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Abstract

We construct and investigate an integration process for infinite products of compact metrizable
spaces that generalizes the standard Henstock-Kurzweil gauge integral. The integral we define here
relies on gauge functions that are valued in the set of divisions of the space.

We show in particular that this integration theory provides a unified setting for the study of non-
absolute infinite-dimensional integrals such as the gauge integrals on R” of Muldowney and the con-
struction of several type of measures, such as the Lebesgue measure, the Gaussian measures on Hilbert
spaces, the Wiener measure, or the Haar measure on the infinite dimensional torus. Furthermore, we
characterize Lebesgue-integrable functions for those measures as measurable absolutely gauge inte-
grable functions.
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1 Introduction

1.1 Summary

The main concept behind gauge (or Henstock—Kurzweil, or generalized-Riemann) integration is the no-
tion of gauge function. The role of those functions is to control the size of the blocks of the partition we
use to compute a given integral. In the case of classical Riemann integration on a segment [a, b], that
role is played by a number 6 > 0, and the size control by 6 is made through the condition which says
that all the intervals of a partition have to be of length smaller than 6.

In Henstock-Kurzweil integration, the idea is to replace this global strictly positive constant by a gauge
function 6 : [a,b] — R, and to allow the size of the intervals of a partition to be locally controlled by
the condition which says that the length of a given interval is smaller than 6(x) where x is the point
associated to the interval.

This simple and natural generalization has far-reaching consequences. One of them is that gauge
integration on R is a non-absolute generalization of the standard Lebesgue integration in the sense that
any Lebesgue integrability implies gauge integrability, and gauge integrable functions whose absolute
value are gauge integrable are actually Lebesgue integrable.

For example, the Fresnel function x — ei*” is gauge integrable but not Lebesgue integrable. This
observation is at the origin of the gauge integration approach to construct a rigorous theory of Feynman
path integrals [2—4, 8, 9].

Some links between measure theory and the infinite-dimensional gauge integration presented by Hen-
stock in [2-4] have been studied in [6]. However, it turns out that the notion of gauge associated to that
theory is too restrictive for applications to infinite-dimensional integrals that appear in quantum mechan-
ics or in the theory of stochastic processes.

In [8,9], Muldowney developed a theory of infinite-dimensional gauge integration with more flexible
gauges that allow the size control of the partition blocks to be dependent on the set of the dimensions
where the block is restricted, and those gauges are adapted to the construction of Feynman path integrals
and other non-absolute infinite-dimensional integrals.

In this article, we aim at providing a general setting of infinite-dimensional gauge integration that
contains the gauge integral over RT (for infinite T) as described in [9], and the Lebesgue integrals asso-
ciated to standard measures, such as the Lebesgue measure, the Gaussian measures over Hilbert spaces,
the Wiener measure and the Haar measure on the infinite-dimensional torus. Ideally, the framework
we want to develop has to be general enough to contain those examples but concrete enough so that it
remains easy to verify the conditions to obtain new examples.

The setting we are working with here is described in Subsection 2.1 and is given by the product X
(called product division space) of a family (X,).cr (called division family) of topological spaces, each of
them being equipped with a semialgebra (called division structure) of sets (called cells) that generates the
topology (see Definitions 2.6 and 2.7 for more details). The goal of Section 2 is to construct a general
theory of gauge integration on a product division space X, where each X, is a compact metrizable space.

Examples of such product division spaces include ET, the infinite-dimensional torus T, the Cantor
set 2N, the extended Baire set NN and the profinite integers 7 (see Example 2.16 for details).

In Subsection 2.2, we study some basic properties of divisions of X, which are defined as finite sets of
pairwise disjoint nonempty cells.

In Subsection 2.3, we define and study the notion of gauge and their associated resolutions. A gauge
is essentially a pair (L, ) where L is a function valued in the indexing set (or dimension set) T of the
product division space X and 6 is a family of maps indexed by the finite sets of T, each of them valued
in the set of divisions of the finite product of (X,),cy (see Definition 2.28).

We decided to give the name of pixel to what is usually called a pointed cell (a couple (J, x) where J is
a cell and where x € J) and the name of resolution to what could be also called a pointed division (a finite
set of pointed cells with pairwise disjoint associated cells)- see Definition 2.33 for details. This choice of
terminology was mainly made in order to avoid repeating the adjective “pointed" for such fundamental
objects of the theory, and also because it suggests a visually possibly useful analogy with actual screen
resolutions and pixels.



Acell J =]],J, of X is such that there is a finite set N of T where J, is restricted (i.e. different from
X.) and such that for any t ¢ N, J, = X,. This finite set, which is denoted N; (and called the dimension
set of J, see Definition 2.14), plays a crucial role in the theory. Indeed, gauges will control the dimension
set of a cell to make it big enough, and the restricted cell J := ]_[tGNJ J; to make it small enough. To be
more precise, given a gauge y = (L, §), a pixel (J, x) is said y-fine if L(x) € Ny, and if J is finer than the
division & N, (x). A resolution is said y-fine if so are all of its pixels (see Definition 2.35 for details).

Thus, in a gauge (L, 6), L will provide the control over the dimension sets of cells in a resolution, and
6 will provide the control over the size of the associated restricted cell, and over the way it can fit in a
given division. This notion of gauge essentially contains the type of gauge that was described in [9, p.
103] for the product division space R (see Remark 2.44 and Lemma 2.43).

An important consequence of working with this type of gauge is that for any division D, there is a
gauge v such that any y-fine resolution will be finer than D (see Corollary 2.40). In particular, that fact
is used to prove that real absolutely gauge integrable pixel functions form a Riesz space (see Proposition
2.75, item 8). It was not investigated here, but it is possible that another approach where we only
consider pixels (J, x) where x is a vertex of J (in a sense to be defined) could lead to similar results.

Subsections 2.4, 2.5 and 2.6 are respectively devoted to basic definitions and properties of the gauge
integral, additivity properties, and variation functionals. Since the notion of division space we develop
here is an example of the general theory of division systems of Henstock [4], the results of Subsections
2.4, 2.5 and 2.6 could also be obtained by checking the relevant axioms associated to those results,
instead of proving them directly. However, we decided here to systematically give direct proofs for the
sake of self-containment and argument simplicity.

In Subsection 2.7, we prove Theorem 2.78, which gives a sufficient continuity condition over a point
function f so that fh is integrable, where h is an integrable positive pixel function.

In Subsection 2.8, we prove a version of the Hake theorem for our gauge integral (Theorem 2.79). This
result provides a sufficient condition over partial integrals of a pixel function to obtain full integrability,
showing that improper gauge integrals are, in fact, proper.

Section 3 is devoted to the construction of a measure on X associated to any positive pixel function
(i.e. a function defined on all pixels (J, x)) satisfying the right conditions.

In Subsection 3.1, we establish the main tool for this goal : the monotonous convergence theorem for
the gauge integral (Theorem 3.9), which is proven here through a result about the integrability of series
of integrable positive pixel functions (Theorem 3.8).

In Subsection 3.2, we establish the first main result (Definition-Theorem 3.13). This result shows that
if h is a positive and projectively integrable (see Definition 3.2) pixel function, then :

up : My — R,

A [1,h, ifA€ .5,
—
oo otherwise

is a complete measure on (X, .#;), where .#, is the set of all h-integrable subsets of X, and ., is the
o-algebra of all h-measurable subsets of X (see Definition 3.10 and Proposition 3.12 for details). This
measure Uy is a Borel (and even Radon if T is countable, see Theorem 3.16) when h is o-cellular, which
means that any open cell is a countable union of h-integrable measurable subsets (see Definition 3.15).

We establish the second main result in Subsection 3.3, which gives a characterization of Lebesgue
integrable functions for the measure u; as absolutely h-integrable measurable functions (Theorem 3.21).
More precisely, it is shown that if h is o'-cellular, the space L!(X, u;,) of Lebesgue-integrable functions for
the measure uy coincide with the space of all measurable functions f such that |f |h is gauge integrable,

and that for any such function f,
J fduy = J fh.

Section 4 is devoted to the study of four different examples where the previous results can be applied. In
Subsection 4.1, we show that we can recover the classical Lebesgue measure from the gauge integral (a
fact that is already well-known, see for example [11, p. 64]), and in Subsection 4.2 we apply the theory



to the case of R to construct Gaussian measures via gauge integrals. The same is done for the Wiener
measure in Subsection 4.3. We note that similar results for the Wiener measure were obtained in [10].
Finally, we study in Subsection 4.4 the infinite-dimensional torus as a product division space. We show
in particular that its canonical Haar measure can also be recovered from the gauge integral.

1.2

Notations and conventions

On numbers :

We denote N the set of natural numbers, including zero, and N* = N\{ 0 }. The word "positive" will
mean greater or equal to zero, and the term "strictly positive" will mean positive and different than
ZEero.

The extended real line is denoted R. It is a compact metrizable space with the order topology, and a
complete lattice. With the induced order and topology, R.. is a also a compact space and a complete
lattice. We naturally extend the addition + from R to R, by saying that +co+a = a++00 = +00
for all a € R, (this makes R, a totally ordered commutative monoid).

We use Rz and 3z to denote the real part and the imaginary part of a complex number 2, and if x
is a real number, we denote x, := max(x,0) and x_ := —min(x, 0).

On sets :

The characteristic function of a subset S of a set X is denoted 1.
For any given set X, & (X) denotes the lattice (for inclusion) of all finite subsets of X.

The axiom of dependent choice (DC) will be freely used in this paper (its use will be mentioned
though). The full axiom of choice (AC) will not be used.

If T is a set, we will say that a proposition P(t) holds for cofinitely almost all t € T if there is a
finite subset S C T such that the proposition P(t) holds for all t € T\S.

If T is a countable set, an enumeration of T is a sequence (t,),ey such that T ={t, : neN}.

When x € [ [,c7 S; is an element of a product of a family of sets, we will use the notation x; for
any U C T to denote the restriction of x over U, so that x; € [ [,c; S:-

On orders :

The real vector subspace R is a Riesz space partially ordered by the relation f < g defined as: for
any x €S, f(x) < g(x). The join (maximum) of f, g is denoted f V g, and the meet (minimum) is
denoted f A g.

If f,g : A— B are maps from a set A into a semilattice (B, <,A), we will denote by f < g the
relation : for all x € A, f(x) < g(x). Equipped with that relation, B* is a meet semilattice where
the meet of f and gis f Ag:A— B,x — f(x)A g(x).

We will view Z(X), where X is a set, as a bounded meet semilattice for the relation : N < N if
and only if N 2 N’. The meet is of N and N’ is thus N UN’. For functions valued in Z(X), we will
therefore use the notation f U g and f 2 g for respectively the meet of f and g the order relation
f<g.

On topology and o -algebras :

For any given family (X,),cr of topological space, we always provide [ [,o; X, with the product
topology.

If X is a topological space we will denote %y its Borel o-algebra.



o If X =[], X, is a product of topological space, the o-algebra generated by products of the form
[1,A; where for all t, A, € %y, and for cofinitely almost all t, A, = X,, is called the product
o-algebra on X and will be denoted &x. The inclusion & € 9By holds, but the equality doesn’t
hold in general (but holds if we are dealing with a countable product of second countable spaces).
Unless stated otherwise, we will always provide a product X with its product o-algebra &%.

2 Integration on product division spaces

2.1 Division spaces, families and products

This section is dedicated to the definition of division spaces. We will investigate some examples and
properties of division spaces. The basic ingredient in the division space structure are finite partitions and
their order structure :

Definition 2.1. Let X be a set.
1. A partition of X is a set P of nonempty subsets of X that are pairwise disjoint and such that X = UP.

2. Afinite partition of X is a partition P of X such that the set P is finite. Note that in this terminology,
the elements of P are not required to be finite. We denote FPart(X) the set of all finite partitions
of X.

3. If J € X and P is a finite partition of X, we say that J is finer than P if there is J' € P such that
JcJ'.

4. If P and P’ are two finite partitions of X, we say that P is finer than P’, and we write P < P’, if for
allJepP,J <P.

5. If P, P’ are two finite partitions of X, we denote P A P’ the following finite partition of X :

(JnJ' : (J,J)ePxP ,inJ #3}.

We note the following basic facts about finite partitions :
Proposition 2.2. Let X be a set.
1. The relation < is a partial order on FPart(X).
2. If X is nonempty, {X } is the maximum of FPart(X), and FPart(@) = {@ }.
3. For any P,P’ € FPart(X), P A P’ is the greatest lower bound of { B, P’ }.
Thus, (FPart(X), <, A) is a meet-semilattice with {X } as top element if X is nonempty.

Proof. Items 1. and 2. are straightforward. For 3., we first see that P A P’ is actually a finite partition of
X if B P’ € FPart(X). Indeed, if C;,C, € P A P/, then there is (J1,J7) € P x P’ such that J; NJ; # @ and
C; =J; NJy, and there is (J,,J,) € P x P’ such that J, NJ, # @ and C, = J, NJ,. Thus, if C; # C,, then
J1 # Jy, or J| # J,. In the first case, we have J; NJ, = @ and thus, C; N C, = @, and similarly in the
second case. As a consequence, P A P’ is a finite set of pairwise disjoint nonempty subsets of X. Since
UP AP =Ujep Upep J NJ' = U epd NX =X, we see then that P A P’ € FPart(X).

Let us now check that P AP’ is the greatest lower bound of { P, P’ }. Clearly, PAP’ <P and PAP' < P’.
Let P” € FPart(X) be such that P” < P and P” < P’. Then for any J” € P”, there is J € P such that
J” CJ and there is J’ € P’ such that J” C J’. Thus, J” CJNJ’, and finally, P” <P A P’. O

Proposition 2.3. Let PP’ € FPart(X) with P < P’ and let J' € P’. Then {J € P : J C J'} is a finite
partition of J' made of elements of P.



Proof. Denote Q :={J € P : J CJ'}. Clearly, Q C P, and uQ C J’. Let us check that J' C UQ. Let
x €J’. There is a unique J € P such that x € J. Since P < P/, there is J” € P’ such that J € J”, and thus
x€J”. Since J'NnJ" # @, J =J" and thus x € UQ. O

Definition 2.4. Let X be a set. A semialgebra over X is a collection .« of subsets of X such that
1. ./ contains X.
2. .4/ is stable by finite intersection.

3. The complement of any element of .« can be partitioned by elements of .¢f (in other words, for
any A € ./, there is a finite partition P of A° := X \A such that P C .&/).

Remark 2.5. The definition we use here of a semialgebra .« does not require the empty set to be in
/. Note that {@} is the unique semialgebra over @. Over a singleton {x}, we have two possible
semialgebras : {{x}} and {@,{x}}. A semialgebra that contains a nonempty proper subset of X, also
contains .

Definition 2.6. 1. Let X be a topological space. A division structure on X is a semialgebra ¢ over
X such that {J € € : J is open} is a base for the topology of X. Elements of ¢ are called cells of
X.

2. A pair (X, €) where X a topological space and % a division structure is called a division space.
3. A division space (X, %) is said nontrivial if X contains at least two elements.

4. A family (X,);cr, where T is any set and where each X, is a nontrivial division space, such that
[ l,erX: # @ will be called a division family.

5. A division family (X,) is called compact metrizable if each X, is a compact metrizable topological
space.

Definition 2.7. Let (X;),cr be a division family, and denote %, the division structure on X, for each
t € T. The product of (X,), is by definition X := [ [, X;, and the cell semialgebra of (X,), is the set
®;cr 6}, also denoted ¥ in the following, of all subsets of X of the form

1

teT

such that for any t € T, J, € 6, and for cofinitely almost all t € T, J, = X,. The pair (X, ¢) is called the
product division space of the division family (X,),c7-

Theorem 2.8. Let (X,).er be a division family. Then
1. The product division space (X, €) is itself a division space. It is nontrivial if and only if T is nonempty.

