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A product of invariant random permutations has the same small cycle
structure as uniform

Mohamed Slim Kammoun * Myléne Maida

October 9, 2019

Abstract

We use moment method to understand the cycle structure of the composition of independent invariant
permutations. We prove that under a good control on fixed points and cycles of length 2, the limiting
joint distribution of the number of small cycles is the same as in the uniform case i.e. for any positive
integer k, the number of cycles of length k converges to the Poisson distribution with parameter % and is
asymptotically independent of the number of cycles of length k' # k.

1 Introduction and main results

We denote by &,, the group of permutations of {1,...,n}, by # o the number of cycles of o of length k,
by # o the total number of cycles of o and by tr(o) := # 0.

The cycle structure of a permutation chosen uniformly among the symmetric group &,, is well understood
(see e.g. |Arratia, Tavaré, and Barbour, 2003] for detailed results). In particular, the following classical
result holds:

Theorem 1. [Arratia, Barbour, and Tavaré, 2000, Theorem 3.1] If oy, follows the uniform distribution on
&, then for any k > 1,

d
(1) (#10n7~'~7#k0n) mnk = (617527"'7616)7

where _)L) denotes the convergence in distribution, £1,&s,...&; are independent and the distribution of &4
n o

: : 1
is Poisson of parameter 3.

In this work, we question the universality class of this convergence. We show that a product of conjugation
invariant permutations that do not have too many fixed points and cycles of size 2 lies within this class.
More precisely, we have the following.

Theorem 2. Let m > 2. For1 </{ <m, let (Jﬁ)nzl be a sequence of random permutations such that for
anyn > 1, ol € &,. For any k > 1, let t} := #4([[72, 05,). Assume that
- (Hy) For anyn > 1, (ol,...,0%) are independent.

- Foranyn>1and1 <l <m, for any o € &,

(Hs) J_lafp 4 afl,

except maybe for one £ € {1,...,m}.
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- There exists 1 <1i < j < m such that for any k > 1,
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Then for any k > 1,
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This convergence has also been obtained by Mukherjee [2016] for a quite different class of permutations,
namely the permutations that are equicontinuous in both coordinates and converging as a permuton (see
Definitions in [Mukherjee, 2016]). Here, it is easy to check that for any 6§ € [0,1], the Ewens distribution
with parameter 6 satisfies the convergences required in Hs and Hy. Our result tells that the product of (at
least two) Ewens distributions behaves like a uniform permutation, as far as small cycles are concerned.

In our framework, in the case of two permutations, a weaker result can be obtained without any hypothesis
on the cycles of size 2.

Proposition 3. When m = 2, under Hy, Hy and Hs, we have convergence of the first moment i.e for any
v > 1,
1
. ny _ L
nh_)ngo E(ty) = 5
Note that when one of the permutations O'fl follows the uniform distribution, under Hy, the product also
follows the uniform distribution and Theorem 2 is a direct consequence of Theorem 1.
Our motivation to understand the cycle structure of random permutations is the relation, in the case of
conjugation invariant permutations, to the longest common subsequence (LCS) of two permutations. For
example, for m = 2, if o, !p, is conjugation invariant and

#(Uglpn) d
\6/ﬁ n—00

\

Then for any s € R,

P <LCS(Un7pn) - 2\/ﬁ
In
where F5 is the cumulative distribution function of the GUE Tracy-Widom distribution.

Another motivation comes from traffic distributions, a non-commutative probability theory introduced
by Male [2011] to understand the moments of permutation invariant random matrices. As shown in [Male,
2011], the limit in traffic distribution of uniform permutation matrices is trivial but Theorem 1 can be seen
as a second-order result in this framework. It is therefore natural to ask about limiting joint fluctuations
for the product of several permutation matrices, which is a really non-commutative case. To emphasize this
relation, we rewrite Theorem 2 as follows.

