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Asymptotic behavior for the Vlasov-Poisson
equations with strong uniform magnetic field and
general initial conditions

Mihai BOSTAN *
(June 2, 2019)

Abstract

We investigate the Vlasov-Poisson equations perturbed by a strong external
uniform magnetic field. We study the asymptotic behavior of the solutions, based
on averaging techniques. We analyze the case of general initial conditions. By
filtering out the oscillations, we are led to a profile. We prove strong convergence
results and establish second order estimates.

Keywords: Vlasov-Poisson system, two-scale analysis, averaging, homogenization.

AMS classification: 35Q75, 7T8A35, 82D10.

1 Introduction

We consider a population of charged particles of mass m, charge ¢, whose density is
denoted by f = f(t,z,v), depending on time ¢, position x and velocity v. In order to
study the magnetic confinement, we focus on the asymptotic behavior of the Vlasov-
Poisson equations, with strong external magnetic field [16, 17, 18, 24, 25, 11, 13, 22, 3,
4,5, 6, 14, 19, 15, 12].

Neglecting the curvature of the magnetic lines, that is B® = (0,0, B®) = (0,0, B/¢),
we are led to

O fs+v-Vaufs+ % {E[f*(®)(x) + B* "o} -V, f*=0, (t,z,v) € Ry x R* xR (1)

The notation *(-) stands for the rotation of angle —7/2 of the velocity v = (v1, vy),
i.e., tv = R(—7/2)v = (v9, —v1), v = (v1,v2) € R? and € > 0 is a small parameter
related to the ratio between the cyclotronic period and the advection time scale. The

*Aix Marseille Université, CNRS, Centrale Marseille, I2M, Marseille France, Centre de
Mathématiques et Informatique, UMR 7373, 39 rue Frédéric Joliot Curie, 13453 Marseille Cedex
13 France. E-mail : mihai.bostan@univ-amu.fr.
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electric field E[f¢(t)] = —V,®[f(t)] derives from a potential, satisfying the Poisson
equation
—e0AR[f5 ()] =q | fo(t,x,v) dv, (t,z) € R, x R?
R2
where € represents the electric permittivity. Appealing to the fundamental solution
z— —5-In|z|,z € R?\ {0}, we have

B (0)w) = —5 [ [ Inlo— a5 ) dvds @)
and .
€ - q er s o LT Iy
B = 5 [ [ r = avar )

For any particle density f = f(x,v), we denote by E|[f] the Poisson electric field
associated to the charge density p[f] = ¢ [g. f(-,v) dv. We also use the notation
Jlf1 = q Jgs F(-;v)v dv for the current density of f. We complete the above system by
the initial condition

(0, 2,v) = fu(z,v), (z,v) € R*x R (4)

Very recently, the Vlasov-Poisson equations with strong external non homogeneous
magnetic field have been studied, when considering well prepared initial densities [9,
14]. As usual, we are looking for quantities with small variations over a cyclotronic
period (the guiding center), and we average with respect to the fast cyclotronic motion
in order to obtain the effective Vlasov equation. Following this strategy, most of
the previous studies provided formal or rigorous (based on compactness arguments)
gyrokinetic approximations for the transport of charged particles under the action of
strong external magnetic fields. The subject matter in [9] was to derive second order
regular reformulations of the Vlasov-Poisson equations with strong magnetic field and
to perform the error analysis. One of the key point was to split the advection field
of the Vlasov equation into a fast and slow dynamics, such that the guiding center is
left (exactly) invariant by the fast dynamics. It was shown that in this case the fast
dynamics becomes periodic (even for a non homogeneous magnetic field), and therefore
the homogenization procedure simplifies a lot : instead of taking ergodic means, it is
enough to average over one period.

When the magnetic field is uniform, it is possible to go further in our analysis, by
considering smooth initial particle densities, not necessarily well prepared. We mention
that most of the studies concentrate only on models with well prepared initial particle
densities. We intend to extend the analysis in [9] for general initial conditions. The
asymptotic behavior is more complicated because the particle densities ().~ present
fast oscillations in time. We appeal to a two scale approach by working in a extended
phase space supplemented by a fast time variable s = ¢/e. Up to a second order term,
the oscillations of the family (f¢).~o can be described in terms of a profile solving a
regular reformulation of the Vlasov-Poisson equations, see also [25].

Theorem 1.1
Let fi, € C?(R? x R?) be a non negative, smooth, compactly supported particle den-
sity. We denote by (f%).=0 the solutions of the Viasov-Poisson equations (1), (2) with
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uniform external magnetic field g # 0, corresponding to the initial condition fi,. Then
for any T € Ry, there is a constant Cp > 0 such that for any ¢ > 0

sup / /
te[0,7T R2JR2

where F is the solution of

1/2

g 2
fe(t, z,v) (t x +€l_v R(wcé) (U - 8@>>] dvdr p < Cre?

