N

N

Wavelet-type expansion of generalized Rosenblatt
process and its rate of convergence

Antoine Ayache, Yassine Esmili

» To cite this version:

Antoine Ayache, Yassine Esmili. Wavelet-type expansion of generalized Rosenblatt process and its
rate of convergence. Journal of Fourier Analysis and Applications, 2020. hal-02307962

HAL Id: hal-02307962
https://hal.science/hal-02307962
Submitted on 8 Oct 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02307962
https://hal.archives-ouvertes.fr

Wavelet-type expansion of generalized Rosenblatt process and

its rate of convergence

Antoine Ayache and Yassine Esmili
UMR CNRS 8524
Laboratoire Paul Painlevé
Université de Lille
E-mails: antoine.ayache@univ-lille.fr

yassine.esmili@Quniv-lille.fr

January 14, 2019

Abstract

Pipiras introduced in the early 2000s an almost surely and uniformly convergent (on
compact intervals) wavelet-type expansion of classical Rosenblatt process. Yet, the issue
of estimating, almost surely, its uniform rate of convergence remained an open question.
The main goal of our present article is to provide an answer to it in the more general
framework of generalized Rosenblatt process, under the assumption that the underlying
wavelet basis belongs to the class due to Meyer. The main ingredient of our strategy
consists in expressing in a non-classical (new) way the approximation errors related with
the approximation spaces of a multiresolution analysis of L?(R?). Such a non-classical

expression may also be of interest in its own right.

Running Title: Wavelet expansion of Rosenblatt process revisited.
Key Words. Wiener chaos, self-similar processes, multiresolution analyses, wavelet bases, random
series.
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1 Introduction and statement of the two main results

The Rosenblatt process is a non-Gaussian extension of the classical fractional Brownian
motion (see e.g. [22, 13]) which was first introduced in the pioneering article [20]. Later,

the well-known papers [23, 12, 24] drew important connections between it and Non-Central



Limit theorem. Since more than a decade, there has been increasing interest in its study,
we refer to the works [19, 1, 9, 16, 25, 2, 10] to cite only a few. More precisely, it is a real-
valued non-Gaussian self-similar stochastic process with stationary increments which belongs
to the second order Wiener chaos and has continuous paths. We mention in passing that two
classical books on Wiener chaoses, multiple Wiener integrals and related topics are [14, 18].
Throughout our article, using the same terminology as in [19], the Rosenblatt process is called
fractional Rosenblatt motion (fRm in short) and denoted by {Rg(t)}icr. since it depends
on a parameter H € (3/4,1). Notice that this parameter H is replaced by the parameter
k:= H — 1/2 by some authors, because of the fact that 2x corresponds to the self-similarity
exponent of fRm. {Rp(t)}er, is defined through the following double Wiener integral with
respect to a Brownian motion {B(z)},er fixed once and for all:

/
RH(t) = - KH(t,xl,a:Q) dB(.’L‘l)dB(l‘Q), for all t € R+ . (1.1)

The symbol fuég in (1.1) denotes integration over R? excluding the diagonal, and the integrand
Ky is given, for every (t,71,22) € Ry x R?, by:

Kp(t, w1, ) := (T(H —1/2)) 7 /Ot(s — ) (s — ) s, (1.2)

with the convention that, for each (y, ) € R?, one has y¢ = y* if y is positive, and y¢ =0
else. Observe that I" in (1.2) is the usual ”Gamma function” defined, for every real number
z € (0,+00), as I'(z) := O+O° u?~te " du. Also, observe that the inequalities 3/4 < H < 1
imply, for each fixed ¢t € Ry, that the kernel function (x1, z2) — K (t, x1,22) belongs to the
Hilbert space L%(R?); this is why the double Wiener integral in (1.1) is well-defined.

In the early 2000s, a wavelet-type series expansion of { Ry (t)}ier, , which is almost surely
and uniformly convergent in ¢ on any compact interval I C R,, was introduced by Pipiras
in [19]. Thanks to it, this process can be almost surely approximated, uniformly in ¢ € I,
by a sequence of processes ({RH (1) ber +) Jen With continuous paths which are issued from
a multiresolution analysis (MRA) of L?(R?) and for which efficient simulation methods are
available (see [1, 19]). Yet, the issue of estimating, almost surely, the uniform norm over I
of the approximation error, that is [|[Ry — Rp. jl[1,00 := supses |Ru(t) — Ry, s(t)|, remained
an open question. The primary motivation behind our article is to provide an answer to it.
In order to explain the main focus of our strategy employed to this end, we need to briefly
present the fundamental notion of MRA which is the keystone of the wavelet theory. Let us
mention that two very classical references on this theory are [11, 17].

A MRA of the Hilbert space L?(R?), the integer d > 1 being arbitrary, is a sequence

(V}d) jez of closed subspaces of L?(R?) satisfying the following four conditions:
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(1) de C V;-CEH, for every j € Z;
(i) Njez de = {0} and U<y de is dense in L?(R9);

(iii) for any function f(z) € L?(R?), f(x) belongs to Vi if and only if f(27z) belongs to de,
for all j € Z, in other words one has de = {f(2z): f(z) eV}

(iv) There exists a function ¢?(z) in Vi, called scaling function, such that the sequence
{¢%(x —1): 1 € Z?} forms an orthonormal basis of V.

Notice that it can easily be derived from (iii) and (iv) that the sequence {de/ 29120 1) :
l e Zd} is an orthonormal basis of de, for every fixed j € Z. The closed subspace W]d of

L?(R%) denotes the orthogonal complement of de in V4

+1, that is one has

Ve —VIEWL  foralljeZ 1
j+1 — J@ jo or a ]E . (3)

Observe that it follows from (1.3) and (ii) that, for any fixed J € Z, the following three

fundamental equalities hold:

1
vi= & wt (1.4)
—oo<j<J
and
N 1 1
rPrRy=vie( @ wi)- P wi (1.5)
J<j<+o00 —o0o<j<+00

It is known that there are 2¢ — 1 functions ¥%?, p € {1,...,2% — 1}, belonging to W{,
called mother wavelets, such that the sequence {¢d’p(x —k): (pk) € {1,...,2¢4 —1} x
Zd} is an orthonormal basis of W(‘)i. A straightforward consequence is that the sequence
{2jd/2 Y4P(21x — k)« (p,k) € {1,...,2¢ — 1} x Z%} is an orthonormal basis of Wjd, for every
fixed j € Z. Thus, using (1.4) and (1.5), it can be shown that:

Theorem 1.1 (see e.g. [17, 11]) Assume that J € Z is arbitrary and fized.

1. Not only the sequence {2Jd/2 127 —1): le Zd} is an orthonormal basis of le but

also the sequence

{272yt @ — k) (pg k) € {1, 20~ 1} x Zx 2 and j < J}.

2. The sequences

(2792 2270 — 1) : 1 € 2%}
U{2042 (20 — k)1 (p, g, k) € {1,...,28 ~ 1} x Z x Z¢ and j > J}
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and
{2042 P (200 — k)1 (p,j,k) € {1,...,27 =1} x Z x Z¢}

are two orthonormal bases of L>(RY). Such bases of L>(R?) are called wavelet bases.

Usually, for any d > 2, a MRA (de)jeZ of L*(R%) is obtained starting from a MRA
(le)jeZ of L?(R) by making use of the tensor product method. It is important for our
purposes to briefly describe this method in the case where d = 2. In all the sequel, for
the sake of simplicity, (le) jez is denoted by (Vj);ez and corresponding scaling function and
mother wavelet are denoted by ¢ and 1. Throughout our article, these two functions are
assumed to be real-valued. The tensor product method simply consists in defining, for every

j € Z, the space Vj2 as the tensor product:
Vii=V;®V; (1.6)

In other words, Vj2 is the closed subspace of L?(IR?) spanned by the set of functions {g(z1)h(z2),
g €V and h € V;}. Then a scaling function associated to (Vf)mz is (1, z2) — ¢(z1)d(22),
and three corresponding mother wavelets are (x1,x2) — ¢(z1)(x2), (21, x2) — Y (x1)d(x2)
and (x1,x2) — (1) (x2). Such a MRA (VjQ)jGZ was implicitly used in Section 4 of [19] in
order to construct the stochastic processes { Ry, 7(t) }ter, » J € N, which approximate the fRm
{Rp(t)}ier, . More precisely, for any fixed ¢ € Ry, the functions (z1,z2) — Kg s(t, z1,22)
and (z1,z2) — Kﬁ’J(t,xl,xg) respectively denote the orthogonal projections in L?(R?) of
the kernel function (z1,22) — Kg(t,z1,22) (see (1.2)) respectively on the space V7 and on

its orthogonal complement (VJQ)L. The random variable Ry ;(t) is defined as:

RHVJ(t) = /R; KHJ(t,J:‘l,SUQ) dB(xl)dB(xQ) (17)

Observe that one can derive from (1.1) and (1.7) that

!/

RH(t> — RHJ(t) = 2 Kljj”](t, x1, 33‘2) dB(.%‘l)dB(ajg) (1.8)

In order to estimate almost surely the approximation error |Ry — Rp,j||1,00, it is crucial
to express Ry (t) — Ry, s(t) in a convenient way. Under some general conditions on ¢ and
1, an expression for it as a random series is given in the statement of Theorem 1 in [19].
Basically, this expression for Ry (t) — Ry s(t) is issued from the expansion of the function

(x1,22) —» K f;[ ;(t,z1,22) in the classical orthonormal basis of (V7)1, namely:

{2j¢(2j$1 — k1)¢(2j$2 — k‘g), 2j¢(2jm1 — k1)¢(2jx2 _ k2)’
24p(2 w1 — k1) (20 — ko)t (, k1, ko) € Z* and j > J}.
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Unfortunately, this expression has a drawback: the terms of the random series providing it,
that is the random variables Z ,ijc)l(t), j > J defined in relation (4.9) of [19], are correlated.

