N
N

N

HAL

open science

A macroscopic model for platooning in highway traffic

Giulia Piacentini, Paola Goatin, Antonella Ferrara

» To cite this version:

Giulia Piacentini, Paola Goatin, Antonella Ferrara. A macroscopic model for platooning in highway
traffic. STAM Journal on Applied Mathematics, 2020, 80 (1), pp.639-656. hal-02309950

HAL Id: hal-02309950
https://hal.science/hal-02309950v1
Submitted on 9 Oct 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02309950v1
https://hal.archives-ouvertes.fr

A macroscopic model for platooning in highway traffic

Giulia Piacentini! Paola Goatin? Antonella Ferrara!

October 9, 2019

Abstract

We consider a model describing the presence of a platoon of vehicles moving in the
traffic flow. The model consists of a coupled PDE-ODE system describing the interaction
between the platoon and the surrounding traffic flow. The scalar conservation law takes
into account the main traffic evolution, while the ODEs describe the trajectories of the
initial and final points of the platoon, whose length can vary in time. The presence of
the platoon acts as a road capacity reduction, resulting in a space-time discontinuous
flux function. We describe the solutions of Riemann problems and design a finite volume
numerical scheme sharply capturing non-classical discontinuities. Some numerical tests
are presented to show the effectiveness of the method.

2010 Mathematics Subject Classification: 35165, 90B20, 82B21.

Keywords: Scalar conservation laws with space-time discontinuous flux; Traffic flow mod-
eling; PDE-ODE systems; conservative finite volume schemes.

1 Introduction

Macroscopic traffic flow models have known an increasing popularity in the last decades in
the engineering and the applied mathematics literature, due to their capability of capturing
traffic characteristics, their low computational cost and their relevance for solving optimal
control problems [23, [32]. Yet, new technical advances affecting transportation dynamics,
like routing devices and autonomous vehicles, are changing the current traffic characteristics,
requiring the design of new models [12] 28, 29]. In particular, vehicle automation paves
the way to truck platooning, intended to optimize freight transportation and to reduce fuel
consumption [2, 18, 24, B33]. Energy saving and eco-driving considerations can also encourage
car platooning [35]. In this paper, we aim at studying the interaction of a platoon of vehicles
with the surrounding traffic flow. The platoon acts as an obstacle on the traffic flow reducing
the capacity of the road in the occupied road portion. Several models considering slow moving
vehicles acting on the flow as point moving bottlenecks have already been introduced in the
literature [10, 1T}, 19, 211 [34], usually modeled as a time dependent flux constraint. Here, we
extend the approach to take into account a platoon of vehicles having physical length, which
may vary depending on the number of vehicles composing it and their spacing. We consider
a macroscopic model consisting in a hyperbolic Partial Differential Equation (PDE) — the
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classical Lighthill-Whitham-Richards (LWR) equation [22], 27] — coupled with two Ordinary
Differential Equations (ODEs) describing the trajectories of the front and back endpoints of
the platoon. We are thus led to study a scalar conservation law with discontinuous flux in
space and time, i.e. at the platoon endpoints, whose downstream velocity adapts to the traffic
conditions.

The literature about conservation laws with discontinuous flux functions is very rich: while
most of the research considers only discontinuities at fixed points in space (see for example [I]
and references therein), few works deal with also time dependent discontinuities: we refer

o [8, 17, 130, 31] and the very recent [4, I5]. Even if the scalar conservation law in our model
can be adapted to fit the much more general framework of [4], guaranteeing the existence and
uniqueness of the vanishing viscosity limit solutions of the conservation law with predefined
discontinuities, the strong coupling with the ODE trajectories makes the problem more in-
volved. Moreover, in view of traffic modeling applications (see, for instance, those related to
traffic control [7), 25 26]), we are interested in providing a sharp maximum principle on the
solutions and an efficient numerical strategy, able to precisely capture the density disconti-
nuities arising at the platoon endpoints. To this end, we apply a conservative reconstruction
strategy inspired by [3| [6], which requires the full knowledge of Riemann problem solutions
at flux discontinuity points.

The paper is organized as follows. In Section 2, we introduce the PDE-ODE coupled
model under consideration. The solutions to the corresponding Riemann problems of interest
are detailed in Section Bl In Section M, we describe the finite volume scheme developed to
compute approximate solutions, which is tested in Section Bl proving its effectiveness.