0.4 B0

Vi e UIE®] = pFO)V)

VoF =0, (t.X.V)eR, xR?xR?
B 2€0B VV 7(7 ; )G + X X

corresponding to the initial condition

v . LE[f
e— .,V + e—vn] (X)
We B

F(0,X,V) = fu (X — ) . (X,V) e R x R

Our paper is organized as follows. In Section 2 we derive formally the effective Vlasov-
Poisson equations. We introduce the average operators along the fast dynamics and
discuss their main properties. The effective model is studied in Section 3, and we sum-
marize its properties. The well posedness of this model is a direct consequence of the
well posedness of the vorticity formulation for the 2D incompressible Euler equations.
Section 4 is devoted to the error analysis. We establish second order estimates, by
constructing a suitable corrector on the extended phase space, supplemented by the
fast time variable. Some generalizations are indicated in the last section.

2 Asymptotic analysis by formal arguments

The well posedness of the Vlasov-Poisson problem is well known, see [1] for weak
solutions, and [26, 21, 23, 2| for strong solutions. Essentially the same arguments
provide the global existence and uniqueness for the strong solution of the Vlasov-
Poisson problem with external magnetic field cf. Theorem 2.1 [9].

Theorem 2.1

Consider a non negative, smooth, compactly supported initial particle density fi, €
CHR? x R?) and a smooth magnetic field B € C}(R?). There is a unique particle
density f € CYR, x R? x R?), whose restriction on [0,T] x R? x R? is compactly
supported for any T € R, whose Poisson electric field is smooth E[f] € C1(R, x R?),
satisfying

atf+v-vxf+%(5[f(t)]+3%) Vo f =0, (t,2,0) € R, x R? x R?

x—a )
E(0)(e) = 5 /R [ e ) avae, (o) e Ry xR
f(0,2,0) = fin(w,v), (7,v) € R* x R%.
Moreover, if for some integer k > 2 we have fi, € C*(R? x R?), B € CF(R?), then
f € C*R x R? x R?) and E[f] € C*(R; x R?).

3
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We assume that the initial particle density is smooth
fin > 07 fin S CCZ(RQ X R2)

and that the magnetic field is uniform B* = B/e # 0. We know by Theorem 2.1 that for
every € > 0, there is a unique strong solution f¢ € C?(R, x R? x R?) (whose restriction
on [0, T] x R? x R? is compactly supported for any T' € R,), E° := E[f¢] € C*(R, xR?)
for the Vlasov-Poisson problem with external magnetic field B = B/es. By standard
arguments, we also have uniform estimates with respect to € > 0 for the L> norm of the
electric field E¥| 7)xr2 and the size of the support of the particle density f*| 7)xr2xrz2-
Let us denote by (X, Ve)(t; to, x,v) the characteristics associated to (1)
dXe dve ¢

B
= =Ve(t; tg, z,v), TR Ea(t,XE(t;to,:c,v))—i—ELVE(t;to,x,v)

X=(to; to, x,v) =z, V(to;to,z,v) = 0.

The strong external magnetic field induces a large cyclotronic frequency with respect
to the reciprocal advection time scale, and therefore a fast dynamics. Indeed, by
introducing the characteristic scales (¢,7,7) for time, length, velocity, we have t = T /v
and wit ~ 1/e. We use the notations wi = ¢B°/m = w./e,w. = ¢B/m ~ 1/t
It is well known that the guiding center, X¢(t) + ¢ +V¢(t)/w. has small variations
over one cyclotronic period [14, 22, 25]. Another quantity having small variations is

R (wet/2) [VE () — e =0 o0 [20].

Lemma 2.1
The following quantities
CER(t, XE(1))

Xe(t) + e VE(t) Jwe, R (wet/e) [Vs(t) —€ 5

have small variations in time.

Proof.
By direct computations we have

4 [Xg(t) +e

dt B

VY] _ )
Notice also that

d [ CEGXD)] e
E[V(t>_5T}__

and therefore

%{R(wct/a) [Vf(t) - ew]} = R (wct/e)% [M] '

- ;Eeuéan] . FEE(t;BX%))]



Motivated by the above calculation, we introduce the relative velocity with respect to

the electric cross field drift
— ELEs(t, x) (5)
V=0 5

and the new particle density
CE[fF())(=)

fet,z,0) = f° (t,x,ﬁ +¢€ 5 ) . (z,7) € R? x R2. (6)

It is easily seen that
AP =a [ F(tn) di =g [ f(tn0) do=plf(o), teR,
R R

and

@] = q J fo(E - v)v dv = q [ FE(E, -, )(v+eLE5‘“> dv
= L] + e%%[ff(t)], teR,.

Therefore the Poisson electric fields corresponding to the particle densities f¢, f¢ coin-
cide .
Ef*(t)] = ELf ()], t R,

and we can use the same notation £°(t) for denoting them. We introduce the notations
=|B| >0, wp:=|we| > 0.

