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Abstract

This article fills a gap in the mathematical analysis of Adaptive Biasing algorithms,
which are extensively used in molecular dynamics computations. Given a reaction
coordinate, ideally, the bias in the overdamped Langevin dynamics would be given by
the gradient of the associated free energy function, which is unknown. We consider an
adaptive biased version of the overdamped dynamics, where the bias depends on the
past of the trajectory and is designed to approximate the free energy.

The main result of this article is the consistency and efficiency of this approach.
More precisely we prove the almost sure convergence of the bias as time goes to infinity,
and that the limit is close to the ideal bias, as an auxiliary parameter of the algorithm
goes to 0.

The proof is based on interpreting the process as a self-interacting dynamics, and
on the study of a non-trivial fixed point problem for the limiting flow obtained using
the ODE method.

1 Introduction

Let . be a probability distribution on the d-dimensional flat torus T, of the type:

e = e, 29) = [, )
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where dz is the normalized Lebesgue measure on T?. For applications in physics and chem-
istry (e.g. in molecular dynamics), p, is referred to as the Boltzmann-Gibbs distribution
associated with the potential energy function V' and the inverse temperature parameter
[ > 0. For applications in statistics (e.g. in Bayesian statistics), —5V is referred to as the
log-likelihood. In this article, the function V : T¢ — R is assumed to be smooth.

In order to estimate integrals of the type {¢dp., with ¢ : T — R, probabilistic methods
are used, especially when d is large. The Markov Chain Monte Carlo (MCMC) method
consists in interpreting the integral as the (almost sure) limit

.1 (T 0 : 0
fsodu* = lim TL p(Xp)dt = lim fwduT,

where p) = %S(:)F dxodt is the random empirical distribution associated with an ergodic

Markov process (Xf) 10> With unique invariant distribution y,. The choice of the Markov
dynamics is not unique, and in this work we consider the overdamped Langevin dynamics

dX0 = —VV(X0)dt + /28~ 1dW,

where (Wt) =0 1S @ d-dimensional Wiener process. In practice, discrete-time Markov pro-
cesses, defined for instance using the Metropolis-Hastings algorithm, are employed.

The convergence to equilibrium requires that the Markov process explores the entire
energy landscape, which may be a very slow process. Indeed, in practical problems, the
dimension d, i.e. the number of degrees of freedom in the system, is very large, and the
probability distribution g, is multimodal: the function V' admits several local minima (in-
terpreted as potential energy wells) and f is large. In that situation, the Markov process
is metastable: when it reaches an energy well, it tends to stay there for a long time (whose
expectation goes to infinity when 5 goes to infinity) before hopping to another energy well.
Asymptotic results for the exit time from energy wells when § — oo are given by Eyring-
Kramers type formulas [14], 27]. The metastability of the process substantially slows down
the exploration of the energy landscape, hence the convergence when T" — oo towards the
target quantity §odp..

In the development of Monte-Carlo methods in the last decades, many techniques have
been studied in order to efficiently sample multimodal distributions. The bottom-line strat-
egy to enhance sampling consists in biasing the dynamics and in reweighting the averages:
indeed, for any smooth function V : T — R, one has

_ PP . . o
de'u _ SSDe BV B Sgpe BV-V) =BV e So SD(XS)G BV(X)-V(Xs) 4g

_ _° i
[e?V = (e b0—1) 87 ihw [ eV E)TV(R)ds

where the biased dynamics is given by dX; = —VV (X,)dt + 1/23-1dW,. This is nothing but
an Importance Sampling method, and choosing carefully the function V may substantially
reduce the computational cost. Indeed, if the distribution with density proportional to
e~ PV(®) ig not multimodal, the biased process X; converges to equilibrium and explores the



state space faster than the unbiased process X;. In the sequel, we explain how to choose V
in order to benefit from the importance sampling strategy:.

From now on, in order to simplify the notation, § = 1. In addition, without loss of
generality, assume that §, e™V " dz = 1.

Instead of treating the problem in an intractable full generality, we focus on the typical
situation when some additional a priori knowledge on the system is available. Precisely, let
€ :T? — T™ be a smooth function, which is referred to as the reaction coordinate (following
the terminology employed in the molecular dynamics community). Let us stress that the
identification of appropriate reaction coordinates is a delicate question, which depends on the
system at hand. The problem of automatic learning of good reaction coordinates currently
generates a lot of research, see for instance [13] [I5] and references within. We do not consider
this question in the sequel.

The biasing potential in the importance sampling schemes considered in this work will
be of the type V(z) = V(z) — A(&(x)), where A : T™ — R. In practice, the number
of macroscopic variables m is very small compared to the dimension d of the model (which
describes the full microscopic system). As will be explained below, without loss of generality,
we assume that £(z) = £(y, 2) = 2z for all x = (y,2) € T¢™ x T™. This expression for the
reaction coordinate simplifies the presentation of the method, however considering more
general reaction coordinates £ is possible up to adapting some definitions below. To explain
the construction of the method and to justify its efficiency, we assume that the reaction
coordinate is representative of the metastable behavior of the system: roughly, this means
that only the exploration in the z variable is affected by the metastability, whereas the
exploration in the y variable is much faster.

In this framework, the fundamental object is the free energy function A, defined as
follows: for all z € T™,

A, (z) = —log <J1rd e_V(y’Z)dy>. (2)

For general considerations on the free energy and related computational aspects, we refer to
[31, 32]. By construction, if X = (Y, Z) is a random variable with distribution pu., then the
marginal distribution of Z is given by

dvy(z) = e @z,
Introduce the notation (Y,?, Z?) = X} for the solution of the overdamped Langevin dynamics

dY,) = =V, V (YL, Z0)dt + /2dW, ™
d79 = =V, V (Y2, Z9)dt + /2dW, ™,

where W, = (W™ W™y, 1t 10 = L d70ds denotes the empirical distribution for the
variable Z°, then almost surely

I/to —> Vs,
t—00

in the sense of weak convergence in the set P(T™) of probability distributions on T™. Since
the reaction coordinate is representative of the metastability of the system, this convergence
shares the same computational issues as when considering the full process X°.



A much better performance can be attained considering the following biased dynamics,

where V() is replaced by V,(x) = V(z) — A.(&(2)):

AY; = =V, VY7, Z7)dt + N 2dW T,
dZp = —V. V(Y7 Z0)dt + VAL(Z2)dt + v2dW™.

Define the associated empirical measures on T¢ and T™ respectively:

1t 1
NZ = _J 6X*d87 V: = _J 5Z*d87
tJy °° tJo °°

where X} = (Y}, Z¥). As explained above, {¢dpu, can then be computed by the reweighting

procedure. Observe that by ergodicity for (Xt* and the definition of A,, one has

)iz0

v — dz,
t—00

i.e. at the limit the distribution of Z; is uniform on T™. This observation, which is referred
to as the flat histogram property in the literature devoted to applications, means that the
process X* does not suffer from slow convergence to equilibrium due to energy barriers,
compared to the process X°.