2 Mathematical model

We adopt the macroscopic first order LWR model to describe the dynamics of the overall
traffic flow. We denote by zq = z4(t) and z, = z,(t) respectively the downstream and
upstream endpoints of the platoon. At the platoon location, the road capacity is reduced
proportionally to the number of lanes occupied by the platoon, and the platoon acts as a flux
constraint on the interval [z,(t), zq4(t)].

The resulting coupled PDE-ODE model reads

Op+ 0 F(t,x,p) =0 (t,z) eRT xR (2.1a)
p(0,z) = po(x) reR (2.1b)
Zu(t) = Uu(t p(t, zu(t)+)) t € R" (2.1c)

2u(0) = 20 (2.1)
2q(t) = (t p(t, zq(t)+)) teRY (2.1e)
z4(0) = (2.1f)

Above, the conserved quantity p = p(z,t) is the traffic density and the space-time discon-
tinuous flux function F' is defined as

fp) if © & [2(t), za(1)];

| (2.2)
Jalp) == af(p/a) ifx € [z(t), za(t)).

F(t,z,p) = {



In (22)) we assume f(p) = pv(p), and we restrict the present study to the linear speed-density

relationship
v(p) =V (1 - ) ,

even if more general speed laws could be considered. Above, the constant V' denotes the
maximal speed of vehicles and R is the maximal density reachable on the road, corresponding
to a bumper-to-bumper situation, which is reduced to aR at the platoon position. Indeed,
we have

Fp) =V (1 - ;) , (2.3

falp)=Vp <1 - apR> : (2.4)

To comply with the varying road capacity, we have to consider initial data pg such that

r) € [0,aR] ifx €[22 29,
po(z) € [0,aR] 20> 2] 25
po(z) € [0,R]  otherwise.

We remark that the points of maximum of f and f, are p,, = R/2 and p%. = aR/2 respec-
tively, and we denote [ = f(p.r) and fI'% = f,(p%.).

«

The dynamics of the platoon ending points is governed by (2.Id)—(2.1d), where

vu(t, p) == max {Vy(t), = fa(p) /(R = p)} (2.6)
'Ud(ta p) ‘= min {Vd(t)7 U(p)} ) (2'7)

where V,(t) € [V, V] and V4(t) € [0, V] are the (controllable) maximal speeds of the upstream
and downstream endpoints respectively. Equation (2.7) accounts for the fact that the platoon
cannot move quicker than the downstream traffic velocity.

The length of the platoon L(t) := z4(t) — z,(t) can vary depending on the spacing and the
number of vehicles composing it. For a fixed number of vehicles, we assume Ly,;, < L(t) <
Lyaz- Under these constraints, the length of the platoon varies according to

L(t) = 24(t) — zu(t) = va(p(t, za(t)+)) — vulp(t, 2a(t)+)).

Moreover, the speed V; is constrained to be positive, since vehicles cannot move backwards.
On the other hand, if vehicles are allowed to join (and leave) the platoon, V,, may take negative
values. In the case of negative speed, condition (Z.6]) ensures that the problem is well posed,
see Section

Following [17, Definition 5.1], we aim at constructing weak entropy solutions of (2.1)) in
the following sense:
Definition 2.1. A triple (p, 24, 24) € C° (RT; L NBV(R; [0, R])) x (leoo(]RJr;R))2 is a
weak entropy solution to (ZI)—(22)—(2.3) if

(i) p(t,z) € [0,aR)] for a.e. x € [z,(t), z4(t)];

(ii) for all k € R and all test functions ¢ € CL(R?;RY) it holds
[ [ (1o w1016+ ssnlp = ) (F(t..9) — F(t,,0)) 9,0) v
R+ JR
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+ [ 1o0 = Klo(0,) da
/]R+ |F(t, zu(t)+, k) — F(t, 24(t)—, 5)|d(t, 2u(t)) dt

