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FROM BOLTZMANN TO INCOMPRESSIBLE NAVIER-STOKES
IN SOBOLEV SPACES WITH POLYNOMIAL WEIGHT

M. BRIANT, S. MERINO-ACEITUNO, C. MOUHOT

ABSTRACT. We study the Boltzmann equation on the d-dimensional torus in a
perturbative setting around a global equilibrium under the Navier-Stokes lineari-
sation. We use a recent functional analysis breakthrough to prove that the linear
part of the equation generates a C%-semigroup with exponential decay in Lebesgue
and Sobolev spaces with polynomial weight, independently on the Knudsen num-
ber. Finally we show a Cauchy theory and an exponential decay for the perturbed
Boltzmann equation, uniformly in the Knudsen number, in Sobolev spaces with
polynomial weight. The polynomial weight is almost optimal and furthermore,
this result only requires derivatives in the space variable and allows to connect to
solutions to the incompressible Navier-Stokes equations in these spaces.

Keywords: Boltzmann equation on the Torus; Incompressible Navier-Stokes hy-
drodynamical limit; Cauchy theory uniform in Knudsen number, exponential rate
of convergence towards global equilibrium.
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1. INTRODUCTION

This article deals with the Boltzmann equation in a perturbative setting as the
Knudsen number tends to zero. This equation rules the dynamics of rarefied gas
particles moving on the flat torus in dimension d, T¢, when the only interactions
taken into account are binary collisions. More precisely, the Boltzmann equation
describes the time evolution of the distribution f = f(t,x,v) of particles in position
x and velocity v. A formal derivation of the Boltzmann equation from Newton’s
laws under the rarefied gas assumption can be found in [I1], while [I7] presents
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Lanford’s Theorem (see [25] and [10] for detailed proofs) which rigorously proves
the derivation in short times.
We denote the Knudsen number by ¢ and the Boltzmann equation reads

Of +0-Vef = QU f), on T x RY

where () is the Boltzmann collision operator given by
QN = [ Bllo-uleoso)[f - 1] dvdo
RdxSd—1

The Boltzmann kernel operator B encodes the physics of the collision process and
1! fe, fLand f are the values taken by f at v/, v,, v. and v respectively, where

A e N

o
2 2 — 0,
4 o —v| and cosf = <u,o>.
v’:U U*_U v*g |U—v*]
* 2 2

The Boltzmann collision operator comes from a symmetric bilinear operator Q(g, h)
defined by

1
Qoty =5 [ Bllo = ul.cos6) (s, + g ~ by ~ hug)du.do.
2 RdxSd—1
It is well-known (see [11], [I5] or [17] for example) that the global equilibria for

the Boltzmann equation are the Mazwellians, which are gaussian density functions
depending only on the v variable. Without loss of generality we consider only the
case of normalized Maxwellians:

In this paper we will assume that the Boltzmann collision kernel is of the following
form

(1.1) B (Jv — v, cos0) = & (Jv — vi]) b(cos §),

with ® and b positive functions. This hypothesis is satisfied for all physical model
and is more convenient to work with but do not impede the generality of our results.

We also restrict ourselves to the case of hard potential (v > 0) or Mazwellian
potential (7 = 0), that is to say there is a constant Cy > 0 such that

(1.2) D(2) = Cpz?, v €0,1],

with a strong form of Grad’s angular cutoff (see [15]), expressed here by the fact
that we assume b to be C! with the controls from above

(1.3) Vz e [-1,1], b(z), V(2) < C,.
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1.1. The problem and its motivations. The Knudsen number is the inverse of
the average number of collisions for each particle per unit of time. Therefore, as
reviewed in [31], one can expect a convergence, in some sense, from the Boltzmann
model towards the acoustics and the fluids dynamics as the Knudsen number tends to
0. However, these different models describe physical phenomena that do not evolve
at the same timescale and the right rescaling to approximate the incompressible
Navier-Stokes equation (see [!][17][31][31]) is the following equation

1 1
(14) 8tf6 + EU . sze = EQ(]C&, fe) , on Td X Rd,

under the linearization f.(t,x,v) = pu(v) + ehe(t,x,v). This leads to the perturbed
Boltzmann equation

1
=]

(1.5) h. + év Vohe = —L(h) + é@(hg, h),

where we defined

L(h) =2Q(p, h).

The hydrodynamical limit of the perturbed equation is the system of equations
satisfied by the limit, as € tends to 0, of the hydrodynamical fluctuations that are
the following physical observables of h.:

p(t,z) = /ha(t,x,v)dv,
R4

us(t,zr) = /Rdvhe(t,x,v)d'u,

1
0.(t,x) = C—Z/Rd(|v|2—d)h6(t,x,v)dv.

Note that (p.,u., 0.) are the linearised fluctuations of the mass, momentum and the
thermal energy around the global equilibrium .

In our perturbative framework, previous studies [!][7][12] show that the hydro-
dynamical limits p, v and 6 are the weak (in the Leray sense [2(]) solutions of the
linearized incompressible Navier-Stokes equations:

ou —vAu+u-Vu+ Vp =0,
(1.6) V.u=0,
00 — KAO +u - VO =0,

where p is the pressure function and v and x are constants determined by L (see [/]
or [17] Theorem 5). They also satisfy the Boussineq relation

(1.7) V(p+0)=0.

The aim of the present work is to use a constructive method to obtain existence
and exponential decay for solutions to the perturbed Boltzmann equation (1.4),
uniformly in the Knudsen number. One will thus be allowed to extract a converging
(at least weakly) subsequence of h. converging to the incompressible Navier-Stokes
equations [5][1][12]. Such uniform results have been obtained on the torus in Sobolev
spaces with exponential weight H: , (1~'/?) in [23][12] and the present work improves
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this strong weight to a polynomial weight without the need of derivatives in the
velocity variable.

1.2. Existing results. The first part of our work is to prove that the linear part

of the Boltzmann equation
1 1
G.==L—-v-V,
€ €
generates a strongly continuous semigroup with an exponential decay in Lebesgue
and Sobolev spaces with polynomial weight, namely 1+ |v|k for some k large enough.
It has been known for long that the linear Boltzmann operator L is a self-adjoint

non positive linear operator in the space L? (/fl/ 2). Moreover it has a spectral gap

Xo- This has been proved in [I13][15][19] with non constructive methods for hard
potential with cutoff and in [7][%] in the Maxwellian case. These results were made
constructive in [2][27] for more general collision operators. One can easily extend

this spectral gap to Sobolev spaces H? (,u’l/2) (see for instance [21] Section 4.1).

The next step is to see if the latter properties about £ in the velocity space can be
transposed when one adds the skew-symmetric transport operator —v-V,. The first
results were obtained in [32] where G; was proven to generate a strong continuous
semigroup in L2H: (p~'/?) and in L HS (1~ '/*(1 4 |v])*), for s and k large enough.
Then [29] obtained constructively this result in [ (,ufl/ 2) using hypocoercivity
properties of the Boltzmann linear operator. Finally, a recent breakthrough proving
abstract extension of semigroups [21] showed that G; generates a C°-semigroup in
all the Sobolev spaces of the form W4W 5P (m), for m being an exponential weight
(including maxwellian density if ¢ = p = 2) or a polynomial weight (1 + |v|)*, as
long as a < f and k is large enough depending on ¢ (with & > 2 in the case ¢ = 1).