Observe that the new particle densities (f¢).so are smooth, f¢ € C?(R, x R? x R?)
and that the restrictions to [0, 7] x R? x R? are compactly supported, uniformly with
respect to e €]0,1], for any 7" € R,. We obtain the following problem in the new
coordinates (z, )

- ~ LEa . iEa LEE ~ LEa -
o f +<v+5 5 )-fo —5{&5( 3 >+8x< B)(v—l—s 3 ):|‘Vf)f
+%Lﬁ-vﬁf€:0, (t,2,7) € Ry x R? x R?

J_E[fm](x)
B

fE(O,I,QNJ):fm(x71~;+5 ), ({L‘,’INJ)ER2XR2.

Thanks to the continuity equation

Owplf°] + divej[f] =0
the time derivative of the electric field E° can be written in terms of the particle density

fe (or f°)
Bl = g [ ol ) =) g @

27’(’0

1 . .1 pe / x/ /
- _27r80 /Rlevmj[f ](:c — ) |95'/|2 dr
_ 1 d .T/ .1 ope ¢ / d /
— 1vx/RQW®J[f()](1?—$) z
1 —a T pE / J_EE t? ! re / /
- 27T€odlv /Rzﬁ(8 (j[f ) +e (B w)p[f (t)](x)) dr
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The change of coordinates (5), (6) leads to the problem

Of° + ea’[J*(8)] - Voo f* + @ Veal* =0, (t,2,7) Ry x R xR* (7)

f~8<07x76) = fin <x76+5w> ’ (LE,??) S R? x R?

where b° -V, 5 = €0+ V, +w. +9 - V5 and for any particle density f,a[f]- V.5 stands
for the vector field

Notice that the vector fields a°| f] V.5 and b° -V, 5 are divergence free. The charac-
teristic flow of the vector field b¢ -V, 5 =0 -V, + w, 10 - V;

® (jm i %m) (o) @' - v,

axs o, odve o
P =eVe(s;x,0), o~ we Ve (s;x,0), X°(0;z,0) =z, V(0;2,0) =0
is given by
. Lo - . . qB
X(s;x,0) =x +¢[ly — R(—wcs)]w—, VE(s;2,0) = R(—wes), we= — (8)

It is periodic, and has the same period as the characteristic flow (X(s; x,0) = z, \7(3; x,0) =
R(—sw,)v) of the vector field b(z,?) - V, 5 = w, >0 - V;

2
S¥(x,0) = S(x,0) = S, S = (2,7) ERZXR% &> 0.

el
The properties of these flows are summarized below. The proof details are left to the
reader (see also Proposition 3.1 [9]).

Proposition 2.1 .
We denote by (X°(s;z,0),Ve(s;x,0)) the characteristic flow of the autonomous vector
field b*(x,0) - Vs

s o odve o
P =eVe(s;x,0), 1 = W Ve (s;x,0), X°(0;2,0) =z, V(0;2,0) =0
and by (X(s;x ﬁ),v(s;m,ﬁ)) the characteristic flow of the autonomous vector field
b(2,9) - Ve = we 10 Vs
dx av . .
— =0, 5 = e V(s;2,9), X(0;2,9) ==z, V(0;2,0) = 0.
s s

1. For any (z,79) € R2x R? and ¢ > 0, the characteristic s — (X, V¢)(s;2,7) is
S-periodic, with S = 2 [wy.



For any (z,7) € R?* x R? and ¢ > 0 we have

10

11

and 3 )
Ve (s;x,0) = V(s;x,0)

12

13

92 (53 2,) — X(s;2,0)| = [X(s32,7) — 2 <e—|5], s€R
Wo

= R(—sw.)v, s€R.

For any continuous function u € C(R? x R?) we define the averages along the

flows of b- Vg5, b°- V3

S ~
(u) (x,0) = %/0 u(X(s;x,0),V

I .
/ u(X?(s;2,0), Ve(s;2,0)) ds, (x,0) € R? x R?.
0

(s;2,0)) ds, (v,0) € R* x R?

<u>5 (95, {)) = §

For any R,, R; € R, we have
| () (|20 (B(Ra)x B(Rs)) < [Ull oo (B(R.) xB(Ry))
| {w). Lo (B(R) xB(R:)) < Ul Lo (B(R)xB(R:)), Be = e+ 2eR5/wy

where B(R) stands for the closed ball of radius R in R*

If u is Lipschitz continuous, then for any (z,0) € R? x R? and € > 0 we have

[ @9) = () @O ey 210

For any function u € C}(R? x R?) we have the inequality

2
[ = (u) |2 (R2xR?) < _Hb Vet 2 (R2xR2)-

2 x R?), we have (u) € C'(R? x R?) and

6. For any function u € C(
(0-Vgu)y, *0-Vz(u) =0.

(Veou) =V, (u)y, 0-Vi(u) =
In order to filter out the fast oscillations corresponding to the vector field b . v, .

(9)

we perform one more change of coordinates
= (X%, Vo) (—t/e; 2, ).

