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TIME OPTIMAL OBSERVABILITY FOR GRUSHIN SCHRODINGER
EQUATION

NICOLAS BURQ AND CHENMIN SUN

ABSTRACT. We consider two dimensional Grushin Schrédinger equation posed on a finite cylin-
der Q = (-1,1), x T, with Dirichlet boundary condition. We obtain the sharp observability
by any horizontal strip, with the optimal time T, > 0 depending on the size of the strip. Con-
sequently, we prove the exact controllability for Grushin Schrédinger equation. By exploiting
the concentration of eigenfunctions of harmonic oscillator at x = 0, we also show that the
observability fails for any T < T.

1. INTRODUCTION

1.1. Motivation. In this article we are interested in the observation and control for a sub-
elliptic Schrodinger equation on a finite cylinder. Observability for linear evolution PDEs has
been extensively studied in the past decades. These studies aim to observe solutions of PDEs

U — LU =0, U= ="U (1.1)

in a small region w (control region) by spending some time. More precisely, it concerns an
inequality of the type

IUO)1x < Cr / LU (). (1.2)

If (T2) holds uniformly with respect to the initial data U(0) in some Hilbert space X, then we
say that the observability of the equation (LI]) from (0,7") X w is true. There are two aspects.
Firstly, observability is a quantitative version of the unique continuation property. The question
of observability from (0,7") x w can be reformulated as: can sequences of solutions of (L.T))
concentrate on sets which do not intersect with (0,7") x w? Secondly, it is equivalent to the null
controllability (and hence for reversible systems to the exact controlability) of the dual equation
of (LI)(see |Li8Y]). For hyperbolic PDEs, the observability can be obtained effectively by the
theorem of propagation of singularities. In particular, for the wave equation, it is well-known
that (see [BLRO2|,[BG96]) the observability is equivalent to the so called geometric control
condition, which says that all the trajectories of the generalized geodesic flow will enter the
control region before some prescribed time 7" > 0. Moreover, one cannot observe the waves
before this geometric time 7.

For Schrodinger equation

10u+ Au=0
1
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on manifolds (with or without boundaries), due to the dispersion, or infinite propagation speed,
it was shown by Lebeau ([Le92]) that the observability holds true for arbitrary short time T,
provided that the control region w satisfies the geometric control condition. This geometric
restriction on w is not necessary in general. It turns out that the stability(instability) of the
geodesic flow of the underlying manifold plays an important role for the concentration of so-
lutions of Schrédinger equation. It was shown in [Ja90],[BZ12],[BBZ13|,[AM14],[ALMI16],[.Ji17]
that for any 7" > 0 and any non-empty open set w, the observability of Schrédinger equation
from (0,7) x w is true, if the underlying manifolds are torus, disk or hyperbolic surfaces. In this
article, in some sense, we change dramatically the geometry of the underlying manifold, and are
interested in the observability problem for the Schrédinger equation in a hypoelliptic geometry.
For our model example, a mixed feature of propagation and dispersion will be revealed, which
will crucially influence the validity of the observability, leading to a unique example for which
observability and control hold for the Schrodinger equation while it is violated for the heat
equation [KolT7].

1.2. Grushin Schrédinger equation. Denote by T := R/(27Z) the one-dimensional torus.
We consider the following Grushin Schrédinger equation on a finite cylinder Q = (—1,1), x T,
with Dirichlet boundary condition:

0+ Agu =0, (t,x,y) € R x Q

uli=o = ug € L*(Q), (1.3)

Ulp=t1 =0
where the Grushin Laplace operator is defined as Ag = 92 4 2*0;, together with domain
D(Ag) :=={u € D'(Q) : P2u,2*02u € L*(Q) and u |so= 0}
The mass
ey = [ e .9) oy

and the energy

[l i) = /Q(I(‘ZCU(W,y)l2 + [wdyu(t, @, y)|*)dedy (1.4)

are conserved along the flow.

The equation ([IL3]) can be solved by first taking the Fourier transformation in y variable, and
then solving the spectral problem of 1D harmonic oscillator. More precisely, for fixed n € Z,
we denote by ¢, ,(z) be the m-th eigenfunction of the operator L, = —d? + n?z? with the
domain D(L,) = H*((—1,1)) N Hy((—1,1)), associated with eigenvalues A2, ,. We expand the
initial data ug(z,y) as

U(](.CL’, y) = Z Z am,n(pm,n(x)einyv

m=0 neZ
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hence, the solution of (I3]) is given by

o0

(eltAGuo)(t, ‘/E’ y) = Z Z a/myne_ztkzn,ngpm’n(x)ezny

m=0 neZ

In particular,

o Spec(—Ag) ={X\2,, :meN,nelZ}

e Eigenfunctions of —Ag are

By (2, Y) = ()™,
A classical question in control theory is whether, given a non-empty open set w and time

Ty > 0, for ug € L*(Q), there exists a control f € L*((0,7) x w) such that the solution of (1.1)
satisfies u|y>1, = 0.

Control and observation problem for the degenerate parabolic equation has attracted lots of
attentions in these years. Many results have been obtained, yet, the picture is far from been
completed. For the parabolic Grushin equation

ou — Agu = 0,

it turns out that there exists a minimal time 7% > 0 for the observability, if w does not touch
the line = 0 on which Ag is degenerate (see [BCG14]). It was also shown in [Kol7] that
the observability is untrue, if w does not intersect a horizontal strip. Though governed by
different mechanism, we present a time-optimal control and observation result for the Grushin
Schrodinger equation, as a counterpart of the mentioned degenerate parabolic equations.

1.3. Main results. In this article, we consider the horizontal control domain w of the form
(—1,1), x I, where I C T is a finite union of intervals. For such w, we define the quantity £(w)
to be the length of the largest interval in Q\ w N {z = 0}:

L(w) :=sup{s: Jy1,y2 € T such that disty(y1,y2) = s, and [(0,41), (0,y2)] Nw = 0}.

We show that if Ty > L(w), the observability is true:
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Theorem 1. Let w be a horizontal strip of Q and assume that Ty > L(w). Then there exists
Cr, > 0, such that for any solution u to (L3) with initial data uy € L*(S2), the observability

To
luol20) < Cry / ()2 (1.5)
0
holds true.

Consequently, by the standard HUM method (]JLi88], see for example [BZ12] in the context
of Schrédinger equation), we obtain the following exact controllability:

Theorem 2. Assume that Ty > L(w), then for any ug € L*(), there exists g € L*((0,Ty) X w),
such that the solution of the equation

0w+ Aqu = 1,9, uli=0 = uo

satisfies u(Ty,-) = 0.

Our next result shows that Ty > L(w) is also necessary for the observability. This will be
done by constructing examples which contradicts the observability, if Ty < L£(w). The precise
statement is as follows:

Theorem 3. Assume that Ty < L(w), then there exists a sequence (ugo) C L*(2), such that
To )
urollz2) =1, and ]}1_{1010/0 ||e”AGuk70H%2(w)dt =0.

The observability for Schrodinger equation is related to the long-time behaviour of the semi-
classical Schrodinger equation. Starting from initial data oscillating at space frequency of order
h~!, a simple time rescalling gives

10+ Au = 0 < ihd,v + h*Av = 0,v(s, ) = u(hs, z).

If the geometric control condition is fullfilled, the concentration outside w cannot occur
beyond the semi-classical time scale s ~ 1. This in turn tells us ¢ ~ h, which is responsible
for the short time observability result of Lebeau [Le92]. In the instable cases (torus, disk), we
can see dispersion by understanding propagation beyond the semi-classical time scale s ~ eh ™1,
€ < 1, and this is responsible for the observability results in [BZ12] [AM14],[ALM16] at the
classical time scale €. To the best of our knowledge, Theorem [ is the first result for the
Schrodinger type equations where we can track dispersion all the way up to the exact semi-
classical time scale s = £(w)h™!.

Remark 1.1. The method we used in the proof of Theorem 2 Theorem and Theorem [3]
would allow one to obtain similar results for more general hypoelliptic operator of the form

P =0+ V(x)aj,
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where V(z) € C*(]—1, 1]), satisfying
V(z) >0, ifz#0, V(z)~a*V'(x)~z,V'(x)~1,2—0.
A typical example is V(z) = sin?(7z).

Remark 1.2. Though the control domain w we considered here is horizontal strips, with a
little effort, one can prove the exact controllability with the same time threshold Ty > L(w),
when w contains a horizontal strip. Moreover, from the concentration of the first eigenfunction
of the semi-classical harmonic oscillator —9? +n?z?, the exact controllability is untrue, for any
T >0, if Q\ w contains a neighborhood of the degenerate line {x = 0}. It would be interesting
to know whether the time-optimal observability (exact controllability) is true, if w is only a
neighborhood of some verticle interval [(0,y1), (0, y2)].

Y

|

S

oM
8
8

S

Remark 1.3. It has been shown recently (see [Let20]) that subelliptic wave equations are never
observable. Though the non-observability in [Let20] is proved for the general sub-Riemannian
setting, in the special case of the Grushin-wave equation, it is possible to provide a more
straightforward proof. As a comparison to the wave-type equation, in Appendix, we present a
direct proof of Theorem 1 in [Let20] for the Grushin-wave equation.

Acknwoledgement. The first author is supported by Institut Universitaire de France and
ANR grant ISDEEC, ANR-16-CE40-0013, and the second author is supported by ANR grant
ODA (ANR-18-CE40- 0020-01). The problem considered here was inspired by a talk of Armand
Koenig. The authors would like to thank Richard Lascar, for his interest, especially for pointing
out the reference [Mel]. We are grateful to Fabricio Macia for a discussion while the second
author attended the Journées EDPist 2019, Obernai.

2. REFORMULATION OF THE PROBLEM AND OUTLINE OF THE PROOFS

Assume that w = (—1,1), x UN_, (¢, d,), where (cy, dy) are disjoint intervals of T. For ag > 0,
define the smooth function ¢ € C°°(T) by

1if y € (¢j,d;) and dist(y, Cj;df) < \da;le — ag

(2.1)
0 otherwise .

o) = Y 0s(y). where 6,y) = {
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Since Ty > L(w), for
ap < min {|dy — c|/2, (To — L(w))/2;k=1,2--- N},

+ . Hence we reformulate Theorem [I] as follows:

we denote by ag = @

Theorem 4. Assume that T > ag, then for any uy € L*(Q), we have
T .
ool < Cran | 16016 0l ot 2.2)

Throughout this article, we will use the standard notation D, = %83,, D, = %&E.

1. Outline of the non-observability for 7, < L(w). Unlike the classical Schrodinger
equation, the Grushin-Schrédinger equation exhibits the features of both wave equation and
dispersive equations. To understand the heuristics, consider Grushin-Schrodinger equation
posed on (z,y) € R?:

10,u + Agu = 0.

The solution formula can be written explicitly

) = = 3 [ T ) (i 23

where h,,(z) is the m-th Hermite function, eigenfunction of the harmonic oscillator —9? + 2.
As explained in [GG12], there exists an orthogonal decomposition

LR = &1 @y Vi,  Acglyz: = +i(2m +1)9,,
hence (Z3]) can be viewed as a coupled system of transport equations:
i(0; & (2m + 1)0,)u = 0.