2. If T is countable and (X,) is a compact metrizable division family, then (X, €) is a compact metrizable
division space.

Proof. 1. If T = @, we see that X = {J} (the singleton containing the empty map) and € = {X }.
This is a (trivial) division space.

If T # @, then since X # @, there is a function x defined on T such that for any t € T, x(t) € X,.
Fix t; € T. Since X, contains at least two elements, there is y in X, such that x(ty) # y,. The

map x’ such that xllT\{to} = X|1\{t,} and x'(ty) = o is different from x and is also in X.

Denote 7, the topology of X, for each t € T and 7 the product topology on X. It is straightforward
to check that ¢ N 7 is equal to

(6, NT,):= {l_[‘]f : Jpe 6, N7, and J, = X, for cofinitely almost all t € T }.
teT



Since 6, N 7, is a base for 7, for each t, ¥ N 7 is a base for the (product) topology of X.

It remains to check that ¢ is indeed a semialgebra on X. We will denote p, : X — X, the canonical
projections. First, it is clear that X and & are in € . Let J,J’ € 6. We have J = ﬂtert_l(Jt)
and J' = Nyepp; '(J}) for finite sets F,F and cells J,, J/ such that J, € 6, and J| € 6,. We
extend J, for all t € FUF’ so that J, := X, for t ¢ F, and we do the same for J/. Thus, JNJ' =
Neerur Py () NP7 J)) = Npupp; t(J, NJ)), and therefore J NJ’ is in 6.

Moreover, given J € €, of the form ﬂtert_l(Jt), for all t € F there are disjoint cells K 1, -+, K; ,
of 6, such that X, = Up<j<n K, j, where we denote K, , := J;. Since X = ﬂtpt_l(Xt), we obtain
the equality X = Uje[]._, {0,-n,} Neer Py - (K¢ je))- Thus, with J = N,epp; ' (K,o) we see that J¢ is a
finite union of disjoint elements of 4.

2. Since we assume in this paper the principle of dependent choices (DC), Tychonoff theorem for a
countable product of compact spaces holds [1, p.88]. As a consequence, X = [ [, X, is a compact
metrizable space.

O

Assumption 2.9. The goal of this chapter is to construct and describe an integration process over the
product division space associated to a given compact metrizable division family. Thus, from now on,
we fix a compact metrizable division family (X,),cr and we denote (X := [ [,c; X;, € := ®.c16;) the
associated product division space.

Notation 2.10. If U C T, we will denote (X;, 6;) the product division space of the subfamily (X,);cy,
which is also a compact metrizable division family. If J € €, we denote Jy := [ [,y J;- Note that
(gU:{JU . Jecg}.

Remark 2.11. The product division space (X, 6,) of the empty division family is equal to the division
space ({@},{{@}}). It will be called the singleton division space. It will be used in the following
mainly as a way to simplify the presentation and statement of a few results, so that we don’t have to
exclude the case of the empty indexing set.

Remark 2.12. If t € T, we can (and will) identify naturally X} with X, and €6}, with 6,. Thus, a
nontrivial compact metrizable division space is a particular case of a product division space of a compact
metrizable division family indexed by a singleton.

Notation 2.13. If (x,),cy and (x;)cy are families such that U N U’ = @, the overriding family x & x” is
the family indexed by U U U’ that coincide with x on U and with x” on U’. This operation is associative
and commutative, and has the empty function as an identity element. If A and B are sets containing
families indexed by disjoint sets, we denote A ® B the set of all x & x’ where x € A and x’ € B. This
operation is associative and commutative and has the singleton { @} as identity element.

Observe that if U € T, then X =Xy @ X1y

Definition 2.14. If J € ¢, we denote N;, and call this subset of T the dimension set of J, the unique
element of Z(T) such that for any t € N;, J, # X,, and for any t ¢ N;, J, = X,.
We will use the notation :
J :=Jy,

Remark 2.15. Note that for any cell J € ¢, J =J & Xr1\y,, and more generally for any N € #(T) such
that N 2 NJ, J :JN ®XT\N'

Example 2.16. Here are some examples of nontrivial compact metrizable division spaces, and associated
product division spaces :

1. Any finite set X with at least two elements with discrete topology is a nontrivial compact metrizable
division space, where a cell is either X, &, or a singleton. Considering now the compact metrizable
division family ({0, 1}),cy, we obtain 2" (the topological Cantor set) as a particular example of a
product division space.



2. The space N := NU { 0o } with the induced topology from R, is a division space with the cells
given by the empty set, all the singletons {n } and the subsets of the form [n, c0] :=[n, 0] NN,
where n € N, is a compact metrizable division space.

This example gives the following product division spaces : N and M.

3. The extended real line R is a division space where the cells are all the intervals. This example is
the fundamental prototype of a compact metrizable division spaces.
. . . q = =T .
Thus, we obtain a compact metrizable division family (R),cr for any set T, and R" is an example
of a product division space, that is compact metrizable when T is countable.

4. The circle T = S! with the standard topology induced from R? is a compact metrizable division
space where a cell is either the whole circle S! or an arc of length less than 7, i.e. of the form
{e!? : 6 eI, Iinterval of R of length < 7 }.

This shows that the n-torus T" and the infinite torus T" are examples of compact metrizable product
division spaces.

5. If X is a compact ultrametric space, the family of all open balls of X together with the empty
set, is a division structure on X. For example, the space of all p-adic integers Z, (where p is a
prime number) has a natural structure of division space, and thus the space of all profinite integers
]_[p prime Zp 1S an example of a compact metrizable product division space.

2.2 Divisions and elementary sets

As previously said (see Assumption 2.9), we fix in the following section and in the rest of the chapter a
compact metrizable division family (X,),cr and we denote (X, ¥) its associated product division space.

Definition 2.17. 1. A finite set of pairwise disjoint nonempty cells of X is called a division.

2. A subset of X of the form UD where D is a division is called a elementary set of X. We denote &
the set of all elementary sets.

3. If E is an elementary set of X, a division of (resp. in) E is a division D such that E = UD (resp.
E CUD). We denote 2y, the set of all divisions of E.

Remark 2.18. Since ¥ is a semialgebra over X, the set of all elementary sets & is an algebra over X, that
means that & contains @, X, and is stable by finite intersections, finite unions, and by complementation
(see for instance [13, Theorem 21.4]).

Remark 2.19. For each t € T, since X, is nontrivial, X, \{ x } is an open proper nonempty subset of X,, if
x € X,. Thus, X,\{x } contains a nonempty open cell J. As a consequence, there is a division of X, that
is different from the trivial division {X, }.

Proposition 2.20. Let E be an elementary set. If D,D’ € 9, then D AD’ € 9. In particular, (95, <,\) is
a meet semilattice.

Proof. Let D,D’ € 9. By definition, DAD' ={JnJ’ :(J,J))eDxD’', JnJ # @}. We see directly
that D A D’ is thus a finite partition of E made of cells. O

Remark 2.21. The semilattice 2y is bounded, with {X } as top element.
Example 2.22. Here are some examples of divisions :

1. If X is the division space associated to a finite set with at least two elements, Zx has two elements
{X}and {{x} : xeX}.

2. The divisions of N are either {N} or of the following form, where n € N :

{{O}s"':{n}:ﬂ:n+1soo:ﬂ}'



3. The set {[—00,—1],]—1,1[,[1,00]} is an example of a division of R.

4. In EN, the set {J,K, L} is a division of EN, where we define J,K, L by setting : N; = {0}, Ny =
Ny ={0,1},Jo=R_, Ko =Lo=R,, Ky =[1,00], L; = [—00,1[.

Definition 2.23. If D is a division of X, then the dimension set of D is N}, := U;cpN;. We will denote
D:={Jy, : JED}, and forany N 2 Np, Dy :={Jy : JED}.

Remark 2.24. If D is a division of X, then for any J € D, we have J = Jy & Xp\y,, and thus, D is a
division of Xy . More generally, if N 2 Np, Dy is a division of Xy .

The following definition deals with a special type of division that will play a important role in the
proof of the generalized Cousin’s theorem 2.42.

Definition 2.25. Let N € Z(T). If for any t € N, D, is a division of X, the division product ®,cyD; is
the set of all products [ [,cy J;, where for each ¢, J, is an element of D,.

A division D of Xy is said regular if it is of the form of ®,cy D, for a family (D,),cy of divisions (such
that D, is a division of X,).

Note that for N = @, the unique division { X} of the singleton division space X, = { @} is regular.
Proposition 2.26. Let N € Z(T).
1. A division product ®,c5 D, is indeed a division of Xy.

2. If D is a regular division of Xy, then the family (D,).en of divisions such that D = ® .y D; is unique.
We will keep using that notation in the following.

3. Let D be a division of Xy. Then there is a regular division D’ of Xy such that D’ < D.

Proof. 1. It is clear that the elements of ®D, are pairwise disjoint. Moreover,
Xy = l_IXt = l_[(UDt) =Ujep, I_[Jt =U®;D;.
t t

2. Suppose that ® D, = ®D; = D where (D,) and (D;) are families (indexed by N) of divisions, such
that D, and D] is a division of X, for all t € N. Fix t € N and take J € D,. Take now elements
Ji € Dy for any k € N\{t}. Thus, J @ [ [, Jx € D. As a consequence, there exists J; € D;_for each
k and J’ in D] such that J @ [ [, Jx =J’ @[ [, J; and this implies J = J’ and thus J € D.

3. The case of N = @ is trivial. Suppose then N # @. Take J € D and t € N. There is a division
D(J,t) of X, such that J, € D(J, t). Define now D, := A;cpD(J, t). This is a division of X,. Take
now D’ := ®,D,. This is clearly a regular division of X. To prove that D’ < D, let J' € D’. Since
D is a division of Xy, there is a cell J € D such that J NJ’ # &, which implies that for any t € N,
J,NJ! #@. Since J| € D, <D(J,t), and J, € D(J, t), it follows that J; C J, and therefore J' C J.
This shows that D’ < D.

O

Notation 2.27. If D is a regular division of Xy, and K € N, we will denote D, the regular division
®;exD; of Xi.
If D is a regular division of Xy and D’ is a regular division of X,; where N and M are disjoint, then
we denote D ® D’ the regular division on Xy, given by ® <y D, where D, := D] whenever t € M.
Remark thatif J <D and J' < D’,thenJ®J < D®D'.



2.3 Gauges and resolutions
Definition 2.28. 1. A gauge is a pair y := (L, 6 := (8y)yez(r)) such that for all N € Z(T),

L:X—->Z(T)
Oy : X — Dy,

and the maps L and 6, have countable images (i.e. L(X) and 6,(X) are countable sets). A gauge
is said regular if for any N € Z(T), x € X, 65(x) is a regular division of Xy .

2. Given two gauges y = (L,6) and y’ = (L', &), we say that y is finer than y’ and write y < y/, if
L2L"and 6y < &), forall N € F(T).

3. If y and y’ are two gauges, we denote y Ay’ the gauge (LUL’,5 A5’) where (6 A8")y := 6y A8y
forall N € Z(T).

Here are fundamental examples of gauges :

Definition 2.29. Let D be a division of X. The gauge associated to D is yp := (Lp, 6p), where Ly, is the
constant function x — Np, and for each N, (6p)y : X — %Dy, is the constant function defined by :

Dy if N2 N,
{Xy } otherwise.

(6py = {

More generally, let D, : X — 9%, x — D, be a function from X into the set of divisions of X, with
countable image. Then yp, = (Lp,,6p,) defined by Ly, : x — Np_and

(Dy)y if N 2N
{Xy } otherwise.

(6p Iy :x— {
is a gauge on X, called the gauge associated to D,.

We can also create a gauge in a trivial way fromamap L : X — Z(T) :

Definition 2.30. Let L : X — % (T) with countable image. The gauge associated to L is the gauge
v : (L,6x) where (6x)y is the constant function x — {Xy }.

Proposition 2.31. The set of gauges is a bounded (meet) semilattice with the partial order <, and the
greatest lower bound of v,y" is y Ay, and the top element is y(x.

Proof. The relation < is clearly a partial order on the set of gauges. Let y,y’ be two gauges. We see
that y Ay’ is indeed a gauge (which was already claimed in the previous definition). Indeed, it is clear
that L UL’ has a countable image and the same is true for 6y A 5, for any N. We see now that y Ay’ is
the greatest lower bound of y,y’ since L UL’ and &y A & are the greatest lower bounds of respectively
{L,L'} and {6y,6) }. O

Proposition 2.32. If y is a gauge, then there is a regular gauge v’ such that y' <.

Proof. Let y = (L,0) be a gauge and fix N € #(T). Let (8, y)nen be an enumeration of 6y (Xy) and
for each x € X, let n, be the smallest number n for which 6, y = 6y(x). For each n €N, let D, y be a
regular division of Xy such that D, y < 6, 5. Note that such regular division exist by Proposition 2.26,
item 3. Therefore, v’ := (L, (x — D,_y)y) is a regular gauge finer that y. O

Definition 2.33. 1. A pixel (or a pointed cell) is a pair (J, x) where J is a nonempty cell, and x € J.
The data J, and x are respectively called the cell, and point of the pixel (J, x).

2. A resolution is a finite set of pixels such that their cells are pairwise disjoint.
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3. If R is a resolution, the domain of R is the division Dy made by all the cells of the elements of R.

4. If E is an elementary set, a resolution of (resp. resolution in) E is a resolution R such that UDy = E
(resp. UDg C E).

Remark 2.34. Note also that a pixel singleton {(J, x)} is a particular resolution of a nonempty cell J.
Note also that if (J, x) is a pixel, then for any N € Z(T), (Jy, xy) is a pixel in the division space product
Xy

Definition 2.35. Let y = (L, &) be a gauge.
1. A pixel (J, x) is y-fine if the following holds :

(@) N; 2 L(x).
(b) J < 6y, (x), that is to say : there is J’ € 5y (x) such that J € J".

2. Aresolution R is said y-fine or is a y-resolution if the elements of R are all y-fine. We will also use
the notation R < v for this.

Notation 2.36. We denote 9‘2; the set of all y-resolutions of E, where E is an elementary set, and %5 the
set of all resolutions of E.

Remark 2.37. If R is a y-resolution and if y < y’/, then R is a y’-resolution. Note also that the empty
resolution is always y-fine trivially.

In the case of a gauge associated to a division or a map from X into 9y with countable image, we
obtain the following :

Proposition 2.38. 1. Let D be a division of X. A pixel (J, x) is yp-fine if and only if N; 2 Np and J < D.
As a consequence, if R is a yp-resolution of X, then Dy < D.

2. Let D, : X — 9x be a map with countable image. A pixel (J,x) is yp,-fine if and only if N; 2 N, _and
J <D,.

Proof. We prove 2., since 1. follows from 2. directly.

Let us denote (L, 6) the components of the gauge yp, . Suppose that the pixel (J, x) is yp_-fine. Then
we have N; 2 Np , since L(x) = Np_ by definition. Moreover, there is J "eéd n,(x) such that J € J /. Since
S, (x) = (Dy)y, here (because N; 2 Nj, ), we have J' = J]’\;J foraJ” € Dy, so that J” =J" @ Xy, (since
N;» € Np_C Nj). This implies J € J” and therefore J < D,.

