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Abstract

The question of whether a hypercyclic operator T' acting on a Fréchet algebra
X admits or not an algebra of hypercyclic vectors (but 0) have been explored in
the recent literature. Analogous questions arise for stronger properties like frequent
hypercyclicity, common hypercyclicity and disjoint hypercyclicity. In this paper we
run over several different topics on this trend.
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CHAPTER 1

Introduction

Among the many problems in linear dynamics, understanding the structure
of the set of hypercyclic vectors is a major one. Let us introduce the relevant
definitions. Let (X,T) be a linear dynamical system, namely X is a topological
vector space and T is a bounded linear operator on X. A vector z € X with dense
orbit under T is called a hypercyclic vector, and we denote by HC(T) the set of
hypercyclic vectors for T

HC(T)={z € X : {2,Tx,T?x,...} is dense in X}.

This set HC(T') possesses interesting properties. When X is a Baire space, its
nonemptyness implies its residuality, preventing it from being a non-trivial proper
linear subspace of X. However, it is well known that, whenever HC(T') is nonempty,
then HC(T) U {0} contains a dense linear manifold (see [20]). In many cases (not
always) HC(T) U {0} contains a closed, infinite dimensional linear subspace (see
[10, 27, 28, 26]). These properties reflect that we are working in a linear space.

Suppose now that X has a richer structure: it is an F-algebra, namely a metriz-
able and complete topological algebra. It is natural to ask whether HC(T) U {0}
also contains a non-trivial subalgebra of X. Such an algebra will be called a hyper-
cyclic algebra. The pioneering work in that direction has been done independently
by Shkarin in [28] and by Bayart and Matheron in [8]: they showed that the deriva-
tion operator D : f — f’ acting on the Fréchet algebra H(C) of entire functions
endowed with the pointwise multiplication, supports a hypercyclic algebra. How-
ever, this is not the case for all hypercyclic operators acting on an F-algebra: for
instance, as pointed out in [5], the translation operators, acting on H(C), do not
support a hypercyclic algebra. Recent papers (see e.g. [6, 14, 15, 16, 22, 23|)
give other examples of operators admitting a hypercyclic algebra.

Our aim, in this paper, is to shed new light on this problem and to study how
it interacts with popular problems arising in linear dynamics. We are particularly
interested in four questions.

1.1. Existence of hypercyclic algebras

All examples in the literature of operators supporting a hypercyclic algebra
are generalizations of D. There are several ways to extend it. You may see D
as a special convolution operator acting on H(C). By [25], such an operator may
be written ¢(D), where ¢ is an entire function with exponential type; if ¢ is not
constant, then ¢(D) is hypercyclic. When |¢(0)| < 1, the existence of hypercyclic
algebras is well-understood since [6]: such an algebra does exist if and only if ¢ is
not a multiple of an exponential function. When |¢(0)| = 1, sufficient conditions are
given in [6] or in [17] but almost nothing, except a very specific example, is known

1



2 1. INTRODUCTION

when |¢(0)] > 1. We partly fill this gap by proving the existence of a hypercyclic
algebra when ¢ goes to zero along some half-line.

THEOREM 1.1. Let ¢ be a nonconstant entire function with exponential type,
not a multiple of an exponential function. Assume that |p(0)] > 1 and that there
exists some w € C such that |p(tw)| — 0 as t — +oo. Then ¢(D) supports a
hypercyclic algebra.

In particular, we shall see that if ¢(z) = P(z)e* for some non-constant polyno-
mial P, then ¢(D) supports a hypercyclic algebra.

Another way to generalize D is to see it as a weighted backward shift acting
on H(C) considered as a sequence space. This was explored in [22]. The general
context is that of a Fréchet sequence algebra X. Precisely we assume that X is a
subspace of the space w = CNo of all complex sequences, whose topology is induced
by a non-decreasing sequence of seminorms (|| - ||4)4>1 and that X is endowed with
a product - such that, for all z,y € X, all ¢ > 1,

- yllg < ll2llq < [[yllq-

There are two natural products on a Fréchet sequence space: the coordinatewise
product and the convolution or Cauchy product. It is clear that ¢, and ¢y are
Fréchet sequence algebras for the coordinatewise product, and that ¢; is also a
Fréchet sequence algebra for the convolution product. Endowing H(C) with

Z anz™|| = Z lan|q"

n>0 n>0
q

and w with

)y =Y lwal,

n=0

we also obtain that H(C) and w are Fréchet sequence algebras for both products
(on H(C), the Cauchy product of f and g is nothing else but the product of the
two functions f and g). Another interesting source of examples for us will be the
sequence spaces X = {(z,) € w : Y2, — 0} endowed with |z|| = sup,, Yn|Znl,
where (v,) € RT_”. Provided ~,, > 1 for all n, X is a Fréchet sequence algebra for
the coordinatewise product.

Given a sequence of nonzero complex numbers w = (wy)nen, the (unilateral)
weighted backward shift B,, with weight w is defined by

Bw(l‘o,.’L‘l, . ) = (wlxl,ngg, ce )

The weight w will be called admissible (for X) if B,, is a bounded operator on X.
It is known that, provided the canonical basis (e,) is a Schauder basis of X, B,
is hypercyclic if and only if there exists a sequence (ng) such that for all [ € N,
(Wig1 ++ Why1) " Leny+1) goes to zero.

Let us first assume that X is a Fréchet algebra under the coordinatewise prod-
uct. Under a supplementary technical condition on X, a sufficient condition on w is
given in [22] so that B,, supports a hypercyclic algebra. It turns out that we shall
give a very natural characterization of this property when X admits a continous
norm. We recall that a Fréchet space (X, (]| - ||4)) admits a continuous norm if there
exists a norm || - || : X — R that is continuous for the topology of X, namely there
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exists ¢ € N and C' > 0 with ||z|| < C||z||, for all x € X. In particular, for any ¢
large enough, || - ||, itself is a norm.

THEOREM 1.2. Let X be a Fréchet sequence algebra for the coordinatewise
product and with a continuous norm. Assume that (ey) is a Schauder basis for
X. Let also By, be a bounded weighted shift on X. The following assumptions are
equivalent.

(i) B, supports a dense and not finitely generated hypercyclic algebra.
(ii) There exists a sequence of integers (ny) such that for all v > 0, for alll € N,
((wz+1 . -wnkH)_’Yenk_H) tends to zero.

In particular, this theorem implies that on ¢, or cp, any hypercyclic weighted
shift supports a hypercyclic algebra.

When X is a Fréchet algebra for the Cauchy product, is is shown in [22] that,
under additional technical assumptions on X, B,, supports a hypercyclic algebra
as soon as it is mixing, namely as soon as (wy - - - wn)*len tends to zero. We shall
improve that theorem by showing that any hypercyclic backward shift on a Fréchet
sequence algebra for the Cauchy product supports a hypercyclic algebra. We will
only require a supplementary assumption on X (to be regular) which is less strong
than the assumption required in [22].

THEOREM 1.3. Let X be a reqular Fréchet sequence algebra for the Cauchy
product and let By, be a bounded weighted shift on X. The following assertions are
equivalent.

(i) By is hypercyclic.
(i) B, supports a dense and not finitely generated hypercyclic algebra.

In particular, if we compare this statement with Theorem 1.2, we see that, for
the convolution product, we do not need extra assumptions on the weight, which
was not the case for the coordinatewise product. Even if the proofs of Theorems
1.2, 1.3 share some similarities (the latter one being much more difficult), they also
have strong differences, the main one being that, under the coordinatewise product,
any power of z € w keeps the same support, which is far from being the case if we
work with the Cauchy product.

We also point out that this detailed study of the existence of hypercyclic alge-
bras for weighted shifts has interesting applications. For instance, working with a
bilateral shift, it will allow us to exhibit an invertible operator on a Banach algebra
supporting a hypercyclic algebra and such that its inverse does not (see Example
4.12).

1.2. Common hypercyclic algebras

If (T\)aea is a family of hypercyclic operators acting on the same F-space
X, it is natural to ask whether it admits a common hypercyclic vector, namely if
Maea HC(Ty) is non-empty. This is trivial if A is countable since each HC(T}) is
a residual set. However, this becomes already an issue for the first natural example
which comes in mind, that is the multiples of the unweighted backward shift B.
It was proved by Abakumov and Gordon in [1] that indeed ,., HC(AB) # @
where B is seen acting on any {,-space or on cg. Further examples were given in
subsequent papers (for instance in [21], [7])
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Suppose now that we have a family (T)rca of operators acting on the same
F-algebra, each one supporting a hypercyclic algebra. It is natural to ask whether
MNxer HC(Tx) U {0} contains a nontrivial algebra, which will be called a common
hypercyclic algebra. Even when A has two elements, this is unclear. In this paper,
we concentrate ourselves on the case where (T} ) is a family of weighted shifts acting
on X.

Firstly, regarding Fréchet sequence algebras endowed with the coordinatewise
product, we have been able to get a general statement covering all the cases (and
even more!) known for the existence of a common hypercyclic vector. As a corollary
of our work, we have the following statement.

THEOREM 1.4. (i) Let X ={,, 1 < p < 400, or X = ¢y endowed with the co-
ordinatewise product. Then the family (AB)xso admits a common hypercyclic
algebra.

(i1) Let X = 4,, 1 < p < +00, or X = ¢y endowed with the coordinatewise product.
For A >0, define w(\) = (1 +A/n)n>1. Then the family (By(x))a>o0 admits
a common hypercyclic algebra.

(iii) Let X = H(C) endowed with the coordinatewise product. Then the family
(AD)x>o admits a common hypercyclic algebra.

The statement of (ii) is particularly interesting. Indeed, for this family of
weight, the existence of a single common hypercyclic vector was only known for
A>1/p.

Again, it is much more difficult to handle Fréchet sequence algebras endowed
with the Cauchy product. Nevertheless, we will be able to give a general sufficient
condition which implies the following result.

THEOREM 1.5. (i) Let X = {1 endowed with the Cauchy product. Then
Nxs1 HC(AB) U {0} contains a non-trivial algebra.
(ii) Let X = H(C) endowed with the Cauchy product. Then (), HC(AD)U {0}
contains a non-trivial algebra.

1.3. Frequently and upper frequently hypercyclic algebras

Another fruitful subject in linear dynamics is frequent and upper frequent hy-
percyclicity. We say that T is frequently hypercyclic (resp. upper frequently hyper-
cyclic) if there exists a vector 2 € X such that, for all U C X open and non-empty,
the set {n € N : T™z € U} has positive lower density (resp. positive upper den-
sity). Again, linearity allows to give a nice criterion to prove that an operator is
(upper) frequently hypercyclic and gives rise to nice examples. For instance, if X
is a Fréchet sequence space and B, is a bounded weighted shift acting on X, it
is known that the unconditional convergence of > -, (wy ---w,) e, implies that
B, is frequently hypercyclic. Moreover, in some spaces (for instance, on £,-spaces),
this condition is even necessary for the upper frequent hypercyclicity of B,,.

Of course, it is natural to ask if a (upper) frequently hypercyclic operator
defined on an F-algebra X admits a (upper) frequently hypercyclic algebra, namely
an algebra consisting only, except 0, of (upper) frequently hypercyclic vectors. Falcé
and Grosse-Erdmann have shown recently ([23]) that this is not always the case:
for instance, AB, A > 1, acting on any ¢, space (1 < p < 4+00) or on ¢y, endowed
with the coordinatewise product, does not admit a frequently hypercyclic algebra.
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Nevertheless, this leaves open the possibility for AB, A > 1, to admit an upper
frequently hypercyclic algebra.

We shall give two general results implying that a weighted shift on a Fréchet
sequence algebra admits an upper frequently hypercyclic algebra. The first one
deals with Fréchet sequence algebras endowed with the coordinatewise product. In
view of Theorem 1.2, the natural extension of the above result for the existence of an
upper frequently hypercyclic vector is to ask now for the unconditional convergence
of the series 3 o (wq -+ -w,) Y ™e, for all m > 1. This is sufficient!

THEOREM 1.6. Let X be a Fréchet sequence algebra for the coordinatewise
product and with a continuous norm. Assume that (e,) spans a dense subspace
of X. Let also B, be a bounded weighted shift on X such that, for all m > 1,
Do (wr - wn)_l/men converges unconditionally. Then B, admits an upper fre-
quently hypercyclic algebra.

In particular, for A > 1, AB admits on any £,-space (1 < p < 4+00) and on ¢y an
upper frequently hypercyclic algebra. This last result was independently obtained
by Falcé and Grosse-Erdmann in [23] in a different context (they concentrate them-
selves on AB but allow different notions of hypercyclicity) and with a completely
different proof.

Regarding Fréchet sequence algebras endowed with the convolution product,
we also have been able to get a general statement (see the forthcoming Theorem
6.7). Its main feature is that we will only need the unconditional convergence of
Do (wr - wy,) ‘e, and a technical condition to ensure the existence of an upper
frequently hypercyclic algebra. As a corollary, we can state the following.

COROLLARY 1.7. (i) Let X = {1 endowed with the convolution product and
let X\ > 1. Then AB admits an upper frequently hypercyclic algebra.
(i) Let X = H(C) endowed with the convolution product. Then D admits an
upper frequently hypercyclic algebra.

Coming back to our initial problem, we show that it is possible to exhibit a
weighted shift supporting a frequently hypercyclic algebra. The place to do this
will be ¢y endowed with the coordinatewise product; of course, the weight sequence
will be much more complicated than that of the Rolewicz operator.

THEOREM 1.8. There exists a weight (wy,) such that By, acting on ¢y endowed
with the coordinatewise product, supports a frequently hypercyclic algebra.

The proof of this theorem will need the construction of disjoint subsets of N
with positive lower density and with some other extra properties, which seems
interesting by itself.

1.4. Disjoint hypercyclic algebras

The last problem in linear dynamics that we will investigate in view of finding
algebras is that of disjointness. This notion was introduced in linear dynamics in
[11] and [12]; we shall limit ourselves to the case of two operators. We say that
two operators 77 and T, acting on the same F-space X are disjointly hypercyclic
if there exists a vector z € X, called a disjointly hypercyclic vector for 77 and
Ty, such that (T7'z, T9x),>0 is dense in X2. Many examples or counterexamples of
disjointly hypercyclic operators can be found in the literature. In particular, in [12]
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and in [13], our favourite examples, weighted backward shifts, are studied in depth:
in [12], it is characterized when two shifts B]' and B3? are disjointly hypercyclic
on ¢, when they are not raised to the same power (namely ry < r), whereas in [13]
such a characterization is given when r; = 7o = 1. From the proofs given in [12]
and in [13] we see that the two cases are very different, as it will become clearer
later on in this paper.

Assume now that X is an algebra. We say that 77 and T3 support a disjoint
hypercyclic algebra if there exists a nontrivial subalgebra A of X such that any non
zero element of A is a disjointly hypercyclic vector for T7 and T,. We will study
whether two backward shifts acting on a Fréchet sequence algebra X support a
disjoint hypercyclic algebra or not. When X is endowed with the coordinatewise
product, mixing the arguments of the present paper with that of [12, 13], we will
get a complete characterization of the existence of a disjoint hypercyclic algebra
for BY* and Bj? (to avoid cumbersome statements, we will focus on the cases
r1 =719 =1and r; =1 < ry = 2). This will be also the case when X is endowed
with the convolution product and ry = r9 = 1.

The most difficult case will happen for the Cauchy product, with two backward
shifts raised to different powers (again, the unstability of the supports when taking
powers will cause troubles). We shall concentrate ourselves on the multiples of B
and D. In [12], it is shown that AB and puB? are disjointly hypercyclic on ¢; if and
only if 1 < A < p and that, for all A,z > 0, AD and puD? are disjointly hypercyclic
on H(C). Under this assumption they even support a disjointly hypercyclic algebra.

THEOREM 1.9. Let A\, x> 0.

a) Assume that1 < X\ < p. Then AB and uB? support a disjoint hypercyclic algebra
on £y (endowed with the convolution product).
b) AD and uD? support a disjoint hypercyclic algebra on H(C).

1.5. Organization of the paper

Up to now, there were two ways to produce hypercyclic algebras: by a direct
construction (this is the method devised in [28] and in [22]) or by using a Baire
argument (this method was initiated in [8]). In this paper, we improve the latter.
We first give in Section 2.1 a general result for the existence of a hypercyclic algebra,
enhancing the main lemma proved in [8]. This general theorem will be suitable
to our new examples of operators supporting a hypercyclic algebra. Next, for
each problem, we adapt the Baire argument to produce either common hypercyclic
algebras or upper frequently hypercyclic algebras or disjoint hypercyclic algebras.
Since the set of frequently hypercyclic vectors is always meagre, Theorem 1.8 cannot
be proved using such an argument; it follows from a careful construction both of
the weight and of the algebra.

We finish in the last section by making some remarks and asking some questions.
In particular, we give a negative answer to a question raised by Shkarin about the
existence of a closed hypercyclic algebra for the derivation operator.

1.6. Notations

The symbol N will stand for the set of positive integers, whereas No = NU{0}.
We shall denote by Py (A) the set of finite subsets of a given set A.
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For z = Z:Z% ZTnen € w, the support of x is equal to supp(x) = {n € Ng : z,, #
0}. The notation cpo will denote the set of sequences in w with finite support.
For v € X% and a € Ng, u® will mean u{" ---ug?. If z is any complex number
and m € N, z'/™ will denote any mth root of z.
When working on a Fréchet space (X, | - ||p), it is often convenient to endow
X with an F-norm || - || defining the topology of X (see [24, Section 2.1]). Such an
F-norm can be defined by the formula
400 1
EEDS 2 min(l, flzll)-
p=1
In particular, an F-norm satisfies the triangle inequality and the inequality
(1.1) VYA eC, Ve e X, [[Az| < (|A]+ 1)z,

a property which replaces the positive homogeneity of the norm.

We finally recall some results on unconditional convergence in Fréchet spaces
(see for instance [24, Appendix A]). A series 3.7 z,, in a Fréchet space X is called
unconditionally convergent if for any bijection 7 : Ny — Ny, the series Z::a T (n)
is convergent. This amounts to saying that, for any € > 0, there is some N € N
such that, whenever sup,, |a;,| < 1, the series Z:::f) apx, converges and

+oo
E QApTn
n=N

<e.







CHAPTER 2

A general criterion

2.1. A transitivity criterion to get hypercyclic algebras

We first give a general statement which may be thought as a Birkhoff transi-
tivity theorem for hypercyclic algebras. This criterion will be the main ingredient
for the results from section 3.1 and some from section 4. Different versions of this
approach will give rise to new criteria that will appear in sections 5.1, 6.1 and 7.1.

THEOREM 2.1. Let T be a continuous operator on a separable commutative F -
algebra X and let d > 1. Assume that for any A C NA\{(0,...,0)} finite and non-
empty, for any non-empty open subsets Uy, ..., Uy, V of X, for any neighbourhood
W of 0, there exist u = (u1,...,uq) € Uy X -+ xUg, B € A and N > 1 such
that TN (u?) € V and TN (u®) € W for all « € A, a # B. Then the set of d-
tuples that generate a hypercyclic algebra for T is residual in X®. Moreover, if
the assumptions are satisfied for all d > 1, then T admits a dense and not finitely
generated hypercyclic algebra.

PROOF. Let (V}) be a basis of open neighbourhoods of X. For A € P;(Ng),
A#2,(0,...,0) ¢ A, for s,k > 1, for § € A, define

{ZP 2 € Clz,...,2d) : P(B)=1and sup|]5(a)|§s}

=y a€EA
A(A,B,s,k) ={ue X?: VP e E(A,B,s), IN > 1, TV(P(u)) € Vi }.

The sets E(A, 8, s) are compact subsets of C[z1, ..., zq]. By continuity of the maps
(u, P) — TN (P(u)), this implies that each set A(A4,3,s,k) is open. Let us show
that, for all A, k and s, UﬁeA A(A, B, s,k) is dense in X¢. Indeed, pick Uy, ..., Uy
non-empty open subsets of X. Let V C Vi and W = B(0,¢) be a neighbourhood
of 0 such that V + B(0, (s + 1)card(A)e) C V. The assumptions of the proposition
give the existence of u = (uy,...,uq) €Uy X -+ x Uy, B € Aand N > 1. We claim
that u belongs to A(A4, 53, s, k) Indeed,

TNP(u) =Y Pla )+ TN (WP) € V + B(0, (s + 1)card(A)e) C Vj
a?B

(observe that we have used (1.1)). Hence, (1, _;, Ug A(4, B, s, k) is a residual subset
of X9 Pick u e Ny, Uz A(A, B, 5, k).

We show that for all non-zero polynomials P € C[zy,...,2q] with P(0) =
0, P(u) belongs to HC(T). We set A = {a: P(a) 7&0} and we first prove
that (Jge 4 Orb (T, %P(u)) is dense. Let us fix some k and let us set s =
SUp, gea |P(a)|/|P(B)]. Let B € A be such that u € A(4,B,s,k). Define Q =

9
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P/P(j3). Then Q belongs to E(A, 3, s) so that there exists N > 1 satisfying

™ (P(lﬁ)P(u)> =TV (Q(u)) € Vi.

By the Bourdon-Feldman theorem, we deduce that there is some 5y € A such that

Orb (T, p(lﬁ )P(u)) is dense in X. Since any non-zero multiple of a hypercyclic
0

vector remains hypercyclic, we finally deduce that P(u) is a hypercyclic vector for
T.

The modification to obtain dense and infinitely generated algebras is easy. For
AePr(Nd), A+ 2, (0,...,0) ¢ A, we now let

A(A,B,s,k) = {ue X": VP € E(A,B,s), IN > 1, TV(P(u)) € Vi, }

and we still consider the set [, , Ugea A(A, B, s, k) where now the intersection
runs over all non-empty and finite sets A € N\{(0,...,0)} with d > 1 arbitrary.
This intersection is still residual in X~. We also know from [16] that the set of u in
XN that induce a dense algebra in X is residual in X~. Hence we may pick u € X~
belonging to ﬂAs’k UB A(A, B, s, k) and inducing a dense algebra in X. It is plain
that for any non-zero polynomial P with P(0) =0, P(u) is hypercyclic for T.

It remains to show that the algebra generated by w is not finitely generated.
Assume on the contrary that it is generated by a finite number of P; (u), ..., Pp(u).
In particular, it is generated by a finite number of uy,...,us. Then there exists a
polynomial @ € C[z1, ..., 74| such that Q(0) = 0 and u,41 = Q(u1,...,u,). Define
P(z) = 2441 —Q(2). Then P is a non-zero polynomial with P(0) = 0. Nevertheless,
P(u) = 0, which contradicts the fact that P(u) is a hypercyclic vector for T. O

REMARK 2.2. Theorem 2.1 remains true if the algebra is not commutative. This
is clear if d = 1. For the remaining cases, we have to replace in the proof polynomials
in d commutative variables by polynomials in d non-commutative variables. Details
are left to the reader.

