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Abstract

Autonomous vehicles (AVs) allow new ways of regulating the traffic flow on road
networks. Most of available results in this direction are based on microscopic approaches,
where ODEs describe the evolution of regular cars and AVs. In this paper, we propose
a multiscale approach, based on recently developed models for moving bottlenecks. Our
main result is the proof of existence of solutions for open-loop controls with bounded
variation.
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AMS Subject Classifications: 90B20, 35L65.

1 Introduction

Autonomous Vehicles (briefly AVs) represent the most disruptive technology for traffic reg-
ulation [I5], 25], [32] 33, B5]. The effect of AVs in terms of influencing bulk traffic has been
studied in-silico [7, 14}, [18, 30, [34], artificial environment [I7] and also in experiments [29]. In
particular, the results of [29] showed a potential decrease of up to 40% in fuel consumption
by dampening of traffic waves. Despite such achievements, a complete macroscopic theory
for control of bulk traffic via AVs is still missing. The need of a macroscopic theory is due to
the curse of dimensionality preventing control design for microscopic models [12].

Our approach to bypass current limitations is based on the idea of using macroscopic
models for the bulk traffic, consisting of partial differential equations (PDEs), paired with
microscopic ones for the AVs, consisting of ordinary differential equations (ODEs). The his-
tory of modeling traffic via partial differential equations started with the celebrated Lighthill-
Whitham-Richards (briefly LWR) model for traffic flow on a road [24, 27]. The authors
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assumed that the average speed v depends only on local density, thus obtaining a scalar
conservation laws. More recently, the LWR model was paired to an ODE via a moving flux
constraint producing a multiscale model, see [8, 9, [IT]. Moreover, other works used coupled
ODE-PDE systems [2], 8, [19, 20} 31].

Here we extend the multiscale model of [9] by assuming that the AV desired speed, indi-
cated by u, is regulated by a centralized controller. The resulting control system is obtained
by modifying the ODE for the AV, which is given by the minimum between the desired speed u
and the average speed v of local downstream traffic. The proposed approach has already been
investigated numerically in [26], using Model Predictive Control and proving its effectiveness
in reducing traffic nuisance.

We base our work on the many results available for the multiscale model of [9]. In
particular, existence and well-posedness of solutions was investigated in [11], 22] 23] and the
numerical aspect in [4, [§, 10]. Finally, the multiscale model was extended by replacing the
LWR model for traffic with the Aw-Rascle one in [31].

The complete multiscale control model is given by the system , consisting of a scalar

conservation law, a controlled ODE and a moving flux constraint (plus initial conditions).
To couple the equations, we need to specify the capacity reduction function F, for every
AV desired speed. This gives rise to undercompressive shocks also depending on the desired
speed u, see (3). The definition of solution needs to reflect this choice via a modified entropy
condition, see point [3| of Definition (3.1
Our main result is the proof of existence of solutions for open loop controls u(t) with bounded
variation in time. In order to achieve the result, we construct approximate solutions via wave-
front tracking approximations. In particular, we construct approximation grids allowing all
left and right densities of undercompressive shocks for the discretized desired speed.
As usual, the sequence of approximate solutions satisfy some compactness estimate, that
allows to pass to the limit. In our case, we need to define a Glimm type functional accounting
for the density total variation, a term for variation due to undercompressive shocks and the
time-variation of the open-loop control. We can prove that at each wave interaction such
functional either decreases (by a quantity bounded away from zero) or remains constant, but
in this case the number of waves does not increase. Moreover, a detailed analysis is necessary
to prove the convergence of the AV speed. Once a limit of approximate solution is obtained,
one has to prove that it satisfies the various conditions in the definition of solution. For this
we sue various results from the above mentioned literature adapted to our case.

The paper is organized as follows. Section [2| describes the coupled PDE-ODE model and
introduces the basic notation. Section [3| deals with the Cauchy problem. More precisely, in
Subsection [3.1] we describe the wave-front tracking algorithm, we construct the approximating
grids, and we define the Glimm type functional; in Subsection we study the changes in
the Glimm type functional, due to wave interactions; finally in Subsection we state and
prove the main theorem. The paper ends with Appendix [A] which contains various technical
lemmas used in Subsection and with Appendix [B], which describes in details the solution
to the Riemann problem. Appendix [B|is intended for Referees’ readability only and will be
removed in the final version.



2 Description of the control model

Consider a unidirectional road I, model by the real line R, where the traffic is described by
the LWR model [24], 27]

Bip + 0o f (p) =0, (1)

where p = p(t,z) € [0, R] denotes the macroscopic traffic density at time ¢ > 0 and at
position z € R, and f = f(p) is the flux, which depends only on p. The constant R denotes
the maximum possible density of the road. As usual the flux f is given by pv (p), where
v € C2([0, R];[0,+00)) is the average speed of cars. We assume that the flux satisfies the
condition

(F) f:C?([0,R]; [0+00)) f(0) = f(R) =0,
[ strictly concave: —B < f"(p) < —p < 0 for all p € [0, R], for some §, B > 0.
Moreover, we assume v ( ) < 0 for every p €10, R|.

Note that, by the speed v is a strictly decreasing function.

Assume that a vehicle, e.g. a police or autonomous vehicle (AV), whose position is de-
scribed by the variable y = y(t), aims at controlling the behavior of traffic, selecting its
maximal speed. Hence the evolution of such a vehicle is described by the ordinary differential
equation (ODE)

y(t) = wlp(t,y(t)); u) := minfu(t), v(p(t, y(t)+))},

where v = u(t) € [0,V], with V' := max,cjo g v(p), is a control function, selecting the
desired speed of the vehicle. Indeed, the vehicle can move at its desired speed as long as the
downstream traffic moves faster, otherwise it has to adapt.

Following the model proposed in [9, 20], we consider the following control system

Op (t,2) + 0 f (p(t,x)) =0, t>0,z€R, (2a)
§(t) = min{u(t), v(p(t, y(t)+))}, t>0, (2b)
flo@y) —y)p(t,y@) < Fa (4(1)) == i, (af(p/a) = py(t)), t>0, (20)
p(0,z) = po(), zeR, (2d)
y(0) = yo. (2¢)

Above, pg and yo are the initial traffic density and AV position, while the function F,, in (2d),

€ 10, 1], represents the road capacity reduction due to the presence of the AV, acting as a
moving bottleneck which imposes a unilateral flux constraint at the AV position. To determine
the function F,, we consider reduced flux function

fa: [0,aR] —> Rt
b — pulpla) = af(p/a),
which is a strictly concave function satisfying f,(0) = fo(aR) = 0. For every u € [0, V],
define the point p,, as the unique solution to the equation f/,(p) = u. Introduce also, for every
u € [0, V], the function
ou: [0,R] — RT
P > fa(pu) +u(p— pu) -
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Figure 1: The definition of p,, pu, pu and p;,.

Hence, if §(t) = u, the function F, in is defined by

F,: [0,V] — Rt
u > 0u(0) = fa(pu) — Upu-

If y(t) = v(p(t,y(t)+)), the inequality is trivially satisfied since the left-hand side is zero.
Finally, the points 0 < py, < py, < pu < pl < R are uniquely defined by

pu=minZ,, p,=maxZ,, Z,={p€[0,R]: f(p) =vulp)}, (3)

and implicitly by
v(py) = u, (4)

see [9] and Figure |1} It is straightforward to see that py = py = py = pj, = 0.