In practive, the free energy function A, is not known, thus the ideal approach described
above is not applicable. In fact, in many applications, the real objective is the computation
of the free energy function. One of the important features of many free energy computation
algorithms, such as the one studied in this work, is to compute an approximation of the free
energy function on-the-fly, and to use this approximation to enhance sampling. Checking that
such adaptive algorithms are efficient and consistent requires careful mathematical analysis.

In this article, we consider a class of adaptive biasing methods, where the dynamics is of
the form

dY, = =V, V(Y;, Z,)dt + v 2dW,5™, ;
dZ, = =N,V (Yy, Z)dt + VA(Z)dt + v 2dW,™, )

where the function A; depends on time t, approximates A, when t — o0, and is defined in
terms of the empirical measure

1 t
e = ;JVO 6X8d8. (4)

The process (Xt) =0 = (Y}, Zt) 120 is not a Markov process, instead it is a self-interacting
diffusion process. The precise construction of the algorithm studied in this article is provided
below.

This article is organized as follows. The construction of the algorithm @D studied in this
work is presented in Section [2| below. The main result, Theorem is stated in Section [2.3]
and a comparison with the literature is given. Section [3] gives a proof of the well-posedness
of the self-interacting dynamics @D (Proposition . Section [4] exhibits the limiting flow
(obtained by applying the ODE method) and establishes the asymptotic pseudotrajectory
property. Finally, Section [5| provides the final crucial ingredients for the proof of the main
result, Theorem [2.3} a PDE estimate which provides some uniform bounds, and a global
asymptotic stability property for the limiting flow.
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2 The Adaptive Biasing Force algorithm

The objectives of this section are to define the Adaptive Biasing Force method [17] studied
in this article, and to state the main results.

Recall the definitions and of the target distribution u, and of the free energy A,
respectively. The potential energy function V' is assumed to be of class C*.

The reaction coordinate £ : T¢ — T™ satisfies £(y,2) = 2 for all z = (y,z) € T¢ This
expression substantially simplifies the presentation compared with a more general choice
of £ : T¢ — R™. In applications, this is not restrictive, and consists in considering the
so-called extended ABF algorithm [22]. Precisely, an auxiliary variable Z is added to the
state space, the extended potential energy function for X = (X, Z) is given by V(X) =
V(X) + 55/6(X) — Z|%, where ¢ > 0 is a small parameter, and one sets £(X) = Z.

2.1 Construction

The definition of the algorithm requires to make precise how in the evolution equation ,
the biasing potential function A;, or its gradient V A, is determined in terms of the empirical
distribution pu; given by . The algorithm is based on the following identity: the gradient
V A, of the free energy function A, defined by is given by

S VoV (y, 2)e V@A) dy

VA*(Z) STd—m e*V(va)dy

=E.|V.V(Y,2) | Z = z]. (5)

More generally, let A : T™ — R be a smooth function, and let du?(x)oce®du, (y, ) be the
ergodic invariant distribution of

AYA = =V, V(YA ZMdt + 2dW ™,
AZ8 = V.V (YA, ZA)dt + VA(ZA)dt + v/ 2dW ™.

Then one has the identity

The expressions for the gradient of the free energy function in equations and @ are
simpler than (for instance) the expressions (5) and (6) in [30] which hold for a general
reaction coordinate mapping &, whereas we consider only the case {(y, z) = z.

The occupation measures y; defined by are in general singular with respect to the
Lebesgue measure on T™. In order to define the mapping pu; — A;, we introduce a regular-
ization kernel K., depending on the parameter € € (0, 1], such that

VZV 9 /Ke /7 d * ) !
VAL(2) = lim D VYW KA 2y, #)
=0 SS’Ed KE(Z ,Z)dﬂ*(y, z )
Indeed, formally, the expression for VA, is obtained with the kernel K (z,z’) replaced

by a Dirac distribution d(z — z’). See Assumption below for precise conditions on the
kernel function K..




For every € € (0,1] and p € P(T?), define the mapping F<[u] : T™ — R™ as follows:

€ _ SS VZV(y, Z)Ke(z,-)d,u(y,z)
PO = R G e

Due to the action of the regularization kernel K., in general F[u] cannot be written as a
gradient. For instance if m = 1, a smooth function F': T — R is a gradient if and only if its
average value is zero § F(z)dz = 0; in general, § F*[u](z)dz # 0.

The last ingredient in the construction is a projection operator P, such that one defines
VA p] = P(F[u]). More precisely, for every € € (0,1] and u € P(T%), define the mapping
A ] as follows:

(7)

Afu] = argmin J‘FE[N](Z) — VA(Z)|2dz. (8)

AeHY(T™),§ A(2)dz=0

As will be explained below, A¢[u] is solution of an elliptic PDE. Note that F[u] and A¢[u]
are functions depending only on z € T™, with a dimension m much smaller than d the total
number of degrees of freedom of the system. Typically, one has m € {1, 2,3}, which makes
it possible to use the algorithm in practice.

We are now in position to define the process considered in this article: it is the solution
of the system
dY, = =V, V(Y;, Z)dt + v 2dW ™,
dZ, = =NV (Y, Z)dt + V A(Z,)dt + v/ 2dW, ™,
Ay = A[pue],
pe = 1 550,z ds.

(9)

Arbitrary (deterministic) initial conditions Yy = yo € T9™™, Zy = 29 € T™, g = (40,2, and
Ap = A[po| are provided. This process belongs to the class of self-interacting diffusions, see
[9, 10, 1T], 12] for standard references.

2.2  Well-posedness of the system ([9)

Recall that V : T¢ — R is assumed to be of class C*. Let us first state the assumptions
satisfied by the kernel function K..

Assumption 2.1. For any € € (0,1], the mapping K. : T™ x T™ — (0,0) is of class C*
and positive.
For all z € T™, one has

JKe(z, Yz = JKE(-,z)dz ~1

In addition, if ¥ : T — R is a continuous and bounded function, one has

Jjw(y,Z/)KE(Z/,Z>dde, — Uy, 2)dy , ¥ zeT™
Td

e—0 Td—m



Finally, there ezists cx € (0,0), such that

sup J |2 — 2P (Ke(2, 2) + Ko(2,2'))d2 < exe.

zeTm
Define m, = min K.(2',z) and M" = max |VFK.(¢,2)|+ max |VE K (7, 2)|, where
z,2'eT™m z,2'eT™m z,2'eT™
k is a nonnegative integer and V¥ denotes the derivative of order k. Owing to Assumption ,
one has m, > 0 and M < oo for all € € (0, 1], however these estimates are not uniform

with respect to €, i.e. inf m, =0 and sup Me(k) = 0.
€€(0,1] c(0,1]

Note that to establish the well-posedness of the system @D, where € € (0, 1] is fixed, upper
bounds are allowed to depend on e. However, it will be crucial in Section [5] to derive some
upper bounds which are uniform with respect to € in order to prove the convergence when ¢
goes to infinity of y; and A; (to a limit depending on ¢€), see Proposition

The exact form of the kernel function K, has no influence on the analysis below. Let us

give an example: let K (2!, 2%) =[]}, ke(z3 — z7), where for all z € T,

B sin?(z/2)

ke(2) = Z " exp( 27 )

is the so-called von-Mises kernel.
Owing to Assumption [2.1} it is straightforward to check that F[u] is of class C*, for any
p € P(T%). Then the mapping A¢[u] is the solution of the elliptic linear partial differential
equation
AA[p] = div(F[u])
and standard elliptic regularity theory implies that A[u] is also of class C*. See Lemma
below for quantitative bounds (depending on ¢).