Inversely, suppose that the pixel (J, x) is such that N; 2 Np_and there is J "€ D, such thatJ C J’. This
implies directly that N; 2 L(x). Moreover, we have J C J I’VJ. And since JI(,J € (Dy)y, (because N; 2 Np, ),
we have the result. 0

Definition 2.39. Let D be a division in X. A D-gauge, is a gauge y such that for any y-fine resolution R
of UD, Dy < D.

It is possible to generalize item 1 of the previous proposition by considering division of elementary
sets :

Corollary 2.40. For any division D in X, there exists a D-gauge.

Proof. Fix a division D’ of X\E, and consider the gauge yp /. Let R be a yp . -resolution of E. Fix R’
a ypup/-resolution of X \E. By Proposition 2.38, since RUR’ is a ypp/-resolution of X, Dg g < DUD’.
This implies Dy < D. O

In the case of a regular gauge, we have the following characterization :

Proposition 2.41. Let y be a regular gauge. Then a pixel (J, x) is y-fine if and only if N; 2 L(x) and for
any t € Ny, J, < &y, (x),.
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Proof. Suppose that D = ®D, is a regular division of Xy where N € Z(T). Then we see that a cell J of
Xy is such that J < D if and only if for any t € N, J, < D;. The result follows straightforwardly. O

The next result is crucial for the construction of the gauge integral, it is essentially a generalization of
Cousin’s lemma. We state the result here but we postpone of the proof in Appendix 5.1.

Theorem 2.42. For any gauge y and elementary set E, there exists a y-resolution of E, i.e. %gj + Q.

We saw previously that any division D gives rise to a gauge. We now show that we can obtain gauges
from a family of strictly positive functions (1 )y indexed by the dimension set, which correspond to a
maximal size 1y (x) of the pixel whose point is x. More accurately, we have :

Lemma 2.43. Fix for each N € Z(T) a distance dy on Xy that is compatible with the topology of X. We
denote By(y, ) the open ball in Xy of center y and radius r for this distance.

Let (ny)nez(r) be a family such that ny : X — R and let L : X — % (T) with countable image. Then
there is a gauge y such that any y-fine pixel (J, x) is such that :

1. N; 2 L(x).

2. JC By, (XNJ, Nn, ().

Proof. For any N € Z(T), since Xy is compact and metrizable, it is second countable. Thus, €y N Ty
(where 1y is the topology of X)) being a base for Ty (see Theorem 2.8), there is a countable set in
6y N Ty that is a base for Ty. Let us fix (J, y ),ey an enumeration of this countable set. For each n €N,
fix a division D,, y of X)y that contains J,, y.

For any y € X, the open ball By, y := By(yy,nn(y)) is equal to the countable union

Unen : J,ySB, xInN

since (J, y)nen iS an enumeration of a countable base of Ty. For any y € X, it is clear that yy € B, y.
Let then n, y be the smallest number n such that yy € J, y and J, y € B, y. Denote J, y := Jn, N and
D_y,N = Dny,N’N'

Thus, we have for any y € X, yy €J, y € B, y. Define now y := (L, (6y)y) where

Oy : X = Dx,, x— Dy .

Let (J,x) be a y-fine pixel. We have obviously N; 2 L(x) and J < 6y,(x) = Dy ,. Thus, there is
J" € Dy y, such that J C J’. This implies that xy, € J’ and therefore J/ N Jy N, # @. Suppose that J' is

different from J, . Then, they are disjoint, and since J, y, is open, we would have J'nJ x,N, = @, which
gives a contradiction. As a consequence, J' =J ;> and therefore, J € J, y, € By ;- O

Remark 2.44. For the case of the division family (R),c; where T is any indexing set, a notion of gauge
was defined in [9, p. 103] (see also [5, p. 797]). It takes the (L, (ny)y) data described in the previous
lemma as definition for a gauge that will control locally the size of the cells. The previous lemma implies
that our notion of gauge essentially contains as a particular case the (L, (1)) type of gauge, and therefore
the gauge integral we will obtain is a generalization of the gauge integral associated to the (L, (ny))
gauges.

Definition 2.45. Let S be a set and f : S — C be a function, and A C S nonempty. The oscillation of f
on A is the quantity :

osc(f,A) := sup |f (x)—f(¥)I-
X,y €A

The previous lemma can be applied to show the following result which essentially says that we can
obtain gauges y from a family of contiuous functions (fy) that will make the oscillation of fy on the
y-fine pixels (restricted on N) as small as we want.
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Theorem 2.46. Let f = (fy)yez(r) be a family of continuous functions fy : Xy — C, let (ey) be a family
such that for any N € Z(T), ey : X — R} and let L : X — Z(T) with countable image. Then there is a
gauge v such that for any y-fine pixel (J, x),

1. N; 2 L(x).

2. osc(fNJ,z) < ey, (x).

Proof. We keep the notation By(y,r) given in the previous lemma for the open balls of X, for a fixed
compatible distance dy on X,. We will denote B:(z,a) the open ball in C of radius a and center
z € C. Since fy : Xy — C is continuous, for any y € X, there is 7 > 0 such that fy(By(yy,n)) €
Be(fn(yn),en(y)/2). We define for any y € X, the number n,, y as the smallest nonzero natural number
n such that fy(By(yn,1/n)) € Bc(fn(yn),en(¥)/2).

Lemma 2.43 applied to the family (1) where ny : y — 1/n, 5 shows that there is a gauge y = (L, 5)
on X such that for any y-fine pixel (J,x), N; 2 L(x) and J € By, (xy,,1/n, ). As a consequence, if
(J,x) is a y-fine pixel, fy (J) € Bc(fy, (xn,), en,(x)/2) =: B. Since fy, is continuous, we get fy, (J) CB.
Thus, if y, y’ € J, we obtain

v, ) = f, O < 1w, () = fiv, G DL+ g, Gew, ) — fiv, (0] S e, () /2 + ey, (x) /2 = ey, ()
which concludes the proof. O

When T is countable and we deal directly with a point function on X and not a function on X x Z(T),
we can obtain similar results :

Lemma 2.47. Suppose that T is countable and fix a distance on X that is compatible with its topology. We
denote B(a,r) the open ball in X for this distance.
Letn:X >R} and L : X — Z(T). Then there is a gauge y such that for any y-fine pixel (J, x),

1. N, 2 L(x).
2. J € B(x,n(x)).

Proof. Since T is supposed countable, the division space X is compact and metrizable and thus second
countable. Thus, ¥ N T (where 7 is the topology of X) being a base for T (by Theorem 2.8), there is a
countable set in ¢ N 7 that is a base for 7. Let us fix (J,),en an enumeration of this countable set. For
each n € N, fix a division D,, of X that contains J,,.

For any x € X, the open ball B, := B(x,n(x)) is equal to the countable union

Unen : J,cB,Jn

since (J,) ey is an enumeration of a countable base of 7. For any x € X, let n, be the smallest number n
such that x € J,, and J, € B,.. Denote J, :=J,, and D, := D, . Thus, we have for any x € X, x € J,, C B,.

Consider now the gauge yp, associated to the map x — D,, and define y :=yp Ay;.

Let (J, x) be a y-fine pixel. We have obviously N; 2 L(x) and by Proposition 2.38, item 2, J < D,.
Thus, there is J’ € D, such thatJ C J’.

This implies that x € J/ and therefore J’NJ, # @. Suppose that J’ is different from J,.. Then, they are
disjoint, and since J, is open, we would have J’NJ, = @, which gives a contradiction. As a consequence,
J' =1J,, and therefore, J C J, C B,. O

Theorem 2.48. Suppose that T is countable. Let f : X — C be a continuous function, e : X — R, and
L:X — Z(T). Then there is a gauge vy such that for any y-fine pixel (J, x),

1. N; 2 L(x).

2. osc(f,J) < e(x).
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Proof. Since f : X — C is continuous, for any x € X, there is ) > 0 such that

fB(x,m)) € Be(f (x), e(x)/2).

We define for any x € X, the number n, as the smallest nonzero natural number n such that

f(B(x,1/n)) € Be(f (x), e(x)/2).

Lemma 2.47 applied to the function 7 : x — 1/n, shows that there is a gauge y = (L, ) on X such
that for any y-fine pixel (J, x), N; 2 L(x) and J € B(x, 1/n,). As a consequence, if W, x)_is a y-fine pixel,
f(J) € Be(f(x),e(x)/2) =: B. Since f is continuous, we get f(J) C B. Thus, if y, y’ € J, we obtain

D)= FONZSIFO)=FEIN+IF )= F (I < e(x)/2+ e(x)/2 = e(x)

which concludes the proof. O

2.4 Integrable pixel functions
In all this section, we fix E € & an elementary set in X.
Notation 2.49. If Ais a subset of X, we will denote Z A the set of all pixels (J, x) that are such thatJ C A.

Definition 2.50. A function that is defined on pixels will be called a pixel function and a function that is
defined on nonempty cells will be called a cell function. We will identify a cell function f as the obvious
pixel function (J, x) — f(J).

A function that is defined on a subset of X will be also called a point function. Such function f is
naturally identifed as the following pixel function (J, x) — f (x).

A point-dimension function over X x Z(T) is a family (fy)yeg(r) such that fy : Xy — C. We can
identify such function as the following pixel function (J, x) — fy, (xy,)-

Definition 2.51. For any pixel function h : ZE — C, and R a resolution in E, we define the Riemann
sum of (h,R) as:

S(h,R) := Z h(J,x).

(J,x)ER

Remark 2.52. The Riemann sum S(h,R) is linear in h. Note also that if R and R’ are resolutions in E
such that UDg and UDy are disjoint, then RUR’ is a resolution in E and for any h : ZE — C, we have
S(h,RUR")=S(h,R)+S(h,R).

We are now in position to define the generalized gauge integral:

Definition 2.53. Let h : ZE — C and a € C. We say that h is (gauge) integrable to a, if for any ¢ > 0,
there is a gauge y such that for any y-resolution R of E,

|S(h,R)—a| <e¢.

A pixel function h : ZE — C is (gauge) integrable if there is a € C such that h is integrable to a and
we denote #(E) the set of all pixel functions in C?* which are integrable.

As the following shows, the gauge integral is the limit of a particular net of complex numbers :

Proposition 2.54. 1. The set GR(E) of all pairs (y,R) where y is a gauge and R a y-resolution of E is a
(downward) directed set with the following preorder : (y,R) < (y/,R") ifand only if y <7'.

2. Afunction h : ZE — C is integrable to a € C if and only if the net (S(h,Rg))gecr(r) converges to a,
where 8 =: (yg,Rp)

3. If his integrable, then there is a unique a € C such that h is integrable to a.
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Proof. 1. The relation < on GR(E) is clearly a preorder. Let (y,R) and (y/,R’) be two elements of
GR(E). By Theorem 2.42, there exists a y Ay’-resolution R”. Then it is clear that (y Ay’,R”) < (y,R)
and (y Ay’,R”) < (v/,R’), which proves that (GR(E), <) is a downward directed set.

2. Suppose h : ZE — C is integrable to a. We want to prove that (S(h,Rg))g converges to a. Let
€ > 0. There is a gauge y, such that for all y,-resolution R of E, |S(h,R) — a| < . Thus, for any
gauge v < yq, and any y-resolution R of E, |S(h,R) — a| < €. Fixing a y,-resolution R, of E, we see
that for all 8 < 8, := (v¢,Ro), we have |S(h,Rg) — a| < &, which shows that (S(h, 8))p converges
to a. Inversely, suppose that (S(h,Rpg))g converges to a and let € > 0. There is §, € GR(E) such
that for all < 8, [S(h,Rg) —a| < . In particular, for all y 4 -resolution R, we have (yg,R) < fB,
and thus |S(h,R) —a| < &.

3. Since the scalar a is the limit of a net of C, and C is Hausdorff, the result follows immediately.
O

Definition 2.55. Let h : Z E — C an integrable pixel function.

1. We denote fh the unique scalar a € C such that h is integrable to a and we call it the integral of
h.

2. Given ¢ > 0, a gauge y such that for all y-resolution R, we have |S(h,R) — fhl < ¢ is called a
(h, £)-gauge.

We will also use the following notion :

Definition 2.56. A sequence of integrable pixel functions (h,),en in #2(E) is uniformly integrable if
for any € > 0 there is a gauge y such that for any n € N and any y-resolution R of E,

|S(hn;R)_J hn| <e.

Being the limit of a net of scalars, the integral has automatically a few basic properties that we mention
here :

(CZWE

Proposition 2.57. 1. (Linearity) The set 7 (E) is a complex vector subspace of and the map h —

fh is a linear form on 5 (E).

2. (Adherence) If h € ##(E), then f h € S(h), where S(h) is the set of all S(h,R) where R is a resolution
of E. In particular, if h is real valued, then fh € R, and if h is positive, then f heR,.

3. (Order preservation) If h, g € #(E) are real valued and such that h < g, then f h < f g.
4. (Module estimation) If h, |h| € #(E), then Ifhl < f |h.

5. (Cauchy criterion) Let h : ? E — C. Then h € 5(E) if and only if for any € > 0, there exists a gauge
y such that for any y-resolutions Ry, R, of E,

|S(h5R1) - S(h:RZ)l <e.
Such gauge will be called a (h, €)-Cauchy gauge.

6. (Uniformly integrable convergence) Let (h,) be a uniformly integrable sequence of pixel functions
in ¢(E) that converges pointwisely to h : E — C. Then h € »#(E) and

[ =i, [

Proof. 1. Since (S(h,Rp))pecrer) is linear in h and the limit of the sum of two nets in C is the sum of
the limit, we obtain directly the result.
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2. Let h € ##(E) and ¢ > 0. Thus, there is a resolution R of E such that |S(h,R) — fE h| <e.
3. Direct consequence of 1. and 2.

4. We have |fh| = [limg S(h,Rp)| = limg |S(h,Rg)| by continuity of the module. Since [S(h,Rg)| <
S(|h|,Rp), we then get limg |S(h,Rp)| < limg S(|h|,Rp) = f |A].

5. Only the "if" part is non-trivial. Suppose that h satisfies the Cauchy criterion, that is to say for all
€ > 0, there is a (h, £)-Cauchy gauge. We want to prove that h is integrable. In other words, we
want to prove that limg S(h,Rp) exists. Since C is complete, it is enough to prove that (S(h,Rg))g
is a Cauchy net in C. Let € > 0 be fixed, and let v, be a (h, £¢)-Cauchy gauge. Fix R a y,-resolution,
and define f := (yo,Ro). Then for all § and B’ in GR(E) such that § < f8, and B’ < fB,, we
have y5 < v, and yp, < y( and thus both Rg and Rg/ are y(-resolutions of E, which implies that
IS(h,Rg) —S(h,Rg/)| < €. This is what we wanted to prove.

6. If h,, — h pointwisely, then for any resolution R of E, S(h,,R) — S(h,R) in C. On the other hand,
S(hn,Rp) —p fhn. We are thus dealing with a double net (N, g) := (S(h,,Rg))y g, such that for
any n € N, (N, g)p converges, and for any 8 € GR(E), (N, g), converges. We are looking for a
condition for which we can exchange the limits (for n € N and for 3 € GR(E)). By the Moore-
Smith double limit theorem (see Theorem 5.6 in Appendix), a sufficient condition for this is the
uniform convergence with respect to one of the two parameters n, 3. For instance, if for any € > 0,
there is a 3, € GR(E), such that for all n €N, and all § < 8, [N, g — f h,| < €, then the following
double limits : lim, limg N,, g, limg lim, N, g exist and are equal, which is the expected conclusion.
But this condition of convergence of (N, g)g uniformly in n is nothing but a reformulation of the
uniform integrability condition.