Lemma 2.1 Assume that the flux f satisfies . Let py, < pu < p;, be defined by and
). Then the maps p(u) : u — py, and p(u) : u — p, are strictly decreasing on [0,V] and
satisfy

—oo < f(u) <0 — oo < pl(u) <0 (5)
for every u € [0,V[. Moreover, the maps p(u) and p*(u) : u > pi, = v=1(u) are also Lipschitz
continuous functions. Finally we have

pu<pu< B < pu<pl (6)
for every u € [0, V].

PROOF. First note that f’ (%“) = u; thus differentiating this expression with respect to u

we deduce that f” (%) % =1 and so p}, < 0 for every u € [0,V]. This proves that p, is
strictly decreasing with respect to .

Observe that fo(p) < f(p) for every p €]0,aR] and that the function H : [0, R] — R,
defined by H(p) = f(p) — pu(p), is strictly concave. By (@3), H (pu) = H (pu) = 0. Moreover
H (py) = [ (pu) — fa (pu) > 0 for every u € [0, V]. The concavity of H implies that

Pu < Pu < Pu < Py, (7)



for every u € [0, V[. Besides, since the map p — f(p) — up is strictly concave for every fixed
u € [0,V], with point of maximum at p,/a, by we also deduce that p, < pu/a < py.
Therefore implies @
By , we have
[ (Pu) = upu = fo (Pu) — upu and [ (Pu) = upu = fo (Pu) — upu. (8)

Differentiating equations w.r.t. u, for every u € [0, V[ we have

B f'(pu) —u B F"(Pu = 0(pu — pu/a))(pu — pu/) S F"(Pu = 0(pu — pu/c)) — B’

v/(u) _ ﬁu — ﬁu ﬁu — ﬁu 1 1

f'(pu) =u f"(pu = 0" (pu = pu/))(Pu = pu/c) = ["(pu = 0"(pu — pu/)) — (B)
10

for some 6,60 € [0,1]. Using (), (10), [(F)} and the fact that u = f’(pu/c), we deduce
that holds and that both p, and p, are strictly decreasing as functions of u € [0, V].
Finally, by @, we deduce that

< p'(u) <0

™|

for every u € [0, V[, proving that the function p(u) is Lipschitz continuous. By v is a con-
tinuously differentiable function and v'(p) < 0 for every p €10, R[. Using the Inverse Function
Theorem, we deduce that v~! is a continuously differentiable function and p*(u) = v=!(u).
This concludes the proof. O

Lemma 2.2 Let us consider the sequence w,, defined by
wo =0, Wntt1 =P (p(wn)) Vn € N. (11)
Then wy is a strictly increasing sequence such that

lim w, =V.

n—-+00
PROOF. By Lemma 2.1} the functions
p:10,V] = [0,5(0)], p:10,V] = [0,p(0)],

are strictly decreasing and so invertible. This implies that the sequence w,, defined in ,
is well defined and w,, € [0, V] for every n € N. Note also that in Lemma implies that
the inverse functions of p and p are strictly decreasing functions.

First we claim that w, < V for every n € N. We proceed by induction on n. When
n =0, clearly wop = 0 < V. Assume now that w,—1 <V and so p(wp—1) > 0= p (V). Hence
Pt (p(wn1)) <V, ie. w, <V, proving the claim.

We prove now that w, is a strictly increasing sequence. Fix n € N. Since w, < V, we
deduce, by @, that p(wn) < p(wy) and so p=1 (p (wn)) > Wy, 1€ Wpt1 > Wy



Since wy, is an increasing sequence, then it has a limit L. Clearly L € [0,V]. By , we
deduce that
L=p""(p(L) <= pL)=p(L) <= L=V,

concluding the proof. O

Remark 1 In the case f(p) = Vp(1 — p/R) considered in [9, [I1], p,, and the solutions to (3]
and are given by

) = S (V ), n=r(1-1),

2V 1%
) = oo (L= VI=a) (V—w), () = 5 (14 VT —a) (V —u).

and they are all linear with respect to u.
Remark 2 If u; < ug, then either

pluz) < plur) < puz) < plur)
pluz) < pluz) < plur) < pur).

3 The Cauchy problem

Let us consider an initial density py € (L' NBV) (R;[0, R]), an initial position of the AV
Yo € R and an open-loop control u € BV (R™; [0, V]). Following [T}, 5, 1], we define solutions
to as follows.

Definition 3.1 The couple (p,y) provides a solution to if the following conditions hold.
1. pe CO(RT; (L' NBV) (R; [0, R]));

2. y e WEL(RT;R);

loc

3. For every k € R and for all ¢ € CL(R?;R") it holds
L o= rloe +sen(o = m)(¢(0) = £0)0u) dw it + [ | = (0,2 da
+2 | (F0) = (0 = min{ () = (O, Fali(O)D) ot u(e) dt 2 0 (12)

4. Fora.e. t>0, f(p(ty(t)+)) —g(t)p (¢, y(t)+) < Fa (5(t));
5. For a.e. t >0, y(t) = min {u(t),v (p (t,y(t)+))}.

Remark 3 We observe that the definition introduced in [9], requiring only the entropy ad-
missibility on RTx | — oo, y(t)[ and R x Jy(t), +oo[, is not sufficiently strong to single out
a unique non-classical solution to Riemann problems. For example, the undercompressive
shock between p}, and 0 traveling with speed v would be an admissible solution in the sense
of [9, Definition 4.1] for the initial datum po(z) = py. Instead, condition (12)), as well as its
equivalent formulation used in [I1], ensures that, if an undercompressive shock is present at
x = y(t), it satisfies point 4] in Definition as an equality.



3.1

Wave-front tracking approximation

Since solutions to Riemann problems are known analytically (see details in [13]), we are able
to construct piecewise constant approximations of solutions to via the wave-front tracking
algorithm, see [3| [16] for the general theory.

Definition 3.2 Given € > 0, we say that the maps pe, ye, and u. provide an e-approximate
wave-front tracking solution to if the following conditions hold.

1.

pe € C° (RJr L}OC(R; [0, R])) is piecewise constant, with discontinuities occurring along
finitely many straight lines in the (t,x)-plane. Moreover jumps of p:(t,x) can be shocks,
rarefactions, or undercompressive shocks, and they are indexed by J(t) = S(t) UR(t) U
U(t). For simplicity, the jumps of p. are called p-waves. Moreover we call classical

waves the p-waves described by the jump sets S and R.

us € BV (RT;RT) is a piecewise constant function with a finite number of discontinu-
ities.

Ye € Wiloi (RT;R) is a piecewise affine function. We refer to it as the y-wave.
. Along each shock x(t) = z4(t), a € S(t), we have
pe(t, za(t) =) < pe(t, za(t)+).

Moreover

Falt) — f(pe(t, za(t)=)) — f(pe(t, za(t)+)) <e.

pe(t, za(t)=) — pe(t, za(t)+)

Along each rarefaction front x(t) = z4(t), o € R(t), we have

pe(t, xa(t)+) < pe(t, wa(t)—) < pe(t, xalt)+) +e.
Moreover

Ta(t) € [f'(pe(t; za(t)=)), f'(pe(t, zalt)+))] -

Along an undercompressive shock we have x4(t) = y:(t), « € U, and

Pe(t, Ye(t)=) = Pu.(t) > Puc(r) = Pe(t, ye(t)+).

Moreover
jfa(t) = ye(t) = Ua(t)'

The following estimates hold
1p(0,-) = POHLI(R) <&, [[ue — UHLl(o,T) <€

For a.e. t € 0,7
Je(t) = min {uc(t), v (pe (£ y=(t)+))} -

Remark 4 With relation to Definition we recall here the various types of waves. With
the terms p-wave and y-wave we denote respectively a discontinuity for p. and the curve
t — (t,y(t)). Shocks, rarefactions and undercompressive shocks are all p-waves. Moreover an
undercompressive shock is also a y-wave. Finally, by classical wave we mean a p-wave, which
is not a y-wave.