In order to avoid such a drawback, our strategy consists to expand the function (z1,z2) —

K3 ;(t,x1,72) in another much less classical orthonormal basis of (V?)1, namely:

= {2J1;J2¢<2j1x1—k1)¢(2j2$2—k2) : (j1,J2. k1, ko) € Z* and j1 Vo := max{j1, jo} > J}-

(1.9)

We mention in passing that the fact that B’ is an orthonormal basis of (VJZ)J— can be shown
in the following way. The first part of Theorem 1.1 (with d = 1) and (1.6) imply that

— A )
f] = {2]12J2 1[1(2]11'1 — k‘l)@ZJ(Q”l‘Q — k‘Q) : (jl,jz,kl, ]{32) € Z4 and J1 Ve < J}

is an orthonormal basis of V7. Moreover, the second part of Theorem 1.1 (with d = 1) and
(1.6) entail that

J1tJ2

B:= {2 (20 — k)220 — ko)t (1, jo, k1, ko) € Z4} (1.10)

is an orthonormal basis of L?(R?). Combining these two results with the equality L?(R?) =

1% GLB (V#)1, it follows that B’ is an orthonormal basis of (V#)L.

Our strategy also works in the more general framework of the generalized Rosenblatt
process, that we call generalized fractional Rosenblatt motion (gfRm). It was first introduced
by Maejima and Tudor in their paper [15]. In the last few years, several articles related to
it, written by Bai and Taqqu, were published (see [4, 5, 6, 7, 8]). The gfRm depends on two
parameters H; and Hs satisfying

H{,H, € (1/2, 1) and Hy+ Ho > 3/2 (111)

It is denoted by {Rm, m,(t)}icr, and defined as:

/
RH1,H2 (t) = / KHLH2(7§,$1,$Q) dB(ml)dB(xg), for all t € R+ , (1.12)
R2

where, the integrand Kp, g, is given, for every (t,z1,72) € R} x R?, by:

1 ! Hi— Ho—
Kty (b @1, 22) = ['(H, —1/2)T(Hy —1/2) /0 (s — a2 (s — )P ds. (1.13)

Notice that the condition (1.11) implies that, for each fixed ¢ € R, the kernel function
(w1, 72) = Kp, m,(t, 71, 72) is in L2(R?), which guarantees the existence of the double Wiener
integral in (1.12). Also notice that the gfRm reduces to the fRm when H; = Hy. Similarly to

the fRm, the gfRm belongs to the second order Wiener chaos, it has continuous paths, and



it is self-similar with stationary increments; the self-similarity exponent being the quantity
H; + Hy; — 1. For any fixed J € N and ¢ € Ry, the functions (x1,z2) — Kpg, H,.s(t, z1,22)
and (x1,x2) — KﬁhH%J(t,ml,zg) are defined in the same way as (x1,z2) — Kpy j(t, 21, 22)
and (z1,22) — K ﬁ j(t,x1,22). Namely, they respectively are the orthogonal projections in
L*(R?) of the kernel function (v1,72) — Kp, m,(t, 21, 22) (see (1.13)) respectively on the
space V? and on its orthogonal complement (V7). Similarly to (1.7) and (1.8), the random
variable Ry, p, 7(t) is defined as:

/
Rty (®)i= [ K ara(t01,22) dB(or)dB(ao), (114)
R

and one can derive from (1.12) and (1.14) that

/
RHl,HQ(t) — RH17H27J(1:) = /2 KIJ;(LHQ’J(t,Hfl,l'Q) dB(l‘l)dB(xg) (1.15)
R

We mention in passing that it results from the isometry property of double Wiener integral
and from the Kolmogorov’s continuity theorem that, for any fixed J € N, the stochastic
processes { R, m,,7(t) }ier, and {Rpy, m,(t) — Ry, m,,7(t) }ier, have continuous paths.

By expanding, for each fixed J € N and ¢ € R, the function (x1,x2) — th Hy.7(tT1,72)
in the basis B} (see (1.9)), and by using (1.15) as well as the isometry property of double

Wiener integral, one obtains that

ki,k ki1,k
Ry i, () — Ry i, (t) = > Y KR, (1.16)
(41,J2) €22, j1Vie>J (k1,k2)€Z?
Notice that, for all (ji,j2, k1, ko) € Z*, the real-valued deterministic coefficient IC;?Z" (t) is
given by:

Kk () = 975 / Kty (b, w2)0(2 w1 — k(2P — ky) daydas (1.17)
R

we mention that (1.13), (1.17) and the dominated convergence theorem imply that K2 is

J1,J2
k1,k2 . 3
jll’j; is the random variable of the second

order Wiener chaos defined, for all (j1, j2, k1, k2) € 74, as:

a continuous function on Ry. Also notice that e

. . !/
k1 k J1ti2 i ;
Ej;:j; =2 2 o w(QJlxl — kl)w(zpl’g — kg) dB(:L’l)dB(JZQ) (1.18)
Observe that our previous arguments for deriving the equality (1.16) only allow to assert
that the random series in it is, for each fixed ¢ € Ry and J € N, unconditionally conver-

gent in L2(£2), where Q denotes the underlying probability space. Yet, in the proof of our



Theorem 1.2, stated below, we show that this random series is also almost surely convergent
uniformly in ¢t € I. Let us point out that one may assume without any restriction that the
latter compact interval is of the form I = [0,7], where the real number T > 2 is arbitrary
and fixed. This assumption is systematically made from now on.

The goal of Section 2 of our article is to derive the following theorem which provides an

almost sure estimate of the approximation error |Ru, m, — Ru,,Hy,J||1,00-

Theorem 1.2 Assume that ¢ in (1.9) is a Meyer’s mother wavelet; that is 1 belongs to
the Schwartz class S(R) and its Fourier transform 121\ 1s compactly supported with support
satisfying

supp@/b\g{feR: %S\ﬂg%} (1.19)

Then, for all compact interval I C Ry, there exists an almost surely finite random variable

C (depending on I) for which one has, almost surely, for each J € N,

| Ruy 1y — Ray by 01,00 = sup | Rz, 11, (t) — Rpy a0 (t)| < CJ 277 HHH2=8/2) - (1.90)
te

Let us now present the goal of Section 3 of our article. Using (1.12) and the wavelet
basis B (see (1.10)), similarly to (1.16) one can derive, for each fixed t € Ry, that

Rum® = > KGR0, (1.21)

(j1,42,k1,ka) EZA
where the random series is unconditionally convergent in L?(£2). The main goal of Section 3
is to show that it is also convergent in a much stronger sense: almost surely, uniformly in
t € I :=[0,T], and jointly in the four indices ji, j2, k1 and ko; and to obtain an estimate
of the almost sure rate of convergence. More precisely, the following theorem is derived in

Section 3:

Theorem 1.3 The four real numbers T > 2 and b,d, g € (0,+00) are arbitrary and fized.
Forallt e Ry andn € N, let §H17H27n(t) be the random variable of the second order Wiener

chaos defined as the finite random sum.:

R ki ko o\ Kk
Binma® = > Kt (1.22)
(J1,42,k1,k2)ESTUS,,

where S;F and S, are the two finite disjoint sets such that

ST ={(1.jo, k1, ko) € Z: =2 < jy Aja, 0< ji Vo <m, |ki| <2"HT, |ko| < 2"F'T}
(1.23)



and
Sy o= {(J1.do k1, ko) €ZY 0 —2" < Gy Ajo < i Vija <0, |1 <279, k| < 2"9}; (1.24)

recall that j1 A jo := min{j1, jo} and ji V jo := max{j1,jo}. Then, under the assumption that
Y in (1.10) is a Meyer’s mother wavelet, there exists an almost surely finite random variable

C (depending on T,b,d,g) for which one has, almost surely, for each n € N,

| Ry, He — RH17H27774HLOO = SU? ‘RHI»H2 (t) — EHI:H%n(t)} <Cn 2 2 =3/2) ;o (1.25)
te

where I :=[0,T].