The m-th wave u propagates on the vertical direction of velocity 2m+1. Actually, the bottom
spectral portion m = 0 is responsible for the restriction To > L(w) for the observability. For
larger m, the propagation speed of the portion u® is larger, and this can be interpreted as
“dispersion”. In the section 9, we will construct concrete example to disprove the observability
inequality if 7y < L(w). Unlike the equation (23]) posed on the whole space, we have no
explicit formula for the first eigenfunction of the semi-classical harmonic oscillator —9? + n%z?
with Dirichlet boundary condition. The construction is then based on the careful quantitative
analysis of the first eigenvalue and eigenfunction of the semi-classical harmonic oscillator.
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2.2. Outline of the proof of Observability if 7, > L(w). For simplicity, we shall first
study the case where there is a single band in w®, and by translation in y we can assume that
w® = (—1,1), x (—a,a), hence L(w) = 2a, and ay € (a,Tp/2). Assume that » € C°(R; [0, 1])
such that 1 1

P(¢Q) =1, if§§|(|§2andw(<)501f|g|<zor IC| > 4.
From standard compactness argument, one can reduce the proof of Proposition[ to the following
spectral-localized version:

Proposition 2.1. Let T > ay, then there exists Crq, > 0 such that for any ug € L*(Q) and
all 0 < h < 1, we have

T
I (h* Ag)uollz2) < Cra /T lo(y)e™ 29 (h* Ac)uo| 22y dt-

Due to the anisotropic feature, we need to analyze different regimes. A basic observation
is that 0, commutes with —Ag. When the spectrum of /—Ag is localized at the scale h™*,
by the hypoellipticity, the vertical frequency |D,| is contrained to |D,| < k™2 In Section
3, we will prove this simple coercivity estimate. In the sequel, our analysis will require a
second microlocalization with respect to the variable D,, which will in turn require a second
microlocalization with respect to the variables (x, D,). Fortunately this will remain at a quite
basic level and appear only through the elementary elliptic regularity result Proposition (4.4l

In section 4, we will deal with the regime:

V—Ag=/D2+a2?D2 ~h™' < |D,| Sh2

We introduce another scale |D,| ~ k™', and the half wave regime corresponds to such that
h? < h < h. The main constranits in this regime come from the subregime (proper half-wave
regime) when A ~ h?, and |z| < h'Y/2, since || > h'/? is the classical forbidden region where
the contributions are of order O(h*), if we write

i0; + Ag = 0, + 0 + (%hay)(h—l/%)? i0,.

- -

P
uniformly bounded operator

It turns out that the operator 1hd,(h~'/?z)? is also bounded from below, in an averaged
sense. In this regime, the key tool will be the positive commutator relation

[—Ag, x@m + 2y8y] = —2AG
Roughly speaking, the commutator relation
[i0; + Ag, pr(t)(x0y + 2y0,)] = 2A¢ + iy (t) (20, + 2y0y)

allows one to control the energy norm 27 x 2(||zd,u||7 + [|0zul3.) by the contributions inside
the control region w and (¢/(t)2y0d,u, u). The difficulty is the fact that in the half-wave regime,
|z| < A2, one cannot absorb the norm ||d,ul| 2 by the energy norm. To overcome this difficulty,
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we observe that, heuristically, at ¢ = 0, the solutions are concentrated near y = 0, then on the
support of ¢/-(t), t ~ T, the solutions should be propagated near |y| = T" > a. With appropriate
time cut-off (t), this term |(¢7()2yd,u, u)| is essentially

2a x 2 x h~! x ||ul|72 + errors .

By using the hypoellipticity, for the well-localized solution u, the main contribution turns out
to be

4a x (lzdyulF2 + |0:ull72)-
This allows us to conclude, provided that T" > a.

In the section 5, we discuss the semi-classical dispersive regime, in which the geometric

control condition is fullfilled:
V—Ag ~ |Dy| ~ ht.

From the time rescaling trick introduced in [Le92], it is then reduced to prove the observability
estimate for the semi-classical Grushin Schrédinger equation

ihdsw + (hd,)*w + 2*(hd)w = 0. (2.4)

In the considered regime, the Hamiltonian flow is never degenerated and all geodesics enter the
control region in finite time. By a standard defect-measure based argument, we are able to
prove the semi-classical propagation observability for (24]).

In the sections 6 and 7, we will deal with the non-semiclassical dispersive regime. If

he S Dyl < V/=Ag ~h7,

thanks to the rapid propagation in the horizontal variable x, we are still able to use the positive
commutator method to detect the vertical propagataion, but in this case the arguments are
simpler and any 7' > 0 would work. Finally, if

|D,| < h < /—Ag ~ k71,

we will use a normal form transformation method, inspired by the work of the first author and
M. Zworski [BZ12], to convert i0; + Ag to id, + 02 + M?J; in this regime, modulo errors. Then
an application of the observality theorem for the classical Schrodinger equation allows us to
conclude.

3. COERCIVITY ESTIMATE

From hypoellipticity, we have the following simple coercivity estimate:
Lemma 3.1. For every f € D(Ag), there holds

11Dy "2 £ 7200y < (=Acf, f)r2)-
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Proof. By doing integration by part, we have
(—Acf, f)%m)) = H&BfH%%Q) + ||558yf“%2(9)-

Denote by 11, II_, the projection to the strictly positive and the strictly negative frequencies in
y variable. Obviously, IIy commute with Ag, 0, x0,. From the commutator relation [0, x0,| =
0y, we have

1Dy |1 f 1120y = Fi(Oy1e f, T f) p2(2) = Fi([0e, 20, /1L f, 1L ) 2.
(©)
After integration by part, we have

1Dy [P T0s f 117210y = £2Tm(8, s f, 20,111 f) 12 ()

Thus
Dy f 1720y < 10TLL flI 720y + 20,1 f 720

The proof of Lemma B.1] is now complete. 0J
Let xo € C(R; [0, 1]) such that
Xo(¢) =1, if [¢| <2 and xo(¢) = 0, if [¢] > 3.
Corollary 3.2. For 0 < h <1 and ey > %,
U(h*Ag) (1 — xo(eoh?Dy)) = 0.
Proof. Take f € D(Ag), and we expand fj, := ¥(h?Ag) (1 — xo(eoh®Dy)) f
fo="_ amatb(B*A2, ) (1 = Xo(eoh®n))pmne™

Applying Lemma Bl to f;, we obtain that
> [nllam a0 (h2AZ, )% (1= xo(eoh™n))” < Z)\mn‘amn‘ W(h*AZ,,)2 (1 = Xoleohn))” .

For the non-zero contributions on the right side, )\ < h2, while for the non-zero contributions
on the left side, we have |n| > —. Therefore, if eo < 3, the only possibility is that f, = 0.
This completes the proof of Corollary

O

4. HALF-WAVE REGIME:

In this section, the numerical constant eq > % is fixed, and the cut-offs yo and 1) are also

fixed as in the previous section. Denote by {DV another cut-off function with similar support
property as v, such that

U = .
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For 0 < h < 1,bg > 0, we define the semi-classical spectral projector
" = §(~h*Ac) (xoleoh®D,) — xo(bohD,))

This allows us to localize the spectral into the regime: h™' < |D,| < h™2, and the half-wave
regime formally corresponds to h?|D,| ~ 1, h/—Ag ~ 1.

The goal of this section is to prove the following observability estimate:

Proposition 4.1. Fiz T > ag. There exist by > 0, hg > 0, such that for all h < hg we have
T
T 172 < CT,a/T 16 (y) e 2T g 72y - (4.1)

We will prove the inequality above by proving firstly a localized version for h™! < |D,| ~
Rt < 3(egh)™2, and gluing such inequalities together. The constant by > 0 will be chosen in
the proof as a small parameter. Note that A can be viewed as a second semi-classical parameter.

For any h~! > (bph)™!, 0 < 6 < 1, we denote by

Unns = V(—h*Ag)h (%) w. (4.2)

4.1. Elliptic regularity. Denote by £, = —9% + n?z?, the semi-classical harmonic oscillator
associated with the Dirichlet boundary condition. Note that ¢, ,(x) is the m th eigenfunction
of L, with eigenvalue A, . Denote by H,, = —0; +n°z*, the semi-classical harmonic oscillator
on the whole line with domain D(H,,) = H*(R) N H!'(R), where H!(R) is defined via the norm

||f||3{1(R) = HaﬂcfH%?(R) + ||93f||%2(R)~

Denote by w?,, the j th eigenvalue of H,. It is well-known that w? = (2j + 1)[n|. We need
the following comparison principle.

jm?

Lemma 4.2. Let n € N, then for any j € N, we have
CU2 < )\2

J,m —

Proof. This is a simple consequence of the max-min principle. Recall that from the max-min

principle,
>\3n — Sup lnf ( TLf f)L2( 11 :
’ 1, abj_1€L2((—1,1)) fE€ span (Y1, 1) Hf||L2 ((—1,1))
FA0,fEHG ((-1,1))
and

Y1, ;1 €L2(R) fE span (1, --,wg 1)+ Hf”p(]g)
f#0,fEH(R)
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Define ¢f := f1(_1,1), the zero-extension of f € Hg((—1,1)), then obviously ¢f € H'(R). Thus
by definition, we have

: (Hp(ef)stf) 2w
Wi, < sup inf 5
1, 1€L2(R) LfE span (Y1, Wj1)t ||Lf||L2(]R)

f#0,f€HG((-1,1))
B . (Lnf, frem)
= sup inf —
W1, bj_1€L2(R) Lf€ span (1, hj—_1)* ||f||L2(]R)

f#0,fEH((—1,1))
L,f, _
< sup - (Lt Frz-11)

e 1 €L2((—1,1)) fE€ span (1,35 1) T ||f“%2((_1,1))
f#0,feH((-1,1))

—)2
_Ajin.

This completes the proof of Lemma 0J

Using that by comparison principle, we get:

Corollary 4.3. For fized n,

7_2

Ny, = i A2 <7} < .
n,t #{j )\]777, — T } — 2|n|
Let x1 € C°(R) such that x;(¢) vanishes if |(| > C or |[(| < ¢, for some C; > ¢; > 0. We
have the following

Proposition 4.4 (Elliptic regularity). Let 0 < o < 1. There exist small constants 0 < hy <

1,0 < by < 1, such that the for all0 < h < hg and eof < h < boh, the following statement is

true. For wy;, = ¥(h*Ag)x1(hD,)wy and x € C(—1,1) such that x(x) =1 near 0, we have
with € = max(h'~7, 5¢; *hh™")

T T
I =) (D) hdawn all 2oy + 11 =) (D)l 2oy < Cnh™, (4.3)

for all N € N.

Proof. We first prove the elliptic estimate for eigenfunctions:

Lemma 4.5. For all x € C*(—1,1) and all N, there exists C' > 0 such that for all eigen-
function @y pn(2,y) = €™opn(x) satisfying |n| € [cth™', Cth™'],h*A2, € supp(¢), and
|@rnllz2—1,1) = 1, the estimate

T T
1 =)Dl z2() + 11 =2 (D) PmnllZ2 ey < Cnh™ (4.4)

holds for all N € N.
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Proof. The eigenfunction ¢, ,, of the operator £, = —9? 4+ n?z? satisfies
1 16
En mn:>\2 m,n» >\2 )79 |0 m,n|r= = 0. 4.5
Pm, mnPm, m,n < |i16h2 h2:| Pm, | +1 ( )

Taking the Fourier transform with respect to the y variable, multiplying {.3) by (1—x)*(£)®,...
and doing the integration by part, we obtain that

! x

[ =0 [l + e omalTdo — [ 2= 201

1 1€ ’ ’

€

~ % [ =P lmald. (16)

1

This yields

1 1
T 2
/ (1- X)z(;) [l nl? + (RP2? = X2 ) | omnl*] do < — | 10 =0X G npmalde.
1 —1

Note that on the support of (1 — x)(£), n*z® — A2, ,, > 972, which implies

T T

h?(|(1 - X)(;)%,nlliz(_l,l) +9[[(1 - X)(;)som,n||2m(_1,1>
2h? T
€

x
< — 10 =0 Pmallz o IX (Qemallziy- (47)

€
Using the inequality
2h? h? 8h?
—AB < —A*+ —B?
€ 8 €2
and the fact that € > h'77 we can bound the left hand side of (&T) by h?*. We now show (4]
for N = ko by induction on k. The initial step is clear since the right hand side of (.4 is
bounded by h* < h?. Applying the induction assumption we get
x x o
11— X)(;)@n,nHL?(—l,l)’|(X/(z)<ﬂm,n’|L2(—1,1) < Ot
which, from (7)) implies (using € > h'™7),
x x
11 =20 hmallzan + 10 = X)) mnll21n) < CREFD?.