We describe here a possible algorithm for constructing a sequence of approximate wave-
front tracking solutions. First of all, given v € N, let us define the following grids on the
interval [0, R] for density and on [0, V] for velocity.

Step 1. Let ug = 0 and set recursively
uy > wuy_; such that pur = puy_ for j=>1.

and stop the procedure at j = J, such that V' —u .| <27, see Figure By Lemma
the iterative procedure is finite. We set p§ = pu, _ for j=0,...,J,.

Step 2. Divide the interval [0, Y] into 2 parts, define the grid points
up o = kuj2™", k=0,...,2" -1,
the corresponding p% ) = pur € 100, po| and consider the recursive sequence
uy; € Juf,ufy [ such that pur = puy, , for i=1,...,J,.

Step 3.To complete the mesh, we divide the remaining sub-interval [pg, R] in 2" parts,
defining

pZ == po + L(R — pp)27", L=1,...,2".
Step 4. Relabeling the points defined above, we obtain the grids M,, := {p;’}l]\i’b C [0, R]

(with pj = 0 and p};, = R) and U, := {u;’}f\f:l’o C [0, V] (with uf = 0 and uf}, = V), where
the points are labeled in increasing order. We also set

0V := min Y —pY ) >c277 oY := min (v —u’ ;) >, 277
P =l M, (pf = pia) 2 027, u i:l,-‘.,Mu( {mui) z a2,
v v v —v v v v _y
e’ = max - ) < CL2 er:= max (u —u;_ ) <C,2

4 i=1,....M, (pz P 1) = Y ) u i=1,... M, ( % i 1) v )

for some ¢,,C, > 0 depending on «, f” and .J,.

Also, let f, : [0, R] — [0,4o00[ be the piecewise linear function such that f,(p?) = f(p¥)
for each p? € M, see Figure

Given an initial traffic density py € (BV N Ll) (R; [0, R]), we consider a sequence of piece-
wise constant functions pg, : R — M, such that pp, has a finite number of discontinuities
and

VEI-POO 1p0,y = pollgag) =0 and TV (po,) < TV(po) forallv e N.  (13)
Besides, given u € BV (RT), we fix a sequence of piecewise constant functions u, : R™ — U,
such that u, has a finite number of discontinuities and

VEIEOO luy —ullgrrey =0 and  TV(w) < TV(u) for all v € N. (14)
For every v € N\ {0}, we apply the following procedure. At time ¢ = 0, we solve all
the (classical) Riemann problems determined by a discontinuity of pg, and the constrained
Riemann problem at the AV initial position yo (see [13]), replacing the function f by f,. In
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Figure 2: Visual representation of the construction of the grids for p, and w, and of the
construction of f,.

this way, for small times ¢ > 0 we obtain a piecewise constant function p, = p, (¢, x) with
values in M, and whose jump discontinuities satisfy the Rankine-Hugoniot condition

fl/(pl/(tvxa(t)_)) B fu(pu(t7xa(t)+)) f(pu(t7xa(t)_)) — f(pu(t)xa(t)"’_))

tl) = a0 — (b0 pulbgall o) —pulta(O)

thus providing a weak solution of . In particular, every rarefaction wave is approximated
by a rarefaction fan, formed by rarefaction shocks of strength less than ej. We repeat the
previous construction at every time ¢ at which the following possibilities occur:

1. two classical waves (shock or rarefaction jumps) of p, interact together;
2. a classical discontinuity of p, interacts with y,;
3. uy(t—) # uy (t+).

In this way we construct a piecewise constant function p, and a piecewise linear function y,,.

Remark 5 By slightly modifying the wave speeds, we may assume that, at every positive
time t, at most one of the previous interactions happens.

Remark 6 As usual, since rarefaction waves are generated only at time ¢ = 0 or along the
AV trajectory, we need to split rarefaction waves into rarefaction fans just at time ¢ = 0 and
possibly at the discontinuity points for u,.

Given a wave-front tracking approximate solution (pe, ye, ue) to (2), we define the Glimm
type functional

T(t) = Y(p:=(t,-),us) == TV (pe(t, ")) + 2R + (1) + ETV (ue(-); [t +o00l), (15)



where v is given by
2Py = Pucwy) 3 ety () =) = Puc(rys pe(t,Ye (D)) = Pu.r)s
V(t) = :
0 otherwise.

It is clear that T is well defined for a.e. ¢ > 0 and it changes only at discontinuity points
of @, or at interaction times. Moreover, we observe that Y(t) > TV (ps(t,-)) > 0 and, with
the above choices (13)), (1)), T(0) < TV(po) + 2R + %TV(U). The functional T will serve to
provide an uniform estimate on the total variation of the approximate solutions p, constructed
above.

3.2 Interaction estimates

This subsection we will show the following property of the functional Y.

Proposition 3.1 Let {p,, v, u,},cy be the sequence of approxzimate solutions constructed in
Section . For any v € N, at any wave interaction or jump in u, the map t — Y(t) =
Y(pu(t, ), w,) either decreases by at least min{(SZ,GéZ/ﬁ}, or it remains constant and the
number of waves does not increases.

ProOF. We will detail the different types of interactions separately. To this end, we introduce
the following notations:

o F,-wave: a wave denoting the AV trajectory with maximum speed u without disconti-
nuity in p. The notation is to indicate a fictitious wave.

e N'F,-wave: a wave denoting the AV trajectory with maximum speed u and discontinuity
in p. The notation is to indicate a non fictitious wave. We can distinguish two cases:

— UCy-wave: a wave (p;, pr) denoting the AV trajectory with maximum speed u
verifying p; = p,, and p, = p,. The notation indicates an undercompressive shock.

— Cy-wave: a wave (py, py) denoting the AV trajectory with speed u verifying p; < py-.
The notation indicates a classical shock.

Let us consider an interaction occurring at time ¢t = ¢ away from the AV trajectory. In this
case, either two shocks collide, or a shock and a rarefaction front interact. In both cases the
number of waves diminishes. Moreover, TV (p, (t+,-)) < TV(p,(t—,-)), while the other terms
in (15) remain constant and we conclude that Y(t+) < Y(t—).

We then focus on events involving the AV trajectory. Interactions between classical waves
and y, have been studied in [9]. Since the functional used there is equivalent to the one
defined in when the control u, does not jumps, we can conclude as in [9, Lemma 2] that
at any interactions of this type either T decreases of at least d,, or remains constant and the
number of waves does not increases.

Therefore, we focus here on the situations in which a jump in u occurs.

Lemma 3.1 Assume that, at time t = t, the control jumps from u~ = u(t—) to u™ = u(t+)
and that we have a F,—-wave at t = t—. We have the following two cases.

1. At t+ we have a F +-wave and no wave is produced (see Figure @)
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Figure 3: Jump from u~ to ut at t = ¢ with a F,—-wave at t = ¢ .

2. At t+ we have a UC,+-wave and the number of waves increases (see Figure @)

In both cases, we have the estimate
6 6
—B ‘u+ —u_’ < —B(SZ < 0.

PROOF. Before time ¢, we have a F,—-wave and we denote the density by p. Thus, the speed
of the AV is w(p;u™) and p & |pu—, pu-[- At t = ¢, a jump in the control from u~ to u™
occurs and two cases may happen:

AY(t) =

1. p & 1py+, pu+[: no new wave is produced (see Figure [3a)). Thus, we have:
ATV(p(t,")) =0,

Ay(t) =0,
ATV (u; [t, 400[) = — [ut —u™|.

We conclude that AY(t) = —% lut —u| < —%55 < 0.