[t o) = FE(LX,V), (X,V) =

By applying the chain rule, we obtain
O + 20,507, V) (—t/=; (X5, V) (/e X, V)@ [FE(t)_yye)eye - Vg FF =0 (10)

where we have used the notations
t S
—=)]o(X%, V%) (=).

\ t aﬁ[ﬁa(t)ft/s]t/s = as[ﬁa(t)o(xg’ \}8)( € N

FE() -y = F2(£)o(X7, V) (=),
7



As the characteristic flow (X¢,V¢) in (8) is linear, the jacobian matrix simply writes
for any (z,0) € R? x R?

D s (X, V) (—t 23 2, B) = < (1)22 iR(—W/é)(nggzz(wct/s)] )

and therefore (10) becomes

~ ~ £ ~ ~
O F* +¢ {ai[FE(t)_t/E]t/a + w—R(—ﬂ'/Z)[IQ — R(wct/e)]a?)[Fg(t)_t/a]t/a} -VxF*
+ eR(wet/e)aS[FE(t) _t/c)i)- - Vi FF =0, (£, X,V) € Ry x R? x R%.

We have obtained a two scale problem and we expect that the asymptotic behavior
when ¢ becomes small will follow by averaging with respect to the fast time variable
s =t/e. As we are looking for second order approximations, we only need to average,
with respect to s, when ¢ is small

GE[EF5(t) _o)s - VxEF° and R(wes)as[FE(t)_y)s - Vi F°

T

up to terms of order €. By the second statement in Proposition 2.1, observe that

BF(0)- 0 7) = o [ [ B v st o) R S i

" 2mey =5 X, V) — ']
e (e X! V! N
//FEtX/ ¥ :X:(SXV) x(S7X7Y) dV/dX/
27T€o Rr2JR2 |22 (s; X, V) — X (s X, V|2
= BIF(1))(X) + O(e) (11)
and therefore we deduce that
27 Jwe ~ ~ LEIFE(O(X -
% a [Fe(t)_s]s - VxF(t) ds = % -VxF*+ O(e). (12)

We concentrate now on the average of R(w.s)a5 [F=(t)_4]s - Vi F. We only need to
consider the contributions of order 1 in a$[F*(t)_g]s, that is, those of

q - x/) € e \)E . ~ ~ el ~
27T€OB (le.I /RQ Rgl o a",‘,|2 ® F ( (x 7V )(—S,ZL‘/, /U/)> dU/d[E,) (x (S,X’ V))
€ X V Xe(s: X! ‘”// o ~ ~
q / (3 ) <87 il )) ®R(—WCS)V/F£(t,X,, V/) dV/dX/
27T€oB 2R DCE s X, V) —X=(s; X/, V") [2
and

J_E|[}~7‘E(t)—s] ~ Sy R(ﬂ'/?) ~ e ~
- (a’f <T> U)g (X, V)= B Ox E[F*(t)_s]sR(—wes)V.



Notice that, up to terms of order ¢, the average of the first contribution writes

27

;u—; " R(we 5 divx /R Jr | XX XX|2 R(—wes)V'F=(t, X', V') dV'dX"ds
B 2m:£é2 /Rz/m?w / SR IX );/|2X) ® R(~wes)V'ds F*(t, X', V') dV'dX’
N zm;/f /RQ - L ‘2/|/X - ;ﬂ; e LV/Fa(t,X’,f/’) dv'dx’
B 2#5:é2 /RQ R2 AR ‘2/|/X—_L§(),(|2— X)e lV/VX/FE@,X/, V') dV'dX’.

1 By using the properties of the fundamental solution z — —% In |z|, it is easily seen

> that - ~

(X -X) eV -HX -X)e LV’
2| X — X'|?

and thus the above computations lead to

X Xl ! X — X'/ Lyt _ B _
7T/2 / / ® V ( ) ® V VX/FE(t7X/,VI) dXI dvl
7“\0 rR2 J)x—x/

=0, X#X'

diVX/

27T€(]B |>r 2|X — X’|2
—7/2) (X — X' ! X-X)Vo iV X - X .
_ qR(=7/2) // )@V’ — & )® 7V do(X") AV’
27T€0B 7‘\0 R2. X/ —’l“ 2|X X,|2 |X_X/|
2 N
_ R / / Fe(t, X, VYV dV'do(X')
277-50_8 7‘\0 2T X— X/ _,r. R2
1L 1
JIFE()](X)
_ JIT WA 13
2¢0B (13)

Similarly, up to terms of order ¢, the second contribution is, thanks to (11)

we [ ~. - trace(Ox E[F=(t)]) | ~
e /0 R /2)R (wes)dx ELF* ()] R(—wes)Vds = — &= 7

v E[FE@)] o, plEEW)]MV

T 2B V== 2¢0B (14)