We point out that, in the previous theorem, the index 8 may depend on A,
Up,...,Uyq, V and W. We will never use this possibility: we will only need that g
may depend on A and we will denote 5 = $4. For this particular case, we could give
an easier proof avoiding the use of the Bourdon-Feldman theorem (see for instance
the proofs of Propositions 5.1 or 6.1).

Let us give a couple of corollaries. The first one comes from [8, Remark 5.28]
and was the key lemma in [8], [15] or [6] to get hypercyclic algebras.

COROLLARY 2.3. Let T be a continuous operator on a separable F-algebra X.
Assume that, for any pair (U, V) of non-empty open sets in X, for any open neigh-
bourhood W of zero, and for any positive integer m, one can find uw € U and an
integer N such that TN (u™) € W for alln < m and TN (u™) € V. Then T admits
a hypercyclic algebra.

PROOF. It is straightforward to show that the assumptions of Theorem 2.1
with d = 1 and 84 = max A are satisfied. O

In this work, we will often use the inverse choice for 4.
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COROLLARY 2.4. Let T be a continuous operator on a separable F'-algebra X.
Assume that, for any pair (U, V) of non-empty open sets in X, for any open neigh-
bourhood W of zero, and for any positive integers mg < mgy, one can find u € U
and an integer N such that TN (u™) € W for all m € {m¢ +1,...,m1} and
TN (umo) € V. Then T admits a hypercyclic algebra.

PROOF. This is now Theorem 2.1 with d = 1 and 54 = min A. O

2.2. Hypercyclic algebras not contained in a finitely generated algebra

The conclusion of Theorem 2.1 about infinitely generated hypercyclic algebras
does not prevent the possibility for such an algebra to be contained in a finitely
generated algebra. Furthermore, it is well known that every at least two generated
algebra contains an infinitely generated subalgebra. For all of the examples of this
paper we may avoid this scenario thanks to the following result.

COROLLARY 2.5. Let X be a separable commutative F-algebra that contains
a dense freely generated subalgebra. Let T be a continuous operator on X and let
d > 1. Assume that for any A C N&\{(0,...,0)} finite and non-empty, for any
non-empty open subsets Uy, ..., Uy, V of X, for any neighbourhood W of 0, there
exist u = (u1,...,uq) € Uy x --- x Uy, B € A and N > 1 such that TN (uP) € V
and TN (u®) € W for alla € A, a # B. Then T admits a hypercyclic algebra whose
minimal number of generators is d. Moreover, if the assumptions are satisfied for
all d > 1, then T admits a dense hypercyclic algebra not contained in a finitely
generated one.

PRrROOF. By Theorem 2.1 the set of d-tuples generating a hypercyclic algebra
for T is residual in X¢. Observe also that the set of v in X¢ that induce an algebra
which is not contained in a subalgebra of X with less than d generators is residual
in X (see [16]). If we pick an element in the intersection of those two sets, the
hypercyclic algebra generated by it will have minimal number of generators equal
to d.

For the second claim, we consider X" endowed with the product topology. By
the assumption, for each N € N, the set

Hy = {(u,) € XV : (uq,...,uxn) generates a hypercyclic algebra for T'}

is residual in X" and hence, by the Baire category theorem, the set H = Nx=i Hn
is residual as well. The algebra generated by any w € H is hypercyclic for T'. Fur-
thermore, the set of sequences of X which generates a dense algebra not contained
in a finitely generated one is also residual (see [16]). The conclusion follows by one
more application of the Baire category theorem. O

Hence, we need to provide for our examples a dense and freely generated subal-
gebra. This is quite easy for a Fréchet sequence algebra endowed with the Cauchy
product: provided span(e, ) is dense, it always contain a dense and freely generated
subalgebra, namely the unital algebra generated by the sequence e;. This covers
the case of H(C) and of the disc algebra. This is slightly more difficult for a Fréchet
sequence algebra endowed with the coordinatewise product.

LEMMA 2.6. Let X be a Fréchet sequence algebra, endowed with the pointwise
product, and for which the sequence (ey) is a Schauder basis. Then X has a dense
freely generated subalgebra.
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ProoF. Let (b,) C (0,1) be such that the series > > by|len|ln converges.
Consider the sequence of natural numbers (a,) such that ap = 0 and a,, = a,,—1 +
n,n € Nand define ¢,, := minje(a,,_, a,,) b1, if 7 € [am_1, am). The series > o Cnen
converges absolutely since ¢, < b,, n € N.

Define a sequence (\,,) C (0, 1) inductively as follows: choose Ag € (0, 1) and,
for n € N, take A, € (0,1) \ {N5°...AP" " ¢ po,...,pn—1 € Q}. Observe that if

n—1

A= (Aos---,Ap), p € Ng and o # B € N, then A\* # M. Let now, for each n € N,
gn = €n + Z >\2+kcn+ken+k7
k=1

where the convergence of the series is ensured by the convergence of %0 b, [len||n
and the inequality A?*¥¢,, 1 < b,1r. We claim that the algebra generated by the
gn, n € N is dense and free.

First, we show that the sequence {g, : n € N} is algebraically independent.
For that reason, let

(2.1) Z aqg® =0,
acA

where A = {a(1),...,a(q)} CN§, g=(g1,...,9p) € XP, and p € N. If we consider
the coordinate N = n + k in equation (2.1), we get the following equation which
holds for all N sufficiently large.

q
(2.2) Zaa(i)()\f[cmm(i) (W)@ =,

i=1
Now we may choose N sufficiently big such that N,...,N+¢—1 € [am—1,am) for
some m, which means that cy = - -+ = ¢n4q—1 = by Equation (2.2) then becomes

q
Z aa(i)()\{\/[bm)al(l) o ()\éwbm)ap(z) -0,

i=1
where M ranges over N,..., N + ¢ — 1. Setting A the matrix
(ANb ) (D) (,\i’)\/bm)ap(l) (ANb,, )1 (@) .. ()\é\fbm)%(q)

(/\iVJrq—lbm)al(l)...()\IJjV+q—1bm)ap(1) ()\f’ﬂ—lbm)al(q)...()\éVJrq—lbm)ap(q)

we find the matrix equality
Q1)
Al =0.
Qa(q)

The determinant of the square matrix A, after making use of the Vandermonde
identity, is

q p
H H(bm/\é\/)aj(l) H[()\llll(l) o )\Zo;p(z)) - ()\llll(J) o )\Io;p(J))} £0.
i=1j=1 i>j

Hence, we get that aq;) =0 foralli=1,...,q.

)
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Next, we show that the algebra generated by {g, : n € N} is dense in X. We
will show that the elements e,,n € N, are in the closure of this algebra. Let us fix
n € N and observe that, for all p € N,

gk —en = Z APHRPEL e
k=1
Fix ¢ € N and let € > 0. There exists IV > ¢ such that, for all p € N,

n—+k)p
§ :)‘51 ) n+kEntk
k>N

< Z brtkllentrlly <e.
k>N

q
Since furthermore

N
(n+k)p
kzl A TPED L ent P 0,

we conclude that g —— e,,. g
p—00






CHAPTER 3

Convolution operators with |¢(0)| > 1

3.1. Operators with many eigenvectors

In this section we shall deduce Theorem 1.1 from a more general assertion on
operators having many eigenvalues. As Theorem 2.1 does for Corollary 2.3, this
generalized statement also includes [6, Theorem 2.1] as a particular case. Before
stating and proving it, let us add some notation.

Given p,d € N, we denote each set {1,...,p} by I,,, each d-tuple (j1, ..., ja) € Ig
by the multi-index j € Iz‘f and each product a;, - --aj,, by the symbol a;. We allow
d = 0 with the convention that, in this case, a; = 1.

THEOREM 3.1. Let X be an F-algebra and let T € L(X). Assume that there
exist a function E : C — X and an entire function ¢ : C — C satisfying the
following assumptions:

(a) for all X € C, TE(N) = ¢(A)E(N);

(b) for all A\, € C, E(N)E(n) = E(A+ p);

(c) for all A C C with an accumulation point, the linear span of {E(X) : A € A} is
dense in X;

(d) ¢ is not a multiple of an exponential function;

(e) for all I € Py(N)\{@}, there exist m € I and a,b € C such that |p(mb)| > 1
and, for alln € I and d € {0,...,n}, with (n,d) # (m,m), |¢(db+ (n — d)a)| <
lo(mb)] /.

Then T supports a hypercyclic algebra.

The proof of this result follows the lines of that of Theorem 2.1 in [6], replacing
Corollary 2.3 by the more general Theorem 2.1. For the sake of completeness, we
include the details.

PRrOOF. Let (U,V,W) be a triple of non-empty open sets in X, with 0 € W,
and let I € P;(N)\{@}. By the hypothesis there are m € I and a,b € C satisfying
(e). Define wg := mb and let 6 > 0 be small enough and wq,ws € B(wyp,d) so that

(i) 16 > 1 on Bwo,0);
(i) t — log |p(tw1+(1—t)ws)| is strictly convex (the existence of wq, we € B(wyp, d)
comes from [6, Lemma 2.2] and is a consequence of (d));
(iii) for all n € I and d € {0,...,n}, with (n,d) # (m,m), and for all A1,...,\q €
B(wg,d) and 1, ..., 7n—da € Bla,?),

o( P )| < (000 x 60D

The last condition can be satisfied because
At Mg
m

(3.1)

4+ Y—a=db+ (n—d)a+ z,

15
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where the size of z can be controlled through . Now, since B(a,d) and [wy, ws]

have accumulation points, we can find p,q € N, ay,...,ap,b1,....,04 € C, 71, ...,7 €
B(a, ) and A1, ..., Ay € (w1, ws] with

p q
> wE(y)€Uand Y bE())€EV.
=1 j=1

For some big N € N (which will be determined later in the proof) and each j €
{1,...,q}, let ¢; :== ¢;(NN) be any complex number satisfying

and define
p q A
N) = lz;alE(’yl) + Zl CjE(nfL).
= ]:

For the powers of u we have the formula

= i 4N
(3.2) Z Z (L,j,d, n)achE(fyl1 +o oy, Jlmﬂd>

Orerp—

Eld

We claim that, if N is taken large enough, v = u(N) satisfies the conditions of the
general criterion with d = 1, what will complete the proof.

That u € U for large N is clear since, from (i), ¢;(N) — 0 as N — oco. Applying
TV to u"™ we see that we need to study the behaviour (as N grows) of

. ... . N
(33) CJ(N) l:(b(’yll + - +,yln—d + W)}

For n € I\{m} we have that (3.3) goes to 0 as N grows by the inequality (3.1) and
the definition of ¢;, j = 1,...,q. This way we get TV (u™) € W for all n € I\{m} if
N is large enough. Now let us consider the case n = m. We have

i N
Z Z (Lj,d, m)alc‘]E<’7l1+-..+ryl7n_d+Jljd)
d:OIEIm d m
Jeld
X, + A
+ Z i, CjE( J1 - j >
JEIM\D,

‘ A+t A
v = Z a(lv.]v d7 m)alch(,yll + T + ’ylm_d + W)’
d=0 e

sod
JEI
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. )\,1+...+)\, 4 m
wm Y aGmgn( TN ) S erEy)
=1

, m
JEL\D,
and D is the diagonal of I}, that is, the set of all m-tuples (j, ..., 7) with 1 < j < g¢.

Again we have T (v1) — 0 as N — oo from (3.1). Furthermore, since t € [0,1]
log |p(twy + (1 — t)wa)] is strictly convex, we have

oo e\
(B o o

From this we conclude that

N
A _;’_..._;’_)\,m

e (V)] - ¢<g1m]

m N

_ bjl/ o A+ A
[N )N/ (Ng, ) [N/ m
Ajy T N, N
()

:|b;/m|~ 3 | —0as N oo,

M) m-b(N,,)

what shows that T (vq) also tends to 0 as N — oo. Finally, by the definition of
cj, j=1,...,q, we get

q
TNvs = bE(\) €V
j=1
for all N € N. This completes the proof. O

We now deduce a more readable corollary, when the entire function ¢ is “well
behaved” in some half-line of the complex plane (like in the Figure 1 for example).

COROLLARY 3.2. Let X be an F-algebra and let T € L(X). Assume that there
ezxist a function E : C — X and an entire function ¢ : C — C satisfying the
following assumptions:

(a) for all X € C, TE(N) = ¢(A)E(N);
(b) forall \,u € C, E(N)E(n) = E(A\+ p);
(c) for all A C C with an accumulation point, the linear span of {E(X) : A € A} is

dense in X;

(d) ¢ is not a multiple of an exponential function;
(e) there exist v € C and a real number p > 0 such that |p(v)| > 1 and |p(tv)] <1

for allt > p.

Then T supports a hypercyclic algebra.
For the proof of Corollary 3.2, we are going to need the following simple lemma.

LEMMA 3.3. Let ¢ be entire and A C R have an accumulation point in it. If
lp(t)| =1 for allt € A then |¢p(t)] =1 for all t € R.

PROOF. Since |¢(t)| =1 for all t € A C R, we have ¢(%) - ¢(t) = ¢(t) - o(t) = 1,
hence

b(t) = o(t)" 1Vt € A CR.
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FIGURE 1. Graph of ¢ — |¢(tv)]

Since this is a holomorphic equality (¢t — ¢(%) is entire), it extends to the whole
complex plane. In particular it holds for all ¢ € R, that is,

o(t) = () = p(t) !, ¥t €R,
thus
lp(t)] = 1,Vt € R,

as we wanted. O

PrOOF OF COROLLARY 3.2. We may assume without loss of generality that
v =1. Let tg > 0 be the smallest positive real number such that |¢(¢)| < 1 for all
t > tg. We just need to prove that condition (e) of Theorem 3.1 is satisfied. So let
I € Pr(N)\{@} be arbitrary and set m = minI. We can find ¢; < ¢( near enough
to to so that |¢(t1)] > 1 and t; + & > t,. Letting b := & we have [¢(mb)| > 1. Now
fix ag > tg and take € € (0,1/2) such that ag—e > tg. There exists a € [ag—¢, ap+€]
such that |¢p(db+ (n—d)a)] < 1foralln € I and d € {0, ...,n} with (n,d) # (m,m).
In fact, if this is not the case then, for each a € [ag — €, ag + €], we can find a point
ta = dob+ (ng — do)a, with n, € I, d, € {0,...,n,} and (ng,d,) # (m,m), such
that |¢(t,)] > 1. Since m = min(I), b = ¢t1/m and a > tg, we get t, > to so that
|¢(ta)| < 1. This way, varying a € [ap — €, ap + €] we find infinitely many points ¢,
within [tg, max I (ag + €)] in which |¢| assumes the value 1. The set A composed by
these points is infinite, closed and subset of the compact [tg, max(I)(ag + €)], hence
A has an accumulation point. By Lemma 3.3 we conclude that |¢(t)] = 1 for all
t € R, which contradicts the fact that |¢(¢1)| > 1. This completes the proof. O

3.2. Applications to convolution operators

We now observe that we may apply Corollary 3.2 to convolution operators ¢(D)
with |¢(0)| > 1, where E())(z) = e**. This yields immediately Theorem 1.1. We
may also apply Corollary 3.2 to handle the case |¢(0)| = 1.

COROLLARY 3.4. Let P € C[z] be a non-constant polynomial and let ¢(z) =
P(z)e*. Then ¢(D) supports a hypercyclic algebra.

PRrROOF. The case |P(0)| < 1 is done in [6], the case |P(0)] > 1 is settled by
Theorem 1.1. It remains to consider the case |P(0)| = 1. Since |P(it)| tends to
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+00 as t tends to +o00, there exists tg € R such that |¢(itg)| > 1. By continuity of
|¢|, there exists v = |v|e? with 6 € (7/2,37/2) such that |#(v)| > 1. Now, because
v lies in the left half-plane, |¢(tv)| tends to 0 as ¢ tends to +oo. We may conclude
with Corollary 3.2. O

We finish this section by pointing out that Theorem 3.1 can also handle func-
tions which do not satisfy the properties described above.

ExAaMPLE 3.5. The convolution operator induced by ¢(z) = %ez + €% — i

supports a hypercylic algebra (let us observe that |#(0)| > 1 and that ¢ does not
tend to 0 along any ray). Indeed, for any I € P¢(N)\{@} we choose m = max(I)
and take a = k(2mi) and b = k27 for some large integer k. Let n € I and d €
{0,...,n} with (n,d) # (m,m). Then

1
é(db+ (n — d)a) = Eezullm 4 e~ 2n—d)km _

|

In particular,
1 3
|p(mb)] = =™k 4 1oL

2
When d = 0,
lb(na)| = |e=2*7 + i’ <1
Finally,
|p(db + (n — d)a)| < %eQd’” + z

and we have, foralld=1,...,m —1,
m d
L o 3 L omk 3
Z T2 <[z T 2
(26 +4> < (26 +4

REMARK 3.6. Combining the previous arguments with that of [6, Section 6],
under the assumptions of Theorem 1.1, ¢(D) admits a dense hypercyclic algebra
which is not contained in a finitely generated algebra.

if k is large enough.






CHAPTER 4

Weighted shifts on Fréchet sequence algebras

4.1. Fréchet sequence algebras with the coordinatewise product

We begin with the proof of Theorem 1.2. We first explain where the property
of admitting a continuous norm comes into play.

LEMMA 4.1. Let X be a Fréchet sequence algebra for the coordinatewise product
and with a continuous norm. Then the sequence (ey) is bounded below.

PROOF. Let ¢ > 1 be such that || - ||, is a norm on X. Then for all n € Ny,
0<llenllg = llen-enlly < Henni

which shows that |le, |, > 1. O

We shall prove the following precised version of Theorem 1.2.

THEOREM 4.2. Let X be a Fréchet sequence algebra for the coordinatewise
product and with a continuous norm. Assume that (e) is a Schauder basis for
X. Let also By, be a bounded weighted shift on X. The following assumptions are
equivalent.

(i) B, supports a dense hypercyclic algebra not contained in a finitely generated
algebra.

(i) By, supports a hypercyclic algebra.

(iii) For allm > 1, there exists x € X such that ™ is a hypercyclic vector for B,,.

(iv) For all m > 1, for all L € N, there exists a sequence of integers (ny) such
that, for alll =0,...,L, (wis1 - Wnyt1) "/ ™en, +1) tends to zero.

(v) There exists a sequence of integers (ng) such that, for all v > 0 and for all
leN, ((u)l+1 e wnkH)*VenkH) tends to zero.

PrOOF. The implications (i) = (4¢) and (i4) = (¢4¢) are trivial. The proof
of (#i1) = (4v) mimics that of the necessary condition for hypercyclicity. Let m >
1 and = € X be such that 2™ € HC(B,,). Write z = I:(’) Tnen. Since (e,) is a
Schauder basis, the sequence (z,€,) goes to zero. Moreover, there exists a sequence
of integers (ny) such that (BI'* (2™)); goes to eg + - - + er. Since convergence in
X implies coordinatewise convergence, for all [ = 0,..., L, (w41 - --wnkanmkH)
converges to 1. Hence the sequences ((wl_H e wnk+l)1/mxnk+l) are bounded below.
Writing
1

W1 Whyt1) Y Ty 1

—1
(wl+1 T wnk+l) /me”kH = ( * Ty +1Cny+l

we get the result.

21
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To prove that (iv) = (v), observe that a diagonal argument ensure the
existence of a sequence (ny) such that, for all m > 1 and all I € N, the se-
quence ((wis1 -« Wny+1) "/ ™en, +1) tends to zero. Now we can conclude by observ-
ing that, since the sequence (e,,) is bounded below, if ((wH_l . ~wnk+l)*1/menk_+l)
tends to zero for some m, then (wiyq---wp,4;) tends to 400 and, in particular,
((le _ wnﬁl)’%nkH) tends to zero for all v > 1/m.

It remains to prove the most difficult implication, (v) = (). We start
by fixing a sequence of integers (nj) such that for all v > 0 and for all [ € N,
((wl+1 . ~-wnk+l)_'yenk+l) goes to zero. We intend to apply Theorem 2.1. Thus,
let d > 1 and A C NZ\{(0,...,0)} be finite and non-empty. For o € A we define
the linear form L, on R? by L, (k) = Z?Zl ajkj. Since L, and Ly coincide only
on a hyperplane for a # o, there exist x € (0,+00)? and 8 = 34 € A such that
0 < Lg(k) < Lu(k) for all a # B, a € A. Without loss of generality, we may
assume that Lg(k) = 1.

Let now Uy, ...,Uq, V be non-empty open subsets of X and let W be a neigh-
bourhood of zero. Let x1,...,x4 belonging respectively to Uy,...,U; with finite
support and let y = Y7, yie; belonging to V. We set, for j =1,...,d,

nk —xj—i—z

Our assumption implies that, prov1ded ny is large enough, u; belongs to U; for
all j = 1,...,d. Moreover, again if ny is large enough (larger than the size of the
support of each x;), for all a € A,

P
B (u Z

In particular, for a = 3, B"*(u”) = y € V whereas, for a # 3, since Lo (k) —1 >0
and since the sequences (wj11 - - - wp, +1) tend to +00, we get B+ (u*) € W provided
ny, is large enough. Hence, B,, admits a dense and not finitely generated hypercyclic
algebra. O

J e’nk+l'
(wiyr - wnk+ 1)"

L (k)

€.
(wig1 - wnk+l)L”(“)_1

As recalled in the introduction, the hypercyclicity of B,, on X is equivalent to
the existence of a sequence (ny) such that, for all [ € N, (w11 Wny41) " en,t1)
tends to zero. It is well known that this last condition is equivalent to the following
one, which seems much weaker: there exists a sequence of integers (ny) such that
((wy -+ - wn, )" en, ) tends to zero. In view of this and of Theorem 4.2, it is tempting
to conjecture that B, supports a hypercyclic algebra if and only if there exists a
sequence of integers (ny) such that, for all v > 0, ((w1 - - - wp, )~ Vey, ) tends to zero.
Unfortunately, this is not the case, as the following example points out.

ExaMPLE 4.3. Let X = {(x,) € w : |zn|a, — 0} where ag, = 1 and
agn+1 = 2" endowed with ||z|| = sup,, |zn]a, and let w be the weight such that
wy W, = 2" and wy - - wopy 1 = 227, Then w is an admissible weight on X,
((wy -~ way) " eay) tends to zero for all v > 0 but B, does not admit a hypercyclic
algebra.

PROOF. We first observe that, endowed with the coordinatewise product, X is
a Fréchet sequence algebra (since a,, > 1 for all n). To prove that w is admissible, it
suffices to observe that wy|lex—1]| < 2|/ex|| for all k. The construction of w ensures
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that wa, = 2~ Y and wy,1 = 2"T!. Hence the previous inequality is clearly
satisfied if we separate the case k even and k odd. Moreover for all v > 0,

(Wi - wap) 7 lezn]| = 277D R Ny Y
o prove that B,, does not support a hypercyclic algebra, it suffices to observe tha
Top that B, d t support a hypercyclic algebra, it suffices to ob that,
for all n > 1, (wy ---wany1)” /?||€anys1|| = 1, which implies that condition (v) of
Theorem 4.2 cannot be satisfied. [

Nevertheless, if we add an extra assumption on X, then we get the expected
result.