+/ Pt 2a(t) 1 1) — F(t, za(t)— 1) (2, za(t)) dt > 0;
R+

(iii) z, and zq4 are Carathéodory solutions of ([2Id)-R21d), respectively [21d)-R2.11), i.e

for a.e. t € RT it holds
t
%w:£+/wwm@%@ﬂm&
0
t
%@—ﬁ+/uﬁm@%@ﬂw&
0

Remark 2.2. (Maximum principle) To ensure a uniform bound on the solutions, related
works in the literature usually assume that there exists an interval [a, b] such that F'(¢,z,a) =
F(t,z,b) = 0 for all z € R, t € R, see e.g. [4, [17]. Even if we can easily cope with this
assumption setting f,(p) = 0 for p > aR, this would give a rough bound p(¢,z) € [0, R]
for the solutions of (2.I)-(22)—(2.5). Instead, traffic modeling applications require the more
accurate estimate given in Definition 2] (i). Even if this goes beyond the scope of this work,
we observe in Remarks[B.Jland B2l that the Riemann solvers detailed in Section Bl below satisfy
this property, which would be transmitted to the solutions obtained as limit of wave-front
tracking approximations [16].

3 Riemann problems

In this section, we detail the construction of the solutions to the two Riemann problems
corresponding to the upstream and downstream endpoints of the platoon, located at the flux
moving discontinuities z,(t) and z4(t). We therefore consider that these discontinuities move
with constant speeds V,, and V; and we consider the two interfaces separately.

These Riemann problems provide the necessary information to design a numerical scheme
allowing to accurately capture the dynamics at these locations.

3.1 Front-end of the platoon

At the downstream endpoint of the platoon, we consider the following Riemann problem:

Op+ 0, F(t,z,p) =0 reR,t>0,

ol ifx<zg,
0,z) =
p(0,2) = pola) = {M fos

(3.1)

where

falp) if z < za(t),
Flp) i 2> z(1),

F(t,z,p) =



with zq(t) := 20+ Vyt, pr € [0, aR), p, € [0, R] and under the constraint Vy < v(p,), to comply
with ([27). (The last condition corresponds to require p, < p¥, such that v(p}) = Vg.) To
solve (B1]), we adapt the concept of supply and demand functions [I3, Section 5.2.3] to the
platoon reference frame. We denote by pf the (unique) solution of the equation f'(p) = Vj

and by p(ﬁl the solution of the equation f/,(p) = V. Therefore we get

o 67 if < ﬁOéu o 5 s if r < ﬁa
Da(pl)_{f (p1) pL<p (o) {yd(p ph) it pr <p

yi (oi; ph)  if pr > ph, flpr) if pr > pf,

where we have denoted

yq (p; p) = fal(p) + Valp — p),
ya(p; p) = f(p) + Valp — p),

the straight lines with slope Vj; passing respectively through (p, fo(p)) and (p, f(p)). Finally,
we define for p € [0, aR]

T(p) :=max{p e [0,R]: yi(p;p) = f(p)} .

0
p~(p) :==min{p € [0,R]: y3(p;p) = f(p)},

and for for p € [0, R]

pa(p) == max {p € [0,R]: ya(p; p) = fa(p)}
pa(p) :=min{p € [0,aR]: ya(p; p) = falp)} -

We distinguish the following cases.

(D1)

(D2)

p < ph and p, < p*(pr). ~ )
Since in the platoon reference frame we have (with abuse of notation) D*(p;) < S(pr),
ie.

y$ (ps o) < S(pr) + Valp — pr),

the solution consists of a jump discontinuity between p; and p~(p;), followed by a
classical wave (shock or rarefaction) between p~(p;) and p,. In particular, the left and
right traces at x = z4(t) are respectively

A~

pa=pi, pP=p (p)

Figure illustrates the solution, the red line representing the jump across the flux
discontinuity.

p1 < ph and p, > pt ().

In this situation computing demand and supply in the platoon reference frame we get
D*(p;) > S(pr). The solution is given by a shock wave between p; and pt (p,), followed
by a jump discontinuity between p (p,) and p,. In this case

ﬁa :p;r(pr)a P = pr,

see also Figure



(D3) p > ph and p, < p*(ph).
Given these initial data, we have a rarefaction wave between p; and pﬁa, then a jump
between pi and p~ (pﬁa) followed by a shock between p~ (pﬁa) and p,, as reported in
Figure In particular
poa=rh:  P=p (ph):
(D4) pr > ph and p, > pT(ph).
In this case D*(p;) > S(p,) and the solution is then given by a (shock or rarefaction)
wave between p; and pZ (p,) and a jump discontinuity between pf (p,) and p,. We have
again
Pa :P;t(pr)a p = pr,
see also Figure
f f
PPl pﬁ praR pt R P Pl P?y /)i aR ptpr R p
(a) Solution for p; < pf, and p, < pT(p1) (b) Solution for p; < pf and p. > pT(p1)
f f
p- pg}’ pr Pr Osz"' R p pg Pl p(‘t OéRp""pT R p

(¢) Solution for p; > pf, and p, < p*(ph)

(d) Solution for p; > po and pr > p

Figure 1: Solutions to the Riemann problem (B.1]) for different initial data. The non-classical
shock corresponding to the flux discontinuity is depicted in red.