2. p € Pyt Put|: a UC,+-wave arises together with two shocks (p, p,+) and (p,+, p) (see
Figure . Thus, we have:

ATV(p(t_a )) = ’p - pu+| + |/§u+ - ﬁu+| + |16uJr - ,0‘ =2 ’pu+ - pAqu’ s
A’Y(E) = -2 ‘Ibqu - ﬁu*‘ )
ATV (u; [t,00)) = — [ut —u™|.

We conclude that AY(t) = —% lut —u~| < —%55 < 0.

This concludes the proof. O

Lemma 3.2 Assume that, at time t = t, the control jumps from u~ = u (t—) to ut = u (t+)
and that we have a Cy--wave (py, py) at t = t—. Then, at t = t+, we have a F,+-wave and
no wave is produced (see Figure . Moreover

AY(t) = —g jut —u”| < —255 < 0.

11



Figure 4: Jump from v~ to u™ (u™ <wu~ ) at t =t with a C,—-wave at t =t : p; < p,~ and
Pr = Pu--

PROOF. Since (p, pr) is a C,—-wave, it holds p; < p,- and p, > p,—. Therefore, by
Lemma, we have p; < p,+ if um < w™ and p, > p,+ if ut > u™. In both cases the
classical shock (p;, pr) satisfies the constraint at the position y,(t) of the AV. Thus:

ATV(p(t_, )) =0,

Ax(t) =0,
ATV (u; [t, 4+00]) = — |[ut —u™|.
Therefore 6 6
AY(#) = —— lut —u"| < =62 <0,
concluding the proof. O

Lemma 3.3 Assume that, at time t = t, the control jumps from u~ to u™ and that we have
a UC,—-wave at t = t—. The following two cases may happen.

1. The undercompressive shock is canceled. Then a rarefaction fan and a F,+-wave arise
(see Figure[5).

2. At time t = t+ we have a UC,+-wave (see Figure @ Then, the number of waves
increases, since a rarefaction fan and a shock wave are produced.

In both cases we have AY(t) < —dy.

PROOF. At ¢t = t—, we have a UC,,—-wave (p,-, p,~ ) and the speed of the AVisu~. At t =1,
a jump from u~ to uT occurs and two cases may happen.

1. The undercompressive shock disappears and so the Riemann problem at ¢ = ¢ is solved
by a rarefaction fan. Hence we have

ATV(p(t,-)) =0,
AV(Z) =2 (ﬁu* - pvu*) )
ATV (u; [t, 4+00]) = — |ut —u™|,

12



t=f---------F---------
pu |
-
(a) u= <ut (b) u™ >ut

Figure 5: Jump in u at t =t with a UC,,—-wave at t = t— which gets canceled at ¢t = t+.

which gives
. . 6 _
AT(E)ZQ(pu_ —pu_)——‘u+—u ‘ (16)
We distinguish two cases.

(a) u~ < u't and p,+ < p,- (see Figure [pa)). In this situation we have f'(p,-) < u*
and Py+ < Pyt Pu— < pu—- By Taylor formula and [(F)| there exists & € |-, pu-|
such that

f(pAzj—) B f(pu_)

uwt —uT > f(p-) - .
Pu— — Pu—

= - f//2(£) (ﬁu— - [)u—) (17)

B, . ,
> — - — D, —).
2 5 (Pu= = Pu-)
From ([16) and (|17 we deduce
AT(E) < - (ﬁu— - pvu_) < =4

= "%

(b) u* < u~ and p,- < p,+ (see Figure [pb). In this situation we have f'(p,-) > u*
and p,— < pu—, Pyt < Py+. If u= =V (and thus p,- = p,—), we have

AY(t) < —g lut —u| < —255.

Otherwise, by Taylor formula and |(F)| there exists £ € |p,—, p,—[ such that
- u—i— > f(lbu_) B f([)’u,_)

U = < — 2 - f,(ﬁu_)
Pu- — Pu-
= _f2<£)(ﬁu_ - pu—) (18)

B, . 3
Z §(pu* - pu*)'

From and ,
AT(B < - (pAu* - pvu*) < _5Z

13



(a) u= <ut (b) u™ >ut

Figure 6: Jump in u at t = ¢ with a UC,,--wave at t = t— and a UC,+-wave at t = t+.

2. A new undercompressive shock arises at t = t+. Again, we distinguish two cases.

(a) If u= < u™ and p,+ > p,—, then we have p,+ < - < pu+ < pu- (see Remark
. In this case, a UC,,+-wave is created together with a rarefaction fan (p,—, p,+)
and a shock wave (p,+, p,—) (see Figure [6a). Thus, we have

ATV(ﬁ(ﬂ )) - 2 pu*) ’

AY(t) = =2 (py+ — pu+) 2Py~ — Pu-) 5
ATV (u, [t,400]) = — |[ut —u~ ‘,

and we conclude that

T =2 — pur) — = Ju — . (19)

B
Moreover, by Taylor’s theorem and |(F)|

> f(:éu*) - f(léu*) _ f(pAu*) — f(pu*)
B Put = Pu— Pu— — Pu-
(PO HO- )Y,
- (g — P (f _ /V)u*)Q > (pu+ pu*)

for some § € |py+, oy~ [ Combining Taylor’s theorem with |[(F)} we conclude that
there exist £ € |, p,,— [ such that

U

ut —u” > _fz(é)(ﬁu _ﬁu+)a
> g(ﬁu* _ﬁu+)' (20)

From and ,

AT(E) < = (pu — put) < —3,.

14



(b) If ut < wu™ and p,— > P+, then we have p,— < pu+ < pu— < pu+ (see Remark .
In this case, a UC,+-wave is created together with a shock wave (p,-, p,+) and a
rarefaction fan (f,+, g,~) (see Figure[6D). Thus, we have

ATV(p(t_, )) =2 (py+ — ﬁu*)
A’Y(t_) =2 (ﬁqu - ﬁu+) +2(pu- — pvu*) )
ATV (u; [t, +00]) = — |ut —u™|,

and we conclude that
6

AT(E) =2 (pqu - pu*) ;

lut —u]. (21)
Moreover, by Taylor’s theorem and |(F)|

- + > f(pu=) = f(Put) _f(ﬁu‘*’)_f(ﬁu'*‘)

u —u

Pu— = Put Put — Pu+
< f/(g) . f(f)_f(ﬁlff)) (,6 b +)
§ - ﬁu+ (5 - ﬁu+)2 “ “
for some € € |p,~, py+ [ Combining again Taylor’s theorem with |(F)| we conclude
that there exists & € |p,—, [ such that

R A R

From and we obtain

AT(E) < - ([)u"" - /V)u—) < _5Z

i), 22)

The proof is so finished. O
This concludes the proof of Proposition (3.1 O

Proposition [3.1] ensures that the number of wave fronts in p, is finite and the wave-front
tracking procedure can be prolonged for every positive time. Moreover, the total variation of
py is uniformly bounded in time:

Corollary 3.1 Let {py,yu,uv},cn be the sequence of approxzimate solutions constructed in
Section |3.1. Then for any v € N, t > 0, it holds

TV (pu(t,-)) < T(t) < T(0) < TV(po) + 2R + TV ().

3.3 Existence of a solution
The following is the main result of the paper.

Theorem 3.1 Let the initial conditions pg € (L' N BV) (R; [0, R]), yo € R, and the open-loop
controlu € BV (R1;[0,V]). There exists a solution (p,y) to in the sense of Deﬁnz’tion.

First, we prove that a limit of the sequence of approximate solutions {p,, ., u,},cn to (2)
constructed in Section [3.1] exists.