COROLLARY 4.4. Let X be a Fréchet sequence algebra for the coordinatewise
product and with a continuous norm. Assume that (e,) is a Schauder basis for X.
Assume also that, for all admissible weights w, for all v > 0, w” is admissible. Let
By, be a bounded weighted shift on X. The following assumptions are equivalent.

(i) B supports a hypercyclic algebra.

(i1) For all~y > 0, there exists a sequence (ng) such that ((w1 - - - wy, ) Vey, ) tends
to zero.

PROOF. We assume that (ii) is satisfied and we show that, for all v > 0 and for
all L € N, there exists a sequence (my) such that ((wy -« W, 1) em,+1) tends to
zero. An application of Theorem 4.2 will then allow to conclude. It is easy to get
this sequence my. Indeed, it is sufficient to set m; = nj — L, since in that case

(w1 -+ Wy 1) €my 1 = (Buwr ) (w1 -+ wp, ) Ten,)

which goes to zero by continuity of B~ . |

We may observe that our favorite sequence spaces (namely unweighted ¢,,-spaces
or H(C)) satisfy the assumptions of the last corollary. We may also observe that on
unweighted £,-spaces as well as on any Fréchet sequence algebra with a continuous
norm such that (e,) is bounded, the convergence of (w1 -+ wy,) ey, ) to zero is
equivalent to the convergence of (wy - - - wy, ) to +00. Hence, we may formulate the
following corollary.

COROLLARY 4.5. Let X be a Fréchet sequence algebra for the coordinatewise
product and with a continuous norm. Assume that (e,) is a Schauder basis for X
and that (e,) is bounded. Assume also that, for all admissible weights w, for all
v > 0, wY is admissible. Let B,, be a bounded weighted shift on X. The following
assumptions are equivalent.

(i) B supports a hypercyclic algebra.
(i) B, is hypercyclic.
(ii3) There exists a sequence (ny) such that (wq ---wy,) tends to +00.

REMARK 4.6. On H(C), the sequence (z") is unbounded. Nevertheless, any
hypercyclic weighted shift B,, on H(C) supports a hypercyclic algebra. Indeed, for
a sequence of integers (ny),

(wy - - wp, )" '2™ tends to 0 in H(C)
= Vg>1, (wi---wp,) '¢™ tends to 0
= Vg>1, Vy>0, (w---wp,) "¢"* tends to 0
<= Vv >0, (wy - wy,) 72" tends to 0 in H(C).
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REMARK 4.7. Theorem 4.2 points out one difficulty when dealing with hyper-
cyclic algebras: to admit a hypercyclic algebra is not a property preserved by sim-
ilarity. Indeed, let X = {(x,,) € w : |£,]2" — 0} endowed with ||z| = sup,, |z,|2"
and let w be the weight such that wi---w, = n-2" for all n > 1. Then
(wy - - wy) 12" goes to zero whereas (wy - - - wy, )~ /22" tends to +oo, showing that
B,, is hypercyclic but that no square vector z? belongs to HC(B,,).

Let now (p,) be defined by p; = 1 and p, = n/(n — 1) for n > 2. Then B,
acting on X is similar to B, acting on cg, the similarity being given by S : X —
co, (zn) — (2"x,). But B, admits a hypercyclic algebra, which is not the case of
B,,. Of course, the problem is that .S is not a morphism of algebra.

When X does not admit a continuous norm, one cannot apply Theorem 4.2.
The space w is the prototypal example of a Fréchet space without a continuous
norm (in fact, by a result of Bessaga and Pelczinski [18], a Fréchet space fails to
admit a continous norm if and only if it has a subspace isomorphic to w) and we
shall now concentrate on this space. On w, for all weight sequences w = (wy,),
the weighted shift B,, is bounded, hypercyclic and satisfies (iv). If the sequences
(wy - - - wpy) converge to +oo for all £ > 0, then an easy modification of the proof
of the previous theorem shows that B,, admits a hypercyclic algebra. On the other
hand, if the sequences (wy - - - wy,4;) converge to 0 for all £ > 0, then we may modify
the previous proof using Corollary 2.3 instead of Corollary 2.4 to prove that B,, still
admits a hypercyclic algebra. A completely different case is that of the unweighted
shift B. It is a hypercyclic multiplicative operator on w. By [15, Theorem 16],
B supports a hypercyclic algebra if and only if for each nonconstant polynomial
P € C[X] with P(0) = 0, the map P : w — w, = — P(z) has dense range. This is
clearly true.

We now show that every weighted shift on w admits a hypercyclic algebra
showing that, coordinate by coordinate, B,, behaves like one of the three previous
models.

THEOREM 4.8. Every weighted shift B,, on w endowed with the coordinatewise
product supports a hypercyclic algebra.

PROOF. For V a non-empty open subset of w, I C N finite and non-empty and
s > 0, let us define

E(l,s) = {P € C[e]: |P(minl)| > 1/s, |P(maxI)| > 1/s,
|P(n)| < s for all n € N,
P(n) =0 when n ¢ I}

A(l,s,V) = {u cw: YPe E(,s), IN>1, TN(P(u)) € V}.

As in the proof of Theorem 2.1, it is enough to prove that each set A(I,s,V) is
dense and open. The last property follows easily from the compactness of E(I, s).
Thus, let us fix I,s and V and let us prove that A(I,s,V) is dense. We set
mo = min(I) and m; = max([). Let U be a non-empty open subset of w. Let
p € Ng, ug,...,up,v0o,...,0vp € C and € > 0 be such that, for all z,y € w,

|z —w| <eforalll=0,...,p implies 2 € U,
|yt —v| <eforalll=0,...,pimplies y € V.
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Let us first look at the sequence (w; ---w,). Three possibilities (which are not
mutually exclusive) can occur:

e cither (w; - - -wy,) is bounded and bounded below;
e or it admits a subsequence going to zero;
e or it admits a subsequence going to +oo.

Thus, we get the existence of a subsequence (wy - - - wy,, ) going to ag € [0, +00]. We
then do the same with (ws - --wy, +1) and so on. By successive extractions, we get
the existence of a sequence of integers (nk) (we can assume that ngi1 —ng > p for
all k and that ng > p) and of ag,...,a, € [0,+00] such that, for all I = 0,...,p,
(Wig1 + Wy, 41) tends to a;. We set Ay = {l € {0,...,p}: ag = +o0}, Ay ={l €
{0,...,p}: ay =0} and A3 ={l €{0,...,p}: a; € (0,400)}.

We fix now (a(k)), (B(k)) two sequences of non-zero complex numbers and
(2(k)) a sequence in CP*! such that (a(k), (k), 2(k)) is dense in CP*3. We set

+oo
Tr=u-+ Z y(k‘)
k=0
where, for [ =0,...,p,
vl/mo
; .
O[(k)l/mo (wl+1 ce wnkJrl)l/ prOVIded e Al,
Yy 1() = o™ -
B oy o) provided [ € A,,
z1(k) provided [ € As

and y; (k) =01if i # ng, ..., ng + p.

We claim that © € U N A(l,s,V). The definition of £ and p ensure that
x € U. Let P € E(I,s). There exists an increasing function ¢ : N — N such that
a(d(k)) — P(mg), B(¢(k)) — P(my) and a;P(z(¢(k))) — v, for all [ € Az. We
claim that (By’™ (P(z))) belongs to V provided k is large enough. It suffices to
prove that for [ = 0,..., p, the i-th coordinate of By’™ (P(x)) tends to v;. Assume
first that [ € Ay. This I[-th coordinate is equal to

1/m0
W41 Wn +lP Y .
oo a(¢(k))1/m0 (wl+1 e wvz¢<k)+l)1/m0

Now, since w1+ Wn,,, +i tends to +o00, and mo = min(7),

1
Ul /mo

— P(mo)—L — 40
a(p(k))/mo(wyyy - - wn¢(k)+l)1/m0> =P O)a(¢(k)) +o(l)

and this tends to v;. When [ € As, the proof is similar since now, because
Wil Wny+1 tends to 0, and my = max([),

Wi+ Wy 1P (

1/m1
Yy _p _u
R (ﬁw(mwm (o1 07 ) = P gagay + o)

and this also goes to v;. Finally, when | € As, the I-th coordinate of By,*™ (P(z))
is equal to wyy1 - Wy, +1P(21(A(k))) which tends again to v;. O
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Theorem 4.8 has an analogue (with a completely different proof!) if we endow
w with the Cauchy product: see [22, Corollary 3.9]. We also point out that the
existence of a continuous norm is an important assumption in several problems
in linear dynamics, for instance for the existence of a closed infinite dimensional
subspace of hypercyclic vectors (see [26]).

4.2. Bilateral shifts on Fréchet sequence algebras with the
coordinatewise product

In this section, we investigate the case of bilateral shifts on a Fréchet sequence
algebra X on Z; namely, X is a subset of C% endowed with the coordinatewise
product under which it is an F-algebra. We intend to give an analogue of Theorem
4.2 for bilateral shifts on X. The statement and the methods are close to what
happens for unilateral shifts. Since we do not want to give an exhaustive list of ex-
amples in this work, there is an extra interest for looking at bilateral shifts: a small
subtility appears in this case, since the condition that appears is not symmetric for
the positive part of the weight and for the negative one. This will lead us to an
interesting example of a hypercyclic operator T supporting a hypercyclic algebra
such that T-! does not.

THEOREM 4.9. Let X be a Fréchet sequence algebra on Z for the coordinatewise
product, with a continuous norm. Assume that (e, )nez is a Schauder basis for X.
Let also By, be a bounded bilateral shift on X such that, for all v € (0,1), By~ is
bounded. The following assertions are equivalent.

(i) B, supports a hypercyclic algebra.

(ii) For allm > 1, for all L € N, there exists a sequence of integers (ny) such that,
foralll=—L,...,L, ((le . ~wnk+l)’1/menk+l) and (wl e w,nkHHe,nkH)
tend to zero.

ProoF. (ii) = (i). We intend to apply Corollary 2.4. Let 1 < my < mq,
let U,V be nonempty open subsets of X and let W be a neighbourhood of zero.
Let 2,y belonging to U and V respectively, with finite support contained in [—p, p].
Write y = Efzfp ye; and let (ng) be the sequence given in (ii) for m = my and
L = p. Define

1
p Y, /mo

(Wig1 -+ - Wy ) L/™0

wi=u(ng) =+ Enptl-

l=—p
Provided k is large enough, u belongs to U. Moreover, for m € {my,...,m1},
p D m/mg
B:}}k (um) = Z wy - w_m+z+1fl?f16—nk+l + Z Yi 1€l
= (= (Wi wayqr) o

For all values of m, it is clear that

k——+oo

p
Z Wy W 414127 €y 11 0.

l=—p
Hence, for m = mg and provided k is large enough, B*(u™°) belongs to V. Fur-
thermore, if m > myg, since each sequence (w11 -+ wy,,+;) "' goes to zero (recall
that (e,) is bounded below), then B*(u™) belongs to W for large values of k,

showing that B,, admits a hypercyclic algebra.
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(1) = (#i). The proof is slightly more difficult than for unilateral shifts. Fix
m and L and let z € X be such that 2™ € HC(B,). Let (sx) be an increasing
sequence of integers such that B2k (z™) tends to e_r +---+er. We fix some s € N
(which can be taken equal to some s,) such that, for all I = —L,..., L, the I-th
coordinate of B2 (z) is not equal to zero. We then consider y € X defined by
yr = (w41 - ~wl+5)1/mxl+s (namely, y = B2, .. (7)) and we set ny = s — 5. It is
easy to check that BI't(y™) = Bk (z™). Hence, it goes to e_y, + --- + er,. This
implies that

e foralll=—-L,---,L,

Wi Wopy 4141Y] €—ny+1 tends to 0.
e foralll=—-L,---,L,
Wi41 " Wy 1Ypy 41 tends to 1.

We conclude as in the unilateral case, using that y; is never equal to zero for
l=—-L,---,L. O

We can then state corollaries similar to what happens in the unilateral case.

COROLLARY 4.10. Let X be a Fréchet sequence algebra on Z for the coordi-
natewise product and with a continuous norm. Assume that (en)nez is a Schauder
basis for X. Assume also that, for all admissible weights w, for all v € (0,1), w?
is admissible. Let B, be a bounded bilateral weighted shift on X. The following
assumptions are equivalent.

(i) B, supports a hypercyclic algebra.
(i) For all~y > 0, there exists a sequence (ny) such that ((wy -+ wp, ) Ven, ) tends
to zero and (W_y -+ W_p, e_p,) tends to 0.

COROLLARY 4.11. Let X be a Fréchet sequence algebra on Z for the coordinate-
wise product and with a continuous norm. Assume that (ey) is a Schauder basis
for X and that (ey,) is bounded. Assume also that, for all admissible weights w, for
all v € (0,1), w” is admissible. Let B, be a bounded bilateral weighted shift on X .
The following assumptions are equivalent.

(i) By supports a hypercyclic algebra.
(i) B, is hypercyclic.
(iii) There exists a sequence (ny) such that (wy---wy,) and (W_qy---w_y, ) tend
to +o0.

On the contrary, the nonsymmetry of the conditions in (ii) of Theorem 4.9
proves to be useful to get the following example.

EXAMPLE 4.12. There exists an invertible operator T on a Banach algebra such
that T supports a hypercyclic algebra and 7' does not.

PROOF. Let
X:{xGCZ: xn(|n|+1)1_>—ii‘$0},
endowed with
2] = sup |[zn|(|n] + 1).
n

Equipped with the coordinatewise product, X is a Fréchet sequence algebra. Let
w be the weight defined by wy = 1, w, = 2 and w_,, = n?/(n + 1)? for n > 0.
For all v > 0, the weighted shift B, is bounded on X. Moreover, it satisfies the
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assumptions of Theorem 4.9 with (ng) equal to the whole sequence of integers. In
particular, w_q - - w_y|le_p|| = (n + 1)~! tends to zero.

It is plain that B,, is invertible and that its inverse is the forward shift F),,
defined by Fj,(en) = pntiény1 with p, = 1/w,. Assume that F, supports a hy-
percyclic algebra. Then we apply the symmetrized version of Theorem 4.9 adapted
to forward shifts with m = 2 to get the existence of a sequence (ng) such that

(p—1-p_n,) /?e_,, tends to zero. This is impossible since
g,

4.3. Fréchet sequence algebras for the convolution product

This subsection is devoted to the proof of Theorem 1.3. We first have to give
the meaning of a regular Fréchet sequence algebra. Let (X, (||-||4)) be such a Fréchet
sequence algebra for the Cauchy product. We will say that X is regular provided
that it satisfies the following three properties:

(a) X admits a continuous norm;
(b) (en) is a Schauder basis of X;
(c) for any r > 1, there exists ¢ > 1 and C > 0 such that, for all n,k > 0,

lenllr - llexllr < Cllentkllq:

Let us make some comments on these assumptions. Conditions (a) and (b) are
standard in this work. We shall use (a) by assuming that ||e, ||, > 0 for all n € Ny
and all ¢ > 0. Regarding (c), it should be thought as a reverse inequality for the
continuity of the product in X. Observe also that H(C) and ¢; are clearly regular.
However, this is not the case of all Fréchet sequence algebras for the Cauchy product.
Pick for instance any sequence (a,) of positive real numbers such that, for all
n,p, q € Ny, with n = p+gq, a,, < a,-a, and a? /as,, — +oo (the sequence a,, = 1/n!
does the job). Then the Banach space X = {z c w: ||z|x =_,,>0anl|zn| < +00}
is a Fréchet sequence algebra for the Cauchy product which does satisfy (c).

A consequence of (c) is the following technical lemma which will be crucial
later.

LEMMA 4.13. Let X be a reqular Fréchet sequence algebra for the Cauchy prod-
uct and let (wy,) be an admissible weight sequence on X. Then, for all M > 1, for
all r > 1, and for all p > 0, there exist C > 0 and q > r such that, for alln > M,
forallu<vin{n—M,....n}, forallke{n—M+p,...,n+p}'",

(4.1) IT wi llealls < Clleulq-

Jj=1

Before to proceed with the proof, let us comment the statement of Lemma 4.13.
The inequality (4.1) is nothing else than the continuity of B,, if we assume that
kj =u+jfor j =1,...,v—u. The regularity of X (and more precisely the third
condition) will imply that we may slightly move the indices k;.

PROOF. Let us fix M > 1 and observe that v — u may only take the values
1,..., M. Then, upon doing a finite induction and taking suprema, we need only



4.3. FRECHET SEQUENCE ALGEBRAS FOR THE CONVOLUTION PRODUCT 29

to prove that, for all » > 1, and for all p > 0, there exist C' > 0 and ¢ > r such that,
foralln > M, forallue {n—M,... . n—1},foralk e {n— M +p,...,n+ p},

(4.2) willew]lr < Cllewtllg,

a property which should be thought as a strong version of the continuity of B,,.
Assume first that u > k — 1. Then, writing e, = ex—1 + €,_(r—1) and using the
continuity of the product and of B,,, we get the existence of C' > 0 and g; > 7 such
that

w|[ewllr < willex—1l]: - ||6u—(k—1)Hr
< 01”616”!11 : Heu—(k—l)”th'

We now use property (c) for r = ¢; to deduce the existence of Cy > 0 and g2 > ¢1
such that

wi|ew | < 0102||eu+1||q2~

Hence, (4.2) is proved for ¢ = g2 and C' = C1C5. If we assume that u < k — 1,
then the argument is completely similar by exchanging the place where we use the
continuity of the product and property (c). Precisely,

lewllr - lew-1)—ullr

”e(k—l)—uHT’

wiley]|r = wi
< Oy, llex—1llq
llek—1)—ullr

< 0102 ||€kHlZ2
B llex—(us1)llr

llex—(ur)ll
< 0102M||€u+1”q2~
Hek—(u-i-l)HT

Hence, (4.2) is proved for ¢ = ¢ and

C:max{01C2|:|el”q2 1<Z<M+p—].}
Erllr

Lemma 4.13 will be used through the following more particular form.

COROLLARY 4.14. Let X be a reqular Fréchet sequence algebra for the Cauchy
product and let (wy,) be an admissible weight sequence on X. Then, for allm > 1,
for all N > 1, for all v > 1, and for all p > 0, there exist C > 0 and q > 1 such
that, for allm > mN, for all s € {1,...,N},

(wnferler)m_l e (wnflﬂi)m_l(wn+p)m_1||enfms+mp”r < Cllen—s+pllq-

ProoOF. We apply the previous lemma with M = mN to get ¢/ > r and C’ > 0
such that

(wn—s+1+p)m71 T (wn—1+p)m71(wn+p)m71||en—m5||r < C/”en—S”q"
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Now, using property (c¢) and the continuity of the product on a Fréchet algebra, we
get ¢ > ¢ > r and C” > 0 with

) (@)™ W)™ e ol

< (wn—s+1+p)m71 T (wn—1+p)m71(wn+/})m71||6n—ms”THepHTHQ(m—l)p”r
< Clen—sllgllepllgllem—1)pllr

< C'C"len—s+pllallem-1ypll-

(wnfs+1+p

= Cuenferquv
where C' = C'C”||e(m-1)p|lr- H

Before proceeding with the proof of Theorem 1.3, let us make some comments
on the difference between the coordinatewise product and the convolution product.
Let P(2) =3 .cr P(m)zm be a nonzero polynomial, z,y with finite support. The
work done in Section 2.1 shows that it is important for us to find u close to x
and N such that BY(P(u)) is close to 3. In both cases, u will be of the form
u =  + z, where z has finite support and min(supp(z)) > max(supp(z)). For
the coordinatewise product, each u™ has the same support as u. Moreover, since
z has to be small, 2™ becomes smaller as m increases. Hence, in P(u), the most
important term was u™°, where mg = min(I) (we assume P(m) #0 <= m € I)
and it was natural to apply Corollary 2.4.

Regarding the convolution product, the support of u™ is moving to the right:
max (supp(u™*1)) > max(supp(u™)). By using a specific translation term (an idea
coming from [28] and [23]), we will arrange the choice of N such that BY (u™) =0
when m < my := max(I) and BY (u™) is close to y. This explains why we will
rather use Corollary 2.3.

PROOF OF THEOREM 1.3. We start with a hypercyclic weighted shift B, and
prove that B,, supports a dense hypercyclic algebra which is not contained in a
finitely generated algebra. Let d > 1, A € P¢(N¢)\{@} and Uy, ...,Uy, V,W C X be
open and non-empty, with 0 € W. We choose 5 = max A under the lexicographical
order, say B = (m, Ba,..., 34). Upon interchanging the coordinates in N, we may
and will assume that m > 0. Let z1, ..., x4 belonging respectively to Uy, ..., Uy and
let y = >°1_, wie; belonging to V. We can find 7 > 1, § > 0 and a ball B C W for
the seminorm || - ||, and with radius § such that y + B C V and z; + B C Uj, for
alli=1,....d.

Since 8 > «a for all @« € A\{B} under the lexicographical order, we may find
integers s1,...,8q with s; > 4p such that

(4.3) (m—a1)s1+ (B2 —az)sa+ -+ (Ba — aq)sqa > 3p, for all a € A\ {5}.

The procedure to do this is the following. First find sg4 such that (84 — aq)sq > 3p,
for all ag < B4, ag € ma(A). Next, find s4—1 such that (84—1 — ag—1)84-1 +
(Ba — aq)sa > 3p, for all ag—1 < Ba—1 € ma-1(A) and ag € ma(A). Continuing
inductively, after finitely many steps we define so such that (82 —ag)sa+- -+ (Ba—
aq)sqa > 3p, for all as < fa, ag € ma(A), and «; € w;(A), for i = 3,...,d. Finally
we chose s1 large enough so that (m —ay)sy + (B2 —a2)sa+ -+ (Ba — aq)sa > 3p,
for all ay < m, oy € m1(A), a; € m;(A), for i =2,...,p. This way we get (4.3).
These s; being fixed, we now choose positive real numbers 7, ..., 74 such that

(4.4) lnies;|lr < 0, for all i =2,...,d.
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We will distinguish two cases in order to apply Corollary 2.5. The most difficult
one is m > 1, an assumption that we now make. We set p = 8252 + -+ - + B4s4 and
we consider a sequence (Ji) going to +oo such that, for all [ =0,...,p,

-1 k—+o0
(wl ce mek—3p+l+p) EmJ,—3p+ldtp — 0.

Indeed, let (my) be a sequence of integers such that (wy - - - Wy, ) " tem, goes to zero
and my > m + p for all k. Define Ji as the single integer such that m; — m <
mdy —2p+ p < my. Then, for alll =0,...,p,
(W1 Wi —3pt 1) ema—sptprt = By TP (w - w, ) e, )
which tends to zero by the continuity of B,, and because
0<my—mdpy+3p—p—-1<m+p.

We now proceed with the construction of the vectors uq,...,uq required to
apply Corollary 2.5. We set, for k large enough, N = mJ, — 3p + p and

1
. T 1 1
£ = max ( les—spll- > X min< ) 1/m) )
0<ISp \ W1 ** * Win J,—3p+1+p lesllr” (w1 wms4p)
d‘ . wy - w]y]
=

B2 Ba 1 ’
Ny~ w Mg ME™ WL+ WinJy, —3p+j+p

[N

We also define
p
u; =] + ZdjeJk_ng- + €€ Jks
j=0
u; = T; + nies,, fori =2, ...,d.