= 3) peeng PO

Corollary 4. Under Hy, Hy, H3 and Hy, for any k > 1, (tr(]_[?il ol)tr((TTy o)), .. ([T Jﬁ)’ﬂ)
converges in distribution to (&1,&1 + 2o, . .. s 2 d|k d€a), where §1,&2, ... are independent and the distribution
of &g is Poisson of parameter é.

The optimality of conditions Hs and H, will be discussed at the end of the paper.

Acknowledgements : The first author would like to acknowledge a useful discussion with Camille Male
about traffic distributions. This work is partially supported by the Labex CEMPI (ANR-11-LABX-0007-01).



2 Proof of results

We begin with a few preliminary remarks and simplifications.
First of all, the equivalence between Theorem 2 and Corollary 4 is due to the following classical argument.
For any 0 € &,,, if ¢;(0) denotes the length of the cycle of o containing i,

n n n
2) tr(0%) =3 Toriymi = D Lok = DD Leto)=j = 2 J #50
i=1 i=1 jlk =1 jlk
In the hypothesis Hs, we assume that one of the permutations, say o, may not have a conjugation
invariant distribution. In fact, it is enough to prove of Theorem 2 in the case where all permutations are
conjugation invariant. Indeed, if we choose 7, uniform and independent of the o-algebra generated by
(05)1<0<m, the cycle structure of [7%, of, is the same as

m m m
-1 V4 -1_1 -1 ¢ d, —1_1 V4
Tn <H Un) Tn = (Tn UnTn) H(Tn UnTn) = (Tn UnTn) H On
/=1 (=2 (=2

and (7, 'ol7,) is also conjugation invariant.

We will prove in full details the case m = 2 and indicate briefly at the end of the paper how to extend
the proof to a larger number of permutations. In the sequel, o} and o2 will be denoted respectively by o,
and py,.

2.1 Preliminary results

To prove Theorem 2, we will use the same objects introduced in [Kammoun, 2019, pages 12-13| where one
can get further details and examples. To a couple of permutations and a subset of p indices, we will associate
a set of 2p graphs. For technical reasons, we prefer working with o, !p, rather than o,p, : for any k > 1,
we define 7 := #,(0., ' pn). Under Hy, oy, 4 o, ! and consequently under Hy and Ho, Vk > 1 (t7, 45, ... ,t7)
and (¢, ..., %) have the same distribution.

Let us now recall the combinatorial objects we will use.

e We denote by G} the set of oriented simple graphs with vertices {1,2,...,n} and having exactly k
edges. Given g € G}, we denote by I, the set of its edges and by A, := [l(i,j)eEg]lgi,jgn its adjacency
matrix.

e A connected component of ¢ is called trivial if it does not have any edge and a vertex i of ¢ is called
isolated if E, does not contain any edge of the form (4, ) or (j,4) nor a loop (i,7). Let g € G}, we
denote by g the graph obtained from g after removing isolated vertices.

e We say that two oriented simple graphs g; and gy are isomorphic if one can obtain g, by changing the
labels of the vertices of g;. In particular, if gi, g2 € G} then g1, g2 are isomorphic if and only if there
exists a permutation matrix o such that A, 0 = 0cA,,.

e Let R be the equivalence relation such that g1 Rge if g1 and gy are isomorphic. We denote by Gy ==
Un>1GY /R the set of equivalence classes of U,>1G} for the relation R.

Let n € N* and 0,p € &,,. Let m € {1,...,n} be fixed.

e We denote by (i{*(o,p) = m,i5' (o, P)s- i (0.)(0:p)) the cycle of o~ o p containing m, so that
km (0, p) := cm(0Lop) is the length of this cycle. For i < kp, (o, p), we define ji™(a, p) := p(i7*(o, p)). In
particular, {*(o,p),i5" (0, p), ... sir (0. (05p) are  pairwise distinct and 37 (o, p), 35 (0, p)s ey
jlz,;(cr, p)(a, p) are pairwise distinct. For sake of simplicity, when it is clear, we will use the notations
Erm,, i and j* instead of ky, (o, p), i]* (o, p) and 5" (o, p).