For wy, 5, we expand it as

Wh,n = E am,nq)m,n-

[n|~h=1 Ay n~h =1
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Note that for fixed n, applying Cauchy-Schwartz and Corollary .3, we have

|0-x@) X amena@),, AR 0XE) Xt

1 MiAm,n~h =1

L2(-1,1 L2(-1,1)

M:Am,n~h™

goNhN( 3 |am,n|2) Y m A ~ ) < O Y < O,

midm,n~h =1

(4.8)
Finally, using Plancherel’s identity, we obtain that
(2 = X)) hdwnall @ + 111 = X(5))wnall 2y < O,
for all N € N. This completes the proof of Proposition .4l
O

4.2. Half-wave regime. We shall use the following elementary lemma.
Lemma 4.6. For any 0 < €y < 1, there exists a C* function ¢, compactly supported in [—1,1],
such that

(1) o) =1,V < 1—€, 0< p(t) <1 and (t) =0,V[t| > 1.

(2)
/1_ e |0/ (£)]dt = 2.

Introducing the Grushin energy norm

||f“§{é(g) = Hﬁwa%Z(Q) + Hxayf||2L2(Q)-
The following proposition is crucial in the half-wave regime.

Proposition 4.7. Assume that T > ag. Let up s be the solution of (IL3) with the localization
property ([A2). Then there exist small constants 0 < hg, ho, 69,00 < 1, and Crq, > 0 such that
eoh?

for all0 < h < hg,0 < &< 8,0 <h< g, 269 < p<aoh™/? obeying L= < h < ph?, we have
T

1m0 51 ) SCrag /T <||¢(y)x8yuh,ﬁ,5(t)H%Z(Q) + ||¢(y)3muh,h,5(t)||2Lz(n)) dt
- (4.9)

T
+Ca /T B o) unns(E) 172 () dt + Crag (1 + 687 [Jun s (0) 172 () -
(recall that numerical constant ey satisfies eq > %)

Proof. We first give the proof in the simpler case where there is a single band in w® and by
translation in y we can assume that , w®= (—1,1), X (—a,a)), hence L(w) = 2a. In this case,
the cut-off function ¢ defined in (2.1]) satisfies

o(y) =01if [y <a; o(y) =1ifao < |yl < 7.
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To simplify the notation, we denote by u = wupps. Pick ¢(t) as in the Lemma 6, with a
small parameter ¢y > 0 to be chosen later. For 7' > 0, we define @r(t) := ¢ (%) Take
x1(x) = x(e7'z) for some function y € C°(R) with the property that x(¢) = 1 near 0, where
¢ = max{h'=7, 5¢;'hh 1} as in Proposition 4l
Take xo € C°((—m, 7)) equal to 1 on (—a, a) and such that supp(x5,) C supp(¢). We define
another cut-off ¢;(y) such that
Supp(Xé) C Supp(¢l) C Supp(¢)a ¢1|supp(x’2) = 1a ¢|supp(¢>1) =1 (410)

Moreover, we require that supp(l — x2) C supp(¢1). The proof is an application of positive
commutator method, based on the simple commutator relation

[Ag, 20, + 2y0,] = 2A¢. (4.11)
More precisely, with cutoffs @ (%), x1(x), x2(y), we have
[i0: + Ag, pr(t)xa(x)x2(y) (20: + 2y0,)]
=207 (t)x1(2)x2(y) Ac + i () x1(x)x2 () (202 + 2y0,) (4.12)
+or(t) () (X1 (@) + 2x1(2)0:) + 2°x1(2) (X5 (y) + 2x5(y)8,)] (20; + 2y, ).
By developing the commutator and using the equation, we have
([i0r + Ag, or(t)x1x2(x05 + 2y0y)|u, u) 2rx0) = 0.
On the other hand, using (4.12), we obtain that
=2 (pr(O)X1X2AcU, U) 2y =1 (97 (H)X1X2(20z + 290y ), 1) 125

J

-~

I

+ (@T(t)X2(X/1/ + 2X’18m)(x8m + 2y8y)uv U)L2(]R><Q) (4 13)

'

11
+ (r(®)z?x1 (X + 2x59,) (20, + 2ydy)u, u)LZ(RxQ) :

-

v~

111

First, we observe that on the support of 1 — x1(z), x}(2), x{(x), we have |z| > e. Therefore,
from Proposition .4} together with the fact that [|Oyullr2i) ~ it ull2) < Ch72||ull22(q)

1| < Ry = Crnh™ [u(0)]|22q-

Next, we observe that the supports of 1 — x2(y), x4(y), X5(y) are both contained in {y : ¢1(y) >
0}. Thus from integration by part, we obtain that

1] < Ry = c/ / or ()b ()? [0l + [20,ul? + [u[?] dudydt.
R JQ
Similarly, doing integration by part, we deduce that the left hand side of (£I3]) equals to

2 / or() 2 (@)x2() (19l + |20,ul?)dydidt + O(Ry) + O(Ry).
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Using again Proposition [L.4] we can eliminate the x; cut off and get (adding another R; error)
2/¢T( Ixe() (10l + [0, u[?) dydedt + O(R,) + O(Ry).

Moreover,
| (Pr(B)X1x220uu, 1) 2 gy | < Crel|u(0) o) 14(0) ] 2
since on the support of xi(x), |z| < Ce. This term is in lower order and can be bounded by

Rs < e|u(0)[l% ) + Craellu(0)]72o)-

Thus, using that y2 +¢ > 1 on (—m,7), (because we can add Ry on the Lh.s.) we obtain from

(@I3) that
2 [ r OOy 0t <2 (GO0 gy | + R+ R R (414

Pick a’ € (ao, T), such that ¢;(y) > C;' > 0 for all @’ < |y| < 7. Therefore, the first term on
the right side of (£I4)) can be majorized by

2d /(1 e [ (O Oyu(t) || L2 yi<ar | w(E) || L2y <ary dE
€0

S

-~

v (4.15)
+C§/RWT(t)\||¢1(y)3yU(t)Hmm||¢1(y)U(t)HL2<mdt-

S

~~

\%

Note that by our choice of ¢; and the localization property of v = 1(hD,)u, we can write

¢1(y)9yu = 01(y)0y(d(y)u) = d1(y) By (D) (G (y)u) + 61(y)0y[d(y), Y (hDy)]u.
Using the fact that ||hd,[¢, Y (RD,)]|| 12— 2 = O(h), we can majorize the second term of (415
by .,
VSR = Cra [ IOyt + Crallu(0) oy
It remains to treat IV.

Using the spectral localization ||AD,| — 1| < § of u, we can majorize IV by

2/ (1 + 30 ,
e G (4.16)
(1—e0)<[|t|ILT

From the conservation of mass and Lemma .6, we have that

@1 < 200 [ ool

Denote by 11 be the projector to positive(negative) Fourier modes in y. We write

lu(®)1Z20) = (Mu(t), Iyu(t)) 2y + (T-u(t), Tu(t)) 2.
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Hence we have
(1 F BDTLeu(t), Te(t)) o] < Olu()]22(0
Now using the fact that [0,, z0,] = d, and [0, I1;] = 0, we obatin that
lu(®)lZ2@) <20llu(®)lZ2) + 2RI0ILeu() || 2 120, L u(®) || 2o
2001w (t) || L2 |20, T w(t) || L2 ()
<23 u(t) By + Flult) % 0

Plugging into (4.14]), we have

2a'(1 + 39)

4

1/2 1/2 _

/UHLZ(RHl(Q)) Sy T(1— ) 7 ! HLZ(RHl () + Croh 15““@)”%2(9) +2Rk- (4.17)
k=1

2|l

Note that if T > ag, we can choose dg > 0, ¢y > 0 sufficiently small, such that
a'(1+30)
T(l - 60)
Then we choose hg, hg > 0,00 > 0 sufficiently small, then for any 0 < h < hg,0 < A < hy,
2e0 < p < ogh~'/?, and % < h < ph%. Substituting the expression of Ry, the proof of
Proposition 1.7 is then complete in the particular case where there is only one band in w*.

< 1.

In the general case, there may be several bands (all with width at most £(w)). In the previous
proof, we replace the cut-off x, by a family of cut-off x3(y) equal to 1 on (a;, b;) and satisfying
all the other assumptions of x, and we can perform the same estimates with the commutator
relation (4.IT]) replaced by

bj + a;
2
(i.e. centering our estimates on the middle of the segment (a;,b;)) leading to the following

version of (4.14)
2/R¢T(t)||u( 21 oy iv: ( (y—w)ayu,u) }+§4:Rk, (4.19)

L2(Rx ) k=1

[Ag, 20, +2(y — )ay] — Ag, (4.18)

and we conclude the proof as previously. O

Next, we use a simple integration by part argument to pass to the L? observability estimate.

Corollary 4.8. Under the same assumption as Proposition[{.], we have

T
s O ey < Crann | No)nns(®lzey

Proof. The right side of (4.9)) is

(0} ) ~ A (0} ][z
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Since h~! < W?

the left side of (£9]) can be majorized be

C'Tao/ / o(y)? [|0.ul? + |20,ul’] dedydt + C7,, (1 +6h™ 2+ h™ / / o(y |u|2dtdxdy)

Doing integration by part, we have
/ / o(y)? [|0:ul® + |z0,ul’] dedydt

/ / VAguadrdydt + 269 (y)x 28yuﬂ} dxdydt.
By Cauchy-Schwartz, the right hand side can be bounded by

lo(y)ull 2 ryxe [|Acull L2 —rm)x0) + [[0(W) ullL2(—rr) <o [[ull g2, ) -

From the localization of the spectral, we have

Cr
/ 600 1020 + ey uf?) syt < TENoC a2y 0O
Finally, applying Young’s inequality of the form
ab < ea® + C(e)b?

the proof of Corollary 4.8 is complete. O

The following proposition shows that it is the regime for which A is close to h? that induces
the condition 1" > aq.

Proposition 4.9. Assume that T' > 0, then there exist by > 0,p9 > 0,hg > 0,hg > 0,99 > 0,
and Cr > 0, such that for all 0 < h < hg,0 < h < hy,0 < 0 < dy, and p > py, obeying
ph? < h < byh, we have

T
[n 15 (0)]| 720y < CT/ 6(y)tun,n.5(t) |72 dt- (4.20)
-7

Proof. We use the same positive commutator method as in the proof of Proposition [4.7], but
the proof is much simpler in the present situation. We adapt the notation there. Indeed, from
([413)), the term |II|, |III| can be majorized by the same bound Ry, Re. For I=i(/(t)x1x2(x0, +
2y0,)u, u) [2rx0), We estimate it as

| (P () x1X22005u, u) 2y | < Crellu(0)]] g ) u(0) [ r2@),
where € = max{h'~7, 5¢;'hh ™'}, and

| (D (E) X1 X2y Dyu, w) L2xey| < CrllByu(0)]] 2ol[w(0)]| 2@y < CrbiH[u(0)]1 720
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Therefore,

T
el ot <Cr [ [ 6 0.0 + 00,u7] dadyat
R -T

+Cre]|u(0) 1 (g 1u(0) [ 22(@) + Crl™ [[u(0) ][0y

(4.21)

Note that ||u(t)||Hé(Q) = ||u(0)||H};(Q) ~ h™2, after doing integration by part as in the proof of
Corollary .8, we obtain that

T
(0} 220y < CT/T 16w u() 220yt + Crellu(0) |72 () + Crh*h~H[u(0) |12

Note that b= < by, h2h~! < p~!. We choose py > 0 large enough and by > 0 small enough,
such that

1
CTbo + C’Tpgl < 5

This completes the proof of Proposition 0J

4.3. L? observability in the half-wave regime.

Proof of Proposition[{.1] Fix R > 1, close enough to 1 such that
max{R — 1,1 — R~} <,

for some § fixed as in the Corollary 8 and Proposition [£9. Choose a cut-off funtion fr €
C>®((R7Y, R)), fr > 0 and

Bo(s)+ > Brals) =1, Vs> 0.
k=1

where Br(s) := Br(R*s) and By(s) € C° ([0, 1)),

We will apply Proposition .8 for the semi-classical parameter A = A = R~* with large k,
and denote by p = pg as in Proposition Fix the small parameters og > 0 as in Proposition
47, and we choose hg > 0 smaller than the one required in Proposition 7] Proposition
A9 and oop~?2. Note that in this case, if 502—"2 < h < ph?, the constraint p < ooh™'/? to
apply Proposition [£.7] is satisfied automatically. Denote simply by wu; = Hzohu, we know that
Bri(|Dy|)up = 0 unless

_ log(boh) < k<M, = _log(eoh2/2).