Let us postpone the proof of the following facts.

(4.5) elles|l- — 0 as k — +oo0,
(4.6) |d;| - les,—3p+jtpllr = 0as k— 400, forall j =0,...,p,
(4.7) eMwy - W gutp — 0 as k — 4o00.

From (4.5) and (4.6) we get uy € Uy if k is large enough and from (4.4) we get
u; € U for i = 2,...,d. We claim that u® € ker BY for all o € A with a # 8. In
fact, for a given o € A\{B}, say a = (o, ..., aq), we have

max (supp(u®)) < a1 Ji + agss + -+ - + agsq,

so the claim follows by (4.3) since ay < m and for k large enough, Ji > s1. Finally,
for the main power § we write

p
B _ 2 Ba m—1 7. ) m, B2 Ba
u” =z + § Mp™ -+ 1g ME djemt,—3p+j+p T € M 1" €miptp
7=0

where the maximum of the support of z is less than N = mJ, — 3p + p. Indeed, a
term in z can come

e cither from a term in w;" with support in [0, mJj;, — 4p] so that the maxi-

mum of the support of this term is at most mJy —4p + p < N;

e or from a term in some w;’, ¢ = 2,...,d, with support in [0, (8; —1)s; +p].
The maximum of the support of such a term is then at most mJy + p +
p—s; < N since s; > 4p.
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Hence, we get

B 8
BNuP =yt ey’ ey wr Wit ,
w wl...w3p

3p»

which belongs to V' by (4.7) if k is big enough. It remains now to show that
properties (4.5), (4.6) and (4.7) hold true.

Let us first prove (4.5). By property (c) and an easy induction, there exist ¢ > 1
and C' > 0 (depending on r and m) such that, for all k > 1 and all [ € {0,...,p},

1
2(m—1)
T

1
lee—sp+l Nlesllr _ (lese—spallr - les [~ - llep|lr) >0

T 1
les 17 el "

1
< Cllem—spritplld ™"

Hence,

elles, - < Corglagp

1
< ||6m‘]k_3p+l+p||q )2(m1)

wq - mek73p+l+p

and this goes to zero as k tends to +oo.
Regarding (4.6), we first write

1

les—sptitolr o <w1 - -mek—3p+z+p) ?

W1 Wi gy —3ptjtp  OSISP e, —3p+illr

m—1

X max (Hejk Il (w1 - 'me;mLp)%) ’

‘d]| ’ ||eJk73p+j+P||r <C

1
<C ||‘5p||7g ) ||eJk—3p+j+p|

|
(W1 Wiz —3p+itp)

wl=| S

m—1

1
xcmac (Jles, s (w1 W) )

where the last line comes from the continuity of the product, more precisely from

les—spritollr < les—sprillr - llepllr-

Assume first that the maximum is attained for ||ey, ||. In that case, using (c)
in a similar way we write

H Jk 3P+J+P””‘ ‘|6Jk||:%1 <C H mJy 3p+]+p||q
Wi - WmJ,—3p+j+p W1 -+ WmJ,—3p+j+p

I

)

and the last parcel goes to zero. If the maximum is attained for (w1 - - - W, +p)
we now write

m—1

1
lles, —sptjtpllr (w1 Wy )™ (e —spaplli(wr - - Wi g p)™ 1) ™

W1 - WmJ—3p+j+p W1 -+ WmJp—3p+j+p

m

<C; ((wl e meker)m_l Hekafm(?m*mequ)

W1 WinJy—3p+j+p
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Now, using Corollary 4.14 for n = mJ, N = 3p and s = 3p—j, we get the existence
of Cy > 0 and ¢’ > ¢ (which does not depend on k) such that

(W1 Winetp) ™ lemae —m@p—s)tmpllq < Ca(W1 -+ Wiz, —3p4jrp)™
X |lem.s,—3p+j+olla
so that

m—1 1

lles,—3p+itpllr (Wi - W 1p) <Clcﬁn< llema,—sp+i+olle’ )"‘
W1 Win gy —3p+jp - 2\ Wi Wing—sptjtp

and this goes to zero.
Finally, let us prove (4.7). The proof is very similar. Indeed, for alll =0, ..., p,

m
les,—sptitplls )2 D
(wl © Wm Jy, —3p+l+p <w1 meker)

SIS

1
< (||€Jk—3p+l+p||:n(wl T mek+p)m71) 2m=b

(w1 Wy —spti4) D

1
<c (Hekafm(Spfl)erp”q(wl Tt meker)m_l) 2m=1)

m
(W1 W —aptieg) D

)m71)2<m7171)

< 01022(7"%1) (H67an—3p+l+p||q/ (wl S Wi gy —3ptltp

(w1 - Wiy, —3p+itp) 2D

1
1 =)
< 01022(7”71) ( ||eka—3p+l+qu’ )2( nmh
— )
W1+ WinJy—3p+itp

which achieves the proof of (4.7).
We now sketch briefly the proof when m = 1. We still set p = Bas2+ -+ -+ 8454
and we now consider a sequence (Jy) satisfying

1 k—4o00
(W1 Wrti4p) " €qptitp — 0

forall [ =0,...,p. We define

P
ur =214 Y djes e,
Jj=0
u; = x; + nies,, fori =2, ....d,

where
- Yjwy ... Wy

057w Wy
Setting N = Ji + p for k sufficiently large, it is easy to check that u; € Uj,
i=1,...,d, BY(u®) = 0if a € A\ {8}, and BY () € V, which concludes the
proof. O

d;






CHAPTER 5

Common hypercyclic algebras

5.1. How to get a common hypercyclic algebra

We begin this section with a result which mimics Theorem 2.1, now for the
existence of a common hypercyclic algebra. We fix a topological space A which is
a countable union of compact sets.

PROPOSITION 5.1. Let A be a countable union of compact sets and let (Th)xen
be a family of operators in L(X) such that the map (A, x) — Tx(z) is contin-
wous from A x X into X. Assume that, for all compact sets K C A, for all
I € Py(N)\{@}, there exists mg € I such that, for all U,V non-empty open subsets
of X, for all neighborhood W of 0, one can find uw € U such that, for all A € K,
there exists N € N satisfying

{ TN (u™) € W for m € I\{mg}
TN (u™) € V.

Then the set of points generating a common hypercyclic algebra for (Tx)aea s
residual in X.

ProOOF. By the Baire Category theorem, it is enough to show the result as-
suming that A = K is a compact set. For V C X open and non-empty, W a
neighborhood of 0, I C P;(N)\{@}, define

ALV, W) = {u €X:VAe A, INeN, TV (w™) € W for m € I\{mo(I)} and
TN (ume)y e V}

(here, mqo(I) is uniquely defined by I using the assumptions of the lemma). The
assumption tells us that each set A(I,V,W) is dense. The compactness of A to-
gether with the continuity of (A, z) — Th(z) ensure that these sets are also open.
Fix now (V%) a basis of open sets of X and (W;) a basis of open neighborhoods
of 0 and let us consider u € (;, ; A(L, Vi, W;). Let P € C[z] be non-constant,
P(z) =3 er P(m)z™ with P(m) # 0 for m € I and P(0) = 0. As in the proof
of Theorem 2.1, we may assume that ﬁ(mo(I)) = 1. Let V be any non-empty
open subset of X and let k,l be such that Vi + 32, .. 1 |P(m)|W; C V. Since
u € AL, Vi, W;), for all A € A, there exists N € N such that

TV (P(w) =T (™ D)+ Y Pm)T{ (u™) € V.
mz#mo (1)
Hence, P(u) belongs to () cp HC(Tx) and the proof is complete. O

35
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5.2. Common hypercyclic algebras for a family of backward shifts -
coordinatewise product

We now specialize our study to backward shifts. Thus we fix X a Fréchet
sequence algebra under the coordinatewise product with a continuous norm in which
span(e;) is dense. Let (w(A))aea be a family of admissible weights. For simplicity,
we will denote by T the operator B, (y) and by Sy- the forward shift defined by
S)\r(ii = meﬂ_l.

Proposition 5.1 will we interpreted under the following form.

LEMMA 5.2. Assume that the map (X, x) — Th(x) is continuous. Assume that,
for all mg < my € N, for all v € X with finite support, for all M > 0, for all O
neighborhood of 0, one can find

o parameters Ai,...,Aq,
e sets of parameters Ay,...,Ag C A with A C U], A; and \; € A; for all i,
o integers Ni,...,Ng € N with Ny > M and N;y1 — Ny > M for all i,

such that

(i) 321 WO( v) € 0;

(i) S0 T <<Siv/v>m> € O for allm € [mo,my], alli € {1,...,q}, all
AeN;; .

(iii) Ty <<SN1/mO Umo) > € O for allm € (mg,m], all i € {1,...,q}, all
AEAN;; .

(iv) T <(S]\§/m0 Umo) 0) —veO foralliec{l,...,q}, all X € A;.

Then the set of points generating a common hypercyclic algebra for (Tx)aea s
residual in X.

PrOOF. We apply Proposition 5.1. Let I C Py(N)\{@}. We set my = min([),
m1 = max(I). Let U, V, W be three non-empty open subsets of X with 0 € W. Let
x € U, v € V with finite support and let O be a neighborhood of zero such that
r+0CU,v+0+0CVand O+0CW.

Let M be bigger than any integer in the support of x and v. The assumptions of
the lemma give us parameters Aq, ..., Aq, sets of parameters Ay, ..., A, and integers
Ni,...,Ng. We set

u-x—i—ZS 1/m0 (v/mo)

so that assumption (i) says that u belongs to U. Fix A € A and let i € {1,...,q}
be such that A\ € A;. We intend to prove that Ty (u™) € W for m € I\{mo} and
T)I\V i(u™0) € V. Since we are working with the coordinatewise product and by the
choice of M, we have

q m
_xmz( 1/mo>)
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and

m q m
T)]\Vi (um) — T)J\Vi ((S)]\Vll/mo (Ul/m0)> ) + Z T)]\Vi ((Sﬁi/mo (Ul/m0)> ) )
‘ j=i+1 ’
Assumptions (ii), (iii) and (iv) and the choice of v and O allow us to conclude that
TN (u™) € W for m € I\{mo} and T (u™) € V. O

We now give a more concrete application. We first need a definition.

DEFINITION 5.3. Let (Zk,o)k>1,0er be a family of vectors of X. The series
Zkzl Tk, & € I, are said to be uniformly unconditionally convergent if, for any
neighborhood O of 0, there exists K > 1 such that, for all « € I, for all sequences

(wk) C [7171]N7
Z WkTk,a € 0.
k>K

Implicitly, in the previous definition, we assume that each series ), wrTp.q
is convergent. Of course, if I is finite and each series ), x4 o is unconditionally
convergent, then they are uniformly unconditionally convergent.

THEOREM 5.4. Let A = [a,b] be a compact interval and let (w(X))rea be a
family of admissible weight sequences. Assume that

(a) (e;) is an unconditional basis of X ;

(b) for each m, the function log(wy,) is non-decreasing and Lipschitz on A, with
Lipschitz constant less than or equal to L, > 0.

(c) for all p > 0, for all mg > 1, there exists an increasing sequence of integers
(ng) such that

o the series Y ;- L

(wH»l(a)'“wH»nk(a)
gent for alll =0,...,p;
: 1
o the series )y, W @ W
uniformly unconditionally convergent;
o forallk>1, wiii(a) - wipn, (a) > 1;
® >, 11/Ch, = +o0, where Cp, =Y Ly.
Then the set of points generating a common hypercyclic algebra for (Tx)xea 1
residual in X .

)1/% €l4n, are unconditionally conver-

(@) ki —nis 1 >1, 1 =0,...,p are

PROOF. Let us first prove that (X, x) — Ty(z) is continuous. We first observe
that the family (7))xea is pointwise bounded. Indeed, for all © € X, since all
functions (w,,) are non-decreasing, it follows from the unconditional convergence of
Y on>1 Wn(b)xne,—1 that the family (T (x))aea is bounded. Hence, by the Banach-
Steinhaus theorem, the family (T))xca is equicontinuous. Now let us fix some
(1, y) € A x X. For all (A\,z) € A x X, we write

Ti(x) = Tu(y) = Ta(z —y) + Ta(y) — Tu(y)-
The equicontinuity of (7)rea ensures that, fixing € > 0, there exists 6 > 0 such
that, provided ||z —y|| < §, then || T\(z —y)|| < & for all A € A. On the other hand,
we write

T)\(y) - Tu(y) = Z (wn(A) - wn(/l))ynen—l-

n>1
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Again, the unconditional convergence of 3 -, wy(b)ynen—1 implies that there ex-
ists N > 1 such that, for all A € A,

< E.

S (wa(N) = wa(1))ynen—

n>N

Finally, we observe that the continuity of each function w,, implies, provided |\ — p|

is small enough,
N

Z (wno‘> - wn(:u'))ynen—l
n=1

We now show that the assumptions of Lemma 5.2 are satisfied. Let v =
>h_guver € X with finite support, mg < mq, M > 0 and O be a neighborhood
of 0. By linearity (which is not destroyed by taking powers since we are using the
coordinatewise product), it is enough to verify that the assumptions are satisfied
for v = ¢;. Let (ng) be the sequence given by the assumptions of the theorem, and
let K > 1 be such that, for all i > 0, for all sequences (wy) C [—1, 1]V,

w
(5.1) Z u €lingr—n; €0

E>K wi1(@) * Win,yp—n, (@)

<e.

(5.2) Wk

T/m Cl4ny e 0.
ki (Wip1(a) - wipn, (a)) e

Without loss of generality, we may assume that K > M. We then set N; = ng;.
Since the sequence (C),) is nondecreasing, we still have
1

i>1 CNri-P

= 4-00.

Let 7 > 0 be a small real number (a precised condition on 7 will be fixed later) and
define A\ = a, \jy1 = A\ + CNT_+ . Let g be the first integer such that A1 > b and

define A; = [A\j, Aiy1) fori =1,...,9g—1, Ay = [Ag, b]. Regarding (i) of Lemma 5.2,

we write
1 1
Z SN (1) = Z CI4-N; -
m, 1 k2
=N ’ i=1 (wl+1()\i)"'wl+Ni(>\i)) e

Since each (w,,) is nondecreasing, using (5.2), we get that (i) is true.
Let now i € {1,...,q}, A € A; and m € [mg, m1]. Then

1 v . m L wieN N1 (A - wigen, (A
Z Ti\h <<Sivl’/mo (61)) ) - Z 1N, —N;+1(A) HNZ@(/JO eLiN, N,
j=i+1 I j=i+1 (wl+1(/\j) : "wl+Nj(/\j))

Now, since

(w1 () i, (A) ™™ 2> i () -+ wign, (A) > wiga (a) - wig, (a)
and
Wi N, —Ny+1(A) Wi N (A) S wipe ;-1 (X)) - wiew; (Ag)
we get

q m q
| | O
STl (8N > %5 N
A ((S&l'/mo(el)) ) wl+1(a)"'wz+NrNi(a)el+N] i

Jj=i+1 Jj=i+1
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where «; ;(A) € [0,1]. Hence, by (5.1), (ii) of Lemma 5.10 is satisfied. Finally, we
have for i € {1,...,q} and A € A;,

R ((mer)) = e

If m = mg, we just write

LZfiiﬁ..iﬁiﬁiib ‘< em><g; log wr () bngkCMD>-—l
N;
< |exp <ZLl+k|>\ Ai |>
k=1
< lexp (Cn4plA = Ail) — 1
< lexp(r) — 1|
< min(e, 1)

provided 7 is small enough. Hence, (iv) is satisfied.
If m > myg, the previous choice of 7 ensures that that

w1 (A) - wign, (A)

< 2.
wip1(Ai) - wien; () | T
Hence, using again the monotonicity of each w,,, for alli € {1,...,q} and all A € A;,
w1 (A) - wign, (A) < 2

(w1 ) w8, ) ™™ (wiaa (@) -+ wrg,(a)

Using again (5.2) (with only one nonzero wy now), we get that (iii) is satisfied,
which closes the proof of Theorem 5.4. (]

REMARK 5.5. If we are only interested in the existence of a common hypercyclic
vector, we have a similar statement by verifying the assumptions of Theorem 5.4
only for mg = 1.

Before to give specific examples, let us explain the dependance between the
behaviour of (C,,) and the choice of (ny). We work on X = ¢! and we assume
first that w,(A\) = A for all n > 1, A > 1. In that case, C,, ~ n and the sequence
n; cannot grow too fast in order to ensure the divergence of . 1/Cy,. It is then
natural to set n; = N7 for some NN, and this will be enough to ensure the uni-
form unconditional convergence of the series involved in Theorem 5.4, because the
product wi(A) - wy(A) = A" grows very fast.

Assume now that w,(A) = 1+ A/n. In that case, L, = 1/n and C,, behaves
like log n. This means that we may choose a sequence (n;) going very fast to +oo,
like n; = 2. This will be necessary to ensure uniform unconditional convergence,
since now wy (A) - - - wy (\) ~ n*, which grows much slowly, especially if we allow A
to be close to 0.

Let us proceed with the details. We first give a result which should be thought
as a version for hypercyclic algebras of [7, Corollary 4.10].

THEOREM 5.6. Let A C R be an interval and let (w(N))rea be a family of
admissible weight sequences. Assume that

(a) (e;) is an unconditional basis of X ;
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(b) all functions log(w,) are non-decreasing and are Lipschitz on compact sets with
uniformly bounded Lipschitz constants;
(¢) for allm >1 and all X\ € A, the series Y, (wi(A) -+ w, ()" ™e, converges.

Then (Nycp HO(Tx) U{0} contains a non-trivial algebra.
PROOF. We may assume that A = [a,b] is a compact interval. Let C' > 0 be

such that all functions log(w,,) are C-Lipschitz. We then set ny = k, k > 0, and
observe that, for all ¢ > 0,

1 1
1/m el+nk+i*ni = Z l/m Cl+k,
o1 (Wi1(a) - Wing, -, (@) i1 (wisa(a) - wir(a))
which shows that the assumptions on unconditional uniform convergence are satis-
fied. (|

COROLLARY 5.7. Let X be a Fréchet sequence algebra for the coordinatewise
product with a continuous norm and such that (e;) is an unconditional basis of X.
Let w = (wy,) be an admissible weight sequence and define

Ay = inf {)\ >0: Z An/m (w1 = -wn)il/men converges for all m > O} )

Then Nysy, HC(ABy) U{0} contains a non-trivial algebra.

This corollary includes the case of the families (AB)x>1 on £, or ¢g and (AD)x>
on H(C). For families (ABy)x>0 on w the same result holds with an even easier
demonstration, although this space doesn’t admit a continuous norm. We can also
get examples of families which are not multiples of a single operator.

EXAMPLE 5.8. Let X = co and consider w,(\) = 1+ 2, A > 0. Then
Mxso HC(By(n)) U {0} contains a non-trivial algebra.

To include the ¢,-case, we need to change the choice of (ng).

EXAMPLE 5.9. Let X = £,, 1 < p < oo and consider w,(A) =1+ 2, XA > 0.
Then (5o HC(Byn)) U {0} contains a non-trivial algebra.

PROOF. Again, we need only to consider the case A = [a,b] with a > 0. We
apply Theorem 5.4 with L, = 1/k and n, = 2*. The uniform unconditional
convergence of the involved series is ensured by the inequalities

wiy(a) -+ - wy(a) > exp(clogn) = n® for some ¢ > 0

and
> - e
1 l+nk+i—ni
sz (wl+1(a) T anHi,m a ) /m
1
= 1/m
istc (wig1(a) - wiporri_gi(a))
1
<( .
=i Z 22c/m(2k _ 1)c/m
E>K
1
<G ), Gy
k>K
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5.3. Common hypercyclic algebras for a family of backward shifts -
Cauchy product

In this subsection we are dealing with the question of the existence of common
hypercyclic algebras, for families of weighted backward shifts when the underlying
Fréchet sequence algebra is endowed with the Cauchy product. We will establish
a general criterion for the existence of such algebras which encompasses the case
of the multiples of the backward shift on ¢; and of the multiples of D on H(C) as
particular cases. Again, our main tool will be Proposition 5.1. Nevertheless, fixing
[a,b] C A, we will not be able to devise a partition of each [a,b] C A as in the proof
of Theorem 5.4. We will only succeed to do this for intervals [a, ka], where k will
be independent of a. To come back to the assumptions of Proposition 5.1, we will
need an auxiliary lemma. For a family of admissible weighted sequences (w(\)) we
will denote as usual by T\ = B,,(y) the corresponding weighted backward shift.

LEMMA 5.10. Let X be a Fréchet sequence algebra under the Cauchy product in
which span(e;) is dense and let A C R be an interval. Let (w(A))aea be a family of
admissible weights and assume that the map (A, z) — Thx is continuous. Suppose
that for all [ag,by] C A, all m > 1 and all non-empty open set V.C X , there exists
k = k(m,V,ap,bg) > 1 such that, for all a € [ag,bo], for all § > 0 and for all
My €N, one can find uw € X and My € N satisfying

(i) u has finite support and ||u|| < 6;
(i1) for each X € [a, ka] N [ag,bo] there is N < My such that, for oll x € X with
supp(x) C [0, Mo, (T\)N (u+2)" =0 forn <m—1 and (T\)N (u+z)™ € V.

Then (Tx)xea admits a common hypercyclic algebra.

PROOF. We are going to apply Proposition 5.1. So let K = [ag,bp] C A, let
I € Py(N)\{@}, set m = max(I) and let U, V,W C X be non-empty open subsets,
with 0 € W. We begin by considering  given by the hypothesis. Let s be the first
positive integer satisfying agx® > b and define a; = x'ag, for i = 1,...,5s — 1, and
as = bgp. We will use the assumptions of the lemma to construct a sequence of pairs
(u(1), N1), ..., (u(s), Ng) satisfying, for all s = 1,...,s,

o u(i) e U;
e for all A € [ag,a;], there is N < N; such that (Ty)" (u(i)") € W, for
n < m, and (Ty)N (u(i)™) € V.
This construction being done, it is clear that u := u(s) is the desired point we are
looking for in order to apply Proposition 5.1.

We fix u(0) € U with finite support and we let M (0) = max (supp(u(0))) and
§(0) > 0 such that B(u(0),6(0)) C U. For a = ag, 6 = 6(0) and My = M(0) in the
lemma we find v € X and M; =: N; such that u has finite support, ||u| < 6(0)
and, for each X € [ag,a1] N [ag, by] there is N < Nj such that, for all € X with
supp(z) C [0, Mo], (T\)N(u+2)" =0 for n < m—1and (T\)V(u+2)™ € V. In
particular, for © = u(0) we have u(1) := u(0) +u € U and, for all A € [ag, a1], there
is N < Ny such that (T3)" (u(1)") = 0 € W, for n < m, and (T))" (u(1)™) € V.