e We denote by Gi"(a,p) € G}, and G§'(0, p) € G} the graphs with vertices {1,...,n} such that
km—1 km

Eg{"(w) = {(zgn,jg;)}u ( zU {(iﬁpﬂn)}) and Egm U{ i ")
=1

and by g, the graph such that A, = o. By construction, for any positive integer m < n, G*(o, p)
(resp. G3'(o,p)) is a sub-graph of g, (resp. g,). Moreover, we want to emphasize that Gi"(o, p) and
G5 (o, p) have the same set of non-isolated vertices.

For i € {1,2}, let G"(0, p) be the equivalence class of G™(a, p).
e Let [ = (s1,82,...,5) aset of distinct indices of {1,...,n}. We denote by
g1(07 ,0) = (gfl (07 ,0), 951 (Uv p)? gfz (07 p)? RR) gfl (07 ,0), gsl (Ua p))

and

G'(0,p) = (G{'(0,p), G5 (0,9), G2 (0, p), ..., G} (0, p), G5! (0, p)).

e Fori e {1,2}, let g{l’z’ ? }(O', p) be the graph such that E ue.. K
727"'7k}( Z

= U}, Ege(, . and gAi{l’z"“’k}(a, p)

o,p) i(U,p)

be the equivalence class of Ql{l a,p).

Using the conjugation invariance and the relation (2), Theorem 2 is equivalent to the following: under
the same hypotheses, for any vy, v9,v3,...,v5 > 1,

(*) im S WP (G0 (0 00) = (1,600 820 08)) = Corosnins

n—00 R
90,9/€G0;, 1<i<k

where Cy, v,,... v, 15 @ constant independent of the laws of the permutations. Note that, for any v; > 1, @Ui
and therefore the number of terms of the sum is finite.
For example, if we take P(z) = x2

n 2 n
E(P (f?)> =E ((; ]lci(alop)=1> > :;E( ci(o~top)= )+ZE( ci(oc=top) 1]lcj(a lop)= 1)

i#]
=nkE (]101(0710p):1> + (n2 - n)E (]lcl(aflop)zl]lcg(aflop)zl)
— C1+C11=14+1=2
n—00

, we have

Similarly, if we take P(x,%y) = zy, we obtain E(P(f},1%)) % Cio=01 =1
n—oo

Before getting into the proof of (*), let us gather some useful combinatorial and then probabilistic results.

Lemma 5. [Kammoun, 2019, Lemma 15] If my € {i;"*,1 < 1 < ky, }, then G (0,p) = G{"*(0,p) and
Gy (o,p) = G3" (0, p).

Lemma 6. For any m < n, for any permutation o,p € Sy,

km(p,0) = km(0, p),
3" (P, o) = Jir (o.p)—t41(03P)s ¥ m(0,p),
Zgl(p70-) Z:nm(op 5—1—2(0-7 ) g_ m Uap)a
i1'(p,0) = i1"(0, p) = m,

T
Ag{n(mp) Agp(m)(p—1 1)



Lemma 7. If all non trivial connected components of G**(o,p) and G5 (o, p) have 2 vertices then both
G1" (0, p) and G5 (0, p) have no 2-cycles .

Proof. Using the symmetries of the problem (Lemmas 5 and 6), it suffices to prove that if all non trivial
connected components of G (¢, p) and G4 (0, p) have 2 vertices then it is impossible to have at the same time
(1,2) € Gi(o,p) and (2,1) € Gi(a,p). To simplify notations, let ki := ki(c, p) = c1(o7 L o p), il = il(o, p)
and ]g = jg(o-’ p).