Remark 3.1. The above construction ensures that the solution p(¢,z) of ([B.I]) satisfies the
maximum principle

p(t,x) € [0,aR)] for x < z4(t) and p(t,x) € [0, R] for = > z4(t).

3.2 Back-end of the platoon

At the upstream endpoint of the platoon, the Riemann problem is:
Op + 0. F(t,x,p) =0 x €R,t >0,

o if < 20, (3.2)
0,x) = po(x) =
p(0,2) = pola) {M .

where

Fp) it < z(t),
Jalp) itz > zu(t),

with z,(t) := 22+ V,t, p; € [0, R] and p, € [0, «R]. The supply and demand functions become

F(t,x,p) =

~ flo)  ifp<pf, oz Y (priph) if pr < ph,
yu(pl§P ) if pL= P, fa(pr) if Pr = Pas

where we have denoted

yg(p;ﬁ) = fa(ﬂ_’) + Vu(p - ﬁ)v
Yulp; p) = f(p) + Vulp — p).

As in Section Bl we define for p € [0, aR]

p*(p) :==max {p € [0,R]: y5(p;p) = f(p)} ,
p~(p) :==min{p € [0,R]: yg(p;p) = f(p)},

and for for p € [0, R]

pe (p) == max {p € [0,aR]: yu(p; p) = fa(p)},

Pa (p) :=min{p € [0,aR]: yu(p; p) = fa(p)} -

We distinguish the following cases.

(U1) p < p~(ph) and p, < pf(p1). _ N
In this situation, in the moving reference frame we get D(p;) < So(pr) and the solution
consists in a non-classical shock between p; and p_ (p;), followed by a classical wave
(shock or rarefaction) between p (p;) and p,, as depicted in Figure In this case
we define

p=pi,  Pa=ps(p)-



(U2) pi < p~(ph) and p, > pf (p1) (this requires pf (p1) < @R if Vi, < 0). N
Unlike the previous case, now in the moving reference frame it holds D(p;) > Su(p,). We
then get a classical shock from p; to p*(p,) and a non-classical shock between p*(p,) and
pr, as showed in Figure[2(b)] For this, we need p*(p,) > R, thus V,, > — fo(pr)/(R—py).
We set

0 +(pr)a Pa = Pr-

p=p

(U3) py>p~(ph) and p, < ph. N
In the moving reference frame, D(p;) > Sa(pr), and the solution, depicted in Figure[2(c)]
is given by a classical wave between p; and p*(p?x), followed by a non-classical jump
joining p*(pg) to pg and a rarefaction wave from pg to p,. For this, we need p*(pﬁa) > R,
thus V, > — fa(p(ﬁl) / (R—pgl). This condition is weaker than the previous one. Therefore,

5 f

F(0h),  Pa =Pk

p=0p

(U4) pi > p~(ph) and p, > ph. - N
In the moving reference frame D(p;) > So(pr) and we get a classical wave (shock
or rarefaction) between p; and p™(p;), followed by non-classical discontinuity between

p(py) and p,., see Figure Also here, we need p*(p,) > R, thus V,, > —fo(pr)/(R—
pr). We set

A~ v

p=p"(pr),  Pa=pr

Remark 3.2. The above construction ensures that the solution p(¢,z) of ([B.2]) satisfies the
maximum principle

p(t,x) € [0,R] for x < z,(t) and p(t,x) € [0,aR] for x > z,(t).

4 Numerical scheme

To approximate the solution of the conservation law (Z.Ial), we design a conservative finite
volume scheme based on flux discontinuities reconstruction. Given the fixed space and time
steps Az and At, we denote x; = (j—1/2)Ax the cell centers, x;, 1/, = jAx the cell interfaces,
for j € Z, and t" = nAt, n € N, the time mesh.

We approximate the initial datum (2.10) by the piece-wise constant function given by its
average on each discretization cell C; = [%’4/27 a;jH/Q[, i.e.