Assume that u(7) has been defined and let us define u(i+1). Instead of applying
directly the lemma we need to adjust things so that the corresponding interval is
not just [a;, a;+1] but [ag, a;+1] in fact. By the inductive properties of u(i), by the
continuity of (A,x) — Thx and of the product of X and by the compactness of
[ag, a;], we can find §(i) > 0 such that
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e B(u(3),0(?)) C U;
e for all y € B(u(i),d(i)) and all A € [ag, a;], there is N < N; such that
(TN (y™) € W, for n < m, and (Ty)N (y™) € V.

Now we apply the lemma with a = a;, My = max (supp(u(i))) and ¢ = §(i) and
we find v € X and M; =: N;;1 such that u has finite support, ||u]] < §(i) and,
for each A € [a;, a;11] N [aog, bp] there is N < N;y1 such that, for all z € X with
supp(z) C [0, Mo], (T\)N(u+2)" = 0 for n < m —1 and (T\)N(u+2)™ € V.
In particular, for z = u(i) we have u(i + 1) := u(i) + v € U and, for all X €
[ai,aix1], there is N < N;yq such that (Tx\)V(u(i +1)?) = 0 € W, for n < m,
and (T\)N (u(i + 1)™) € V. Since u(i + 1) € B(u(i),(i)), we have that, for all
A € [ag, @it1], there is N < N;y1 such that (Ty)Y (u(i + 1)") =0 € W, for n < m,
and (Ty)N (u(i +1)™) € V. O

Now we are ready to prove the main theorem of this subsection.

THEOREM 5.11. Let A C R be an interval, let X be a regular Fréchet se-
quence algebra under the Cauchy product and let (w(X))aea be a family of admissible
weighted sequences such that all functions log(w,,) are non-decreasing and Lipschitz
on compact sets with uniformly bounded Lipschitz constants. Suppose that (ey) is
an unconditional basis of X and that
(a) for all X € A,

> 1
>y € X

(b) for allm € N and all [ag,by] C A there exist ¢ € (0,1) and ko > 1 such that

. 7L [wi (Ko@) - - - Wino (Koa)] e
5.3 lim en =0, for all a € [ag, by).
( ) o —> 00 ngc:o' w1 (a) cee w(m—1)0+n(a’) f [ 0 O]

Then (Tx)xea admits a common hypercyclic algebra.

PROOF. First we observe that an application of the Banach-Steinhaus theorem
as in the proof of Theorem 5.4 yields that the map (A, z) — Thx is continuous.
Given [ag,bp] C A, m > 1 and V C X open and non-empty, from condition (b)
there exist ¢ € (0,1) N Q and ko > 1 such that (5.3) holds. Since the functions
A = wy(A) are nondecreasing and by unconditionality, (5.3) holds for all k € (1, ko).
Fix d € (¢, “51) N Q, take y = Y-¥_ yje; € V and find p > 1 and > 0 so that
y+ B C V, where B is the ball for the seminorm || - ||, centered at the origin
and with radius 3n. By unconditionality of the basis (e,), there exists pg > 1 and
C,.po > 0 such that, for all z =) xne, and all 0 € (.,

+00 too
(5.4) Z Ontnen|| < Cppollflo Z Tnen
n=0 p n=0 Po
Take ¢ > p big enough so that
(5.5) > el <
' = wy (ag) -+ wp(ag) " ’
= p

for all z € cop With ||2]|c < ||ylloo (max(L, wi(by), ..., wp(bo)))?P (this is possible by
condition (a)). We also fix M > 0 so that all the functions log(w,,) are M-Lipschitz
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on [ag, bp]. By continuity of exp we can find v > 0 so that

n

5.6 exp(x) — 1| <
(56) l2l) =11 < & Tl

, for all z € R with |z| <.

We then choose 7 > 0 and & € (1, ko) such that

5 d—c
. — — <7
(5.7) T< i (k 1)b0*7—(m—1—|—d)q

Now let a € [ag,bo], > 0 and My € N be arbitrary. Take r > 0 large enough
such that c¢r > My and cr,dr € N. Later on we will request more conditions on
the size of r. For j = cr,...,dr, let A\; be defined inductively by A.. = a and

)\j+1 = )\J =+ m We notice that
dr—1 r
) D —a—
= (m—1)ar+qj
> at d—c
a—+T
(m—1+d)q
> Ka
Define
dr—1 p
u:=u(r) = Z Zdj,zequ + eeqr,
j=cr =0
where
1
dj’l = Y

me™ w1 (Nj41)  Wn—1)grgj+1 (A1)
1

Ez(wmmw~z%wm@)m'

Let also My := mgqr. We shall show that ||u|| < ¢ if r is big enough. Let ¢ > 1 and
o' > 1, C,, associated to o as in (5.4) by the fact that (e,) is unconditional. For
the double sum we have

dr—1 p dr—1 p m—1

_ Yi(wi(ka) - - - wingr(ka)) ™
YSPSTITHN [ 5 peTIICORSTEIZ st
j=cr 1=0 . j=cr 1=0 I+1{Aj+1 (m—1)gr+qj+i\Aj+1 i

Now, we write the quotient of weights as

m—1

w1(a) - Wim-—1)griqj+1(a) (wi(ka) - - Wmgr(Ka)) =

wl+1()‘j+1) o w(m—l)qr+qj+l(>‘j+1) wl(a) T w(m—l)qr+qj+l(a) .
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Using unconditionality and the definition of Cy 5/, we get

dr—1 p

Z Z dj1€qj+1

j=cr =0 .

dr—1 4 m—1

< Cyor Z Z ylwl(a)ﬂ.l. cwi(a) (wi(Ka) - - Wingr(ka)) =

wi(a) - w(m—l)qr+qj+l(a

)erJrl
j=cr =0 o
m—1

I (wi(Ka) - Wingr (k) 5
2 )

e w(m—l)qr+n (a)

n

S CU,U’

n=cqr
for some eventually null sequence z = (z,) satisfying

[12llo0 < [lylloc (max(1, w1 (bo), --., wp(bo))”) /m.

By assumption (b) and the unconditionality of (e,), we conclude that the sum
Z;i;;: >0 dji€eqj+1 converges to 0 when r — +o00. For the term ee,, on the other
hand, for all ¢ > 1 and since X is regular, there exist ¢’ > ¢ and Cs o > 0 such
that

1

[w1(Ka) - Wingr (wa)]

Eqr

leeqrllo = H

o
L

- . learllz

| wi(ka)- C Wigr (Ka) Carlls
1

w1 (Ka) - Wgr (Ka

1
w1 (Ka) - - Wngr (k)

m

< Cy o { )||emqr|ﬂ/:|

m

< CU,U’ €mar ’

’

o

and this converges to 0 as r — 4o0c. This shows that condition (i) of Lemma 5.10
is satisfied if r is big enough.

Now, taking A € [a, ka], there exists k € {cr, ..., dr—1} such that A € [\, Ap11].
We choose N = (m — 1)gr + gk and take € X with supp(z) C [0, Mp]. Clearly we
have max (supp((u +2)")) < (m —1)gr < N for all n = 1,...,m — 1, which implies
(T>)N (u+ z)™ = 0. On the other hand,

(uta)" =a"+ Z ngm_ldjyle(m—l)qwqj%—l + €™ emqr,

with supp(z’) C [0, (m — 2)qr + 2(dgr + p)] U [0, (m — 1)qr + My]. It follows that
max (supp(x’)) < N if r is big enough. We also have that (m — 1)gr+q¢j+p < N
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if 7 < k. Hence,
(T3)™ (u+2)™

p
—1
E me™ dk,lw(mfl)qquqkaJrH»l()\) CrWim—1)gr4qk+1 ()‘)e(mfl)ququfN%»l
=0

dr—1 p
+ Y mE™ i 1ygrtgi- N1 (A) - Wi 1)grtaj 1 (A em 1)+ N1
j=k+1 1=0
+ 5mu}m,qr—N+1()\) o wmqr(A)emqr—N
=P+ P+ Ps,

where, after substituting d;;, N and € by their values,

P - Ep: w1 (A) - Wim—1)grtqh+1(N)
W1 (Aks1) * Wim—1)gr+qhi (Art1

yier
= )
dr—1 p
W(—k)q+1+1(A) - Win—1)gragi+1(A)
P = YIC(j—k) g+
2 Zwl+1()‘j+1)"'w(mfl)qr+qj+l(>‘j+l) (=k)at

j=k+1 1=0

w(rfk)4+1(>‘) e wmq?“(/\)
wi(Ka) - - - Wgr(Ka)

Py = E(r—k)q-

From the definition of A, ..., Agr-, by the Lipschitz condition on the functions log w,,
and by (5.7), we get

(m—1)qr+qk
> log(wig;(A) —log(wig;(Aet1))

j=1
(m—1)gr+qk
< Y [log(wi;(N) = log(wiy; (Aer1))]
j=1
(m—1)gr+qk
< D MQwri— M)
j=1
.
= ((m—=1)gr + qk)Mm
<.
Hence, by (5.6) we have
—1

’ Wi41 ()\) s w(mfl)qr+qk+l()‘)
Wit s t) - Wom 1y ar st o)

(m—1)gqr+qgk
= |exp > log(wiy (V) —log(wi;(A) | — 1
j=1
_n
B CP»POHyHPU

Writing

p
P —y= ZHlylez with |6;] < d ,
=0 Co.pollyllpo
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we get by (5.4) that ||P1 —y||, < n. Furthermore, let us write

WG k)gr141(A) * Win—1)grrqj+1(A)
Wi 1(Njr1) - Wim—1)gr4qi+1(Aj+1)

—k) g+l m—1)qr+qj+1
_wn () wi(Aga) ‘Jff wa(an) ’H we()
wi(ao) - wij—kyg+i(ao) % ws(Ajt1) (G R ws(Aj11)
Then we get
Zn
P, = €n
2 Zwl(ao)~~wn(ao)

n>q

for some eventually null sequence (z,) with
12lloe < [[Ylloo (max (L, w1 (bo), ..., wy(bo)))"-
By (5.5) we conclude that || P;|| < 7. Finally,

w(rfkr)q+1()‘) t wmqr(A) < w(r*k?)11+1(’%a’) e w’f}'LqT'(HCL)

w1 (KQ) -+ Wgr(ka) wi(Ka) - - Wngr(Ka)
1
= e(r_
w1 (Ka) -+ Wir_p)q(Ka) (r=k)q
< 1
€(r— )
- w1 (ao) e w(’!’—k)q(ao) ( k)q

hence || Ps||, < n if r is big enough. With this we conclude that
(TN (u + 2)™ =yl < 3,
which shows that (7)) (u + )™ € V and completes the proof. O

We now apply Theorem 5.11 to multiples of the backward shift and of the
derivative operator.

EXAMPLE 5.12. On ¢; endowed with the Cauchy product, (., HC(AB)U{0}
contains a nontrivial algebra.

PRrOOF. We apply Theorem 5.11 with X = ¢;, A = (1,00) and w,(\) = X\. We
have that the functions log(w,,) are continuously first differentiable hence uniformly
Lipschitz on compact subsets of A. Condition (a) trivially holds and, for (b), we
have that

i [wi(ka) - - wmg(m)]%?1 a g(m=1)o
n=co wl(a) e w(m—1)0+n(a) " a—1 ac?

which, for m = 1, tends to 0 as o goes to +oo for any ¢ € (0,1),x > 1 and a > 1,
and for m > 1 it goes to 0 for any ¢ € (0,1) and 1 < k < am-1. O

EXAMPLE 5.13. On H(C) endowed with the Cauchy product, (], HC(AD)U
{0} contains a non-trivial algebra.

PROOF. We apply Theorem 5.11 with X = H(C), A = (0, 00) and w,(A) = An.
Again the functions log(w,) are uniformly Lipschitz on compact subsets of A and
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condition (a) is clearly satisfied. For (b) we fix m > 1,4 >0, x > 1 and r > 1 and
we have

(m—1)/m

Z (w1 (ka) -+ Wme (Ka))

€n
wq (a) te w(m—l)o’+n(a)

n>co
- ks

mo)lm=1/m p\n
= wmh Z (Em —)'1)0'4-71)! (5)

n>co

_ (K@ (m—1)e 1)/ (r/a)n+(m=Do
_(7) (mo)1m=D/m $™ e

n>co

o)

r

m—1+c)o
(ma_)!(mfl)/m ~ (T/a)( ) )
((m—=1+4c¢)o)!
Since for all € > 0, Stirling’s formula implies
(ma_)!(mfl)/m < CEO_(WL71+E)O'
((m S c)o-)! > O.g(m—1+e=e)
choosing € < 2¢, it follows that for all ¢ € (0,1), all K > 1, all a > 0, all m > 1 and
and all » > 1, we have
m—1)o (m—1+4c)o
(@)( b (mo)lm=D/m 5 (r/a) gotoo, o
T ((m—1+c)o)!
Hence, assumption (b) is satisfied. O
QUESTION 5.14. Let X = ¢, A = (0,400) and w,(A) = 1+ A/n. In the pre-

vious section, we have shown that (., HC(B,,(x)) is not empty. Does it contain
(except 0) a nontrivial algebra?

We cannot apply Theorem 5.11 for this family of shifts since (b) is not satisfied.
Indeed, using standard tools of calculus, it can be shown that, for all n € N, all
a € A, all ce (0,1) and all k > 1, there exists C' > 0 such that, for all o > 1,

m—1

i: [w1 (Ko@) « - - Wine (Koa)] ™

w1 (CL) t w(mfl)oﬂrn(a)

K(m=1) 4

> Co (5 1)+,

n

n=co 1
For a = m = 2, it is impossible to find x > 1 such that the right handside goes to

0.






CHAPTER 6

Frequently and upper frequently hypercyclic
algebras

6.1. How to get upper frequently hypercyclic algebras

In [19], following the proof made in [9] that the set of upper frequently hyper-
cyclic vectors is either empty or residual, the authors gave an analogue to Birkhoff’s
transitivity theorem for upper frequent hypercyclicity. We adapt it in order to get
upper frequently hypercyclic algebras.

PROPOSITION 6.1. Let T be a continuous operator on an F-algebra X satisfying
the following condition: for each I € Py(N)\{@}, there exists mg € I such that,
for each non-empty open subset V' of X and each neighbourhood W of the origin,
there is 6 > 0 such that for each non-empty open subset U and each Ny € N, there
isu € U and N > Ny satisfying

1
N 1ca7’d{p <N :TP(u™) e W form e I\{mo} and T?(u™°) € V'} > 0.
Then T admits an upper frequently hypercyclic algebra.

PROOF. Let (Vi)i be a basis for the topology of X and let (IW;); be a basis
of open neighbourhoods of the origin. By the assumption for each I € P;(N)\{2},
there exists my = mo(I) such that, for each k, j, there is d5 ;1 > 0 such that for
each non-empty open subset U and each Ny € N, there is u € U and N > N
satisfying

N 1card {p < N:TP(u™) e W; for m € I\{mo} and TP (u™°) € Vi.} > 6 ;.1

We set

1
A= m U {ueX:N+1card{p§N:Tp(um)€WjformEI\{mO}
k,j,I1,No>1 N>Ng

and TP (u°) € Vk} > 5k,j,1}

and show that A is residual.
For fixed k, j, I, Ny the set

U {uEX: Ni_lcard{pgN:Tp(um) € W; for m € I\{mo} and

N>N,
Tp(umo) S Vk} > 5k,j,l}

is clearly open, and the definition of dj, ; ; implies that it is also dense. By the Baire
category theorem A is residual.

49
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Next, we check that if u belongs to A and if P € C[z] is not constant, with
P(0) = 0, then P(u) € UFHC(T). We write P(z) = ., _; P(m)z™ for some
I € Py(N)\{@} and P(m) # 0 for all m € I. Since UFHC(T) is invariant under
multiplication by a scalar we may assume that P(mo) = 1. Let V be a non-empty
open set and find k, j such that Vj, + (card(I) — 1)|| P||cW; C V. For each Ny € N
there is N > Ny such that

N 1card {p <N :TP(u™) e W; for m € I\{mo} and TP (u™°) € Vi.} > 0k ;.1

But if TP(u™) € W; for m € I\{mo} and T?(u™°) € Vi, then T?(P(u)) € V.
Therefore,

N 1card {p<N:TP(P(u)) € V} > 0k 1

which yields that dens({p € N: T?(P(u)) € V}}) > dx ;.1 > 0. O

We will apply this lemma either for mg(I) = min(I) or mo = max(I). The
proposition gets the simpler forms:

COROLLARY 6.2. Let X be an F-algebra. If for each nonempty subset V of X,
for each neighbourhood W of the origin, for any positive integers mgo < mq, there is
0 > 0 such that for each nonempty open subset U and each Ny € N, there is u € U
and N > Ny satisfying

1
N 1card{p <SN:TP(u™)eW forme {mo+1,...,m1} and TP (™) €V} > ¢
then T admits an upper frequently hypercyclic algebra.

COROLLARY 6.3. Let X be an F-algebra. If for each nonempty subset V of X,
for each neighbourhood W of the origin, for any positive integer m, there is § > 0
such that for each nonempty open subset U and each Ny € N, there is u € U and
N > Ny satisfying

1
N+1card{p <SN:TPW")eW forne{l,....m—1} and T?P(u™) € V} >§
then T admits an upper frequently hypercyclic algebra.

6.2. Existence of upper frequently hypercyclic algebras for weighted
backward shifts - coordinatewise products

We intend to apply the previous method to backward shift operators and prove
Theorem 1.6. The unconditional convergence of > -, (w1 ---w,) e, will be used
throughout the following lemma. a

LEMMA 6.4. Let (wy) be a weight sequence such that > (w1 - w,) e,
converges unconditionally. Then, for all e > 0, for all p > 0, for all M > 0, there
exists N > p such that, for each sequence of complex numbers (y(n,1))n>n, o<i<p
with |y(n, )] < M for all n,l, then

oy
NN I e <e

w PRI w
n>N 1=0 +1 n+l
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PROOF. We first observe that the convergence of the series involved follows
from the unconditional convergence of each series ) - (wiy1--- Wna1) tenyq. Set-
ting z(n, 1) = y(n,1)/M and using the triangle inequality, the (almost) homogeneity
of the F'—norm implies that

DD PELGURN FYFVINTS of [ o U R

n>N = 0lerl " Wnl 1=0 |[non Wil Wntl

The existence of an N such that the last term is less than & now follows directly
from the unconditional convergence of the series > (w41 -+ Wp41) 'ents (see the
introduction). O

PROOF OF THEOREM 1.6. Let my < my be two positive integers. Let VW C
X be open and non-empty with 0 € W. Let p > 0, ¢ > 0 and v = > |_,ve; be
such that B(v,e) C V and B(0,2¢) C W. We also set M = max(1, ||v]|o)™/™o.
Let N € N be given by Lemma 6.4 for these values of €, p and M. Without loss

of generality, we may assume N > p. We set § = ﬁ Let U C X be open and
non-empty and let x € U with finite support. We also define, for k > 0,
p 1/m0
’U(k) = Y €k+1-
; (Wi - Whyr) /Mo

Let N; be very large (precise conditions on it will be given later; for the moment we
just assume that N; is bigger than the maximum of the support of ). We finally

set
u=zx+ Z v(Nk
k>N,
The unconditional convergence of the series Ek(w1+1 . --wkH)_l/mOekH ensures
that u is well-defined and that ||u — z|| < & provided N; is large enough. Let now
m € {mg,---,m1} and j > N;. Then, since z and the v(kN), k > Nj, have
pairwise disjoint support,

) p Um/mo
Bi\f]um = L €y
1= (Wit wiN4) ™o
p Ulm/mow(k—j)N-i-H-l W
+ Z Z T E(k—j)N+1
k>3 1=0 (Wig -+ WeN 1) ™0

= 2(1,4,m) + 2(2,5,m).
If m = mg, then 2(1,j,m) = v whereas, if m € {mg + 1,...,my}, then since
lvg|™/™0 < M and since the sequences (wji1---Witn)n g0 to +oo (recall that X
has a continuous norm), we may adjust N; so that ||z(1,j,m)| < ¢ for all j > Nj.
On the other hand, we may write

Yy Jyn,l,m
7]7 w “w — €En4l
n>N (=0 I+1° n+l

where, for s=k—3j>1,1=0,...,p,
m/mo
y(j75N7lvm) = Y CT
(wl+1...w(s+j)N)m0
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and y(j,n,l,m) = 0 if n is not a multiple of N. Again taking N; large enough
guarantees that |y(j,n,l,m)| < M for all j > Ny, alln > N, alll =0,...,p and
all m = mo,...,my. By the choice of N, we get ||2(2,j,m)| < € for all j > Nj.
Summarizing, we have proved that, for all j > Ny, BNiy™ € V and BY/u™ e W
for all m € {mg+1,...,m1}. Hence we may apply Corollary 6.2 to prove that B,
supports an upper frequently hypercyclic algebra. ([l

The Theorem 1.6 can be applied to the following examples of Section 5.2: AB
on ¢, for A > 1, AD on H(C) for A > 0 or B, on ¢y with w, =1+ X/n, A > 0.
Regarding this last weight, on ¢,, B,, is upper frequently hypercyclic if and only if
A > 1/p. However we do not know the answer to the following question because of
the divergence of 3" (wy - --w,) "/ ™e, for m > Ap.

QUESTION 6.5. Let X = ¢, and w,, =1+ A/n for A > 1/p. Does B,, supports
an upper frequently hypercyclic algebra?

On ¢, it is known that B, is (upper) frequently hypercyclic if and only if
>, (wi - wy) 7P is convergent (see [9]).

QUESTION 6.6. Let X = ¢, endowed with the coordinatewise product and let
w = (wy,) be an admissible weight sequence. Assume that B, supports an upper
frequently hypercyclic algebra. Does this imply that ) (w; ---w, )~ is convergent
for all v > 07

6.3. Existence of upper frequently hypercyclic algebras for weighted
backward shifts - convolution product

We now study the existence of a upper frequently hypercyclic algebra for
weighted backward shifts when the underlying Fréchet algebra is endowed with
the convolution product. We shall give a general statement encompassing the case
of the multiples of the backward shift and of the derivation operator.

THEOREM 6.7. Let X be a reqular Fréchet sequence algebra for the Cauchy
product and let (wy,) be an admissible weight sequence. Assume that
(a) >, (w1 w,) e, converges unconditionally.
(b) for all m > 2, there exists c € (0,1) such that

m—1)/m

2 (W1 -+ Wing )
T ( )

W1 - - Wim—1)o+n

lim sup en|l = 0.

o—+00 ZGCooﬂBgoo n>co

Then B,, admits an upper frequently hypercyclic algebra.