The full Boltzmann equation perturbed around a global equilibrium p(v) (1.5)
has also been studied in the case ¢ = 1. The associated Cauchy problem has been
worked on over the past fifty years, starting with Grad [20], and it has been studied
in different spaces, such as L2H3 (p~'/?) spaces [32] or H:, (u='/*(1 + [v])*) [22][30].
The Cauchy theory was then extended to Hj (,u_l/ 2) where an exponential trend
to equilibrium has also been obtained. This was obtained using hypocoercivity
properties of the linear operator [29] or nonlinear estimates on fluid and microscopic
parts of the equation [23]. Recently, [21] proved existence and uniqueness for (1.5) in
more the general spaces (W N W) WEP (1 + |v])*) for @ < B and 3 and k large
enough with explicit thresholds. This result therefore gets rid of the exponential
weight needed in the previous studies.

All the results presented above hold in the case of the torus. We refer the reader
interested in the Cauchy problem, both for the torus and the whole space, to the
review [33].

For physical purposes, these studies for ¢ = 1 are relevant since mere rescalings
or changes of physical units changes (1.4) to the case where the Knudsen number
equals 1. However, if one wants to study the hydrodynamical limits of the Boltzmann
equation, one needs to obtain explicit dependencies on the Knudsen number. Using
hypocoercivity methods [12] gave a constructive uniform approach on the semigroup
generated by G. in H; (u’l/ 2) and its exponential decay. The study of the full
perturbed Boltzmann equation (1.5) taking into account the dependencies on the
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Knudsen number has been obtained [23][12] in the same spaces H:, (u~'/?), for
s large enough. More precisely, for initial data sufficiently close to u there exists
a unique non-negative solution to (1.4) and it decays exponentially fast towards
its equilibrium. The smallness assumption was proven to be independent of the
Knudsen number as well as the rate of decay and the methods used in [12] are
constructive.

1.3. Our contributions and strategy. The present work brings two major im-
provements.

In the spirit of [21], we first prove that G. generates a strong continuous semigroup
in Sobolev spaces W 'WE (1+ |v])*) for o < 8 and B and k large enough with
explicit thresholds. Tt is done by starting from existing results in H , (u‘l/ 2) and
then decomposing the linear operator G. into a dissipative part and a regularising
part that is then treated in more and more regular spaces up to the space where
the semigroup properties have been derived in previous articles. We thus improve
the existing result [12]. Our main contribution is an adapted version of the abstract
extension theorem developed in [21] that takes into account the dependencies on the
Knudsen number as well as a careful study of the dissipative and the regularising
parts of the operator G..

The second contribution of this article is the solution to the Cauchy problem with
exponential trend to equilibrium, independently on ¢, in spaces

WtWE (L4 o) and - Wt HY (14 [o]™™7)

for £ large enough and all & < (. First, this result makes the recent study [21]
uniform in the Knudsen number. Second, it improves the Cauchy theory developed
uniformly in € in [23][12] by dropping the exponential weight and the v-derivatives.
Moreover, one can notice that the polynomial weight is almost the optimal one for
the Boltzmann equation (conservation of mass and energy).

The main issue to obtain uniform results is that the bilinear operator e '@ cannot
be treated as a mere perturbation that evolves under the flow of Sg_, the semigroup
generated by G., since the latter has an exponential decay of order O(1) that is
negligeable compared to O(e™!) as ¢ tends to zero. We develop an analytic point
of view about the extension theorem in [21] and include the bilinear term. More
precisely, we decompose the perturbed equation (1.5) into a hierarchy of equations
taking place in spaces that have more and more regularity up to H; (,u’l/ 2) where
estimates had been derived in [12]. At each step we use the dissipative part of the
linear operator to control the remainder term e~'(Q whereas the regularising part is
controlled in spaces with higher regularity.

1.4. Organization of the article. Section 2 first introduces the different notations
and definitions we will use throughout the paper and then states the precise theorems
we prove in this work. Section 2.2 deals with the semigroup generated by the full
linear operator e 2L —&~ -V, whereas Section 2.3 is dedicated to the full Boltzmann
equation.

The full linear part of the Boltzmann operator is proven to generate a strongly
continuous semigroup in Lebesgue and Sobolev spaces with polynomial weight in
Section 3.
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We start with Section 3.1, a thorough description of our strategy and a version of
the extension theorem of [21] that takes into account the dependencies in e.

We show in this section that e 2L —e"1v-V, can be decompose into a regularising
operator in the velocity variable (Section 3.2) and a dissipative one (Section 3.3).

We then combine the last two properties to gain regularity both in space and
velocity (Section 3.4) to finally prove the existence and exponential decay of the
associated semigroup (Section 3.5).

The last section, Section 4, proves existence, uniqueness and exponential decay of
solutions to the perturbed Boltzmann equation (1.5).

Section 4.1 gives a new point of view on the extension we used to generate the
semigroup associated to e 2L — e71v - V, and how it can be used with the bilinear
operator. This strategy is developed through Sections 4.2 and 4.3 and it leads to
the proof of the exponential decay towards equilibrium in Section 4.4.

2. MAIN RESULTS

2.1. Notations. We gather here the notations we will use throughout this article.

Function spaces. We first define the following shorthand notation,

() =1+

The convention we choose is to index the space by the name of the concerned

variable so we have, for p in [1, 400,
Liyyy = L7((0,T)), Ly =L"(T), Lj=L"(RY).

Let p and ¢ be in [1,+00), @ and 8 in N and m : R? — RT a strictly positive

measurable function. For any multi-indexes j = (j1,...,7q) and | = (ly,...,ly) in
N¢ we denote the (j,1)" partial derivative by
& =0.00.

We define the space W4WP5? (m) by the norm
HfHWE"qu’p(m) - Z H (aljf) mHLgLQ ’

li|<nli<p
[t +]5]<max(a.,B)

where we used the Lebesgue norm

191 Laze = [/Rd </Td |f(z,v)| dx>Q/p dv]

Linear Boltzmann operator. First we use a writing convention. The present
work aims at extending results known in a small space E, namely H: , (1~'/?) with
s sufficiently large, into a larger space £, namely Lebesgue and Sobolev spaces with
polynomial weight. We will use curly letters for operators in £ and their non-curly
equivalent to denote their restriction to E. For instance, we will denote

L), =L

The linear Boltzmann operator L has several properties we will use throughout
this paper (see [11][15][25][21] for instance).

1/q



FROM BOLTZMANN TO INCOMPRESSIBLE NAVIER-STOKES IN SOBOLEV SPACES 7

L is a closed self-adjoint operator in L2 (,ufl/ 2) with kernel

Ker (L) = Span{¢o(v), ..., da+1(v)} 1,

where ¢g(v) =1, for i = 1,...,d we defined ¢;(v) = v; and ¢gy1 = (\v|2 — d) /V/2d.
The family (¢;)o<i<a+1 is an orthonormal basis of Ker (L) in L2 (1~'/?) and we denote
7, the orthogonal projection onto Ker (L) in L2 (p~1/?) :

d+1

(2.) muh) = 3 ( [ o) du) o ehuto),
i=0 R
and we define 71 = Id — 7. We will also denote the full linear Boltzmann operator
by

1 1

G- =—5L—-v-V,.

€ €

For s in N we will use the convention

(gs) |H§,v(ﬂ_1/2) = Ga.