Let A = {n > 1;j; € {i1,4b,...,45 1} or iy, € {ji,j3,...,Jp_1}}. Suppose that (1,2) € Gi(0,p) and
(2,1) € Gi(0,p) then k; > 2 and there exists a unique 1 < | < k; such that i} = 2 and j} = 1 so that
A is non-empty. Let ¢ := inf(A) > 2. Assume that ¢ > 2. If j, € {i},i3,...,i}_,}, then there exists
¢" < ¢ such that j}, = i}, and since the component of Gi(o,p) containing i}, has two vertices and by
definition (i}, j}) and (i}, j},) are two edges of Gi(o,p), then jj = i},. Since (i}y,55 1) = (b, dp )
and (ij 4, jjn) are edges of Gi(o, p) and since Gf(c, p) has only connected components of size 2, we have
necessarily if, = J#_4. One can check easily that ¢/ < ¢ — 2 otherwise either Gi (o, p) or Gi(o,p) has a
loop. Indeed, if ¢ = ¢' — 2, then (ijn_ 1, jpni1) = (Gp_1,Jinsr) = (p_1.J4_1) is an edge of G3(o, p) and if
0" =/{ —1, then (i%,,+1,jl},,) = (jb_1,9t) = (b _1,dp_) is an edge of G{ (o, p). This implies that ¢ —1 € A,
which is absurd. z%, e {jt, i ..., jl},_l} can be treated using the same techniques and one can extend easily
to £ = 2. O

We now introduce the following notation : given g € G}, we denote by
6n,g = {J € 6n7V(Z,j) € Egva(i) = ]}

In other words, &,, 4 is the set of permutations o such that g is a sub-graph of g,. It is not difficult to prove
the two following lemmas.

Lemma 8. Let g1,9},92,--.,9} € UG} and let g, g’ be such that E, = U§_ | Ey, and E, = U?:lEg’-' Assume
that there exists p,o such that
g{1,27...7k}(0_’ P) = (917 g&v g2, - .- 79];)

Then for any random permutation py,, o,

k
P <m{0n € Gn,gia Pn € 6n7g;}> =P (g{172"”7k}(0n7 pn) = (917937 g2, .. 79]2))
i=1

=P (gi{1727m7k}(0n7 pn) =9, g2{1,2,...,k}(0m pn) = g/) .

Proof. We will only prove the first equality. The second one can be obtained using the same argument.
Let o', p be two permutations. We have seen that G5*(o’, p') is a subset of g, so that

ggn(o'/,p/) = g;’n = ,0, € 6n,g;na
and that GJ"*(0’, p’) is a subset of g,/, so that
G (o', p) =gm =0’ € Sngm-

Consequently,

k
P (G2 * (o0, pn) = (91,01, 92, -, 0k)) <P (ﬂ{an € GpygirPn € Gn,g;}> :

i=1

Now suppose that there exists p’, o’ such that

glh2=M (o', ) = (91,91, 92, Gh)-



Let o, p such that o € N}, &, ,, and p € ﬂfﬂ@n’ng_. By definition and by iteration on ¢, one can check that
for any ¢/ < k, i, (o', o) = il(0, p) and ji,(o’, p') = jh (o, p). Consequently,

G2 (0, p) = (91,91, 92, 91).

Finally we obtain

k
P (g{l,z...,k}(gn,pn) = (91,91, 92, ,g;)) >P (ﬂ{an € Gnygspn € 6n794}> .
i=1

O

Lemma 9. [Kammoun, 2019, Lemma 16] Let gi,92 € G}. Assume that there exists p € &, such that
Ag,p = pAg,. If p has a fized point on any non-trivial connected component of g1, then &, g NSy g, =0 or

Agl = Agz .

Lemma 10. For any graph g € G} having f loops, p non-trivial connected components and v non-isolated
vertices, for any random permutation o, with conjugation invariant distribution on G,

P(o,(1) =1,...,00(f) = f) _ 1 |
(D —p)! ST —p)

Proof. Tt is an adaptation of the proof of [Kammoun, 2019, Corollary 17]. By conjugation invariance, one
can suppose without loss of generality that the loops of g are (1,1),(2,2),... (f, f) and the set of non isolated
vertices of g are {1,2,...,v}.