15



Lemma 3.4 Let {p,,yu,uv},cn be the sequence of approzimate solutions to constructed
in Section[3.1 Then, up to a subsequence, we have

Py — P, in Li.(RT x R;[0, R]), (23a)
Yo = Y, in Lig(R™;R), (23b)
9o = 9, in Lige(R™;R), (23¢)

for some p € C° (R*; (L1 N BV) (R; [0, R])) and y € Wll")lc(R*; R), which is a Lipschitz con-
tinuous function with Lipschitz constant V.

Proor. By Corollary we know that TV(p,(t,-)) is uniformly bounded. This, together
with the finite wave speed propagation, implies that

/\p,,(t,a;)—py(s,x)]da:SL]t—s\ for all t,s > 0,
R

for some L depending on f and on the total variation bound, but not on v. Helly’s Theorem,
see [3, Theorem 2.4], implies the existence of p € C%([0,7]; (L*NBV) (R; [0, R])) and a
subsequence of {p,},, which for simplicity we denote again by {p,},. This implies that (23a)
holds.

Fix T' > 0. By construction (see point [8| of Definition , we deduce that

0<y(t) <V (24)

for a.e. t > 0 and v € N\ {0}. Hence Ascoli Theorem [28, Theorem 7.25] implies that, there
exists a function y € C9 ([0, T]; R) and a subsequence of {y, },,, which for simplicity we denote
again by {9, },,, such that y, converges to y uniformly in C° ([0, T]; R). By the arbitrariness of
T, the function y can be defined on R™ and holds. Moreover y is a Lipschitz continuous
function with V' as a Lipschitz constant.

To prove , we aim to estimate the total variation of ¢, on [0,7]. Since holds,
then it is sufficient to estimate the positive variation of 7, denoted with the symbol TV*.
Observe that g, can jump only at interactions with waves coming from the right (see the
interactions’ estimates in [9, Section 4.2]) or at jumps in the control u,. In particular, g, is
non-decreasing at interactions with rarefaction fronts, which can be originated at ¢t = 0, or at
upward jumps in u, (see Figure . We have the following two possibilities.

I. A fan of rarefaction fronts interacts with the AV at most once. If y, interacts
over the time interval [¢1, 2] with rarefaction fronts, all originated from the point (0, zg),
and w,, is constant in [t1, t2], then there exists a constant C' > 0 such that

TV (s [t1,t2]) < Jo(pu(tr, yu(t1) =) — v(pu(t2, yu(t2)+))] < Clpo(zo—) — po(zo+)] -
(25)
If y,, interacts over [t1, to] with rarefaction fronts, all originated from (¢, y, (¢)) with ¢ > 0,
and w,, is constant over [t1, o] (such rarefaction wave created at ¢ > 0 is described in
Lemma see also Figureand Figure @, then either a F, (zy)-wave arises (see Figure
or a UC,, (f4)-wave arises (see Figure @ In the former case, the rarefaction wave
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connects py,, (7—) t0 py,7—) and so, using and , there exists a positive constant
C > 0 such that

TV (s t1,t2]) < [0 (Pu6-) = 0 (Pu )| < Clun(t+) —w(t-)]. (26

In the latter case, when a UC,, (z4)-wave arises (see Figure 6), the rarefaction wave
connects either p, ¢_) t0 Py, (#+) O Py, (F—) tO Py, #+)- Using (20) and , we deduce
that there exists a constant C' > 0 such that

TV (s [t1, t2]) < [v(pu(t1, 90 (1)) — v(pw(t2 o (t2)))] < C'luw () — w (E)] . (27)

II. The AV interacts with a fan of rarefaction shocks (p;, p,) modifying n, times

its speed. Define, for every i € {1,---,n,}, the times t9;_1 and ty;, respectively the

t
127 D SNy A
BT e

pi

4 Pr

PEZZIZIZ 7w

7

7
Yo Zo T

Figure 7: The AV interacts with a fan of rarefaction shocks (p;, pr) modifying its speed over
the time intervals [t1,ts] and [t3,t4]. In this situation n, = 2 and, for every i € {1,2},
uy (87 =) # w, (7 +).

times at which the AV enters from the left and exits from the right the rarefaction fan.
Moreover, for every i € {1,---,n,}, define by t5¢ ; and t5/ the point of discontinuity
for u, in such a way

to <ty <t <t} <ty <o <lop, 3 <ton,—2<ly; 5<ty o <tlay,1<tom,,

where tg is the time at which the rarefaction fan is originated. For simplicity we denote
with p; and p, respectively the left and the right states of the rarefaction fan; see
Figure [7} Note that v (p;) < v (p,).

Since, 9, can increase only at interactions with waves coming from the right or at jumps
in u,, we have

v 2n, —2

TV st tan,)) < D [0 (o) =0 (o) + D (87 =) = w (874,
=1 i=1
2n,—2

=ny, [o(pr) —v(p)] + D [t =) = un (£ +)].
=1
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The speed of AV is modified in the time interval [to;_1,ts;] for every ¢ € {1,--- n,};
in particular, we deduce that v(p;) < v(pr) < uy(tyy —) for every i € {1,--- ,n, — 1}.
Moreover, since the speed of AV is constant over the time interval ]tg;;l, tor [ for every
ie{l,---,n, — 1}, we have u,(t57 1+) < v(p;) < v(pr). Therefore

ny—1

(ny — 1) [v(pr) — v(p1)] Z | (tyy =) — (o) 1 +)]
and so
uy—1
TV (i [t1, tan, ) < [0(pr) = 0(p0)] +2 ) Jun(tsr =) — w (t5y_,+)]. (28)
i=1
We have

TV (923 [0, T]) < 2TV™ (9: [0, 71) + [[9 ]|

Ny Ny
<2 TV 5 D) + 2D w6 4) — (5 =)+ il - (29)
i=0 i=1
Above, (t;")i=1,... n, are the N, discontinuous points of u, such that, for everyi=1,---, Ny,

t < T. Moreover by convention ¢;* = 0 tjy .| = T. Combining (25 5). [6). 7). and .,
we deduce

Z TV (§o; 65, t%, ) < C(TV (po) + TV (w)) + 2TV (u). (30)
From and ., there exists a constant C' > 0 such that
TV (5[0, T]) < 2CTV(po) + (2C 4+ 6)TV(u) +V,

proving (23c)), concluding the proof. O

PRrROOF OF THEOREM [3.1]. Consider a Sequence of approximate solutions {p,, yl,, u,,}yeN to (2)
constructed in Section 3.1} By Lemma there eX1st p E C0 Rt L1 NBV) (R; [0, R])) and

Yy € wit (R™;R) such that, up to a subsequence , and i hold We prove that

loc

the couple (p,y) provides a solution to accordmg to Deﬁmtlon 3 3.1l Clearly the points
and [2] of Definition 3.1] hold.

Since p,, is a weak entropy solution of (12a] . . in the sense of Deﬁmmon points
and |4 ' then, for every x € R and for all ¢ € CL(R?; R+) it holds

L e = 5idug -+ senton = 0)£(0) = £0s) dwdt+ [ lpns = rlpl0,2) da
R+ R
2 | () = (0 = mind £ () = 5 (0m Falin ()} plt.p(®) dt > 0. (31)

Using (23a) and (23c) and passing to the limit in as v — +o0o, we conclude that p
satisfies , hence point (3| of Definition holds.
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We deal now with the point [4 of Definition 3.1} Fix 7' > 0 and consider the sets

Dy :={(t,z) € [0,T] xR: z<y(t)} D,:={(t,x) €[0,T] xR: z>y(t)}
D} ={(t,z) € [0,T] xR: xz <y, (t)} Dy :={(t,xz) €[0,T] xR: x>y,(t)}.