2 Proof of Theorem 1.2

In order to prove Theorem 1.2 one needs to obtain several intermediary results.

First one shows that, for all ¢ € Ry and (1, j2, k1, k2) € Z*, the deterministic coefficient
/C?j”;? (t) (see (1.17)) can be nicely expressed in terms of Wy, and Vp,, the two left-sided
fractional primitives of orders Hy — 1/2 and Hy — 1/2 of the Meyer’s mother wavelet .
One refers to the book [21] for a classical reference on the fundamental notions of fractional
primitives and derivatives. Recall that, for any H € (1/2,1), the left-sided fractional primitive
of 1 of order H — 1/2 is the real-valued function, we denote by Uy, defined as:

Uy(s):= F(Hil/Q) /R(s - y)f_?’/Q?,/)(y) dy, for all s € R. (2.1)

It inherits some important properties of the Meyer’s mother wavelet ¢, namely:

Remark 2.1 The function ¥y belongs to the Schwartz class S(R). This means that it is
infinitely differentiable on the real line, and that itself and its derivative of any order have

rapid decrease at infinity; in other words, for each fixed (positive) real number L, one has
sup{(s +|2))* |\I/H(:U)|} < oo, (2.2)
zeR

and (2.2) remains valid when Wy is replaced by its derivative of an arbitrary order. Moreover,

its Fourier transform ¥ # 1s the infinitely differentiable function on the real line given by:

Tp(0)=0 and Tp(¢) = (i)~ 4(¢), for every £ € R\ {0}. (23)
Thus, in view of (1.19), Uy has a compact support satisfying:
-~ 27 8
C . — < < — . .
swpp ¥y € {eeR: T <lel< 3] (24)
]



The proof of Remark 2.1 has been skipped since it is very classical. The following remark
k1,k2

shows that the deterministic coefficient ICJ-IJ2 (t) can be nicely expressed in terms of the

functions Vg, and Uy,.

Remark 2.2 Let t € Ry and (ji, j2, k1, k2) € Z* be arbitrary and fixed. Using (1.17), (2.1),
Fubini’s theorem and the change of variables: y; = 20121 — ky and Yo = 27239 — ko, One gets
that

s (1) = O TROHR) AT B2 ), (2.5)

where .
Affak; (t) = /0 Uy, (2705 — k1) W, (2725 — k) ds. (2.6)
([l

Let us now give, for every (ji, jo, k1, k2) € Z*, a nice expression for the random variable

5?117}’?22 (see (1.18)). The following remark shows that it is the product of two independent
standard Gaussian random variables except in the particular case where j; = jo and k1 = ks.

Remark 2.3 It is well-known (see e.g. Lemma A.l in [19] or [14, 18]) that, for every

real-valued functions f and g belonging to L?(R), one has

/

[ anatan) dB@)iBG2) = [ f@)aB@) [ o) dB@) - [ f@e@ds. @)

where [, (- ) dB denotes the usual Wiener integral on R. Thus, using (1.18), (2.7) and the
orthonormality property of the wavelets 27/2(2/z — k), (j, k) € Z?, one obtains

2
el = <2j/2/R¢(2jx — k) dB(a:)) —1, forall (j,k) € 72, (2.8)
and, for every (ji, j2, k1, k2) € Z2,

ehiiz = (23'1/2/ ¢(2j1x—k1)dB(at)> <2J2/2/ w(2j2x—k2)dB(x)>, if j1 # jg or ki # ko.

- . (2.9)
Also, observe that it follows from the orthonormality property of the wavelets 27/24)(27z — k),
(4,k) € Z2, and from elementary properties of the usual Wiener integral that the real-valued
random variables 27/2 [ 1(2/z—k) dB(x), (j, k) € Z?, are independent with the same A(0, 1)

Gaussian distribution. O

The following crucial lemma easily results from Remark 2.3 and from Lemma 2 in [3].



Lemma 2.4 There exist Q* an event of probability 1 and C a positive random variable of
finite moment of any order, such that, for all w € Q and for each (j1,j2, k1, k2) € Z*, one

has

€52 ()] < C(w)y/log (3+ L] + kal) log (3 + [ja] + [ (2.10)

J1,J2

Let us now introduce a partition of the set of integers Z which will play a fundamental

role in the proof of Theorem 1.2.

Definition 2.5 The parameter a € (1/2,1) is arbitrary and fixed once and for all. For every
(4, k) € Zy X Z, one denotes by Bj the compact interval of real line centered at the dyadic

number 277k and of radius 277, that is
Bjj = [277k —279% 279 + 2779]. (2.11)

For each fized j € Z4 andt € Ry, Djl» (1), Djz-(t) and D?(t) are the three disjoint subsets of Z
defined as:

Dj(t) :={k € Z: Bj;, € [0,1]}, (2.12)
D3(t) == {k € Z\Dj(t) : B;x N[0,] # 0}, (2.13)

and
D}(t):={k €Z:B;jpN[0,1] =0}. (2.14)

It can easily be seen that these three disjoints sets, which depend on t and also on the param-

eter a, form a partition of Z, that is:
_ pl 2 3
Z = Dj;(t) U Dj(t) U Dj(t). (2.15)
Remark 2.6 Notice that, Dj-’(t) is always an infinite set; while Djz (t) and Djl- (t) are always

finite sets which can even be empty. Their cardinalities satisfy, for each fixed positive real

number 71" and for all j € Z,

sup {card(Djl-(t))} <dY (2.16)
te[0,7]
and
sup {card(D3(t))} < 2107 (2.17)
te[0,T

where ¢ > 1 and ¢’ > 1 are two finite constants. Notice that ¢’ depends on T while ¢’ does

not depend on it. O
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Definition 2.7 For all J € N, one denotes by Xy ; and Ng ; the two subsets of Z? defined
as:
Ny g o= {(j1,42) € Z*: j1 > jo and j1 > J} (2.18)

and
NQJ = {(jl,jg) S ZQ : jQ > jl and jQ > J} (2.19)

Lemma 2.8 The real numbers T > 2 and L > 3/2 are arbitrary and fized. For every J € N,
let Hij and 7-[57(] be the positive random variables defined as:

o= 3 ety 3w {Iaolg @)

(]'1,]'2)6?‘317‘] k1EZ |k2‘>2j1+1T tE[O,T
and
1 e j1(1—H1)+j2(1—H2) k‘l,kQ k‘l,kz
Hay = § : 2 § : Z Sup A]17J2 ‘ }531 J2 ‘ (2.21)
(j1,42)ERz2, 5 |ky|>202+1T ko€Z '€

Then, there exists an almost surely finite random variable C such that, for all J € N and
[ € {1,2}, the following inequality holds on the event (*:

Hi ;< C 27 HHILAL=S) g Jlog(3+ ). (2.22)

Proof of Lemma 2.8 One only shows that (2.22) is satisfied when [ = 1, the case where
[ = 2 can be treated in the same way. Let (j1,j2) € Ry s be arbitrary and fixed. Using (2.6),
(2.2), (2.10), (4.1), the triangle inequality, the inequality j; > j2, Lemma 4.2, the fact that
y— (2+y)~Fy/log(2 + y) is a decreasing function on R, and (4.2) one gets that

S sw {|Afel e

K1E€Z |ko|>291 1T t€[0,T7

<y Z Z / \/log (3+ 71+ k1)) \/log (3 + |jo| + |k2|) s

3+|2ns—k1\) (3+|2J2s—k2|)

k1€Z |ky|>201+1T

T .
SCO/ (Z Z \/log (3 + 71+ |k1]) \/log 3+|J2|+|k2|))ds
0

ki1€Z ‘]{:2|>2J1+1T ( ‘2]18_k1’) (3+ |k2| _2]28)
: : , log(3 + |k

<OT 2L\/log(3 +i1+20T)log(B+ o) > g(—|f|)
\k2|>2j1+1T (3 + “ﬁz’)

) +oo 1 2
< O T2, flog(3+ i + 2 D) log(3 + [rel) [ BCEY)
2J1+1T (2 + y)
< O9v/10g(3 + |ja|) 71 271D (2.23)
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where Cp, C1 and Cy are 3 positive random constants not depending on (j1, j2) and J. Next,
it follows from (2.18), (2.23), the triangle inequality, and (4.1) that

S (-G $Y S gy {\Aff}kf \}|5§f,}"€f‘

(jl:j?)ENl,J k1€Z |k2‘>2j1+1T tG[O,T}
+00 jl ‘ .