Proposition 2.2. Under Assumption for any initial conditions o = (yo, 20) € T?, the
system @D admits a unique solution, which is defined for all times t = 0.

The proof of Proposition [2.2]is postponed to Section [3]

2.3 Main result and discussion

Remark that the free energy can be defined up to an additive constant. Above, A, has
been normalized so that §., e "+dz = 1, while A; is such that §, Aidz = 0. Denote
A, = A, — (.. A.(2)dz. The standard norm on the Sobolev space WhP(T™), for p € [2, ),

is denoted by

- e

Theorem 2.3. Under Assumption there exists €9 > 0 and, for all p € [1,+0), there
exists Cp, € [0, +0) such that, for all € € (0, €], there exists a unique probability distribution
us, € P(T?) which satisfies

dp () = dp Vo (@) oce M 1B dp, (y, 2).
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In addition, one has the error estimate

[As = AT Jlwre < Cpve,

and, for any initial conditions xo = (yo, 20) € T%, almost surely, one has the convergence
|4~ Al lwir — 0

€
—
Kt P Moo

the latter in the sense of weak convergence in the set P(T?).

The first identity in Theorem means that the limit p&, of u; is the fixed point of the
mapping p — ,ufs [k ], see Section . Equivalently, the limit A¢[uS | of A; is the fixed point of
the mapping A — A[u2], where we recall that dul(z) = eA@du,(y, 2).
The almost sure convergence results of Theorem may be loosely rephrased as follows
lim lim A4, = A, , lim li =
i fim e = A, g J g =
and implies that the empirical distribution v; = % Sé d¢(x,)ds satisfies the approximate asymp-
totic flat-histogram property

lim lim v; = dz.
e—0 t—o0

We stress that u¢, is not close (when ¢ — 0) to the multimodal target distribution pi,:
with the notation above one has u, = u® # p?+. However, the algorithm gives a way to
approximate {odp. by reweighting: using the Cesaro Lemma, it is straightforward to check
that one has

i § (X,)e (2 ds ! §o p(Xo)e A l=lZds oy, 2)e ATl due (y, 2) J d
1m = [1m = — x5
E (o Aads | imw [ e AlilZods Je A TG dps, (y, 2) o

for any smooth ¢ : T¢ — R. Indeed, by the Sobolev embedding WP(T™) < C°(T™) if
p > m, A; converges to A°[uS,] uniformly on T™.

Up to an error depending only on the width € > 0 of the kernel function K., the adaptive
algorithm @ is thus a consistent way to approximately compute {odpu., as well as the free
energy function A,. The approximate asymptotic flat-histogram property stated above shows
that the sampling in the slow, macroscopic variable z is enhanced, hence the efficiency of
the approach. Such results are a mathematical justification for the use of the ABF method
based on self-interating dynamics in practical computations.

Remark 2.4. From Theorem we expect the following Central Limit Theorem to hold:
for all bounded ¢ on T,

t

Vi Us@dut — f @duéo) 5 N(0,0,)

where o, is the asymptotical variance obtained by considering the process with a constant
bias VA u,]. Nevertheless, the proof of such a result, extending [20, Theorem 4.1I11.5] at
the cost of technical considerations, exceeds the scope of the present article.

8



Remark 2.5. The convergence of A; to A[u,] when t — oo in fact holds for C¥ norms, for
all integers k. However, the convergence of A, — A¢[uS,] when € — 0 can be obtained only
in WP, for all p € [2,0) (hence in C° due to a Sobolev embedding, for p > m). In fact,
higher-order derivatives of F€[u] (and of A¢[u]) are expected to explode when ¢ — 0.

The ABF has originally been introduced in [I§] in the molecular dynamics community,
where it is widely used, see [23| 19, I7]. An example of application in statistics is devel-
oped in [I6]. Another popular related biasing algorithm is the metadynamics algorithm
[26]. [4],[25], 8]

From a theoretical point of view, several variants of the ABF algorithm have been con-
sidered in various works. In a series of papers [30, I, 29, 28|, Leliévre and his co-authors
considered a process similar to @D except that pu, is replaced by the law of X;. This corre-
sponds to the mean-field limit of a system of N interacting particles as N goes to infinity
[24]. The law of X; then solves a non-linear PDE, and long-time convergence is established
through entropy techniques. In practice in fact, the bias A; is obtained both from inter-
acting particles and from interaction with the past trajectories, so that u; is the empirical
distribution of a system of N replicas of the system (X;,Y;) that contributes all to the same
bias A;.

The case of adaptive bias algorithm with a self-interacting process is addressed in [21] for
the ABF algorithm and in [0, [7] for the related adaptive biasing potential (ABP) algorithm.
We emphasize on the fact that in these works, p;, is replaced by a weighted empirical measure
[i; given, in the spirit of an importance sampling scheme, by

t -1 nt
iy = (J eAS(ZS)d5> f 5Xse*As(Zs)d5.
0 0

Contrary to y; in Theorem [2.3] this weighted empirical measure converges toward . This
makes the theoretical study simpler than in the present case. However, in practice, there
should be no reason to use this weighting procedure for ABF due to the identity (@ Indeed,
provided that A; converges to some A, in the idealized case where K, is a Dirac mass, then
@ implies that necessarily A,, = A,. This is no more true as soon as ¢ > 0 (which is neces-
sary for the well-posedness of the algorithm), and one of the main motivation of the present
work was to determine whether the convergence of the natural (non re-weighted) version of
ABF, which is the one used in practice, was robust with respect to the regularization step.
Our results shows that this is true, provided € is small enough.

2.4 Notation

Let N = {1,...} and Ny = Nu {0}, and let k& € Ny be a nonnegative integer. Let C*(T™ R"™)
be the space of functions of class C¥ on T™ with values on R"2. The derivative of order k is
denoted by V*. The space C*(T™,R") is equipped with the norm | - ||cx, defined by

k
[@llex = > 1V*co,
(=0

9



with || ¢co = max [¢(x)]|. To simplify, the dimensions n; and ny are omitted in the notation
zeT™1

for the norm | - |cx.
If ¢ : T™ — R™ is a Lipschitz continuous function, its Lipschitz constant is denoted by
Lip(¢).