It has been proven ([!2] Proposition 3.1) that the kernel of G. does not depend on
e and that its generators in L2, (u~'/?) are the same than the ones of Ker (L). We

therefore have that the orthogonal projection onto Ker (G.) in L2, (u*/?) is given
by
d+1

22 To =am =3 ([ hle.odu) dudu) o 0)uto)

=0

and we define 115 = Id — Tlg.
Note that for a function & in L2, (47/2) we have that

Wz, 0) € T x R, T(h)(z,v) _/ w1 (s )) () daa.

Td

2.2. Results about the full linear part. We first deal with G., the linear part of
the perturbed Boltzmann operator. We prove that it generates a strongly continuous
semigroup with an exponential decay in Lebesgue and Sobolev spaces with a weight
(v)* as long as k is large enough. The precise statement is the following.

Theorem 2.1. Let B be a Boltzmann collision kernel satisfying (1.1)-(1.2)-(1.3).
There exists 0 < €4 < 1 such that for all p, q in [1,+00], all o, f in N with a <
and all k > k;, where

. 3++/49—48/q 1
(2.3) k) = 5 + <1 — 5)

q

with ~y defined in (1.2),

(1) for all0 <e < eq, G- = 2L — e v -V, generates a C°-semigroup, Sg.(t),
on WW2 ((v)*),
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(2) for all T > 0, there exist Cg(T), Ao > 0, such that for all 0 < € < g4 and for
all hy, in W&IWEP ((0)*), for allt > 7

||Sgs (t)(hm) - Hg(hin)ngv‘lwfaP(@)k) < (g

where g is the spectral projector onto Ker

—~

7)e " | iy — g (Rin) g awpr (yr) -

~—

G.) which is given, for all €, by
d+1
(2.4) Ig(g) = Z (/ 9 dxdv) Gipt.
i—0 TdxRd
The constants €4, Cg(T) and Ao are constructive and only depends on d, p, q, k, «,
B and the kernel of the Boltzmann operator.

We refer to [21] and [21] Section 2 for definitions and properties of spectral pro-
jectors.

Remark 2.2. We can make a couple of remarks about this theorem.

(1) Of important note is the fact that the exponential decay has a strong depen-
dence on T > 0. This is inherent to our uniform extension of the enlargement
semigroup theory of [21]. However, such a problematic initial layer could not
be used to control directly the bilinear operator. That is why, as explained in
the introduction, we need a new analytic approach of the enlargement theorem
to tackle the non-linearity.

(2) It has been proven in [12] Section 3, that in H} ,(u~"/?), Ker (G.) does not
depend on € if € is positive and we therefore can define llg = Ilg.. During
the proof of Theorem 2.1 we will show that (Ilg,) H (w12) = [, and thus

g is well-defined and is independent of € and given by (2.2).
(3) As noticed in [21], the rate of decay Ao can be taken equal to the spectral gap
of L| ;. (u=1/2) (see [12]), for s as large as wanted, when k is big enough (and

we obtained a constructive threshold).

(4) Finally, we emphasize that in the case q = 1, the result holds for all k >
2. This is almost the minimal reqularity L? (1 + |U\2) for the Boltzmann
equation, that is solutions with bounded mass and energy.

2.3. Existence, uniqueness and trend to equilibrium. A physically relevant
requirement for solutions to the Boltzmann equation are that their mass, momen-
tum and energy are preserved with time. This is also an a priori property of the

Boltzmann equation on the torus (see [35] Chapter 1 Section 2 for instance) which
reads
1 1
vVt >0, / v fe(t, z,v) dedv = / v f=(0,z,v) dzdv.
Td xRd ’U’2 Td xRd |’U’2

If one expects trend to the equilibrium p(v) for the solutions f. = p + eh, of the
Boltzmann equation (1.4) then it must be that

1
vVt >0, / v he(t,z,v) dxdv = 0,
Tdx R4

ol
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that is IIg_(h.(t, -, -)) = 0 for all ¢, which is a property that is indeed preserved along
time for solution to the perturbed Boltzmann equation (1.5), see [12] for instance.

We hence state the following theorem answering the Cauchy problem and the
exponential convergence towards the equilibrium pu.

Theorem 2.3. Let B be a Boltzmann collision kernel satisfying (1.1)-(1.2)-(1.3)
and let p=1orp=2. Fora, f and k > 2 in N define

EP = W WP ((v)F) .

There exists 0 < g4 < 1 and By in N such that for all 5 = By, a < B, for all k > 2,
for any Xy in (0, Xo) (Ao defined in Theorem 2.1) there exist Cy g, Nag > 0 such that
for any 0 < e < g4, for any distribution 0 < fi, = p+ chip:
If

(i) hin is in Ker(G.)* in EP,

(i) Hhianp < a8

then there exists a unique global solution f. = f.(t,x,v) to (1.4) in E? which, more-
over, satisfies fo =+ eh. > 0 with:
o h. belongs to Ker(G.)* for all times,
[ ]
Hthgp < Cagp ”hmHEP e N,

The constants C, 3 and na,p are constructive and depends only on «, B, k, d, N and
the kernel of the Boltzmann operator.

Remark 2.4. Note that the uniform control in EP gives a weak convergence of the
of the physical observables of h.(t,x,v), that is pe(t,z), u.(t,z) and 0.(t,x). Thanks
to the convergence in distribution study made by Bardos, Golse and Levermore [!][7]
we know that the weak limit of (pe,uc,0:) is a solution to (1.6) with (1.7) close to
the equilibrium (1,0,1).

3. THE LINEAR PART: A C°-SEMIGROUP IN SPACES WITH POLYNOMIAL WEIGHT,
PROOF OF THEOREM 2.1

In this section we focus on the linear part of the perturbed Boltzmann equation
in WaW2e ((v)k). We thus consider the following equation:

(3.1) Oh = G.(h).
3.1. Strategy of the proof. If we denote & = WWP? ((v)¥) and E = H: , (u='/?)
we have that £ C &, dense with continuous embedding for s large enough. [12] Theo-

rem 2.1 (with the norm of Theorem 2.4) states that G. = (G.)|; generates a strongly
continuous semigroup in E with exponential decay. Theorem 2.1 can therefore be
understood as the possibility to extend properties of G, in a small space £ to G, in
a larger space &.

This issue of extending spectral gap properties as well as semigroup properties
has been first tackled by Mouhot to obtain constructive rates of convergence to
equilibrium for the homogeneous Boltzmann equation [2%]. Recently, Gualdani,
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Mischler and Mouhot [21] proposed a more abstract approach that allows to deal
with the full linear operator. In their work, they proved that if some conditions on
G. and (. are satisfied then we can pass on some semigroup properties from E to
&. The main argument of the proof of Theorem 2.1 is to show that we can use their
result in our setting, independently of ¢.

To be more precise, we give below a modified version of their main functional
analysis theorem which is combination of Theorem 2.13 and Lemma 2.17 where we
added dependencies on «.

We refer to [21] Section 2 for the definition of hypodissipativity (roughly speaking
it is a dissipative property in a different norm on a Banach space) and the definition
of the convolution of two semigroups of operators (denoted by the symbol (x)). In
the sequel we will use €'(E) for the set of closed operators on E and #(F) for the
set of bounded operators on E. For any operator G in € (F) we denote R(G) its
range and X(G) its spectrum.

Theorem 3.1 (Modified extension theorem from [21]). Let € be a parameter such
that 0 < e < 1.

Let E.E be two Banach spaces with E C &€ dense with continuous embedding, and
consider G. in € (E), G. in € (€) with (G.)|p = G- and a > 0.

