(vy —vy) - Vwde = fﬂ Vo, - Vwde = /Q Vh-vVwdz = (d,w,0)r,.
Since this equality holds for all § € C2°(T.), it follows d,wyp, = 0. Now, for 6 € C°(T.), we define
h € HY(Q) the solution of

Ah = 0 in Q,
oh =0 on I,

1
- - f 0ds onT,.
ITe| Jre

Note that such a function h is determined only up to a constant, which is without consequences for

what follows. We define )
=y, - —— f hds,
Y =N, T 5

which belongs to H})/2(FC). Then Vv, = Vh, so choosing ¢ =0 so that v, = 0, we obtain

1 1
O:va¢-dex:th-dem:f 0w- f wds d:r::f w|6- f 0ds| dz.
Q Q e .| Jr. Te | Jr.

1
Since this equality holds for all 6 € C°(T'.), it follows wyp, = ﬁ f wds. As a conclusion, as w
o Jre

verifies Aw =0, d,wyr, =0 and wp, = @ € R, we obtain w = « in Q. Hence p = Vw = 0, which ends the
proof. O

We can now focus on A*, the adjoint of A, which as usually is defined by the relation

(A(2s ), P)12() = (0. 0), AP}, V(p, ) e HYA(To) x HY* (L), Vp e H(Q).

Proposition 2.2. Let p e H(Q), so that there exists w € H'(Q) such that p = Vw with Aw =0 in Q.

Then we have
1
/ wds).
ITe| Jr.

Proof. Let p € H(Q), and A*p = (¢p,%,) in H/2(I,) x Hi/Q(FC). There exists w € H'(Q) verify-
ing Aw =0 and Vw = p. For any ¢ € H"'/%(I,), we have

A'p=(pp,¥p), with ¢, =0,wr, and Y, =- (U)r‘c -

[ vp Vwda = (A5.0),Phiae = 12,0, AP} = [ Vo Tu,, do.
For § e C°(T..), let h e H'(2) be the unique solution of
Ah = 0 in Q,

h = 0 onl,
h = 6 onl..



Defining ¢ = 0, hr_, it is readily seen that v, = h. This easily leads to

(0w, O)p, = fQ Vo, - Vwdz = /Q Vv, - Vg, dz = (¢p, O)r, -

Since this equality holds for all § € C2°(T), it follows ¢, = d,wr, .
Now, for any v € H<1>/2(FC), we have

[ vvs- vwde = ~(AQ0,6), Praey = - {(0,6),4'p) = - [ Tvy- Ty, da.

For 0§ € C°(T'.), let h e H'() be a solution of

Ah = 0 in Q,
dh = 0 on T,
o,h = 0- ! f9ds on I'..
ITe| Jre
Setting
1
w:h‘pc—mfrchdseHi/Q(Fc),

we clearly have Vv, = Vh and then vy, = h + a with o € R, so that

1 1
6 -—fdd:f 0——[901 ds =
5 (“’ o] Jr. ) ’ “’( P Jr. ) ’
(6‘Uh,w>:fQVv¢~dex:—/g;Vv¢-Vv¢pdx:—frcﬁwpdx,

the last equality coming from the fact that 1), is by definition mean-free on I';. Hence

1
wp:—(w—m—/rcwds),

which ends the proof. O

Remark 2.3. Note that A* is a one-to-one operator, as expected as Range(A) = H(Q). Indeed,
if A*p = (0,0), then any w € H'(Q) verifying Vw = p and Aw = 0 is a constant function in Q, and
therefore p = 0.

3 Abstract setting

We now present the main results of our work in an abstract setting, that we will later apply to our
problem of interest. The strategy described below is a generalization of the one developed in [14] for
the quasi-reversibility, with a point of view which is in a sense reversed, as our primal problem here is
the dual problem in [T4]. This is also closely related to the works on control theory [28] [31].

Let 27, % be two Hilbert spaces with scalar products (+,-) 2= and (+,-)a and corresponding norms
|-|2 and |- |l&. Let & be a linear continuous operator from 2  to %, such that Ker(&) = Os,
Range(#) + # but Range(&) = #. Then &* is well defined as a linear continuous operator from %
to 4, and is one-to-one.

Remark 3.1. Obviously, in next section, we will choose 2 = HY?(T'.) x Hi/2(I‘C), ¥ = H(Q)
and of = A.



For y € %, the problem of finding some z € 2" such that &/x = y is ill-posed, as by definition it
may fail to have a solution. Let ys be in the range of &7, x5 be the only element of 2" such that

A Ty = Ys,

and y" in ¢ be such that
ly" = ysla <n,

for some n > 0. Here y5 has to be understood as an ezact data, x5 the corresponding exact solution, y"
a noisy data for our problem, and 7 is the supposedly known amplitude of noise on the data.
As o/ is not onto, they may have no x in £ such that /= = y". Thus it is not judicious to use

. e 2 vl s .
a usual least-squares approach which consists in minimizing 3 |Az —y"|7 , even if this is the main

problem on which we want to focus on. However, the set
M=AxeZ, |dr-y"|o <n},

i.e. the set of element of 2~ satisfying the Morozov discrepancy principle, is not empty, as xs belongs
to .#. We now aim to construct from " one element of this set, stably, without other parameters
than 7 and the noisy data itself, and in such a way that the lower the amplitude of noise is, the closer
it is to the exact solution xs.