The space P(T?) of probability distributions on T¢ (equipped with the Borel o-field)
is equipped with the total variation distance drpy and with the Wasserstein distance dyy,.
Recall that one has the following characterizations:

)

1
drv (i, p2) = sup | f@/)dlm - JWM

BTSR[] 2

dyy, (1, pi2) = sup ‘ fi/fdﬂz - deuﬂ
(¥)<1

:T4—-R,Lip

where for the total variation distance the supremum is taken over bounded measurable
functions 1.

The space P(T?) is also equipped with the following distance, which generates the topol-
ogy of weak convergence:

U | § fudpz = § fadpu]
dy (p1, - on ’

where the sequence S = {f, }nen is dense in C°(T¢,R), and, for all n € N, one has f,, € C*
and | fn]co < 1.

3 Proof of the well-posedness result Proposition

The objective of this section is to prove Proposition , which states that the system @D
is well-posed. Some auxiliary estimates are provided, where the upper bounds are allowed
to depend on the parameter e. Lemma provides estimates for F*¢[u] and A¢[u], in C¥,
uniformly with respect to . Lemma |3.2| provides some Lipschitz continuity estimates with
respect to p, in total variation and Wasserstein distances.

3.1 Auxiliary estimates

Lemma 3.1. For all e € (0,1] and k € Ny, there exists Ccy € (0,00) such that one has

sup (| i) lowrm gy + 1A il esom 2y ) < C
peP(T4)

Proof of Lemma[3.1. Observe that

Faux [/L, vzv]

Felu] = Pl 1]

10



where F;ux quvb Y,z )d:u(ya Z)‘
Owing to Assumptlon . one has

Feolm 1] = mejdu =m, >0,

for all 4 € P(T?). In addition, for all k € Ny, one has

kaafux J ¢ Y,z vk )d,u(y,z),

thus, one obtains

H aux[:uaw]”ck < ||¢HCOMe(k) < O,

owing to Assumption [2.1]
Using the estimate above with v = V,V and ¢ = 1, it is then straightforward to deduce

that Fouxlp, V.V]
aux |y V z

Felp] o = |2ttt Y27
H [M]HC’“ H Faux[,uu 1]

This concludes the proof of the estimates for F[;]. To prove the estimates for A[ul,
observe that A¢[u] solves the Euler-Lagrange equation associated with the minimization

problem in ,

Hck < Ce,k-

AAu] = div (Fe[n]).
Using the result proved above, and standard elliptic regularity theory and Sobolev embed-

dings, one obtains the required estimates for A[x]: for all € € (0,1] and k € Ny, there exists
C. € (0,00) such that for all e P(T?),

HAe[N]HC’“(Tm,’H‘) < Cep
Since A°[u] and A¢[y] only differ by an additive constant, it only remains to prove that
|A[ ][l co(rm 1y < Cep-

This is a straightforward consequence of the estimate | A[u]|corm 1) < Ceo and of (§).
This concludes the proof of Lemma [3.1} O

Lemma 3.2. For all € € (0,1] and k € Ny, there exists L.y € (0,00) such that, for all
p1, pi2 € P(T?), one has

| F[p2] = Flpa]lerom mmy + [|ATp2] = A ] llererm gy < Le (dTV(,ulv p2) A dw, (pa, Nz))-
Proof of Lemma[3.3. First, observe that

Pl - ] = SV DR ).

_ S VV(y, 2)Ke(z, )d (y, 2 SSK — 1) (y, 2)
SSK 2 d:u SSK d,UQ Y,z ) '
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Using the characterizations of total variation and Wasserstein distances and the regularity
properties of V and K, (Assumption, proceeding as in the proof of Lemmathen yields

HFE[M] - Fe[ﬁh]”ck(ﬂrmﬂrm) < Le,kd(,uh M2),
for all g, po € P(T?), with L.y, € (0,00), with d = dyy, and d = dry-.
It remains to apply the same arguments as in the proof of Lemma to obtain
| A 2] — Afpallerm my + [ATua] — Apalerom ) < Lend(p, o),

which concludes the proof of Lemma [3.2] ]

3.2 Well-posedness

Let T € (0,90) be an arbitrary positive real number. Introduce the Banach spaces
C([O,T],Td) ) E = L2(ch<[07T]7Td))a

equipped with the norms defined by

. }
2o = sup ea(®)] . 1X ]l = (E[IXI2])",

0<t<T

depending on the auxiliary parameter o € (0,00). Let ® : E — E be defined as follows: for
all x = (yr, %), let pf = 1 (M0+Sé 0z,ds) and A7 = A°[pf], for all t > 0. Then X = ®(x)

1+t

is the solution X = (Y'(t), Z(t))i=0 of

dY (t) = =V, V(ys, 2)dt + /2dW @) (),
dZ(t) = =Y.V (ys, 2)dt + VA (z)dt + +/2dW D (¢),

with initial condition (Y'(0), Z(0)) = x¢ € T%, which is fixed.
If o is sufficiently large, then the mapping @ is a contraction, due to Lemma [3.3| stated
below.

Lemma 3.3. There exists C € (0,00) such that for all a € (0,00), and for all z2',2? € E,

C
1®(z2) = (21)]la < —lz2 = 21l

Proof of Lemma[3.3. Let z' = (y',2') and 2% = (y?,2%) be two elements of F, and set
X!t =d(x!), X? = ®(2?). Then
d

= (V20 =Y (1) = ViV, ) = V,V (57, #0)

and

d
L (220) - 2'0) = V.Vl =)~ V() + VA - VAL,

12



where A} = A°[p}] and pf = 17 (po + So 04ids).
First, since V is of class C2, for all t > 0, one has the almost sure estimate

t

Y2 (t) — V()| < Ce f (19 — yl] + |22 — 2}[)ds
0

¢

< C’e_atj e“ds||z? — 2!,
0

< EHIQ — '

Second, similarly one has, for all t > 0,

t

[VAL(2) = VA(2,)lds

)

e | Z3(t) — Z'(t)| < g|\x2 — gty + e

J

=]

t t
< e — e [ VAR - VARl 4 e [ VAN - VALDlds
JO 0
C

R
&

—at

|AT = Ajlerds,

—H:v — x1||a +e
J

[e=]

owing to Lemma [3.1] In addition, owing to Lemma one has
| AT = Adller = [A°[p2] — Al

L 1dWl(/'Ls7:us < elf ‘.’ﬂ )‘d?”

S

< Le,lf e dr|x? — 2t
0

L

—2e2? = 2.

/A

Finally, one obtains the almost sure estimate,

C

[@(z%) = @(2") |0 = sup ™| X7(t) = X' ()] < —[2* — 2"a,
=0 &Y
then taking expectation concludes the proof of Lemma [3.3] O

The proof of Proposition [2.2]is then straightforward.

Proof of Proposition 2.3 Observe that the following claims are satisfied.

t=0

C.o, and owing to Lemma [3.2] the mapping ¢ — A7 is Lipschitz continuous. Thus the
mapping ¢ is well-defined.

e Owing to Lemma * for all z € E, one has the almost sure estimate sup |V A?|co <

e The process (Y(t), Z(t), At,pt)t>0 solves (9) if and only if X = (Y, Z) is a fixed point
of ®.