We assume the following
(A1) G. generates a semigroup Sg. on E, G.+a is hypodissipative on R (Id — Ilg_ ,)
and
Y (G:)N{z €C, Re(z) > —a} = {0} where 0 is a discrete eigenvalue.

(A2) There exists A, B. in € (E) such that G. = A. + B. (with corresponding
restrictions Az, B. on E) and there exist some “intermediate spaces” (not
necessarily ordered)

E:((:J', 5J_1,..., 52, & =€
such that, still denoting B. := (B)|, and A; := (./45)|5J_
(i) For any j in {1,...,J}, (B. + a/e?) is hypodissipative on &;;
(ii) For any j in {1,...,J}, A. € B(E;) with | Acl| 5,y < Ca/e;
(iii) there are some constants lo,l; e N*, C > 1, K € R, a € [0,1) such that

2
6Kt/a

Vit = Oa ’|ﬂo(t)’|%(€j,5j+1) < C ghta’

for 1 <j < J—1, with the notation T} := (A.Sg.)"™".

Then G. is hypodissipative in € and for all a’ < a there exists n = n(a’) > 1 and
some positive constants Co and C!, such that

Co_ s,

(3.2) HTn(t)Hﬁ(S) <
(3.3)

5n11/10 ’

Sq.(t) = Se. (t)g + i(—l)l (Id = Tlg) Sp. * Ti(t) + (=1)" [(Id — Ilg) Se.] * T (t);

/ t" —a't/e?
(3.4) HSgE (t) — Sa. (t)Hg‘ ’,@(5) < Gy o2+ Jlo) ’
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where Ilg has been defined in (2.4).

We will use Theorem 3.1 to directly prove Theorem 2.1. Indeed, [!2] Theorem 2.1
states that G. generates a strongly continuous semigroup with exponential decay at
rate a in £ = Hj (,ufl/ 2), which is the required assumption (A1) (properties about
the spectral gap of the spectrum can be found in [2]). Therefore if G. fulfils hypoth-
esis (A2) then it generates a strongly continuous semigroup, with an exponential
decay of order \q for all 0 < Ay < a. Indeed, take a’ in (Ao, a) in (3.4) and fix 7 > 0
and see that
(3.5)

tn / 2 tn / 2 2
—a't/e —(a’'=Xo)t/e* ,—Aot/e — Aot
vt =T, on(2+1Io) © S on(2+1 /1) € S Cntifiorane€ ™"

which is the expected result given in Theorem 2.1.

3.2. Decomposition of the operator and assumption (A2)(i7). In this section
we find a decomposition G. = A, + B. that will fit the requirements (A1) — (A2) of
Theorem 3.1. This decomposition has been found in [?1] in the case ¢ = 1. We will
use exactly the same operators but including the dependencies in €. All the results

presented in the rest of this section are true for e = 1 (see [21] Section 4) so we will
try to relate as much as possible our computations with the ones for ¢ = 1.

For § in (0,1), to be chosen later, we consider ©5 = Os(v,v,, ) in C* that is
bounded by one on the set
{|v| <6t and 20<|v—wv| <6t and |eosf| <1 — 25}
and whose support is included in
{|v| <207! and < |v—w] <267t and |cosf| <1 — 6}.

We define the splitting
G. — A9+ BY),

with
1
A h(v) = —2/ Os [ulh + p'hl, — phi] b (cos 0) |v — v,|” dodv,
E% Jrdxsd—1
and
(5) Q) 1 1
B h(v) = B; . h(v) — ?V(v)h(v) - v V.h(v),
where
1
Béi)h(v) = —2/ (1 —0s) [p.h" + p'h, — phy]b(cos 0) v — v, dodv,
’ €% Jrdxgd—1

and v(v) is the standard collision frequency

v(v) = / b(cos ) |v —v.|" ps dodv,.
Ré x§-1

Note that there exists vy, v1 > 0 such that
(3.6) Yo e R p(14 [v]”) < v(v) < vi(1+ |o]).

We have that
1 é

)

1
A?) = 6—2A§6) and Béi) =
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We therefore obtain the following controls on A,

Proposition 3.2. For all 0 < & < g4, for any q in [1,400] and o > 0, the operator
A&‘” maps LI into W with compact support.
There exists Csq q, Rs > 0 independent of € such that

Csa,
20 .

Vh e L]

v

supp (A1) C B(0, Rs), }|Ag5)hHW3,q <

Moreover, for any p in [1,+0o0] and for all h in LILP,
ALy < (AL (117 22)

LILE }Lf’,

Remark 3.3. We notice here that this Proposition gives the point (A2)(ii) of The-
orem 3.1 if the &; are Sobolev spaces.

Proof of Proposition 3.2. The kernel of the operator Aé‘” is of compact support so

its Carleman representation (see [13]) gives the existence of k® in C° (R? x R?)
such that

1
(3.7) AP h(v) = —2/ kO (v, v,)h(v,) do,,

£ R4

and therefore the control on HAS;&)h‘

is straightforward.
W

.., comes directly from Minkowski’s integral inequality
L

The control of HAS”h’

which states

P 1/p 1/p
[/ (/ k(‘s)(v,v*)h(x,v*)dv*) dx} < / (/ k® (v,v*)ph(x,v*)pdx> dv,.
Td \JRd rd \JTd

OJ

3.3. Dissipativity estimates for B, assumption (A2)(7). One can find in [21]
proof of Lemma 4.14 case (W2) and (W3) the following estimate on the operator

Bé‘” in the case e = 1.

Lemma 3.4. For all p,q in [1,400], for all k > 2 and for any 6 in (0,1) and all h
in LILE ((v)*),

_ — 1)
/ (0) |[n]|7," ( / sgn(h) |h["~* Bk da:) dv < [Agy/grq(0) = 1] 1l Lo ey
Rd Td v

where ¢’ is the conjugate exponent of ¢ and Ay 4(5) is a constructive constant such

that
“ i A (8) — a0 — () ()
i =0t =375) \i=1)
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Remark 3.5. As noticed in [21] Remark 4.3, the quantity ¢ (k) is strictly less than
one for k bigger than a constant k;*. The constant k we are considering is not
optimal and is such that ¢,(k — v/q') < 1, where ¢’ is the conjugate exponent of q.
This appearance of k —v/q is due to a loss of weight of order v='/7 in the estimate
of the spectral gap, see proof of Proposition 3.6.

In the case of the Boltzmann operator with hard potential and angular cutoff,

point (A2)(i) is fulfilled by BY for § small enough. This is the purpose of the
following lemma. We recall here that vy = infd(l/(v)) > (0 and that we define
veER

o > o

|t]+|31<max(a,6)
< |l|<B

LELE((w)k)

Proposition 3.6. Consider p,q in [1,+00], k > k7, defined by (2.3), and a, 8 in N
such that a < f3.
Then there exists O, in (0,1) such that for all 0 < 6 < g, there exists Ay =
Xo(k,q,9) in (0,19) such that for all 0 < e < 1,

e \o(k,q,0) tends to \j(k,q) as § goes to 0,

o \;(k,q) tends to vy when k goes to +00,

o (Bé‘s) + )\0/52> is hypodissipative in W TWEP ((v)F).

Proof of Proposition 3.6. Let hy be in W9WEH» (<v>k) and considert i to be a so-
lution to the linear equation

1 1
(3.8) dih = BOh = BYh — Svh——v-V.h,
with initial value hg.
Since the z-derivative commutes with the equation we can consider only the case
when 8 = «. The proof is split into two parts. First we prove Proposition 3.6 in the

case a = 0 and then we study the case with v-derivatives.