Ny = logR — log R

Now from almost orthogonality

Cr'lunllzzy < Y 18ra(IDyunlia@) < Crllunllzze)
k>Np,
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and Corollary L8, Proposition 19, we have that
2
lun(0) 172 <Cr Y 1BrA(IDy)un(0)]72(q

Np<k<Mp

T
<Cra 3 [ 10wBraDDunl0) ot

Np<k<My "~ "~

Note that [[[¢(y), Brx(| Dyl L2(m)— z2(m) < CrR™*, we have

T T
B22) < CT,R/TIIHZOh(¢(y)uh(t))II%z(Q)dt+CT,R > R_%/T lun (1172 dt.

Np<k<Mjy -

(4.22)

The second term on the right hand side can be bounded from above by

Cr B> [Jun(0)172() < Cr.r(boh)?[|un(0)]72)-
By taking h < hg small enough, it can be absorbed to the left side. The proof of Proposition
[A.1lis now complete. O

5. DISPERSIVE REGIME I: byh™! < |D,| < by'h~!: SEMI-CLASSICAL CONTROL

Fix 0 < by < 1 from the last section. Denote by
h sy = Y(h*Ac)xo0(bhDy) (1 = xo(by 'hDy)).
We will prove the following proposition in this section.
Proposition 5.1. Given T > 0, there exsit hg > 0, such that for all 0 < h < hg, the following
inequality holds true for all ug € L*(2):

Mol < Cr [

2T
. l6(y)e™ Iy gy ti0 Z2(q- (5.1)

Proof. The proof follows essentially the strategy of Lebeau ([Le92]). Making the change of
variable t = hs, v(s,z,y) = €A1, youo(z,y) and vy = Il ug, the function v satisfies the
semi-classical Schrodinger equation

ihdsv + h*Agv = 0. (5.2)

By using the conservation of L? norm, the proof of (5.I)) reduces to the semi-classical observ-
ability: there exists 77 = T (by) > 0, such that
T
ool < Cr, [ ow)ots. s (53)
—11

Indeed, to see how (5.3) implies (5.1]), we change back to ¢ variable and rewrite (5.3) as

2 Cry i 2
||Hh,bou<07 ) HLZ(Q) < h . ||¢(y)Hh,bou(t7 ')HL?(Q)dt‘
—hTy
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For any k € Z, applying the inequality above to the initial data IIj p,uo(khT1, ) and using the
L? conservation, we obtain that

) ) Cyp [UHDATL ,
1 TInpo w0l 22¢) = [IMhpo (KR T, )[[120) < T/ &) ppou(t, ) |I72(0)dt.
(k—1)hT
Summing over — [%J +1<k< [%J — 1, we obtain (B.1).
Now we prove (5.3). With a little abuse of the notation, we denote by v = Il ,v. Again by
conservation of the L? norm, it is sufficient to show that
[0l 22(am 0px) < CrulloW)vl|Z2(—my myxa)- (5.4)
Denote by X = R; x 2 with boundary 0X = R, x 0. Take x € C2°(R) such that x| supp(y) = 1.
Then, using that if u = e®"cug, (1 — x)(hDy)u = (1 — x)(—h?Ag)u, we get
(1 = x)(hDy)e™"2c4p(h*Ag) = 0.
Therefore, it suffices to prove (5.4) for time-frequency localized functions x(hD;)v. We argue by
contradiction. If (5.4)) is not true, then we obtain sequences hy — 0 and vy = x(hiDs)I p, vk,
satisfying
(thas + thg)Uk = 0, Hvk(O)HLQ(Q) = 1, and H¢(y>UkHL2((—T1,T1)><Q) — O (55)

as k — oo. From [Ge91]|1 after substracting a subsequence, still denoted by (vy), there exists a
Radon measure on Z = j(Ch(P)), such that for any sum of the interior and tangential operators
Ay = A, + Ay, compactly supported in s, we have

Jim (Apvr, o) r20x) = (1, £(0(An)))-
Away from the boundary 0X = R x 012, this measure is invariant along the characteristic flow
of H, = 05 — 2£0, + 2xn?0¢ — 22’10, where p = —0 — &2 — 2% is the principal symbol. Near
the boundary, the cotangent bundle can be decomposed as T*0X = & UH UG, where
g: {(SL’, $,Y;0, 77) PO — $2772 < 0}7 7:2 = {(Iutvy;Tv 7]) PO — $2772 > 0}7
G = {(z,s,y;0,m) : 0 = —2"n’}.
Note that for any point p € G, (H2x)|, > 0if 2(p) = —1 and (H.x)|, < 0 if 2(p) = —1 where

p +— z(p) is the boundary defining function. Therefore G = 9/2\71, namely it consists only the
diffractive points. It follows from [Bu04] that u(H) = w(€) = w(G*>*) = 0. Moreover, u is
invariant along the generalized bicharacteristic flow. Note that away from the reflexion points

at the boundary {x = +1}, the flow is given by
§=—0=1y, =227, ﬁ:O:>T:TO,$:2§,£:—2xn§

with initial data —oo € supp(v)) C (§,4), bo < |mo| < by'. Integrating the flow, in the z,&
variables gives an ellipse away from the boundary {x = +1}. As a consequence, the variable z

There we adopt the notation from [Bu04]
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is bounded away from 0 for long sequences of time, and hence y is strictly increasing for these
sequences of time (and increasing otherwise). This shows that there exists 71 = T1(by) > 0, such
that for any p on phase space, y(£77, p) € supp(¢), the controlled region. As in the assumption
(B8), o) (=7, 1y)xsupp(¢) = 0 hence i|(—ar, 0)xo = 0. This contradicts to ||vg||r2(—2m 0)x0) = 2171,
since [|vk(0)|r2@) = 1 and ¢ — |lvg(t)||L2() is a constant function. The proof of Proposition
E.1lis now complete.

O

6. DISPERSIVE REGIME II: h™¢ < |D,| < boh™!

We fix 0 < by < 1 from the last sections. We fix another cutoff )y € C°(R; [0, 1]) which is
identically 1 near the origin. Denote by

I35, 5, =t (h*Ag) x0(b5 ' hD,) (1 = Yo(h*Dy))
In this section, we prove the following proposition:

Proposition 6.1. GivenT' > 0, there exist hg > 0, Cp > 0, such that the following observability
holds true for all 0 < h < hg and € > 0:

T
Hﬂz,bOUOH%%Q) < CT/O ||¢(y)elmeﬂzo,bo“0H%Z(Q)dt + CTh%HuOH%?(Q)'
The proof of this theorem will be decomposed into several lemmas.

6.1. Control of vertical propagation. We will use the positive commutator method to con-
trol the vertical propagation. The goal is to control the norm ||0yu|| 2. In the half-wave regime,
this norm can be controlled by ||xd,ul|2and ||0,u||L2 by spending some explicit classical time,
thanks to the hypoellipticity. Away from half-wave regime, we can control ||0yu| 2 directly by
|z0yul| 2 , exploiting the horizontal propagation in semi-classical time, which is small in the
classical time scale.

Lemma 6.2 (Horizontal propagation). Given 0 < by < % and 0 < rq < 1, there exists hg > 0,
such that the following is true for all 0 < h < ho: If (wp)n=0 s a family of solutions of
semi-classical equations

z'h@swh + h2AGwh = 0, 'LUh|aQ =0

with spectral-localized property:

wp = Y (—hQAG) XO(bglhDy)whv
where 11 € C2°(R) and xo € C°(R) are two cutoff functions with supports [—2, —2]U[L, 2] and
[—2,2], with respectively. Then there exists a uniform constants k > 0, independent of by and
h such that for all Ty > kro, we have

To
[0 (0)]172() < CTO/ [wn ()72 < <1) 01 (6.1)
0
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Proof. This is again a consequence of propagation arguments. Indeed, as in Section [l we can
insert a cutoff x(—hDg), x = 1 on the support of 1), x supported in (i,ll) and arguing by
contradiction and defining defect measures, we get a contradiction if we can ensure that for all
(to = 0,—0¢ € supp(x),zo € [1,1],y0 € T, &, m0 € [0,bp]) such that —og — & — 2302, the

point on the bicharacteristic i.e. the solution of the system

§ = —09, 4 = 26,& = —2amg, § = 2279 (6.2)
reaches the region {|z| € (19,1)} at a time s € (0,7p). Notice that
1 1 1
63 = —009 — 55(2)770 € (__ - —>4+ —)a

4 100 100

and consequently the (z,¢) integration of (G.2) gives again an ellipse and the geometric as-
sumption is satisfied. This completes the proof of Lemma 6.2

U
Denote by uy(t) = IIj, , 2S¢ ug, we have the following

Lemma 6.3. Let T' > 0, there exists Cr > 0, and hy > 0, such that for all 0 < h < hgy, we
have

||958yuh(t)||2L2((—T,T);L2(Q)) + ||Uh(0)||%1?}(9)

3T
< CT/3T lo(y)20yun(t)l[72(0)dt + Crllun(0)[IZ2q)-  (6.3)

Proof. From minor modification as in the proof of Proposition [4.7] it suffices to deal with the
case where ¢(y) = 0 on (—a, a). Denote by pr(t) := ¢(T~'t) the time cutoff. Take x € C2°(T,)
such that x|r,\, =1 and supp(x’) C supp (¢) C w. By direct calculation, one verifies that
[0, + A, er(t)x(v)yd,] =201 (t)x(y)(20,)* + i ()X (y)yd,
+22(yx"(y) + 2x' (1) pr(t)y + 201 ()X (y)y(20,)*.

Taking the inner product of [i0; + A, pr(t)x(y)y0y|u, and uy, using the equation, we have

(6.4)

2 [ er 00 )
RxM
<a /R M|<p’T(t)|IIuh(t)Ilem)||ayuh(t)||L2(mdt (6.5)

‘I'C/R@T(t)||¢(y)xayuh(t)”%2(9)+C/RQOT(t)Huh(t)H%Q(RXQ)'

Next, we change the time scale by setting wy(s,z,y) = Jdyup(t,z,y),t = sh. Note that wy,
satisfies the semi-classical equation (ihds +h*Ag)wy, = 0. Applying Lemma [6.2], we obtain that
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for any 0 < rq < 1, Ty > k1o,

To
|mmmﬁmnsan RS ——

Back to the time variable ¢ and the original function wu,, exploiting again the conservation of
L? norm, we obtain that for any 7' > 0,

10,0y < Cr [

T
., 10y 1tn (£) 122y < <1y -

Note that
Cr
10y un () 172y < <1y < ﬁ/R@T(t)IIxayuh(t)lﬁzm)dt-
0

Plugging into (6.5]), and using the conservation of the norms ||0,uy(t) ||%2(Q), ||un(t) ||%2(Q) as well
as the Young’s inequality@, we have

n@wmwamsc/

2T
anyn@mawn;my+aﬂmmom%my
2

Replacing T to 37'/2 in the definition of ¢z, we obtain from (6.5]) that:

3T

20y un(t) |72 _rryxy < C/3T l6(y) 28y un () |72y + Crllun(0)172(q) (6.6)

This completes the proof of Lemma 0J

6.2. L? observability for the rapid propagation regime.

Proof of Proposition 61l For uy(t) = IIj, , e*Su,, without loss of generality, we may assume
that

un = (1= Go(hDy)xo(b5 D, Y.
We write
d(y)zhdyun = £hdyxo((2b0) " hDy)(P(y)un) + Orz2(qy(h).