< (O Z Z 10g(3 + |]2|) 2]2(1—H2) 7 2—]1(H1+L—2)
Jj1=J je=—00
+oo 400
Co Y > Vlog(3+ [j1 —p|) 201 P H) jy g+ E=2)
j1=J p=0

<CQZJ12 j1(H1+Ha+L— 32 10g3+j1+p2p1 )
Jj1=J

<Cs Z 1 \/1og(3 4 j1) 21 (H+Ha+L=3)
n=J

< CyJ /log(3 + J) 27 /U HHAL),

where the finite random constants C3 and C4 are defined as:

+00 +oo
Cy:=Cy Y \Iog(3+p) 277 and  Cyi=C5) (1+q)\/log(3 + q) 2 9N HH4L=3),
p=0 q=0
Thus, one obtains (2.22) when [ = 1. O

Lemma 2.9 The real numbers T > 2 and L > 27Y(1 —a)~! + 1 are arbitrary and fived. For
every J € N, let ’H 1.7 and 7—[2 s be the positive random variables defined as:

T D e I DI i VTGl S CEY
(J1,J2)€R1,g te0.T] k€D (t) k2€Z

and

7‘[% = Z 2j1(17H1)+j2(17H2) sup { Z Z ‘A?lljj’z? (t)Hgflljf‘} (2.25)

(31,52)€ER2 5 te0.T] g ez ka€D? (

Then, there exists an almost surely finite random variable C such that, for all J € N and
[ € {1,2}, the following inequality holds on the event Q*:

H} ;< C o /(EmDAa) vt a=2) 2. flog (3 + ). (2.26)

12



Proof of Lemma 2.9 One only shows that (2.26) is satisfied when [ = 1, the case where
[ = 2 can be treated in the same way. Let ¢ € [0, 7] and (j1, j2) € Ny s be arbitrary and fixed.
Using (2.6), (2.10), (2.2), Lemma 4.2 and Lemma 4.3, one gets that

§ : § :’ k17/€2 kl,]@’
.717]2 ]17.72
k1€D31 (t) ko€Z

T B
SC()/ < Z Z V1og(3 + j1 + |k1) " \/log(3+|32|+|k2|)>d8
0

. L
k1€D3 ( kJQGZ 3+|2]15—k1’) (3+|2~72S—k32|)

) Cl\/log(g e /OT ( Z Vieg(3+j1 + |k‘1|)) ds

: L
kEeD? (1) (3 + [271s — /{:1‘)

< Coljy + 1)2-H1E-D0-a) \/log (3+ |ja + 22T, (2.27)

where Cy, C1 and Cy are 3 positive finite random constants not depending on ¢, (ji, j2) and
J. Next, it follows from (2.18), (2.27), the triangle inequality and (4.1) that
j1(1—H1)+52(1—Ha) k,k ki1,k
S st {5 S ol
(J1,92)€EN1 5 te(0,7] k1 €D3 ) k2€Z

+oo J1
<G> 3 (G )2 (BN 90t flog (31 || + 27

Jj1=J ja=—00
400 400

<Oy ZZ]1+ )2~ 1 ((L=1)(A-a)+H1-1) 9(j1—p)(1-H2) \/log 3+Ul p| + 201 pT)
j1=J p=0

—+00 400
< Cy Y (j1+1)y/log (3421 T) 27D FMAR=2) N flog(3 + jiy + p) 27 PU—H2)
p=0

ji=J

+o00
< O Z ]% log(3 + j1) 9—i1(L=1)(1—a)+H1+H2—2)

ji=J
S C4J2 10g(3 4 J) 27J((L71)(17a)+H1+H272)’

where the finite random constants C53 and C4 are defined as:

+oo
C3:=16C5(2+T) > +/log(3+ p) 277172
p=0

and .
Cy :=C5 Z(l + q)2 log(3 + q) 9—4q((L=1)(1—a)+H1+Hz—2)
q=0
Thus one obtains (2.26) when [ = 1. O

13



Lemma 2.10 The real number T > 2 is arbitrary and fized. For every J € N, let HiJ and

’H%J be the positive random variables defined as:

= T pmsem e {5 S akoldl) e

(j1.42)€R1, s 0T R jiep2 (1) kael

M= Y e ap [S0ST akold]) e

(J1,32)€EN2, 7 tel0.T] L g ez k2€D2 (t)

Then, there exists an almost surely finite random variable C' such that, for all J € N and

[ € {1,2}, the following inequality holds on the event {2*:

H} ;< ¢ 27 UhHHFa=2) 1 flog(3 4 ). (2.30)

Proof of Lemma 2.10 One only shows that (2.30) is satisfied when [ = 1, the case where
[ = 2 can be treated in the same way. Let L € (1,+00), t € [0,7] and (j1,j2) € Ny,7 be
arbitrary and fixed. Using (2.6), (2.10), (2.2), Lemma 4.2, the inequality |k;| < 21(1=@) 42717
for all k1 € DJZ1 (t) (see (2.13), (2.12) and (2.11)), the change of variable z = 2/1s — kq, (2.17)
and (4.2), one gets that

Z Z‘ kl,k2 kl,’?z‘
317]2 ]17.72

k1 €D21 () ko €Z

SCo/< Z Z\/10g3+.71+|k1 \/10g3+|32|+k2)>d5
0

k1€D3 (1) k2€L 3+’2315—k‘1|) (3+|2125—k2|)

§C1\/log(3+\j2‘+2j2T/ ( 3 \/log(3fyl+|k1L|)>dS

ke () (3 4 [2015 — ki)

ds
- 1
3+ ‘2315 — k‘1|)

<C’1\/log (3+ |jol + 22T log (3 + ji + 201(1=) - 21T)  y~ /
k1€D2

= (/ (dH)> \/log 3+ |72 + 272T) log (3 + g1 +21(0-a) 4 ZJlT) card( (1)) 2~
3+

< Cp201e \/(jl + 1)log (3 + [ja2] + 272T), (2.31)

where Cp, C1 and Cy are 3 positive finite random constants not depending on ¢, (j1, j2) and
J. Next, it follows from (2.18), (2.31), (4.1) and the inequalities a > 1/2 and H; + Hy > 3/2,

14



that

> (AR R) Sup{ Yo > AR Hsfllf‘}

(J1,92) €N 7 t€(0,7] k1 ED2 (t) ko€Z

+00 J1
< Oy Z 9—Jj1(Hi+a—1) /i1 4+ 1 Z 2]'2(1—H2)\/10g (3 + |jo| + 2j2T)

j1—J j2=*00
s LIS IN e zz o112, fiog (35 i -l + 2171)
n=J
foo +oo
< Oy Z 9—J1(Hi+Hy+a—2) \/(]1 +1)log (3 + 2j1T) Z 9—p(1—Ha) log(3 + j1 + )
j1=J p=0
+00 )
<Oy Yy o) 1 flog(3 4 1)
Ji=J

S C42—J(H1+H2+a—2)J 10g(3+J),

where the finite random constants C5 and C4 are defined as:

+oo
Cy 1= 2C5/log(3+T) Y _ 277172\ /log(3 + p)

p=0
and
+oo
Cy:=C3 Z 9~ a(Hi+Hz+a=2) (14 ¢q)+/log(3+¢q).
q=0
Thus, one obtains (2.30) when [ = 1. O

Definition 2.11 For all (j1,j2, k1, ko) € Z*, one sets
Jt.ge

F‘kl’k2 = / \IJHI (2j18 - kl)\lll-b (2j28 - kQ) ds. (232)
R

One knows from Remark 2.1 that the real-valued functions Wy, and Uy, belong to the
Schwartz class S(R). Therefore, ijlljlf is well-defined and it results from the Plancherel

formula and from elementary property of Fourier transform that

Ffvke = g=i=p / exp (= i(277ky — 272kg)€) W, (271€) W gy, (27726 dE. (2.33)
R
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Remark 2.12 Observe that one can easily derive from (2.4) and (2.33) that

K1,k

L2 =0, forall (ji,ja, k1, k2) € Z* such that [ — ja| > 2. (2.34)

k1,k2

In other words, a necessary condition for having F, # 0 is that jo € {j1 — 1,J1,51 + 1}.

