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ASYMPTOTIC BEHAVIOR OF NERNST-PLANCK EQUATION

XINGYU LI

Abstract

This paper is devoted to the Nernst-Planck system of equations with an exter-
nal potential of confinement. The main result is concerned with the asymptotic
behaviour of the solution of the Cauchy problem. We will prove that the op-
timal exponential rate of convergence of the solution to the unique stationary
solution is determined by the spectral gap of the linearized problem around the
minimizer of the free energy. The key issue is to consider an adapted notion of
scalar product.

Keywords: Nernst-Planck equation; large time asymptotic; free energy;
Fisher information; spectral gap.

AMS subject classifications: 35B40; 35P15; 35Q70.

1. INTRODUCTION

At the end of nineteenth century, Nernst and Planck introduced a sys-
tem of equations for representing the evolution of charged particles sub-
ject to electrostatic forces. The original model is exposed in [22, 24]: elec-
trically charged particles diffuse under the action of a drift caused by an
electrostatic potential. Nowadays we use this system in various frame-
works like, for instance, phenomenological models for electrolytic be-
haviour in membranes. The original model is the non-confined Nernst-
Planck system. If we take into account a mean-field Poisson coupling, in
dimension d = 2, the system takes the form

W= Au+V-(uVv)
v=Gy*u x€eR? t>0, (1)
u0,x)=n9g=0

where Go(x) = — % log|x| denotes the Green function of the Laplacian in
R2. We shall call this model the Poisson-Nernst-Planck system, which was
also considered by Debye and Hiickel in [12] and is sometimes called the
Debye-Hiickel system in the literature. Up to a sign change in the mean-
field term, the model is similar to the Keller-Segel model, which is going
to be a source of inspiration (see [9, 10, 11] for more details) for the study
of the large time behaviour and this is a reason why we consider the two-
dimensional case of the model.
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Now let us introduce the notion of confinement. In the whole space,
particles repel themselves and a well-known runaway phenomenon oc-
curs: solutions locally vanish while the mass escapes at infinity. This
can be prevented using a container (a bounded domain, with convenient
boundary conditions) with walls, or a confinement potential. Actually,
it is possible to obtain the bounded domain case as a limit of a whole
space case with an external potential of confinement taking larger and
larger values outside of the domain. Here we shall consider the Poisson-
Nernst-Planck system with confinement in R%, where the dimension is
d =2 or d = 2. The density function 7 solves

= An+V-(nVe)+ V- (nVe)
c=Gyxn xeR% t>0. (2)
n0,x)=n9=0, [fpan(0,x)dx=M>0

The convolution kernel G is the Green function of the Laplacian in RY,
namely

1 1
Gg(x):—gloglxl for any xe€R? and Gg,(x):FbC| for any xeR3.

In other words, we ask that c solves the Poisson equation
—-Ac=n xe€ Rd,

while ¢ is a given external potential. In the special case of d = 2 and
d(x) = g |x|? for some 1> 0, if we use the change of variables

u(t,x) =R %n(1,&), v(t,x) =cx,d),

«SZ%, t=logR, R=R(t):=/1+2pur, (3)

then we observe that (n, ¢) solves (2) if and only if (u, v) solves (1). Study-
ing the convergence rates of the solutions of (2) amounts to study the
intermediate asymptotics of the solutions of (1) when runaway occurs.
Obviously, the mass of a solution of (2) is conserved, and we shall write
that fpa 1(¢,x) dx = M for any ¢ = 0. The mass of a solution of (1) is also
conserved, but one can prove that, for a solution of (1), the mass con-
tained in any given compact set in R? decays to zero.

From here on, we shall assume that M > 0 is fixed. Now let us turn our
attention to the conditions on the confinement potential. From now on,
we shall assume that ¢ € W'°(R%) is such that V¢ e W (R?) and

liminf ¢
|x|—+oo log | x|

>d, (C1



ASYMPTOTIC BEHAVIOR OF NERNST-PLANCK EQUATION 3

and also that the bounded measure e~? dx admits a spectral gap (or Poincaré)
inequality, i.e., that there exists a positive constant A such that

fIVulze_(pdsz(pf lul? e ?dx
R4 R4
VueHl(Rd;e_‘pdx) such that fdue_d’dxzo. (C2)
R

Based on Persson’s lemma, a sufficient condition is obtained by request-
ing that

1 1
0e:= lim infess|=|Vp|>—=A >0 and lim infess|V¢|>0.
¢ r—+00 xeB¢ (4' (Pl 2 x('b) r—+o00 xeB¢ | ('b|
(C3)
Let us refer to [1] for details and further references. We learn from [3, 7]

that the stationary solutions (7., Cx) Of (2) are obtained as solutions of
the Poisson-Boltzmann equation

e_COO_(/)
M—-.
fRd e_C°°_¢ dx

Under Assumption (C1) and the additional condition

M
liminf 29 s 40 M g0 (C4)
|x|—+oco log | x| 27

(4)

—ACoo = o =

we know (see [1, Lemma 5] and earlier references therein) that the unique
solution of (4) is obtained as a minimizer of the free energy & defined by

F[n] ::f nlogndx+f n<pdx+1f n(=A)"ndx. (5)
R R4 2 Jpd

Further details are given in Section 2. A simple consequence of the mini-
mization procedure is that

FIn)-Flnel =0 Vnell®RY

with the convention that % [n] can take the value +oo if, for instance
nlogn is not integrable. For sake of brevity, we shall say that ¢ is a con-
finement potential satisfying Assumption (C) if (C1), (C3) and (C4) hold.