Hence from Lemma [6.3] we obtain that

3T

130, un (0720 < CT/gT 113y 6 (y)un () 1720y dt + Crh?||un(0)lI720)- (6.7)

By assumption, F,u(-, k) = 0 for all [k| < Ch™¢, thus we have that
20712 ||un (0)l|72 (@) <2C1(Ch)* [h0yun (0)[I720)

37
<Crh* /3T 170y 6(y)un(t) |72 0y dt + Crh* > lun(0)]|72(0)-

2We use 2AB < eAZ+ e 1B2
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Absorbing the second term on the right hand side to the left, we obtain that

3T
10, un (01720 < CT/sT 10,0 () un(t)]172 0 (6.8)

To get the L? estimate, we write the Littlewood-Paley decomposition
u= > Q27D
jih—€<2i <boh~1
Note that we may replace wy, by ¥/(277 D, )uy, in ([68) with 2=¢ < 27 < % From the commutator
bound
Ilo(y), ¥ (277 Dy)ll 22 < C277,
we have

1(27 D, )un (0) |22y < Cr /

3T
. 1277 D) (¢(y)un() 72 + 277 Crllun(0)IZ2(q)-

Summing the inequality above for j € [logy(h™¢),log,(bgh™1)], we complete the proof of Propo-
sition [6.1], provided that h < hg is small enough. O

7. NON-SEMICLASSICAL DISPERSIVE REGIME II: |D,| < h™° BOTTOM VERTICAL
FREQUENCIES

Recall that ¢ € C2°(R) is supported on [—2, —3] U [3,2] and ¢y € C°(R) is supported on
[—1,1]. Let
up = P(h*Ac)o(h Dy )u.

In this section, we prove the following result:

Proposition 7.1. For any T > 0, there exist Cp > 0, hg > 0, such that for sufficiently small
€ >0 and all 0 < h < hg, we have

T
(0, )12y < CT/T lo(y)e ™ un(0, ) |72t + Crh' = [[u(0, ) | 220y

Inspired by [BZ12], we use normal form method. The key point is to search for a microlocal
transformation
v=(14hQD})u
for some suitable semi-classical pseudo-differential operator ) = q(z, hD, ), such that the con-
jugated equation (satisfed by v) is

10 + O2v + M@;y = errors ,

1 /1
M:—/ 22dx
2/,

is the mean value of z2. Then we will be able to use the following theorem:

where
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Theorem 5 ([Ja90],[BZ12],[AMI4]). Let Ay = 92 + M3;. Then for any non-empty open set
wo C T? and T > 0, the observability
T

e < Cr [ e gt ()

-7
holds true for any f € L*(T?).

However, dealing with Dirichlet boundary value problem induces difficulties and consequently,
we prefered to extend the analysis to the periodic setting.
7.1. Periodic extension. Let us introduce several notations. Denote by
T:=[-1,3]/{—1,3} and T? := T, x Ty, 2, = (—1,3), x T,

Define

a(z) =wz, if |[z] <land a(z) =2 —u, if 1 <z <3,
and the operator

P, =0 + a(x)?0..

Note that a(z) and a?(x) are Lipschitz functions on T. Denote by

HET?) = {f € D'(T?) : PIf € L*(T?),Y0 < j < k}
the associated function spaces and the domain of P, is D(P,) = H2(T?2). Note that D(Ag) =
Hg () N HE(S2). Consider the extension map:

u:f e .]?7

with

flz,y) = f(z,y), if [z| <1, and f(z,y) = —f(2—=,y), f 1 <z < 3.
The mapping ¢; is the odd extension with respect to z = 1. Note that for f € C*(2), we have

a:c.f|ac:1— = ax(blf”x:l-l-‘

Lemma 7.2. The extension map 1, : D(Ag) — D(P,) is continuous. Moreover, for all f €
D(Ag), Nl fll 2@y = V20l r2e)-

Proof. Assume that u € D(Ag), we extend it to u = tju. Denote by ' = (1,3), x T,. By
definition, (P,ur)|o € L*(Q) and (P,u)lor € L*(€). To check that P,u € L*(T?), we have to be
careful near z = 1, where we glue Q and . Take a test function F' € C*(T?), we calculate

—(P,u, F) :/ (0,00, F + a(z)*0,ud, F)dxdy
Qu/

:/ (=020 - F — a(x)*0jutiF ) dxdy +/
Quo/

O uFdy — / O, uFdy
r=1— r=—1+
+/ o, uFdy — / o uFdy.
r=3— r=1+
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From the definition of @, we have 0,u|,—14+ = Oyu|p=1_, and Opu|yp—3- = OpUy—_1,. Thus all the
boundary terms vanish. This implies that

[Patrtll 2oy < |Agull2@) + |(Pat)er |2 @) = 2l Acul| ()

The last assertion [[o1 f|| jo52) = V2| f|l2(q) is obvious. This completes the proof of Lemma [7.21
U

Lemma 7.3. Let Sy,5; be two self-ajoint operators on Banach spaces Ey, Es with domains
D(Sy), D(S2), with respectively. Assume that j : D(S1) — D(S3) is a continuous embedding.
Suppose that there holds j o S; = Sy o j, then for any Schwartz function g € S(R), we have

jog(S1) =g(Sa) o

Proof. Thanks to Helffer-Sjostrand’s formula, it suffices to check the validity for resolvent,
namely

jo(z—=8)t=(2—8y)"" o} (7.2)
For f, € By, we denote by u; = (2 — S1)71 f1 € D(S)), and uy = j(u;) € Ey. We directly check
that
(z = S2)uz = (2 = S2) 0 j(w) = j((z = S1)ur) = j(f1)-
This completes the proof of Lemma [.3] O

Lemma [7.3] ensures the preservation of the spectral localization property by odd extension
procedure. Another interesting fact is that the extended eigenfunctions are still smooth. Indeed,
since 0, commutes with Ag as well as P,, the elgenfunctlons of P, can be taken of the form
Pn(x)e™ where 3,(z) is an eigenfunction of L, := —d2 + a(z)?n? with domain D(L,, ) =
H2(T). Moreover, the extension ¢; can be viewed as a continuous map from D(L,) — D(L,),
where L, = —92 + n%z? is defined on its domain D(L,) = H}((—1,1)) N H*((—1,1)). Recall
that (@m.n)men is a sequence of eigenfunctions of L, with associated eigenvalues ()\f,w)meN.
Therefore, the extension @, ,, = t1(@m.) is eigenfunction of En with the same eigenvalue )\fmn
Note that Gp, is C* for z € (=1,1) U (1,3). From Ly@mn = A2, ,@mn, We have ¢ (z) =

(22n% — N2, n)¥Pmn- By induction, we have that goﬁﬁfﬁ\x:ﬂ =0, for all k¥ € N. Since @, , is odd
with respect to z = 1, we deduce that ¢ go 2k+1 |x:1_ = @52{2“ le=1+, Cé(zkﬂ le=3_ = Cp’(zkﬂ lo=—14-

Therefore, ¢y, € C’°°( ) Moreover, the orthogonality condition holds
(@mnugpm n)Lz =C, 5mm

Now we extend (@mn)men to a orthonormal eigenbasis of Ln. This new basis will be denoted
by (€mn)men. Let fo(x) = >y Cmn@mn(®), then for any Schwartz function g : R — C, we
have

(110 g(h*Ly,) = Cmng(h?A2 )0 () (). (7.3)

meN
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Using (7.3)), since the coefficient corresponding to the new added eigenfunctions e, , is zero,
we deduce that for any Schwartz function g : R — C,

nog(h’Ly) = g(h*Ly) o, and 1y 0 g(h*Ag) = g(BPa) o 1. (7.4)

Consequently, we have the following lemma, reducing the proof of Proposition [Z.] to the ob-
servability of the extended solutions:

Lemma 7.4. Let T > 0, assume that for any 0 < h < hp < 1,0 < € < 1, the following
observability holds true for all uy € L*(T?):

||,¢(h'2 )w()(he )UOHLQ ']T2

T
<Cr /_T 1¢(y)0 (h* Pa)bo(h* Dy Yu(t)|[7 0 dt + Crhl[iiol|7 0, (7-5)

where u(t) = ey, the solution of Schrédinger equation i0,u + P,u = 0 with initial data
U|i—o = up. Then Proposition[7.1] is true. More precisely, with the same constant Cp > 0, for
all 0 < h < hg, 0 < € < 1, the observability

19 (h* Ag o (he Dy)uol 20
< CT/ lo(y) e (h*Ac)tbo(hDy)e" g |7 dt + Crhlluolf2)  (7.6)
holds true for all ug € L*(9).

Proof. With a little abuse of notation, we assume that uy = ¥(h*Ag)Yo(h*Dy)ug € D(Ag).
Denote by Uy = tjug. Thanks to Lemma [[.2) g = ¢(h?P,)vo(h*D,)tug. Using (T4) with
g(r) = e""p(h?*r), we deduce that

Sy)e" ™ty = 1 (G (y)e™ > uo).

From the observability for ug, we obtain that

T
liacey < Cr | o)e ™ol ot
which implies that
T
ol < Cr [ o unleyit,

thanks to the fact that ||L1f||L2 ) = 2||f||L2(Q This completes the proof of Lemma [T 4 O

Proof of Proposition[7.1. From Lemma [7.4] it is sufficient to prove (7.H). With a little abuse
of notation, we denote by uy € D(P,) such that ug = ¥ (h*P,)(hD,)ue and u(t) = eFouy.
We are now in the periodic setting. Yet, we should pay an extra attention to the fact that
P, = 02 + a(x)?0; is a hypoelliptic operator with only Lipschitz coefficient. More precisely,

a € Lip(T?) which is not C! at z = 1.
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Before proceeding, we need a lemma which, modulo errors allows us to replace the microlo-
calisation ¥(h?P,)Yo(hcD,) by ¥1(hD,)(heD,).

Lemma 7.5. Let ¢y € C(3 < || < 4) such that ¢y = 1 on supp(y)). Then, as bounded

operator on L%(T?), we have
(1= 1(hDa)) (B Pa)o(h D) = Opaypa(h™3).

Proof. Since D, commutes with everything, it suffices to show that, uniformly in |n| < Ch™,
as an operator on L*(T),

3 5
2

(1= 2 (D) (h*Ly) = Opa_yr2(h2™>°). (7.7)
Let f = (h2L,)f, f(z) = >0, 0(h*X3,)ciejn(x). Note that
—(R207 + h*X]Jejn = —h*n*a(x)?e;, = Op2(h*7%).

Observe that on the support of (1 —11(£)), the semi-classical operator —(h?07 + h*X3,) is
elliptic, uniformly in j,n such that |n| < Ch™ and X}, h* € supp(v). Therefore, ||(1 —
Y1(hDy))ejnll o) = O(h?72¢). By Cauchy-Schwartz,

11 = o1 (hD2)) fll 23y < Sup 1L = o1 (hDo)ejnll oy - #45 = A5 € supp (Y2 o

From Weyl’s law,
#{7: A €supp(¢)} < O < #{(j,n) : [n] < Ch™% A5, € supp (¥)} < Ch™ 7"

» Vi
Therefore,
11 = a(BD)) ] 2y < CR2 73N oy
Applying Plancherel in y, we complete the proof of Lemma [7.5] 0J

Modulo an error OLz(h%_%e)||u0||L2(1~T2), we may assume that v = 1y (hD,)o(h°Dy)u. Now
we search for the function
v=(14hQD})u

with a operator @ acting only in x, to be chosen later. Let M = f r)%dr = %fl z%dx be
the average of a(x)? along the horizontal trajectory y = const. Using the equatlon (10s+ P,)u =
0, we have

(i0, — D2 — MD2)v =(1 + hQD;)(a(z)* — M)D;u — h[D2, Q] D:u
=(a(x)> — M)D}u — h[D2, Q| D2u + hQD>(a(x)* — M)D:u
=(a(x)? = M)Dyu — h[D3, QIDju+ O 50, (R ™),

since [[hQD}(a(x)* — M)Djul| 252, = O(h'™*), due to the localization property of u. Take

1y € C°(1/8 < |€] < 8), such that ¥t = 1);. We define the operator

Q- 2% ( /_ i(a(z)2 _ M)dz) (hDy) " s(hD,),
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and denote by b(z) = = [*, (a(2)? — M)dz, m(hD,) = (hD,) Y4y (hD,). Since a(x)* — M has

2i J-1
zero average, the function b is well-defined as a periodic function in the space C'(T)NW?2>(T).
From direct calculation, we have

—h[D?, Q] = 2it/ (x)ym(hDy)hD, + i[hD,, b (z)]m(hD,).
Note that [hD,, ' (z)] = h¥'(z), and b € L>(T), thus
(10 + An)v =1, = OL2(T2)(h1_4€)||U0||L2(T2)a

where Ay = 07 + M2, Applying Theorem [3, we obtain that

T T t 2
1000, sz <Cr [ 6wt syt + Cr [ o) [ S emerar] e
T T 0 LZ(TZ)
T
<Cr [ 1000000, Mg+ o0l
Since v = u + O 2y (h' ) [uo|| 232y, the proof of Proposition [l is now complete. O

8. COMPACTNESS ARGUMENT AND THE PROOF OF THEOREM [II
Lemma 8.1. The embeddings Hp o(Q) — L*(Q) and L*(Q) — Hg () are compact.