This leads us to introduce the following notations: for every (4, k1, k2) € Z3, one sets

rkike | pkake ki,ke . ok ke A,k pkike
L e e R T R Vit

Thus, using (2.33) and the change of variables n = 277¢ and 7' = 27771¢, one gets that

ke .o pluks g /Rexp (= ik — ko)1) Oz, ()@ a1, () iy, (2.35)
F]h,lw = F]’fjlff =9l-J /Rexp ( — (k1 — 21@2)7]){1\/1{1 (n)@HZ (2n)dn (2.36)
and
R /R exp (—i(2k1 — ko)) W, (20 )W, (/) di . (2.37)
O

Remark 2.13 Let Aj, A and A3z be the three functions defined, for all n € R, as:

~ =~ ~

M) =T, (T, (n),  Aa(n) = Vu, (MW, (20) and  Ag(n) = g, (20) T, ().
(2.38)
These three functions as well as their Fourier transforms /A\l, KQ and Kg belong to the Schwartz
class S(R) since ¥y, and ¥y, are in this class. Thus, for any arbitrary fixed positive real

number L, there exists a positive constant ¢ such that
‘Km(v)‘ <c(3+ ]v|)_L, for all (m,v) € {1,2,3} x R. (2.39)

On the other hand, one knows from (2.35), (2.36), (2.37) and (2.38), that, for all (j, k1, k2) €

73, one has

Fivl = 27T Ay (ky — ko), FPP = 2" Ay(ky — 2ky) and  F72 =277 Ry (2ky — ko).
(2.40)

Thus, one can derive from (2.39) and (2.40) that, for all (j, ki, ke) € Z3, the following three

inequalities, in which ¢ denotes the same constant as in (2.39), hold:
|EFR2) < e279 (34 [k — ko) T, (2.41)
|FFR| < e2' I (34 [ky — 2ka|) " and |EPVR| eI (34 2k — ko) TE. (242)

0

16



Lemma 2.14 The real numbers L > 2 and T > 2 are arbitrary and fixed. For every J € N,

let H‘i] and 7—[‘2171] be the positive random variables defined as:

4 E J1(1—H1)+j2(1—H2) E: kl,k2 kl,k2 k1,k2
7"[I,J = 2 sup E : ‘ J17]2 JlJz H’thh‘

(J1,92) €N, 7 te[0,T] k1 eD1 ) k2€Z

(2.43)
and
W E st (S5 o - i)
(J1,32)€R2 5 t€[0.T] kGZkeDl
(2.44)

Then, there exists an almost surely finite random variable C' such that, for all J € N and

I € {1,2}, the following inequality holds on the event {2*:
i, < C.J3/2 9= J(L=2)(1—a)+ Hi+Hy—1) (2.45)

Proof of Lemma 2.14 One only shows that (2.45) is satisfied when [ = 1, the case where
[ = 2 can be treated in the same way. Let ¢ € [0, 7] and (j1, j2) € Ny s be arbitrary and fixed.
Using (2.6), (2.32), (2.11), (2.12), (2.2), (2.10), the inequality |k1| < 2/'T when k; € Dj (t),
the inequality 21T > j;, Lemma 4.2, the inequality jo < j; and (4.1), one gets that
D D IO - F |
kED! (1) k2€Z

< Co\/log(?) + 201+17T) /R\[M < Z | 1 - leL) ( Z V/1og(3 + |J2| + |k:z|)) ds

kEDL (1) ) (3427 ez (3412725 — kal)

< 3 \/10g3+!J2|+|2328|)>d8

< Ci \/log(?) + 201+1T) /
keDl ( (3+y2als—k1|)

R\[0,4

( 5 ViosBFlal+ |2ﬁs|>> ds

teDt () (34 |2715 — ky|) "

< Z \/10g3+|j2|+|2j18—k:1|)>d5

(3+ 12015 — ky|)"

< C1\/log(3 + 21417 /

R\ [0,¢]

< Cylog(3 + 27T /

R\[O t] k GDl )

< C1log(3 4 27" HT) (Uj, iy (t) + Vi) (2.46)

where Cy and C are 2 positive finite random constants not depending on ¢, T, (j1,j2) and
J, and where

Ujy o (t) = /:oo ( Y V1oa(3 + 2| 25 kl)) ds (2.47)

L
k1 <2d1¢—2i1(1=a) (3 + 215 — k‘1)
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and

0 log(3 + |j2| — 271s + k1)
Vi :=/ < > v : : >ds. (2.48)

ky>201(1—a) ( — s+ kl)

Next, the change of variable y = 271(s — t) in (2.47), the fact that, for any fixed jo € Z,
the function y — (2 +y)~+/log(2 + [j2| + y) is decreasing on R4, and integrations by parts
entail that

A log(3 + |j 21t — k
Ujrin (2) —231/ ( T Vios(3 [ v + 201 1)>dy
. o Jjit — k )
0 k1 <2i1¢—2i1(1—a) (3 +y+2 1
<ot / oo ( X Viog(3 + [ja] +y + 2109 ¢ m)> "
- o \iZ (Bry+2i0-04m)”
<9 / ( \/log(2 + |72 +'Z/ +2n - + 2) dz) dy
0o (2+y+210-9 4 2)
< ol / ¥ Viog(2 + o] +y +200-9)
B 0 (2+y + 21 (0-0) P
1 V1og(2 + [jjo| + 210-9)

<22 -2 2.49
<P -y S (2.49)
Similar arguments allow to derive from (2.48) that
» 1 Vlog(2 + [ja] + 210 )
Vige <22794(L—2)7" " (2.50)

9 4 971(1—a)
( )

Next, it follows from (2.18), (2.46), (2.49), (2.50), the triangle inequality, (4.1) and (1.11)

that

J1(1—Hi)+j2(1—Hz) Z Z klyk2 k|| kke
Z 2 sup ‘AJ17]2 J1 g2 ’ €1, }

(41,52)€ER1 7 te[0.T] k1 €D1 ) k2€Z

too 1

< (Cy Z Z ji+1)2- 71 ((L=2)(1—a)+H1) 9j2(1- HQ)\/log 2+ |ja| + 201(1-a))
J1=J ja=—00
+oo +oo

<O Z Z 1+ 1) 2791 (E=2)(1=a)+1) o(j1-p)(1- Hg)\/log (2+ |1 — p| + 201 (1-a)
J1=J p=0
400 400

< Co Y (4 1) 2 (D) 5 a0 flog(2 4y 4 21(0-) 4 p)
Ji=J p=0

+o00

< (3 Z jf/2 9—i1((L=2)(1—a)+H1+Ha—1)
Ji=J

< C4J3/2 27J((L*2)(17a)+H1+H271)7
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where Co, ('3 and Cy are 3 positive finite random constants not depending on ¢ and J. Thus
one obtains (2.45) when | = 1. O

Definition 2.15 For all J € N, one denotes by My ; and My j the positive random variables
defined as:

— i1 (1—Hy ) +j2(1—Hz) ki,ka _kik
D S R I DIND DI ot

(J1,52)ER g te[0,7] ki€D] (t) k2| <2141 T

} (2.51)

and

e i1(1—H1)+j2(1—H: k:,k k:,k
Maogim 30 OO s {| ST ST g
]

(j1,42)ERa, LEOT] L j<itir k2€D? (1)

}, (2.52)

where the real number T' > 2 s arbitrary and fized.

Lemma 2.16 There exists Q** an event of probability 1, and there is C** a positive finite
random variable, such that, for all (w,J) € @** x N and | € {1,2}, one has

My y(w) < O (w)J 2~ HitH2=3/2) (2.53)

Our next goal is to show that Lemma 2.16 is satisfied; one focuses on the case [ = 1, the

other case [ = 2 can be treated similarly.

Remark 2.17 Observe that setting j = j; in (2.51), and using Remark 2.12 and (2.18) one

has that
—+o0

My ;= Z 2j(27H17H2)< sup {M](t)} +2f2=1 qyp {Mj(t)}), (2.54)
J=J t€[0,T] t€[0,T)]
where, for all j € N and ¢ € 0,77,

>y e 2

k1€D}(t) |ko|<27H1T

and

> S B (2.56)

k1€D](t) |ka|<29H1T

19



In fact, in the case where | = 1, Lemma 2.16 is a straightforward consequence of (2.54)

and the following lemma.

Lemma 2.18 There exist O and Q™ two events of probability 1, and there are C** and

C** two positive finite random variables, such that one has:

sup {]Mj(t,w)]} < C™(w)j279%, for all (w,j) € V™ x N (2.57)
te[0,7)
and
sup {|M;(t,w)|} < C*(w)j279/%,  for all (w,j) € ¥ x N. (2.58)
te(0,7)

In order to show that Lemma 2.18 is satisfied, one needs some preliminary results.