13



e The mapping ® : £ — FE is a contraction if « is sufficiently large, and admits a unique
fixed point X, owing to Lemma |3.3]

Since the initial conditions g and pg, and the time T € (0, 00) are arbitrary, these arguments
imply that the global well-posedness of @ and this concludes the proof. O

4 The limiting flow
Define the mapping 1€ : u € P(T?) — II¢[u] € P(T?), for € € (0, 1], as follows:
() = Z[p] e Vo A 1B dydz,

with Z¢[p] = {§ e V@ 4 ME dydz. The notation Vi(y, z) = V(y, z) — A°[p](z2) is used in
the sequel. The probability measure I1¢[i] is the unique invariant distribution for the system

AV = U,V (YA, Z0)dt + V2w,
AZA = V.V (YA, Z2)dt + VA(ZP)dt + 2dW™

with A = A¢[;]. With notations used above, II¢[u] = i .
The objectives of this section are twofold. First, one proves that, for every 7 € P(T?),
there exists a unique solution ((IDE(t, 7r)) 1> Of the equation

t

Bt 1) — et + J ¢TI [0%(s, 7)]ds.
0

In addition, 7§ = ®¢(¢, 7) solves, in a weak sense, the following ordinary differential equation
7y =U[nf] — 7, 75 =m.

Second, one relates the properties of the empirical measure (,ut) 1 I the regime ¢ — oo,
with the behavior of the limit flow, using the notion of Asymptotic Pseudo-Trajectories.

4.1 Well-posedness of the limiting flow

Let M = sup |A[p]llcormry, and M, = [|A.|cormry. Note that M < oo due to
peP(T4)
Lemma [3.1} Recall that Lo is defined in Lemma [3.2]

Lemma 4.1. Let L(e) = 2L o™ +M) " Then for all pt, u? € P(T?), one has

dpy (T[], T[1?]) < Le)dpy (', 1)

14



Proof of Lemma[.1]

AQ)E) A2z

.
dpy (T[], TI[ %)) = Je_v(y’z)e — dydz
TV( (1] [ ]) ‘q}rd ‘ Ze[u] Ze[112] \ Y
A[ut](2) A[p?](2)
= | e - |
Jm Ze[p'] Z[1?]
—A*Z
<[ ¢ (1)‘€A6[u1](2)_eAE[uz](Z)‘dz
Jrm ZE[M]

J AT ) 2] - 2]
+ ——————dz|Z | | = Z°| ]|
e Z¢[pt]Z¢[p?]

Using the lower bound

Z ] = Jf e—V(y,z)+Ae[M](z)dde _ j oA DTATE) gy > e MM
Tm
Td

and the upper bound

wmﬂ—zmmsw“Mf|mmwa—wmmmw

m

one obtains

dry (!, T) < 260000400 [ aeut) (o) - A°L) )]

m

A '] = A[pa]f o
Leoe ™M M) G (uy, o),

4(M<+M,)

2e
2

NN

where the last inequality follows from Lemma [3.2] This concludes the proof of Lemma [4.1]
]

Proposition 4.2. Let m € P(T?). Then there exists a unique solution (@E(t,ﬂ))t>0, with

values in C([0,%0), P(T?)) (where P(T?) is equipped with the total variation distance dry ),

of the equation
t

O(t,m) = e 'm + f ST (D (s, )] ds.
0
Proof. Uniqueness is a straightforward consequence of Lemma [4.1] and of Gronwall Lemma.

Existence is obtained using a Picard iteration argument. Precisely, introduce the mapping
¥ : C([0,0), P(T4)) — C([0,%0),P(T?)), be defined by

t

U(m)(t) =e'm + L s I 7, ds,

15



for m = (Wt)t>0.

Let do(m!',7?) = sup e *dry(n},7?), where a > 0 is chosen below. Then, using
£=0

Lemma [4.1], one has

Choose a = 2L(¢), and define

W= (=) T = UE), n0,

using the Picard iteration method. Let T € (0, o0) be an arbitrary positive real number. Since
C([O,T ],P(Td)) is a complete metric space (equipped with the distance d,), then (W”)neN
converges when n — o, and the limit 7% solves the fixed point equation 7% = W(7®), which
proves the existence of a solution, and concludes the proof. O

By construction, the flow ®¢ : R™ x P(T¢) — P(T?) is continuous, when P(T?) is
equipped with the total variation distance dry. Adapting the proof of [9, Lemma 3.3], one
checks that it is also a continuous mapping when P(T?) is equipped with the distance d,,.

4.2 The asymptotic pseudotrajectory property

Recall that a continuous function ¢ : Rt — P(T9) is an asymptotic pseudotrajectory for &€,
if one has

sup dw(g(t+s),<1>€(s,C(t))) — 0,

5€[0,T] E—0

for all T'e R*. See for instance [5] for details.
The following result is the rigorous formulation of the link between the dynamics of the
empirical measures p; in the ABF algorithm, and of the limit flow.

Theorem 4.3. The process (,Uet) s almost surely an asymptotic pseudotrajectory for ®°.

t=0

The proof requires auxiliary notations and results. For every ¢ > 0 and pu € P(T9), let
V;(ya Z) = V<y7 Z) - AG[IU’](Z)7
and define the infinitesimal generator
L,=A-VV -V.

Introduce the projection operator defined by K f = f — § fdII¢[1] and let (Pf’“ ) be the

t=0

semi-group generated by £, on L?*(T%). Finally, let

Q0
Q= L PEMKSdL .

Then one has the following result.

16



Lemma 4.4. For every € > 0, there exists C, € (0,00), such that

|03 fles < Culler (10
for all f e CO(T*,R) and all € P(T?). Moreover, LK}, = —K,.
Proof. Remark that, from Lemma , ViecC” (T?), from which it is classical to see that
P f e C°(TY) for all f e C*(TY). In particular, C*(T?) is a core for L, see [3, Section
3.2] and thus it is enough to prove the result for f e C*(T?).

As a first step, for all € € (0, 1] there exists R, > 0 such that for all u € P(T%), I1¢[u]
satisfies a log-Sobolev inequality and a Sobolev inequality both with constant R., in the

sense that for all positive f € C*(T?),
2
Ref V7] (]
Td

f
HfHQLp(ns[ﬂ]) < RerH%{l(ne[u])a

N

flnfdﬂiu]{ ATl ln | fare[u]
']I‘d ']Td ']I‘d

where p = d%. Indeed, from Lemma , the density of I1¢[u] with respect to the Lebesgue
measure is bounded above and below away from zero uniformly in y € P(T?). The inequalities
are then obtained by a perturbative argument from those satisfied by the Lebesgue measure,
see |3, Proposition 5.1.6]).