If there exist 4, j, I, with j # [ such that {(¢, ) U (i,1)} C Eq or {(j,9)U(l,%)} C E, then &, 4 = 0. Therefore,
if 6,4 # 0, then non-trivial connected components of g having w vertices are either cycles of length w or
isomorphic to g,,, where Ag = [Lj—iy1]1<ij<w-

Let g € G} such that &,, 4 # (. Fix p vertices 1 = 1,29 = 2,...,2¢ = f,&¢4+1,..., 2, each belonging to a
different non-trivial connected components of g. Let x,411 < 2p12 < -+ < z, be such that {xpq1,...,2,} =
{1,2,...,v} \ {z1,... 2p} be the other non-isolated vertices. Let

Plon, € 6, 4) <

F ={(yi)p+t1<i<v;¥i € {1,2,...,n} \ {z1,... 2y} pairwise distinct}.

Given y = (¥i)p+1<i<o € F, we denote by g, € G} the graph isomorphic to g obtained by fixing the labels

of x1,22,...,2, and by changing the labels of x; by y; for p +1 < ¢ < v. Since non trivial connected
components of g of length w are either cycles or isomorphic to g, if y # 3y € F, then g, # g, and
by Lemma 9, &, 4, N 6n,gy, = (). Since o, is conjugation invariant, we have P(o, € &, 4,) = P(o, €

GH,gy,) = P(0o,, € G,,4). Remark also that for any y € F and any ¢« < f, (4,i) is a loop of g,. Thus,
Snyg, C{o€6,;Vi < f,0,(i) =i} and thus

 YyerPlon € Gny,)  Plon € UyerGny,)  Plon(l) =1,...,00(f) = f)
B(on € Gng) = =45 card(F) "= Caréj(F) s (") (v —p)!

v=p

O

Lemma 11. Let o, be a random permutation with conjugation invariant distribution on &, such that, for

k
any k> 1, lim, o E ((%) ) = 0. Then, for any f > 1,



Lemma 12. For any p > 1, let g be a graph with p non trivial components each having 2 vertices. Assume
that at least one of these components is a cycle. Then for any random permutation o, with conjugation
mwvariant distribution on G,

P(ci(os) = 2)
n—py | :
( D )p
Proof. Remark that by conjugation invariance, one can suppose without loss of generality that the set of
non isolated vertices of g are {1,2,...,2p} and that (1,2),(2,1) € E;. Using the same definitions as the
previous proof with f = 0 and v = 2p and by choosing 1 = 1, we have &, 4, C {0 € &,;c1(0) = 2}. Thus,
_ Yyer P(on € Gny,) Plon € UyerGng,)  Pla(on) =2) Plei(on) =2)

P(on € Gny) = card(F) - card(F) = card(F) B (",")p!

Plop € 6y 9) <

O

By the previous combinatorial lemmas, we get that the main contribution will come from the following
subset of graphs. Let 7;* C G} be the set of graphs g having exactly k non trivial component each having
one edge and two vertices.

For cxample, 79 = {@” O102010201020102010x @}. Let 7. be the

equivalence class of the graphs of U, 7;".

Their contribution is as follows.

Lemma 13. For anyp > 1, n > 2p and any graph g € 1", for any random permutation o, with conjugation
inwvariant distribution on G,

1 PP ey - 1
e (1 5t P = 1) < Plon € @) <

Proof. The upper bound is due to Lemma 10 with v = 2p. Using the conjugation invariance, one can suppose
without loss of generality that E, = {(1,41),(2,i2),...,(p,ip)} where i; > p are all distinct. Let

&P ={o€6,,Vi<p,o(i) > p}

Remark that P(o, € &, 4l0, € 6, \ &) = 0. If P(o, € &2) = 0, then necessarily by conjugation
invariance, 1 — % —pP(o,(1) =1) <0.