Our goal is to study the asymptotic behaviour of a solution of (2) with
initial datum #ng at ¢ = 0 such that & [ngy] is finite. It is a standard ob-
servation that the free energy & [n(t,-)] of a solution of (2) is monotone
non-increasing along the flows and obeys to

d
%Q[n(l‘w)] =-S[n(t,)] (6)
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where the Fisher information .# is defined by
Fln]:= fd n|V(logn + c+(,b)|2dx.
R

Our main result is that, as t — +oo, & [n(t,-)] is bounded by .#[n(t,-)] up
to a multiplicative constant which shows that n(¢,-) converges to no, at
an exponential rate. The precise result is not written in terms of the free
energy but in terms of a weighted L? norm and goes as follows.

Theorem 1.1. Let d = 2 or 3 and consider a potential ¢ satisfying (C). As-
sume that n solves (2) with initial datum n(0,-) = ng € L2 (n3} dx), fpa nodx =
M, and F [ny] < co. Then there exist two positive constants C and A such
that

fd|n(t,.)—noo|2n;oldste_M Vt=0.
R

In section 4, we will characterize A as the spectral gap of the linearized
operator associated with (2) and observe, as a special case, that A =2 p if
d=2and ¢ = g |x|2, for some u>0.

Beyond free energy and entropy methods, the study of the large time
asymptotics of the Poisson-Nernst-Planck system involves various tools
of nonlinear analysis. Proving an exponential rate of convergence is in-
teresting for studies of Poisson-Nernst-Planck systems by methods of sci-
entific computing. Specific methods are needed for the numerical com-
putation of the solutions, see [4, 23]. In [21], Liu and Wang implement at
the level of the free energy a finite difference method to compute the nu-
merical solution in a bounded domain. Concerning rates of convergence
from a more theoretical point of view, let us mention that the existence of
special solutions and self-similar solutions is considered in [5, 6, 17]. We
refer to [26] for a discussion of the evolution problem from the point of
view of physics.

Variants of the Poisson-Nernst-Planck system with nonlinear diffusions
have been considered, for which the sharp rate of convergence is still
unknown. Some papers rely on the use of distances related to the L2-
Wasserstein distance, see [14, 18, 28]. Exponential decay rates should be
natural in view of the expected gradient flow structure of the system in
this framework. The simpler case of linear diffusions on a bounded do-
main of R with d > 3 was studied in [7]: the convergence to the station-
ary solution occurs at an exponential rate. As already mentioned, an-
other related model is the Keller-Segel system in dimension 2. Regularity
and asymptotic estimates for this system were discussed in [9, 11] and
are a source of inspiration for the present study, in particular concerning
the scalar product and the coercivity estimates. For completeness, let us
mention that similar ideas have been recently developed in [19] for the
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study of a McKean-Vlasov model model of flocking, which also involves a
non-local coupling.

This paper is organized as follows. In Section 2 we prove that the min-
imizer of the free energy % is the stationary solution (7, cs) and it at-
tracts any solution of (2) as t — +oc0. In Section 3, we show that the rela-
tive entropy and the relative Fisher information provide us with two qua-
dratic forms which are related by the linearized evolution operator and
prove the spectral gap property of this operator. And in Section 4, we give
the proof of Theorem 1.1 and give some additional results.

2. MIMINIZERS OF THE FREE ENERGY AND CONVERGENCE TO THE
STATIONARY SOLUTION

The main goal of this section is to prove that the minimizer of the free
energy % is the stationary solution (7, ¢x) considered in the introduc-
tion and that it attracts any solution of (2) as ¢ — +oo.

2.1. Minimizers of the free energy and stationary solutions.

Lemma 2.1. Let d = 2 or d = 3 and assume that the potential ¢ satis-
fies (C). On the set

X = {feLi(Rd) : fRdf(x) dx=M, flogfeLl([Rd),fqbeLl([Rd)},

the free energy & is semi-bounded from below.

Proof. According to Assumptionn (C1), we know that e™? € LI (R%). Set
p(x):= e ?, such that fps p(x) dx = M. Since the function xlogx is con-
vex, we obtain that [ps flog fdx = [pa flogp dx by Jensen’s inequality.
So

9[]”]2[ flogpdx+f f<pdx+1f f(=A)"'fdx
R4 R4 2 Jrd
:Mlogﬂt+lf f(=A)"'fdx.
2 Jrd

If d =3, [ga f(—~A)7! fdx = 0 because the Green function Gs(x) is non-
negative. If d = 2, the result has been established in [? , Corollary 1.2] as
a consequence of Assumption (C4). ]