Proof. By duality, we only need to prove that H¢ () < L*(Q) is compact. Denote by Il
the projection to the zero mode of y. Define several closed linear subspaces:

Moo= {f € LX(Q) : F,f(-,0) =0}, Hy = o(L2(Q)),
and
X, :={fe€ Hé,O(Q) cF,f(,0) =0}, Xo:= HO(Hé:,o(Q))-
Then
LX(Q) =My ©@Hy, Hip() = X3 @ X,

Moreover, X; C H;,7 = 1,2 and H; L Ha, with respect to the L*(Q) inner product. The
compact embedding will follow, if we prove that the each embedding ¢; : H; — X is compact.
Note that X, is isometric to Hj((—1,1)), while Hsy is isometric to L*((—1,1)). By Rellich
theorem, 75 is compact.

It remains to show that ¢; is compact. Denote again by I, and II_ the projection to strictly
positive and negative frequencies, with respectively. For f € X, we can write

11Dy ull 320y = (0L f, e — (—i0,11_f, f)72(0)-
Using [0,, 0,] = 0,, we deduce that

QI f, fra@) < 100 fll2@ll20y fll 2@ < Ilullfy q)-
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Since [|0, f || 2(q) can be controlled by || f||s1,(), We deduce that Hf, o(Q) — H'Y?(Q) is contin-
uous. Decomposing i1 as Hf o(Q) — HY*(Q) — L*(Q), the compactness of i1 is implied by
the compactness of H'/2(Q) — L?*(€). This completes the proof of Lemma B.11 O

Proof of Theorem[l. Combining with Proposition [4.I, Proposition (.1l Proposition and
Proposition [Z.I] for some hy > 0, for T" > a and all 0 < h < hy, there holds

T
[ (h* Ag)uollT2) < CT/T lo(y)e™ 0 (h* A yuol 72y dt + Crh' " ug|[72 q)-

The rest argument is now standard. We follow the approach of Bardos-Lebeau-Rauch [BLR92].
Choosing h = 277 and summing over the inequality above for j > jo = log, (ha 1), after
standard manupulations, we obtain that

T
luoll720) < CT/T lo(y)e™uoll 72y dt + Crllto(c27 Ag)uol|Z2(q). (8.1)

where 1y € C2°(|¢] < 1). Note that the second term on the right side is controlled by Hu0||§{51(9).
For T” > 0, defining the set
Nrpi= {ug € L2(Q) 1 "™ Cug| v 11)x = 0}
Take T" € (a,T), (8] implies that any function ug € Ny satisfies

||uo||L2(Q) < CT||UO||H51(Q)'

Thanks to Lemma B we deduce that dimN7 < oo. Note that for any T} < T, N, C N7,.
Consider the mapping S(8) := 67! (¢¥4¢ —1d) : N — Npr_s. For fixed 7" € (a,T), when
0 <T' —a, dimNp _s < oo. Since the dimension is an integer, there exists o, > 0, such that
for all 0 < 6 < &y, N7v_s = Ngv. Therefore, S(0) is a linear map on Nzv. Let § — 0, we obtain
that 9, : Npv — N is a well-defined linear operator. Take any eigenvalue A € C of 9,, and
assume that u, € N7 is a corresponding eigenfunction (if it exists). There holds

—AgUy, = T\ U,.

This implies that u, is an eigenfunction of —Ag. However, u,|, = 0, hence u, = 0. Therefore,
Nz = {0}.
Now we choose Ty = T" as above. By contradiction, assume that Theorem () is untrue.
Then there exists a sequence (u,)ken, such that
T .
lurollzz) =1, lim . [6(y)e" g0l 72y = 0.
0

Up to a subsequence, we may assume that uy o — uo. Thus from Lemma 811, ug o — uo, strongly
in H;'(2). Passing k — oo of 1), 1 < ||u0]|H51(Q). In particular, ug # 0. However, since
eBeyy o — 0 in L2([=Ty, Tp) X w). This implies that ug € Ny, = {0}. This is a contradiction.
The proof of Theorem [ is now complete. O
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9. COUNTEREXAMPLE TO THE OBSERVABILITY IF T < L(w)

The goal of this section is to prove Theorem Bl This is based on detailed asymptotic analysis
for the first eigenvalue and eigenfunction of the harmonic oscillator £,, = —9* + w?x? with
respect to the large parameter w. Some of the estimates can be also found in [HS84]. We will
present an self-contained ODE approach in this section. First, we note that it is sufficient to
consider the case T' < a. Since if the interior observability holds true for 7" = a, then there
exists 0; > 0, such that the observability is also true for T'=a — 9 E

By changing of variable z = \/w, it is more convenient to deal with the harmonic oscillator
P = —0%+ 2% on L*((—/w, /w)) with Dirichlet boundary condition.

Let us consider the p dependent equations

—f"+ (=) f =0,

f(0)=1, f'(0)=0.
We will denote by f,(z) = f(u, z) the unique solution to (@.).

Denote by

Zo(p) :=inf{z > 0: f,(2) = 0}.
Zo(p) is the first zero of f(u,z). If f, does not have zero, then Zy(u) = +oo. By inverse
function theorem and Strum-Liouville theorem, it is known that Zy(u) < 1 for all 4 > 1, and
the function p — Zy(u) is strictly decreasing for g > 1. Moreover, Zy(1) = +o00. Denote by

w +— p(w) the inverse function of Zy(u). It is also known that the function p(w) is smooth,
strictly decreasing, and for all w > 0,

p(w) >1, lim p(w) = 1.

w—r00
Since p(w) — 1 tends to 0 as w — oo, it is more convenient to work with
v(w) = p(w) —1
and denote by f(v,z) = f(u, z), the solution of ([@.]), by abusing the notation.

9.1. Lack of observability for 7" < L(w). Let I = (—1,1), and denote by

fv(w), ywz

) 0w VD
1S (v (w), vw )|l 2y

the first normalized eigenfunction of £,, := —%; + w?x? on L?((—1,1)), which is real-valued,

with the least eigenvalue A(w) = w(1l 4+ v(w)). For m € N,y € R, we define the phase function

D, (t,y,w) = wy — AMw)t — 2rmw.

The following estimate for the eigenvalue A(w), eigenfunction p(w,x) and phase function
®,,(t,y, w) is crucial for the proof of Theorem [l

3This comment would not apply for a boundary observability problem.
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Proposition 9.1. There exists wy > 0, large enough, such that for all w > wy, |z| < 3,

(1) [Mw) —w| < Cow*?e™, ¥ (w) < Crw e™, for k > 0;
2)  [ANB(w)] < Crwtke™, for k > 2;

ok,

() | gty w)| < Co(L+[thwe™, fork>2ty €R,meEN;

wa? wa ak?
(4) cw'te T < |p(w,x)] < w'fe”F and ‘a—i(w,x)‘ < Cw'F, for k= 1,2
w
w 1
(5) |p(w,xo)| < e 10, for 5 < |zo| < 1.

where Ay, Cy are positive constants depending on k and Cy, C,c > 0 are uniform constants.

Remark 9.2. The content of Proposition is not new. Indeed, estimates for the eigenvalues
and eigenfunctions of more general semi-classical harmonic oscillator can be found in [HS84].
However, for our specific purpose, and to have a self contained exposition, we will present an
elementary by-hand proof of the Proposition [9.1 which may be of its own interest.

We postpone the proof of Proposition and use it to prove Theorem Bl It is sufficient to
consider the case where w® consists of a single band. Thus a reformulation of [3is the following:

Proposition 9.3. Let T' < a. Then there exists a sequence of solutions (u,)nen of equation

(T3], such that
liminf/ |1, (0, 7, y)|*dxdy > 0,
Q

n—o0

while

T
hm/)/ (£, 2, ) Pddydt = 0. 9.2)
=0 J 1 J(=1,1)e x ((a,m)U(=7,—a))y

Proof. We use the similar Gaussian beam construction as in [RS18]. Let h, = 27" and define

1 T —#};——iwy dy
n = o n s = ((1 2,2 .
mw) = 5= [ IIL vecr(22)

1
By changing variables we observe that ||g,||r~ = O(hf,l/z) and |0k g || = O(hfl"'z). Define
Un,()(l’, y) = Z gn(k)X(hnk)p(k, l’)eiky.
keZ

We first claim that |[uno|[r2@) ~ 1. Indeed,

h}‘p N hi/z 12 hi/z 2
gn('UJ) = / 6_7—22hnwdz = (6_%)(hnw) — / 6—7—Zzhnwdz’
B |2]>

2T 2T 27 7r

L
hn



TIME OPTIMAL OBSERVABILITY FOR THE GRUSHIN SCHRODINGER EQUATION 33

2,2 _ =2
hence g,(w) = }\‘/1"2/—;6_ e O(e *%). By Plancherel and (4) of Proposition @.1], for fixed

€ (—1/2,1/2),
ltno(, M2r) = D 1gn(k)x(hak) P[p(k, )

kEZ
_p212 _ ka?
>c E hye hak® 12675

ho ' /25 k| <2h ;"

Integrating with respect to x € (—1, 1), we obtain that
/2
[n 0l 72y > 06_4/ e 2 k'?dx > ¢ >0,
~1/2

uniformly in n € N.
Next, we prove (0.2)). Note that the solutions to (I.3) with initial data w, o are given by
un(t, z,y) Zgn (k,x)eiky_i’\(k)t.
kez
If |z| > 1, from (5) of Proposition [0.1]

lun(t, z,y)| < ChM?e™ 0w (9.3)
For |z| < %, we estimate |u,(t,x,y)| in another way. From Poisson summation formula, we
have -

un(t,z,y) =y KL% (2mm),

meZ
where -
K" (2mm) = / gn(w)x (ht)p(aw, )0 g,
Writting e/®m = iawlcbm a%(‘e@m), we have from the integration by part that
n 1 8 8111 n hn 9 aw(I)m - Yn hn ) 82 q>m
Kfm (27m) :_/dq)m_ (gn(w)x(hnw)p(w, z)) n(w)x(hw)p(w, 2)0, P |
Y R 8’&0 |awq)m(tayaw)|3

Thanks to Proposition @11, |0, ®,, (¢, y, w)| = |y —t — 2mm| + o(e="/?), |0k ®,,,| = O(e~"/?), for
k > 2. Therefore, if [t| <T < a and y € (a,m) U (—m, —a), we have |y —t — 2mm| > |m — ¢o|
for some 0 < ¢ < 1, thus |9, ®,,| # 0, since w ~ h_ ! is large. The main contributions inside

the integral is
Oz (gn (W) x (hnw)p(w, 7))
|0 ®r|?

and all other terms can be bounded by Ce & |y — t — 27rm| 3.

The contributions of 92 (g, (w)x(h,w)p(w, x)) are
O, 012w, 0w ™).
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The integration is taken over w ~ h!, we have that

=y Chy/!
sup |Kt(x)y(27rm)| < — (9.4)
(tey)eODxw [m — co

Since Y, ., |m — co|* < oo, combining (@3) and ([@.4), we conclude that
T {Jun (8, 2, y) || L2 (1) %) = 0-

The proof of Proposition is now complete. O

In the rest subsections, we analyze the solution of the Hermite equation (O.I) and prove
Proposition (O.).

9.2. Formal power expansions. To solve the Hermite equation (0.I]), we make the ansatz of

the power series expansion
o

f(v,z) ~ Z v f(2)

=0
Plugging into (3.I)) and comparing the degree of v/ in both side, we have

0= =1)fo, fo(0) =1, f5(0) =0,
fr =G =D fos1— foo fas1(0) = f1,,(0) =0,¥n > 0.