Combining (13), (14) we obtain

We 27 Jwe B

- R(wes)as[Fe(t)_)s - Vi Feds = i [Ff(t)]%— g[ﬁ OV} Vi F+0(e).
(15)

s Thanks to (12), (15) we are led to the model

atﬁwLE[wa : VXFJFaL{j[F(t)]z;é[F(t)W} Vo =0, (t,X,V) € Ry x R* x R?
(16)

4 which is supplemented by the initial condition

Voo tEf(X)
wC,V—FeT

F(0,X,V) = fu (X —¢ ) , (X, V) eR2x R (17)
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3 The effective Vlasov-Poisson equations

We expect that solving (16) together with the initial condition (17), will provide a
second order approximation for (1), (2). Although the above solution depends on €,
we use the notation F, saying that it is an approximation, when ¢ becomes small.
The well posedness of the limit model (16), (17) is a direct consequence of the well
posedness of the vorticity formulation for the 2D incompressible Euler equations, see
also Lemma 3.3 [25]. Indeed, integrating (16) with respect to the velocity leads to the
Euler equations

. Llp ~ 1 ~ X -X ,
I+ Vol = 0.5 ) = 5= [ plFOIX) o AX,(1.X) € R xR

which allows us to determine p and E. Multiplying (16) by V and integrating with
respect to the velocity give a transport equation for the current density as well

04lF) + (72 Vx ) ilF] =0

and finally the particle density £ comes by solving the linear transport equation (16),
with smooth advection field

€
E
Y
Be 28035

L —pV) - Vi

The proof details are left to the reader.

Theorem 3.1 Consider a non negative, smooth, compactly supported initial particle
density Fy, € CH(R?x R?) and a uniform magnetic field B® = g % 0. There is a unique
particle density F € CH (R} x R? x R?) whose restriction on [0, T] x R? x R? is compactly
supported for any T' € R, whose Poisson electric field is smooth E[F ] € CY(Ry x R?),

satisfying (16), (17). Moreover, if for some integer k > 2 we have F,, € C*(R? x R?),
then F' € C*(R, x R? x R?) and E[F] € C*(R, x R?).

The properties of the above limit model are summarized below : conservation of the
total kinetic energy, conservation of the total electric energy, invariance of %| JjIF] —

p[F]V|?, invariance under the rotations in the velocity space.
Remark 3.1
1. The total kinetic energy is conserved. Indeed, multiplying (16) by m|V|*/2 and
integrating with respect to velocity yields
V| E[F(t 2
o [ Wl pap ZEEOL G [ VPR gy
R2 .B‘)S R2 2
m

/Rg LUE®)] = plE(E)V) - VE AV =0

- QEOBE

and our conclusion follows by integrating also with respect to X.

10
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2. The total electric energy is conserved. Using the fundamental solution of the
Poisson equation in R?, we have

dtZgo /R = X0p [FOIX)p[F(#)](X') dX"dX

/]1&2/]@6 X X ( )](X/)atp[ﬁ(t)](X) dX'dX

= /R SEOIX)0FB](X) dX = | O[F(1)](X)divy (mm)]_Eg;(t)]) dX

RQ

= [wxote)- 2 Ewion ax <o

3. The function (X,V) — %\j[ﬁ(t)](X)—p[p(t)](X)f/\Q is an invariant of the trans-
port operator in (16). Indeed, thanks to the mass and momentum balances, we
deduce that

(m EEO) g, (j[F“);ggng“”V”Vo) GE®) = AFE]7]

= —pto L= EEI iy - 17 = .

4. The model (16), (17) is invariant under rotation in_the velocity space. More
exactly, if F' solves (16), (17), then Fy(t,X,V) = F(t,X,R(0)V) solves (16)
together with the initial condition

Fy(0,X,V) = Fu(X,R(O)V), (X,V)eR? xR

In particular, if the initial particle density satisfies b -V X7‘~/Fm =0, then, thanks
to the uniqueness, we have b - VXJ;F(t) =0 at any time t € R,

4 The error analysis

The solution of (16), (17) will allow us to describe the asymptotic behavior of the
family (f€).~o corresponding to the initial condition fi,, when € becomes small. Let us
introduce the particle density

f(tasaxaﬁ) = F(ta <x7{7)(_5;x76))7 (t,S,ZB,’D) < R+ xR x R2 X RQ

where F solves (16), (17) and (X,V) is the characteristic flow associated to the vector
field b(z, 0)-V, 5 = w, ~0-Vs, see Proposition 2.1. The idea is to compare f*(t, z,7) with
respect to f(t,x + 0 /w,, D), where f(t,z,7) = f(t,t/g,x, 0). By direct computation
we check that

Of +¢ (LE[TZ@)]-VJvL

~GLF®] = plfB)]D) '%7) RGN

2503 9

V.of =0. (18)
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19

We introduce the application T¢(z,9) = (z + & *0/w,, 7). Notice that f(0) o T¢ is a
second order approximation of f¢(0) in L?(R? x R?)