As a second step, these inequalities imply the following estimates: for all € € (0, 1] there
exists R/ > 0 such that for all P(T¢), f € C*(T?) and ¢ > 0,

| PEPES flreqegeyy < e ") KS fll e e

R/
€,14 €
HPt fHOO < max(l,td/2) |‘f“L2(H€[I~‘])
c I
IVE floe < [ oo

max(1, v/t)

Indeed, the first estimate is a usual consequence of the Poincaré inequality, implied by the
log-Sobolev one (see [3, Theorem 4.2.5 and Proposition 5.1.3]). The second one, namely
the ultracontractivity of the semi-group, is a consequence of the Sobolev inequality (see [3),
Theorem 6.3.1]). The last one can be established thanks to the Bakry-Emery calculus (see [3),
Section 1.16] for an introduction), by showing that L, satisfies a curvature estimate. More
precisely, denote

r*(f,g) = %(ﬁﬂfg)—fﬁig—gﬁif)

DY) = STOR(f) — TOR(f LS f),

2
with T9#(f) .= T*(f, f). Straightforward computations yield
rer(f) = [VfI?

L) = —IVVIIIVE = —eI"(f)

17



for some ¢, > 0 which does not depend on p € P(T¢) thanks to Lemma . According to
[3, Theorem 4.7.2], this implies that

. . 1 — et
v < (S5

€

1 ’ —1
1 — e—cet
e () I,

€

which concludes the proof of the third estimate.
As a third step, we bound (using that [P f|lo < | f|le for all ¢ = 0)

o0 1 0
f |PEKSfodt < f K fondt + j | PSR K ot
0 0 1

(o 0]

< 2f|n+ R f |PER I f 2t
o0

< 2flw+ R j e R I f e
0

AR!
(2+ %) 191

N

and similarly
0 2 R/ 0
€, € € € / €, €
|, IR < [ Rt B [P
Q0

< 6R|fls+ R” f e RS2 K f eyt
0

4R/2
< (om+ 25 ) 1Al

from which @7, f is well defined for f € C*(T9) and satisfies for some C,. Finally,
ee}
LQ.f = L L, P K fdt
Q0
= f O (Pf’“K;f) dt = —Kf.

0

]

Proof of Theorem[{.3 First, note that the claim is equivalent to the following statement
(see |9, Proposition 3.5]):

sup |ei(s)f| — 0,
S () fl =

for all f € S and T € Q*, where

o 5XT — He[/v‘T]

O

18
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Using a Borel-Cantelli argument, and the fact that S is a countable set, it is sufficient to
establish that there exists C. € (0, 0), such that

E[ sup [ee(s)fI*] < Cee™| f[2o,
s€[0,T]
forallt>0and feS.

Let f € S and introduce the function F : (0,00) x T* — R defined by F(t,z) = t7'Q, f.
Then F is of class C? on (0,0) x T Indeed, first, it is straightforward to check that
t > F¢[u;] € CH(T4,R™) is of class C*, for all k € Ny, since t — p, € P(T%) (equipped with
the Wasserstein distance) is of class C'. Second, A[u] is solution of the Euler-Lagrange
equation AA[u] = div(F<[u]), which establishes that ¢ — A¢[u;] € C*(T™,R) is also of
class C'. Finally, it remains to apply standard arguments to establish the C! regularity of

t— ;tf

Applying It6 formula yields, for all ¢ > 0 and s € [0, T'], the equality

el+s

F(6t+s, Xet+s) = F(et, Xet) + J

et

(0, + L5 )F(r, X, )dr + V2 f 8t+S<VF(T, X,),dW(7)).

Observing that £, F(r, X;) = 77'£5_Q (X;)f = =7 (f(X;) — § fdII[x1;]), one obtains

pr
ei(s)f =& (s)f +ei(s)f +€l(s)f +e/(s)f,
where

fls)f = e (@S — QL f).

t+s

26 = [
et+5 d
Hof = [T

MO = VB[ T TQ ). W (1))

First, it is straightforward to check that the error terms &} (s)f and €2(s)f are upper
estimated as follows: almost surely,

sup e, (s)f] + sup |ef(s)f] < Cee™| foo.

0<s<T 0<s<T

To treat the error term &3(s)f, it suffices to upper estimate the Lipschitz constant of ¢ —
“.f- Let ti,ty € (0,00), then one has
€ € _ e € € €
Kmlf—K%f—ﬁ f—LC f

Htg ¥ [ty Mty ¥ Htq

= 5, (@t — Qo d) + (L5, — £5, )@t
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thus one obtains
Mtg f Qﬂtl f Qﬂtl 5; ,to f’

where the auxiliary function 45 ,, f is defined as
vind = Ko f = Kp £ = (L5, = L, ) Qi

and satisfies the centering condition S(Sfl 1 f ATy, ] Sﬁml (Q;tzf — Q'Ztl f) dI1[p1,] = 0.

One has the estimate

1@, f = @, flloo < Cel7, 4, floo-

On the one hand, one has

15 = K e = || gl [ g

< [ Flloodov (T, 1, T s, ])
< L) floodry (g, i),

owing to Lemma [£.1]
On the other hand, one has

1(£,.., = £0,) @y oo = KV A pe,] = VAT e, 1, V2 Q5,, oo
< [ AT | = Ay I e HQ%J‘ Hc1
< Ly Ol flloodrr (paay s i)

Finally, it is straightforward to check that

2ty — ]

d < ,
TV(Mtl?:ut2) tl A t2

using the identity f; = H%(éxt — [t)-
As a consequence, one obtains

et+T d
3 < -1 =7 e X d
s [f< [ QA
et+T
<c.| g
< Cee” Il

It remains to deal with the error term €f(s)f. Using Doob inequality implies

t+T

E[ sup |ez‘<s>f|2]<cf FE[[VQ; F(X,)]dr

0<s<T et

< Cee™"| £115-
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This concludes the proof of the claim,

E[ sup lex(s)fI*] < Cee™| o,
s€[0,T]
forallt>0and f e S.
Applying a Borel-Cantelli argument then concludes the proof. O]

5 Proof of Theorem 2.3

The objective of this section is to give a detailed proof of Theorem [2.3] There are two
main ingredients. The first one is Proposition below, which provides a uniform estimate
over € > 0 for A°[u], in the C° norm (compare with Lemma where the upper bound
may depend on ¢€). The second key ingredient is Proposition [5.7, which states a contraction
property for the mapping II¢, for an appropriate distance, for sufficiently small e, when
restricted to an attracting set identified below (compare with Lemma which is valid on
the entire state space, but where no upper bound for L(e) holds).

Combining these two ingredients provides a candidate for the limit as t — oo, using
a standard Picard iteration argument. Using Theorem (asymptotic pseudo-trajectory
property) then proves the almost sure convergence of p; to this candidate limit.