To do so, we start by solving a well-posed minimization problem not in the space 2 of the solutions,
but in the space % of the data. It is in that sense that the regularization method is a dual strategy.

3.1 A minimization problem

We define a functional acting on #:

Ly
S ye? — S|yl +nlyly - vy (3.1)

This functional is clearly continuous, and it is also strictly convex as .&/* is one-to-one.

Proposition 3.2. The functional Z is coercive, i.e.

J(y) = 0.

Iyl oo
Proof. Suppose it is not the case. Then it exists a sequence (Y, )neny Of elements of % and a constant

C € R such that
lim fyafa =o0 and £ (y) <C.

Define, for all n € N, 2,, = y, |yn|7, which is obviously a bounded sequence. Therefore, one can
extract from (z,)neny @ subsequence weakly converging to some z in #. We still denote (2, )nen this
subsequence. As &* is a linear operator, & * z, converges to </ *z. From this and since

C

|
5”% Zn”?%-'_ [n_(zn7yn)@]< 2
lyn %

1
lynll2
we obtain that & *z = 04, leading immediately to z = Og . Note that in particular we have
lim (zp,,y")a = 0.
n—>00

As in addition
/(yn) > ”ynH@/ [77 - (vayn)@/] )

we obtain a contradiction by letting n goes to infinity. O



As ¢ is continuous, strictly convex and coercive, we know (see, e.g., [29, Proposition 1.2 p.35])
that there existe a unique y, € # such that

Yo = argmin 7 (y). (3.2)
ye¥

Lemma 3.3. y, =0g if and only if |y" o <n.

Proof. For any > 0, one has

2
J(By") = %H»@f*y”\l?ey + By "l In=1ly"lo].

Then, on the one hand, if y, = 0, one has _# (By") >0 for all 8> 0, leading to |y"| o [n-|y"|#]>0
and finally 1 2 |7« .
On the other hand, if y, # 0, then _#(y,) < _#(0) =0, implying in particular that

Nvola < (Yo, y") e,
and hence |y"| o > 7. O

From now on we make the assumption that |y”|| > 7, so that the minimum of _# is not reached
in Og . Note that it is necessarily true for n small enough, as by definition

[9" = yslo <= lyslo —n<ly”|o-

In other word, for all i such that 27 is strictly smaller than |ys|e, all below results apply, which is in
particular the case when 71 goes to zero.

Proposition 3.4. y, is the minimizer of Z if and only if

Y
o :yn.
lyollar

A A Yo+ 1)

Proof. This is just the Euler-Lagrange equation associated with ¢, which is well-defined as soon
as Yo # Ogy. O
3.2 The regularized solution

Definition and first properties. We are now in position to define our regularized solution to
problem 'z = y". To do so, we define

To = A Yo, (3.3)
which by definition is an element of 2. The previous Proposition [3.4] shows that
A=y -, (3.4)
|90l 2
which implies in particular that
| zo =y | = 1. (3.5)

Hence, x, belongs to .# by construction. From now on, we consider x, as our regularized solution.
Note in particular that it is unique, exists regardless of the compatibility of the noisy data, and does
not depend on any parameter except for the noise amplitude 7 (and obviously the noisy data itself).
Note also that it satisfies the regularized problem , S0 in some sense the right-hand side of can
be viewed as a regularized version of the data for which our main problem always have a (necessarily
unique) solution.

Before looking at convergence properties as 1 goes to zero, we prove some results about .

10



Proposition 3.5. We have

lzol% = =2 7 (%o)-
Proof. One has

1, .
S (o) =51 Yol % +1lyoler = (Yo, y" e
1 .
= 5 (xmd yo)&‘f + 77“?40”“»’/ - (yovyn)@/
1
=3 (A %0,Yo)a + Yol = (Yo, y") v

1

n
=( ”—yo,yo) + 1Yol = (Yo, y™") o
2 ”yOH@ a

_n ! n
2Hyo||@ 2(yo,y -

Therefore 1 1
/(yo) = §Hﬂ*you?ﬂf +2/(y0) = §Hx0”2§{ + 2/(%),

which ends the proof. O

It turns out that by construction, among all z € .#, x, is the one of minimal norm (see the following
proposition). In other word, x, defined by (3.4]), could be alternatively defined as

Zo = argmin |z| o,
xe M
which is precisely the point of view adopted in [14].

Proposition 3.6. Let x € A, x + x,. Then ||x|2 > ||xo] 2 -

Proof. Let x € 4 with z # x,. We define y,, = —«/x + y", so that |ly,|s <n since x € 4. Then, using
Proposition [3.5]

1 1 1 .
(2% = lzol%) = §ch||3ﬁg + 7 (Yo) = §HIII§¢w + 5l Yol %+ nlyola = (Yo, 4"

1

2
L2 1 2

= 5lels + Slwola +nlyole — (Yo, 72 +1p)y

1 1 .
= §HIH?{ + g\lzo\l{ég (Yo, ) 2 + 1Yol 2 = (Yo, yp) 2,

20
:%Hw—xo Hz%>0

which ends the proof. 0

As an immediate consequence, since xs € .4, we obtain

Corollary 3.7. For all n>0, we have |z, 2 < |zs| 2 -

11



Convergence. We now prove that z, converges to xs as n goes to zero. Note however that we
cannot obtain the rate of convergence in this abstract framework without doing some extra assumptions
on y", for example some source condition, which are in practice difficult if not impossible to verify.
We shall come back on this in Section [6l

Theorem 3.8. z, converges to x5 when n tends to zero.