Remark 2.19 Let j € Zy and t € Ry be arbitrary and fixed. Using (2.11) and (2.12) it

can easily be shown that

O, iftel0,21779),
Dj(t) = (2.59)

Dj(mj;277 +27799) if t € 21799, +00),

where m;; is the positive integer defined as m; := L2jt — 2j(1_a)J. Thus, denoting by Z; the

finite set of positive integers defined as
Zj:=Nn (2079 1 27 - 210-0)] (2.60)

in view of (2.59), one has, for all j € N, that

sup {|M;(t)|} = sup {‘]\Zf] (m277 +277%)|} (2.61)
t€[0,T meZ;
and
sup {|Mj(t)|} = sup {}Mj(mZ_j —|—2_ja)‘}. (2.62)
t€[0,T] meZ;

Observe that the cardinality of the set Z;, satisfies, for some finite constant ¢ > 1 only
depending on T,
card(Z;) < c2/, forall j € N. (2.63)

0
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The following lemma is a straightforward consequence of Theorem 6.7 in [14].

Lemma 2.20 There exists a positive finite universal constant ¢ such that, for every random
variable x belonging to the second order Wiener chaos and for each real number y > 2, one

has
P(1xl > ylixl e ) < exp (—ey), (2.64)

1/2
where |[xlz2) = (E[xI?]) "

Lemma 2.21 There exists a finite constant ¢ > 0 which depends on T, such that one has

sup {HMj(t)HLz(g)} <c277?, forallj €N, (2.65)
t€[0,T]

and
tes[l(l)%} {HMj(t)Hm(Q)} <¢2792 foralljeN. (2.66)

Proof of Lemma 2.21 We only give the proof of (2.65) since (2.66) can be shown in
the same way except that the first inequality in (2.42) has to be used instead of (2.41).
Let t € [0,7] and j € N be arbitrary and fixed. Observe that, in view of the inclusion
Di(t) C {ka € Z : |ko| < 27T} the set Dj(t) x {ko € Z : |ka| < 27T} can be expressed

as the disjoint union:

Dj(t) x {ky € Z: |ko| < 2H'T} = AT (t) UAT (1) UAT (t) UAS(1),

where, for any R € {<, =, >}
AR(t) := {(k1, k2) € Dj(t) x Dj(t): k1Rks} (2.67)
and
AS(t) == Dj(t) x {ka € Z: |kg| <27"'T and ky ¢ Dj(t)}. (2.68)

Thus, using (2.55), one gets that

M;(t) = MZ(t) + M5 (t) + M (t) + M(t), (2.69)
where, for any R € {<, =, >, ¢},
~ ~ke ke ki,k
ME(t) = Y Frtet (2.70)

(k1,/€2)€A;R(t)

21



Next, it follows from (2.69) and the triangle inequality that

HMj(t)”H(Q) S HMJ‘<(t)HL2(Q) + HMJ:(t)HH(Q) + HMJ‘>(t)HL2(Q) + HMJ‘C(t)HLQ(Q)' (2.71)

The advantage in using the sets A;-a(t), R € {<, =, >, c}, is that one can derive from (2.67),
(2.68) and Remark 2.3, that, for any (¥}, k) € A;z(t) and (k7, k%) € A?(t), the two centered

/oL v
k2 1972
7‘7

it follows from (2.70), (2.8), (2.9), classical properties of Wiener integral, the fact that the

fourth moment of a standard Gaussian random variable equals 3, and (2.41) that

: K,
random variables € and ¢; are uncorrelated except when (k7,k5) = (k{,k5). Then,

|30 ey = E(OLF0)) (2.72)

_ Z (Ffl’kQ)QE((s%’h)Q) <27 Z (3 + ke — k2‘)—2L

(khkz)EA}z(t) (kl,kg)GA;R(t)

where the arbitrary real number L > 1/2 is fixed, and ¢; > 0 is a constant only depending
on L. Then, denoting by cy the finite constant cy := 2¢; 3°70(3 + n) "2 and using (2.72)
and the inclusion

AR CZx{ky €L+ |ky| < 2F'T},

one obtains that

HMJR(t)HiQ(Q) <a2¥ ) > (B4 lk— ko) "2 < 8Tep277. (2.73)
|ka|<29+1T ki€EZ

Finally, one can derive from (2.73) and (2.71) that (2.65) holds. O
We are now in position to prove Lemma 2.18.

Proof of Lemma 2.18 We only give the proof of (2.57) since (2.58) can be shown in the
same way. Let £ > 2 be a constant which will be defined more precisely later. Using (2.61)
and (2.60), for all j € N, one has

(i, 100 > 05, {19010}
{RACTmY

< 3 P( Ity m2 T+ 2] > kg sup {0 })

:IP’< sup {‘Mj(mQ*j—i—Z*ja)‘} > Kj sup

meZ; t€[0,T)

meZ; te[0,T7]
<> P(\Mj (m277 +279%)| > Kk j ||M;(m 277 +277%) HLz(m) : (2.74)
meZ;
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Next, observe that, for any ¢ € [0,T] (and in particular for ¢ = m 277 4+ 27/%) the random
variable M;(t) belongs to the second order Wiener chaos, since it is (see (2.55)) a linear

ki k . . .
1 2 which are in this chaos. Thus, one can make use of

combination of random variables £;
Lemma 2.20 in order to bound from above the probabilities in (2.74). By this way, for all

m € I;, one gets
P(}Mj(mQ_j + 2—ja)‘ > njHMj(m 277 4 2‘ja)HL2(Q)> <exp(—¢rj), (2.75)

where ¢ is the same positive finite constant as in (2.64). Next combining (2.74) and (2.75)
with (2.63), one obtains that

s (05001} > x5 {1500}

te[0,T
<2 exp(—¢rj) =crexp (— (¢x —log2)j), (2.76)

where ¢; denotes the positive finite constant ¢ in (2.63). One can assume that the finite

constant x is chosen such that x > (log2)/¢. Then, one can derive from (2.76) that

Z]P’( sup {\M )|} >Hjtes[lé%]{H]\ij(t)HB(m}) < +00.

t[0,T]

Thus, the Borel-Cantelli lemma implies that there exist Q** an event of probability 1 and

C’;* a positive finite random variable, such that, for all w € ** and for every j7 € N, one has

sup {|M (t,w)|} < C3*(w)j sup {HM )HL2(Q)}' (2.77)
t€[0,7] tel0,T
Finally, (2.57) results from (2.65) and (2.77). O

We are now in position to complete the prove Theorem 1.2.
End of the proof of Theorem 1.2 Recall that the compact interval I is assumed to
be of the form I = [0,7], where the real number 7" > 2 is arbitrary. Also recall that Q*
denotes the event of probability 1 which was introduced in Lemma 2.4. Let us first show
that, for all fixed (j1,j2) € Z? and for every w € Q*, the series of continuous of functions
Z(kl ka)€zZ? Athsz( °) ffbiQ(M)

that is one has

ST AR, e )] < 4oo. (2.78)
(k1,k2)€Z2
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Using (2.2), (2.6), (2.10), the definition of || - || 1,0, and the triangle inequality, one gets, for
some positive finite constant C; depending on T, (41, jo) € Z? and w, that
ki,k ki ,k
> 145055 17 oo €505 ()]
(k1,k2)€Z2
3 /T ViogB + 1]+ [k log(3 + [ +[ka)
0 (14207 + (215 — ki) (1 + 22T + 2025 — ko)

<C
(k1,/€2)622

<

/T Vg (3 + [71] + [k1]) log(3 + [52] + [k2])
o (

oy ez 14 20T + k| — |2715))% (1 + 2027 + |ko| — [2725])

1 j ki])1 ' k
<ar Y Vi9og(3+ 1] + 12\) 0g(3+|32|+| 2[)
(k1 k2) €72 (1 [Fa])™ (1 + |R2l)

which shows that (2.78) holds. Next, for each fixed (j1, j2) € Z2, one denotes by { X}, j, () }er
the stochastic process with continuous paths which vanishes outside of the event 2*, and
which is defined on %, for all (t,w) € I x Q*, as

K1,k k1,k
Xjjpltw) = Y ATt (w). (2.79)
(k1,k2) €72

< 400,

Let us now show that in order to derive (1.20) it is enough to prove that there are Q an event
of probability 1 included in Q*, and C' a positive finite random variable such that one has on
Q, for every J € N,

> IR X e < O 27 HRTR), (2.80)

(J1,J2)€Z?, j1Vj2>J
Assuming that (2.80) is true, then it turns out that, for all fixed J € N and for every w €
the series of continuous functions
Xy(o,w) = > o (I=HO+i2(1-H2) X . (o ) (2.81)
(J1,42)€22, j1Vj2>J

is normally convergent with respect to the norm || - |7 o0; thus, X (e,w) is a continuous
function on I. In the sequel, one denotes by { X ;(t)};cs the stochastic process with continuous
paths which vanishes outside of € and which is defined through (2.81) on €. It can easily be
seen that (2.80) and the triangle inequality imply, almost surely for all J € N, that

X || 1,00 < C 27/ UOTH2=3/2), (2.82)

On the other hand, one knows from (2.79), (2.5) and (1.16), that, for all fixed J € N and

t € I, the random series

Z 91 (1=H1)+j2(1—H2) Xj, js (t)
(J1,J2)€Z2, j1Vje > J
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converges to Ry, m,(t) — Ruy m,,s(t) in L?(2). Combining the later fact with (2.81), one

obtains, for all ¢t € I almost surely,

Xy(t) = Ry, 1, (t) — Ry m,,0(t) -

The latter equality and the fact that the stochastic processes {Ru, m,(t) — R, H,.7(t) }er
and {X(t) }+e; have continuous paths imply that they are indistinguishable. Thus, (1.20) is
nothing else than (2.82).