Step 1: the case a = 0. Take p, ¢ in [1, +00).

We recall that
1/q
/ 1+ |v| (/ |h|? da:) dv] )
Rd

hll gz (qopry =
Therefore we can compute

d
gy = Il

x/ <1+|v|’“)q||h|gp (/ sgn(h) |n[P~" B hdx) dv.
R4 Td
Observing that

1
/ sgn(h) |hfP v - Vohde = —v / V. (|hP) dz =0,
Td p Td

(3.9)
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we deduce

e Wliga iy = Wl

X —2/ 1+|v|k>q||h||qLZp (/ sgn(h) b’ B hdx) dv.
€% JRrd * Td

We can therefore use Lemma 3.4 which leads to

d 1
(310) G Whllgnpr) < =25 (1= Deorsasa @] 100y I ey

We already noticed that Ag_1/y4(0) is strictly less than 1 for § smaller than some
Ok,q (see Remark 3.5). Therefore, because v(v) > 1, for all v we have that for all §
smaller than d , the following holds,

d IZ0)
1

— HhHLng(<U>k) < = — A/ q(0)] ||h||L%L€(<v>’“)’

This concludes the proof of Proposition 3.6 for « = 0 and 1 < p,q¢ < +00. The
cases p = oo and ¢ = oo are respectively dealt with by taking the limit p — oo and
g — oo which is possible since dj,, is independent of p and can be chosen to converge
to a strictly positive constant when g goes to oo, thanks to the definition of Ay 4(9).

Step 2: the case with v-derivatives. Take p,q in [1,+o0] and a = 5 = 1.
Since the z-derivative commutes with (3.8) the equation satisfied by h, we have
that (3.10) holds for z-derivatives. Notice that 1 — ¢ < 0 gives

(3.11)

o (T | AT [

1-1/q
[1 - Akfv/qﬁq(éﬂ (

0

ST I((v) ul/fI) + HV hHL‘ILP( k 1/4))-

2

Applying a v-derivatives to (3.8) yields
Vb = BO(V.h) + (VuB) (h)
= BY(V,h) — évwh + R (h),
where R (h) = (vag‘fg) (h) — LV, (0)h = LR ().
From (3.11), our computations in Step 1 with § < dx, and the following norm
Wllwrawzr oy = WRllzgrg () + IVl gy oy + IVl g1 ()

with 7 > 0 to be fixed later, we obtain
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d

% ||h”{/[/17<1{/[/171°(<U>k)77
1-1/q
v
S - 052 [1 _Ak’—'y/q’,q((s)} <||h||Lng(<v> ky1/a) + V2 h||Lqu( K 1/q)>
1-1/q
17
— 1 05 [ B Ak‘“*/q'7q(5ﬂ vah”LZLi((v)’“ul/q)

= 19kl /R L (@) IVuhllz” ( /T sen(h) [Voh|"™ Voh dx) dv
DTy [, (1907 ([ s 1907~ R 1) i)

We take the absolute value and use Holder inequality twice on the last two terms
which makes the terms in V, A disappear, and this gives

d

it ||h||W1’qW1’p((v>k)n
<-— ”35:/(1 [1— Ay (0)] (HhHLqu((U bisa) TV g pp w))
+ 12 (gnuo_l/q — 1/e [1— Apry/qr (0 )}) ||Vxh||LgL§(<v>kul/q)
+ % R?)(h)’ IZASE

One can find in [21] proof of Lemma 4.14 case (W2) and (W3) the following

estimate
RO (h ‘
H 1 (h) L%LZ((U)’C)

where Cs > 0 is a constant only depending on §.
Because € < 1, this latter estimates yields

(3.12)

d 1
E HhHWI}’quLp((’@k)n _2 <C577 1 1/q [1 — Ak—'y/q’,q( )i|) ||h||LqLP( k 1/q)

1 _
+ 6_ (T]VO Ve _ 1 v [1 — Ay /4 q( )}) “V hHLqu( k l/q)
1-1/q

vV,
=17 (1= My a O IR g oy

which concludes the proof if we take 7 small enough in terms of d, for 6 < dy,.

05 HhHLqLP( k 1/«1)7

The case where 1 < a = 3 is dealt with in the same way with the norm

Hh”ws’qwﬁp(w)n - Z v)k)

0L |j|+|l| <

with 1 small enough in terms of 4. U
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3.4. Estimates on the iterated convolution product, assumption (A2)(ii7).

In order to use Theorem 3.1, it remains to show that our equation (3.1) satis-

fies hypothesis (A2)(ii7), that is we need to control the iterated quantities T; :=
(1)

(Ag B(a)) for some [ in N. The following proposition describes such controls

when p = 1.

Proposition 3.7. Consider k > k;, defined by (2.3), and s in N .
For any 6 in (0,04 and any X in (0, o) (0k, and Ao defined in Proposition 3.6),
there ezists Cy = C1(N),d) > 0 and R = R(J) > 0 such that for any t > 0,

VYn €N, suppT,(t)h C K := B(0,R)

and
o4
(3.13) Vs 21, [[Ti@)hllystrr g < 0165—5 1l lyyrs et ys oy
*Ot
(3.14) Vs 20, | Ta(0)hllyyerirza g <O Il oy -

Proof of Proposition 3.7. Most of the proof is an adaptatlon of [21] proof of Lemma
4.19 to keep track of the dependencies on €. We will refer to it when we are using
some of its computations.

Control of Ti(t)h: The z-derivatives commutes with 77(¢) and therefore it is
enough to consider h in W ((v)*), with s > 1, and to control || T} (O)Rlyyst1a g1 -
This yields

(3.15) HTl(t)h”WiH’lW:}*l(K) < HTl(t)h“WjH’lL}c(K) + ”vITl(t)hHWi“’lL}C(K) .

The first term is easily dealt with thanks to the estimate on Aé‘”, Proposition 3.2,
and the dissipativity property of Béé), Proposition 3.6,

¢
3

A
(3.16) ||T1(t)h||ws+1»1L;(K) = HA§5)5 <5>hH < 26_:8t HhHL}}LglC((v)k)'

s+1 lLl( )

For the second term, define f(t) = SB<5)( )h and
(3.17) Dy =& 'tV, + V,.

By direct computations we have that

etV Ti(t)h = AP (Dif) = (Vo AD) f.
Above we denote VU*A?) to be the operator A where the kernel k(v,v,) is swapped
with =V, k(v, v.), see the proof of Proposition 3.2. By Proposition 3.2 we get
1 C
(318) e IVLL ey < s (1D s () sy o))

The dissipativity property of Bg), in particular (3.10) with ¢ = 1, yields
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d Ao
(3.19) at ||f||LC}7’U(<U>’“) S T2 ||f||Lglv’v(<v>’“V) :
Direct computations yields
1
O (Duf) = BE (Duf) + 5T F,
where
(3.20) JO =V, (BOW) =BY(V,() with B® =By —v(v)
is independent of € and satisfies (see [21] proof of Lemma 4.19) for all g in L ({v)*v)
5
H~7( )QHL;(W) <G ||9||L5(<v>ku) :

In the same way as proof of Proposition 3.6 we obtain

d )\0 C(S
(3:21) 2 1Peflly oy S 2 1Pl o) + 22 1Ly (oo -

We then consider Aj in (0, \g) and define n = (Ag — A;)/Cs. We compute, with
(3.19),

d | 2,
o l652 (77 1D fll s, (o) + HfHLi,v((vV“)ﬂ <0,
and thus

1 2
(322) 1D f Ny, oy + 1 Wz gy < 07020 M lla g (e -

To conclude we plug (3.22) into (3.18) and we combine it with (3.16) into (3.15).
This yields, because s > 1,

_ 2oy
e <2
||T1(t)h||ws+1vlwg}*1(1<) < C- 224 ||h||ws’1Li(<v>’“)’

which implies the expected result (3.13) because T} () commutes with z-derivatives.