Lemma 2.2. Let d = 2 or d = 3 and assume that the potential ¢ satis-
fies (C). There exists a unique minimizer ny, of F in % .
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Proof. Standard minimization methods show that a minimizing sequence
admits, up to the extraction of a subsequence, a limit which is a mini-
mizer. From the proof above, % is lower bounded and satisfies the co-
ercivity inequality. For a fixed minimizer n.,, it should satisfy the Euler-
Lagrange equation

lognoe+¢+co=1, Cx= (=A) iy,
for some Lagrange multiplier A associated with the mass constraint, which

means that (7., cx) solve (4). By direct computation, with ¢ = (=A)"1n,
we observe that

Fn] — F[neol :f nlog(i
R4

)dx+lf (n—ns) (C—Ccx) dx.
oo 2 Jpd

Since [pa ndx = [pa Noo dx = M, we obtain from Jensen’s inequality that

f nlog(i) dx=0
R4 Neo

f(n—noo)(c—coo)dx:f IV(c—coo)IzdeO.
R4 R4

and, according to [9],

Hence % [n] — % [ns] = 0 for any n € &, with equality if and only if n =
Noo- This means that the minimizer of & is unique. U

We may notice that n, is radially symmetric if ¢ is radially symmetric,
as a consequence of the uniqueness result of Lemma 2.2.
We learn from the proof of [9, Lemma 23] that

M
max |Ceo+ —loglx||<oo if d=2, max |Cco———|<oo if d=3,
|x|—00 27 |x|—00 47 |x|
and deduce from (4) that, as |x| — oo,
M _ . - M _p .
Moo ~ |X|27 e ¢ if d=2, Noo ~ € A7lA] if d=3. (7

Proposition 2.1. Let d =2 or d = 3 and assume that the potential ¢ satis-
fies (C). Then the solutions (N, Coo) Of (4) are such that cy is bounded if
d =3 and ||V cx |l agz) is bounded for any q € (2,+00] ifd = 2.

Proof. From (7) and (C4), we know that n, is bounded outside of a large
centered ball of radius R > 0. Let us assume that | x| < R and recall that

e—Coo(J’)—d’(J’) M
Cu(X) =K —d if d=3, with x3= »
OO( ) 3A3 |x_y| y 3 47[fR3 e_coo_cpdx
e~ o) =) M

Voo (X)| < ——dy if d=2, ith = .
IV CoolX)] Kzfquz lx -yl y! Wi K2 27 fe e Co~Pdx



ASYMPTOTIC BEHAVIOR OF NERNST-PLANCK EQUATION 7

In dimension d = 3, it is enough to observe that cs, = (—A) 1o, < 0 and
deduce the bound
e—(b(y)

s [x—yl
In dimension d = 2, we deduce from (7) and (C) that for R > 0 large
enough, there exists a constant x > 0 such that

OSCOO()C)SKgf dy.
R

4
Noo(X) < Moo (X) Txj<r + K Nxzr X,

which allows us to write

M 1 -
coo(x)z——log(ZR)—Lf wdy
27 27 Jiy|=R |yl
for any x € R? such that |x| < R. Reinjecting this estimate in the expres-
sion of |Vce (x)| completes the proof. The bound on (Ve [l g (g2 follows
by observing that |V ¢y (x)| ~ |x|~1 as |x| — +oo. O

2.2. Uniform bounds on the solution of (2). We establish bounds on the
solution n(t,-) of (2) which are independent of .

Lemma 2.3. Let d = 2 or d = 3 and assume that the potential ¢ satis-
fies (C). For any solution n of (2), there exists a constant € > 0 and a time
T > 0 such that

In(t,)wyr<€ Vti=T, Vpe(l,+oo].

Proof. For any integer k, set ng x = min(ny, k), then ng € LP (R%) for any
p = 1. The solution n(t,-) of the equation (2) with initial data ng j is
in LP(R%) for any ¢ > 0 by the Maximum Principle. Since, by assump-
tion, |V¢| satisfies a Lipschitz condition, there exists a constant C > 0
such that A¢ < C, and we have the estimate

1 d
_— n(t,x)pdx:—pf IVn|? n’”_zdx—f np+1dx+f n’ A¢pdx
R4 R4 R4

p-1dt Jpd
S—f np+1dx+Cf nPdx.
R4 R4

1 p=1
Using Holder’s inequality ( fga n.dx)? (fga nP™ dx) 7
tain that

> [pa NP dx, we ob-

P

p+1 -=5 Pl
n"dx=M»r nfdx
Rd R4

With z(¢,) = fa n(t,-)P dx, the problem reduces to the differential in-
equality
1 _L b

1z’s—M r1zrl4+Cz
p_
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using fpa no,x dx < M. It is elementary to prove that
Z()<RC)PIM Vez4aC

and conclude that the bound
p-l 1
”n(t»')”Lp(Rd) <(@2C)r M»r

has a uniform upper bound in the limit as p — +oco. See [10] for further
details on a similar estimate. U

Corollary 2.1. Let d =2 or d = 3 and assume that the potential ¢ satis-
fies (C). For any solution n of (2) with initial datum ngy € Ll+ (R%) such that
F[ngl < +oo, there exists a constant € >0 and a time T > 0 such that