O

The Cauchy criterion can be slightly improved :

Proposition 2.58. (Nested Cauchy criterion) Leth : #E — C. Then h € #(E) if and only if for any € > 0,
there exists a gauge y such that for any y-resolutions Ry, R, of E such that Dg, < D, |S(h,R;)—S(h,Ry)| <
€.

Proof. By the Cauchy criterion, only the "if" part is non-trivial. Suppose then that for any € > 0, there
exists a gauge y such that for any y-resolutions Ry, R, of E such that Dy < Dg , |S(h,R;)—S(h,Ry)| < ¢.
Fix ¢ > 0. By hypothesis, there is a gauge y such that for any y-resolutions Ry, R, of E such that Dg, < D,
|S(h,R;)—S(h,R,)| < €/2. Take Ry, R, two y-resolution of E.

Fix now y; a Dg -gauge, and y, a Dg,-gauge (see Definition 2.39). Consider now Rz a y Ay A7a-
resolution of E. Thus, Dg, < Dy, and Dg, < Dy, and therefore

IS(h,Ry) —S(h,Ry)| < |S(h,Ry) —S(h,R3)| + [S(h,R3) —S(h,Ry)| < e.

The Cauchy criterion now implies that h is integrable. O

2.5 Additivity and Saks-Henstock lemma
We continue to fix an elementary set E.

Definition 2.59. If h : ZE — C is a pixel function and E’ is an elementary set included in E, then the
restriction of h to E’ is the pixel function hy : #E’ — C, (J,x) — h(J, x).

Proposition 2.60. (Restrictability of integrability) If h € #¢(E) and E’ is an elementary set included in
E, then hy € #(E’).

Proof. Let h € #(E) and let E’ be an elementary set included in E. We will apply the Cauchy criterion
(Proposition 2.57, item 5) to the pixel function hy;.

Let & > 0. Since h € #(E), there exists a (h, ¢)-Cauchy gauge y. Let R} and R, be y-resolutions of E’.
Take a y-resolution R; of E\E’. Thus, Ry :=R] UR} and R, := R/, UR} are y-resolutions of E. Therefore,
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|S(h,R1) —S(h,R,)| < €. But it is clear that S(h,R;) —S(h,R,) = S(h,R}) —S(h,R), and thus we obtain
IS(h,R}) —S(h,R,)| < & which shows that hy satisfies the Cauchy criterion. O

Notation 2.61. Let h € s#(E).

1. The integral of hy, where E’ is an elementary set included in E, will be denoted f e I

2. The cell function E - C, J — fJ h will be denoted f Jh

Theorem 2.62. (Additivity) Let h : Z E — C and suppose that E = E; U E, where E; and E, are disjoint
elementary sets. The following are equivalent.

1. he #(E)

2. hEl S ‘%(E].) and hE2 S %(Ez)
In this case, fEh = fElh+fE2h.
Proof. The first implication follows directly from Proposition 2.60. We prove the second implication.

Leth: #E — C be such that hy € 5¢(E;) and hg, € #(E,). We want to prove that h is integrable to
fhE1 + f hg,. Fix € > 0 and let y; (resp. y,) be a (hg, , £/2)-gauge (resp. a (hg,,e/2)-gauge). Let Dy, D,
be divisions of respectively E;, E,, and fix " a D; U D,-gauge. Define now

Yi=r1AY2AY

and let R be a y-resolution of E. Thus, Dy < D; U D,. As a consequence, R is the disjoint union of the
following two resolutions Ry := {(J,x) €R : J CE;}and R, :={(J,x) €R : J C E,}. This implies
S(h,R) =S(h,R;)+ S(h,R,). It is clear also that R, is y-resolution of E; and R, is a y,-resolution of E,.
Thus,

|S(h:R)_f hg, _f hg,| < |S(hE1>R1)_J hg, |+ |S(hE2:R2)_J hgl<e. O

As a direct consequence we obtain the following :

Corollary 2.63. If h € 5#(E), and E’ is a an elementary set included in E, then the pixel function 14 gh is

in #(E) and
J ﬂ@Elh == J h.
E/

Proof. Since (1pgh)g = hg, and (1pgh)p\p = 0, and the zero function is integrable to 0, the result
follows directly from the previous theorem. O

Definition 2.64. A cell function h : ZE — C is said additive if for any cell J included in E and any
division D of J, h(J) = 2. ,,cp h(J").

The basic fact concerning additive cell function is that they are integrable :

Proposition 2.65. Let h : ZE — C be an additive cell function. Then h is integrable, h = f Jhand
fE h =Y., h(J) for any division D of E.
Proof. Suppose that h : ZE — C is an additive cell function. Let us check that the quantity I(D) =
> ep h(J) does not depend on the choice of the division D of E. Take D and D’ two divisions of E. Since
D' is a division of E, for each J € D, J = UA; where A; ={J'nJ : J'nJ # @, J' € D’'}. By additivity of
h, this implies that h(J) = ZJ,eAJ h(J'), and therefore I(D) =Y, cp Dyrcp - IS h(J'nJ)=1(DAD").
The same argument shows that I(D’) = I(D A D’), and thus I(D) = I(D’).

Denote I the quantity previous quantity I(D) (which is independent of D). Now we can see that
h is integrable to I, since, for any ¢ > 0, if we consider any resolution R of E, then |S(h,R) —I| =
| 27ep, hJ) —I| =0 < e. This shows that fEh =1.

To check that h = f. h, note that if J is a cell included in E, then h; is an additive cell function and
therefore, by what we just proved, f h; = h(J) since {J } is a division of J. O
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We can then obtain as consequence of the additivity theorem :
Theorem 2.66. Let h € 5#(E). Then :

1. The cell function f . h is additive and therefore integrable.

2. f.f.hZLhand fEfoh:fEh'

Proof. 1. By induction, it follows from the additivity of the integral (Theorem 2.62) that f . his addi-
tive, and thus integrable by Proposition 2.65.

2. We apply Proposition 2.65 to the additive cell function f. h.
O

The following result, usually called the Saks—-Henstock lemma in the case of the Henstock-Kurzweil
integral, is crucial for the derivation of the convergence properties of the gauge integral.

Lemma 2.67. (Saks-Henstock lemma) Let h € 5¢(E). Fix € > 0, y a (h, ¢)-gauge and E’ an elementary
set included in E. Then for any y-resolution R of E’,

1. IS(h,R)— [, hl <e.
2. |S(h— [ ,n,R)| <.

3. S(jh—[,h

,R) < 4e.

Proof. 1. Let R be a y-resolution of E’. Fix 1 > 0. Since hp\g is integrable (by Proposition 2.60),
there exists a (hg\ g, 1)-gauge y’, and a y Ay’-resolution R’ of E\E’. Thus, RUR' is a y-resolution of
E. By additivity, we get S(h, RUR") — f h=S(hg,R)— f hg + S(hg\g/, R") — f hg\g- which implies,
since y is a (h, £)-gauge,

|S(hg:,R) —J hg/| < e+|S(hg\g,R) —f hpel <e+n.

Since 1 was arbitrary, we get |S(hg/,R) — f hg/| < e. We are done.
2. This follows from 1. and the additivity of the integral.

3. Let R be a y-resolution of E’. Denote for any J € Dy, z; := h(J,p(J))—f h;, where p(J) is the point
such that (J, p(J)) € R. Denote also x; := R(z;), y; := 3(z;). Since >, |z;] < D05 Ixs 1+ > lysl, it
is enough to check that Y, [x;| < 2& (resp. >, |y;| < 2¢).

To prove this, we partition R the following way : R = R, UR_ where R, (resp. R_) is the subset of
R consisting of all pixels (J, p(J)) such that x; > 0 (resp. x; < 0). Itis clear that R, (resp. R_) is a
y-resolution of UDg (resp. UDg ). Thus, by applying item 2 to R and R_, we obtain the estimates

: IZJGDR+ z7l<eand|X}cp 2] <e. Therefore, IZJE]JR+ Xyl <eand | cp, Xyl <6 We get

Z|XJ|= Z x5 — Z x; =] Z x|+ Z x;| <e+e=2¢.
J

JEDg, JeDg_ JEDR, JEDp_

The same argument can be written for the y;.
O

Remark 2.68. We can reformulate the previous lemma by saying that if E’ is an elementary set in E, and
h € #(E), then for any (h, £)-gauge 7,

1. yis a (hg, €)-gauge,
2. yisa (hgy — f. hg, €)-gauge, and hp — f. hg, is integrable to zero,

3. yisa (Jhg — f. hg/|,4¢€)-gauge and |hg — f. hg/| is integrable to zero.
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2.6 Variation and integration

The concept of variation is strongly related to the gauge integral. In a way, the lower (resp. upper)
variation is to the integral what the limit inferior (resp. superior) is to the concept of limit. We investigate
in this section some properties of those concepts.

As before, we fix an elementary set E in X.

Definition 2.69. Let h : Z E — C be a pixel function.
1. The (upper) variation V(h) and the lower variation V (h) of h are defined as elements of R, by

V(h) :=inf sup S(|h|,R), V/(h):=sup inf S(|h|,R).
Re®] T RERy
where y runs over all gauges.

2. The total variation of h is TV (h) := supgeg, S(|h|,R) € R,.

3. The function h is said to have bounded variation if V(h) < oo, zero variation if V(h) = O,
bounded total variation if TV (h) < oo, and regular if V(h) = V(h).

Remark that TV (h) = sup, SUPRegpy S(|A|,R).

Notation 2.70. The set of all bounded variations pixel functions (in E) is denoted ¥ (E), the set of all zero
variation pixel functions (in E) is denoted %(E) and the set of bounded total variation pixel functions
(in E) is denoted T (E).

We first record some basic properties of variation functionals and their relation to absolute integrabil-
ity.
Lemma 2.71. 1. We have 0 < V(h) < V(h) < TV (h) for any pixel function h : Z E — C.

2. Y (E) is a vector subspace of C”E, and the sets %(E), I (E) are vector subspaces of ¥ (E). Moreover,
V is a seminorm on V' (E), which is zero on Z(E), and TV is a norm on I (E).

3. Iff,g:PE — Csatisfy |f| < |gl|, then V(f) <V(g)and TV(f) < TV(g).

4. Let h: #E — C. Then |h| € ¢(E) if and only if h is regular and has bounded variation. In this case
[ Inl=Vv(n).

5. Let h : Z? E — C be an additive cell function. Then |h| € ##(E) if and only if h has bounded variation,
and if and only if h has bounded total variation. In this case, f |h| =V (h) =TV (h).

Proof. 1. The inequality V(h) < TV(h) is clear. Let us check that V(h) < V(h). Let y and 6 be two
gauges. We have

infyS(IhI,R)S inf S(|h|,R) < sup S(|A|,R) < sup S(|h|,R).
ReZ]

Re®["® Rrew["® Re®?
Thus, for any gauges v, 6, infRegzg S(|h|,R) < SUPpegs S(|h|,R), which implies V (h) < V(h).

2. Suppose that f, g € ¥(E). Let us check that V(f + g) < V(f)+V(g). Fix € > 0. There exist gauges
v1 and y, such thata, := SUPgegg!1 S(If,R) < V(f)+e/2and a, := SUPpegp2 S(lgl,R) < V(g)+e/2.
Therefore, we have

V(f+g)< sup S(f+glLR)<a;+a,<V(f)+V(g)+e.

N
Rez)1"?

Since ¢ > 0 was arbitrary, we get V(f + g) < V(f)+ V(g), which implies f + g € ¥(E). Clearly, if
A €C, V(Af) = |AV(f), which implies Af € ¥(E). This shows that ¥ (E) is a vector space with
seminorm V, and that it contains Z(E) a subspace.

Clearly, TV is a seminorm on J(E), and thus & (E) is a vector subspace of ¥ (E). Let us check that
it is a norm. Let h € Z(E) and suppose that TV(h) = 0. Let (J,x) € @E. Clearly, there exists a
resolution R of E such that (J, x) € R. We have S(|h|,R) =0, and in particular, |h(J, x)| = 0.
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3. Suppose that f, g satisfy |f| < |g|. The inequality TV(f) < TV(g) is clear. Let us check that
V(f) < V(g). If V(g) = +oo, we are done. Suppose then that g € ¥(E). Fix ¢ > 0. There
is a gauge y such that supRe%ES(IgI,R) < V(g) + &. Thus, we have V(f) < SUPReg S(If],R) <
SUPRegy S(lgl,R) < V(g)+ . Since € > 0 was arbitrary, we get the desired inequality.

4. Suppose first that |h| € #(E). We prove that V(h) = f |h| and V(h) = f |h|. Let y be a gauge,
€ > 0 and fix a (|h|, €)-gauge y,. Take R a v, A y-resolution of E. We have |f |h| —S(|h|,R)| < €
which implies that

inf S(Jh|,R)—e < | |h| < sup S(|h|,R)+¢.
Redy ReR]

Since ¢ > 0 was arbitrary, we just proved that for any gauge v,

inf S(|h[,R) < [ || < sup S(|h],R),
ReZ; ReR)

and therefore V (h) < f |h| < V(h). Note also that

sup S(|h|,R)—e < f |h| < inf S(|h|,R)+¢,
ReR[* ReR]*

which implies that V(h) —e < f |h| < V(h) + ¢, and since ¢ is arbitrary, this gives the equalities
V()= [ hl and V(h) = [ |hl.

Suppose now that h is regular and has bounded variation. Denote a the value V(h) = V(h). We
claim that |h| is integrable to a. Let € > 0. There exist gauges y; and 7y, such that

sup S(|h|,R)—e <a < inf S(|h|,R)+e.
Rea!! Re®}?

This implies that for any y; A v,- resolution R of E, |[S(|h|,R) — a| < . We are done.

5. Suppose first that h has bounded variation. Thus, there exists a gauge v, such that

so := sup S(|hl,R) < oo.
Re%fo

We claim that |h| € #(E) and f |h| = V(h). Let € > 0. There exists a yy-resolution R, of E such that
so—S(|h|,Ro) < €. Let v, be a Dy -gauge, and let R be a y( A y-resolution of E. Thus, R < y,, and
Dg < Dg,. By additivity of h, this implies S(|h|,R,) < S(|h|,R). We thus obtain 0 < s,—S(|h[,R) < ¢,
which proves that |h| is integrable to sy. Now, 4. shows that f |h| = V(h).

Suppose now that |h| is integrable. We claim that h has bounded total variation and f |h| = TV (h).
Let R € &, € > 0 and y be a (|h|, £)-gauge, and let y; be a Dz-gauge. Take R’ a v A y;-resolution
of E. We have then Dg, < Dg and S(|h|,R) < S(|h|,R’). As a consequence, since R’ <y, S(|h|,R) <
f |h| + &, which shows that TV (h) < f |h| + €. Since € > 0 is arbitrary here, this proves that h has
bounded total variation and TV (h) < f |h].

It remains to check the other inequality f |h| < TV (h) which follows from 4., since V(h) < TV (h).
I

Definition 2.72. Two pixel functions f, g are variationally equivalent, and we denote it f ~ g, if
f—g € %(E) (e V(f—g)=0).

Remark 2.73. The relation of variational equivalence is an equivalence relation since Z(E) is a vector
space.
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Definition 2.74. A pixel function f : ZE — C is said to be absolutely integrable if f € #(E) and
|f| € #(E). We denote ./ (E) the set of all absolutely integrable pixel functions (from ZE to C).