PrOOF. We shall prove that the assumptions of Corollary 6.3 are satisfied. For
m = 1, this follows from condition (a) which implies that T admits a dense set of
(upper) frequently hypercyclic vectors. Thus, let us assume that m > 2 and let
¢ € (0,1) be given by (b). We also consider d € (¢, (1 +¢)/2) C (0,1). Let V be
a non-empty open subset of X, W a neighbourhood of 0, y = >_/_,yie; € V and

1 > 0 such that B(0,2n) +y C V. Let finally ¢ > p be such that, for all z € £

. +1
with [|z[lso < [|y]leo (max(1, wy, ..., wp))"

Z.
E — el <.
Wy -+ Wy

)
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We intend to prove that, for each non-empty open subset U and each Ny € N, there
isu € U and N > N satisfying

d—c
((m—1)g+qd)

More precisely, we shall prove that, for all o large enough, setting

< . S n S m >
N+lcard{57N By (u") € W for n < m and B (uv™) € V} > 5

E,={(m—-1)go+qj:co<j<do},

there exists u € U such that, for all s € E,, BS (u™) =0 for n < m and B (u™) €
V. Since
card(E,) d—c
o—Fo0 max(E,) (m—1)q+qd’
we will get the claimed result.
We thus fix € U with finite support (we denote by p’ the maximum of the
support of z) and let o > 0 be such that p’ < co. Inspired by the proof of Theorem

1.3, we set

do—1 p
u=z+ Z Z djieqiti + €€qo
j=co =0
where
B 1
£ = (wl . ”wmqo)l/m
dj, = Y

—1 .
me™ T w4y - W(m—1)qo+qj+l

Let us first prove that, provided that o is large enough, u belongs to U. Let r > 1.
Since X is regular, there exists p > r and C' > 0 such that

¢ 1/m o—+o0
||56q0||r < m ”emqa”p — 0.
(wl PPN wmqo_)
Furthermore,
do—1 p do—1 p —1
B yzw1-~-wz(w1-~-wmqa)(m )/m

Y > djieginl| =YD P ‘ €qj+l
j=co 1=0 j=co 1=0 1 (m—1)go+qj+i

Z Zn(wl ...wmqo_)(m_l)/m
Wy - Wim—1)go+n

€n

n>cqo
for some eventually null sequence (z,) such that

”Z”OO < ||y||00(max(17w17 s 7wp))p/m'

do—1
j=co

Assumption (b) allows us to conclude that
o goes to +o0.

Observe now that, for n < m, the support of ©™ is contained in [0, ngo] so that,
for s € E,, B: (u™) = 0. On the other hand,

do—1 p

m __ m—1 m
u =z +me § , § :dj’le(m—l)qa+qj+l te emgo
j=co 1=0

>0 dji€eqit tends to zero as
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with supp(z) C [0, (m — 2)qo + 2qdo] U [0, (m — 1)go + p']. Tt is not difficult to see
that, because d < (1 + ¢)/2, max(supp(z)) < (m — 1)qo + gco for o large enough.
Thus, for any s = (m — 1)q0 + gk € E,,

do—1

1
Byw™) =y+ ] Cqlj—k) 4l T ——————€qa—gk-

We handle the second term of the right hand side of the equality by writing
do—1

Zn
> Z =R = ) e
j=k+11=0 Wq(j—k)+ n>q w1 Wn
for some sequence (z,) such that ||z||c < ||y||oo(max(1,w1,...,wp))p. By our
choice of g, this has F-norm less than n. Finally, |lego—qk||/(w1 - - - Wgo—qi) becomes
also less than 7 provided o, and thus go — gdo, becomes large enough. (Il

Assumption (a) in Theorem 6.7 is what we need to get an (upper) frequently
hypercyclic vector. Assumption (b) is also an assumption around unconditional
convergence of the series > o, (w1 -+ w,) 'e,. This looks clearer by writing

Z Zn(wl "'wma>
wlnq.

n>co Wn+(m—1)o

(m—1)/m (m—1)/m

=3 2 (W1 - Wiy ) W __n

Wn41 " Wnt(m—1)o Wi - Wn

n>co

Although it looks quite technical, it is satisfied by three natural examples (where
we always endow the F-algebra with the Cauchy product).

ExXAMPLE 6.8. Let X = /¢; and w,, = XA > 1 for all n € N. Then B,, supports
an upper frequently hypercyclic algebra.

PROOF. The situation is very simple here because, for all n > 1,
(wl e wma)(mfl)/m
Wnp+1 " wn+(m71)a N

so that (b) is clearly satisfied. O

)

EXAMPLE 6.9. Let X = ¢; and wy - --w, = exp(n®) for all n € N and some
€ (0,1). Then B, supports an upper frequently hypercyclic algebra.

ProOF. That (b) is satisfied follows from the classical asymptotic behavior

1
(6.1) D exp (—n) ~N oo aJ\ﬂ*aem(_zva).
n>N

Assuming (6.1) is true, we just write

(m—1)/m

Z Zp (W1 -+ Wing)

wy - w(m—l)a—i—n

— exp (m o ) > exp — 1o +n)?)

n>co

-« 1 e o
~ _— -1+ .
400 Co exp (( m® ( C) o

€n
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Assumption (b) is satisfied for ¢ close enough to 1, since in that case
(m—1)m*
-

For the sake of completeness, we just mention that (6.1) follows from the formula
of integration by parts:

(m—14¢)“>

e e 1 -« a -« e —a a
exp(—z%)dr = =N "“exp(—N®) + x~ % exp(—x*)dx.
N a @ JN

O

EXAMPLE 6.10. The derivation operator D supports an upper frequently hy-
percyclic algebra on H(C).

PRrROOF. It is sufficient to verify (b) replacing || - || by any seminorm || - ||,.. Now,

e (m—1)/m |(m=1)/m
Zn (W Wmo mo): n
Y e T | A
n>co Wy Wim—1)o+n . n>co ((m - 1)0 + n)
and the convergence of this series has already been proved in section 5.3. (I

Another natural operator that could admit an upper frequently hypercyclic
algebra is the backward shift B,, with w,, = (1 + %), A > 1, acting over ¢; with the
convolution product. Unfortunately, for this weight, the assumptions in Theorem
6.7 are not verified.

QUESTION 6.11. Let X = ¢; endowed with the convolution product and w,, =
(1 + %), A > 1. Does B,, admit an upper frequently hypercyclic algebra?

We can ask a similar question for convolution operators ¢(D) on H(C), |¢(0)| <
1, which are frequently hypercyclic and admit a hypercyclic algebra.

QUESTION 6.12. Let X = H(C) and let ¢ : C — C be a nonconstant entire
function with exponential type, not a multiple of an exponential function, with
|¢(0)| < 1. Does ¢(D) supports an upper frequently hypercyclic algebra?

6.4. Weighted shifts with a frequently hypercyclic algebra on w

Despite the result of Falcé and Grosse-Erdmann, it is not so difficult to exhibit
operators supporting a frequently hypercyclic algebra if we work on the big space
w.

THEOREM 6.13. Let w = (wy)n>1 be a weight sequence such that (wq - --wy,)
either tends to +o0o or to 0. Then B, acting on w endowed with the coordinatewise
product, supports a frequently hypercyclic algebra.

PROOF. We first assume that (w; ---w,) tends to +o0o and observe that this
clearly implies that, for all I > 0, (w41 - - - Wn4y) tends to +o00. Let (v(p), m(p)) be
a dense sequence in w x N, where each v(p) has finite support contained in [0, p].
We then write v(p) = >__, vi(p)es. For (n,p) € N2, we define

P 1/m(p)
vi(p)
n,p) = E enti-
y(n,p) s (Wig1 - - - Wit /@) +1

By [8, Lemma 6.19] (see the forthcoming Lemma 6.14), there exists a sequence
(A(p)) of pairwise disjoint subsets of N, with positive lower density, and such that



56 6. FREQUENTLY AND UPPER FREQUENTLY HYPERCYCLIC ALGEBRAS

|n —n'| > p+q+ 1 whenever n # n’ and (n,n’) € A(p) x A(g). In particular, the
vectors y(n,p) for p € N and n € A(p) have disjoint support. Hence, we may define
U = ZPEN ZneA(p) y(n,p) and we claim that u generates a frequently hypercyclic
algebra.

Indeed, let P € Cl[z] be non-constant with P(0) =0, P(z) = Y "L P(m)z™,

P(mo) # 0, and let V' be a non-empty open subset of w. Let p € N, ¢ > 0 be

such that m(p) = mo and any vector = € w satistying |z; — P(mo)vi(p)| < € for all
[=0,...,pbelongs to V. Now, for [ =0,...,p and n € A(p),
mi - m
" - P(m)v(p) ™o
me—mg-+1 (wl+1 . w’nJrl) mq

Since (wj41 - wWp4y) tends to +oo for all I, B P(u) belongs to V for all n in a
cofinite subset of A(p). Hence, P(u) is a frequently hypercyclic vector for B,,.
The proof is completely similar if we assume that (w; - --w,) tends to 0. The

only difference is that the dominant term is now given by the term of highest degree
of P, namely we choose p such that m(p) = m; and we write

mi—1 A =

(BLP(W), = Pim)u(p) + Y —oomu@)™
m=mg (lerl T wnJrl) ™

We will conclude because, for m < mq, (wp4q--- wnﬂ)%*l tends to +o00. Details
are left to the reader. O

The unweighted backward shift on w (still endowed with the coordinatewise
product) supports a frequently hypercyclic algebra. Indeed, more generally, let T
be a multiplicative operator on an F-algebra X with the property that for every
non-zero polynomial P vanishing at the origin, the map

P:X — X,z P(z)

has dense range. Then if T is frequently hypercyclic, it supports a frequently
hypercyclic algebra. The reason for that is the simple observation that if U is a
non-empty open set of X and P a non-zero polynomial vanishing at the origin,

(meN: T"(P(z) e U} = {n eN: Tz e P—l(U)}.

From the same observation we may conclude that the translation operators
T, : C*(R,C) - C*®(R,C) for a € R,a # 0, admit a frequently hypercyclic
algebra. The fact that C*°(R,C) has the above mentioned property is proven in
[15, Proposition 20].

6.5. A sequence of sets with positive lower density which are very far
away from each other

The remaining part of this section is devoted to the proof of Theorem 1.8.
The starting point to exhibit frequently hypercyclic vectors is the following lemma
on the existence of subsets of N with positive lower density which are sufficiently
separated.

LEMMA 6.14 (Lemma 6.19 in [8]). Let (a(p)) be any sequence of positive real
numbers. Then one can find a sequence (A(p)) of pairwise disjoint subsets of N
such that
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(i) each set A(p) has positive lower density;
(i) min A(p) > a(p) and |n —n'| > a(p) + a(q) whenever n # n' and (n,n’) €
Alp) x Alg)-

To produce a frequently hypercyclic algebra for a weighted shift on ¢g, we will
need a refined version of this lemma where we add new conditions of separation.

THEOREM 6.15. Let (a(p)) be any sequence of positive real numbers. Then one
can find a sequence (A(p)) of pairwise disjoint subsets of N such that

(i) each set A(p) has positive lower density;
(i) min A(p) > a(p) and |n — n'| > a(p) + a(q) whenever n # n’ and (n,n') €
A(p) x A(q).
(i) for all C > 0, there exists k > 0 such that, for all (n,n') € A(p) x A(q) with
p # q and max(n,n’) > k, then |n —n'| > C.

The proof of this theorem is rather long. The strategy is to construct a sequence
of sets satisfying only (i) and (iii), and then to modify them to add (ii). We begin
with two sets.

LEMMA 6.16. Let E C N be a set with positive lower density. There exist
A, B C FE disjoint, with positive lower density, and such that, for all C' > 0, there
exists k > 0 such that, for allm € A and all n' € B with max(n,n’) > k, then
|ln—n'| > C.

PrROOF. We write E = {n; : j € N} in an increasing order. We set, for k > 1,
up = k, vp = |VE]. We define sequences (My), (Ni), (P.) and (Qy) by setting
M; =1 and, for k > 1,

Ni = My +ug, P = N+ vk, Qr = Pr+up, Mpi1 = Qr+ vy

We then define
=My, Ni), T =P, Qn),
k

k
A={n;: jelI}, B={n;: je J}.

The sets I and J have positive lower density. Indeed, for N € N, let k£ be such that
N € [Mk,Mk+1). Then
card(Iﬂ[l,...,N])> up 4 4 up—1 >1
N T 2w+ tug o4 Fug) 4
provided k is large enough. The same is true for J. Since E has positive lower
density, this yields that A and B have positive lower density. Moreover, let C' > 0.
There exists k > 0 such that vy_1 > C. We set k = nyy,. Let (n,n') € A x B with
max(n,n’) > k. Assume for instance that n > njpy, and write n = nj;, n’ = nj.
Then j > My and the construction of the sets I and J ensure that j does not
belong to [j — vk—1,7 + vg—1]. Thus, |[n —n'| > |j — 5| > C. O

It is not difficult to require that (ii) in Theorem 6.15 holds when we restrict
ourselves to p = gq.

LEMMA 6.17. Let A C N with positive lower density and a > 0. There exists
B C A with positive lower density, min(B) > a and |[n —n'| > a for alln,n’ € B,

n#£n.
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PrOOF. Write A = {n; : j € N} in an increasing order and define B = {ng, :
k € N}. O

We then go inductively from two sets to a sequence of sets.

LEMMA 6.18. There ezists a sequence (A(p)) of pairwise disjoint subsets of N
such that

(i) each set A(p) has positive lower density;
(i1) for all C > 0, there exists k > 0 such that, for all (n,n') € A(p) x A(q) with
p # q and max(n,n’) > &, then |n —n'| > C.

Proor. We shall construct by induction two sequences of sets (A(p)) and
B(p)) and a sequence of integers (ki) such that, at each step r,

a) for all 1 <p <r, A(p) and B(p) are disjoint and have positive lower density.
b) forall 1 <p < gq<r, A(q) C B(p) and B(q) C B(p).

) for all C' > 0, there exists k > 0 such that, for all 1 < p < ¢ < r, for all
n € A(p) and n’ € B(q), max(n,n’) >k = |[n—n'| > C.
(d) forall k e {1,...,r}, forall 1 <p < g <7, for all n € A(p) and n’ € B(q),
max(n,n’) > Kk, = |n’ —n| > k.

It is straightforward to check that the resulting sequence (A(p)) satisfies the con-
clusions of Lemma 6.18. Observe nevertheless that it is condition (d) together with
the inclusion A(q) C B(p) for ¢ > p which gives (ii) in this lemma (which is uniform
with respect to p and ¢). Condition (c) is only helpful for the induction hypothesis.

We initialize the construction by applying Lemma 6.16 to £ = N. We set
A(1) = A and B(1) = B which satisfy (a), (b) and (c). In particular, applying (c)
for C' =1 we find some « that we call k.

Assume now that the construction has been done until step r and let us perform
it for step r + 1. Let E be a subset of B(r) with positive lower density and
[n —n'| > r+ 1 provided n # n’ are in E. We apply Lemma 6.16 to this set
E and we set A(r+1) = A and B(r + 1) = B, so that (a) and (b) are clearly
satisfied. Upon taking a maximum, (c) is also easily satisfied: indeed, the only case
which is not settled by the induction hypothesis is p =¢=1r+1 (when p <r+1
and ¢ =141, use B(q) C B(r)); this case is solved by the construction of A(r+ 1)
and B(r +1).

The proof of (d) is slightly more delicate. For k = 1,...,r, we have to verify
thatfor 1 <p <r+1,n € A(p) andn’ € B(r+1), max(n,n’) > k, = |n—n'| > k.
When p < r, again this follows from B(r 4+ 1) C B(r). For p = r + 1, this follows
from A(r+1),B(r+1) C E and the fact that distinct elements of E have distance
greater than or equal to r + 1. Finally, applying (c) for C = k + 1, we define
Ki4+1- O

We need now to ensure property (ii) in Theorem 6.15. This will be done again
inductively, the main step being the following lemma.

LEMMA 6.19. Let (A(p)) be a sequence of pairwise disjoint subsets of N with
positive lower density and let (a(p)) be a sequence of positive real numbers. There
exists a sequence (B(p)) of subsets of N with positive lower density such that each
B(p) is contained in A(p) and, for alln € B(1), for alln’ € B(p),p > 2, [In—n'| >
a(1l) 4+ a(p).
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PROOF. Since A(1) has positive lower density, there exists N € N and § > 0
such that, for all n > N,
card(A(1) N[0,...,n])
n+1
For p > 2, let B(p) be a subset of A(p) such that, for all n € N,
card((B(p) + [~a(1) — a(p), o() + @) N [0,.....)) _ 5
n+1 2p
but B(p) still has positive lower density. This is possible if, writing A(p) = {n;; j €
N}, we set B(p) = {nra;k > 1} for some sufficiently large a. We then define
B(1) = A(1)\ Up22 (B(p) +[—a(1l) —a(p),a(l) —|—a(p)D. Then, for all n € B(1) and
all n’ € B(p), p > 2, one clearly has |n — n/| > a(1) 4+ a(p) whereas, for all n > N,
card(B(1) N [0,...,n]) )
>6- —>2
n+1 20 Z 2r 7 2

p>2

> 0.

so that B(1) still has positive lower density. O

PRrROOF OF THEOREM 6.15. Applying Lemmas 6.18 and 6.17, we start from a
sequence (A(p)) of pairwise disjoint subsets of N, satisfying properties (i) and (iii)
of Theorem 6.15 and property (ii) when p = q. We construct by induction on r sets
B(1),...,B(r), A.(k) for k > r + 1 such that

o B(k) C A(k) for all k <r, A.(k) C A(k) for all k > r + 1;
e B(k) and A, (k) have positive lower density;
e forallpe {1,...,r}, for all ¢ > p+1, for all n € A(p), for all n’ € B(q)
if g<r, foralln’ € A.(q) if ¢ >r+1, |n—n'| > a(p)+ alq).
The sequence (B(p)) that we get at the end will answer the problem. Now the
construction is easily done by successive applications of Lemma 6.19 first with the
sequence (A(p))p>1, then with the sequence (A1 (p))p>2, and so on. O

6.6. A weighted shift with a frequently hypercyclic algebra on ¢,

Let us now define a weight (w,,) such that B,,, acting on ¢y endowed with the
coordinatewise product, supports a frequently hypercyclic algebra. We start with
the sequence (A(p))p>1 given by Theorem 6.15 for a, = p. We then construct
inductively a sequence of integers (M) such that, for all (n,n’) € A(p) x A(q) with
p # q, max(n,n’) > Myy1 = |n—n'| > Mj. This follows directly from property
(iii) of Theorem 6.15, applied successively with C = M; = 1 to get Ms, C = My
to get M3, and so on. We may also assume that the sequence (My41 — M) is
non-decreasing.

We define the weight (wy,),>1 by the following inductive formulas:

e w, =2 for all n < Moy;
o forall k > 2 forallmne {Mp+1,...,Mgi1},

1
wn f— (wl PPN ka) k(JVIkﬁ—l*NIk,)

so that, and this is the crucial point,

1
Wat 1wy, = (- wag,)F

Let us summarize the properties of the weight which will be useful later.
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LEMMA 6.20. The weight (w,,) satisfies the following properties:
o foralln>1, w, >1;
o (wy,) is non-increasing;
o (wy---wy) tends to +0o;

e for alla >0, for alll >0, d

My 141" WM+l koo, o

(lerl te ka+1+l)a

PRrROOF. The first property is clear. For the second one, it suffices to prove
that if n € {My +1,..., M1} and n’ € {Myy1 +1,..., My 2} for some k, then
Wy < w,. We now write

Wn!

(
=
(

1
k+1)(M, — My,
wl.“w]\/fk+1)( +1) (M4 2 k4+1)

wq
1
— R(Mp, 15— My,
— w1 ka) (M1 k+1)

< wy.

To prove that (w; ---w,) tends to +00, we just observe that, for all k > 2,

wl...ka :(wl...wMz) ?;21(1+%)’

[ S [ S
oy, ) FFO Mgz =My (ka—O—l . ka+1) (k+1) (M0 —Mpot 1)

and this goes to +00 as k tends to +oo. Finally, since (w,,) is bounded and bounded
below, we need only to prove the last property for [ = 0. Now we write

so that

_ 1/k
WMy_1+1 """ WMy = WM, _1+1 " WMy, (wl T ka)

= (waty 11 ..ka)”% (wy -+ war, )

)ﬁ(H%)JF%

=

= (wl .o .ka—l

— (w1~~~ka,l)%

WMy 141" WMy 1

which indeed tends to zero.

O

We now prove that the operator B, acting on ¢y endowed with the coordi-
natewise product supports a frequently hypercyclic algebra. Let (v(p), m(p)) be a
sequence dense in ¢y X N such that each v(p) has finite support contained in [0, p].
We shall need a last technical lemma involving all the objects we constructed until

now.