IVe(t, Npgpay =€ V=T, Vqe(2,+o00].
Proof. The method is inspired from [11, Section 3]. If i = (~A) ! p, then
p(y) d
|§d—1| Rd |x_y|d—1
can be estimated by splitting the integral into two parts corresponding

to|x—yl <1 and |x -yl > 1. By applying twice Holder’s inequality, we
deduce from

IVh(x)| <

1 ( ) _d_ 1.1
1S4 Jyx-yi<1 Ixi)jd‘1 dy=d@T|STNTTT pllan gy
1 (» 1
Yy — ol

ST Jieyizr =11 Y T s,
that
-1 A d-1,—

IV((—=A) p)”LOO([Rd) = ”p”Ll([R{d) +daT|S |+ ”p”Ld*l(Rd) (8)
for any p € L' n L4+ (RY). Applying it with p = n(t,-) and ¢ = (-A)"'n
and using Minkowski’s inequality [[Vc(Z, )|l g ey < IVE(Z,)) = Vol g gay +
IVcoollqray, the result follows from the estimate |Vc(t,-) — Vesoll
2 Fnp] together with Proposition 2.1 and Lemma 2.3.

2
<
L2(R4) —

2.3. Convergence to stationary solutions. The next step is to establish
the convergence without rate of the solution of (2) to the stationary solu-
tion. For later purpose, let us recall the Aubin-Lions compactness lemma.
A simple statement goes as follows (see [16] for more details).

Lemma 2.4. (Aubin-Lions Lemma) Take T > 0, p € (1,00), and let (fi) ken
be a bounded sequence of functions in L”(0, T; H), where H is a Banach
space. If (fi.) ken is bounded inLP (0, T; V), where V is compactly imbedded
in H and if (0 fx/0t) ken is bounded in LP(0, T; V') uniformly with respect
to k € N, where V' is the dual space of V, then (fi.) ken is relatively compact
inlP0,T;H).
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With this result in hand, we are in a position to prove the following
result.

Proposition 2.2. Suppose that d = 2 or 3. Let n be the solution of (2) and
assume that the potential ¢ satisfies (C). Then for any p € [1,00) and any
g € [2,00), we have

lim ||n(t,-) —n =0 and lim |Vc(t,)—Vc =0.
t—»oo” (t,°) oo”LP([Rd) t—»oo” (t,°) oo”LCI([Rd)

Proof. Since & [n(t,.)] is nonnegative and decreasing, by (6) we know that

t—oo

limf Fn(s,)]ds=0. 9)
t

This means that the sequence (ng, cx)xen, defined by ni(¢,) = n(t + k, ),
cr = (=A) 1 ny, is such that Vi +ni Ver + ni Ve strongly converges to 0 in
L2(R* x R%). By lemma 2.4, this shows that (n¢) ke is relatively compact
and converges, up to the extraction of a subsequence, to a limit 7. Up
to the extraction of an additional subsequence, (ci)xen CcOnverges to ¢ =
(—A)~172 so that we may pass to the limit in the quadratic term and know
that

Vn+nVec+nV¢gp=0, —-Ac=n.
Since mass is conserved by passing to the limit, we conclude that 7z = ny,
and ¢ = cx. The limit is uniquely defined, so it is actually the whole fam-
ily (n(t,)) />0 which converges as t — +0c0 t0 1y, and lim;_. ;o & [n(t,-)] =
Z [N, then proving by the Csiszar-Kullback inequality thatlim;_., [ (¢, -
Nooll 1 ray = 0 (see [2 1) and lim;_.o, |Vc(t,-) — Vewollizgay = 0. The result
for any p € [1,00) and any q € [2,00) follows by Holder interpolation. []

2.4. Uniform convergence in L> norm in the harmonic potential case.
The issue of the convergence of n(t,-) to ny, and of Vc(¢,:) to Ve in
L>®°(R%) was left open in Section 2.3. As in the case of the Keller-Segel
model, see [10], better results can be achieved in the case of the harmonic
potential.

Proposition 2.3. Setd =2, ¢ = g |x|?, for some > 0. Then for any solu-
tion n of (2) is such that

lim |n(t,.)—n 0o =0.
t—>+oo” (t,.) oo”L (R%)

Proof. The main tool is the Duhamel formula: see [11] for more details.
We have

t
n(t, x) :fRZ K(t,x,y)no(y) dy—fo fw VK(t—-s,x,y)-n(s,y)Ve(s,y)dyds
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where K(t, x, y) is the Green function of the Fokker-Planck equation
O An+uV(nn)
or H

which is
U _plx—e"ty?