5.1 Uniform estimate
The following PDE estimate is crucial for the analysis.

Proposition 5.1. Let m € N. For every p € [2,00), there exists C, € (0,0), such that the
following holds: let F': T™ — R™ be a continuous function, then the solution A of the elliptic
PDE AA = div(F), with the condition { A(z)dz = 0, satisfies

”AHWl,p(’]Tm’R) < Cp||FHCO(Tm,Rm)7

and if p > m, then
[Allcorm r) < Cpl Fllcomm mm)-

Proof. The proof combines three arguments.

e If p > m, then by Sobolev embedding properties, one has || Al|co(rm gy < Cp| A wrrm r),
with C), € (0, 00).

e By the Poincaré inequality (using the condition § A(z)dz = 0, one has [|Alyrem gy <
Cp|VA| Lo(m mmy, with Cp € (0,00), see [2, Theorem 1.13].

e By elliptic regularity theory, one has [|VA| 1orm gm) < Cpl|F| o (rm gmy < Cp| EF|lco(rm mm),
with C, € (0,0), see [2, Theorem 15.12].

]
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Remark 5.2. If m = 1, the proof is straighforward: indeed for all z € T, one has the identity
A(z) = §, F()d — = Sé F(2)dZ'.

Using Proposition [5.1], one gets the following crucial estimate, which is uniform for € > 0
(contrary to those given in Lemmas [3.13.2] and |4.1| above).

Proposition 5.3. One has the following estimate:

M° =sup sup A [p]|coerm ) < 0.
>0 ueP(Td)

Proof. Using Proposition [5.1] above, it suffices to check that

sup sup [ F[p]coerm mmy < 00.
>0 peP(T4)

That estimate is a straightforward consequence of the definition [7], of the boundedness of
V.V, and of the positivity of the kernel function K.. O

5.2 Attracting set
Introduce the following notation: for all B € C(T™, R), let
dug(y,2) = Z5'e V@ITBE qyd, e P(TY),

with Zp = SS 6—V(y,z)+B(z)dde — Se—A*(z)—i-B(z)dZ_
First, for probability distribution of the form up, one has the following useful identity
for F*[ug].

Lemma 5.4. For every B € C(T™,R), one has

Flug] = [ VA.(2)K(z, )P4 gy
a (K. (z,)ePE-AGdy

Proof. This is a straightforward consequence of the two identities below: for all z € T™,

JG—V(y,z)dy _ B_A*(Z),

J‘VZV(y’ Z)G_V(y’z)dy =_V (J e—V(y’Z)dy> _ e_A*(Z)VA*(Z).

O

The set of the probability distribution of the type up is an attractor for the dynamics of
the limit flow, more precisely one has the following result.

Proposition 5.5. One has the following result: for allt = 0,

su su inf Aoy (DE(¢, 1), <9t
e>13 uep(%d) BeC(T™,R) v (®(t, 1), i)
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Proof. For all t > 0 and u € P(T?), one has

t

(L, ) = €'+ f e I (s, p)]ds = e+ (1 — ") W(t, ),
0

where We(t, u) = ﬁgé eST I[P (s, pu)]ds = up for some B € C(T™ R), owing to the
definition of II°.
Then
inf drv((t, 1), ) < dov (Pt p), U(L 1) < el — Ut p)rv < 2e77
BeC(T™ R)
[

Lemma 5.6. For every p € [2,0), there exists C, € (0,00), such that for every e > 0, and
every B € C(T™,R), one has

|ATu] ~ Alwismy < Cp/ee?(1Pleatilen), (11)
Recall that A, = A, — STm A,dz.
Proof. Using Proposition [5.1] one has the following inequality:
|A[1B] — Adllwromn gy < G F[1s] — VA corm ).
Owing to Lemma and using the Lipschitz continuity of A,, for all z € T™, one has

VA, (2) = VA, (z K. 2/72 GB(Z,)_A*(ZI)dZ/
Flusl(z) = VAL()| < )5( ) () Kl 2)
SKe(Z/, 2)eB(E) -4
< OS ’Z - Z,’Ke(zl, Z)dZ/€”B||CO+HA*||00
S YUK, 2)dee Bl 1A o
< O/eeX(1Bleo+14s1co).
owing to Assumption [2.1} This inequality concludes the proof. 0

5.3 Contraction property on the attracting set

Let M € (0,0). Introduce the set
By = {B e C°(T™,R), fB(z)dz =0, |Bc < M} :

Owing to Proposition , if M > M°, then A¢[u] € By for every p e P(T¢) and € > 0.
Introduce the notation

hg(y,z) = Zgle VW2 +BG) and I[hg] = Poaciup]

so that hg and ﬁﬁ[h g] are the density with respect to the lebesgue measure of, respectively,
wup and I1¢[pg]. 1
To state the following result, the notation |k, = (§A(z)*dz)? is used.
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Proposition 5.7. For every M € (0,00), there exists Cyy € (0,00), such that for all e > 0
and all B', B? € By, one has

[T ] = T[hpe]lle < Carvel hpr — hipzfo.
Proof. Let B!, B* € By;. Using Proposition one has
[T ] = T[hge] o = [hacgupn) — hacfugalz < ClA ] — A[upe] o

In addition, using the Poincaré inequality and the definition of A¢[u] as the orthogonal
projection in L? of F[u], one has

|A (] = Auge]|2 < C|F [pp ] — F[pp2]|2-
Then, using Lemma [5.4, one obtains, for all z € T™,

) — Az . Z/,Z eBl(z’)fA*(z’) Y
) (2)—F)(2)| = L) - VLD KA ) d

§ K (2, z)eB' (#)=4.(=) dz’
§(VAL(Z) = VAL(2)) K (2, 2)eB* =4 gy
SK (2, 2)eB*(Z)=Ad)

§(VA.(z (2)) K (2 ( L) _ eBz(z’)>€fA*(z/)dZ/
< ‘ SK (z’,z)eB1 A& ! ‘

B(PA4.(2) — VALK, e A LK () (o) — ) om
+

|

SKE (2!, 2)eB' =4 d2 K (2, 2)eB* (=4 qz/ ‘
< CelPleoz J\Z’ — 2| K (2, 2)[eBT ) — B gy
+ CelPleoam +21B lcocr gy f | — 2| K (2, Z)dZ,JK6<Z/; 2)[el ) — B qy,
using Lipschitz continuity of VA,, and the lower bound
JKG(Z/’ Z)eBi(z/)_A,,(z/)dZ/ > efHBiHCO(T,IR)qu*HCO(T) JKE(Z/,Z)dZ/ _ 67“31'”CO(IF,R)iuA*”Co('E).
One has |B!|co < M and |B?|co < M. In addition, owing to Assumption 2.1} one has { |2/ —
z|K (7', z)dz’ < Cy/e. As a consequence, using the Jensen inequality (since § K. (7', z)dz" =
§ K (z,2')dz' =1 for all z), one obtains
| F[ppr] = Fppe]]2 < CMJ K (2, 2)]2 — 2|eP) — P2 () Pdzd’

+ CMEJ K.(7,2)][ePE) — B2 () 2dzd2

< CMGJ |€Bl(z’) B eBQ(Z/)|2dZ/.
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It remains to check that
[ 162 - eb2) s < i, — b

On the one hand,

eb1(?) eP2(2)

SeBl—A* o 8632_A*

i, — b = [[ 20

>c ’ I ©)

[eBiA.  [eB-A

with ¢ > 0. On the other hand, using Young inequality (with auxiliary parameter n > 0),
one obtains

Bi(z) Bs
Bi( 2 Bi—A. € Baa, € 2(2)
J|61 — e ()] dZ—’J " SeBl A*_J€2 { eBa—A
2
< 202 f’s N dz‘f Bi— A*—JeBQA*

+_ f B J‘ _e”(2) e
77 SeBl —A, SeBng*
2C
<2OM772J|613 —62(2/)2 M

2

dz

th Hg

Choosing a sufficiently small parameter 1 one finally obtains the claim above.
Gathering the estimates finally concludes the proof of the estimate

| [hp] — TR ge]]2 < Crarv/e|hp — 2.