The following proposition list a few basic properties that are consequences of the previous results
about variation and integrability and the Saks-Henstock lemma (Lemma 2.67). We note in particular
(item 6 and 8) the remarkable non-trivial facts that .o/(E) is a vector space, and that the real valued
functions in .«/(E) are stable by the operations A and V (maximum and minimum) of the Riesz space

RZE.
Proposition 2.75. 1. Ifh € Z(E), then h,|h| € #(E) and [ h= [ |h] =0.

2. If f ~g, thenV(f)=V(g)and |f| ~ |g|. In particular, if f € ¥(E) and f ~ g, then g € V(E). If
fes(E)and f ~ g, then g € 5#(E) and ff = fg. If|If| € #(E) and f ~ g, then |g| € S#(E)
and [ |f|= [ lgl-

3. For any h € #(E), the function h — f . I has zero variation. In other words, h ~ f. h.

4. If f ~ g and h is bounded, then fh ~ gh.

5. Let h € ##(E). Then |h| € 5 (E) if and only iff_h € J(E) and if and only if h € ¥ (E). In this case
[In=v®) =TV(], h).

6. . (E)=#(E)NV(E). In particular ./ (E) is a vector subspace of #¢(E) and of ¥ (E).

7. The map f — f |f| is a seminorm on ./ (E). Moreover, if |f| < |g|, f € #(E) and g € .«/(E), then
f e . d(E).

8. The subspace /g (E) of real-valued .o/ (E) function is a Riesz subspace of R”E. That is to say : for any
f,ge€ dR(E), fAgand fV garein ox(E).

Proof. 1. Let h € #(E). By Lemma 2.71 1. and 4., |h| € 5#(E) and flhl = 0. We now check
that h is integrable to 0. Let € > 0 and y a (|h|, €)-gauge. For any y-resolution R of E, we have
IS(h,R)| < S(|h[,R) < e.

2. If f ~ gthen V(f) < V(g)+ V(f —g) = V(g). Similarly, V(g) < V(f), so that V(f) = V(g).
Moreover, from ||f|—|g|| < |f — g, we see that |f| ~ |g|.
If f e #(E)and f ~ g, thenby 1., g € 5#(E) and ff = fg. If |f| € 2(E) and f ~ g, then we
have |f| ~ |g| and therefore |g| € #(E) and f gl = f If].

3. This is direct consequence of the Saks-Henstock Lemma 2.67 3. applied to E' = E.

4. If f is bounded and g € #(E), then for any resolution R of E, S(|f g|,R) < MS(|g|,R), where M is a
constant in R, such that [f| < M. It follows then that V(f g) < MV (g) and therefore f g € Z(E).

5. By Theorem 2.66, f. h is an additive cell function. Thus, Lemma 2.71 5 and items 2 and 3 imply

that |h| € #(E) if and only if |h| € ¥ (E) and if and only if | f.hl € J(E), and when it is the case,
we have f | f. h| = V(f. h)= TV(f. h), which imply the desired equalities with items 2 and 3.

6. This follows straightforwardly from item 5.

7. This follows from the fact that V is seminorm and by item 5, f |h| coincide with V(h) for all h €
(E). If |f| <|g|and g € .«/(E), and f € ##(E), then V(f) < V(g), so f € .&/(E) by item 6.

8. It is obvious that &/ (E) is stable by the absolute value operation. Thus, this result follows item 6

and the equalities:f/\g:%(f+g—|f—g|) and f ngé(f +g+|f —gD.
O

Remark 2.76. The existence of D-gauges (where D is a division) (see Corollary 2.40) was used in a
crucial way in 2.71 5., and this property is the main result behind the proof of Proposition 2.75 5,6,7 and
8.
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2.7 Continuity and integrability

As an application of previous results, we investigate integrability of a product f h where f is a continuous
point function on a closed elementary set E and h is positive and integrable on E.

Lemma 2.77. Let E be a closed elementary set, h : Z E — R a positive additive cell function, and f : E — C
a point function. Then for any resolutions R,R’ of E such that Dy < Dy,

IS(fh,R)—S(fh,R)| < D ose(f,Ih(J).

JEDy

Proof. Supposes that R and R’ are such that Dy < Dg. We denote x; the point of the pixel of cell J
in R, and xJ, the point of the pixel of cell J in R". Thus, by Proposition 2.3, for any J € Dy, the set
D; :={J €Dy : J CJ}isadivision of J. By additivity of h, this implies that h(J) = ZJ,GDJ h(J"),
and SUFRR) = Yyep, DR = Yyep, Srep, f (R, Since SFRR) = Xe (IR =
ZjeDR ZJ,EDJ f(x})h(J"), we obtain

SCRR) —S(FRR) < D D7 If ()= F(5)IRU) < D oself, Th().

JEDR J'€D; JE€Dg
]

Theorem 2.78. Suppose here that T is countable. Let E be a closed elementary set, h : Z E — R_. a positive
integrable pixel function, and f : E — C a continuous function. Then fh € #(E).

Proof. We can suppose that h is an additive cell function. Indeed, if h is a positive integrable pixel
function, then f. h is a positive additive cell function by Theorem 2.66, item 1. Moreover, by Proposition
2.75 items 3 and 4, and the fact that f is bounded (since it is continuous on the compact E), fh ~ f f. h,
which implies that fh is integrable if and only if f f Jhis.

Suppose then that h is a positive additive cell function. We can suppose that I := f I is nonzero,
because if it is, then h = 0. We apply the nested Cauchy criterion (Proposition 2.58) to prove integrability
of fh.

Let € > 0. By Tietze extension theorem we can extend f to a continuous function f defined on the
whole space X. By Theorem 2.48 applied to the function f and the constant function e : x — ¢/I,
there is a gauge y such that for any y-resolution R of E, and any J € Dy, osc(f,J) < e/I. If R and
R’ are y-resolutions of E such that Dy < Dy, we know by Lemma 2.77 that |S(fh,R) — S(fh,R)| <

ZJGDR osc(f,J)h(J). Thus

IS(fh,R)—S(FR,R)| < (¢/1) D h(J) =e.

JEDg

This concludes the proof. O

2.8 A Hake-type theorem

We conclude this chapter with an application of the Saks—Henstock lemma, which shows that in some
sense, there are no "improper" gauge integrals, a result usually called "Hake’s theorem" in the case of the
one-variable Henstock-Kurzweil integral :

Theorem 2.79. Let (J,,) be a sequence of cells and let h : X — C be a pixel function that is integrable on
each J,,. Suppose the following conditions :

1. Foranyn, J, C Joiq-
2. We have h(p) = 0 for any pixel p whose point is not in U, J,,.
3. There exists L € C, such that for any € > 0, there is ny € N such that for any elementary set E included

in one of the J,,, and containing J,, , we have | fE h—L|<e.
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Then h is integrable (on X) and fh =1L.

Proof. We adapt to our situation the strategy of the proof of Hake’s theorem in one real variable [11, p.37].
Let € > 0 and take n, € N such that | fE h—L| < /2 for any elementary set E containing J,, and included
in one of the J,,.

We define the following sequence of elementary sets E, := J,\J,—; (if n > 1) and E, := J,. The
elementary sets (E,,) form a partition of S := U, J,,. As a consequence, for any x € S, there is a unique
natural number n, such that x € E,, . When x € X\S, we set n, := n,.

For any n € N, pick a division D, of E,, and a division D of X\(EqU---UE,) = X\J,. Foreachn €N,
we define the division A, :=DyU---UD, UD; of X. Let us denote y, the gauge associated to the map
with countable image : X — 9y, x = A, 4.

Denote also F,, :=J,;;\J,_; for all n > 1 and F, := J;. Since for any n € N, h is integrable on F,,
pick a (hg, £/2"2)-gauge, and denote it v, = (L, 5,,). Define then y;, := (L, 5;,) where

Lp:xw— Lnx(x);
(Opdy = x = (5nx)N(x)-

Clearly, L, and (6;)y are functions with countable image, and thus, y, is a gauge. We now take a y, Ay,
resolution R of X. The goal is to prove that |[S(h,R) —L| < ¢.

We write R = Rgc U Rg where Ry is the subset of R made of all pixels whose point is in S, and Rg. is
R\Rg, that is to say the subset of all pixels in R whose point is outside S.

We first claim that each pixel (J, x) in Rg is such that J C F,_. Let (J,x) € Rg. Since (J, x) is y-fine,
by Proposition 2.38 2., there is J’ € A, | such that J CJ’. If such J"isin D; _,, we have J' CX\J, ,;.

n,+1°
sox €J, CJ ;. ButxeJCJ C X\(Jp,+1)°, which gives a
r/1x +1- If such J’ is in Ug<, _»Dy, then we have in that

case J' C J, _, and thus x € J, _, € J° _.. But we also have x ¢ J, _;, so there is a contradiction
X X ny 1 My

Moreover, since x € S, x € E

ny»

contradiction. Therefore, such J’ cannot be in D

again. As a consequence, J’ must belong in one of the D for k € {n, —1,n,n,+1} (with the convention
D_; = @). This proves the first claim.

Define s := max{n, :(J,x) € Rg}. Thus, we obtain the decomposition Rg = Ui:oR(sn) where R(S”) =
{(J,x) €Rs : n, =n}. Let us denote Eg := UDg_, Eg := UDg,, Eé") 1= UD(n).

We now claim that each pixel (J, x) € Rg. is such that J € X\J,, . Indeed, i% (J, x) is such a pixel, then
x ¢ S, and since (J,x) is y.-fine, there is J* € A, ,; such that J € J’. If J" is in one of the D where
k < ng+ 1, then this implies that x € J C J/ C 7n0+1 C Jp,+2, which is impossible since x ¢ S. Thus, we
must have J' € D,’10 41, and therefore J € X\J,, 41 € X\J,, . which proves the claim.

Both of the claims we proved now imply that Eg € Jg,; and Ege € X\J,,,. Thus, J, € Eg € Jo. As
a consequernce, |fEs h—L| < ¢/2, and since S(h,Rs.) = 0 (by hypothesis 2.), we obtain the following

estimate :
|S(h,R)—L|S|S(h,RS)—f h|+|J h—L|<Z|S(h,Rg"))—f h|+¢/2.
ES ES n=0 Eén)

Since R is a y-resolution, each R(S") is a y,,-resolution, and since E_g") is included in F, (by the first claim
we proved), we can apply the Saks-Henstock lemma (item 1) to y,, which is a (hy , £27"2)-gauge for

eachn € {0,---,s}. This implies for all n € {0,--- ,s}: IS(h,Rg")) — fE(n) h| < £/2™2. As a conclusion,
S
we obtain the estimate : )
S(hR)—L| < > e/2" 2 +e/2=¢
n=0
which proves that h is integrable to L. O

3 Gauge integration and measures

As before, we assume in this chapter that (X, €) is the product division space of a fixed compact metriz-
able division family (X,).c7-
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3.1 Series integration and monotonous convergence

Definition 3.1. Let h : ZX — C be a pixel function. The set of all pixel functions f : X — C such that
fh e ##(X) will be denoted (X, h). Those functions are called h-integrable.

Definition 3.2. Let h be positive pixel function. We say that h is projectively integrable if there is a
positive pixel function g such that :

1. g€ #(X,h) and [ gh>0.

2. There is a gauge y and a strictly positive function m : X — R such that for any y-fine pixel (J, x),
we have g(J, x) = m(x).

Remark 3.3. Note that any integrable positive pixel function with nonzero integral is projectively inte-
grable (by taking g =m =1).

Definition 3.4. A sequence (f,,) of pixel functions is said to be cu-convergent (or cell uniformly con-
vergent) to a pixel function f if for any map e : X — R} there exist [ : X — N and a gauge y such that
for any x € X, any n > l(x) and any cell J such that (J, x) is a y-fine pixel,

1fa(J,x) = f(J,x)] < e(x).

A series . f, of pixel functions is cu-convergent if the sequence of partial sums (ZZZO fi) is cu-
convergent.

Remark 3.5. If > f, is cu-convergent then for any e : X — R?, there exist [ : X — N and a gauge y such
that

1> A0 < e(x)
k=n

for all x € X, any nonempty cell J such that (J, x) is a y-fine pixel and any n’ > n > [(x).

Remark 3.6. Note that if all the f, and f are point-functions (i.e. independent of the cell J of a pixel
(J, x)), then the cu-convergence of (f,) is equivalent to pointwise convergence.

Remark 3.7. If (f,,) is a sequence of point-dimension function, then the sequence (f,,) cu-converges to a
point-dimension function f if and only if for any map e : X — R, thereis [ : X — N, and L : X — Z(T)
with countable image such that for any x € X, and any n > [(x) and any N 2 L(x),

|(frdn Gen) — v Cen )l < e(x).

Theorem 3.8. (Series integration theorem) Let h be a projectively integrable positive pixel function. Let
(f,) be a sequence of positive pixel functions in (X, h), such that Y. f, is cu-convergent to a function f,
and such that 3, [ f,h < co. Then :

1. (s,h) is uniformly integrable, where s, := > _, fy.

2. f e (X, h).

3. [fh=2, [ fah.

Proof. Note that 2. and 3. follow directly from 1., linearity of the integral, and the uniform integrability
property (Proposition 2.57, item 6).

To prove 1., we adapt the arguments of [11, p.51]. Let £ > 0, and fix for any n € N a (s,,h, £/2")-
gauge v,,. Fix also ny € N such that ZHZHO ffnh < e/4.

Since h is projectively integrable, there is a positive pixel function g such that gh is integrable with
f gh > 0, a strictly positive point function m : X — R*, and a gauge v’ = (L, ") such that for any y’-fine
pixel (J,x), g(J,x) = m(x). Since we can divide g by 2 f gh, we can suppose with no loss of generality
that f gh= % We fix a (%, gh)-gauge v, = (Lg,0,), so that for any y,-resolution R, S(gh,R) < 1.
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By hypothesis, > f; is cu-convergent. Thus, there is map [ : X — N, and a gauge v, = (L., §.) such
that for any x € X, and j* > j > [(x) and cell J such that (J, x) is a y.-fine pixel,

;
D> Ald,x) < em(x)/4.

k=
We set n,, := max(ng,[(x)) for any x € X. Define now the following gauge y := (L, ), where
L:x—L'(x)A Lo(x)AL(x)ALo(x) A=+ ALy (x)
Sy 1 x = O () A(E NG A (BN A (SN (X) A=+ A (8, In ().
Remark that y <y’ A YgANYcAYo A"+ AYy,- Let R be a y-resolution of X and let n € N. We want to prove
that [S(s,h,R) — f s,h| < €. Note first that we can suppose n > ny, since if n < ny, thenR <y <y, and
thus, |S(s,h,R) — f sph| < £/2"3 < g. Consider then R; as the subset of R consisting of all pixels with
point x such that n, > n, and R, the subset of R consisting of all pixels with point x such that n, < n,

and we denote E; = UDg , E; = UDg,. We see then that, by the Saks-Henstock lemma, which can be
applied to R; since R; is a y,-resolution here :

IS(snh,R)—anhl < |S(snh,R1)—f s h|+ IS(snh,Rz)—J sph| <e/2" + T <e/4+T
Eq E,

where T := |S(s,h,R,) — f K s,h|. We claim that T < %8. This will give us the desired conclusion. To
prove this, note that :

S(snh,Rz)—J sh= > (fkh)(J,x)—Jfkh
E, J

(J,x)€R,,0<k<n
= > (>, (U, x)- f b+ D0 (RRUX) - f fich)
(J,x)€R, 0<k<n, J n,+1<k<n J

which implies that T < T; + T, + T3 where we set the following :

=] Y, (sah)U,x)— f s )|
J

(J,x)€R,

Tpoi= > > (fl)U,x)

(J,x)€R, ny+1<k<n
ne Y Y [
(J,x)ERy ny+1<k<n v J

We first estimate T;. Define s := max{n, :(J,x) € R,}. Thus, we obtain the decomposition R, =
Uj.zoR(ZJ) where R(ZJ) :={(J,x)€R, : n,=j}. This gives us the estimate

ESNEDY ((sjh)(J,x)—fsjh)l.
J

J=0 (J,x)erY

But since R(Zj) is y; fine, for any j € {0,---,s}, Saks-Henstock Lemma implies that

> ((sjh)(J,x)—f sih)| < e/27%3,
(J,x)eRY J
This gives then T; < ezj 27773 =¢/4.
Let us now estimate T,. Since R, is y-fine, it is in particular y’ A y, A y-fine. Thus we obtain T, <
Z(J,x)eRz gm(x)h(J,x) < Z(J,x)eRz 78h(J,x) = 3S(gh,Ry) < 3.
We finally estimate T5. We see that T3 < >3 \)cp. ZZZHO fJ frh = Zzzno sz fi-h. And this last sum is
less than Y~ "o f fih < £. Finally, we obtain T < %8. O
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As consequence of the series integration theorem, we obtain :

Theorem 3.9. (Monotonous convergence theorem) Let h be a projectively integrable positive pixel func-
tion. Let (f,) be an increasing sequence of positive pixel functions in (X, h) that cu-converges to a pixel
function f and such that sup,, f foh < 00. Then f € #(X,h), (f,h) is uniformly integrable and

ffhﬂ@gojfnh-

Proof. This is a direct application of the previous theorem, by considering the series >, g, where g, :=
for1 = fn- O
3.2 Measure associated to a positive pixel function
The goal of this section is the construction of a measure on X from a positive pixel functionh : X — R,.
Definition 3.10. Let h : X — R, be a positive pixel function. A subset A of X is said :

1. h-integrable if 1, € 5#(X, h).