LEMMA 6.21. There exists a sequence of integers (N(r)),>1 satisfying the fol-
lowing properties:

(i) for allr >1,

1
m(r)
sup v (r>

T .
n>N(r), 1=0,...,r (wl+1 c wnJrl) m(r)+1 r
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(i) for all r > 2, for all s € {1,...,7 — 1}, for all (j,7") € A(r) x A(s) with
jZN(r),forallle{0,...,r},f07’alla2min( 1 1 ),

m(r)’ m(s)

i> i = ‘ler(jj')+1"'wj+lvl(r)a‘ < 1
(wigr - wjgn)” r

> = ‘wl+<jf—j>+1 : "wj'“vl(S)a‘ <1
(w1 - wjrg)” r

PROOF. Let r > 1 be fixed, We first observe that it is easy to ensure (i), just
by assuming that N(r) is large enough. Let us choose N(r) to ensure (ii). Upon
taking a supremum, we may fix s and [ and to simplify the notations, we will assume
[ =0. Let ap = min (ﬁ, ﬁ) and C = max(1, |vg(r)|, |vo(s)|). We define three
integers Ny, ko and k; satisfying the following three conditions:

C? 1
n>Ny —= — < =
w1+ Wy r
C? 1
n> My, = ———— <

wy--w, T
WMy 41" Wi, O 1
(e7)) -
(wl...ka+1) T
We set N(r) = max(No, My, +1, My, ). Let (4,5") € A(r) x A(s) with j > N(r). To
fix the ideas, we assume that j > j'. If & > 2, then

k>k —

wu—j/>+1'~wf”0(")a‘ < WG+ Wy ‘ vo(r)”
(wl...wj)a - wl.w]

If € [1,2], then

02

w1 - - .wj_j, :

’w(j—j’)ﬂ <+ wjvg(r)®
(wl ... wj)a

Since j > N(r), j—j' > My, so that the last term is less than 1/r. For a < 1, since
j > N(r) > Mjy,, there exists a single integer k > ky such that j € [My, Mi41).
Then j — 5/ > M;_1 and

«
W(j— )1 wivo(r) whg, 41 wiC
(o7}
(wy - wy)
'lUMk71+l e kaJrlC

(wl .. .ka+1)a0

(wr- )"

1
< —.
T

(]

PROOF OF THEOREM 1.8. We are now ready for the proof that B,, supports a
frequently hypercyclic algebra. By Lemma 6.17, for each p > 1, let B(p) be a subset
of A(p) with positive lower density such that min(B(p)) > N(p) and [n—n’| > N(p)
for all n # n’ € B(p). We set

1
U(p) = Z Z 1/m(p)Ul(p)1/m(p)€n+l.
neB(p) 1=0 (Wit1 " Wn)
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Since (w; ---wy,) tends to 400, u(p) belongs to ¢y. Moreover, the choice of
N(p) (here, (i) of Lemma 6.21) ensures that [|u(p)| < 1/p. We also observe that
the u(p) have pairwise disjoint support. Hence we may define u = Zp>1 u(p) which
still belongs to ¢g. We claim that the following property is true: for all p > 1, for
all g # p, for all n € B(p),

(6.2 | Brutp)y™® —v)|| <
(6.3) Vim > m(p), [|Bhu(p)™| < %
(6.4) vim > m(p), | Bru(@)™] < }D

Assume that these properties have been proved. Let P be a non-constant polyno-
mial with P(0) = 0 and write it P(z) = Y.L~ P(m)z™ with P(mg) # 0. We

m=myg

aim to prove that P(u) is a frequently hypercyclic vector for B,,. Without loss
of generality, we can assume P(mg) = 1. Let V be a non-empty open subset of

co. There exists p > 1 such that B( (p), (2+Zm S \P(m)|) /p) C V and
m(p) = my. Then, for all n € B(p),

1BiP(w) — o) < ||Biu@)™® = o) + |3 Biula)™®

+ Y 1P| Bhulg™

m=mg+1 q>1

2+Zm mo-+1 |p(m)|

< )
p

where the last inequality follows from (6.2), (6.3), (6.4) and the fact that the B u(q)
have pairwise disjoint support. Therefore, for all n in a set of positive lower density,
B P(u) belongs to V', showing that P(u) is a frequently hypercyclic vector for B,,.
Hence, it remains to prove (6.2), (6.3) and (6.4). We first observe that

Bgu(?)m(p —v(p Z Z €(n'—n)+1-

w _
nEB p) 1=0 I+1° (n'—mn)+1

n>n

Since n’ —n > N(p) for all n’ > n, n’ € B(p), (6.2) follows from (i) in Lemma 6.21.
Next, for m > m(p), we may write Bllu(p)™ as

P

’Ul(p)"L(P)
Z Z e m7(er)_1€(n’—n)+l-
weB () =0 (Wit Winrmn) 1) " (W —m) 4141 Wi 1)
n'>n
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There is an additional difficulty since now we may have n’ = n. We overcome this
difficulty by writing

v(p) 77 ‘
m —m_ 1
(Wit W —ny41) P (W1 -+ Wi gt) O
v(p) ™
S —m ]
(wl+1 e wn,+l) m(p)
1 m
< up)™
(wl+1 - wTL/+l) m(p) m
< o(p) ™ 1
(Wig1 -+ Wpr g ) TEEEFD
1
< —.
p

Finally, for m > m(p) and q # p, we write

n m o ! Wi (n'—n)+1 """ Wn'/Hl m
Bhu(q)™ = Z T 'Ul(Q)m(q)e(n/—n)-&-l'

n’'€B(q) =0 (W1 ++ Wpy ) ™D

n’'>n

For ¢ > p, we apply (ii) of Lemma 6.21 with r = ¢, s =p, j =n/, j/ =n
and « = m/m(q). For ¢ < p, we apply (ii) of Lemma 6.21 with r = p, s = g,
j=mn,j =n" and a = m/m(q). In both cases, we immediately find that all the
coefficients of B]'u(q)™ are smaller than 1/p, yielding

1
Biu(g)™| < —.
1 Bou(a)™ | )
This closes the proof of Theorem 1.8. (I

This technical construction leads to an example over the not so difficult space
cp, but the following question remains open.

QUESTION 6.22. Does there exist a weighted shift on ¢, endowed with the
pointwise product admitting a frequently hypercyclic algebra?

Of course, it would also be nice to get simpler examples! On the other hand, for
sequence spaces endowed with the convolution product, we have neither positive nor
negative examples. For instance, it would be very interesting to solve the following
questions.

QUESTION 6.23. Does B on w endowed with the convolution product support
a frequently hypercyclic algebra?

QUESTION 6.24. Does 2B on ¢; endowed with the convolution product support
a frequently hypercyclic algebra?






CHAPTER 7
Disjoint hypercyclic algebras

7.1. How to get a disjoint hypercyclic algebra

We follow the strategy which has been proved to be powerful in our previous
problems, by proving a transitivity criterion to show that two operators admit a
disjoint hypercyclic algebra. We may observe the similarity with Theorem 2.1 and
with [12, Proposition 2.3].

PROPOSITION 7.1. Let Ty and Ty be two operators acting on the same F-algebra
X. Assume that for each I € Py(N)\{@}, there exists my € I such that, for all
U, Vi and V5 nonempty open subsets of X, for all W neighbourhood of zero, there
evist u € U and N € N such that

TN(um) e W, TN (u™) € W for allmn € I, n #my
TN (umo) € Vq, T (u™) € Va.

Then Ty and Ty admit a disjoint hypercyclic algebra.

Proor. For V.V’ C X open and nonempty, for W a neighbourhood of zero,
for I € P¢(N)\{@}, let us define

ALV, VW) = {u €X:3INeN, TNw")eW forall n e I\{mo(I)}
TN (u™) € W for all n € I\{mo(I)}
TN (oMY e v, TN (ume D) ¢ V’}
Fixing (Vi) a basis of open subsets of X and (W) a basis of neighbourhoods

of 0, we argue exactly like in the previous sections to prove that any vector in
s kw1 AU, Vi, Vir, W) generates a disjoint hypercyclic algebra for 71 and 7. [

As before, for the Cauchy product we will apply this proposition for mg = max I
and for the coordinatewise product we will take my = minI. The corresponding
corollaries are the following.

COROLLARY 7.2. Let T1 and Ty be two operators acting on the same F'-algebra
X. Assume that for all m > 1, for all U, Vi and V3 nonempty open subsets of X,
for all W neighbourhood of zero, there exist u € U and N € N such that

TN (u™) € W, TN (u™) € W for alln < m
TN (u™) € Vi, T (u™) € Va.

Then Ty and Ty admit a disjoint hypercyclic algebra.

COROLLARY 7.3. Let T and Ty be two operators acting on the same F-algebra
X. Assume that for all positive integers my < myq, for all U, Vi and Va5 nonempty

65
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open subsets of X, for all W mneighbourhood of zero, there exist u € U and N € N
such that

TN(u™) e W, TN (u) € W for allm € {mg+1,...,m1}

TN (umo) € Vy, TN (umo) € V.

Then Ty and Ty admit a disjoint hypercyclic algebra.

7.2. Disjoint hypercyclic algebras for backward shifts - coordinatewise
product

We now show how these general results can be applied to get disjoint hyper-
cyclic algebras for backward shifts operators. We first begin with Fréchet sequence
algebras endowed with the coordinatewise product. We get complete characteriza-
tions either for the case where the shifts are raised to different powers as for the
case where the powers are the same.

7.2.1. Backward shifts raised to different powers.

THEOREM 7.4. Let X be a Fréchet sequence algebra for the coordinatewise
product with a continuous norm and such that (ey) is a Schauder basis. Let By =
B,y and By = B, be two bounded weighted shifts on X. The following assertions
are equivalent.

(i) By and B2 support a disjoint hypercyclic algebra.
(i) For all p € N, for all m > 1, there exists a sequence of integers (ny) such
that, for alll =0, ...,p,

(1) (1) —1/m k—+o0
(wl+1 e 'wnkH) Cny+l >0,

(2) (2) —1/m k—+o0
(wz+1 e 'wznk+l) €an+1 — 0,

w® oW
nr+Ii+1 2ng+l1 e k—+o00 0
) ) et :

Wy - Wop, 1

(iii) There exists a sequence (ng) such that, for alll >0, for all v > 0,

(1) 1) \—v k—+00
(wl+1 e 'wnk+l) enyt1 — 0,
(2) (2) - k—+o0
(wl+1 T w2nk+l) e2n+1 — 0,
w® oD
ng+Il+1 2np+1 k—4o0

@ @ wt— 0
Wiy - Wop, 1

oo

PrOOF. (i) = (i1). Let m > 1l and let z € X, z = Z::o Zpen, be such
that 2™ is a disjointly hypercyclic vector for By and B3. Let (ny) be a sequence
of integers such that (B]"*(2™))x goes to eg + -+ +ep, j = 1,2. Arguing as in
Theorem 4.2 we get, for all [ =0, ..., p,

( (1) . (1) )71/m k—+4o00 0

Wigy Wy,yyy Eng+l
(2) (2) —-1/m k—r+o00
(wl+1 T w2nk+l) e2n+1 — 0,

2 2 m k—+
(71) wl(+)1 e wén)k—&-lank-‘rl = 1.
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Moreover, write

nk . (1) m /
By =z+ E : nk+l+1 CWop 1T ony 18+l T 2

with supp(z) C [0,n;) and supp(z’) C (ng + p,+00). Since convergence in X
implies pointwise convergence, we get

(1) (1) k—+o00

Wy gy Way Ty, pi€nrt — > O foralll=0,....p

which in turn, in view of (7.1), gives

1) 1)

“ e w
ng+Il+1 ng+l1 k—+o00
) ) €nptl Oforalll=0,...,p
Wyyy " Wapy 41

w

(i4) = (i4i). This follows from a diagonal argument, like in the proof of
Theorem 4.2.

(#i1) = (i). We intend to apply Corollary 7.3. Let mg < m; be two positive
integers, let U, V1, V5 be nonempty open subsets of X and let W be a neighbourhood
of 0. Let z € U with finite support, let y; = >__ yi,e; belonging to V;, i = 1,2.
We set

l/mo 1/m0

Y1 Yau
u_x+z M) \1/mo nk+l+z 2) 1/m Cang+1;
1=0 wl+1 Wy, ) = l+1 ”ankJrl) °

which belongs to U for all large values of k. We recall that, since the sequence (e, )
is bounded below, for all I > 0, the sequences (u)l( +)1 . wgk) +l) and (wl(_?_)1 wéi)k +l)
tend to 4+o0. Let n € {mo,...,m1} and let us compute B3"* (u"):

p n/mo

2 Ya1
By (u") = Z @) @) 1o
=0 (Wyyy Wy, )™

The assumptions tell us that B3™* (u™°) = y, while B3™* (u™) tends to 0 if n > my.
On the other hand,

p n/mo / w® )
2 : n/m n +l+1 2np +1
B”k Z 1) 1) n___ el + y 0 k (2) - n_ enk+l
1=0 wl+1 : wnk+l) ° l+1 : w2nk+l) °
Writing
w® (1) (1) (1)
Wy, i1 Wap, 41 S 1 Wy ypy1 w2nk+le »
(2) (2) sk (2) (2) 1 (2) (2) kT
(wl+1 w2nk+l) 0 (wz+1 w2nk+l> 0 Wy Way, 4

we get that the second (finite) sum tends to zero for all n > mg, whereas the first
sum can be handled exactly as for Bs. ([l

REMARK 7.5. If we are just interested in disjointly hypercyclic operators, our
proof can be easily modified to give the following extension of [12] : let X be a
Fréchet sequence space such that (e,,) is a Schauder basis for X. Let B; = B, and
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By = B, be two bounded weighted shifts on X. Then B; and B2 are disjointly
hypercyclic if and only if there exists a sequence (ny) such that, for all I > 0,

( &) (€5)

—1 k—+4o00
Wyyp e wnk+l) Cnp+l

0,

(2) (2) -1 k—+o0
(wl+1 T w2nk+l) €2n4 41 > 0,

SRR )
I+1 l —+
nk+i+ nE+ Cnptl —00> 0.

IRCINC) :

We point out that we do not need that (e, ) is bounded below. This last assumption
was only useful when n > myg, where we used it to deduce that (wl(i)1 X ~wfllk) +l) and

w,

(wl(i)l e wéi)k +l) tend to +o00. For the existence of a disjointly hypercyclic vector,

we always have n = mg = 1.

REMARK 7.6. In particular, if the sequence (e,) is bounded, the conditions of
Theorem 7.4 are equivalent to say that there exists a sequence (ny) such that, for
alll=0,...,p,

(1) (1) k——+oco
Wy Wy~ 00,
(2) (2) k—+o0
Wy Woy 4y ——— +00,
w(l) . .w(l)
ng+Il+1 an+le k— oo O
©) @) it '

Wyyy e Wop, 4y

In turn, this amounts to saying that B; and B2 are disjointly hypercyclic. Hence,
all the examples given in [12] support a disjoint hypercyclic algebra.

It is plain that this result can be extended for a finite list BZ}I), e BZ}’('T) raised
to different powers ni,...,n,. The statement of precise conditions conditions are
left to the reader.

7.2.2. Backward shifts raised to the same power.

THEOREM 7.7. Let X be a Fréchet sequence algebra for the coordinatewise
product with a continuous norm and such that (ey) is a Schauder basis. Let By =
B,y and By = B,,2) be two bounded weighted shifts on X. The following assertions
are equivalent.

(i) By and Bs support a disjoint hypercyclic algebra.
(i) For all p € N, for all m > 1, there exists a sequence (ny) such that

—1/m k
(wfy - wl) ) T e 220, for all1 =0, p,

w® @
(H) : k>0 isdense inw.
Wiy Wt/ >0

(ii) There exists a sequence (ng) such that, for all v >0, for all1 > 0,

(1) (1) - k——+oco
(wl+1 T wnkJrl) Enp+l > 0

1) 1)

0@ @

1 . .

L et k>0 is dense in w.
wH—l T wn;ﬁ-l 1>0
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PROOF. (i) = (ii). Let m > 1 and let z € X, x = 3. x,e,, be such
that =™ is a disjointly hypercyclic vector for B; and Bs. Let also ()\(k)) be a dense
sequence in w of vectors with finite support. We may assume that supp(A*)) c [0, k]
and that, for any fixed ko, there are infinitely many % such that \(¥) = \(ko)  We
then choose an increasing sequence of integers (ny) such that, for all & > 1,

k

1
(7.2) B (z™) — E all <4
1=0
NG 1
: B+ (™) — =

As we have already observed, (7.2) implies that, for all I > 0,

(1) (1) —1/m k—+4o00
(w, - "wnk+l) et — 0,

1) 1)

k—-+o0
m
Wy Wy Ty — L

Let us now fix U a nonempty open subset of w and ky € N be such that \(%) € U.
Let (ng(r)) be a subsequence of (ny) such that A?*) = Ao for all k. By (7.3), we
know that
2 2 m k—+o00 k
wl(+)1 . -wfh:(kﬁlx%(kﬁl - )\l( ) for all I > 0.
Combining the two last properties, we find that

W@ @
b1 not koo AO) for all 1 >0
RO l =0

Hence, for k large enough,

(2) (&)
(1) (1)
Wi Wnyo+ ) g

el.

(14) = (i7i). This follows from a diagonal argument.

(1it) = (i). Let mg < mq be two positive integers, let U, V1, V5 be nonempty
open subsets of X and let W be a neighbourhood of 0. Let x € U with finite
support, let y; = >°1_, yi.e; belonging to V;, ¢ = 1,2. Without loss of generality,
we may assume that y;; # 0 for all I = 0,...,p. We then consider a sequence (ng)
of integers such that, for all [ =0, ..., p,

1 1 —1/m k——+
(wl(+)1 . wr(Lk)+l) Oenk+l o) 07
w® @
: D) "
Wipy Wy '

Observe that wl(i)l e wfllk) 41 goes to +oo for all [ > 0. We finally set

P 1/mo

. Y1,
u—x—i—z o 0 1/m0€"k+l'
=0 (i1 W, 4)
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Clearly, u belongs to U (provided k is large enough), By (u™) =y and By"* (u™)
goes to 0 for all n > mg. Now, let us write

P (2) (2

w ...w
n/m. 1+1 ng+I1
Bpr(u) = Yy gt
’ U)( ) .. _w( ) )”"0
1=0 ( 1+1 ng+1

If n = myg, then (7.4) tells us immediately that By* (u") tends to ya. For n > my,

: ©) @) mo 1
my Wiy Why 4 ~pt Yo Y21
n —+00 n
1) )

Y1, -1
(wl(}r)1 T wv(jk)ﬂ) "o (wl+1 . 'wnk+l) "o

Since (w;i)l = ‘wflllc)+l) tends to 400, this implies that By*(u™) belongs to W for k
large enough, so that we may apply Corollary 7.3 to prove that B; and Bs support

a disjoint hypercyclic algebra. O

REMARK 7.8. If we are just interested in disjointly hypercyclic operators, our
proof can be easily modified to give the following result : let X be a Fréchet sequence
space such that (e,) is a Schauder basis for X. Let By = B,,1) and By = B2 be
two bounded weighted shifts on X. Then B; and Bs are disjointly hypercyclic if
and only if there exists a sequence (ny) such that ((wl(_% . wgk) "
to zero for all [ > 0 and the set

(2) (2)

(wlﬂ"'wnwl) k>0

(1) (1) =
Wiy Wy, 1>0

)" ten,+1) tends

is dense in w.

REMARK 7.9. In particular, if the sequence (e, ) is bounded below, the condi-
tions of the above theorem are all equivalent to say that By and B, are disjointly
hypercyclic. Hence, all the examples given in [13] support a disjoint hypercyclic
algebra.

7.3. Disjoint hypercyclic algebras for backward shifts - convolution
product

7.3.1. Backward shifts raised to different powers. We now turn to the
case of Fréchet sequence algebras endowed with the Cauchy product, and we first
study the existence of a disjoint hypercyclic algebra for two backward shifts raised to
different powers. This situation seems more complicated and we choose to present
only two significant examples. The first one is the multiples of B and B? on /;.
It is known by [12, Cor 4.2] that AB and uB? are disjointly hypercyclic if and
only if 1 < A < pu. We show that under this condition on u, they even support a
disjoint hypercyclic algebra. The proof will be done in two steps. We first handle
the case A < pu'/2. The proof uses a shifting factor which is placed after the term
to approximate (like in Theorem 1.3).

THEOREM 7.10. Let 1 < X\ < p'/2. Then AB and puB?, acting on {1 endowed
with the Cauchy product, support a disjoint hypercyclic algebra.

PROOF. We shall prove that the assumptions of Corollary 7.2 are satisfied. Let
m > 1, let U, V;, V5 be nonempty open sets and let W be a neighbourhood of 0.
Let p> 1,z € U, y1 € Vi, y2 € Vo with supp(z),supp(y1),supp(y2) C [0, p] and let
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us write y; = Zf:o yiger, © = 1,2. Let finally § > 0 be such that B(y;,2d) C V;.
For o a large integer, we set

N =mo —3p
g = Y1, I st/m
Lt = mAN/m§(m—=1)/m?’ 1= AN/m
g — Y2,1 o gt/m
2,1 m‘uN/mé‘(mfl)/m’ 2 ’UJN/m

p
21 = § dl,lea—3p+l + €1€o
=0

P
29 = Z d2, 1820 —6p+1 + €220
1=0
U=x+ 21+ 22.
It is easy to check that, provided o, hence N, is large enough, then u € U. We
shall prove that we also have
AB)N (u™) € Vi, (AB)N(u") € W for n < m,
(uB?)N (u™) € Vo, (uBH)N(u™) € W for n < m.
The two last properties are easier to prove: there is no more difficulty to prove
them than to prove that xB? admits a hypercyclic algebra. Indeed, if n < m, then
supp(u™) C [0, 2no] with 2no < 2N whence (2B2?)Y (u™) = 0. On the other hand,

p
Y2,1 ]
" =z + E N €2mo—6p+1 + ,uN €2mo
=0

with max(supp(z)) < 2N, hence
(,uBQ)N(um) =Y + 5661) e Vs.

The proofs of the first two properties are more difficult: the powers of zo are mixed
with that of z 4 z1. Such a mixing term does not always disappear when you apply
BN . Tt is also not always smaller than A~". But taking into account the strong
condition z > A2, we will show that it keeps smaller than A~V if its support exceeds
[0, N]. We start by writing

m
wrars Y (0 Yot

atpBt+y=m
y>1
p
=2z + Z YL i m a By
=z )\Nema—Sp-H + )\Nemc7+ Z o B v T 29 29
1=0 a+pBty=m ~ 777
y>1

where

m B m!
(a,ﬁ,v) ~ alfly!

is the multinomial coefficient and max(supp(z)) < N. For the first three terms, we
proceed as before to observe that, provided o is large enough,
P

é
()‘B)N (Z + %ema—?)p-ﬁ—l + )\Nemo> =y + 6631,.
=0
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Let us now look at (AB)N (2222)) with v > 1 and a + 8+ v = m. Expanding
the product and using the behaviour of the terms d; ; and €, xazlﬁzg is a sum of a

finite number of terms c;e; (this finite number does not depend on o), with

J < pa+ Bo+2vo
1

¢; < Capy NNm N m

where the involved constant C, g 4 does not depend on o (of course, it also depends
on z, y1, Y2, 0 and m). We then distinguish two cases. Assume first that 8+2y < m.
Then, provided o is large enough, pa + o + 2vo < N, hence ()\B)N(Jcazlﬁzg) =0.
On the contrary, if 8 + 2y > m, then

/\N

N/ o B~
H()\B) (%2y 22)H < Ca,B,WW

and the right handside goes to 0 since p > A2, hence pYA? > A/ This shows
that, provided o is large enough, (AB)Y (u™) € Vi. Finally, for n < m, it is easy
to check that

(AB)N (u") = ") OB @24 ).
“”%:Y:” (a,ﬂ,’y>

We use exactly the same arguments to prove that

o (AB)N(2%2P2]) = 0 provided S + 2y < m;

. ()\B)N(a:azlﬁzg) tends to zero as o tends to +oo provided 8 + 2y > m.
Hence, (AB)N (u") belongs to W, which finishes the proof of Theorem 7.10. O

We turn to the case \ > ul/ 2. The proof follows a similar scheme, but we now
put the shifting term before the approximating term.

THEOREM 7.11. Let 1 < X\ < pt < A2, Then AB and puB?, acting on ¢* endowed
with the Cauchy product, support a disjoint hypercyclic algebra.

PrOOF. Again we shall prove that the assumptions of Corollary 7.2 are satis-
fied. Thus, let m > 1, let U, V1, Vo be nonempty open subsets of ¢; and let W be
a neighbourhood of 0. Let p > 1, x € U, y1 € V1, y2 € V5 with supp(z), supp(y1)
and supp(y2) C [0, p] and let us write y; = > 1, ¥ii€r, ¢ = 1,2. Let o > 2p and let
€ > 0 be such that the ball B(z,2¢) is contained in U. For N a large integer, we
define

1 p
z1 = mem—INN E Y1,IEN—(m—1)o+l
=0

1 p
2= ——"9 N E Y2,1€2N —(m—1)o+1
mam_luN (m—1)o+

1=0
U=+ €, + 21 + 29.
The definition of € ensures that, for N large enough, u belongs to U. Let us show

that the other assumptions of Corollary 7.2 are satisfied. First, consider n < m
and write

u"™ = wy + wo
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where
— Z " a B,
wy = . B x%(eey)’ 2]
a+tB+y=n s P2y
7<1
— n @ B n a B0
wy = Z o8 x%(ees)’z] + Z 0. B 6 x%(eeqs )’ 2] 23.
a+Bty=n s 12, a+Bty+o=n s 1257,
y>1 5>1

The support of w; is contained in [0, N — (m — 1)o +p+ (n — 1)o] C [0, N) since
o >pand n < m. Thus (AB)Nw? = 0. Moreover, it is easy to check that

1 1
||'lU2|| S C' max <)\21V’ Mv)

where the constant C depends on z, p, €, y1,y2 but not on N. Since 1 < X < pu, the
norm of (AB)Mws can be adjusted to be arbitrarily small, so that (AB)™u" belongs
to W. In the same vein, write

n __ / /
U =W+ Wy

where
o n o By n « B0
wy = Z x%(eeys)’z] + Z x%(eeq )’ 25
a+Bfy= aa577 _ avﬁv(s
y=n a+pB+dé=n
¥<2 6=1
’ n a B8
Wy = z%(eeys )P 2] 2
2 2 (a,ﬂ,WS) () =12
(a751776)6E”
with

En:{(a,ﬂ,%é)eN%:a—i—B—&—v—l—é:n, (v >3and 6 =0)
or(522andfy:0)or(yzlandézl)}.