Suppose now that P(c, € &) # 0. We obtain P(o,, € &, 4) = P(0y, € &, 4|0, € &8)P(0, € &). Using
again the conjugation invariance, we obtain

P(Un S 6n,g‘0n € 6%) =
and
P(o, € &) =1—-P(o, € 6, \ &)
p
> 1= P(on(i) <p)
i=1

)+ LR = D)D)

n

=1-p (]P’(an(l) =1

2 _
> 12—~ pP(on(1) = 1).




2.2 Proof of Proposition 3

Proof. We will adapt the proof of [Kammoun, 2019, Lemma 14|. Let v; > 1 be fixed. In the case k = 1,
since Cy = 1, (*) holds if we have:

o . . o Cy s 1
Yi1,92 € Gy PG 0m p0), o (0mpa) = (01,02 = 22 40 (1) and Y Gp=Gi=1
gl7§2€Gv1

Let 1,00 € le be two unlabeled graphs having respectively p; and ps connected components and v < 2w
vertices. We denote by

Pn(1,92) == P((gAll(Jmpn)v G%(Unvpn)) = (91,92))-
Let Bf ;, be the set of couples (91,92) € (G}, )2 having the same non-isolated vertices such that 1 is a

non—lsolated Vertex of both graphs and, for i € {1,2}, the equivalence class of g; is §; and there exists o, p
such that Gi (o, p) = g1 and Gi (o, p) = go. By Lemma 8 and Hy, we have

pn(§17g2) = Z P((g%(ampn%g%(ampn)) = (91792))
(g1,gz)€Bg1 2
(3) = Z P(oy, € SngrsPn € Gnyg,) = Z P(oy, € Gn,gl)P(Pn € Gng)
(91.92)€By, ;. (91.92)€B} o,

Starting from (3), we now distinguish different cases, depending on the structure of §; and gs.

e Case 1: ¢ and go have respectively f; and f2 loops i.e edges of type (i,4) with f; + fo > 0. Then
2p1 — f1 <wv and 2py — fo <w. Consequently, by Lemmas 10 and 11,

o *f1 f2 1 1
Pn(91,92) = O(n ) 2 G2 (v —p1)! (0222) (v — p2)!

n — . —
(91,92)€ By 4, VTP v—pa

B card(Bg, 5,) ) (n*fl fz)
(op) (0 = P! (G50 (v = p2)
n—1y, 2 ( i f2)
violn
(U—l) B nv—l—(v—p1+v—p2)0 (n fi— fZ)

< -
T o) =P (52 (v = p2)!

=o(n™1).

v

e Case 2: g1 and g2 do not contain any loop, so that p; < § and pa < 5. Then, again by Lemma 10,

1 1
pn(g17g2) S — _
<g1792>z€;9” ,, Lomp) 0 = PO (50 (v = o)t
- Cafd(B;i 32)
G @ =PI () (@ —p2)
(pop)vt?

S — — = O n”_l—(v—PH'v—m) .
(op) (v =p)!I(-P2) (v — p2)! ( )

Therefore, if p1 < 5, as p1 < ”%1 we have



The same holds if po < 5 and the only remaining terms are the cases when p; = § = vy and p2 = § = v1.
In this case, both graphs have necessarily connected components having two Vertlces By Lemma 7,
we obtain that the only non trivial contribution comes from §; = g2 = 7,,. By Lemma 13, we obtain

card(BQU Au> 1 L Card(B% = )
(op) (v =P P2) (v — p2)! <1 ¢ (5)) =T To) < Gop) (@ =) (v = p2)t

v—p1 v—p1 v—p2

Moreover, each element of BX - can be characterized by a choice of i3, i, ... i},l, gt ... j},l pairwise

vy vy

distincts in {2,3,...,n}, so that

n—1
y |
card( » 'U1> = (201 1) (201 — 1)L

Since v = 2p; = 2ps = 201, we get that

pn(Tor . Toy) = 1+oll)
n
Summarizing all cases, we get that Cj, 5, = 0 unless g1 = g2 = ﬁ in which case Cﬁ T = =1
O
2.3 Proof of Theorem 2
The proof of Theorem 2 is similar to that of Proposition 3. Instead of studying G}, we study gi{l’z""”“}.