- [, ez
Pj = A polx)ax, J € 4.
I Ax i 12

At each time step n the density is updated as

At

1 .

Py =0 - Ar ( 12— 1}11/2) , j ez,

with 2V At < Az, where the numerical flux F, ; , is given by the standard Godunov’s flux [14]

away from the (approximate) space discontinuities locations z;} and z}. For concave flux
functions as (2.3)—(2.4), this is equivalent to the supply-demand method (or Cell Transmission



\
))

_a--7
P p& Pro pt aR R 0P P
(a) Solution for p; < p~(ph) and p, < pt(p1) (b) Solution for p; < p~(p%) and p. > p (p1)
f f
pPr [)gl Pl aRy™t R P p- ,0?1 ProPL aRpt R P
(¢) Solution for p; > p~ (pf) and p, < pilpha (d) Solution for p; > p~(pf) and p, > ph

Figure 2: Solutions to the Riemann problem (B.2) for different initial data. The non-classical
shock corresponding to the flux discontinuity is depicted in red.

Model) used by the transportation engineers [9, [I3, 20]. More precisely, if z;; € C;, and
zy € O}, for some indexes jy, jq € Z, the demand and the supply functions are defined as

D) - {f(ﬂ?) A <P g {fm” i ) < por,
fer it pft > per, f(}) it pf > per,
for j < j, or j > jg. Similarly, for j, < j < jg, the demand and supply are computed
considering the reduced flow:

Da(pn) = fa(P?) if P;L <pg?”’ Sa(pn)_ f(;nax ifp? <p?7"7
S UG T falpl) i P> pl

See Figure Bl

Therefore, the numerical fluxes F7

Ti1o are simply defined as

F7y 1o = min {D(pf_)), S(o) ) for j < ju—2and j = ja+ 1,

F]n+1/2 = min Do‘(p?_l),So‘(p?)} for j > j,+1and j < jg— 2,

9



[ D [ re

Figure 3: Demand and supply considering the normal and rescaled flow

where we are assuming, without loss of generality, that j, < jg — 3. The interfaces z;, 112
and x;,41/; need a special treatment due to the presence of the flux discontinuities. We will
describe the procedure separately for the two cases below.

Besides, the position of the downstream endpoint of the platoon is updated as

zg ™t = 2 + min{V7, (p}, 1) AL,

while the position of the upstream endpoint of the platoon is updated considering its own
speed V.
2= 2 L VAL,

1 tn+1
where we have set V!, == — |,
) At 7t

Remark 4.1. The trajectory of the downstream endpoint can be approximated more carefully
following [6l, Section 3.2], see also [5].

Vu’d(t)dt.

4.1 Front-end of the platoon

We expect a discontinuity to appear in cell Cj, due to the presence of the flux discontinuity in-
duced by the platoon downstream endpoint. This corresponds to the Riemann problem (3],
where we set p; = p} _; and p, = p} ;. Following [3, 6], the idea is to replace the density
P}, in the cell Cj, by a convex combination of the values p, and p corresponding to p; and
pr, as computed in Section 3.1l More precisely, we compute d;, such that

ﬁadjd—i_pv(l_djd):p?da i.e. d]d:,\i\,

The reconstructed discontinuity is then located at 7;, = x;,_; /2 + d;, Az, guaranteeing mass
conservation.
If dj, € [0, 1], the numerical flux at the interface x;, /o is reconstructed as

AtE} o = min {Aty,, At} f(p) +max {At — At;,, 0} fa(pa) (4.1)

Jd

where
1—4d,,

min{V”, U(p?d—i-l)}

is the time needed by the discontinuity traveling at speed vy to reach the interface x;, 1 /o.

Az

Atjd =

10



tn+1

1 tn
n n n o n
a1 Cl, 2a Tia a1

Figure 4: Representation of the reconstruction algorithm (@.1])-(£2) at the downstream end-
point of the platoon.