Fix ¢ € CL(]0,T[ x R;RT). By [6, Theorem 2.2], since p, and p are weak solutions of (),
we deduce that

T
[ 000+ o0 deds = [ 17(0u (00 = pult s 00D 0] (e ()t (32)
and
T
/D (PO + F(p)Dtd) dit i = /0 ot y(®)-) — plt )i b y(@)dt (33)

hold. The construction of (p,,y,), and the fact that ¢ > 0 imply

T
| 0w+ fppoaras < [ Rl @)oo 39
Lemma [3.4 and the Dominated Convergence Theorem imply
Jim [ (oot (p)0ut) dt de = /D (PO + [ (p)O)) dt e, (35)
and
T T
Jim [ F(iu0) 0t ()it = /0 (i) (¢, y(8))dt. (36)

Therefore, using , , , , we get
T T
/0 Fplt, 9(6)=)) — plts y(6) )i ()] (e, y(0))dt < /0 Fu((8))(t, (1) dt.

The same holds for the right traces. By the arbitrariness of v, we deduce that

flp(t,y(t)E)) — p(t, y(H)£)y(t) < Fu(y(t))
for a.e t €]0,7]. Thus the couple (p,y) satisfies point [4| of Definition

It remains to prove that the couple (p,y) satisfies point [5| of Definition From Lemma
and the construction of (p,,y,,u,), there exists a null set A/ such that, for every
tERLA\WN,

o lim g, (1) = y(t),

o §y(t) = min{uy(t),v (o (T, yu(t)+))},

e y is continuously differentiable at ¢,

e lim p,(t,z) = p(t,z) for a.e. z €R,

vV—r00
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o lim u,(t) =u(t),

vV—00

o u(t—

) = u(t+) =: a.

We have to prove that, if £ € RT \ A/, then

lim min {u, (£), v (o, (£, y, (0)+))} = min {u(@), v (p(F, y(D+))} (37)

vV—00

To this aim, it is sufficient to prove that lim, o v (p, (£, 4, (£)+)) = v (p(t, y(t)+)). The proof
follows closely the one given in [22] Section 3.3] for a constant control speed wu.
Define p+ = lim,_,, )+ p(f, ), which exist since TV(p(#,-);R) is finite. Various cases can

occur.

1. Case: p_,p+ € [pk, R]. From Lemma see also the entropy condition , the only
possible case is p; < p_ < p4.

(a)

()

If p4 = p—, then using Lemma and Lemma we have that for every € > 0
there exists 7 € N such that

v(min{p4+2¢, R}) <min{u, (), v(pu (t, 40 ()+))} = 9o (t) < min{u, (t), v(p4—2€)}
(38)

for every v > 0. Since ¢t € R% \ V, by passing to the limit in as v — 00, we

deduce , for the arbitrariness of e.

If py # p— and y(t) < y,(f) up to a subsequence; from Lemma we have that

for every € > 0 there exists 7 € N such that

v(min{p4 + €, R}) < min{u, (), v(pu (t, 9 () +))} = 9 (t) < v(pr —€)  (39)

for every v > 0. Since t € R% \ N, the equality holds by passing to the limit
in as v — 00.

If py # p— and y,(t) < y(f) up to a subsequence; in this case, from Lemma
and Lemma we have that for every € > 0 there exists 7 € N such that
pu(t,y, (0)+) €lp— — 2¢, pi + 2¢| for every v > b.

For a.e t > t,

t
%@-%@zlmﬁws (40)

and, by Lemma [3.4]
lim g, () = y(t).

V—r00
By Lemma[A.4] there exists ¢ > 0 and a sequence ¢, \, ¢ such that p, (s, y,(s)+) €
lp+ — €, p+ + €[ for every s € [t,, T+ ¢], hence 7, (s) €]v(p+ +¢€),v(py — €)[ for every
s € [ty, T+ c]. By passing to the limit in (40, we have for a.e t €, + (|
y®) —y(t)

t—1 € [U(p++6)vv(p+_€)]'

Using that y is continuously differentiable at time ¢ and the arbitrariness of €, we
conclude that holds.
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2. Case: p_,ps € [0,pi]. Since t € RL.\ N,
§(0) = lim 5, (®) = lim mingu, (0, (o0 (F (D).
V—r 00 V—r 00
From Lemma for every € > 0 there exists # € N such that

o(ps + ) < minfu, (), v(pu (£, 9, (D)} < u (D)

for v > . Since py € [0, p%], we know that
y(t) = u(t) = minfu(t), v(p(t, y(t)+))}-

3. Case: py < pi < p_. This case cannot occur by Lemma
4. Case: p_ < pi < p4+.

(a) If y(t) < y,(t) up to a subsequence, by Lemma for every € > 0 there exists v
such that we have

v(min{ps + €, RY) < min(u, (B), v(po (5 (D) = 4B S vlps — ) (41)

for v > v. Since t € R\ V, the equality holds by passing to the limit in (41
as v — 00.

(b) If y,(t) < y(t) up to a subsequence, using Lemma and reasoning as in item
we get the conclusion.

The proof is so finished. O
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Appendix A Technical lemmas

Here we state some technical lemmas used in the proof of Theorem In the following,
we denote by p and y respectively the limit functions of wave front tracking approximate
solutions p, and y,; see Lemma [3.4 Moreover, if £ > 0, then we define p_ := p (¢, y(f)—) and

p+ = p(t,y()+).
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Lemma A.1 [22, Lemma 4]. Lett € R"\ N and ¢ > 0. Assume that p_,py € [0, R].
There exist 0 < 0 < § such that

p(f 33) c { ]max{p, - 6/27 0}7 min{p, + 6/27 R}[7 T e ]y(i) - 57 y(f)[,
, ]max{p+ - 6/27 0}7 min{p+ + 6/27 RH? S ]y(i)7 y(f) + 5[7

and, for v € N* sufficiently large,

i) {]maX{p— — 6,0}, min{p_ + ¢, R}, z €]min{y(?),y, ()} — &, min{y(?), v, (D)},
ST Umax{ps — e, 0}, min{ps + e, R}, @ €] max{y(®), y (£)}, max{y(©), y, (D)} + 4

see Figure[8

Py + €4 e :

Py —€—

T T T T T T
wl) =0 y,H)—35 w®) yv@ Y@ +5 v+

Figure 8: Tllustration of Lemma in the case p_— < py and y,(t) < y(¢). The approximate
density p,(f,-) in the space interval ]y, (f) — 6,4, ()[U]y(f),y(t) + o[ belongs to the area
surrounded by the red dotted lines, while p(¢,-) in the interval Jy(¢) — d,y(t) + 6| belongs to
the grey shaded zone.

Lemma A.2 Lett € RP\N. If p_,py € [pi, R], then p— < p,.

The proof is identical to that of [22, Lemma 5] remarking that, for every € > 0, there exists
v € N such that /’Zl,(f) < pr+e€< py+eforevery v>u.

Lemma A.3 Lett € RY\N and e > 0. Assume that pi < p_ < py. Then there exists v € N
such that

:011(57 33) S ]p— — 2, min(p+ + 2, R)[7
for every v > U and for every x € ] min{y(%), v, (¢)}, max{y(), y, (1) }[; see Figure[9

The proof is identical to that of [22, Lemma 6] remarking that, for every € > 0, there exists
v € N such that p,, ;) < pu + € < pj; — 2¢ for every v > 1.
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] T,
P pultr) €
b el p(t) € K
p— +€—+
pP— —4
p— —€—+4
| | L | |

T T T T T T
W) =06 y,@) -6 w@® yO  y@)+5 yd+o

Figure 9: Tllustration of Lemma in the case pf < p_ < py and y,(t) < y(t). The
approximate density p,(%,-) in the space interval ]y, () — 8,y(f) 4+ 0] belongs to the area
surrounded by the red dotted lines, while p(,-) in the interval |y(t) — §, y(t) + [ belongs to
the grey shaded zone.