1/2

{/RQ/RQ{fa(Ow,ﬁ) - f (O,ers:—f,@)r d@dx} (19)
_ {/R/R[f (x,f) +5LEgm] (@) —F (0,x+e;—f,@)r d@dx}m
AL (e ) - (e B

< e

1/2

By introducing a corrector term, we will prove that f o T¢ is a second order approxi-
mation of f¢in L (R,; L?(R? x R?)). We mention that the asymptotic behavior for a
very similar problem has been investigated in Theorem 1.2 [25], but without indicating
the convergence rate. Our goal is to complete the asymptotic analysis by justifying
the second order approximation. The arguments developed for well prepared initial
particle densities in [9] apply for general initial particle densities as well, justifying the
robustness of our method. For any smooth particle density f € C!(R? x R?) we use

the notations

- - J_E[ﬂ divx J_(:E_x/) ay s / J_E[f] ~
{f]'v%f)_ B Vo 270 B R2|ZE—I/|2 ®j[f]($>dx _al"( B )U] Vs
. fi GLA) = pL719)
- 1B J-j —plflv
@11 Vag =M g, 4 W=D g,

For constructing the corrector, we need essentially to invert the transport operator 0y +
b-V, on the subspace of functions with zero average with respect to the characteristic
flow of the vector field 0+ 0b- V3, see [7, 8]. The expression of the corrector is explicit
and follows by direct computations. Its smoothness and uniform boundedness with
respect to the fast time variable will be crucial when establishing the error estimate.
We consider particle densities depending also on the fast time variable and therefore
we work in the phase space (s,x,7) € R x R? x R?.

Proposition 4.1 Assume that f = f(s,2,0) € CY(R x R2 x R?) is § = ‘2—“ periodic

wel

and uniformly compactly supported in (x,v) with respect to s € R, such that
Osf +b(x,0) - Voof =0, (s,z,0) € R x R? x R?,

Then we have the equality

alf ()] - Vaeaf = (@) [f(5)] - Voo + (0 +b(2,0) - Voa) f2 = 0

12



where

div /R [M & L]+ 2% @ j[F]] 2’ - Vo F (2, R(w,s)?)

|z — /|2 |z — /]2

= €08(2w,s)
F= Sw.egB "
div 42{ (z=2) ® Hj[F] - =) ®j[ﬁ]} Ao’ - Vi F (2, R(w,s)d)

|z —a'|? |z — 2'|?

sin(2w.s)

xX
8w, meg B

%WL:CS) R(7/2)0x (@) + Oy (%ﬁ]) R(—7/2)| : TV F ® R(wes)d
sin(2w,s) [ E[F) E[F] T | i )
 dw, _81, (T) — R(7/2)0, (T) R(_W/Q)_ D PV F @ R(wes)d.

Proof. The particle density f satisfies the constraint (0s+b-Vyigz) f = 0 and therefore
we have

f(s,2,0) = £(0,(X,V)(=s:2,0)), (s,2,0) € R xR?xR2
Therefore there is a function F' € C(R* x R?) such that
f(s,2,0) = F(x, R(w.s)), (s,z,7) € Rx R?x R
Observe that pf(s)] = plF, 117(5)] = R(—w,s)j F] and
Vaf(s,2,7) = R(—wes) Vi F(z, R(wes)D), (s,2,7) € R x R? x R

Notice that

—gwiogdi"x /H @ jlf (@) da’ - Vi f(s) = ‘2”59)] Vi f(s) (20)
_divy L(z —2) o , - )
PI: R2R(wcs)m ® R(—wes)j[Fl(z") da" - (Vi F)(z, R(wes)v)

HIF@) ooz )
T ToeB (Vi F)(z, R(wes)v).

As already observed in (13), the average with respect to s of

1 Lz —2) e
27Ta€oBd1V$ RQR(wcs)m ® R(—w.s)j[F](z") dz’

coincides with +j[F]/(2¢0B), and therefore we have

div L(x —2) . LiE)(x)
i - @@ 7 _ F / d /_
pre R T © R(—wes)IF)(w) do’ = =5
div, 2 1 i((jj—x/) o~ . 1 T — L
- 3| o B — | o ® F] do
div, . J—(x — :E/) L s (I _ LL'I) ~
27T€OB /RQCOS(WCS) Sln(‘*}c‘s) { |$ — ZL‘_'|2 & [F] + |ZE /|2 ® j[F] da’

13



whose zero average primitive with respect to s is

sin(2wcs)diV /RQ{L(I — ') ® j[F] - ﬁi ® {j[ﬁ’]} da’

8w.regB " |z — /|2 r—x'|?

cos(2w.s) . / Hoe—2) | = r—x e ,
———div, —_— Fl4+ ———- Fl| dx'.