Proof. Let us choose (1), )neny any sequence of strictly positive real numbers converging to zero, y, = y™
the corresponding noisy data verifying |y, — ys|# < 0, and zon = & *yon with y, , the minimizer of
the functional

Suiye® — S|yl +malyly - (0.0
We have seen that the sequence (o pn)nen is bounded by Corollary
Ton] 2 <[zs| 2
Therefore, up to a subsequence it weakly converges to some ., belonging to Z". But, using ,
| 2o m = yslor < |2 Tom = ynllo + |yn = sl o < 21n,

and then @'z, ,, strongly converges to ys in %, while it weakly converges to &/, therefore &z = ys,
leading to T, = zs. As for all n,

[Tonl2 < |zsl|2 <liminf |z, a2,

we deduce
im [2on|2 = |2s] 2,
n—o00

and obtain the strong converges of the subsequence to xs. The result follows, as this reasoning is
correct for any sequence of strictly positive real numbers (1, )neny converging to zero. O

Remark 3.9. Note that if we do not have any rate of convergence for the method, we nevertheless
know that
| Azo — ys| < 2n,

i.e. we have a linear rate of convergence for the residual.

3.3 Link with the Tikhonov regularization

A commun way to regularize our main problem is the Tikhonov regularization, which in our context
reads: for € >0,
1 2 L Epa2
2 = argmin = |72 - "% + <[l (3.6)
ve 2 2
It is well-known (see, among others, [30]) that such problem is well-posed, and in the case of exact
data (i.e. y" = ys), x converges to xs when € goes to zero.

Furthermore, for y7 such that |y —y"|a <n < |y"||le, there exists a unique value of the parameter
of regularization ¢ = €(n) such that the corresponding minimizer x. satisfies the Morozov discrepancy
principle |z, — y"||& = n, automatically ensuring both stability of the reconstruction procedure and
convergence towards the exact solution as 7 goes to zero. This is why this parameter of regularization
is often chosen in Tikhonov regularization.

It turns out that the method described above allows to automatically determine e(n). Indeed, it
can be explicitly expressed in terms of n and |y,||#, whereas the corresponding x. is precisely z, (see

Theorem below).

12



Theorem 3.10. For alln >0 and y" € % such that |ys —y"|o <n < |y"| o, one has

e(n) =

and  Te(y) = To-

n
1902
Proof. Clearly, x. satisfies (3.6) if and only if for all x € 2,

(Ao, Tx)y +e(xe,x) o = (Y, Ax)o.

Now, Proposition implies that for all y € #, one has

(%%*ymy)@M” Iy Wo, ) = (", y) o

which, recalling that <7y, = x, and choosing y = &/« for x € 3@‘”, leads to

", A x)a = (A A" Yo, )y + 11— (Yo, )

H OH

v n (4o, )

—(szxo,ﬁfx)@+|| H (o, 2) 2.

= (Axo, X))y +

Therefore, x, is the solution of (3.6) associated to the parameter choice ¢ = Toolo H . The fact that this

parameter is such that the corresponding minimizer satisfies the Morozov discrepancy principle follows
from equation (3.5)), which ends the proof. O

4 Application to the data completion problem

We are now in position to prove all the results announced in the introduction, that is Theorem
Theorem Theorem and Theorem [1.10} using the results of Section |3]in the functional setting
defined in Appendix at is with 2" = HY/2(I,) x Hip(I‘c) defined in Section % = H(Q)
defined in Section and the operator &7 = A defined in Section 2] Notice also that = ¢ with ¢
and ¢ being defined in Section

Using Proposition we obtain that the functional ¢ defined by (3.1]), that we want to minimize,
reads

JpeH— A (|Vv¢p|2 + |Vv¢p|2) dz +cd||Vwy |20y - /(;F‘S - Vwp dz,
where w), is any harmonic H'-function so that Vwy, = p, and v, and vy, are defined by , with
1
op=0ywyr, and P, =—|wyr, - m /Fc wpds|.

Following the results of the previous section (see (3.2))), we define p, € H()) as the unique minimizer

of 7,

P, = argmin 7 (p), (4.1)
peH(Q)
and our regularized solution (see (3.3)))
. 1
(¢0,%0) = A*p, = | w0, s —Wp, 1, + =7 f wp, ds |, (4.2)
ITe| Jre

where again wy,, is any harmonic H' function so that Vw,, = p,.

13



Reparametrization: proofs of Theorem and Theorem Numerically, handling
the space H(€) might be complicated, in particular because of the harmonicity condition. Therefore,
we reparametrize H(Q2) through boundary conditions as follows. First of all, we recall (see Section

that, for any 6 € Hy/(99), with
H,'/2(00) = {0 e HY2(09), (6,1) =0},

we denote w(#) the function of H'(Q) verifying fF w(#)ds =0 and

0 in Q,
6 on ON.

Aw(0)
{ d,w(0)

Note that the application 6 € H;l/Q(GQ) — Vw(#) € L*(Q) is linear.
We have the following lemma.

Lemma 4.1. For all p € H(QY), there exists a unique 6 € H;l/Q(QQ) such that Vw(0) = p, where
w() e HY(Q) is defined above.