Lemma A.4 [22, Lemma 7]. Lett € RT \ N and € > 0. Assume that pi < p_ < p+ and
yu(t) < y(t) (up to a subsequence) for every v € N. Then there exist a domain Ty and, for
every v € N, a piecewise constant function &,(-) and a time tff“ > t such that (t,&,(t)) € To for

every t € [t, tfc” [, and p,(t,2+) €|p+ —€, p1+ + €[ for every (t,x) € ([t, +oo[ X [&,(t), +00[) N To.

Moreover, there exist ¢ > 0 independent of v and t, € [t,t + c[ such that y,(t,) = &, (t,) and
lim, o0ty = t; see Figure[10

[ oo € —epste)

— (£, & (1)
t+6, +— To - = (tw.(1)

I
w@® -5 W

Figure 10: The situation of Lemma in the case pf < p_ < py < R with y,(t) < y().

Lemma A.5 [22, Lemma 8]. Lett € Rt \ N and € > 0. Assume that p_,p+ € [0, p%].
Then there exists 6 > 0 and v € N such that

pV(ﬂ 33‘) € ]07 p:’; + 26[
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for every v > v and x € | min{y, (¢),y(t)} — 0, max{y,(t),y(t)} + o[

Lemma A.6 [22, Lemma 9]. If min{p;,p_} < pi < max{ps,p_}, then it holds p— <
Pa < P+-

Lemma A.7 [22, Lemma 10]. Let t € RT \ N and € > 0. Assume that p— < pi < py and

y(t) < y(t) (up to a subsequence) for every v € N. Then there exist a domain Ty and, for
1 —

every v € N, a piecewise constant function £L(+) and a time tff” > t such that (t,£L(t)) € Ty for

every t € [t, tffl’ [, and py,(t, x+) €]p+ —€, py+€[ for every (t,z) € ([T, +oo[ x JEL(t), +00[) NT1.

Moreover, there exist ¢ > 0 independent of v and t, € [t,t + c[ such that y,(t,) = &L(t,) and
limy_)oo t,/ — t_

Appendix B The Riemann problem at the vehicle location

We recall here the definition of the solution to the Riemann problem, i.e. problem with
initial data

(42)

pr if x <0,
=0 and x) =
vo po(@) {pr if x > 0.

Denote by R the standard (i.e., without the constraint (2d)) Riemann solver for (2a)-(42),
i.e., the (right continuous) map (¢,x) — R(pL,pr)(z/t) given by the standard weak entropy
solution, see for instance [21]. Moreover, given u € [0, V], let p,, and p,, with p, < p,, be the
points defined in .

Following [9, Definition 3.1], the constrained Riemann solver is defined as follows:

Definition B.1 The constrained Riemann solver R* : [0, R]> — L1 _
follows.

1 If f(Rpu; pr)(u) > Fo +uR(pi, pr)(u), then

(R; [0, R]) is defined as

. [ RGup)f) if < at, )
R"(pu, pr)(z/t) = { R(pu.p)(2)t) if x> ut, and y(t) = ut.

2. If f(R(p1, pr)(u)) < Fy +uR(pr, pr)(u), then

R(pi; pr) = Rlpi, pr)  and  y(t) = w(pr;u)t.

In the next subsections we detail the structure of solutions in some cases.

B.1 Case of a shock wave in p: p; < p;.

We suppose that 0 < p; < pr < R. Denote by o the speed of the shock wave, i.e.
f (o) — f(pr)

o="—"t—
Pl — Pr

First assume o < u. The following possibilities hold.
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1. f(pr) > @u (pr). This hypothesis implies that p, < p, < py, while 0 < w implies that
the vehicle at y enters in the region with density p,. Moreover ¢ < w and p; < p, imply
that p, < pr < pr < pu. Therefore the solution is given by

,

if 3 < Lo0=10),

Pl PL—Pu
t.2) Py if Wt <z <wut
plt,zr) = B,
pu ifut <z < L2l
: flor)=f(pu)
pr ifax> P S

and
y(t) = y(0) + ut;
<

see Figure Finally note that u < v (p;) < v (pr), so that the constraint in for u
is satisfied.

2. upr < f(pr) < @y (pr). This hypothesis implies that either 0 < p, < py, or p,, < pr < pi,
while ¢ < u implies that the vehicle at y enters in the region with density p,. If
0 < pr < Py, then the assumptions p; < p, and o < u give a contradiction. Thus we
deduce that p, < p, < p}. In this case the solution is given by

if ¢ < Llo)=I(or)y

Pl pL—pr
p(t,x) =
: flo)—1(pr)
pr ifx> pr—

and
y(t) = y(0) + ut;

see Figure Finally note that u < v (p;), so that the constraint in for wu is
satisfied.

3. f(pr) < up,. This hypothesis implies that p, > pZ, while 0 < u implies that the vehicle
at y enters in the region with density p,. In this case the solution is given by

if ¢ < fe)=Jor)y

Pl PL—Pr
p(t,x) =
: flen)—f(pr)
pr if x> e

and
y(t) = y(0) +v(pr)t,

see Iigure Note that u > v (p;), so that the constraint in is satisfied. The
effective control is u. = v(py).

Now suppose o > u. The following possibilities hold.

1. f(p1) > wu(pr). This hypothesis implies that p, < p; < py, while o > w implies that
the vehicle at y enters in the region with density p;. Moreover ¢ > u and p; < p, imply
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Figure 11: The Riemann problem. The situation of a shock with speed less than u and
f(pr) > @ulpr). In this case y(t) = y(0) + ut, while the solution for p is composed by two

classical shocks and one non classical shock.
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Figure 12: The Riemann problem. The situation of a shock with speed less than u and
upr < f(pr) < u(pr). In this case y(t) = y(0) + ut, while the solution for p is composed by

the classical shock connecting p; to py.
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Figure 13: The Riemann problem. The situation of a shock with speed less than u and
f(pr) < upr. In this case y(t) = y(0) + uet with ue = v (p,), while the solution for p is

composed by the classical shock connecting p; to p;.
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Figure 14: The Riemann problem. The situation of a shock with speed bigger than u and
f(p1) > @ulpr). In this case y(t) = y(0) + ut, while the solution for p is composed by two
classical shocks and one non classical shock.

that p, < pr < pr < pu. In this case the solution is given by

i o) =f(Pu)
pr ifx< . t

pu  if LOULBu)y g

p(t, .’I]) _ plf.ﬁu )
pu i ut <z < L2l
: flor)=f(Pu)
pr ifx > Py S

and
y(t) = y(0) + ut;

see Figure Finally note that u < wv(p;), so that the constraint in for u is
satisfied.

2. up; < f(p1) < @u (pr). This hypothesis implies that either 0 < p; < g, or p, < p; < pi,
while ¢ > w implies that the vehicle at y enters in the region with density p;. If
Pu < o1 < py, then the assumptions p; < pr and o > w produce a contradiction. Thus
we deduce that 0 < p; < p,,. In this case the solution is given by

: fle) =1 (pr)
prif @ < SRR

. flp)=f(pr)
if x> o=pr t

p(t,x) =
Pr

and
y(t) = y(0) + ut;

see Figure Finally note that u < wv(p;), so that the constraint in for u is
satisfied.

3. f(p1) <wup;. This hypothesis implies that p; > p}, while o > u implies that the vehicle
at y enters in the region with density p;. The fact that p; < p, is in contradiction with
o > u, so that this case does not happen.