- 2(1-e~21)
21 (1 —e 2t

and from the semi-group property we get that

K(t,x,y):=

nt+1,x) :fZK(t,x,y)n(t,y)dy
R

+1
—f fZVK(t+l—s,x,y)-n(s,y)Vc(s,y)dyds. (10)
t R

Notice that the stationary solution 7., is a fixed-point of the evolution
map, that is,

Moo (X) :fRZK(t,x,y) Neo(y)dy

t+1
—f fZVK(t+1—s,x,y)-noo(y)Vcoo(y) dyds. (11)
t R
Buy doing the difference between (10) and (11), we have
nt+1,x) — neo(x)

:fRzK(t,x,y) (n(t, y) — noo(y)) dy

t+1
—f f VK(t+1-5,x,Y) (n(s,y) Ve(s, y) dy — noo(y) Veso () ds.
t R2

Hence
In(t+1,x) = neo(x) ”LOO(RZ) < [|K(¢,x, y)||Loo(R§;Lr(R§/)) I n(t,x) - noo”Ll(RZ)

1

where 7 + 2 + ¢ =2 with p € (2,00), g € [2,00), 7 € (1,2), and

R(t):= sup (II n(s,)Mrrre) IVe(s, ) = Ve llLame
se(t,t+1)

+IVesollpawey I1712(s,-) — noo”LP([RZ)) . (12)

Notice that

2 —t _ ‘x—eit ‘2
= M e p2(1_e*2};)
27 (1—e2t)
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allows us to compute

1

2 _ pr\x|2 T 62t_ 1

IVKIlyr g2y = 'u——Zt (f |x|" e 2-n dx) =x(r)edt (—)
v 2n(1—e <) \Jge u

3.1
2ty

1
where x(r) = (fé’o xre_%xzdx) ". So IIVKIIU(R@ is integrable in t € (0,1) if
and only if 1 < r < 2. From Proposition 2.2, Z(t) converges to 0, which
completes the proof. U

3. COERCIVITY RESULT OF QUADRATIC FORMS

In this section, we study the quadratic forms associated with the free
energy & and the Fisher information .# when we Taylor expand these
functionals around the stationary solution (7, c») defined by (4). Let us
consider a smooth perturbation 7 = f 1, of n such that fpa f o dx =0
and suppose that g ¢ := (-A)1 (f neo). We define

e 1; 3 _ 2 2
QulfT:=lm = Fneo (1 +£ f)] —fRdf noodx+fRdIV(gcoo)l dx,

2
Q21f1:=lim = .7 [neo (1 + £ f)] :f IV(f + & Coo)|* Moo dX.
e—0¢g Rd

3.1. Aspectral gap inequality. Accordingto [1, Section 3.2], if the poten-
tial ¢ satisfies (C1), (C2) and (C3), then there exists a positive constant
%, such that

fthIznoodxz%*f hznoodx
R R4
erHl(IRdnoodx) such that fdhnoodxzo. (13)
R

Here n is the stationary solution given by (4).

Proposition 3.1. Let d = 2 or d = 3 and assume that the potential ¢ sat-
isfies (C). Then for any f € HY(R?, noo dx) such that Jpa f o dx =0, we
have

Q2[f1z € lf].

Proof. We apply (13) to h(x) = f(x) + g Coo(x) — Ai/[fRd 8 Coo Noo dx. Notice
that fpa h(X) oo dx = 0 from [pa f oo dx = 0 and [ga Neo(x) dx = M. So
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we obtain that

Q21f] :fRdIV(f+gcoo)I2noodx
> € 2 oo d s d ’
> *fRd(f+gcoo) Moo x—ﬁ(fﬂ%dgcoonoo X

:%*fdf(f+gcoo) noodx+<€*fdgcoo(f+gcoo) Noo A X
R R

€ 2
——*(f gcoonoodx)
M \Jrd

:Cg*Ql[f]+<€*fdfnoogcoodx+<€*fd(gcoo)znoodx
R R

G 2
_ﬁ(fwgcoonoodx) .

Let us study the term [pa f Noo § Coo dx. Obviously f n is in L?(R%) be-
cause N is bounded. Moreover, for any p € (1,2), from Holder’s inequal-
ity, we infer that

2-p
2

P
flflpnpdx<(f fzdx)z(f n%dx) <00
Rd 7T \Upa R

because 7o, € L' NL®(R%). When d = 3, we directly obtain from the
Hardy-Littlewood-Sobolevinequality that [pa f 7o & Coo dx is well defined
and equal to [pa |Vg cool? dx. When d = 2, by log-Hélder interpolation,
| f neol log| f nsol is integrable. From the logarithmic Hardy-Littlewood-
Sobolev inequality (see [? ]), we also know that fpa f 1o § Coo dx is well
defined and learn from [9] that the function V(g c,) is bounded in L2(R?%)
using the fact that [gpa f 1100 dx = 0. In a word, this means that

fRdfnoogcoodx:fRdIVgcoolzdx

for d = 2 or 3. Next, let us notice that

‘éf (gCs0)’ 1 dx—%(f Coo I dx)2
*Rdgoo (0. 0] M [Rdgoo (o.0]

_ 6 ) 6x 2
_ﬁfmd (8 Cxo0) noodfod noodx—ﬁ(fwgcoonoodx)

is nonnegative by Holder’s inequality. Altogether, we conclude that

QN2 6 Qf+E, [ Vigen)l dx= €. Qilf).
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3.2. Optimal spectral gap in a special case. As a conclusion, let us give
the optimal coercivity constant in the special case that the dimension d =
2 and the harmonic function ¢ = §|x[?,u > 0,

Lemma 3.1. Suppose that d = 2, ¢ = glxlz, where u > 0. Then for any
f e H'®R?, noo dx) such that [ f ne dx = 0, we have

Q2[f1z pQulf].