Proof. Let us begin by proving the existence. Let p € H(Q2). By definition, there exists W ¢ H!(2)
such that AW =0 and VW = p. For any v € H'(£2), one has

(0, W,v) = fQVW -Vodz,

which shows that 9, W € H;l/z(aﬁ) choosing v = 1. Hence clearly p = Vw(8, W), where

Wew- f W ds.
|FC| Ie

Now let us prove the uniqueness. Let 61,05 € Hgl/Q(aﬂ) such that p = Vw(6;1) = Vw(62). Then by
definition one has, for all v e H'(2),

(Ql,v)zfQVw(Gl)-Vvdfcz/;sz(02)~V’udx=(92,v).
Hence 61 = 05. ]

This result permits to replace the minimization problem

. 1 3
pozargmm{/(p):2fﬂ(|Vv¢p|2+|Vv¢p|2)dx+cd(fﬂ|p|2dx) —fQF‘S.pdx},

peH

by a minimization problem over H;l/ 2(89), easier to handle numerically, which reads

0, = argmin {9(9):;fQ(|Vv1|2+|VU2|2)dx+C(5(fQ|Vw(9)|2dx)2—LF5-Vw(9)dx},

0eH; 2 (89)
with v; and vy being two harmonic functions in H!(£2) such that

Ur = 0, 6Vv1|pc = 9, 8y1}2‘p =0 and Vor, = w(@)uﬂc

14



Then we have
P, = Vw(b,), (4.3)
and we use the fact that p, is the unique solution of ({.1) and Lemma [4.1] to prove Theorem ie.

there exists a unique minimizer 0, € H;l/z(aQ) of 7.

Moreover, in our context, Equation (3.5)) reads

||A(<po, o) — F5||L2(Q) =cd HVfu% - Vg, — F‘SHL2 cé,

@

that is, taking into account of the expression of (y.,%,) with respect to w,, (see (4.2])) and since
Po = Vw(0o),

||Vv1(00) - Vua(bs) - F‘s” co,

L)
which proves Theorem

Convergence: proof of Theorem [1.6, We recall that (@ex,%ex) denotes the exact missing
data associated to the exact solution uey (see Section . We now state the two following results which
proves Theorem [1.6]

Proposition 4.2. The couple (¢o,10) converges to (@ex, Vex) strongly in HY?(T.) x HY2(T.) as &
goes to zero.

Proof. Suppose that we have proven that
A(pox, Pex) = F = Vu = Vup, (4.4)
where uy and up are defined in (1.2)) and where

~ 1

ex = Wex — 777 exd H<1>/2 T.).
o =t = 1, vexds € H(T)

Then Thegrem directly implies the convergence of (¢o,%0) t0 (Pex, Yex ), which in turn implies the
result as ey = ey in H/2(T,).
Remains to prove (4.4). We first note that

A((Pexy I;ex) = VU, — vv?[}ex = Vg, = VUyey;

as by construction v G = Ve T O for some real parameter . Then (4.4)) is equivalent to

V(Vgey +UD) = V(0 +UN)-

But this last equation is necessarily true, as it is not difficult to see from the problem they solve
that vy, +UD = Uex = Vy,, + UN- O

Corollary 4.3. The function u,, defined by (L.6)), converges to uey strongly in H(Q2), as & goes to
zero.

Proof. This is direct consequence of the previous proposition, as u, — Uex satisfies A(u —Uex) = 01in Q,
uo—ueng%—gp on I' and 9, (to — Uex) = Yo — Pex On Tc. O

15



Link with the Kohn-Vogelius regularization: proof of Theorem We now focus
on the Tikhonov regularization of the Cauchy problem, which is based on the minimization prob-
lem (3.6)). In our context, for € > 0, the quadratic functional to minimize turns out to be

1 2
(cp,zp)eH*l/?(rc)xHi/Q(rC)Hifﬂ\w@—m—F‘s! dw+§fQ(IVv<pl2+|Vv¢\2) dz,

that is precisely the Kohn-Vogelius functional used in [21] to regularize the data completion prob-
lem. Hence Theorem is a direct consequence Theorem up to the reparametrization of our
minimization problem discussed above.

5 Numerical simulations

5.1 Context for the numerical simulations

As mentioned previously in Remark [I.3] in order to numerically solve our problem, it is mandatory to
know an approximation of a constant ¢ such that (see (|1.3)))

|F° - Fp2 (0 < 0.

This question is nontrivial as ¢ depends on Poincaré constants and trace constants, both of them being
difficult to estimate theoretically. Therefore, we follow a naive numerical strategy in order to estimate
it. More precisely, for a given data gp, we construct the corresponding gn, and then compute up
and uy, and finally F' = Vuxy — Vup. Doing so for several Cauchy pair (¢3,9%), for n = 1,..., N,
with N € N, we define

1E" |2 (o)

c= max - - .
m=LooN g% eare oy * 195 g oy
Note that by definition this ¢ is actually smaller than the correct constant.
We perform this for the following dataset

gp = cos(kB), gp =sin(kf) and gp = ze”"Y + 4% + cos(x),

with k£ =1,...,100, and where 6 is the polar angle. Then, for the square and the annulus used in the
simulations done in Section [5.2] we find respectively ¢ = 0.402361 and ¢ = 0.412202, and for the cube
used in the simulations done in Section we find ¢ =0.779726. Thus, in the below simulations, we
choose c=1.