Control of Ty(t)h: For s > 0 we can interpolate (for interpolation theory in
Sobolev spaces see [0] Chapters 6) between (3.16) and (3.13) to get

A\
_20
5t

e =
IO yzrrn ey < O 7 Wllwe aomy -

Then, we firstly use the inequality above and secondly (3.16) to obtain

t
ITo(®)hlly 2 gy < /0 IT3(t = )T (3)hlyp1/2 s

A0—Ah
C g [le =
< e\ v &) e s

which is the expected result (3.14).
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O

The aim is to link our space LILP ((v}k) to the space H (,ufl/z). We thus state
the following control on the iterated convolution in the case p = 2.

Proposition 3.8. Consider k > k;, defined by (2.3), and s in N .
For any § in (0,04 there exists Cy = Cy(6) > 0 and R = R(0) > 0 such that for
any t > 0,
VneN, suppT,(t)h C K := B(0,R)
and

Cr
(3.23) Vs 20, [ Ta(®)hll i < 7z 1A

Hi o (()F)

Proof of Proposition 3.8. Consider h in W22 ((v)¥), s in N.

This Proposition is easier than when p = 1 because there exists velocity averag-
ing lemmas in this framework, as discussed in [21] Remark 4.21. The z-derivative
commutes with 77 and therefore we suppose there is no derivative in space.

Define f(t) = Sy (t)(h) so that f is solution to the kinetic equation

1
o f + EU -Vaof = s:(t,z,v),

with s.(t,z,v) = —e?vf + 8’255(2]0.
Let j be a multi-index such that [j| < s. We apply 9 to the latter equation,
which gives

(3.24) o, (R f) + %U VL (RF) = st o)+ S adif,

lil+21=14]

where a; j; are non-negative numbers.
A classical averaging lemma (see [)] Lemma 1 and [10] in which we emphasize the
dependencies in ¢) reads, for (3.24) with &) f(0, z,v) = & h(z,v), for all ¢ in D (R?)

Rf(t 2, 0)0(v) dv

(3.25) o
. , 1 .
< —F= H@éh(w,vﬂ L2 + Ha(j)é’:EHL2 + - Z ai’lalf
\/g z,v t,z,v g . .
lil+111=14l 2,
We use [21], Lemmas 4.4 and 4.7, in order to bound the terms involving Béi) =

E’ZB&? we have that

1 C C _x,

||85”H‘;’v(<v>k) < ? ||81”H£,v(<v>k) < ? ||f||H£7U(<’U>kV) < 5_26 2 Hh||H;,U(<v>kz/) )

where the last inequality comes from the hypodissipativity properties of Sp_(t), see
Proposition 3.6.
Using the dissipativity properties of Sp_(t) one more time we deduce that
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C
(3.20) T3 o)) < o7 10

Hs , ((w)kv) -

To conclude we notice that fot Ti(t — s)T1(s) ds is a continuous linear operator on

the Hilbert space Hiﬁl/z(K) and thus we can see it as an element of Hifgl/Q(K) by
Riesz’s representation theorem. Hence, thanks to Cauchy-Schwartz,

IT2()h

wirao = ([ Te-omas)

< 7]

H L2 (k)

t
H;v(@)k,j)/o ||T1<t—S)Tl(S)HU@(H%U(<v>ku)7H;;1/2(K)) ds
t 1/2
2
H§7U<<v)ky) (/0 ||T1(t - S)||=%<H£71,(K),H;EI/2(K)) dS)

t 1/2
NI —
</0 j(H‘E*U(< >k )7Hz,v(K))

C ([0 %, N\
< ||h||H§7v(<v>ky)g5T( ; 5—26 2 dS)
C
=z

< A

< Id

s, ((w)kv) o

where we used Proposition 3.2 and the fact that S is a contraction semigroup on

H; , with spectral gap /e,
0

3.5. Proof of Theorem 2.1. As we explained it in Section 3.1, the proof of Theorem
2.1 is direct from the application of Theorem 3.1. This theorem is clearly applicable
in our case and we emphasize it through the extreme case of no derivative in space
or velocity variables.

Indeed, we consider s in N to be chosen big enough later. We define £ =
LiLP ((v)*) and E = HE, (1 */*) and we have E C & for s big enough (dense
with continuous embedding). Indeed, in the case ¢ > 2 and p > 2, standard
Sobolev embeddings (see [11] Section 1X.3.) imply E C LIL? (p~'/?). In the case
p < 2 we have, on the torus, L2 C L? and H: C L2 by the same Sobolev embed-
dings. Finally, in the case ¢ < 2 we have that L? (=/?) C L7 ((v)*) (it can be
done by a mere Cauchy-Schwarz inequality) and the same Sobolev embeddings give
3 (i) © L2 (1),

On the torus we have the following embedding: L? C L.. Thanks to Proposition
3.2 and Proposition 3.6 we obtain (same arguments as (3.16))

C N
< e 2 Rl pa oy -

2 Ti(t)h| . < H ) h‘
B27) Tkl < C|ADSgoh|| , | 0 < 3

We therefore define & = LLLL({v)*).
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Then we define by &; = WQE?JQ)/Q’I((?)V) for j from 2 to m with m big enough such
that Wi~ 2! ((v)k) ¢ L2 ,((v)¥). Then we denote &; = HE;m DRy up J — 1
where HY ™ 22 ((0)) C E.

Point (A1) of Theorem 3.1 is satisfied thanks to [2] and [12] Theorem 2.1 (with
the norm of Theorem 2.4), point (A2)(i) by Proposition 3.6 and point (A2)(iz) by
Proposition 3.2. Finally, point (A2)(iii) is given by (3.27) for £ and &;, then by
Proposition 3.7 (3.14) up to &,, and by Proposition 3.8 from &,, to £; and E.

4. AN a priori ESTIMATE FOR THE FULL PERTURBED EQUATION: PROOF OF
THEOREM 2.3

In this section we work in W HZ ((v)*) or in WWEHL ((0)*), with o < 8 on
the full perturbed Boltzmann equation

Oh = G.(h) + ~QUh. ).

4.1. Description of the problem and notations. When ¢ = 1, the linear part
G. has the same order of magnitude than the bilinear term () in the linearized
Boltzmann equation (1.5). In this case, Theorem 2.1 suffices to obtain existence and
exponential decay since the contraction property of the semigroup Sg, controls the

bilinear part for small initial data (see [21]).
In the general case, Sg. only generates a semigroup with a spectral gap of or-
der 1, insufficient to control e7'Q. However, [23][12] show that a careful study of

e 1Q compared to G, yields existence and exponential decay of solutions to (1.5)
in H;, (,ufl/ 2) for s large enough (see Theorem 4.7 for an adapted version of this
result). Our strategy is to use the same kind of ideas as when we extended the
semigroup properties from HY, (u=/2) to W' HE ((v)*) and W'WE ((v)*) but
including the bilinear term. Namely, we shall decompose the partial differential
equation (1.5) into a system of partial differential equations from W H? ((v)*) or
WetWEL ((v)*) to H? (1~'/%) and use the perturbative estimates of [12].