As before, the support of w} is contained in [0,2N), so that (uB?)" (w}) = 0.
Since

1 1 1
/
[[wy || < C max ()\3]\;7 M27N’ )\NMN)

and p < A% < A3, we get that (uB2?)"N (u™) belongs to W provided that N is large
enough. Let us now inspect u". We first write it

I P N
u™ = w; + )\—N Zyl,leN-i-l -+ wo
1=0
where
- m o By
w1 = x%(ceqs ) 2
3 (asy)oeens
a+pB+yEF,
m m
Wy = Z ( )x“(aeg)ﬂzf + Z ( )gga (ee4)P 2] 23
_ o\ B,y _ o\, B0
atpB+y=m at+fty+dé=m
y>1 5>1

with F,, = {(a,8,7) eN§:a+B+v=m, vy <1}\{(0,m — 1,1)}. The same
proof shows that supp(w;) C [0,N — (m — 1)o +p+ (m — 2)o + p) C [0, N) and
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that (AB)Y (1) tends to 0 as N tends to +oo. Hence, (AB)™ (u™) € V; for N large
enough. We also write

p
1 ~
u™ = w/l —+ ’uliN ZyQJGQN‘H =+ ’UJ/2

1=0

- m a B m @ B0
W) = Z <a,ﬁ,7>z (eex)’2] + Z <a,ﬁ,6>x (ceq)” 2y

a+B+y=m (aaﬂaé)EFr/n

v<2
m

= 5 (g )

@By )eE, 7T

F,,/”:{(a,575)eFm; 5:1}

Looking at the support of u;’l and at the norm of u;’z, we show again that (uB2)N (u™)
belongs to V5 for N large enough, showing that the assumptions of Corollary 7.2
are satisfied. O

We end up this section by proving the existence of a disjoint hypercyclic algebra
for the multiples of D and D?. The proof follows the scheme of that of Theorem
7.10, but we need a more careful analysis.

THEOREM 7.12. Let A\, iu > 0. Then AD and uD? support a disjoint hypercyclic
algebra on H(C) endowed with the convolution product.

PrOOF. The scheme of the proof is similar to that of Theorem 7.10; nev-
ertheless, we will need to be more careful when we analyze (AD)Y (xazlﬁ zJ) for
B+2y=m. We fixm>1, U, V;,Vo and W as above. Let ¢ > 0 and x € U with
support in [0,¢]. Let now p > 1 be such that 2p > ¢gm and such that there exists
y; € V; with supp(y;) C [0,p], i = 1,2. We again write y; = > 1_,¥ie; and we
consider r > 1 and 0 > 0 such that By.j, (y;,20) C V;. We then consider w > 1/m
satisfying the following property: for all integers a, 8,7 > 0 with a + 5+ < m
and 3 + 2y > m, we have

(7.5) B+2y(m—m(m—1w) >m
(observe that when w = 1/m, then the left-hand side is equal to 8 + 2v, which is

greater than m, and that there is only a finite number of constraints to satisfy).
For o a large integer, we set

N =mo — 3p,
dy) = l!yl,l e = ((3p)|)1/m§1/m
Tomel TNV ) (3p)7/mANI(N + 3p)1]t/m
Ny2, §L/m

do,; = €2

T me TN 2N + ) N/ [(2N + 6p)lfe”

p
21 = E di€o—3p+1 + €160,
=0

p

29 = E d2€206p+i + €2€24,
1=0

U =x+ 21+ 22.
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The first part of the proof of Theorem 7.10 carries on to our new context. First, we
observe that, using Stirling’s formula, we now have the crude estimates, for some
C > 0 and some k > 0,

Ck°

0-0'

|d1 | <

Ck°
ld24] < =Dy

Ck?
oo
< Ck? Ck?
€2 = g2mwo — S2(m—m(m—1)w)o

€1

(the very last inequality is a consequence of w > 1/m). Hence, we still have
u € U provided o is large enough. Looking at the support of u™ shows that
(uD?)N(u™) = 0 for all n < m, whereas the values of £/* and me}"~'d;; ensure
that

0(6p)!
(@N +6p)m=1"

(D)™ (u™) = yo +

Since w > 1/m, we clearly have |(uD?)N(u™) — ya||, < 26 provided N is large
enough.

Regarding (AD)Y, the support of each element and the definition of dy;, &
ensure that

. 5
R aD DI
a+pB+y=m
21, f+2y>m

(AD)N (u™) = Z (a Z 7) (AD)N (z%yP27) for n < m.

m

N/, .« o
a,m)“m (@y?2)

Hence, it remains to show that (AD)Y (z%y®27) tends to zero as o tends to 4oo
when a+ S +v <m,~v>1and S+ 2y > m. We first assume that 3 + 2y > m.
The product z%y”27 may be written as a finite sum (whose number of terms do
not depend on o) >~ cje; where

j < qa+ Bo+2vyo

C@:Bﬁ’%g.ﬂ,'y

|Cj| < gBo+2y(m—(m—1w)o

Thus, using ||(AD)Ve;l, < AV;7jV, we get that for some different constants Cy, g -
and Ko,

o mo
Cavﬂv"/noz,ﬁ,'yo-

r = gBo+2y(m—(m-1)w)o "

[AD)Y (z2y”27)||

The choice of w (sufficiently close to 1/m, see (7.5)) guarantees that this goes to 0
as o tends to +oo. Finally, assume that 8 + 2v = m and define

P
wy = E d2,1€205—6p+i
=0
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so that

xo‘zfzg = xazf(wg + &2e94)"

.
T\ -k
= Z (k) €9 x%fw’;ez(v,ma.
k=0

Assume first that k # 0. Then

max (supp(xo‘sz’;eg(w_k)g)) < qa+ o+ 2y0 —5p
< gm+ mo — dp
<N

since gm < 2p. This implies that
()\D)N(xaszlgez(w,k)g) =0

and it only remains to handle the term 5%95“2{36275. As before, it is equal to a finite
sum Zj cjej with j < ga+ (8 + 2v)o but now we can be slightly more precise on
l51:
C kY
|Cj| < a8,y aﬁﬂ.
O-ﬁo‘+2’ymwa'

Therefore,
g mo
Caaﬁ»'YHa,B,’yJ

N
H ()‘D) (xggxazlﬂez’YU) — O,Ba+2'ymwa

Now, since w > 1/m and §+2vy = m, this tends to 0 as o goes to +o0c. This finishes
the proof of Theorem 7.12. O

7.3.2. Backward shifts raised to the same power. We conclude this sec-
tion by studying the existence of hypercyclic algebras for two backward shifts (raised
to the same power). We have been able to get a general result saying that two dis-
jointly hypercyclic backward shifts support a disjoint hypercyclic algebra.

THEOREM 7.13. Let X be a regular Fréchet sequence algebra for the Cauchy
product and let By = B,,a), Ba = By be two bounded weighted shifts on X. The
following assertions are equivalent.

(i) By and By are disjointly hypercyclic.
(i) By and By support a disjoint hypercyclic algebra.
(iii) There exists a sequence (ny) such that ((wl(jr)1 e wfllk)_irl
for alll > 0 and the set

@ @
Wipy Wy, )
( ORNE ) 1 k20
1>0

Wyyy Wy

)’1enk+l) tends to zero

1s dense in w.

PrOOF. The implication (i) = (i) is trivial. Let us prove the other ones.

(i4i) = (ii). Let m > 1, let U, V1, V5 be nonempty open subsets of X
and let W be a neighbourhood of 0. Let p > 1, x € U, y1 € Vi, y2 € V5 with
supp(x), supp(y1), supp(y2) C [0,p] and let us write y; = >_7_, y;1e;. Without loss
of generality, we may assume y;; 7 0 for all l =0,...,p. Let finally B be a ball for
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the seminorm || - ||, with radius ¢ such that BC W, 2+ B C U and y; + B C V;,
i =1,2. We consider (ny) a sequence of integers such that

( 1) (&)

Wiy wnk+l)_1€m€+l tends to 0 for all 1 =0,...,p
(2) (2)
w .. .w
H tends to 22 for all [ =0,...,p
Wiy e Wy v

2 2
wl(+)1 B 'w;k)ﬂ

1) 1)

Wiy Wy
We then consider for each k > 1 the integer Ji defined by

tends to 1 for all [ = 3p,...,3p+ (m —1).

ng+3p<mJdp <ni+3p+m
and we set N = Jp — (mJx —nyg) so that 3p < Jp — Np < 3p+m. We finally define

1
2(m—1) 2
1 1
© 7 osig % X min D D ’
ost<p \ wi ) lles, |- (wi - wly) Y

dy = Y1,

(1) 1
1+1 " Wpygt

mem™ 1w

p
U=+ E dien,+1 +€ey,.
=0

Let us assume for a while that the following facts are true:

(7.6) elles|lr — 0 as k — +oo,
(7.7 |di| - lleny+ill» = 0 as k — +oo, for alll =0,...,p,
(7.8) amwgl) e wg?]k — 0 as k — +o0.

Then it is clear that u belongs to U for a large integer k and that B;*(u") = 0 for
i =1,2 and n < m, since max(supp(u"™)) < (m — 1)Jx < ng. We can also write

P
Y1,
u™ =z + Z ﬁeNk—&-(m—l)Jk—&-l +emem,,
1=0 Wiy "Wy, 1y
with
max(supp(z)) < (m — 2)J 4+ 2Nk, + 2p < N + (m — 1) Jy = ng.

Hence,

p (i) (4)

wl 1 e w l . .
B;lk (um) = Z Hylvlel + gmw’frlb).]k—nk-‘rl e w'Eer)Jk emJy—ny-

1=0 Wi Wy
When i = 1, the above sum is equal to y;; when ¢ = 2, it goes to ys. Hence, we
have to prove that, for i = 1,2,

(2) (2) k— 400
mJy—nr+1 """ w kem-lk*nk 0.

eMw ]
Since (mJy — ni) is a bounded sequence, this amounts to saying that

m. (%) (2) k—+o00
€ wm,]kfnkﬁ»l T mdJy 0'
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For ¢ = 1, this is (7.8). For ¢ = 2, we just observe that mJy —nx € {3p,...,3p +
m — 1} and we write

(2) (2) (2) )
mek_"k+1 et mdy wm.]k—nk-‘rl wnk-i-(ka—nk) k—+oo 1
o0 UG o0 '
mJy—ni+1 mJy mJ—nr+1 ni+(mJd—ng)

It remains to prove (7.6), (7.7), (7.8). The proofs are completely similar to the
proofs of the corresponding properties in Theorem 1.3. For the sake of completeness,
we just show how it works for (7.7). We first write

1/2

N+, 1 1 (m—1)/2

dilllew, +Hillr < € | —gee ) smax (Jleg, e, (wf - wl) )Y™) .
wl .wnk+l

If the maximum is attained for ||ej, ||, then using
lenrillr - llea 77" < Cllen—1)a,+ Nitillg
< Cllen,+illgs
we get
lenssill, )"
Eni+l
|di| - len,+ill» < C <M>
wl e wnk+l
and this goes to 0. Otherwise, we apply Corollary 4.14 with n = mJ, and s =
mdJdi —ng — [ to get
1 1 m—1 1 1 m—1
(i wiy )™ lemenlly < C(wi” w5 )™ lemtmilly
1 1 m—1
= C<w§ L wfn?]k) llem.gi—msllq
1 1 m—1
< C(wi? - wy )" el
1 1 m—1
= C"(wg - 'wik)ﬂ) lens+illg
whence
fensily "
(& g
\dj] - llen+ill- < C” (M) ;
wl e wnk+l
which again goes to 0.
(1) = (4i7). The proof is exactly the same as the proof of (i) = (i) in
Theorem 7.7, restricted to the case m = 1. O



CHAPTER 8

Concluding remarks and open questions

8.1. Closed hypercyclic algebras

As pointed out in the introduction, provided T is hypercyclic, HC(T) U {0}
always contains a dense subspace. When moreover T satisfies the hypercyclic-
ity criterion, there is a necessary and sufficient condition to determine whether
HC(T)U{0} contains an infinite-dimensional closed subspace (see for instance [8]).
In our context, it is natural to ask whether, for some of our examples, HC(T)U{0}
contains a closed non-trivial algebra (we will say that T" supports a closed hyper-
cyclic algebra).

The third author and K. Grosse-Erdmann have shown that it is the case if T is
a translation operator acting on the space C*°(R, C). The fact that T is an algebra
homomorphism plays an important role here. We now give several negative results.
The first one solves a question of [28].

PROPOSITION 8.1. No convolution operators P(D) induced by a nonconstant
polynomial P € Clz] admit a closed hypercyclic algebra.

PRrOOF. We write P(2) = Y'_, P(s)2°, with P(t) # 0, and let f € HC(P(D)).
We shall prove that the closed algebra generated by f contains a non-zero and non-
hypercyclic vector. Write f(z) = ao + anp anz", with a, # 0. Without loss of
generality, we may assume that a, = 1. We shall construct by induction a sequence
of complex numbers (by) such that

|br| < (“5(9”“)]@ % 1

|P(t)] (ktp)!
for all k and, setting Py (2) = Zle bi(z — ap)", then
|P(D)"?(Py, 0 f)(0)] = (|P(0)] + 1)

for all 1 <1 < k. The conclusion follows easily. In fact, (Py) converges uniformly
on compact subsets of C to some entire function g. From the uniformity of the
convergence, we conclude that the function g o f satisfies

[P(D)" (g )(0)] = (IPO)]+ 1)

for all I > 1. Let us set h = g — g(0). The function h o f, which is in the algebra
generated by f, satisfies

|P(D)?(ho f)(0)] = [P(D)?(g0 f)(0)| = |P(D)"(9(0))|
> (IPO)] + 1) — |P(0)|?|g(0)]

=+
—_—

—+00.
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Hence, ho f is nonzero and it cannot be hypercyclic for P(D)P. In particular, since
HC(P(D)) CN,>; HC(P(D)") (see [2, Theorem 1]), h o f cannot be hypercyclic
for P(D) as well. |

For the proof we will use the formula

P(D)q _ Z (;1) P(O)jo .. p(t)thj1+2j2+”'+tjt7
jel,

where I, = {j = (jo, ..., Jt) € NBH S Jo+---+je = ¢} and (;1) denote the multinomial

coefficient
jO?"'ujt jO'Jt'

Let us set Py(z) = 0 and let us assume that the construction has been done
until step k — 1. Then

Pk;,l o f + b(f — ao)kt = Pk*l o] f + b(Zp + ap+1zp+1 + s )kt

=P, 10f+ bkt 4 Z cjzj.
j=>ktp+1
Hence, for 1 <1 <k,

P(D)"(Py—1 0 f +b(f = a0)™)(0) = P(D)"?(Py—1 0 f)(0) + P(D)"(b(f — a0)*")(0)
= P(D)""(Py-10 f)(0) + ¢:(0),
where
gi(z) = P(D)P | b2kP 4 > ;2
i >ktp+1

If | <k —1 then deg P? < (k — 1)tp < ktp, hence g;(0) = 0. By the induction
hypothesis it follows that

[P(D)'P(Py—y o f +b(f — ag)*)(0)] = |P(D)"P(Py—1 0 £)(0) + ¢:(0)]
= |P(D)"?(Py—1 0 f)(0)| > (|P(0)| + 1)
whatever the value of b is. On the other hand, if [ = k, then
g(2) = bP(t)" (ktp)!

CS (e s (s S o0
SEL\ (0 0kp)} NI okt
hence gi,(0) = bP(t)*?(ktp)!, that is,
|P(D)* (Py—1 0 f +b(f — ag)*)(0)| = |[P(D)*(Py—1 0 £)(0) + gx(0)|
= |P(D)*(Py_1 o f)(0) + bP ()" (ktp)!],

so we can find b satisfying

such that R
|P(D)"(Py_y 0 f +b(f —a0)*)(0)] > (|P(0)] + 1)'".
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The proof is now done by taking by = b. O

QUESTION 8.2. Does there exist an entire function ¢ of exponential type such
that ¢(D) supports a closed hypercyclic algebra?

PRrOPOSITION 8.3. Let X = {,, X = ¢y or X = w, endowed with the coordi-
natewise product. No backward shift on X supports a closed hypercyclic algebra.

PrRoOOF. We first consider the case X = ¢y. Let £ € X be a non-zero sequence,
and let D C C be a compact disc centered at the origin and omitting at least one
of the terms of x. For each n € N, consider the compact set K,, as in Figure 1 and
f a holomorphic function defined on a neighbourhood of K, and satisfying that
f(z)=0ifze Dand f(z)=1if z € K,,\ D.

i
| ¢

FIGURE 1

By Runge’s approximation theorem we get a polynomial P, such that ||P, —
fllk, < 1. We end up with a sequence of polynomials (P,), satisfying that P, (z) —
0 uniformly on D, and P,(z) — 1 pointwise on C\ D. Redefining P, by P, — P, (0),
we may also assume that P,(0) = 0, for every n € N.

Since x € cp, it follows that eventually all the terms of x belong to D which
yields that P, (z) — y = (yx) in ¢o, where y = 0, if 2, € D and yx = 1 otherwise.
We conclude, that y is a non-zero element in the closed algebra generated by
which is not hypercyclic for any weighted backward shift on cg.

Let now X = ¢P p > 1. Consider an x € X,z # 0, and D and (P,) defined as
above. Cauchy’s formula ensures that P, — 0 uniformly on $D. Let

1
C =sup {|P,’l(z)| :neN, ze 2D} .
Fix ¢ > 0 and let ko € N be such that, for k > ko, 2, € 1D and

3
2pPCP Z |Z‘k|p < 5
k>ko
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Find N € N such that for all m,n > N,

ko
€
> [ Pm() = Pala)|P < 5
k=1
We have

ko
1P () = Pa(@) |l < Y [Pr(@r) = Pa(zi)[? + D (1Pn(xx)| + [Palax) )P
k=1 k>ko

ko
< |Po(ak) = Pa(zi)|P +2°CP > |alP <e.
k=1 k>ko
That means that the sequence (P,(z)) is Cauchy in ¢, and the conclusion follows
exactly as in the previous case.

Finally, we consider the case X = w. Letting D = {0} and K,, be as above,
and by using Runge’s approximation theorem, we get a sequence of polynomials
(@) such that @, (0) =0, for every n € N and @, (z) — 1 for each z € C\ {0}. If
Z € w is a non-zero sequence, then @, (x) — y = (yx), where y, = 0 if 2, = 0, and
yr = 1 otherwise. It is immediate that y is a non-zero element in the closed algebra
generated by x which fails to be hypercyclic for any weighted backward shift on
w. U

QUESTION 8.4. Does there exist a weight (w,) such that B,, acting on ¢,
endowed with the Cauchy product, supports a closed hypercyclic algebra?

8.2. Hypercyclic algebras in the ideal of compact operators

Beyond the examples given in that paper, there are other examples where
the existence of a hypercyclic algebra would be natural. One of them is given
by hypercyclic operators acting on separable ideals of operators. For instance,
assume that H is a separable Hilbert space and denote by X = K(H) the (non-
commutative) algebra of compact operators in H, endowed with the norm topology.

For T € L(H), denote by Lt the operator of left multiplication by T', defined
on K(H). It is known (see for instance [8, Chapter 8]) that if T  satisfies the
hypercyclicity criterion, then Ly is a hypercyclic operator on KC(H). This latter
space being an algebra, it is natural to study whether Lp supports a hypercyclic
algebra. We do not know the answer to this question, but we point out that a
positive answer would require different techniques. Indeed, Theorem 2.1 can never
be applied to these operators.

PROPOSITION 8.5. Let T € L(H). Then Ly, acting on K(H), does not satisfy
the assumptions of Theorem 2.1 even for d = 1.

ProoF. We fix x € H, 2* € H* with 2*(z) =1, ||z|| = 1, ||=*| = 1. Using the
notations of Theorem 2.1, let A = {1,2},
U=V={uel(H): |u—z*®z|<1/4},
W={ueLlL(H): |u] <1/8}.
Assume first that 3 = 1 and that there exist w € U, N € N with 7V« € V and
TNu? € W. Then we know that

7% @) — a*(uta] < P40
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since TVu € V. Now, ||u(x) —z|| < 1/4 so that ||u(x)| < 5/4 and |z*(u(x))| > 3/4.
Hence,

||TNu2(x)|| > ——>

This contradicts TV u? € W.
If we assume that 3 = 2 and that there exist v € U, N € N with TNu € W
and T™Nu? € V, then we get successively

|TNu?(z) — 2| < i (since TNu? € V)
1TV ()| < éuu(x)n (since TNu € W)

1
) = all < 1.

These three inequalities yield easily a contradiction. O

8.3. Further question and remark

As independently shown by Ansari in [3] and later-on by Bernal-Gonzéles in
[4], every separable Banach space supports a hypercyclic operator. In the context
of algebras a natural question arises.

QUESTION 8.6. Is it true that every separable Banach algebra supports a hy-
percyclic operator admitting a hypercyclic algebra?

In all known results, the set of generators for hypercyclic algebras is either
empty or residual. We observe below that this set can be non-empty and meager.

REMARK 8.7. For every pair (X,T) where X is a Banach space and T a hy-
percyclic operator with a non-hypercyclic vector, we may define a product on X
turning it into a commutative Banach algebra and such that the set of generators
for a hypercyclic algebra for T' is non-empty and nowhere dense.

PROOF. Let © € HC(T) and y a non-hypercyclic vector for T' with ||y| = 1.
Consider f € X* with || f]] = 1 and such that f(z) = 0 and f(y) = 1. We define
the product

z-w= f(2)f(w)y, with z,we X
and observe that it turns X into a commutative Banach algebra. Now, 22 = 0
so A(z) = span(x), and thus z is a generator for a hypercyclic algebra for T.
Moreover, it is easy to check that the following holds,

{re X :A(x)\ {0} C HC(T)} = HC(T) N Ker(f).

Since Ker(f) is a proper, closed hyperplane of X, we conclude that the set of
generators for a hypercyclic algebra for T' is non-empty and nowhere dense. ([
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