Remark 5.1. To be very precise, in order to compute the constante ¢, we use for numerical sim-
plicity |gn HLZ(F) + ||9DHL2(1") instead of HQNHH—l/z(r) + ”gDHH1/2(F)' It is of course possible to obtain
numerical approzimations of the norms |-|y-12ry and ||yp/2(ry. as in [6], but it becomes costly for a
result that we believe would be close to the one we obtain.

In order to solve the initial Cauchy problem (|L.1]), taking into account of the duality strategy
exposed above, we recall that we want to find

0, = argmin {ﬂ(@):;fQ(|vz;1|2+|Vv2|2)dx+6(fﬂ|Vw(0)|2dx)2_fQFf;.Vw(@)dx},

0eH; /2 (00)
with v; and v, being two harmonic functions in H!(£2) such that

v =0, Oyuyr, =0, Oyvgr=0 and vyr, =w()r,,
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where w(#) € H'(Q) is the solution of

. = 1 1 =
/QVw(H) vodz =(0,v), VveH (Q), with frcw(G)ds 0,

and where F° = Vud - Vud) with uf) and ul in H'(Q) being the unique harmonic functions satisfying
the following limit conditions:

s s
Up|r = 9p> 3uuD\Fc =0, auuN|F =gxn and uNir, = 0.

Then, according to Section |4} the solution of the dual problem is given by p, = Vw(6,) (see (4.3))
and our regularization solution is given by (see (4.2))

((Pm %) = A*po = (auw(eo)ﬂ“ca —UJ(@O)H‘C) .

In order to numerically solve the above optimization problem, we use a classical gradient method.

Let 0 € H;l/z(aﬂ). We easily compute:

VI (0) 0= fQ (Vo1(8) - Vor (B) + Voo () - Voo (6)) da
5

+|Vw(9)|Lz(Q)fng(e)'Vw(é)dx—/QF5~vw(é)dx,

But, using Green’s formula,
[ v01(6)- 901(0) dz = (9,01 (B), 1 (9o = (B,01(O))r, = (0, 01(6) )

and

[ 902(0) - Vua(8) d = (0,02(6), v2(B))o2 = Ouv2(8), w(@))on = [ Ta(8) - Vw(B) do = (6, 02(6))

Moreover

fQ Yw(0) - vuw(d) de = (6, w(0))s0,

and ~ ~
fQ F°. vw(#)dx = (0, (u‘sN - ’u%))gg.

Thus we obtain

V.Z(0)-0=(0,v,(0) +va(0) + w(B) +ul - ud)oa,

[Vw(0) ]2
and a descent direction is given by

-6
[Vw(8) 120

)

0= -v1(0) —v2(6) w(B) —ud +ud.

We perform the following simulations using FREEFEM++ (see [33]). We detail below the data of
each simulation. In order to have a suitable pair of Cauchy data, we use synthetic data: we fix a
Dirichlet boundary condition ¥* on I';, we solve the Laplace’s equation with an explicit data gp on I'
by means of another finite element method (here a P2b finite element discretization) from where we
extract the corresponding data gy by computing the value d,u on I'. We specify that we add 1% of
noise on gp and gy for the simulations.
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5.2 Numerical results in the two dimensional case

Firstly, we perform the reconstruction of boundary data in the two dimensional case. In Figure [I]
we aim at reconstructing the data on the upper boundary of the square (-0.5,0.5)% and we consider
gp = ¥* = y3 = 32%y. This simulation underlines the efficiency of the method. Notice also that the
we obtain almost the minimum value of the functional in few iterations (see Figure , even if the
additional iterations permit to obtain a better approximation of the solution.

Exact solution Initial approximated solution

IsoValue IsoValue

(a) Exact solution (b) Initial solution

Final approximated solution
IsoValue

(¢) Approximated solution (d) Value of the functional

Figure 1: Simulations when I'. is the upper boundary of the square, with 1% of noise.

We also present in Figure [2] the same simulation (the exact solution if the same as in Figure
when we want to reconstruct the data on the upper boundary and the right boundary of the same
square. Naturally, we obtain a worse approximation u, of the solution ues.. However notice that we
obtain |tex = tofp2(q) = 0.0551284, [[tex = o p2(ry = 0.182308 and [0, tex — Iyo |12y = 0.838961.

Finally we consider the case of the annulus C ((0,0),1)\C ((0,0),0.35) with the same gp and ¢*
than before. In Figure[3] we assume that the unknown boundary is the boundary of the inclusion, and
conversely in Figure[d We can notice that the reconstruction is more efficient when the measurements
are made on the exterior boundary.
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Initial approximated solution Final approximated solution
IsoValue IsoValue

12233
m0.278593

d) Val f th
(c) Value of the functional (d) Value of the error

Figure 2: Simulations when I'; is the upper and the right boundaries of the square,
with 1% of noise.

5.3 Numerical results in the three dimensional case

To conclude these numerical simulations, we present hereafter an example of numerical reconstruction
in the three dimensional case. We consider the case of the cube (0,1)% with gp = ¥* = 3® — 322y + 102
and I'; is composed by the upper and lower sides. Once again, the value of the functional decreases
until it becomes constant, and we then obtain an approximation u, of the solution.