We will prove using the same argument that only the event {O’, p; Vi € {1,2}, Qi{l’Z""’k}(U, p) € Upzﬂ;”} will
contribute to the limit.

Proof of Theorem 2 in the case m = 2. Let v=(v1,va,...v}) be fixed. If Vi < k,c;(c7!p) = v;, then
1,2,....k} 1,2,....k A
6" Mo p). 6" o e U Gy
pSZf:I Uk

Since U < G, is finite, it is sufficient to prove that for any pair g1,92 € U <3 v G having the

same number of non-isolated vertices, there exists a constant Cj, 4, such that under the assumptions of
Theorem 2,

, . o Cor ooy 1
P (612 o, ), 652 0, ) = (51,62) 1 Ay) = T2 o (=)

nk
where Ay = {Vi < k,c;(0;, 1 pn) = vi}.

Let 1,92 € U <y G be two unlabeled graphs having respectively p; and ps connected components

and v vertices. Let B;Ll‘;z be the set of couples (g1, g2) with n vertices, having the same non-isolated vertices
such that

- 1,2,...,k are non-isolated vertices of both graphs,
- for i € {1,2}, the equivalence class of g; is g,

- there exists o, p such that for i € {1,2}, Qi{l’2""k}(0, p) = g; and c;(c71p) = v;.



As before, we denote by
P (i1, 30) =P (G2 (00, pa), G315 (00, pn)) = (91,30) N Ay )

and we have

A A 3 7---7k ER 7
Prv(G1.G2) = Y PG> (0, p0), G52 (0, pn)) = (91, 92))
(91792)6331"92
= P(0y, € Gpgys pn € Gnygy) = > P(0y, € G )P(pn € G gy)-
(g91,92)€ B;lem (g91,92)€ B;IVQQ

Starting from there, we distinguish different cases:

e Case 1: ¢ and gy have respectively fi and fo loops i.e edges of type (i,7) with f; + fo > 0. Then
2p1 — f1 <wv and 2py — fo < w. Consequently, by Lemmas 10 and 11,

card(B."". ) —hi-fs
pn,v(g17g2) = Tn= 21792 0 (n 2 )
(op) (0 =PI (G250 (v = p2)!

teor)

<
T o) =P (G5 (v = p2)!

— pv—k—(v=pitv—p2) <n =3 fz) = O(H_k).

v

e Case 2: g1 and g2 do not contain any loop. Then p; < § and py < 5. Consequently,

Pnv(G1,92) < card(By, 5,)
7 TG =p)I(G202) (v — p2)!
oyl

< o —
(o) (W = p)NEZP2) (0 — p2))!
< Cnv—k—(v—pﬁrv—pz)‘

Therefore, if py < § or pp < § then p,v(g1,92) = o(n_k). The only remaining terms are the cases
when p; = § and p = 5. In this case, both graphs have necessarily only connected components having
two vertices. Assume that one of the two graphs has a cycle. Then, by Lemma 12, we have
A P(ci(on) = 2) + P =2
pnling) < Y (Pci(on) = 2) +Pler(pn) = 2))

nTp — | (M—P2 _ )
(91.92)€B7Y, (v_pl)(’u Pl)-(v_pz)(v p2)!

< O(P(er(on) = 2) +P(er(pn) = 2))n "

Under Hy, we have P(ci(0,,) = 2) +P(c1(pn) = 2)) = o(1) so that py,.v(91,92) = o(n~F) as soon as one
of the graph has a cycle.