Proof. We establish the proof into three steps.

Step 1. Radially symmetric functions and cumulated densities. We first
consider the case of a spherically symmetric function f. The probelm is
reduced to solving an ordinary differential equation, for which we use a
reformulation in terms of cumulated densities. Let

1 1
D(s):=— Noo(X) dx, §)i=— Neo) (X) dx
(s) 27 Jso.vs (x) ¢(s) Py B(O,\/E)(f )(x)
and
‘I’(s)'—i Coo(X)dx (s)'—i (gex)(x)dx
" 2nteove AR Y '

Notice that n., and ¢, are both radial, so they can be regarded as func-
tions of r = |x|. We can easily infer that

Neo(V'$) =2@'(s), nl (Vs)=4Vsd"(s)
and
Coo(V$) =2W'(s), ¢ (vVs)=4VsP"(s).
The Poisson equation —+/sc._(y/s) = ®(s) can henceforth be rephrased as
—4s¥"' =0 (14)
while the equation for the density,

1L (V'S) + UV SN0 (V'S) + Neo(V/$) Ch (V'$) =0,

is now equivalent to

K
2
After eliminating ¥ from (14) and (15), we can get that ® satisfies the
ordinary differential equation

'+ +20' ¥ =0. (15)

1
Fo - Zoo' =0 (16)
2 2

with initial data ®(0) = 0 and ®'(0) = a. The solutions of the ODE are
parameterized in terms of a > 0.
Let us consider the linearized operator
1
Lfi= n—v- [f 100 V(g €o0)] -

(e e]

" +
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If f solves —Z f = A f, computations similar to the above ones show that

(oo N(VS) =2¢'(5), (Moo f(V'5) = 45" (5) -2 Zf ¢'(s)
which is equivalent to
(8Co) (V) =29(5), (g¢o0)' (VS) =45y (5). (17)
Using (17), we find that
—V5(8¢0) (V) =(8), Vs ((Moo [1)(V'S) + Moo (8 Co0) (V5)) + Ap(s) = 0.
After eliminating ¥ and v, we get that ® and ¢ satisfy the equation

s—® A-20
H+IJ' l+
¢ 2s ¢ 45

Next we check that ¢ = s®'(s) is a nonnegative solution of (18) with A =
2 p. In fact, (18) is equivalent to

2s¢" +(us—®)P' + (u—-®)p=0

$=0. (18)

which is
(2(s¢' =)+ (us—D)p) = 0.

notice that when ¢ = s¢/,
2(sd' —P)+ (us—D)Pp=5(2s0" + (us—DP)¢p') =0.
Hence A =2 u is an eigenvalue of the linearized operator £ f .

Step 2. Characterization of the radial ground state. Let us prove that
2 i is the lowest positive eigenvalue corresponding to a radial eigenfunc-
tion. Assume by contradiction that £ admits an eigenvalue A € (0,2 p)
with eigenfunction f; and define the corresponding function ¢, that sat-
isfy (18). Let us consider various cases depending on the zeros of ¢.

o Assume that ¢, is always strictly positive or strictly negative in (0,00).
Suppose without losing generality that ¢;(s) > 0 in (0,00). On the one
hand, if we multiply (18) written for the eigenvalue 2 p and for the eigen-
value A respectively by ¢; and ¢, we obtain that

019" - g+ 2T 0,
P’ 4s
"n_ 2” 4 A-20 -0
PO}~ 5 PP+ — 1 =0.
By subtracting the second identity from the first one, we have

W=D [ 242
(0,00)

o) . T $91ds>0. (19)
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On the other hand, define

h(s) := % ot fEne(rdr.
From the cumulated mass formulation of Step 1, we find that
20/(s)?
Neo (V/S)

isin L1(0,00). So, for some constant ¥ > 0, we have

<l>1(5)2=( </J'1(S)d8)zs f 410K ds ([ noo(\/E)dS)
(5,00) (5,00) Moo (V/S) (5,00)

_a _Ss _ ks
<K s 2e2ds<xke 3
(s,00)

1
W(s)= §f12 Noo(V/3) =

when s is large enough. As a consequence, we known that
Sllm b1(8) = Sle o(s) = Sle sPp(s) =
We also claim that
lim s¢pi(s)=0. (20)
—00

In fact, for any large enough x;, x», by integrating on (x, x), we have

) (x2) — ' (1) + = ((,bl(xz)—(,bl(xl))——((,bl(xz) (Pl(xl))

scp CD f A-®
ds=0
f (pl (x1.%2) 4s ¢1

Using again that ¢, (s) < Ke_HT, we get that there exists a constant ¢
which is independent of x; and xp, such that |¢>1(x2) (,b1 (x1)] < c2. So
(,bl(s) is bounded. As a result, ([) (s) is also bounded, with a bound c;3.
If (20) is not true, then there exists a constant c¢; and a strictly increas-
ing, diverging sequence (si)ken such that s ¢’ (sx) = c;. For any interval
(sx,00), we have that

which is impossible as k — oco. So from (20), we obtain that

. PP =19 ()
lim
§—00 D/(s)

s¢p” . s—®
§)=Slggos¢’1—¢1 (1—“

2
2D

= lim s¢]—¢ (1+
§—00

From (19), (21), we have

_¢;¢(s)—¢1¢'(s)’w_f 2u-
B D'(s) 0o 0,00 45

(P(,bld8>0

a contradiction.

|

0.
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e Assume that ¢, has a zero in (0,00). By Sturm comparison theorem
(see [13]), we get that
P(s) = sD'(s)

has a zero in (0,00). It means that
Neo(V/$) = 2@ (s)

has a zero between (0,00). But according to the definition of n., it is
impossible. Hence we have shown that 2 i1 is the best constant.