The numerical flux at x = x;, /5 is computed as

2y = min { Do, _1), 8%(pa) } (4.2)

The idea of the above scheme is represented in Figure [l

If p} & [min{pa, p}, max{pa, p}|, we get d;, ¢ [0,1]. For example, due to the approxima-
tion introduced considering p; = p7,_; and p, = p 4, the discontinuity Z;, = x;, 1/2+d; JAx
does not coincide in general with 2]}, the actual position of the front of the platoon, even if
they travel at the same speed. In particular, it may happen that 2z} and z;, are not located
in the same cell, as depicted in FigH]

In this situation, we adopt the following strategy:

o if <

P%, = Pa P, — p|, ie. dj, > 1, we set p, = pjj and p’ = p, which corresponds to

d;d = 1; the corresponding numerical fluxes are then computed as
Fro 1o = min { D°(of, 1), () }

F? 15 =min {Do‘(p}ld), S(P}ZH)} ;

P}, = pl, ie. dj, <0, we take pf, = po and p' = p}l ; the numerical fluxes

o if |, = pal >
are then computed as
Fpi 1 = min { D°(05, 1), 5°(5a) }

Fl'\ /5 = min {D(p?d)a S(P?ﬁl)} 5

which takes into account the direction of propagation of the non-classical discontinuity and
corresponds to (ALI)-(E2) with pl,, p" in place of pq, p-

4.2 Back-end of the platoon

We apply the same approach adopted for the front of the platoon to the discontinuity arising
at the upstream endpoint of the platoon in the cell Cj, , corresponding to the Riemann
problem ([3.2)). We set p; = p} _; and p, = p}} ., and we compute

d]u:p;};vpva7
P~ Pa

11



tn+1

n tn
Ju—1
. - . tn+1
1 | 1
I \ I
. | 1
At]u ) \\ I
| ~ \ |
o\ P |
1 1 tn
n o n n n
Cr1 T O 2z CF

(b) Case V,;' < 0.

Figure 5: Representation of the reconstruction algorithm at the upstream endpoint of the
platoon.

where p, p, are given in Section
If dj, € [0,1] and V;;* > 0, the numerical flux at the interface z;, 11/ is reconstructed as

ALEL = min { AL, At} fo(pa) + max { At — At,, 0} £(5), (43)
where
Atj, = 1;;” Az,
and
F 1) = min {D(p?u—l)’ S(ﬁ)} ’
see Figure [5(a)

Instead, if V,;* < 0, we need to reconstruct the flux at the interface x = x;, _1/5: we define
AtF} )5 =min {At;,, At} f(p) + max {At — At;,,0} falpa),

where

is the time for the discontinuity to reach the interface x;, _1/5. Moreover, we set
FJZ+1/2 = min {Da@a)v SQ(P?uH)} )

see (B(b)).

In analogy with Section 2] when d;, ¢ [0, 1], we adapt the strategy as follows:

o if ,ie. dj, > 1, weset p' = p}! and p, = po and the corresponding

o = | < |, = pa
numerical fluxes are then computed as

F = min {D(pf, 1), (o)}

12



o if

o = | > |, = pa

FP 1y = min { D(pf.), S(p 1)} :

are then computed as

5 Numerical simulations

Fﬁ—1/2 = min {D(p?u_ﬂa S(ﬁ)} )

, ie. dj, <0, we take p' = p and py, = p} ; the numerical fluxes

F}ZL+1/2 = min {Da(p?u), Sa(/)?u-f-l)} .

In this section we report some numerical simulations of the previously described model. The
front-end and the back-end of the platoon will be first simulated separately. In the simulation

the space is discretized with Az = 0.001.

5.1 Front-end of the platoon

In the following, we set V =1, R=1, a = 0.5, V3 = 0.3, which gives pﬁa = 0.1750.

Time= 0.5

0.8r

Density
o
>

04r

0.2r

—©— Front of the platoon

Mean traffic density reconstruction

0.8

Density
o
>

0.4

02r

I

L L L L
0.2 0.4 0.6 0.8

Space

(a) case d1

Time= 0.5

1

—©— Front of the platoon

Mean traffic density reconstruction

. . .
0.2 0.4 0.6
Space

(c) case d3

L
0.8

Time= 0.5

0.8r

Density
<3
>

0.4r

0.2r

Mean traffic density reconstruction
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Figure 6: Density profile at the front of the platoon at time ¢ = 0.5 for different initial data.
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Case d1) We consider the Riemann type initial datum

0.15 if z < 0.5,
po(r) =

04 ifz>0.5.

Computing p, and p as in Section B}, (D1), we get po = p; = 0.15 and p = 0.1. In
Figure we can observe the non-classical shock followed by a classical one, which form the
solution.

Case d2) We consider a Riemann type initial datum

@ (015 if 2 < 0.5,
PO =N 065 ifz > 0.5.