Finally suppose ¢ = u. The following possibilities hold.
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Figure 15: The Riemann problem. The situation of a shock with speed greater than u and
upr < f(p1) < @u(pr). In this case y(t) = y(0) + ut, while the solution for p is composed by
the classical shock connecting p; to p,.

1. f(pr) > wu(pr). This hypothesis implies that p, < p, < pu, while 0 = w implies
that the vehicle at y has density p, in front. Moreover ¢ = w and p; < p, imply that
Pu < p1 < pr < pyu- In this case the solution is given by

if r < f(Pl)*Jf(ﬁu)t

Pl pL—pu
Py if Wt <z <ut
p(t, x) = ’ i
pu ifut <o < L2l
; flor)—=f(Pu)
pr ifax> Py S

and
y(t) = y(0) + ut.

Finally note that u < v (p;), so that the constraint in for u is satisfied.
2. upr < f(pr) < u (pr). This hypothesis implies that either 0 < p, < gy, or p, < pr < pi |
while ¢ = u implies that in front of the vehicle at y there is density p,. If 0 < p, < gy,

then the assumptions p; < p, and ¢ = u produce a contradiction. Thus we deduce that
pu < pr < py. In this case the solution is given by

Pl o1—pr
p(t,l’) =
. flp)=f(pr)
prita > SE—rEt

and
y(t) = y(0) + ut.
Finally note that u < v (p;), so that the constraint in for u is satisfied.

3. f(pr) < upy. This hypothesis implies that p, > p,, while ¢ = u implies that in the
front of the vehicle at y there is density p,. The fact that p; < p, is in contradiction
with ¢ = u, so that this case does not happen.
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Figure 16: The Riemann problem. The situation of a rarefaction with speed less than u and
f(pr) > @u(pr). In this case y(t) = y(0) + ut, while the solution for p is composed by two

classical waves and one non classical shock.

B.2 Case of a rarefaction wave in

P Pr < pr-

Suppose that 0 < p, < p; < R. Denote with o; and o, respectively the characteristic speeds

of p; and p,, i.e.
o= f (n)

Note that o; < o0,..

and

ar = f"(pr).

First assume that o, < w, so that the density in front of the vehicle at y is p,. The

following possibilities hold.

1. f(pr) > @u(pr). This hypothesis implies that p, < pr < pu. If pp < pu, then the

solution for p is given by

;

Pl

A~

Pu

Pu

Pr

: fp)=f(pu)
if x < e t

o o) = f(bu)
if o= pe t<x<ut

: f(pr)—f(pu)
ifut <ax < e t

: flpr)—f(Pu)
if x > o b

while if p; > p,,, then the solution for p is given by

(

The solution for y is given by

if @ < f'(;p)t

7) i flle)t <z < f'(pu)t

if f/(pu)t <z <ut
: flor)—f(pu)
ifut <z < P t

: f(or)—f(Pu)
if ¢ > - t.

y(t) = ut;

see Figure Finally note that u < v (py), so that the constraint in for w is

satisfied.
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Figure 17: The Riemann problem. The situation of a rarefaction with speed less than u and

upr < f(pr) < wulpr). In this case y(t) =
classical rarefaction wave.

ut, while the solution for p is composed by a

2. upr < f(pr) < @u(pr). This hypothesis implies that either 0 < p, < py, or p, < p, < pi

If 0 < p, < py, then the assumption o,
pu < pr < pf. In this case the solution

Pl
pt,x) =9 (f)7 (5
Pr
and
see Figure Finally note that v <
satisfied.
3.
Pl
p(t, l’) - (f,)_l (%
Pr
and
Y

< u gives a contradiction. Thus we deduce that
is given by

ifz < f'(p)t
if f'(p)t<ax<f(p)t
if 2> f' (pr)t

)

v (py), so that the constraint in for w is

f (pr) < upy. This hypothesis implies that p, > p}. In this case the solution is given by

if o < f'(p)t
if f'(p)t <z < f'(pr)t
if x> f'(p)t

)

(t) = Uet,

where ue = v(p,) < u; see Figure Note that u > v (p;), so that the constraint in
for u is not satisfied. Thus the effective control is u. = v(py).

Assume now that u < oy, so that the density in front of the vehicle at y is p;. The following

possibilities hold.

1. f(p1) > @u(pr). This hypothesis implies that p, < p; < Pu.

solution for p is given by

Pl

A~

Pu

p(t,x)

Pu

Pr

If pr > py, then the

; flo)=f(pu)

if z < . t

: f(Pl)_f(ﬁu)

if e t<zx<ut
: flor)=f(Pu)
ifut <z < — t

i For)=f(pu)
if z > a— t

)
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Figure 18: The Riemann problem. The situation of a rarefaction with speed less than u and
f(pr) < up,. In this case y(t) = uet, while the solution for p is composed by a classical

rarefaction wave.
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Figure 19: The Riemann problem. The situation of a rarefaction with speed greater than
and f (p;) > @u(pr). In this case y(t) = y(0) + ut, while the solution for p is composed by two

classical waves and one non classical shock.

while if p, < p,, then the solution for p is given by
fz < F(p)—f(pu) t

Pl PL—Pu
5 e flp)—f(pu)
Pu if o—pe U <x<ut

) ifut <z < f (pu)t
(7N E) i f(ut<z<f(p)t
if x > f'(p,)t.

The solution for y is given by
y(t) = ut;

see Figure Finally note that u < v (py), so that the constraint in for w is

satisfied.
2. f(p1) < ul(p). Since u < 07 < oy, this hypothesis implies that p, < p; < p,. In this

case the solution is given by
P ifz < f (p)t

pltx)y =< (fH)71(2) i f(p)t<z<f (o)t

pr if x> f (pr)t
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Figure 20: The Riemann problem. The situation of a rarefaction with speed greater than
and f (p;) < @u(pr). In this case y(t) = ut, while the solution for p is composed by a classical

rarefaction wave.

and

y(t) = ut;

see Figure Finally note that u < wv(p;), so that the constraint in for u is

satisfied.

Assume finally that o7 < u < 0,, so that the density in front of the vehicle at y is
p= f’)f1 (u). Note that p, < p < py. The following possibilities hold.

1. py < py and p, > py. The solution for p is given by

while the solution for y is

Pl

Pu

Pu

Pr

i F(p)=f(Pu)
if z < . t

o (o) = f(Pu)
if o= t<zx<wut

: flor)=f(Pu)
ifut <z < — t

: f(pr)—f(Pu)
if z > P t,

y(t) = ut.

2. py > py and pr > p,,. The solution for p is given by

Pl

A~

p(t,x) =4 Pu

Pu

Pr

while the solution for y is

ifz < f(p)t

(7N E) i f(p)t<z < f(pu)t

if f(pu)t <z <ut
: f(pr)—f(Pu)
ifut <z < P t

: flor)—f(pu)
if x > Py S 2

y(t) = ut.
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3. p1 < py and p, < Py. The solution for p is given by

: fp)—f(Pu)

Pl lf T < Wt
5 - Flo)—£(pu)

p(t,x) =19 p, if ut < < f' (pu)t
N7H(E) IS ()t <a < [ (po)t
Pr if 2 > f'(pr)t,

while the solution for y is
y(t) = ut.
4. p; > py and p, < p,. The solution for p is given by
(1 if 2 < f'(;)t

7HE) S ()t <a < S (pu)t
Pu if f'(pu)t <z <ut

plt,x)=¢ . L
Du ifut <z < f(pu)t
()7HE) S )t <z < f (o)t
Pr ifz> f'(pr)t,

while the solution for y is
y(t) = ut.
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