Step 3. Spherical harmonics decomposition.

We now deal with the non-radial modes of .Z. Notice that n,, and cy
are radial functions: we can use a spherical harmonics decomposition
as in [11]. In dimension d = 2, we use radial coordinates and a Fourier
decomposition for the angular variables. On the k mode we can write
the operator Z corresponding to the radial functions f and g as

o RS

_7+7"‘(,Ur+céo)(f'+(gcoo)')—noof:)Lf,

(gco) K’gc
—(gCo) — =+ 2 = =N f
for any integer k = 1, It is obvious that in non-radial functions, k = 1
realizes the infimum of the spectrum of £. We now check that when
k=1, A=pand f = —n,_ /ny is an eigenstate. In fact, we can choose
8 Coo = —CL,, so that f = ur + c., and notice that

_ Al c(,)O f

/
o)

-2 =ny, fl+==2pu+cl +=2=2u-ny,
Co™ ) =Mooy [+ =2h+C+—==2pu-n
for the first equation, and
! k2
L e ) (7 4 ) e f
f/
:—(f'+?)—néo+u(ur+céo):uf

for the second equation, while

(gCoo)' + kzgcoo _ —(C” +§)
r r

!
2 o =N =Neof -

_(gcoo)”_

It is easy to prove that f is nonnegative and that f(r) := r f(r) solves
-%fi = (A + ) fi among the radial functions: we are back to the Step
2and find that A = p.

Let us summarize: the spectral gap A associated with the operator £
is achieved either among radial functions and A = 2 u in this sense, or it
is achieved among the functions in one of the non-radial components
(in the sense of harmonics decomposition), which has to be the k =1
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component, and in that case we have found that 1 + =2y, thatis A = .
Obviously A = p is optimal, which completes the proof of Lemma 3.1. [J]

4. LINEARIZED EQUATION AND THE LARGE TIME BEHAVIOUR

This section is primarily devoted to the proof Theorem 1.1 but also col-
lects some additional results.

4.1. The scalar product and the linearized operator. We adapt the strat-
egy of [11]. Notice that

(fl,fg>:=fRdf1fgnoodx+fRdnoof1(Gd*(fgnoo))dx (22)

is a scalar product on the admissible set
o = {feLz(Rd, Noo dX) : f fnoodx:O}
R4
because Q;[f] = ( Hf ) Now come back to the Poisson-Nernst-Planck
system with confinement (2). For any x € R? and ¢ >0, let us set
n(t,x) = noo(x) (1+ f(, %)), ¢(t,%) = coo (1 +g(2, X))

and rewrite the evolution problem in terms of f and g as

noog—]; = A0 )+ V(1100 f V) + V(Moo V (Coo 8) + Tco f Voo + Moo f V(€00 8)) -

After observing that
A(Noo [+ V(Moo f[VP) + V(N6 fVCxo) =V (N V),

it turns out that

noog =V-(noVf)+V-: (nooV(Coog)) +V- (noofv(coog)) :

ot
Hence (f, g) solves
of 1
{ E_zf_av'[f”‘”wgc"")] xeRy >0 23)
—A(gCoo) = [ o

forany x € R4, ¢ >0, where the linear operator . is defined by
1
Lf= —V (Moo V(f+8¢0)] -

Lemma4.1. The linearized operator £ is self-adjoint on «/ with the scalar
product defined in (22), which means that (fi, £ f,) = (£ f1, f>) for any
f1, > € o, and moreover,

~([,£[)=Qlf]
forany fedo.



18 XINGYU LI

Proof. Set g1¢oo = (—=A) " (fi No), 82 Coo = (=A)"1(f2 no). By direct com-
putation, we obtain that

(&ffl,fg>:jl;dfgv-(noowf1+g1 coo))dx+fmadggcoov-(nooV(f1+glcoo))dx

= —fw Neo V(f1 + 81 Co0) - V(f2 + 82 Cx0) dx,
which proves the lemma. U

4.2. Proof of Theorem 1.1.

Proof. For the equations (23), we find that

d
—Qilf1=-2Qlf1-2A() with /l(t)::fRdV(f+gcoo)-fnooV(gcoo)dx.

According to the Cauchy-Schwarz inequality, we have that

A1) = QaLf] fR [P0 dx 1V(8C00) o ay < Q2L f1QUFTIV(ECo0) oo e -

So we obtain

V(g Coo) lgoeque, L IV (8 Co0) l oo (et ) o]

V Cg* V Cg*
We know from Proposition 2.2 that lim;_. ; IV(gCoo) oo ay = 0, which
proves that

d I
%Ql[f]S—Z(l— )Qz[f]i—zcg*

lim sup €? %= Q,[f(z,)] < o0

—o0
for any € € (0,%.). It remains to prove that we can also obtain this esti-
mate with € = 0.