2. h-measurable if for any h-integrable set B, AN B is h-integrable.

3. h-null if A is h-integrable and [ 1,4 =0.
We denote .9, the set of all h-integrable subsets, and .#, the set of all h-measurable subsets.

Remark 3.11. A cell J is h-integrable if and only if 1;h is integrable, but this is not equivalent to saying
that h is integrable on J, which is equivalent to : 14 h is integrable. We will see in Theorem 3.23 a
sufficient condition on a cell J that makes it h-integrable, supposing that h is integrable on J.

Proposition 3.12. Let h be a positive pixel function. Then
1. Any h-integrable subset is h-measurable.
2. IfACA and A’ is h-integrable and A is h-measurable, then A is h-integrable.
3. Aset Ais h-null if and only if V(1,h) = 0. Moreover, any subset of a h-null set is h-null.
4. If h is projectively integrable, ., is a 6-ring on X, and #,, is a o-algebra on X.

Proof. 1. Suppose that A is h-integrable and that B is a h-integrable set. We want to prove that ANB
is h-integrable, or in other words that 1,zh € 5#(X). But since 1,,zh = (1,h) A (1gh) the result
follows directly from Proposition 2.75, item 8.

2. Since we have in that case A=A’ N A, and since A’ is h-integrable and A is h-measurable, it follows
from the definition of h-measurable sets that A is h-integrable.

3. Let AC X. By 2.71 item 4, 1,h € 5#(X) if and only if 1,h is regular and has bounded variation,
and in that case V(1,h) = 0. Thus, if A is h-null, then V(1,h) = 0. Inversely, if V(14h) = O, then
by Proposition 2.75, 1yh € #(X), and [ 1,h = 0.

If BC A, and Ais h-null, then 1zh < 14h and 2.71 item 3 implies that V(1zh) < V(1,4h) = 0, which
implies that V(1zh) = 0. Thus, B is also h-null.

4. Let us first check that .4, is a -ring on X. Observe first that .#, is stable by finite intersection
and relative complement and finite union since ly,gh = M4h A Izh and 1y gh = 1yh — 1yngh and
]lAUBh == ]lAh + ]lBh - ]lAﬂBh fOr al‘lyA,B S .ﬂh.

Let us now check stability under countable intersection. Take (A,) be a sequence in .#,. Since
#, is stable under finite intersection NA, = NB,, where (B,,) is the following decreasing sequence
B, :=ApN---NA, in %, Define now the following sequence (f,) of pixel functions (which are
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actually point functions) f,, := 1,
f =15, — 1 . The monotonous convergence theorem can be applied here since supf foh <
f 15 h < oo and implies that f is integrable, and therefore NB, € .%,.

— 1z . This is an increasing sequence that cu-converges to

Let us now check that ./, is a o-algebra. It is stable by complement since if A € #;, and B is
a h-integrable set, we have AN B = B\(AN B) and .9, is stable by relative complement. It is
stable by finite intersection and finite union since, if A, B € .}, and C is a h-integrable set, we have
ANBNC =(ANC)N(BNC), and (AUB)NC = (ANC)U(BNC) and .¢, is stable by finite intersection
and finite union.

Now consider a sequence (A,) in .#},. The union UA, is also equal to UB,, where B,, :=AjU---UA,,
and (B,,) is then an increasing sequence of elements in .4, (since it is stable by finite union). Take
now B a h-integrable set. Define now f, := 1 5. Clearly, (f,,) is an increasing sequence of positive

(point) functions that cpu-converges to 1 yng. Moreover, sup, f fah < f]lBh < 00. Thus the
monotonous convergence theorem implies that 1 g ) is h-integrable, and therefore UA, € /,.
O

We arrive now at the first main result of this article :

Definition-Theorem 3.13. Let h : #X — R, be projectively integrable. Then :
up : My — R,

A [1,h, ifA€ .9,
—>
oo otherwise

is a complete measure on (X, .#}), called the measure associated to h.

Proof. Let us check o-additivity. Let (A,,) be a sequence of disjoint elements of .#}. Consider the series of
functions ), 1, . Suppose thatA,, € .4, for all n and that Do f 1, h < oo. Then by the series integration
theorem, since Y, 1, cu-convergesto 1, , the function 1., is h-integrable and f Tys h = an 1, h.
This gives the equality u;,(U,A,) = >, un(4,).

Suppose now that A, € .4, for all n, and that an 1, h = oo. Then we must have UA, outside .4,.
Indeed, if it is in .#,, then by additivity, for any N € N, Zgzo f 1, h= f ]luzar ah < f Ty h < oo. Thus
we still have the equality p,(U,A,) = >, ux(A,).

Finally the remaining case is when at least one of the A, say A, (where ny € N) is not in .%,. In
that case, it is clear that ), u,(A,) = 00. Moreover, UA, is not in %, either, because if it were, since
Ap, € UA, and A, is h-measurable, A, would be h-integrable by Proposition 3.12, 2. Thus, we also have
the equality u,(U,A,) = Y., un(4,) in that case.

Completeness of u; is a direct consequence of Proposition 3.12 item 3. O

Lemma 3.14. The product o-algebra &y on X is generated by the set of all open cells of X.

Proof. Denoting 7, the topology of X, for any t € T, we know that 6, N 7, is a basis of X,. Since X,
is second-countable as a compact metrizable space, 6, N 7T, generates the Borel o-algebra of X,. Thus,
®; %6, N1, generates the product o-algebra . Since ®,%; N7, is precisely the set of all open cells of X,
the result follows. O

Definition 3.15. A positive pixel function h is said o-cellular if any open cell of X is a countable union
of h-integrable elements of &.

Theorem 3.16. Let h: X — R, be positive, projectively integrable, o-cellular pixel function. Then
1. M, contains &, and the restriction of uy, on 8y is o-finite.

2. If T is countable, the restriction of uy on x is a Radon measure.
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Proof. 1. Since %, C #; (by Proposition 3.12 1.), and any open cell is a countable union of h-
integrable elements of &y, it follows from Proposition 3.12, item 3, that any open cell is in .#},. By
Lemma 3.14, open cells generate &x. Thus, & is included in ..

The fact that yy;, is o-finite on &y follows directly from the fact that X is an open cell and therefore
a countable union of h-integrable elements of &x.

2. A countable product of second countable spaces is such that its Borel o-algebra coincide with its
product o-algebra. Thus, & = %Bx. Moreover, any Borel measure on a complete separable metric
space is Radon.

O

3.3 Lebesgue integrals as gauge integrals

Now that we can associate a measure y; to any positive pixel function h that is projectively integrable
and o-cellular, we investigate the connection between the integrable functions for u; in the Lebesgue
sense, and the measurable functions whose module is h-integrable in the gauge integration sense.

Assumption 3.17. As before, we recall that (X,) is fixed compact metrizable division family, and (X, €)
is the associated product division space. We will only consider from now on the product o-algebra &
on X. Thus, measurable functions on X are meant to be measurable in the §x sense.

Thus, if h is a given o-cellular projectively integrable positive pixel function, we will consider the
restriction of the measure u; associated to h on & (and still denote it u,). Note that by Theorem
3.16, this measure is o-finite. We will denote, as it is usual, £ (X, u;,) the space of all complex valued
measurable functions on X that are Lebesgue integrable with respect to yy,.

Notation 3.18. Given a positive pixel function h, the set of all measurable point functions f : X — C
such that |f| is h-integrable is denoted £ (X, h).

Lemma 3.19. Suppose that h is a o-cellular; projectively integrable, positive pixel function. Let f : X — R,
be a h-integrable positive function and A € . Then f 1, is h-integrable.

Proof. Since h is o-cellular, there exists a sequence (I,,) in %, N & such that X = U, I,. Define A,, :=
IoU---UI,. The increasing sequence (A,) is in %, and UA, = X. Define f, := f Anly o, for all n.
The increasing sequence (f,) cu-converges to f1,. Since f is h-integrable and A,, N A is h-integrable,
each f, is h-integrable by Proposition 2.75, item 8. Moreover, sup,, f fah < f fh. Thus, the monotonous
convergence theorem (Theorem 3.9) implies that f 1, is h-integrable. O

Lemma 3.20. Suppose that h is a o-cellular; projectively integrable, positive pixel function. Let f : X — R,
be a positive measurable function. Then f € £1(X,uy) if and only if f € £1(X,h). In that case

f fdpy = th.

Proof. By definition of uy, this statement is obvious if f = 1, for a measurable subset A of X. Suppose
now that f is a simple function, of the form Zi:l a1, where the a; are strictly positive numbers and
the A, are disjoint elements of &. If f is in £'(X,us), then each of the A; have finite measure, and
as a consequence, they are all h-integrable, and by linearity, f is also h-integrable. Inversely, if f is
h-integrable, Lemma 3.19 implies that f 1, is h-integrable for all k. But this function is simply a;1,,,
which implies that A, is h-integrable, and therefore with finite measure. By linearity, f € £*(X, u;) and
the equality f fh= f fduy follows.

Consider now the general case. Since f is positive and measurable, there is an increasing sequence (e,,)
of positive simple functions that converges pointwisely to f. By the monotonous convergence theorem
for the measure uy, ffd,uh = limf e duy.

Suppose that f € £1(X,uy). Then the e, are in (X, uy;), and by the preceding proven case, e,
is h-integrable and fenduh = fenh. Since (e,) is cu-convergent to f, and supfenh < ffd,u, the
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monotonous convergence theorem for the gauge integral implies that f is h-integrable and f fh =
lim [ e,h = [ fduy.

Suppose now that f is h-integrable. Take A a h-integrable element of . By Lemma 3.19, f1, is
h-integrable. The sequence of simple functions (e, 1,) is increasing, and converges pointwisely to f 1,.
Moreover, each e, 1, is h-integrable since it is of the form ), a, 14na, where the a; are strictly positive
constants, the A, are elements of &, and therefore the AN A, are h-integrable. As a consequence e, 1, €
£Y(X,uy). By the monotonous convergence theorem for uy, ff]lAd,uh = limf e, 1L,duy = lirnf e, 1,h
(as an equality in R, ). Since sup, f e, 1,h < f f1,h < 0o, the monotonous convergence theorem for the
gauge integral implies that lim f e, 1Lh = f f1,h, which is in R,. As a consequence, f 1, is in £ (X, uy).

Consider now an increasing sequence (A,,) of h-integrable elements of & such that UA, = X, as in the
beginning of the proof of Lemma 3.19. It is clear that f =lim, f1, , and therefore by monotonous con-
vergence for uy, f fduy =lim, f f 1, duy. We just proved that f f 1, duy is actually equal to f f1, h
Moreover the monotonous convergence theorem for the gauge integral implies lim,, f fl, h= f fh<
oo. Finally this yields f € £1(X, up).

O

We can now formulate the second main result of this article :

Theorem 3.21. Let h be a positive, o-cellular, projectively integrable pixel function. Then

ffduh=th-

Proof. 1. This follows directly from the previous lemma.

1. 2Y(X, ) = Z1(X,h).

2. Fordll f € £Y(X,h),

2. If f € £Y(X,h), then itis in £(X, uy). Since f = R(f), —R(f)_+i5(f),.—i3(f)_, and the pos-
itive functions R(f )., 3(f)+ are in £'(X, uy,) and therefore h-integrable by the previous lemma,
it follows by linearity that f is h-integrable, and that f fh= f fduy.

O]

In order to check in practice that a given positive pixel function is o-cellular, we give now a sufficient
condition for a cell to be h-integrable :

Definition 3.22. Let h : X — R, be a positive pixel function. A given cell J is said h-regular if h is
integrable on J and for any € > 0, there are elementary sets E, E’ such that E C J C (E’)° and there is a
gauge y such that for any y-resolution R of E’\E, S(h,R) < ¢.

Theorem 3.23. Let h : X — R, be a positive pixel function and J a h-regular cell. Then J is h-integrable

and
J

Proof. Suppose that J,, is h-regular and fix € > 0. Since J, is h-regular, h is integrable on J, and there is
a (hy,,€/2)-gauge yo. Moreover, there are elementary sets E, E’ such that E C J, C (E’)° and a gauge 1,
such that for any y,-resolution R of E'\E, S(h,R) < £/2.

Let D and Dy be two divisions of respectively E and E’, and let yg, vz, ¥ J, be respectively Dg, D,
{Jo } gauges. Consider the gauge y :=yoAy1AYgAYp AY,, and take R a y-resolution of X. We partition
R the following way : R = R; UR; UR, UR, where R; is the subset of R of pixels (J, x) such that J C J,
and x € Jy, R; is the subset of R of all pixels (J, x) such that J C J, and x ¢ J, (but of course x € J,), R,
is the subset of R of all pixels (J, x) such that J € X\J, and x € J,, and R, the subset of R of all pixels
(J,x) such that J € X\J, and x ¢ J,.
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Thus, S(1,,h,R) = S(h,R,)+S(h,R,), S(h;,,R1 UR;) = S(h,R;)+S(h,R;), and Ry UR; is a y-resolution
of Jy. This implies the estimate :

|S(]1J0h:R)_f h| < [S(h,Ry) +S(h,R.) — (S(h,Ry) + S(h,R;))| +|S(hy,, Ry URi)_f h|
JO JO
<S(h,R,UR;)+¢/2.

Note that if (J, x) € R;, then either J C E, or J C Jo\E. But if J C E, then x € E C J,, so we would get
x € Jy which is impossible. Thus, J € J,\E. As a consequence R; is a resolution in Jy\E.

Similarly, not that if (J, x) € R,, then either J € X\E’, or J C E’\J,. But if J € X\E’, then we would
have x € X\E’ = X\(E")° which is impossible since x € J, € (E’)°. Thus we must have J C E’\J,, and
thus R, is a resolution in E'\J,,.