As before, the only non-trivial contributions come from the cases when §; = §o = ’/7\;, for some
p < 3F | v; and by Lemma 13, we obtain

Card(B 27 ) Card(BQ’VA )
To Ty 1—0 (1)) <puy (T.7) < To: Ty .
(o b)) (v = p)!(52E2) (v — p2)! ( (”)) <pov (T T2) < (op) (v =p)!(2E2) (v — p2)!

One can conclude since, for any n > 2p,

n,v vV —k
C&I‘d(B@’ﬁ)) = Card(B%’@> (27; B k:)

10



and consequently, for any p < Zle v,

card ( g?’l)

Py /P

Cﬁﬁihv - (2p — ]{7)'

)

and Cjy, g, v = 0, as soon as (g1, 92) ¢ {(ﬁ,ﬁ),p <k, ’U,-} . As the constants Cj, 5, do not depend on
the distributions of ¢,, and p,, this concludes the proof of Theorem 2 in the case of two permutations. O

To extend to m > 2, we will proceed by induction on the number m of permutations. Our main argument

is the following lemma.

Lemma 14. Let (ol)p>1,(02)n>1  be two  sequences
for anyn > 1, ol 0% € &,,. Assume that

- For anyn > 1, ol and 02 are independent.

- For anyn >1 and ¢ € {1,2}, for any o0 € &,,,

- Forany k> 1,

Then,

(4) lim E <(M>k> =0 and lim

n—00 \/ﬁ n—0o0

of

random  permutations

E(#2(05,03))

n

= 0.

such  that

Proof. We will only give a sketch of the proof. The idea is to repeat the same study as in the case m = 2 in

the two particular quantities.

e Take k> 1 and vy =vs = --- = v; = 1. One can show that, under the hypotheses of Lemma 14,

. k_ » o
nh_}H;O Z n?2 P(g{1727---7k}(0-}v 0'721) — (917 g:,b 92, .

Gi,9,€G1, 1<i<k

This leads to the first limit in (4).

e Take k =1 and v; = 2. One can show that, under the hypotheses of Lemma 14,

Vg1, G2 € @27nli_?gop((g%(ffi,0’%),@21(071”0’%)) = (g1,92))) = 0.

This leads to the second limit in (4).

11

-9x)) =0.



3 Further discussion

In this last section, we make a few remarks on the optimality of the assumptions Hs and H4 in Theorem 2.
We assume hereafter that H; and Hs hold true and consider for the sake of clarity the case m = 2.

e The assumption Hj is optimal in the sense that if
lim inf ™% min(E((#1 0)"), E((#1 pn)¥)) = 5 > 0,
then
lim inf E((#1(000))") > E(&F) + 3.

Indeed, going back to the equation (*), one can see that in the case vi = vy =,-+- = v = 1, if § is
the class of the graph with adjacency matrix Idy the event {(g11’2""’k (Ony pn), g21’2""”f(an, o)) = (3,9)}
will contribute to the limit, leading to the term E%.

e Similarly Hy is optimal in the sense that if

lim inf (min(E(#2 on), E(#2 Pn))) — >0

n—00 n

then,
lim inf E ((#1(0npn))*) > 2+

Indeed, as above, in the case vi = vy = 1, if §’ is the class of the graph with adjacency matrix
(94), the event {(911’2""’k(0n,pn), Q%’z"“’k(an,pn)) = (¢,¢")} will contribute to the limit.

e Assume now that one of the bounds in Hj is not satisfied. More precisely, assume that there exists
k > 1 such that .
.. _k Ey
hnrr_1>1£fn 2E((#100)") =€, > 0,
or

lim inf E(#2 o) =& >0.
n—00 n

Then, by similar arguments, one can check that the convergences

. —k ky _ . E(#2pn) _
Vk > 1,nh_>r{)10n 2E((#1p0)°) =0 and nh_)rroloT =0
are a necessary condition to obtain (1) and that the convergences
E n
Vk > 1, lim n_gE((#l pn)k) =0, limsupn_gE((#l on)¥) < oo and lim @ =0
n—00 n—00 n—00

are a sufficient condition to obtain (1).
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