Suppose that €. is the optimal constant without losing generality. Let
us give a more accurate estimate of A(#). If d = 2, according to (8) applied
to p = f ne, we have

IV(gcoo)llte = CI f Moot + 11 f Poollr3)

where

2 1 1
If ool < VM fvnsolliz, 11 Boollis < |If\/noollf2 If ool oo 1Moo oo -
Notice that from IIf\/nc,olli2 < Q:1f1], we deduce that

W=

IV(g coo)llLee = O (Qu[f(2,)]) (24)
which leads to

AD) < O(Q1 [f(t,-)]g) as [ — +00.



ASYMPTOTIC BEHAVIOR OF NERNST-PLANCK EQUATION 19

As a result, we read from

d 4
—QiIfI= 2% Qulf1+ O(@iLfD3)

that
limsup e Q,[f(t,")] < co.

t—o0
When d = 3, we have the estimate

IV (gcoo) I < C (I f oolis + I f oollya)
and similarly obtain that
1 1 1
1f ool < VM f Viisolliz, 1S Mool < 1 fv/Tiagll 25 11 f 7ol oo 7200l o -
Using again ||f,/noo||i2 < Q1[f], we have

19(g coo) 1 = O(QuLF(£,1) (25)
which allows us to write that
AD) < O(Q1 Lf(t, -)]3) as t— +oo.
We conclude as above, which completes the proof of Theorem 1.1. 0

4.3. Uniform rate of convergence. Let us give additional results on the
convergence in various norms of the solution of (2) to the stationary so-
lution.

Corollary 4.1. Under the assumptions of Theorem 1.1, if p(x) = % |x|?, the
solution n of (2) is such that

_r _ t(g+24d)
In(t,-) — neollLr = O(e P) and ||Vc(t,)—Vesollia = O(e @d+hq )

as t — +oo, for any p € (1,00) and any q € (2,00). Additionally, if d = 2,
then
12, = noolliss = O]

ast— +oo, forany A < 1.
Proof. From the Cauchy-Schwarz inequality, we read that

1
In(t,) = neol® ;)2 _
In(2,) = ool 1 ey < (llﬂoo”Ll(qud)fRdn—oodx <vVCMe™!
(o.0]

for some C > 0 if ¢ is taken large enough, and we also know also that
_t
I72(2,) — Nooll Lp ey = O(e p) (26)
for any p € [1,00). By definition of Q,[f], we have

”VC(t, ')_vcoo”LZ(Rd) < (:'e_lj
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for some C > 0 if ¢ is taken large enough, according to Lemma 3.1. More-
over, according to (24), (25) and Theorem 1.1, we obtain that

196(t,) = Vool oguey = Oe77T). 27)

This proves that

_ Hg+2d)
||VC(t, ) — VCOOHLQ(Rd) = O (e (d+1)q )
for any g € [2,00) by interpolating between (26) and (27).

The proof of the case d =2 is inspired by [11, Remark 5]. We reconsider
Z(t) defined in (12) in Section 2 with p = =, g = 5. We obtain from
Corollary 4.1 that

17202, = Poollpseqry = O 7 ).

This is the first step of a proof by induction. If

I7(2,-) = Neollpo@2) = O (e™%'),
then one has

120t = oo oz = Oe™ 77 )

By iterating this estimate infinitely many times, we finally have

1206, = Poolliqery = O™
for any A < 1. The proof of the corollary is complete. U

4.4. Intermediate asymptotics of the Nernst-Planck equation with Pois-
son term. Letus come back to the equation (1). The self-similar solution
of (1) has the expression

1 1 X
00 ) =l _1 1 2 ) ) 2
Uso(X, 1) 1_|_2tn (2 og(l +21) m) (28)
1 X
Voo(X, 1) = Coo | =1log(1 +21), ——|, 29)
oo (X, 1) 00(2 g( ) m) (

where (740, Cx) are the stationary solutions of (2) given by (4) with the
harmonic potential ¢(x) = %lez. Using Theorem 1.1 and Corollary 4.1,
we achieve a result on the intermediate asymptotics for the solutions of
the Nernst-Planck equation with Poisson term in absence of any external
potential of confinement.

Theorem 4.1. Assume that u solves (1) with initial datum u(0,-) = ng €
L2 (n}dx), [ga nodx = M, and Fng] < co. Let us consider the self-similar
solution defined by (28) and (29) of mass M. Then, as t — +oo, we have
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(i) foranype (1,00) andanyA <1,
lu(t,) - Uoollp ey = 01 +2072)
_A_dp-D
”u(t»')_uoo”Lp([Rz):O((l +21) 2@ ),
(ii) foranyqe (2,00) andany A <1,

a
IV0(¢,) = Voo 2y = O[(1+20) 745,

2q

IV (£, = Voolliae) = o(u +28)°

A+l d
T+_)
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