Finally, R, UR; is a y-resolution in E’\E and as a consequence S(h,R, UR;) < &/2. This yields the
result. O

4 Examples

4.1 Lebesgue measure

In this section, we show how the Lebesgue measure can be obtained as a particular case of the construc-
tion given by Definition-Theorem 3.13. In all this section, we consider R" as a division space, where the
cells are of the form l_[?zl J; of where each J; is an intervals of R.

We first fix the following conventions and notations :

Definition 4.1. A bounded subset of R is a bounded subset of R™.

Notation 4.2. We will denote A,, the Lebesgue measure on the Borel subsets of R", defined as an exten-
sion of the standard Lebesgue measure on the borel subsets of R", so that AH(RH\R”) =0.

Definition 4.3. The n-volume integrator is the cell function defined by

v, i J l_[?zl l(Ji‘) if J is bounded
0 otherwise

where [(I) is the length of the bounded interval I.

Remark 4.4. Note that v, is not additive. However, the restriction of v, to all cells that are included in
a given bounded elementary set, is additive.

Remark 4.5. All the definition and results of this section could be reformulated in an obvious way for
. =N . . . = L.o=n ;
the division space R where N is any finite set, instead of R". We work here with R" just for notational
e . =N . . .
simplifications. When we consider R, the N-volume integrator is by definition :

vy 1 s l_[iEN Z(Jl:) if J is bounded
0 otherwise

Definition 4.6. Let f : R" — C be a function, and E an elementary set of R". We say that f is Henstock-
Kurzweil (or HK) integrable on E, if (f v,)g := (f v,)|# is gauge integrable on E (i.e. (fv,)g € #(E)).

Remark 4.7. The value of f on R"\R" has no importance in the following sense : if f and g coincide on
R", and if f is HK-integrable, then so is g and their integral are the same. This follows from the fact that
v,(J) = 0 for unbounded cells of R". Thus, we do not need here to set to zero the value of f on EH\R”.
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Remark 4.8. Since we are dealing here with a finite product of division spaces, any gauge v is such
that there is a finer gauge y’ < y of the form y’ = (L,,4,,8), where L,.,, is the constant function x —

{1,---,n} (or x — N if we are working with EN). Thus, we could restrict with no loss of generality to

gauges of the type (Lyay, 8) in the definitions of #(R") (or #(R" ). In other words, in the case of R,
the function L in a given gauge (L, 6) does not play any role.

Remark 4.9. Definition 4.6 contains as a particular case the classical Henstock-Kurzweil integrable func-
tions on Euclidean space [11, p.83].

Indeed, the classical definition is the equivalent to the following formulation : a function f : R">Cis
(classically) HK-integrable to a € C if it is zero on R \R" and for any ¢ > 0, there is function § : R — R*
such that for any resolution R of R", such that all pairs (J, x) € R satisfy J C I 5(x) ‘= l_[?:1 I, 5(x) (Where
I, :=ly—nry+rlify €R,Ioo, =]1/1,00], I_co  :=[~00,=1/r[), wehave | 3, cx f(X)A,(J)—al <
€, with the convention 0co = 0, and where A, is the Lebesgue measure. Note that in Z( Jx)erS (AW,
no nonzero term where J is unbounded or where x ¢ R" appear. Thus, this sum is actually equal to
Z( J.x)eR g(x)v,(J) where g is any function that coincide with f on R".

Since I, 5(y) is an open set containing x, for any x, there is a smallest natural number n, such that
B(x,1/n,)C1I L 5(x), where B(x, r) is the open ball centered at x, of radius r for a given fixed compatible

distance on R"'. Moreover, Lemma 2.47 shows that there exists a gauge Y. such that any y-fine pixel (J, x)
will be such that J € B(x,1/n,) € I, 5(,). Thus, f is HK-integrable on R" in the sense of Definition 4.6.

Lemma 4.10. 1. Any bounded cell of R" is v,-regular.
2. The n-volume integrator v, : PR" - R, is o-cellular.

Proof. 1. LetJ be a nonempty bounded cell of R". Note first that since (v,); is additive, it is therefore
integrable.

Let £ €]0,1]. Since J is a nonempty bounded cell, its interior is of the form l—l?zl]ai, b;[ and
its closure of the form ]_[?Zl[ai, b;], where for all 1 < i < n, aq; < b; and a;,b; € R. Consider
now E' :=[[.[a; + &,b; —¢] and E := [ [;]Ja; — &, b; + €[, where ¢ < min;(b; —a;)/2. Note that
E CJ C(E"°. Since (vn)e\ is additive, it is integrable. Moreover, by additivity,

f = [0 —ai-+26)- ]_[(b —a;—2¢) = eP(e) < ¢ |Plloo o1,
E'\E

i=1

where P is a polynomial of degree n — 1 with coefficients that only depend on (a;) and (b;). Since
v, is additive on E’\E, for any resolution R of E’\E, S(v,,R) = fE,\E Vy < €|Plloo f0,1]- Thus J is
v,-regular.

2. Byitem 1 and Theorem 3.23, any bounded cell J of R"is v,-integrable.

If J is an unbounded cell, write down J =J’ UJ” where J' =J NR", and J” = J\R". Since J' is a
countable union of bounded cells, it is a countable union of v,-integrable cells.

We now check that J” is a finite union of v, -integrable cells. We can decompose J” into the union
ofallJ; , wherei € {1,--- ,n}andn€{—1,1},and J;,, =J; x--- x (J;Nn{noo }) x --- xJ,,. Note
that each J; ,, is a cell. Let us check that it is v,-integrable. Take any resolution R of R". We have
S(1 Jin v,,R) = Z(I,X)ER, v,(I) where R’ C R is the subset of R made of all the pixels (I, x) such that
x €Jiy. If(l,x) € R’, then I is unbounded and therefore v,(I) = 0. The sum is S(1 Jin v,,R) is
therefore equal to zero. This shows that the J; ,, are all v,-integrable.

In conclusion, we showed that any cell is a countable union of v, -integrable cells, and in particular,
that v, is o-cellular.
O

Lemma 4.11. The n-volume integrator v,, is projectively integrable.

31



Proof. Consider the following strictly positive function on R":

f eI if x e R™
X -
1 otherwise

where ||-|| is the Euclidean norm on R". We will apply Theorem 2.79 to prove that fv, is integrable
on R". Consider the sequence (Ji)r>o of cubes J; := [—k,k]". Each J; is a closed bounded cell, and
therefore f; is continuous and bounded. Moreover, v, is additive (and therefore integrable) on Ji, and
Theorem 2.78 implies that (fv,),, is integrable. Note also that for any pixel (J, x), (fv,)(J,x) is zero
whenever x is not in UJ;, = R" since in that case J is unbounded. Define now Ej := J;\J;_; when k > 1
and E, :=Jy. We have J; = U;< Ey, and by additivity

va— fv,.
j=0YE;

Since (fv,)g, < e‘”(k_l)z(vn)Ek and e—”(k—l)z(vn)Ek is integrable, we see that for any k > 1, fEk fv, <
e n(k=1)" fEk V, = e n(k=1)* ((2k)*—(2k —2)™). Thus, the increasing sequence ( f i fViso is bounded in
R, and therefore converges. Let L be its limit. If € > O, then there is k, such that |L — ka fv,| <efor

all k = ko. Suppose that E is an elementary set that contains Ji, and included in one J;. We have then
k = kg, and kaO fv, < fEfvn < fjkan- Thus, |L — fEfvnl < ¢. We can therefore apply Theorem 2.79,

and obtain the fact that fv, is integrable on R", and f fv, =L > 0. Since f is a strictly positive point
function, this implies that v, is projectively integrable (see Definition 3.2). O

We can now conclude :

Theorem 4.12. Any Borel subset of R" is v,-measurable and the map
%ﬁ” - R+

Ao [y, ifA€ .5,
oo otherwise

is a o-finite Borel measure on R", that coincides with the Lebesgue measure A, . Moreover, £ 1(@“, Ap) =

El(ﬁn,vn), and for any f € .Sfl(ﬁn,vn),
ffdln = f [V

Proof. By Lemmas 4.10 and 4.11, the hypothesis of Theorems 3.13, 3.16 and 3.21 are satisfied. This
shows that we can define the measure u on %Bg» associated to v,,.

If I :=[]_,]a;, b;], then f 1,v,, = v,(I) since I is v,-regular by Lemma 4.10, item 1. Thus, u(I) =
A,(I). This proves that the restrictions of u and A, coincide on PByx.

Let R be resolution of R". Clearly, S(R, Tgxn \RnY v,) = 0 since any pixel (J, x) in R such that x € ﬁn\R”

is such that J is not bounded, and therefore such that v,(J) = 0. This proves that f T \rVn =0, and
therefore ,u(R \R™") = }LH(R \R™) =
As a consequence, u coincide with the Lebesgue measure on %Bgn. O

4.2 Gaussian measures on Hilbert spaces

In this section we consider the product division space (EN, %) (the Hilbert cube) of the division family

(R),cy. Here, % is the set of all cells of ﬁN, that is to say the set of all products [ [y J, where the J,
are all intervals of R such that I, = R for cofinitely almost all n € N.

neN
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Notation 4.13. The Gaussian measure on R of mean a € R and variance k > 0 is the probability measure
on R with density with respect to the Lebesgue measure equal to :

1

V21K

X e~z (x—)*,

It will be denoted A (a, k).

Assumption 4.14. In all the following, we fix a pair of real sequences x := (x,) and a := (a,), where
K, > 0 for all n.

Notation 4.15. On the separable Fréchet space RY the Gaussian measure on RY of mean a and variance
K is defined as the following product of probability measures :

Ya,K = ®n€Nc/V(an> Kn)-

. =N .
We extend this measure to a measure on the Borel sets of R by setting the value zero to any borel set of
=N , . =N . . .
R included in R \RY. We keep the notation Ya for this extension.

Remark 4.16. Let H be a real separable Hilbert space, a € H, and K a positive invertible trace-class
operator on H. Take a Hilbert basis (e,,) of H of eigenvectors of K such that the eigenvalue sequence (x,,)
associated to (e,) is decreasing. Denote ) : Z% — H the isomorphism of Hilbert spaces associated to the
basis (e,,). Then the Gaussian measure on H of mean a and covariance operator K is the push-forward by
1) of the Gaussian measure y,-1(q), (restricted on 8%). Thus, the study of Gaussian measures on Hilbert
spaces can be reduced to the special case we considered here of Gaussian measures on RY.

Definition 4.17. Let N € Z(N) be nonempty. The N-Gaussian function is the function

gy R —Ry
1
X — (l_[neN 2nKn)_1/26_ZnEN ﬂ(xn—an)z if x € RN
0 otherwise

Proposition 4.18. Let N € & (N) be nonempty. The N-Gaussian function gy is vy-integrable and gy €
K% 1(EN,VN). Moreover,
f v SNVN = L
R

Proof. The result follows immediately from Theorem 4.12. O
Thanks to the previous proposition, we can define :

Definition 4.19. The Gaussian integrator is the following cell function G, , :

Gu:id ™

>

. —N
figNJvNJ ifJ #R
1 otherwise

Theorem 4.20. The Gaussian integrator G, , is additive (and therefore integrable).

Proof. Let J be a cell of @N, and D a division of J. We want to prove that G, ,(J) = 2. ,cp Gax(J). If
J' €D, wehave J' = J' x R ", Denote Np, := UycpNy.. Clearly, N; € Nj, € Np. Let B := Np\N,.
—=N\Np =N\Np

Thus, we have for any J' € D, J' =J” xR ", where J”=l’xﬁND\NJ/, and J =Jp xR ", where
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Jp :=J x R’. Since D is a partition of J, the J” form of a partition of J,. Using Theorem 4.12, we now
obtain by the Fubini theorem and additivity

1
Ga,K(J)z(]_[ 2mic,) "2 f ¢~ Znenp E(X"_“”)ZVND

neNp
— o Y12 Z Sineny 7y (Xn— )’
( l_[ n) s NDW, VN,
neNp J'eD JJ'XR
1/2 DineN,, Kn( n—dn) _
— Z( l_[ 27'[Kn) / J ENys 2 VNJ, — Z Ga,K(J/)-
J’eD neNy J’eD
The function G, . is therefore additive, and thus integrable. O

Lemma 4.21. Any cell J of@N is Gq ,-regular.

Proof. Let ¢ > 0. For convenience, we suppose that ¢ < 1. If I is an interval of R with lower extremity
equal to a € R and higher extremity equal to b € R, we define I, as the interval Ja +&,b—¢[ and I . as
the interval [a — ¢, b + €]. Here we use the usual convention for the addition in R.

Let J be a cell of R. Define J, as the open cell [Lien, Un)e ® R

[Len, Un); @ ™. Note that Je ©J € J[. By Theorem 4.20, (Gq)y\y, is integrable. Moreover,
by add1t1v1ty, and Fubini theorem

f Ga,K = f Ga,K _J Ga,K = Ga,K(Jé) - Ga,K(Je)
NAWA J! Je

= f &N, VN, — f &N, VN,
neNJ (‘] ) l_[nENJ (Jn)e

J gn(x)dx— l_[ J gn(x)dx
HENJ (J) HGNJ (Jn)g

7 (x—a,)?

, and J! as the closed cell

1/2

where for alln € Nj, g, : x — (27tx,)”/%e 26 . We see that

a+e b+e
f gn(x)dx = f gn(x)dx +J gn(x)dx +J gn(x)dx.
I I, a—¢ b—e

Moreovet, f * g, (x)dx < 2(2mk,)"/2¢. Thus, denoting R, : f(J y gndx—f(J ), 8n(x)dx, we see that

IR,| < 4(27mk,)"/%¢ < Ce where C := maXx,ey, 4(27K,)" 12 Let us denote A, := f(J ) g,(x)dx. Note
that A, < 1. We have, denoting N; :={n,---,n, },

p—1
f G < [ [An+co)—] JAn= Zak(Anl, Ay (CEP TR <> (1, 1)CP
T\, nen; nen; k=0

where the o are the elementary symmetric polynomials. This shows finally that J is G, ,-regular. [
Theorem 4.22. The Gaussian integrator G, , is o-cellular.

Proof. By the previous lemma, any open cell is G, ,-regular, and therefore G, , is o-cellular. O
Theorem 4.23. Any Borel subset of R is G, -measurable and the map

%ﬁN — ﬁ_'_

A f ]IAG(I,K7 lfA € LQG,J)K
oo otherwise
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o : : =N —N —N
coincide with the Gaussian measure y,, on R . Moreover, Z'(R ,G,,) = Z (R ,74,), and for any

feL R, Gy,
deYa,K = JfGa,K'

Proof. By Theorems 4.22 and 4.20, the hypothesis of Theorems 3.13, 3.16 and 3.21 are satisfied. This
shows that we can define the measure u on %y associated to G, .. To prove that u is equal to v, by
[13, Theorem 21.10, p. 503], it is enough to check that these measures coincide on the semialgebra of
cells of EN, since this semialgebra generates %gn. Since EN\RN is a null set for y, ., for any cell J of RN,
Yax() =7a (N RY) =[1,en & (@n, x,)(J, NR). By definition of u, and the fact that J is G, «-Tegular,
the last term of this equality is actually equal to u(J). O

4.3 Wiener measure

In this section, we will consider the Wiener measure as defined in [12]. This measure is defined over the

compact metrizable space
@ =R,

We use here R as a compactification of R, while the one-point compactification is used in [12], but this
modification does not change the Wiener measure construction.