Finally, let us show that (2.80) holds. Using (2.79), the triangle inequality, (2.20), (2.21),
(2.24), (2.25), (2.28), (2.29), (2.43), (2.44), (2.51) and (2.52), one gets, for all J € N, that

2 4
ji1(1—H jo(1—H-
3 gin(=HOTi(-H) |5, 1< S :(MUJr S :H;jf,).
(J1,J2) €22, j1Vj2>J =1 m=1

Therefore, combining Lemmas 2.8, 2.9 and 2.14 (in which L is assumed to be large enough)
with Lemmas 2.10 and 2.16, one obtains (2.80).

3 Proof of Theorem 1.3

In order to prove Theorem 1.3 one needs to obtain some intermediary results.

Lemma 3.1 The real numbers T > 2 and L > 3/2 are arbitrary and fized. For everyn € N,

let Ein and L’%’n be the positive random variables defined as:
1 j1(1—H1)+j2(1—H k1,k ki,k
L, = Z 91 (1—H1)+j2(1—Ha) Z Z sup {‘Ajll,j;(t)‘}‘gjll,j;‘ (3.1)
j1Vja<n k1E€Z |ky|>2nt1T LEOT]
and
1 j1(1—H1)+j2(1—H k1,k k1,k
Lhpo= Y, 2HOTIRRAEI R T R sup {|Ajf,j22(t)‘}‘5jf,j;‘- (3:2)
j1Vj2<n by |>20+1T kyez tEI0T]

Then, there exists an almost surely finite random variable C' such that, for all n € N and
[ € {1,2}, the following inequality holds on the event Q* of probability 1 which was introduced
i Lemma 2.4:

L, < Co U HRTL=3) n 160(3 4+ ). (3.3)
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Proof of Lemma 3.1 One only shows that (3.3) is satisfied when [ = 1, the case where
I = 2 can be treated in the same way. Let n € N and (j1,72) € Z? be arbitrary, fixed and
such that

71V ja < n. (3.4)
Using (2.6), (2.2), (2.10), (4.1), the triangle inequality, (3.4), Lemma 4.2, the fact that
(2 4+ y)~Ly/log(2 + y) is a decreasing function on R, and (4.2), one gets that

33w (ARl

k€L |ky|>2nt1T LEIOT

oy Y [ BTG, Vel R,

Rl kg d0 (B 2015 — k)" (3+ (2725 — ka|)"
g CO/T ( D3 V9egB+ [ +[k]) \/1og(3+|j2|+\k2\)> i
- 0 ki1€Z |k-2|>2n+1T (3 + |2j15 k1|) (3 —|— |kj2| — 2j25)L

) . : Viog(3 + [k
<CiT 2L\/log(3 il + 20 T)log(3 + [f2l) > VA Chal 1:2|)
‘k2|>2n+1T (3 + |k2|)
) oo Jlog(2 +
< T2 log(3+ 1] +21T) log(3 + |al) 522y
gtip (2+y)L
< Co/10g(3 + |71]) log(3 + [j2]) n 27—, (3.5)

where Cy, C7 and Cy are 3 positive finite random constants not depending on (j1, j2) and n.
Next, it follows from (3.1) and (3.5) that

n—1 n—1

Cyn27 "D N N on(=H)FR0-H2) flog (3 4 |j1]) log(3 + | j2])

J1=—00 ja=—00

< O 2 UFHAL=3) 160 (3 4 1)

1
El,n

IN

where Cj5 is a positive finite random constant not depending on n. Thus, one obtains (3.3)
when [ = 1. ]

Lemma 3.2 The real numbers T > 2, L > 1 and g > 0 are arbitrary and fixed. For every

n €N, let L3 n and E%,n be the positive random variables defined as:

Gom B g s 5 an (a0l @0

(J1,52)EN? k1€Z |ko|>2m9 tefo,T
and
2 —j1(1~H) (1—Ha) k17k2 k1,k2
£2,n = Z 9—Ji( 1)—j2(1—H2) Z Z sup { iy (t)}}‘g—jl,—jé" (3.7)
(j1,j2)EN? k1 |>2n9 koeZ L€ [0,T]
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Then, there exists an almost surely finite random variable C' such that, for all n € N and

[ € {1,2}, the following inequality holds on the event {2*:

£}, < c2EDg /iy, (3.8)

Proof of Lemma 3.2 One only shows that (3.8) is satisfied when | = 1, the case where [ = 2
can be treated in the same way. Let n € N and (j1,j2) € N? be arbitrary and fixed. Using
(2.6), (2.2), (2.10), (4.1), the triangle inequality, and the fact that y — (2+y)~%+/log(2 + v)
is a decreasing function on R, one gets that

> s AN @

k1 €Z |ky|>2n9 TEI0T]

<0 Y Z/ ViegB+ii+[kil) 1083+ j2 + [ka])

. 7 ; 7
K1€Z |ka|>2m9 3+T—|—‘2_318—/{1|) (3—|—T—|—’2_]25_k2‘)

SCO\/log(3+j1)log(3+]2/0 <Z Z \/10g3+’k1 x\/log(3+]kLg])>ds

fel hasans (3 [k \) (3 + [kal)

Z V/10g(3 + |k2|)
haans (3 ‘kﬂ)
too /log(2 + y)
ong (2 + y)
< Co/log(3 + j1) log(3 + jo) 27"E~19 /i, (3.9)

< C1\/1og(3 + j1) log(3 + J2)

< C1y/10g(3 + j1) log(3 + j2)

where Cy, Cy and Cy are 3 positive finite random constants not depending on (j1, j2) and n.
Next, it follows from (3.6) and (3.9) that

Cy2 "BV Y7 2m TR Jlog(3 4 1) 1og(3 + o)
(j1,42)€N?

_ ngin(Lil)g\/ﬁ,

2
‘Cl,n

IN

where C5 is a positive finite random constant not depending on n. Thus, one obtains (3.8)
when [ = 1. g

Lemma 3.3 The real numbers T > 2 and b > 0 are arbitrary and fized. For every n € N,

let L3, and E%,n be the positive random variables defined as:

= Z Z 9Jj1(1=H1)—ja(1- H2)Z Z sup { ffféQ(t)‘}‘E?ll,’ﬁng‘ (3.10)

J1=0 jo>2nb k1€Z ka€Z te[0,T]
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and

=S Z ot (=H)+R(=H) $ $ gy {A’jlj’ffp )\}|g’jljzf32\. (3.11)

j1>2nb j2=0 ki€Z koez tEI0T]

Then, there exists an almost surely finite random variable C' such that, for all n € N and

I € {1,2}, the following inequality holds on the event {2*:

’C?yn < Cn 2(1—H1/\H2)n—(1—H1\/H2)2"b ] (312)

Proof of Lemma 3.3 One only shows that (3.12) is satisfied when [ = 1, the case where
[ = 2 can be treated in the same way. Let n € N and (j1,J2) € Za_ be arbitrary, fixed and
such that

0<j1<n and jp>2" (3.13)

Using (2.6), (2.2), (2.10), (4.1), the triangle inequality, (3.13), Lemma 4.2 and (4.2), one gets
that

sup { Al (t) } ghikz
5 5 e {0

<Y % T log(3 + j1 + [ki]) y V10g(3 + ja + [kal) s
ki€Z koeZ 0 3+\2”13—k1\) (3+T+\2—j2s—k2])2

log(3 + |k2
\/log3+]2/ <\/10g3+]1+231T Z v/ log( |ka|) )
ez (34 |k ’)
< C1y/nlog(3 + j2), (3.14)

where Cp and C) are 2 positive finite random constants not depending on (ji,72) and n.
Next, it follows from (3.10) and (3.14) that

n—1
Civn Y Do 20T flog(3 4 o)