6 Further comments

6.1 Rate of convergence of the method

As already noted, no rate of convergence for the method is obtained in the abstract setting developed in
Section [3] without additional assumption on the data. Nevertheless, in our situation, an unconditional
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Exact solution Initial approximated solution
IsoValue IsoValue

(a) Exact solution (b) Initial solution
Final approximated solution covalue
45 T T T T T T T T

:

0.633126
0.527568 40 4

000222506 =
m0'108781

30 N

m0 844688
- m1.10858 25

20 1

0 20 40 B0 80 100 120 140 180 180 200

(d) Value of the functional

(¢) Approximated solution

Figure 3: Simulations when I'; is the interior boundary, with 1% of noise.

rate of convergence can be obtained thanks to Theorem[I.1] This is another example of the link between
Carleman estimates and Tikhonov regularization for partial differential equations (see, e.g., [34]).

Theorem 6.1. There exist g € (0,1], p€ (0,1) and C >0 such that for all § € (0,00),

QQ

[0 = tex | 1.2(0) < r

5)“'

°'1|

Proof. Let § <1. Then we have

s
lgdll-1r2¢ry < lgp la-172(ry + 6 < gD H-172(1) + 1.
Moreover, by Lemma and Corollary there exists a constant C' > 0 such that

”500”12{-1/2(&) <C /Q (|V11%|2 + |VU¢O|2) de < C L (|Vv<pex|2 + |Vv¢ex|2) dz.
Then, since u, solves (|1.6)), there exists a positive constant, still denoted by C, so that, for all § € (0,1),

||u0 - uex”Hl(Q) <C.
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Exact solution Initial approximated solution
IsoValue IsoValue

(a) Exact solution (b) Initial solution

IsoValue

Final approximated solution

16 T T T T T T T T

:

14 4

m0.0928141

0 20 40 B0 80 100 120 140 180 180 200

(d) Value of the functional

(¢) Approximated solution

Figure 4: Simulations when T'; is the exterior boundary, with 1% of noise.

Now, from Theorem we known that
fg V1(6o) = V2 (6,) - F°* dar = fQ Vo, = Vo, + Vup - Vi[> dz = ¢ 6%,

where we recall that u‘sD and uf\I are defined by (1.2]) with gp and gn replaced by their noisy counter-

parts gg and gI‘fI. It is not difficult to see from their respective definitions that actually u, = vy, + u‘;D

and that @ = vy, + u5N is harmonic in (2 and verifies 0, - = gﬁl. Hence we have, using the continuity of
the trace and the above equality,

10016 = g l-172ry < CV (1o = @) | 12(0) < C'6,

for some constant C > 0.
Finally, 4, — tex is @ harmonic in Q, uniformly bounded for d € (0,1), and satisfies

o = vex /2 (ry = lgt = 9o le1r2qry <6,
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v, V4|
arap vy
Vv, 4%

A

(a) Exact solution (b) Initial solution

40

20

o aﬁ%
o

L L s s L n n " L
0 10 20 30 40 50 :h] 70 80 a0 100

(c) Approximated solution (d) Value of the functional

Figure 5: Simulations in the three dimensional case, with 1% of noise.

and
100 (o = wex) =172y < |0t = g l-172ry + 9% = 9Nl r-272ry < C'6.

The result is then obtained by applying Theorem [I.I] with u = 1o — Uex. O

Remark 6.2. The logarithmic rate of convergence, very slow, is characteristic of the ill-posedness of
Problem (1.1)). Note also that even if u, converges to uey strongly in H*, we only obtain a convergence
rate in the weaker L2 norm.

6.2 Imposing exactly a finite dimensional subpart of the data

Even if the data at hand is noisy, some subpart of the data might be trustworthy. For example,
if we decompose the data in some Fourier-type series, the low frequency part of the data is usually
less affected by the noise than the high frequency part. In that situation, we might want to obtain a
regularized solution of our inverse problem that corresponds exactly to the part of the data we trust.
This is the topic of this section.
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In order to be more general, we present the results in the abstract setting of Section [3} let ys € %
be the exact data and x5 € &7 the corresponding solution (i.e. &z =ys). We recall that y7 € % is the
noisy data, verifying, for a given n >0,

ly" = ysla <n.

Additionally, let P: % — % be an orthogonal projection, such that rank(P) < co. We suppose that
Py" =Py

In our setting, Py" is the trustworthy part of our data, which corresponds exactly to Pys, while
(I4— P)y" is the part of the data which is really affected by the noise. We modify our Morozov set of
regularized solutions:

Mp={veZ, |Fr-y"|a <n, Po/r=Py"}.

In another word, we seek for an approximated solution that solves the problem up to the level of
noise, but solves exactly the problem on the trustworthy part of the data. Note that .#p is not empty
as xs € Mp.

It turns out that we only need a minor modification of our dual method to obtain exactly such a
solution. It suffices to minimize the modified functional

1. .
Sriyed — | yl% +nl(la- P)yle - (y,y")e.

Let us begin by proving the well-posedness of this optimization problem.

Proposition 6.3. There exists a unique yo € % such that

Yo = argmin _Zp(y).
yed
Proof. The functional #p being continuous and strictly convex (as .&/* is one-to-one), we only need to
prove that it is coercive. To do so, we follow the argument to absurdity of the proof of Proposition [3.2
We introduce the same sequence (Y, )neny that verifies

ngolo ”ynH@ = 00 and /P(yn) < Ca

for a constant C' € R, and then defined, for all n € N, 2, = y,|ys|3, which, as in the proof of
Proposition weakly converges (up to a subsequence) to Og .

Now the proof slightly changes. We first note that, as rank(P) < oo, up to a subsequence Pz,
strongly converges to 0. Therefore, (I; — P)z, does not converges strongly to zero in %, otherwise
a subsequence of z,, would strongly converge to Og, which is impossible as ||z, |# = 1.

