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A Taylor series based continuation method for solutions of Ordinary Differential Equations

This extended abstract should be considered as a companion to the one entitled A Taylor series based continuation method for the periodic solutions of a wide range of dynamical systems. It is shown how a quadratic framework allows to carry out the continuation of solutions of different types for Ordinary Differential Equations (ODE). Solutions considered in this work may be equilibrium, periodic, quasi-periodic, in steady or transient regime.

Introduction

This paper emphasizes how a quadratic rewriting of Ordinary Differential Equations (ODE) allows different types of solutions to be easily continued by Asymptotic Numerical Method (ANM). This continuation method, that has first been described in [START_REF] Cochelin | A path-following technique via an asymptotic-numerical method[END_REF], relies on a high-order Taylor series representation of the solution-branch. This technique has already proven its efficiency for a lot of applications in engeneering, mechanics or acoustics for example. As opposed to standard predictor-corrector algorithm, the high order prediction of ANM series does not need a correction step in most cases. While some implementations relying on automatic differentiation do exist, see [START_REF] Charpentier | The diamant approach for an efficient automatic differentiation of the asymptotic numerical method[END_REF] for example, the choice is made here to work with a quadratic framework. A generic implementation of this latest approach which minimizes problem-dependent implementation has been developed. A simplified scheme is represented in figure 1. It is based on the numerical continuation of algebraic systems of the form

R(V ) = 0, where V ∈ R n+1 and R(V ) ∈ R n is analytic (1)
This system is always written in a quadratic format as a prerequisite of the method. Again, this formalism is not a constraint that we suffer but a choice that allows to treat a very wide range of problems as shown in [START_REF] Karkar | A high-order, purely frequency based harmonic balance formulation for continuation of periodic solutions: The case of non-polynomial nonlinearities[END_REF]. The system (1) can then be written

R( Ṽ ) = C + L( Ṽ ) + Q( Ṽ , Ṽ ) = 0 (2) 
where Ṽ ∈ R N +1 and C, L and Q are respectively a constant, a linear and a quadratic operator. This step can be tough and some hints are given in the companion abstract. Again, the key idea of the ANM is to compute a high-order Taylor series development of the solution-branch. Let consider that Ṽ0 is a regular solution of the system (2). Let Ṽ1 be a tangent vector at Ṽ0 . The classical arc-length parameter a = Ṽ t 1 ( Ṽ0 -Ṽ ) is introduced and the solution-branch around Ṽ = Ṽ0 is written as a power series with respect to a

Ṽ (a) = Ṽ0 + a Ṽ1 + a 2 Ṽ2 + a 3 Ṽ3 + • • • (3) 
The quadratic framework The quadratic rewriting of the system is a key point of our approach since it allows to compute the terms in the development of the series explicitly and very efficiently (see [START_REF] Guillot | A generic and efficient Taylor series based continuation method using a quadratic recast of smooth nonlinear systems[END_REF] for details). The companion abstract develops the method to rewrite many kinds of equations quadratically. In this paper, the focus is on ODE : Ẋ = F (X, λ, t), where X and F ∈ R n and λ ∈ R

Below, equ. ( 4) is solved using one of its quadratic recast. The companion paper explains more about this step.

Equilibrium and algebraic solutions of ODEs and their stability

Equilibrium X * of equation ( 4) are defined by: F (X * , λ) = 0

Since equation ( 4) has been rewritten quadratically, the recast of equation ( 5) in the format of equation ( 2) is derived automatically. Moreover, another huge advantage of the quadratic rewriting is that the exact Jacobian matrix of F is deduced explicitly and automatically from the constant, linear and quadratic operators C, L and Q of the quadratic equations (2) [START_REF] Guillot | A generic and efficient Taylor series based continuation method using a quadratic recast of smooth nonlinear systems[END_REF]. Therefore stability of equilibrium points is a by-product of the method, through the computation of the eigenvalues of the Jacobian matrix.

Ordinary Differential Equations (E) Unknowns (X)

Type of the unknowns: algebraic, periodic, quasiperiodic, steady state or transient regime

Quadratic recast of the equations (E q )

If X is algebraic, Unknowns = X

If X(t) is periodic, or quasi-periodic,

Harmonic Balance Method (HBM) Unknowns = Fourier series coeff.

If X(t) is discretized / time samples Unknowns = X(t i ), i=1..N Continuation of the quadratic algebraic system (E q,alg ) is done using the Asymptotic Numerical Method A quadratic algebraic system (E q,alg ) is obtained.

Figure 1: Different types of ODE solutions that can be easily continued by Asymptotic Numerical Method using quadratic rewriting.

Figure 2: The two limit cycles and a quasi-periodic orbit of a system of coupled Van der Pol [START_REF] Guillot | Continuation of quasi-periodic solutions with two-frequency Harmonic Balance Method[END_REF] obtained with our method. A transient that goes to one of the limit cycles is also represented.

Periodic solutions of ODEs and their stability

X(t) = H n=-H
X n e jnωt , where

X n ∈ C and ω ∈ R ⋆ + (6) 
Since equ. ( 4) has been rewritten quadratically, replacing X(t) by ( 6) and deriving a quadratic equation similar to ( 2) is automated [START_REF] Karkar | A high-order, purely frequency based harmonic balance formulation for continuation of periodic solutions: The case of non-polynomial nonlinearities[END_REF]. Continuation is then possible on the unknowns X n and sometimes ω (autonomous systems).

Quasi-periodic (QP) solutions of ODEs

X(t) = H k 1 =-H H k 2 =-H X k 1 ,k 2 e j(k 1 ω 1 +k 2 ω 2 )t , where X k 1 ,k 2 ∈ C, ω 1 ∈ R ⋆ + and ω 2 ∈ R ⋆ + (7) 
Similarly to the periodic case, since equation ( 4) has been rewritten quadratically once and for all, replacing X(t) by ( 7) and deriving a quadratic equation similar to (2) is automated [START_REF] Guillot | Continuation of quasi-periodic solutions with two-frequency Harmonic Balance Method[END_REF]. Continuation is then possible on unknowns X k 1 ,k 2 , ω 1 and possibly ω 2 if the system is autonomous. A common issue when performing continuation of QP solutions is the initialization process. The full-length paper will demonstrate how it is possible to start a QP branch from a periodic branch according to the information extracted from the Neimark-Sacker bifurcation point.

Steady state or transient regimes of ODEs, discretized in time

To follow transient regimes of ODEs, the solution X is discretized on time samples :

X(t i ), 1 ≤ i ≤ N, N ∈ N ⋆ .
Then, the quadratic rewriting of equation ( 4) is written on each time step so that the equations are automatically quadratic. Once the initial value and the time of integration is specified, continuation is then possible on unknowns X(t i ). Here, a first classical time-integration gives an exact starting point for the continuation.

Conclusion

The full paper corresponding to this extended abstract and to the companion extended abstract will show how to take advantage from a quadratic rewriting to carry out the continuation of equilibrium, periodic, quasi-periodic solutions of ODEs. The method requires very few effort to switch between the different types of solutions since the original ODE is rewritten quadratically by the user once and for all. An implementation of our approach is freely available online on a dedicated website http://manlab.lma.cnrs-mrs.fr/.