5.4 Proof of the main result

The first part of this section is devoted to the construction of the candidate limits pf, and
A = A9 us,], of uy and Ay respectively, for small enough e.

Let & = 1/(C% ) + 1), where M = M© is given by Proposition and C)/ is given by
Proposition [5.7}

Let € € (0,50], and consider A(O) € Byso. Define Ho) = HAg) h(o) = hA(o)? and by
recursion, for all nonnegative integer k, let

e = Dpw] s hoeny = TThgy ),

and let Ay = A[pr)]. Then one has hgyy = ha,, € Bao. We claim that (M(’“))kzo is a

Cauchy sequence in the space P(T¢) equipped with the total variation distance dpy. Indeed,
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for all k,¢ > 0, one has

dov (i), k) < Ay — Pgro |2
(Crrov/€) da(h®, h )
Cp”,

NN

with p € (0,1). As a consequence, there exists S, such that dry (g, ©s,) i 0. Owing to
—00

Lemma the mapping I1¢ is continuous on P(T¢) equipped with drv, thus ps, = TI¢[us ].
This implies that pS, = hae(z)dz where A = A(us ] € Byo.

It is then straightforward to check that hS, = h e is the unique fixed point of the mapping
II¢ (uniqueness is a consequence of Proposition .

We claim that, for any initial condition of the type upg, then ®¢(¢, ug) i S, , more
—00

precisely one has exponential convergence to the fixed point pS,: there exists c(e) € (0, 0)
such that, for all ¢ > 0, one has

sup  dyy (D¢, ), ss) < Cem ", (12)
BEBM(O)

To prove this claim, observe that for all ¢ > 0, the probability distribution ®(¢, up) can be
written as up,, where B; € C°, see Proposition , and without loss of generality § B;(z)dz =
0. In addition, B, € By, for all t = 0, for some M™ e (0,0) depending only on M©:

indeed, the identity
t

hg, = e thg, + f e~ I hg, |ds
0
implies, using Proposition [5.3] the bounds

0 < inf inf hp,(z) < sup sup hp,(r) < 0,
t20 xeTd t>0 zeTd

and By(z) is equal (up to an additive constant defined to respect the condition § B;(z)dz = 0)
to A.(z) + log(f e V) dy).

Let ¢g = 1/(C2,i, + 1), and assume in the sequel that € € (0, ¢y]. Note that A" > M©),
thus ¢y < €.

Then A¢, is well-defined, h, is the unique fixed point of II¢, and one obtains

drv(®°(t, uB), pes) < b, — B2
< e =t + [ e T s
< e 'hp = hi |2 + Cyovelhp, — h|ads,
with Cy;a)4/€ < 1. Applying the Gronwall Lemma, one obtains

drv(P(t, ), 5p) < s, — Wl < e uOVI R — R |,
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and it is straightforward to check that sup {|hp — hS |2, B € Bypo} < 0. This concludes
the proof of the claim .

We are now in position to prove give the proof of Theorem [2.3] It is sufficient to focus
on the question of convergence when t — o0, indeed the estimate for |AS, — VA,|lw1r is a
straightforward consequence of Lemma [5.6] combined with Proposition [5.3] since AS, is a
fixed point of the mapping A — A[p4].

The idea of the proof, using concepts and tools developed in [5] may be described as
follows. Since almost surely (,ut) 1= 18 an asymptotic pseudo-trajectory for the semi-flow &€,
one has the following property: the limit set L(x) is an attractor free set for the semi-flow
@€ in P(T9), in particular it is invariant, i.e. for all ¢ = 0 one has ®¢(t, L(u)) = L(u). Let us
check that L(u) = {uS,}. First, introduce the set M = {up}. Then Proposition |5.5 provides
the inclusion L(px) € M. Indeed, let v € L(p) and let ¢t = 0 be arbitrary, then by invariance
there exists 7 € L(p) such that v = ®¢(0), thus d(v, M) = d(®(0), M) < 2" =0

Similarly, let v € L(u) = M, and let t > 0 be arbitrary, then v = ®¢(0) for some 7 € M.
Thus d(v, u,) = d((t, ), D(t, 15,)) < Ce™ — 0.
—00

Let us now provide a detailed proof using only the results presented above.

Proof of Theorem[2.3. Let T1,Ts € (0,0) be arbitrary positive real numbers, and T' = T3 +
T,. For every t = T, one has

dy (/,Let, /LZO) < dy, (,uet, (T, /.Lei—T) + dy (®€(T, flet—T ), ugo)

Owing to Theorem [4.3] for any fixed T3, Ts, one has, almost surely,
dw (,uet, P (T, ;Leth)) t:)oo 0.

Observe that d, (-, ) < Cdry(-,-). In addition, for all B € C(T,R), using Lemma [4.1]and the
claim above, one has
dTV ((I)E(Ta :uet*T)a :ugo) < dTV (q)(T1> (I)(T% ,uet*T))v (I)(Tla ,UB)) + dTV ((I)(Tla MB)? luéo)
< eIy (‘I)(T% Het-T), ,UB) + QeI

This implies that

dry ((I)6 (T? ,uet*T% ,uéo) < eL(€)T1 sup dTV((I)(T27 :uet*T)v MB) + Ce_C(e)Tl
BeC(T,R)

< 26L(6)T1 eng + 26*0(6)711

Y

owing to Proposition [5.5]

lim sup drv (<I>€(T, et ), ui) < 2eMT =T 4 9=l

t—00

Since T} and T5 are arbitrary, letting first 75 — oo, then 77 — o0, one has almost surely

lim sup d, (per, 115) = 0,

t—00
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which concludes the proof of the weak convergence of ji; to ps,.

It remains to check that A; = A[u;] converges to A5 = A[uS.], in C*, for all k € N.
This is a consequence of the regularity properties of K. and of V', which proves that u €
(P(T9),d,) — F¢[u] € C* is continuous for all k € N.

Using Sobolev embedding properties, as in the proof of Lemma [3.1] then concludes the
proof. O
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