Finally, as

Spyn) > lynla [n](Ta = P)znle - (zn, 9" ],
the contradiction follows by letting n goes to infinity. O

Remark 6.4. The results remains true if we replace the projection P by any compact operator K.

Let us now prove three propositions that will permit to obtain our main convergence theorem
To do so, let us introduce, as in Section

To = A Yo
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Proposition 6.5. The regularized solution x, belongs to .#p. Furthermore, if Py, # yo, then x,
verifies
P-13)yo
c5jmo - yn =n ( d)y .
I(P = 1a)yol o

Proof. Suppose Py, # yo. Then _Zp is differentiable at y,, and the Euler-Lagrange equation associated
to our minimization problem gives

n (Id - P)yo
1(Ta = P)yoll o
The results follows since we can deduce from this equality that, additionally, x, € #p.

The case Py, =y, is slightly more delicate. First of all, even if _#p is not anymore differentiable
at yo, we recall that, since Zp(y,) = mgl FZpr(y), 0o belongs to the sub-differential of #p at y, (see,
ye

%M*yo+ —y":O@/.

e.g., [29, Section 5 p.20]), or equivalently
o oy, —y" enBy,

where B is the closed unit ball of %. Hence |&/z, - y"|# < 7. Furthermore, we note that

1 2
o) = i < i = i = ﬂ* - 777 B
Zp(Yo) Zr;l@n/z:(y) yE%?P)/P(y) yeﬁﬂ{};)g“ Yl - "y

which easily implies, since y, € Im(P),

et
Yo = argmlnfnng*y“z% - (ynvy)@'
yelm(P) 2

The Euler-Lagrange equation associated with this minimization problem leads to
(o, @ Y) o = (W y)a =0=(F2o-y",y)a, Vyelm(P). (6.1)
Hence o7z, — y" belongs to the kernel of P, which proves that z, € #p. O

Proposition 6.6. We have
”330H25K =-2_7p(¥o)-

Proof. In the case Py, # Yo, the proof is precisely the one of Proposition In the other case, we
have

1
Ipr(yo) = §\|$o\|§y - W Yo,

and as shown in the previous proof of Proposition [6.5

1
Yo = argmin = | y[% - (v, y)a .
yelm(P) 2

Then, using the Euler-Lagrange equation associated to this minimization problem (see (6.1))), we
deduce that

|zol% = 19 Yol % = (", y0) o,
and the result follows. O

Proposition 6.7. Let x € #p, x + x,. Then |x| o > |zo] 2 -
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Proof. The proof is almost exactly the same as the one of Proposition Let x € A#p, with x # z,,
and define y, = y" — &/x, which by definition verifies

Py, =0z and  |ypla <n.
Then, using Proposition [6.6]
1 2 2 Lo Lo 1o oo n
5 (2% — ol ) = el + 7 (o) = Szl + Sl yol 2 + 0l (la = P)yolla = (yo, 4" )
Looe 1 2
= Sllela + 5ol +nl(la = P)yolo = (yo, T2+ 4p) 5
1 1 .
= el + ool — () + 0l Pl = (o (= Py

1 1
= 52 + 1ol = (w0, 2) 2 + 0l (Tla = Pyollor = (Ta = P)yo, vp)o,

20
=%H$—mo|\i{>0

which ends the proof. O

We can now state our convergence theorem, which can be proven exactly as Theorem thanks
to the previous propositions.

Theorem 6.8. The regularized solution x, converges to xs as n goes to zero.

As a conclusion, if Py"” = Pys, then minimizing the modified functional #p leads to a regularized
solution that satisfies both the constraints

| 2o —y"|lv <m, and Pox,=Py" =Py,

without numerical difficulties since the main minimization problem remains without constraint.

A Functional framework

In this appendix, we precise the functional framework used in the present study, in particular the
functional spaces defined on open subparts of the boundary of 2.

A.1 Functional spaces on the boundary

Let X be an open subset of 99 of positive Lebesgue measure. As usual, we denote by HY 2(%) the set
of functions of L2(X) which are the trace on ¥ of functions of H!(£2):

H'2(2) = {ge LX(D), Iw e HY(Q), wy =g}.
The space H'/?(X) endowed with the usual norm,
= inf
HgHHl/Q(E) weHl(g;’ Win=9 HwHHl(Q%

is a Banach space. We note

() = {gem2(), [ gas-of.
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which is a closed subspace of HY 2(¥2). Note that thanks to Poincaré inequality, there exists a con-
stant C' > 0 such that for all g in Hi/z(E), all v e H'(2) such that vs = g, one has
lglurzcsy < Clvlm ) < ClVvllLe o) (A1)

We also define ~
H'2(%) = H*(Z)/R,

which, endowed with the norm
H9||H1/2(z) = }Eﬂg lg - C”Hl/Z(Z)a

is also a Banach space. Clearly, we have, for all (g1,g2) € HY/?(%)2,

g1 =92 € 1:11/2(2) <= g1 = go + ¢ for some real constant c.