8w.meg B v R2|:‘£L'—£C/|2 ® JlF+ ]a;—x’|2®‘7[ J| do

Coming back to (20), and taking into account that Vy F(x, R(w.s)0) belongs to the
kernel of s +0b-V, 5, since it depends only on the invariants x, R(w.s)v of s+ b- V. 5,
it is easily seen that

div, Lo —a)

2B Jre |z — 2|

Lilf(s)]
2e9B

® jf(s)] da’ - Vi f(s) — Vif(s) +(0s+b-V,5)ff =0

where

) %, Lio o ~ o N ~
2 _ COS(2wes) gy / {—(x ":62) ® Ll + = ®j [F]] Vel Rlee)?)
RQ ‘:C — X | ’x -z ’

fr

- S x
Suw.meg B

sin(2wes) .. (x—a) | = FTl—a) - , - N
—d Fl—— F|| dz' - Vo F :
Swemeg B e /RQLZU — 2|2 ® lr |z — 2'|2 ®JIF)] da’- Vo (@, Rlwes)t)
(21)
Similarly we obtain
LEFG - o 7, PG - o s 7
—81, (T U'Vf,f‘l‘ QEOB v-Vﬁf%—(&s%—b-VM)fH —0
where
5 €0s(2w.s) E[F) E[F) B 1o F 3
fir=— [R(w/zwx (—B +0, | 25 | R(=1/2)|  “VoF @ R(wes)i
sin(2w..s) E[F] E[F) o F .
- 0y < B —R(m/2)0, B R(—7/2)| : “ViF @ R(w,s)0.
(22)
Our conclusion follows by combining (21), (22). O
Remark 4.1 Notice that fz = f2(8,£L‘,?~)) is continuous, S = 2% periodic and uni-

e

formly compactly supported in (x, D) with respect to s. Moreover, if f € C*(RxR2xR?)

for some integer k > 2, then f? € C*1(R x R? x R?).
We appeal to the application T¢(x,9) = (z + € 10/w,, v). We have
OTb =boT®, b-Vus=w."0-Vy, b Vosg=60-V,+w. 0V (23)

Finally we are ready to prove that F(t) o T=, where f(t,x,0) = F(t,z, R(wt/e)D), is a
second order approximation of f(¢,x,v).

14



1 Proof. (of Theorem 1.1)

> Estimating the error between f&(t), f(t) o T* is not of all obvious. A direct comparison
3 between the above densities does not lead to the desired error estimate. We have to
+ use a corrector term. More exactly, for any ¢ € R, the particle density (s x,0) —
s f(t,s,x,0) = F(t,(X,V)(—s;2,0)) belongs to C*(R x R? x R?), is S = i periodic
¢ with respect to s and uniformly compactly supported in (z,?), with respect tos € R
7 and t € [0,7],T € R,. By definition, for any ¢ € R, the particle density f (t) satisfies
s the constraint (9, + b- V,5)f(t) = 0. Thanks to Proposition 4.1, there is f2(t, s, z, )
o such that

a[f(tv 8)] ' Vx,ﬁf - <a> [f(t’ 8)] ’ vm,f}f + (85 +b- vm,f})f2 =0. (24>

It is easily seen, by the explicit formula of f2, that the corrector f2 belongs to C*(R. x
RxRZxR?),is S = | T periodic with respect to s, and uniformly compactly supported

in (z,0) with respect tos € Rand ¢t € [0,7],T € Ry. Taking s = t/e in (24),
multiplying by € and combining with (18) yield

S 70+ 2P0,/ )+ 2alF (0] Vs T () + 2 Vs {0+ 27201/2)

= 20, f2(t,t/)e, 2, D).

Using the corrector f2 led to a model similar to (7), nevertheless the transport operators
appearing in the terms g AV {f( )+ e2f2(t, t/s)} V..o f° are different, and the

key point is to take advantage of the map T¢. After composition with 7%, the above
equation becomes, thanks to (23)

£

SO 0T + 2P (0,t/2) o T - calF ()] o T (V1)) o T°
bE

+=V {f( ) o T= + 2 f2(t,t/e) o Tf} = 220,{f2(t, /<) o T4
Combining with (7) and using the notation 7<(t) = fe(t) — f(t) o T¢ — 2 f2(t,t/e) o T¢,

lead to
A + ea®[f(1)] - Vi f* — e(a[f(1)] - VF(t)) o T¢ + g VoS = —20,f2(t,t)e) o T°.
(25)

As the magnetic field is uniform, the vector fields a*[f<],b° are divergence free and
therefore

/RQ/RW [fE(0)] - Vasfore df)dal:'://]R V(F(t) o T¢ + 2 f2(t, t/e) o T%)r* divdw

//— Vo7 r® dode = 0.
R2/R2

15



10

Multiplying (25) by r*(¢, x,?) and integrating with respect to (z,?) imply

2d”|5 HH-%S/:/ (7 ()] V(F(t) o T)r® divda

- 5/ / F(t)) o Tr¢ divda
R2 RQ

= /R O, f2(t,t/e) o T°r¢ dvdx — &3 [RQ/]RQaS[fE(t)} -V (f2(t,t/e) o T)r® didx

2/ R2

and by Bellman lemma one gets

IOl z2 < [l7=(0)][ 2 +6/0 la*[f(¢)] - V(F(t)) o T%) = (a[f()] - V(') 0 T°| 2 4’
+52/0 10.F2(t,t' /) 0 T%|| 12 dt’+53/0 |a[f2(t))] - V(F2(t', 1 Je) o T%)|| 2 dt’.
(26)