This gives p = 0.65 and p, = p; = 0.29. The profile of the solution given a classical shock
followed by a non-classical one is depicted in Figure see also Section B.1] (D2).
Case d3) We now consider an initial density as

w - [0 if £ < 0.5,
xTr) =
po 05 ifz>0.5.

Figure illustrate the trend of the solution in this situation. According to Section B
(D3), we compute p = 0.1025 and p, = p& = 0.1750 and we get a rarefaction wave between
p1 and pq, followed by a non-classical and a classical shock.

Case d4) We now consider the initial density

w - [0 if £ < 0.5,
PO =N 06 itz >05.

With this initial datum, we obtain a rarefaction wave between p; and p = 0.2 and then a non-
classical shock to p = p, (see Section 31l (D4)), as shown in the simulation of Figure

5.2 Back-end of the platoon

In the following, we take V =1, R =1, a = 0.5, V,, = 0.2, corresponding to p?l =0.2.
Case ul) We consider the Riemann type initial datum

0.08 if x < 0.5,
po(r) =

0.2 ifz>0.5.

Then p = p; = 0.08 and p, = 0.0942, as explained in Section 3.2, (U1). We can observe the
non-classical shock followed by the classical one in Figure
Case u2) We consider the Riemann type initial datum

0.08 if x < 0.5,
po(r) =

04 ifz>0.5.

According to Section B2 (U2), we get p = 0.8 and p, = p, = 0.4, and the solution is
reported in Figure
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Figure 7: Density profile at the back-end of the platoon at time ¢t = 0.5 for different initial
data.

Case u3) We now consider as initial datum the case described in Section B2, (U3):

0.75
0.1

if x < 0.5,

pol@) = if 2> 0.5,

The solution is depicted in Figure We have a rarefaction wave between the value p; and
p = 0.6828, followed by the non-classical shock between p and p, = pg, and a rarefaction

wave to py.
Case u4)
An initial datum as in Section B2, (U4), is here given:

0.3
0.4

if £ < 0.5,

:C:
po(x) if 2> 0.5.

As depicted in Figure the solution presents a shock wave between p; and p = 0.8,
followed by the non-classical shock to p, = py.
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5.3 The complete platoon

Let us now consider the whole model, with the initial and ending points of the platoon. As
an example, we consider the following initial datum:

0.3 ifz<0.2,
po(z) =1¢04 if02<xz<0.5, (5.1)
0.5 if z>0.5.

The initial length of the platoon is L = 0.3, the initial point of the platoon moves with speed
V4 = 0.3 while the ending point has a lower speed V,, = 0.2, thus the platoon will change
its length during the simulation . For the final point of the platoon we are in the situation
described in Section B.2] (U4), see also Case u4) in Section 0.2, and we expect a shock to
appear with a value of the density equal to the computed p = 0.8. For the downstream
endpoint of the platoon, we are the situation of Section B.Il (D3), in which a rarefaction
wave followed by a shock appears. The simulation results are reported in Figure 8 [0

Time=0 Time= 0.2

Mean trafic density reconstruction
—&— Platoon

Mean traffic density
—&— Platoon

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Space Space
(a) (b)
Time= 0.5 Time=1
12 T T T 12 T T T -
[ Mean traffic density Mean traffic density reconstruction
‘+ Platoon —S— Platoon

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 8: Density profile at different times corresponding to the initial condition (G.1I).

6 Conclusion

In this paper, we introduced a model describing the dynamics of length varying platoons in
traffic low by means of a coupled PDE- ODE system with moving constraints. The flow
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0.2 0.4 0.6 0.8 1

0 0 0.2 0.4 0.6 0.8 1
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(a) Absolute density (b) Relative density

Figure 9: Space-time evolution of the solution to (ZI]) corresponding to the initial datum (5.1]):
plot (a) displays the absolute density values p(t,x) everywhere, plot (b) accounts for the
relative density p(t,z)/aR at the platoon location.

discontinuities corresponding to the initial and final points of the platoon are separately
studied and a finite volume numerical scheme sharply capturing the solution discontinuities
is proposed. Several test cases illustrate the effectiveness of the approach, showing that non-
classical discontinuities arising at platoon endpoints are sharply captured. As future work,
the speed and the length of the platoon will be taken as control variables and an optimal
control approach will be applied in order to mitigate congestion on the highway:.
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