We see in the section the space & as the product division space of the compact metrizable division
family (E)Qi'

Notation 4.24. For any t > 0, and x € R, we denote
p(t,x):= (4nt)_1/2e_%"2.
If N € Z(Q?) is nonempty and k = card N, we denote for all x € RK,

pn(x) :=p(ty,x1)p(ty —t1, x5 —x7) - p(tg — t—1, X — Xp—1)
where N = {ty, -, t }, t1 <+ < ty.

Definition-Theorem 4.25. The Wiener measure on & is the unique probability measure W on the Borel
subsets of & such that for any cell J # & of 2,

W<J)=J py, (x)dx.
[J]

where N; = {ty, -+, t;}, t; < -+ < ty, k := cardNj, and for any A C ENJ, [A] € R* is the image of
ANRM under the identification R — @k, w = (w(ty), -, o(tg)).

Proof. The existence claim follows from [12, Theorem 16.1 and following remarks, p. 223], and the
uniqueness claim follows from [13, Theorem 21.10, p. 503] and the fact that the semialgebra of cells
generates %Bg. O

The goal of this section is to show that the Wiener measure is the measure of associated to a particular
integrator in the sense of the gauge integration. The natural integrator is given by the previous Wiener
measure characterization. We thus set :

Definition 4.26. The Wiener integrator is the restriction of the Wiener measure on cells of #. We
denote w this restriction.

Lemma 4.27. Any cell J of & is w-regular.
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Proof. Let € > 0. We keep the same notation I, and I for any interval I of R as defined in the proof of
Lemma 4.21.
Let J be a cell of #. Define J, as the open cell ]_[teNJ(Jt)E ® R

T\N, . . . I
l_[teNJ(Jt)’s &R o\ /. Note that J, CJ C J /. Since w is additive (as the restriction of the measure
W), wyn, is additive and thus integrable. Moreover, by additivity, and Fubini theorem

J sz w—f w=W(U)-wW(,)
I\, J! J.

= f p, (x)dx —J pn, (x)dx
[ntENJ(Jt)é] [I—[feNJ(Jt)s]

= f p,(x)dx = ZJ Py, (x)dx.
[D] [T 4]

o€s

GWand J ! as the closed cell

where we define :

S:={-1,1¥\{(-1,---,—-1)}

k

D :=Ugses l_[A(t?,fs)
i=1

-1 1
ATY =), and A = U\,
With the convention x, = to = 0, for any x € R¥, and i € {1,---,k},
p(t;i—ti_1,x; —xi)p(tips —ti, X471 — X)) < C

where C := max; <;<;(47(t; — t;_1)(tis1 — t;)) /2. For each o € S, let i, be the first index i such that
0, # —1. Using the convention py = 1, we get

J w<2eC Z f P{ 1,...,1-0_1}(x)p{iaﬂ,...,k}(x)dx
JINT, oeS JRk-1

which leads to the result. O
Theorem 4.28. The Wiener integrator is additive, integrable and o-cellular.

Proof. The additivity (and therefore integrability) of w is a direct consequence of the o-additivity of W.
The fact that w is o-cellular follows directly from Lemma 4.27. O

Theorem 4.29. Any Borel subset of & is w-measurable and the map
f%@ - @4_
. {j Lw, ifA€ .9,

o0 otherwise

L. . . —N —N .
coincide with the Wiener measure W on @. Moreover, Z'(R ,w) = £YR ,W), and for any integrable

function f € Xl(ﬁN, w),
deW = J fw.

Proof. By Theorem 4.28, the hypothesis of Theorems 3.13, 3.16 and 3.21 are satisfied. This shows that
we can define the measure u on %, associated to w. To prove that u is equal to W, by Definition-
Theorem 4.25, it is enough to check that these measures coincide on the semialgebra of cells of #. By
Theorem 3.23 and Lemma 4.27, the result follows immediately. O
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4.4 Haar measure on the infinite torus

We consider here the infinite torus TV as the product of the compact metrizable division family (T),cy
(see Example 2.16, item 4). The infinite torus has a natural compact metrizable abelian group structure,
and its normalized Haar measure is the product measure u = ®,u,, where u, = v is the probability Haar
measure on the circle T.

To prove that this measure can be constructed from infinite gauge integrals over TV, we proceed as
in the case of Gaussian measures.

Notation 4.30. We denote m the restriction of u on the cells of TV.
Lemma 4.31. Any cell of TV is m-regular.

Proof. Let € > 0. If Ais a cell of T different from T, it is of the form A; := {e?®™® : 0 €I} where I is
an interval of length strictly smaller than 1/2. Using the notation of the proof of Lemma 4.21 we define
A, =A; and A, = Ay where ¢’ = min{e, (% —(b—a))/3} (so that I, is of length strictly less than %),
where a =infI and b =supl.

Let J be a cell of TV. Define J, as the open cell [,y (Jo)e ® TV, and J as the closed cell

[Len, Un); @ TN, Note that J, € J € J/. Since m is additive, (m) Jr\J, is integrable. Following
the same arguments of the proof of Lemma 4.21, we obtain

J m < Ce,
JINT,

where C is a constant that is independent of ¢, and only depend on J. The result follows. O
Theorem 4.32. The cell function m is additive (and thus integrable), and o-cellular.

Proof. Asin the case of the Wiener integrator, the additivity (and therefore integrability) of m is a direct
consequence of the o-additivity of u. The fact that m is o-cellular follows directly from the previous
lemma. O

Theorem 4.33. Any Borel subset of TV is m-measurable and the map
%TN - ﬁ_;'_

A [1,m, ifae g,
[ d
oo otherwise

coincide with the Haar measure u of T~. Moreover, £ (TN, m) = £(TY, u), and for any f € £'(TN, m),

ffdu=ffm-

Proof. By Theorem 4.32, the hypothesis of Theorems 3.13, 3.16 and 3.21 are satisfied. As in the case
of the Wiener measure, to prove that the measure associated to m is equal to the Haar measure yu, it is
enough to check that these measures coincide on the semialgebra of cells of 7 since that semialgebra
generates the Borel sets of T". This fact follows directly from Lemma 4.31 and Theorem 3.23. O

5 Appendix

5.1 Generalized Cousin’s lemma

We fix here a compact metrizable division family (X,),cr and denote (X, ¥) the associated product divi-
sion space. The goal of this appendix is to prove the following generalization of Cousin’s lemma :

Theorem 5.1. For any gauge y and elementary set E, there exists a y-resolution of E, i.e. %g # .
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The proof relies on a contradiction argument, and is based on an adaptation of the arguments of [5],

which deals with the case of R and a different notion of gauge.
We first introduce the following definition :

Definition 5.2. A gauge y on X is nonresolvable if there is no y-resolution of X. A cell J of X is non-y-
resolvable if there is no y-resolution of J.

Remark 5.3. Note the following preliminary fact about nonresolvable gauges (besides that they do not
exist, as we aim to show) : if y = (L, §) is nonresolvable then the function L : X — £ (T) is always such
that L(x) # @ for all x € X. Indeed, if there is a point x € X such that L(x) = @, then {(X,x)} is a
y-resolution of X, since we have then Ny = @ and 04(x) = { X }.

Notation 5.4. In the following, if (t,),ey is a fixed sequence of elements of T, we will denote N,, :=
{to,-+,th_1} (forn>1), Ny :=@ and T, := T\N,,.

To prove Theorem 5.1, we first start with the following lemma :

Lemma 5.5. Let (t,),en be a fixed sequence in T. We define the relation R on the set S of all pairs (n,y)
where n € N and y is a nonresolvable regular gauge on Xy the following way : (n, Y)R(n',y") if and only if
n'=n+1, and y' = (L', 8") is such that there is a point x € X, y such that for all N € F(T,11),

= Lx® N\ t,), (5.1)
51/\, = 5NU{ tn}(x 5] )|N (5.2)

Then the relation R is left-total, or in other words, for any (n,y) € S, there is (n’,y’) € S such that
(n, Y)R(, Y").

Proof. Remark first that the equations (5.1) and (5.2) make sense since y — L(x®y)\{t, }is a map from
Xr,,, into F(T,41), and since Sy, is a map from X into DXy, the map y — (Oyuye, H(x ® y)v
is a map from Xy into Zx .

Let (n,y = (L,5)) € S. We want to prove that the regular gauge v’ = (L, (6")y) on X1 defined by
the equations (5.1) and (5.2) is nonresolvable for at least one x € X (t,}-

Fix an enumeration (D; )iey Of the countable set

{6nuie,)(@i(e,y + N€F(Tpy1) andz €Xy ).

Note that each D is a division of X{, . Define now D; := AADy A+ A Dy for all k € N, where A is
a fixed division of X, ; that is different from { X, }} (such division exists since X{, } is nontrivial, see
Remark 2.19). Thus, for any k, D; ., < D; < Dy, and for any J < D;, N; = {t,}.

Since y is nonresolvable, there is at least one cell J in Dj such that J @X T,,, is non-y-resolvable. Indeed,
if it was not the case, we would obtain a y-resolution of Xy by considering the union U seniRy where R;
is a y-resolution of J @ Xy . Take J; to be one such cell in D{ such that J & X T,,, 18 non-y-resolvable.
Since J, € D, we have in particular that J, < D;.

Suppose now that for a given k € N, we have defined J; as a cell of X, y such that J, < D; and
Ji ® X7, , is non y-resolvable. For the same reason as before, there is at least one cell J € D]i 4+ such that
(JikNJ)@® Xy, is non-y-resolvable. We define Ji,; to be J NJ for one such cell J. Thus, we see that
Jir1 <DL,
By the principle of dependent choices (DC), it follows that there exists a decreasing sequence (J;) of

cells of Xy, 4 such that J; < D;{ and J; @ X1 is non-y-resolvable, for all k € N.

The set NgenJ i is nonempty since (J,) is a decreasing sequence of nonempty closed subsets of the
compact space Xy, . Take now x € NieyJ . We claim that v’ as defined by (5.1) and (5.2) is nonresolv-
able. Suppose for contradiction that there exists a y’-resolution R of X T,,,- For each k, we define

Ry:={(J®J,x®y) : (J,y)€ER}.

38



Clearly, Ry is a resolution of Ji @ X . Since R is y’-fine, for all p = (J, y) € R, we have N; 2 L'(y) and
J < 61’\,]()/). Since Nj ¢; = {t, } UN; we get N o; 2 L(x ® y) for all k and p = (J, y) € R. Moreover, for
allk and p=(J,y) €R,

Ji®J =J ®J <Dy ®5) (¥) =Dy ®5y,u(1,;(x ® ¥y,
By definition of the enumeration (Dy)ie, for any p = (J, y) €R, there is k, € N such that
Dy, = 6,011, 1 (X ® ¥)qe, -

We set kyyx :=max{k, : p€R}. Thus,Jp  <D; <D; <D foreachp €R. Observe then that for
max max p
allp=(J,y) €R,

Jmax ®J < D;imax ® 6n,uir, } (X @ Y)v, < Onjupr, (X @Y) =0y,  (x®Y).
This shows finally that Ry is a y-resolution of J,_ @ X, which is a contradiction. O

The main work was done in the lemma, we can now conclude with the proof of the generalized
Cousin’s lemma :

Proof of Theorem 5.1. First observe that we can restrict ourselves to the case of a regular gauge. Indeed,
by Proposition 2.32, if v is a gauge, then there is a regular gauge y’ such that y’ <.

We first prove that X itself admits a y-resolution. Suppose then for contradiction that y = (L, ) is a
nonresolvable regular gauge on X. Since L has a countable image, the set L(X) is countable, and there
is a sequence (F,) ey in Z(T) such that L(X) = {F,, : n€ N}. Since U,F, is a countable subset of T,
there is an enumeration (t,), of U,F,. Thus, using the previous notations, we see that for any x € X,
there is n € N such that L(x) € N,,.

By the previous lemma, and (DC), there exists a sequence (x,)ney such that x, € X, j foralln €N,
and a sequence (y,, = (L, (8,)n))nen With yo =7, v, being a nonresolvable regular gauge on X, such
that foranyn €N, and N € Z(Tp41),

Ln+1 = Ln(xn & )\{ tn })
(6n1)n = (Gndnuge, (X ® iy -

Let x € X be such that x(t,) := x,, for all n € N. Observe that foralln €N, L,1(x7 )= L,(xr )\{t, }.
By induction, we obtain then for all n € N, L,(xr ) = L(x)\N,. Since y, is nonresolvable, L,(xr,) is
nonempty, as noted in Remark 5.3. Thus, for any n, L(x)\N, is nonempty. But this is impossible since
L(x) is included in one N,, for a n € N. This concludes the proof of the claim that X admits a y-resolution.

We now prove that if E is an elementary set, then there is a y-resolution of E. Since E is an elementary
set, there is a division D such that E = UD. And since X \E is also an elementary set there is a division
D’ such that X\E = UD’. The union D U D’ is a division of X. Consider then the gauge ' := y A ypyp-
By what we just proved, there is a y’-resolution R of X. It follows then from Proposition 2.38 that
R,:={(J,x)€R : J CE}isa y-resolution of E. O

5.2 Moore-Smith double limit theorem

In this appendix, we give a self-contained proof of the classical Moore-Smith theorem [7] on double nets.
This result is used in Lemma 2.57 and provide a sufficient condition under which the exchange of limits
for a given net indexed by a product of directed sets is possible.

Let A and B two (upward) directed sets. The product Ax B is naturally a directed set with the following
preorder : (a,B) < (a/,p’)ifand onlyif a < a’and < f’.

Theorem 5.6. (Moore-Smith double limit theorem) Let (E,d) be a complete metric space and fix three
nets (Xq,p)(a,p)eaxs (Eadaca and ({p)pep in E, respectively indexed by Ax B, A and B. Suppose that

1. The net (x,p)pep converges to &, in E, uniformly in a € A.

39



2. The net (x4 p)qea converges to {g in E, for any 5 € B.

Then :

1. The three nets (X4,p)(a,p)eaxns (Ea)aca and (p)pep converge.

2. Those three nets have the same limit :

li =1i =l .
(a,/sl)renAxB Xap = er Sa /312% <p
Proof. The first step is to check that (§,) converges. For this, fix ¢ > 0. By hypothesis 1., there is , € B
such that for any 8 > ; and any a €A, d(x,p,&,) < £/3. It follows from hypothesis 2. that (x,p, ) is
a Cauchy net. Thus, there is a, € A such that for any a, o’ > a, d(xq,pys Xar,p,) < €/3.

As a consequence, for any a,a’ > a,, we have

d(Eq, Eq) < d(Eg X p,) +d(Xgp,, Xa p,) T d(Xy p,,Ear) <€/3+€/3+e/3=E¢.

By completeness of E, this implies that (§,) converges in E. Let L be its limit.

The second step is to check that (x4 g) 4 pyeaxp converges to L. Fix again € > 0. Since there is ag €A
such that for any a > a, d(&,, L) < £/2, and since, by hypothesis 1., there is 3, € B such that for any
a €A, and ff = fBy, d(x,p,E4) < £/2, we see that for any a > a, and ff = f3,

d(xep,L) <d(xep,Eq)+d(Eq, L) <e/2+e/2=¢.

This shows then that (x, g)(4,p) converges to L

The third and final step is to check that ({z) converges to L too. Fix once more £ > 0. Since we
just proved that (x, g)4,p) converges to L, we know then that there exist (ay, fp) € A x B such that for
any a > ag and § = By, d(xqp,L) < £/2. Let B = f3, be given. Hypothesis 2. implies that there is
a, € A such that for any a > ay, d(x,p,{p) < £/2. Take a such that a > a;, and a > a,. We obtain the
following estimation :

d(lp, L) <d({p,xqp) +d(xep,L)<e/2+e/2=¢.

This yields the expected result. O
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