Following [37], we define
Hoi? (2) = {9 € L*(2), g € H2(00)} c H' (D),
where geyi € L2(09) is defined as
Joxt =g on Y, and  gex =0 on OQ\X,
and H™Y/2(%) as the dual space of H(l)(/)g(E), endowed with the dual norm

[ A2y = sup g
G (2), gt | g1/2 oy =1

the bracket meaning the dual evaluation between H~/2(X) and H(l)(/)Q(E). Note that by construction,

one has
HY?(2) c HY2(R) c LA(E) c HV2(R).
Furthermore, thanks to Green formula, we know that for all v € H'(Q) such that Av € L?(2), 9, vy
belongs to H™/2(X) and
10v s 11725y < c(lvlo) + [Av]L2(q)) -

We now suppose that 02 = X u X, with X and . be two open subsets and of positive Lebesgue
measure, and X nY, =@. For g€ Hi/z(Z) and h e H"'/2(%,), we define the following problem: find u
in HY(Q) such that

Au = 0in Q,
(Z) u = gonyx,
d,u = hon X,

Lemma A.1. There exists a unique u € H'(Q2) solution of 2,. Furthermore, there erists a positive
constant ¢ such that

lull oy < c(lglaveesy + 1hla-eze.y) -

Proof. Tt is not difficult to prove that there exists a unique R(g) € H'(Q) satisfying R(g)s = g
and || R(g)|lu (o) = HgHHl/Q(E). We then denote

Hy(Q) = {v e H'(Q), v =0},
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which is a closed subspace of H! (), hence an Hilbert space when endowed by the H'-scalar product.
But thanks to Poincaré inequality, the H!-semi-norm is an equivalent norm on HL ().

By definition, for all v € H;(R), vs, belongs to HééQ(ZC), hence (h, v, ) is well defined. From
Lax-Milgram theorem, there exists a unique w € Hy(£2) such that for all v e HL(Q),

fQVw-Vvd:l::—fQVR(g)-Vvdx+(h,v‘gc),

which furthermore verifies
lwli @) < c(lglmesy + 1hlaees,) -

In particular, by linearity of Problem (£2,), we have obtained the uniqueness property of Lemma
We note that u = w + R(g) satisfies by construction Au =0, uz = g and

luli o)y <c(lglavzsy + [Bla-1zes,)) -

Furthermore, using Green formula and the variational problem satisfied by w, we obtain that for
all § € Hyp' (Zo),
(avuagext) = <ha§)7

hence d,ujs_ = h, which ends the proof. O

For 4 in Hi/z(E) and ¢ € H™Y/2(%.), we define vy, the unique solution of (2, ) with g = and h = 0,
and symmetrically, we denote v,, the unique solution of (£2,) with ¢ =0 and h = ¢.

Lemma A.2. The application

(o} £ () e M (2) x BY(S) > (w2} = [ Vo, - Vo, da,
defines a scalar product on H<1>/2(Z), the corresponding norm being equivalent to the standard norm.
Therefore, (Hi/Q(E), {-,-}) is a Hilbert space.

Proof. Tt is not difficult to see that {-,-} is bilinear symmetric positive. It is definite as if {¢,¢} =0,
then Vuy, =0, hence vy, = a € R. But as ¢ = vyx =  is mean free, this immediately implies o = 0.

Now, on one side, from the continuity of trace, we get ¢ [gy/2(s) < c|vy | (o). But as vys =9
is mean free, from a Poincaré-type inequality we obtain ||vy|m1(q) < ¢|Vvy|L2(q). So, using finally
Lemma [A71] we obtain two positive constants ¢; and ¢; so that

cr [ Ylne sy <Vvglai o) < c2l¥lme s,
which ends the proof. O

Lemma A.3. The application
{'7'} : (9017@2) € H_l/Q(EC) x H_l/Q(EC) — {@17802} = A Vg, + VU, dz,

defines a scalar product on H’l/Q(EC), the corresponding norm being equivalent to the standard norm.
Therefore, (H/2(2.),{--}) is a Hilbert space.
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Proof. Tt is not difficult to prove that {-,-} is indeed a scalar product on H"/2(%,), using that by
definition, v,y = 0.

To prove the equivalence of the norms, we first note that by continuity of the normal derivative,
the fact that by definition v, is harmonic in €2, and a Poincaré-like inequality as v,s = 0, we obtain

H@HH—W(EC) < C(||Ugo HHl(Q) + HA%HLQ(Q)) = cf vy HHl(Q) < CHV%HL2(Q)~

On the other hand, Lemma gives

[Voelieo) <cleli-racs.,):

The result follows. O

A.2 Functional space in the volume

We define
H(Q) = {Vw, w e HY(Q) satisfies Aw =0 in Q} cL*(Q).

Lemma A.4. The space H(Q), endowed with the usual scalar product of L*(QY), is a Hilbert space.

Proof. As H(Q) is a subspace of L?(), it is sufficient to prove that it is closed for the L-norm.
Therefore, let p,, a sequence of elements of H() converging to some p € L*(Q):

T}glolo Ip,, = PlL2(q) = 0.

By definition, there exists a sequence of harmonic functions v, € H'(Q) such that p, = Vv,. The

sequence
- 1 f
Up = Up, — — v, dx

is also a sequence of harmonic functions such that Vv, = p,,. From Poincaré-Wirtinger inequality and
the fact that p, converges to p, we deduce that @, is a bounded sequence in H!(£2), and therefore
weakly converge to some v € H'(2). As @, is harmonic for all n, so is v, hence Vv is an element
of H(Q?). Finally, in LZ(Q), Vv, weakly converges to Vv, and strongly converges to p, hence p = Vv,
which ends the proof. O
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