It is easy to verify that fo(z) = e~Z. Moreover, the formally expansion formula holds

> - G J=1
f(v,2) ~ E Vfi(z) e T + (—1)]CjVJM€7,
z
=0 i=1

where ¢; > 0 are numerical constants. However, for our need, we only need expand to the first
order term fi(z).

fw,2) = folz) + vfi(2) + V*Ra(v, 2).
The remainder term Ry solves the equation

{ Ry=(2—v—1)Ry— fi,

(9.5)
Ry(0) = RL(0) = 0.
For fi(z), we have

Proposition 9.4. fi(z) <0 for all z > 0 and

Furthermore, for all k > 0,

2
2

1)) < Gl leT,  as 2 — oo
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Lemma 9.5. Assume that [ € C*([0,00)) and |f(2)| + |f'(z)] < C|z|"N for some N € N*. Let
= foz f(y)e_(zz_yz)dy, then

Ij(z) = e o (71 2/'(2)

2z |Z‘3 ) , Z — +o00.

Proof. By changing of variable: u = y2 we have

/f = /ofzm

By further changing of variable v — 2252, we have
d 0 VI-s2 o JI-s

since —== is integrable on (1/2,1) and f is polynomially growth in z. Writting the first

e "% ds + o(e™*/?)

integral on the right hand side as —1 fo (22 \/11—882 ds( e~ s )ds and doing integration by part,
we have
VI—$?)
4L f z S (e_zzsz)ds

2v/1 —s2 ds

:% +O(e 1) — é /0é L) (FvT= ) - )74) ds

Since the third term on the right hand side is O(z7?), the proof of Lemma is complete. [

22 .
Proof of Proposition[9.4). Denote by g1(z) = e~ = fi(2) := fifo, then g; solves the equation

"4 9 I _22’
g1 (Zgll) € § (96)
91(0) = g1(0) =0, ¢7(0) <O.
Integrating (@.6]) and then solving a first order ODE, we obtain that
g1(z) = —/ O(y)e ¥ dy < 0, where ®(z) = / eV dy.
0 0
Since ®(z) is bounded as well as its derivatives and ¢1(z) = —Ie(2), applying Lemma [0.5
we obtain that gi(z) = —% + O(|z]73), as z — +o0o. From the fact that |§ —O(2)| =

|B(+00) — ®(2)] = O(e™**/?), as z — +oo, we obtain that gi(z) = —ﬁ + O(|z]7®). The
22

estimate for the derlvatlves can be deduced by mductlon Since f] = ez (g1 +zg1) and g} (2) =

)+ [, @ ="y, we have |f](z)] < Cie?, thanks to Lemma 05 Finally, from

22 .
the equation of fl, we deduce that |f*)(z)] < C|z[*'eT and this completes the proof of
Proposition O
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9.3. Estimate for remainders: Laplace method. Our goal is to obtain estimates for Ry
and its derivatives as z — co. It is difficult to write the solution of (@) explicitly. Fortunately,
since (@) is a (inhomogeneous) Hermite type equation, we could obtain the asymptotics by
using the Laplace transforamtion. For this standard method, we follow the book [WGS&S].

Z2 Z2
Let Po(v,z) = Ry(v,2)ez ,Qa(2) = —fi(2)ez, then (O3] is transformed to the following
equation:

{ P2”—22P2,+VP2:Q2, (97)

P,(0) = P3(0) = 0.
We first look for two independent solutions of the homogeneous equation
q¢" —22¢' +vqg=0. (9.8)
We split the domain 2 = C \ (—o0, 0] and choose a branch
log s = log|s| +iargs,args € (—m, 7).

Then we consider the contour C' in the s plane: we start from —oco+¢0" and turn around s = 0,
then turn to —oo + ¢0~. Assume that the solution is of the form

) = [ eV (s)as.

Plugging into the equation (O.8]), we have(assuming legality for changing the differentiation and
the integration)

q" —22¢ +vq = / Y (s) (s* + v — 250;) e*ds.
c
After Integration by part, we have that

q¢" —22¢ +vqg= /C[(52 + )Y (s) +2(sY (s))]e*ds — {2sY (s)e** } o

= / [(s* + v +2)Y + 25Y'(s)]e**dz — {25Y(s)e** } ¢,
c
where
{2sY (s)e**} o = [QSY(s)esz]jz:gizgf,
if both the limits exist. We require that
(> +v+2)Y +25Y'(s) =0,
and a simple choice is
Y(s) = e_ﬁs_VT+2 = e_%_VTHIOgS.
From the choice of the contour C, {2sY (s)e**}c = 0, for all |arg z| < § — (0 > 0). Moreover,

the interchange of the order of integration and differentiation is legality. Thus, we obtained
one solution of the homogeneous equation of (0.8))

82 v
(v, 2) ::/esz_4_ 7 logs g, (9.9)
c
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For the convenience of the estimates, we will rewrite ¢; as an integral of another contour C
in the s plane: Choosing a branch of logs = log |s| + iarg(s), arg(s) € (0,2m) by splitting
2y :=C\ [0, +00). Then start from +oo +:0" and turn around s = 0, then turn to +o0o +i0.
Changing s to —s in the expression (@.9), we have

2 2
(v, z) = —/ (=s)" 2 e 1 %ds=¢€" 2 sT 2 e 1 %*ds. (9.10)
o o

Lemma 9.6 (Watson’s Lemma[Wal918]). Let g(s) be an analytic function in 0 < args < 2.
Assume that g(s) satisfies the following asymptotics:

g(s) = O(e*N), s = o0, for some b € R,

59(5) ~emso Y ans™
n=1
in the sense that for all N € N,
N
sg(s) — Zans)‘" = o(|s|*), s—0, (9.11)
n=1
where 0 < Ay < Ay < ---, and N\, — o0. Then the function

F(z) = / e2g(s)ds, |argz| < = -3, 6> 0
oy 2
satisfies the asymptotics:
F(z) ~ QiZanF()\n) sin(A,m)en T2 2] — oo,
n=1

in the same sense as (Q.11).

Proof. The proof can be found in [WG88]. For the completeness, we present the proof for
z € R,z — 00, which is enough for our need. From the asymptotic behaviour of ¢(s) near oo,
for any IV, there exists a bounded function ox(s) > 0 with the property oy(s) = o(1),s — 0,

such that
N
g(s) — Z st
n=1

By changing variables and shrinking the contour if necessary, we have

0-+4i0F +oo+i0~
/ shnlem8% g = ;7 / +/ vl dy
Cy +o04i0+ 0-+i0—

Since on [0+i0", +00+i07), v} =1 = |v|*»~! while on [0+i0~, +00+i07), v’ 7t = |y|[rn—Le2mirn
the integral above equals to

2D () (€2 — 1) = 27T (\,)2i sin( A, 7)e™ ™,

< on(s)|s]vLellsl (9.12)
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It remains to estimate the remainder term

N
Rn(2) :/ e **g(s)ds — Zans)‘"_le_szds.
Ot

Ct p=1

From (Q.12), we have

|Rn(2)] < C'z_)‘N/ e oy (E) W let du.
0

z

By dominating convergence, [2*¥ Ry(2)| = o(1), as z — +oo. This completes the proof of
Lemma [9.6] U

Corollary 9.7. Fix 0 <v < 1. Then
G1(V,2) ~ssioo 22 Z (V) 2%,
k=0

in the sense that for any N € N,
N
272qi (v, 2) — Zczk(y)z_% =o(|z|™*Y), 2z — +oo,
k=0

uniformly with respect to 0 < v < 1. Moreover, co(v) — 2mi as v — 0, and there exist
0<uvy <1z >1,such that for all 0 < v < vy,z > 20, |q(v,2)| > 7|z|2. Furthermore, we
have

(@) (v, 2)| < Culol?[log 2", [(O2an)(v, 2)] < Cul2]27". (9.13)

for all k € N*as z — 400, where the constants Cy, are independent of v.

[N

Ty v+2 S

Proof. Denote by G(s) = e "z s~ 2 e 7 which is bounded near co. Then by definition,

(v, z) = / G(s)e **ds. Note that
Cy

. . X 1\k
s (G(s) — e_mTus_V?) ~espe 2 Z (1) s2h—3

4k . !
k=1
Applying Watson’s Lemma [0.6] for ¢g(s) = G(s) — e~ s with \j, = 2k — 7,y = e~ %" (4_,3,):,
we have
(z) — e / s~ e ds ~ 2025 sin ( 2 i 27r f: MF (21{: - Z) z 2k
o c 2 )& a R 2/

Note that the bound on the remainder terms is independent of 0 < v < 1, since for k > 1,
sin((v + 2)7/2)['(2k — v/2)e~"™ is bounded with respect to v. In particular, the coefficient
cx(v) is bounded in v.
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By changing of variables and applying Cauchy’s theorem, we have

_imv _vf+2 _itv v _v+2
e 2/ s 2 ¢ %*ds =e 222/u 2 ¢ “du.
Cy c

where 5+ is an enlargement of the contour Cy so that |s| > 1 along 5’+. Hence

_imy _vt2
cov)=e 2 [ u 2 e “du.
Cy

Next we show that ¢y # 0 for sufficiently small v. Note that I'(s) is analytic for Res > 0,
therefore, by Cauchy’s theorem, we have

6—i7rs
T - - —u s—ld f ) 14
(s) 2isin(rs) /6 e "u u, for Res > 0 (9.14)

The right hand side and left hand side are both analytic functions for s € C except for simple
poles s =0,—1,—2,-- - therefore, (0.14]) holds true for all s € C, s ¢ —N. Therefore,

co(v) = e w2 teTUdu = —2ie” "™ sin <E) r (—Z> # 0
o 2 2
for all 0 < v < 1. Clearly, ¢o(v) — 2mi as v — 0, thanks to the formula I'(s + 1) = sI'(s).
Consequently, |¢1(v, z)| has a uniform lower bound for small v > 0 and large z > 1.
Finally, we estimate the derivatives. From direct calculation and using Cauchy’s theorem,

2

/ Pi.(log s)s_yT+2 e T %ds,
O

iy

(Oa)(vz) =%

where P,(-) is a polynomial of degree k. Note that on C, such that |s| > 1 around the origin,
we deduce from Lemma 0.6 that

(85 1) (v, 2)| < Cl2|[log ="
For the derivatives on z, we calculate
2
(g (v, 2) = —/ (—s)F =7 e T ds.
Cy

Using Watson’s Lemma we have that |0%q;| < Crz27*. The proof of Corollary is
complete. 0

The Wronskian of (9.8)) satisfies W’(z) = 2zW, thus another independent solution of (@.8)

is given by
2

(2) = ¢ (2) [/Z ﬁdw +C

for z > zg, where zy > 0 is chosen as in Corollary 0.7 Note that
22
W(2) = 15 — ¢2q) = €. (9.15)
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Corollary 9.8. There exist 0 < vy < 1,29 > 1, such that for allk € N, 0 < v < vy and z > =z,
we have

lq2(v, 2)| < C257'e™ |05 qa(v, 2)| < Chz® ' (log 2)Fe™ [0 qa(v, 2)] < Cr(22 771+ 2F717%)e,
where the constants Cy are independent of v.

6“’2

Proof. First we remark that we only need estimate the term q;(z) [~ amEdw. Let vy, zg as

20 q1
in Corollary @7. Denote by I(z) = [ e *"=*")dz. From Lemma 03, I(z) ~ o+ for large z.
Applying Corollary 0.7 we have

0

2 (v, 2)|e™ < CZ:/2 / e dr < CZ:/zj(z) < C(z)257"
<0 20 20
To estimate the derivatives, observe that for each k& € N*, 9%(q;) can be written as linear
combinations of .
851(611)'/ 6”2852(q1_2)dw.
20

where ki + ky = k. From Faa di Bruno’s formula, 9¥2(g;?) is linear combinations of

ko
Q1_(2+m1+m2+m+mk2)(&Ah)ml (83€I1)m2 T (852611)%27 where ijj = ka.
j=1
From Corollary [@.7]
|8l’fz(q2)_2| < Cy,z7"|log z|k2.