As noticed in Remark 2.16 of [21], Theorem 3.1 extending the semigroup generated
by G in H* (u='/?) to LLL ({v)*) can be interpreted as a decomposition of
atf = gaf7

into a system of partial differential equations, involving operators G. = A, + B.
(defined in Section 3.2), with f = f* + .-+ f7 satisfying

o flisin LIL%® ((v>k) and fl = f,, in Ker(G.)*,

eforall2<j<J—1, fisin& and fI =0,

e f/isin H* (u'/?), f = 0 and in that space we can use the contraction

property of Sg._.

We will decompose the linearized Boltzmann equation in a similar way than the
one explained above. We shall define a sequence of spaces (&;), << In each space
&, 1 < j < J—1, a piece of the bilinear term, of order e, will be added and
controlled by the dissipativity property of Bé‘s), of order e72. Contrary to the study
in the linear case, the bilinear operator generates terms involving functions in all
the spaces &; which have to be compared and controlled. This imposes to construct
(£7)1<;<; as a nested sequence.
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The difficult part of the linear operator, namely A?), enjoys a regularising effect
and could therefore be treated in more regular spaces. Of course, our decomposition
will be much easier since we solely want to go from an exponential weight into a
polynomial weight Sobolev spaces, without losing any derivatives in x or v.

In order to shorten notations we define, for p = 1,2 and k to be defined later,
(4.1) EP =WH'WHP ((v)*)  and E = HY, (2.

We take h;, in EP and we decompose the partial differential equation,
1 1
Oth = Ge(h) + —Q(h, h) = AL (h) + BE(h) + —Q(h, h)

into an equivalent system of partial differential equations for the following decom-
position

(4.2) h(t,z,v) = h°(t, z,v) + h'(t, z,v),
with
(1) In €7, hY_, = h;, and

(43) 01 = BO(H) + ZQ(, 1) + 2Q (1, 1)
(2) In E, h}_, = 0 and

(4.4) ot = G.(hY) + %Q(hl, BY) 4+ A9 (1),

The aim of this Section is to establish the following estimate of solutions to the
system (4.3) — (4.4).

Theorem 4.1. Let p =1 or p = 2. There exist By in N and €4 in (0,1] depending
on d and the kernel of the Boltzmann operator such that:
For all B > By, for any 0 in (0,0x1] and any Xy in (0, ) (61 and Ny defined in
Proposition 3.6) there exist Cg, ng > 0 such that for any 0 < ¢ < g4 and hy, in EP,
if

(i) ||hmng < N8,

(ii) (h°, h') is solution to the system (4.3) — (4.4),
then

Hho + hl”gp < 0/3 HhinH&:r €_>\6t'

The constants Cz and ng are constructive and depends only on 5, d, §, N, and the
kernel of the Boltzmann operator.

Remark 4.2 (Link with Theorem 2.3). The ezistence and uniqueness for the per-
turbed Boltzmann equation (1.5) in EP has been proved for e = 1, that is equivalent of
e fized with constant depending on it, in [21] Theorems 5.3 and 5.5 respectively. The
constants, as well as the smallness assumption on the initial data, in the theorem
above are independent of € and therefore this a priori result combined with existence
and uniqueness developed in [21] and in [12] implies the existence and uniqueness
independently of € which is Theorem 2.3.
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The next subsections deal with the estimates one can get for solutions to the
system (4.3) — (4.4). We study each of them independently and the a priori expo-
nential decay will be a straightforward application of these results together with a
maximum principle argument.

Section 4.2 focuses on the a priori study of the equation in £P. Section 4.3 deals
with (4.4) in E. Finally, Section 4.4 gathers the previous results to prove Theorem
4.1.

4.2. Study of equation (4.3) in £. In this section we prove the following general
proposition about the equation taking place in P = W 1WH» (<U>k), forp=1or
p = 2. We define the shorthand notation

EL = WOWPEP ((v)hv).

Proposition 4.3. Letp=1orp=2and 0 <e < 1. Let k > ki =2, > 2d/p.
Let hiy, be in EP and h* in EP.
For any ¢ in (0,0x1] and any X, in (0,X) (dk1 and o defined in Proposition 3.6)
there exist Cy, ng > 0 such that
of

<1> ||hin||5p < Mo ||h1||gllj < To,

(i) h° satisfies hY_y = hi, and is solution to

athO _ B§5)(h0) + éQ(hoa hO) + SQ (hO’ hl) :
then /
1710 < Coe™ 1 hinlles

The constant 1o is constructive and depends only on 0, N, and the kernel of the
Boltzmann operator.

Note that the presence of Cy is due to the hypodissipativity of the linear operator
rather than a direct dissipativity. We need to control the bilinear term (), which is
given by the following lemma.

Lemma 4.4. Forallp =1,2 and o, 5 in N such that 3 > 2d/p, there exists Cz, > 0
such that all f and g

1Q(f, 9)ller < Cap (lgllep £ ller + Nlgllen l1fllez) -

This lemma has been proved in Lemma 5.16 in [21], which is adapted from inter-
polation results in [1] or duality arguments as in [30] Theorem 2.1.

Proof of Proposition 4.3. Consider § in (0,0x1] and A in (0,A). Take p = 1 or
p=2and 3> 2d/p.
We have that

01 = BO (1) + QU 1) + 2 (1, ) .
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Thanks to the hypodissipativity of property of Bgé), more precisely the proof of
Lemma 3.6, we have

-| Q(h%, 1) +2Q(h°, k'), ) ev |

A 1
< I8l + HQ(hO,hD) 20 h)]lg,

where we used the scalar product notation to refer to the product operator appearing
in WatW5HP when one differentiates HhHW3,1W£,p(<v>k) (of the same form as (3.9)).

For the second inequality we used Holder inequality between LP and L2/®7Y nside
the product operator:
/ sgn(h®) [ F(R°) da < ||R°)|7,
Td
Then estimating ) using Lemma 4.4 yields
d o RN 0 2 1 0
45) Il < =25 |32 =250 (10l + 2 1y ) | Wy
we recall vy = inf (v(v)) > 0.
veERY
Therefore, if
(o= Ap) (Mo —Ap)
Bl < 1( 0 0 d B < 1 0
[y < ™ g and - Ilhuolley < 7T
then ||h°||, is always decreasing in time with
e < - 2
which hence yields the expected exponential decay by Gronwall Lemma.
OJ

4.3. Study of equations (4.4) in E. In the space E = H? (u~'/?), solutions to
the perturbed Boltzmann equation enjoy an exponential decay. More precisely, [12]
derived a precise Gronwall that we will now use to obtain estimates on the solution
h'. We will use the following shorthand notation

El/ _ va (Iu—l/le/Q)

In this section we use the previous theorem to obtain exponential decay of h' in
E. This result is stated in the following proposition, where C? denotes the space of
time-continuous functions.
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Proposition 4.5. Letp=10orp=2,0<e<e? <1, B> 50 and a < 3 (g4 and
so being constructive constants that will be defined in Theorem 4.7).
Let hyy, be in EP and h° in CPEP.
For any ¢ in (0,0x1] and any X, in (0, o) (dk1 and o defined in Proposition 3.6)
there exist ny, C1 > 0 such that
of

(1) Nhinller < 1,

YRR
(ii) there exists Co > 0 such that ||h%) ¢, < Coe™ pEa | Pinll ep 5
(iii) h' satisfies hi_y = 0 and is solution to

1
oht = G.(h') + gQ(hl, h') 4+ AP (R0)
then
[PH] < Cre il

The constants Cy and 1y are constructive and depends only on &, N, and the kernel
of the Boltzmann operator.