We are working for ¢ € [0,T],T € R, , and we denote by C any constant depending on
m, €9, q, T, B and the initial particle density fi,, but not on e. Thanks to (19) we have

1P (O) 22 < [1f2(0) = F(0) 0 T*[|2 + 2|1 £*(0,0) 0 T%| 12

and thus clearly [[7*(0)||;2 < C<®. Using the C! regularity of f? which comes from the
C? regularity of F'| it is straightforward that

T T . .
52/ 10 f2(t,t/) o T 2 At +€3/ la*[f2 ()] - V(f2(t,t/e) o T%)| 2 dt < C€.
0 0

We claim that
/Ila @] - V() o T%) = (alf ()] - V(') o T 12 At < C&? (27)
+cg/ 15 (t) = F(¥) 0 T2, t € [0,7].

This part of the proof relies on the smoothness and the uniform estimates of the
densities (f¢).~0, together with the elliptic regularity results. Thanks to the uniform
bounds

sup  {||/°(D)ller@ewrz) + 1B ()]llcr e} < 400
e>0,t€[0,T]

it is easily seen that

(@ [F=()] = alf*®)]) - V(F(t) o T) |12 < Ce, t€[0,T], &> 0.

Thanks to elliptic regularity results, the quantity

ICalf=(0)] = alf(t) o T%)) - V(F(t) 0 T%)|l 12

is bounded by the L? norms of the charge and current densities
oLf=(0)] = pLF () 0 TN 2y + 51F°(8)] = 4LF(2) © Tl 22(eey

16



and thus by the L? norm of the particle densities || f¢(£) — f(t)oT* | 22(r2 xR2). We obtain
the inequality

I(alf* (D] =alf (£)oT])-V (f(£)oT?) |2 < ClIf* ()= (£)oT"|| 2r2xr2), ¢ € [0,T], &> 0.
The inequality (27) follows immediately, noticing that

lalf(t) o T7] - V(f(t) 0 T%) — (a[f(1)] - V(1)) 0 T%|| 2mexme) < Ce, t€[0,T], &> 0.
Finally (26) writes

t
()12 < C* 4 Ce / 1) = F(#) o Tl aF
0
implying that

IF(8) = F(&) o Toll 2 < Nr*(@)ll12 + 21 2(2,t/2) 0 T° 12

< Ce? —|—C’€/ 1F5() = F(t) o T%|| 2 A, t € [0,T], > 0.

By Gronwall lemma we deduce
1F5(t) — f(t) 0 T¢|| 12 < Ce?exp(Cet), t€[0,T], &> 0.

Clearly we have

IE[f ()] = BIF®)]2 = | E[f*(D)] = E[f(D)]l2 < | ELf*(t)] = E[f(t) 0 T7]| 12

+|E[f(t) o T = E[f(t)]]l12 < Ce

and therefore

{/R/R (t x+5—c R(wet/2) (v—gLE[TZ?(t)]>> _fg(t’x’v)r dvdx}
{/R/R (t S ( v gE[g(t”) JR{wt/e) (mﬁEWﬁ)]; LEU%)]))

. 1/2
—fe(t,z,0) df}dx}

< 1) — OT”LQ_'—{/]R?/RQ[ (tx—i—a—c (wct/a)ﬁ)_

F <t,x + 5j _ E_zij(wct/(g)@ I €R(wct/5)LE[f€(t)] ; LEW@)])

w. w. B

1/2

[ I—

) 1/2
dodx }

< Ce? 4 Ce||E[f5(t)] — E[F()]|| 12 < Ce®, t€0,T], €>0.
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5 Conclusions

We presented regular reformulations for the Vlasov-Poisson equations with uniform
magnetic fields and general initial conditions. The effective model comes by averaging
over one cyclotronic period, once we have determined a periodic fast dynamics. Cer-
tainly, in the framework of the magnetic confinement, a much more interesting case is
that of curved magnetic fields.

The above results extend to the three dimensional Vlasov-Poisson system, with
strong external curved magnetic field. The same arguments lead to regular reformu-
lations and second order estimates for both well prepared and general initial particle
densities. In the three dimensional setting, we emphasize a fast periodic dynamics
leaving invariant not only the guiding center and the modulus of the perpendicular
velocity, but also the parallel velocity. Averaging over one period allows us to obtain
completely explicit effective models. Nevertheless the analysis is much more elaborated
due to the combination between the parallel and perpendicular dynamics and to the
curvature effects. These studies will be the topic of future works [10].

Another interesting issue will be to handle models with self-consistent magnetic
field, that is the Vlasov-Maxwell equations, perturbed by a strong external magnetic
field.
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