J1=0 jy>2nb
< Cyn 2(1—H1)n—(1—H2)2"b < Cyn 2(1—H1/\H2)n—(1—H1\/H2)2"b

3
ﬁl,n

IN

i

where Cj is a positive finite random constant not depending on n. Thus, one obtains (3.12)

when [ = 1.
O
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Lemma 3.4 The real numbers T > 2 and d > 0 are arbitrary and fized. For every n € N,

let Q,, be the positive random variable defined as:

P ki k
Qum T s Sy {0l
(j1,42) EN2, ji1 Vg >2nd k€7 koez tE0T]
(3.15)

Then, there exists an almost surely finite random wvariable C such that, for all n € N, the

following inequality holds on the event (2*:

Q, < ¢ o~ (U-HVH)2 /o (3.16)

Proof of Lemma 3.4 Let (ji,j2) € N? be arbitrary and fixed. Using (2.6), (2.2), (2.10),
(4.1) and the triangle inequality, one gets that

Z Z sup { liljfiﬁ(t)’}‘elilj’fiﬁ}

ki€Z kocz t€0T]

<G Y Z/ V1og(3 + j1 + [k1]) y V10g(3 + ja + [kal)

hebto BT+ — k)" (3+T+\2—jzs_k21)2
; log(3 + |k1] log(3 + |k
< Coy/log(3 + j1) log(3 + ja) / <Z > V10g(3 + [k1) « V/log( \;D) s
et boen (3 \kl\) (34 |k2l)
= C1v/1og(3 + j1)log(3 + ja) (3.17)

where Cy and C) are 2 positive finite random constants not depending on (ji, j2). Next, it
follows from (3.15) and (3.17) that, for all n € N, one has

Q, < O > 27t (=)= 0H2)  flog (3 + 1) og(3 + J2)

(j1,42)EN2, j1Vja>2nd

S C227(17H1VH2)27“1 \/ﬁ7

where C5 is a positive finite random constant not depending on n. Thus, one obtains (3.16).
O

We are now in position to complete the prove Theorem 1.3.
End of the proof of Theorem 1.3 Let 2* and 2** be the same events of probability 1 as
in Lemmas 2.4 and 2.16. Let us first show that in order to derive (1.25) it is enough to prove

that there exists an almost surely finite random variable C' such that the inequality

< COp 2 Hi+H2=3/2) (3.18)

HEHLHQ,n—&-p - EHMHQW ‘I,oo
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holds, for all (n,p) € N2, on the event Q* NQ** of probability 1. Assuming that (3.18) is true,
then it turns out that, for every fixed w € Q" N Q**, the sequence of continuous functions
(ITZHL HQ,n(O,w))n oy s a Cauchy sequence in the Banach space of the continuous functions
over I equipped with the norm || - ||7,0. Thus, for any fixed w € Q* N Q**, it converges to a
continuous function over I denoted by }N%th2 (e,w). On the other hand, when w ¢ Q* NQ*,

one assumes that éHl, i, (®,w) is the vanishing function. Next observe that one has
]A-'EHLH2 (t) = R, .1, (t), for all t € I, almost surely, (3.19)

since one knows from (1.21) and (1.22) that, for any fixed ¢t € I, the sequence of random

variables (-EHl,HQ,TL(t))neN converges to Ry, m,(t) in L?(2). The equality (3.19) implies that

the stochastic processes {Ru, m,(t)}ter and {Rp, m,(t)}er are indistinguishable since they
have continuous paths. Thus, letting p in (3.18) tend to +o00, one obtains (1.25).

Finally, let us show that (3.18) holds. Using (1.22), (1.23), (1.24), the equality I := [0, T7,
(2.12), the inclusion

Di(t) c {k € Z: k| <2""PH'T}  forallt €I and (j,n,p) € N*s.t. n<j<n+p,

the triangle inequality, (2.20), (2.21), (2.24), (2.25), (2.28), (2.29), (2.43), (2.44), (2.51),
(2.52), (3.1), (3.2), (3.6), (3.7), (3.10), (3.11), and (3.15), one gets, for all (n,p) € N2, that

2 4 3
HEHLHQ,H—FP - EHl’Hz’nHI,oo S QTL + Z (Ml,n + Z szln + Z ‘C;jlnl)
=1 m=1 m/=1

Therefore, combining Lemmas 2.8, 2.9, 2.14, 3.1, and 3.2 (in which L is assumed to be large
enough) with Lemmas 2.10, 2.16, 3.3, and 3.4, one obtains (3.18). O

4 Appendix
Lemma 4.1 For every (x,y) € R%, one has
log(3+ 2 +y) <log(3+ z)log(3 +y). (4.1)

Moreover, for any fixed positive real number T' there exists a constant ¢ > 0 such that, for all

x € Ry, the following inequality holds:
log(3 4+ =+ 2°T) < ¢(1 + x). (4.2)

The proof of Lemma 4.1 is standard and easy this is why it has been omitted.
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Lemma 4.2 For any fized real number L > 1, there exists a constant ¢ > 0 such that, for

all j € Z and for each s € R, one has:

Z V9og(3 + [j] + [k])

< cy/l |+ 27]s]). 4.
G s < Vo (3-+ Uil +271s) (4.3)

Proof of Lemma 4.2 Setting m = k — |2/s], where |2/5] denotes the integer part of 27s,
and using the triangle inequality and (4.1), one obtains that

Z Vieg(B+ j[+ k) _ ¥ \/log (34171 + Im + [27s]])

(3+ 275 — k|)E (3 [27s — [2s] — m]|)E

kEZ meZ

: log(4 + |m
< \/log (3+|5] + 27]s]) Z B+ ‘stg_( L;S‘J _|)m|)L

meZ

Then, noticing that
341275 — |27s] —m| > 24 |m],

one gets that

Z V9og(3 + [j] + [k])

< cy/l |+ 279
G s e < Vo3 + 1l + 27,

ke

where the constant

. Z V/1og(4 + |m|)

2+\m|

Lemma 4.3 For each fized real number L > 1, there exists a constant ¢ > 0 such that, for

every t € Ry, for all s € [0,t] and for any j € Z4, one has

Viog(3+ 7 + [k]) . T 11—
§ j . < 1)2 - (E-1)(1-a) /] 4.4
keD3(t)

where D;’(t) is defined through (2.14) and (2.11).

Proof of Lemma 4.3 In view of (2.14) and (2.11), one has D3(t) = D?’+(t) U D;”_(t),
where D?’+(t) and Dj-”_(t) are the two disjoint sets defined as:

344 _ 1 od(l-a
D; (t)—{k:eZ,k>2Jt+23( )}
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and
3,— o i(l—a
D; (t)—{keZ, k< —27( >}.

Thus, one gets that

3 V3og(3 + j + [kI) 3 logB+j+k) 3 V1og(3 + j + [k])

(3 +27s — k)L (3+ [27s — k|)L (3 + |27s — k)L
(4.5)

Let us now provide an appropriate upper bound for the first term in the right-hand side of

keD3(t) k>27t+2i(1—a) k<—2i(1=a)

(4.5). One denotes by || the integer part function. Using the change of variable m = k—|27¢],
the triangle inequality, (4.1), the inequality [27¢|—2/s > —1, the inequality log(3+m) < 2+m,
and the fact that = — (1+z)~%y/log(2 + ) is a decreasing function on R, one obtains that

Z Viog(3+ 75+ k) _ Z V0og(3+j + k)

(34 (275 — K| (3+k—2is)L

k>2it4-2i(1-a k>27t+2i(1—a)

_ Viog(3+j + [27t] + |ml)
N Z (3+ [27t] — 295 +m)L

m>2/t—|27t]42/(1—a)

g\/log(3+j+2jt) 3 Vig(3+m)

L
oo (2 M)

oo Jlog(2 + x) i

9ii-a) (1 +x)k
</ + D log(3 +1) 2795710 \/1og (2 4 2i(1-0)
< ep(j +1)277EDA=0) flog(3 + 1), (4.6)

where ¢; and ¢y are two positive finite constants not depending on j, ¢, s and a. Similarly to
(4.6), it can be shown that

< \Jlog(3 4 j + 201)

VIesB+i+TK) _ o junaa /7 .
: < 22~ i(L=1)(1=a) '
) (3+[20s — k)L = €32 V(i +1)log(3+ ), (4.7)

k<—2i(1=a)

where c3 is a positive finite constant not depending on j, ¢, s and a. Finally, putting together
(4.5), (4.6), (4.7) and (4.2), it follows that (4.4) holds. O
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