Hence
zZ

10Fqe| < Z Ckz%(logz)kl/ e’ (log w)=w™"dw < Clz% (log 2)*e¢* I (2).
k1+ko=k 20
Applying Lemma [@.5] we obtain the desired bound. For 0%g,, it can be written as linear

combinations of
2

# e“’ 2
0§q1 : / de and (aflfh) : (852(%_2)) : (05_1_k1_k2(ez ))a ki < k.

The first term can be majorized by Cy|z|27%~!, thanks to Corollary Again, from Faa di
Bruno’s formula, 9¥2(¢;?) is the linear combination of the terms

ko
q1—(2+m1+m2+“‘+mkz)(aqu)rm(aqu)"w - (afqu)mkz’ where Z]m] =k,
j=1

and
1082 (q1%)] < Cile[ 7.
Using Corollary 0.7] we obtain that
2

081108 (g572) - 0 R ()] < Gyl 0] PR R < a2
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The worst case is k; = ko = 0. This completes the proof of Corollary 0.8 O
Corollary 9.9. As z — 400, we have for all k € N,
Ro(v, 2)| < C2" e, |0F Ra(v, 2)| < Cuz"~[log 2|Fe7 , |08 Ro(v, 2)| < Cpz’ ™17 |
In particular, if v < Aw'/?e™", then for all 1 < |z| < w'?, all k € N, we have
0 £ (v, 2)] < Cpw' 22+,

where f(v, z) is the solution of (O.1I).

Proof. The solution of the inhomogeneous ODE (Q.1) is given by

Py(v,2) = —q1(v, 2) /OZ %dwjuh(@ /OZ %dw.

In particular,
Py(v,2) = —qi (v, z)/ e_w2q2(l/,w)Q2(w)dw+q2(1/,w)/ e_w2q1(y,w)Q2(w)dw,
0 0

2
where Qy(2) = —f1(2)eT. From Proposition 0.4, Corollary and Corollary and the fact
that I(z) < <, we have

|Py(v, 2)] < C2 e,

22 . . .
Recalling that Ry(v, z) = e~ 2 Py(v, z), we obtain that desired bound for |Rs|. For the deriva-
tives, we observe that 0% P, consists of linear combinations of

(@q) - / e i (w)ga(vsw)dw,  (9qs) - / 5 fy(w)as (v, w)dw,
0 0
and
(OFqy) - 0% e 2 fi(2)q), (O @) - 0" (e % fi(2)q1) where ky + ky = k if ky > 1.

Thus from Propos1tlor1 0.4 Corollary 0.7 Corollary 0.8 the dominating part can be bounded
by Cilz|"t*~1e”’. Since Ry = e~ P, we obtain that |0FRy| < C|z[*T*~leZ . The derivatives
Ok P, consists of lmear combinations of

(@) - / T () (@) wydw, (D) - / T f(0)(0 ) (v, w)d,
0 0

where k; + ky = k. Again, from Proposition [0.4], Corollary Q.7 Corollary I, these terms are

dominated by |z|*"!|log z|*¢**. Thus |95 Py < Cilz|*~'|logz|*eZ. The last assertion is the
direct consequence of the estimates above and Proposition The proof of Corollary is
complete. O]
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9.4. Estimate for the first eigenvalue and eigenfunction. For fixed w > 0, consider the
function

F(v,w) = (v, /) = fo(V/@) + v f1(\/©) + 1* Ro(v, /).

Proposition 9.10. There exists wg > 0, A > 0, such that for all w > wy, there exists a unique
solution v(w) € (0, Aw'/?e™") of the equation

F(v(w),w)=0.

Moreover, the application w — v(w) is smooth.

Proof. For fixed w > 0 large, we define the iteration scheme as follows:

fo(Ww) + i filvw) =0, fo(vw) + Va1 i(Vw) = —v3 Ra(va, V), 0> 1.
Since fi(z) never vanish for large w, we have
vy = Go(Vn—1,w) — Go(vp, w)
e fi(Vw)

where

Gy(v,w) = V*Ry(v, V).
Applying mean-value theorem and Proposition [9.4] we obtain that
|0,Go(0vp—1 + (1 — 0)v,, w)|

ew/2cl—1w—1/2

|Vn+1_7/n| S '|Vn_7/n—l|-

Assume that v; < Aw'?e=" for all j < n, then from Corollary 0.9} the right hand side can be
bounded by

2Acle_“’w%+1|yn — VUp_1]-

Since vy = — fo(vw)/ f1(v/w) € [crw/?e™™, ¢ 'w'/2e™], we have

n
Unt1 < Z(2A616_ww%+1)j1/1 < cTlwt?e(1 = 2Ace P witH) Tt < Aw'/Ze v,
=0
provided that A > 2¢;* and w > wy are large enough. Fixing such A and wy, by induction,
we have that v, < Aw'2e % for all n € N. Now the absolute convergence of the sequence
Yoo |Vng1 — vn| (with the convention vy = 0) implies the existence of the limit

v(w) = lim v,(w) € [0, Aw'/?e™].

Next we show that F(v(w),w) = 0. From the continuity of F(-,w), we have F(v,,w) —
F(v(w),w) as n — oo. By definition, we write

fo(Ww) + vn fi(vVw) = =F(Un_1,w) + fo(W/w) + v1 fi(Vw).

Passing to the limit for both sides, we have F(v(w),w) = 0. The uniqueness follows from
similar argument, and the smoothness of the mapping w +— v(w) is guranteed by the inverse
function theorem. This completes the proof of Proposition @.10. O
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Proof of Proposition[91. From Proposition 0.4, Corollary 0.9, we know that

v+k—1

(V)| < Cyw'7 €%, |08 Ry (v, V)| < Cpw™ [logw|*e?, |0 Ry (v, V)| < Cw™2 €.

We remark that the exact power of w is of no importance, since the dominated factors are
always exponentially in w. To simplify the notation, we will replace all the power of w as
well as logw by some polynomials P, in variable \/w, which may change line by line in the
calculations below.

The first estimate of (1) is a direct consequence of Proposition[@.I0l To estimate the derivative
v®) (w), we first take one derivative in w to the equation

F(v(w),w) = fo(Vw) + v(w) fi(vVw) + v(w)* Re(v(w), vVw) = 0.

Since v(w) < Cw'/?e™™ the dominating coefficient of v/(w) is f1(y/w), since f; and Ry have the
same e*/2 factor. Moreover, the |9, fo(/w)| is always much larger than |2v(w) Ry (v(w), v/w) +
v(w)20,(Ry(v(w), /w))|. Therefore, |v/(w)| < CrwAte™ holds true with some power A;. Tak-
ing k derivatives in w, the dominating coefficient of v (w) is still f,(y/w) while |0F (fo(v/w))|
is always much larger than all other terms, therefore, [v®) (w)| < Crw*e~". Then (2) and (3)
can be deduced from the bound of v*)(w) easily.

Finally, we estimate p and 9¥p. We first claim that

1/2

1 (v(w), Vw2 11y = w7 /_ o |f(v(w), 2)[Pdz ~ w2,

Indeed, the upper bound follows directly from Proposition and Corollary For the lower
bound, note that for |z| < w'/?/2, v < Aw'/?e=*, Proposition 0.4l and Corollary .9 yield

2

z 22 22
f(v,2)] > e 2 — Cw'Pe 27122 > =7 <1 — Cwl/Qz_l/ze_(w_ZQ)) >e 2 /2,

wt/ . .
if w is large enough. Hence f_;fm | f(v, 2)|?dz is uniformly bounded from below.
Assume that |z| < 1. Observe that

wa? w2

v fi(Vwz) + V* Ry (v, ywz)| < Cwte™ 5 e wmwe?) < Cwte™ e "5,

'Ll)fE2
hence |p(w,x)| ~ w'*e™"2. Next we estimate the derivatives of p(w,x). Direct calculation
shows

0u (1 (), VI [Ea1.1y) = O ™).
Consequently, the absolute value of the second term of

0u(f(v(w), vwz))  [v(w), Vwz)dy (|| f(v(w )\/_-)Ilig)
1 (v(w), V)l 2-1.0) 201f (v(w), V) l[72( s ’

Owp(w, ) =
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can be bounded by O(w™3/*). To control the other term, we write

SL’2

'UJI2
Dw(f(v(w), Vwzx)) = — Se V fi(vwzx) + 2v1 Ry (v, v/we)
2
r vix
From Proposition and Corollary [0.9] all the terms except for the first term can be bounded
by O(w?e™"1). The first term z2e"**/2 = (wa?)e***/2 = O(w~!). Therefore, [Dpp(w, z)| =
O(w™3/%). Taking one more derivatives, one easily verifies that [92p(w,z)| = O(w™7).

(0.Ry) (v, Vwz) + v*V (0, Ry) (v, Vwz).

Finally, for % < x| <1,
[p(w, )] < Cw'![f(v(w), V)| < w'le™ 4 Cule™ < e,

provided that w is large enough. This completes the proof of Proposition O

APPENDIX A. NON-OBSERVABILITY FOR THE GRUSHIN WAVE EQUATION

In this section, we consider the Grushin-wave equation

Pu—Agu=0, (t,z,y) €R, xQ (A1)
(1, 000) o = (0, 1) € FE () x LA(). |
Recall that the semi-norm of H&G is given in (L4).
We will show that for any time 7" > 0, the following observability
T
/(Ivcuo(ft, I + |ua(z, ) [*)dedy < CT,w/ / |Out, z, y) |*dedydt (A.2)
Q o Jo

cannot hold, if the observation region w does not contain the whole circle {(z,y) : z = 0} =
{0}, x T,

Proposition A.1. Let T > 0 and w C §2 be a open subset such that
wN{(z,y) € Q:ax =0} #{(x,y) € Q:x =0}
Then there exists a sequence of solutions (up)nen of (Al satisfying
IV aun (0, ')H%?(Q) + [10:un(0, )| L2() 2 1

for all large n and
T
0

n—oo

In particular, the observability estimate (A2)) is untrue.
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Proof. Without loss of generality, we may assume that a small neighborhood U of (0,0) does
not intersect with the closure of w. Pick a sequence (h,)nen such that h, — 0 as n — oo and
consider the following sequence of approximate solutions:

Y t x Y
Un(t, x,y) = hY®exp (z(h—n + W)) cexp (— (% + m))
Direct computation yields
(0F = Ag)vn = fa,
with - ,
3x°y e .
fultsz,y) = [+ 352" — ) Jou(t, 2, y).

One verifies that for any fixed t € R,

IVaon(ts )l 2@y ~ 1, |10wn(t, )l 2@2) ~ 1,

where the implicit constants are independent of t. Moreover, for large n,

T
1
[fn(t, )l 222y = O(hn), / 100 () |22y dt S O TR
0

for any Ny € N.

Next we fix a cutoff function x(z,y) with support close to (0,0) and x = 1 on U. Denote
by W, = X - V. Since v, (t, 2, y) is concentrated on |y| < O(h/*), |z| < O(h/?), for sufficiently
large n, we still have

IVawn(t, )2 ~ 1, Own(t, )|l L2@) ~ 1. (A.3)
Furthermore, w,, € Hol,G(Q) and it satisfies the equation
(0} = Ac)wn = fu,
with .,
Ity = O, [ 10w (O3t S Co T
for any Ny € N. Finally, let u,, be the SOlU.thl’lOOf (A1) with the initial data (w,(0, -), dw, (0, -)),

by the energy estimate of u,, — w,, we have for any ¢t > 0,

IV (tn — wn) ()lIZ2(0) + 110 (un — wa) (O] Z2) < / 101 (un = wa) (Dl 20 [l Fa ()| 22 dt,

which implies that
1
sup |0, (un — wn)(t)| 2(2) = O(hn)-

te[0,T
Thus

T T T
Anwmm@MSA|@wmﬁmw+é|@mﬁwmmm@ﬁ=m@%
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In view of (u,(0,-), u,(0,-)) = (w,(0,-), dw,(0,-)) and ([A3), the proof of Proposition [Al is
complete.

O

Remark A.2. In [Let20], the author constructed approximate solutions (Gaussian beams)
concentrated on the rays in the elliptic region. These rays remain for a long time close to the
subelliptic region, that leads to the proof of the non-observability for the subelliptic wave equa-
tion. In our special setting, we directly construct approximate solutions that are concentrated
on the subelliptic region.
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