In order to prove Proposition 4.5 we need a new control on the bilinear term.
For any operator F' defined on E' x E, we will say that F' satisfies the property
(H) if the following holds.
Property (H):
(1) for all ¢g', ¢* in E we have 71, (F(g',¢%)) = 0, where 7, is the orthogonal
projection on Ker (L) in L2 (p/2) (see (2.1)),
(2) for all s’ > 0 there exists F3 : E x E — R* such that for all multi-indexes
j and [ such that |j| + |I] < ¢/,

(O F(g", 9, g?’)Lg’U(u_l/z)

with Fi < Fatl.

< fg(glaQQ) HQSHL%‘U(M71/2V1/2) )

Lemma 4.6. The Boltzmann linear operator () satisfies the property (H) with
Vs >d, 3C, >0, F3(f,9) <C [Ifllglglls, + 1/1g, lallg] -

The latter control on the bilinear part is from [12] Appendix A.2.

Proof of Proposition 4.5. We state below the estimate derived in [12] (note that this

is a version of [12] Theorem 2.4 extended by estimates proved in [I2] Propositions
2.2 and 7.1).

Theorem 4.7. There exist 0 < g4 < 1 and sy in N such that for any s > so and
any Ny in (0, Ao) there exists 05, Cs > 0 such that,

o for any hy, in H, (u='?) with
12|

H;’U(H—I/Q) < 5sa

e for any operator I defined on Hy , (;151/2) x H; (u’lﬂ) satisfying the prop-
erty (H),
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Then for all 0 < € < &4 and for all g*, g* in H;, (;fl/z), if h is a solution to
1
O = Ge(h) + F(g", )
ht:O = hin;

and h is in Ker (G¢) for all time, then

d 2)\//
+ 22 < -=3
Vt e RT, i ||h||H;,1,(u—1/2) S

2

1Bl vy + Cs (Fila' 6%)°

Remark 4.8. It is of importance to notice that the differential inequality given
in Theorem 4.7 is independent of €. In fact, it holds for a modified |||, . that

e~ HHS independently of € as long as

xT,v

includes € factors but in a way that ||-|

e s sufficiently small. For clarity purposes, workmg directly with the ||- |HS does

not hide any problematic behaviour. If one wants to incorporate the real ||- |HS o

one just have do exactly the following computations but with the integrated in time
version of Theorem 4.7 where one can use the usual ||-|| ;.  thanks to the equivalence

of the norms.

Now, let A” be in (0, Ag), s = s and 0 < € < 4.
The proof of Proposition 4.5 vv111 be done in two steps. First we study the projection
of h! onto Ker (G.) and then its orthogonal part.

Estimate on the projection part. We have that, see the decomposition (4.2),
that h' = h — hY with h solution to the perturbed Boltzmann equation and thus
satisfying IIg(h) = 0. We therefore have that

Ig(h') = —Tg(h").
Moreover, Theorem 2.1 tells us that IIg and Il coincide on E and thus
HG(hl) = —Hg(ho),

and assumption (i) together with the shape of IIg (see (2.4)), there exists a constant
Cn > 0, depending only on the dimension d and s and the constant Cj, such that

(4.6) et 5, < Cre™ 52" lhinl -

Estimate on the orthogonal part. Applying II = Id — I, the orthogonal
projection onto (Ker (G.))" in L2, (1~/2), to the differential equation satisfied by
h! yields

o (g(h")) = Go(h') +1Lg GQ(m,thAgmh%)
(@7) — G ) + 11 (Lo ) + AP )

Moreover, we have by definition of Il and 7, (see (2.4) and (2.1)) that
(r2(h) = 0) = (Ilg(h) =0)



26 M. BRIANT, S. MERINO-ACEITUNO, C. MOUHOT

and therefore

g (Q(r', A1) = Q(h', A1),

since () satisfies property (H).1. by Lemma 4.6. Plugging the latter equality into
(4.7) gives

0, (I (n")) = G. (TA(RY) + QU ) + T (AD (1))

By definition, TI5(h') is in (Ker (G.))" for all time and thanks to the control
on the Boltzmann operator @) in F (Lemma 4.6), we are able to use Theorem 4.7
with A9 > Aj to which we have to add the source term I (A{Ef;)(ho)) This yields

the following differential inequality, where we denote by C' any positive constant
independent of ¢,

a8y I |
"
<= AOHHc’f\ﬁ%+-0(féﬁfan2+-RHé(Aﬁkh%),HéUH»EI
o]
<=2 Ima Wi, + Ol 111, + 116 (AL )], TR,

where we used a Cauchy-Schwarz inequality on the last term on the right-hand side.
Then we can decompose h! = [Ig(h') + II5(h') to get first

8
+ 7 (e :

2
E,

1 1A 1, <4 a1y T

Mg (h")|

E

v

4
+ V—g HHG<

into which we can plug the control on ||Hg(h1)||i;u we derived in (4.6) to obtain,
(4.9)

12115 |

R < 4 sED| A, +Cn TSR, +Ce 5 h |k,

And finally, this inequality together with assumption (ii) gives the existence of a
constant C'4 > 0 such that

/
Q

C Aot
(4.10) 15 (AL TGN < 25 Mhinlles e = [mE (Y|, -

We plug (4.9) and (4.10) into (4.8) and obtain, with C' and C’ being positive
constants independent of ¢,

d 200
G2 < - |25 = (g + o) | e
Ao+AL

1
+C (N hinllgs + =5 Nhanlles [TERY||, ) e 2
g

We now choose 7, sufficiently small so that

Ao\

2 0 0

0771 < 2 )
0

E,
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which in turns implies

2 Ao + At ) ,
wny @ LIl < - [ gz g,
| 1 Y
+ ' (thnHép + ; Hhmng HHJ_ H ) 0 Ot
We define
N = Ao = X

2
4v§

We have that h!_, = 0 so we can define
2
to = sup{t > 0, HHé(hl)HE < M}

Suppose that ty < +00, we therefore have for all ¢ in [0, ¢¢]

\/m _2pHAh
e (nhmugp Il ) 550,

d 2N
ggHHéUfﬂﬁ;<-";§HHéUf\

which gives

d
Vi e 0., — |[Ta(hh)[,

2 2 N _20tXg
< -2 N4 (Il + L il ) €55

and by Gronwall lemma with TI5(h?! )¢=0) = 0,

N b a4 , ,
vie bt [TEE < C© (WM;+%§W%MQ(/6%%2W¢§6»@
0

+oo _do—Xh v
( 2 ||h1n||§p + \ n* ||hznl|gp> (/ e 5 U du) e 2/\0t’
0

where we used the change of variable u = ¢72s and we considered € < 1/4 (which
only amounts to decreasing £4).

Hence, there exists K > 0 independent of ¢ such that

vi e 0, tal, UGN, < K+ myim).

If we thus chose n; sufficiently small such that (n + 771 \/E)K < 1«/2 we reach a

contradiction when ¢ goes to ty since Hﬂé ht) || = (to) . Therefore, choosing 7,
small enough independently on ¢ implies first that t; = +oo and second that

(4.12) Vi€ [0,+00), |[TERY||% < C llhin2s e

End of the proof. By just decomposing h' into its projection and orthogonal part
and using the estimates (4.6) and (4.12) gives the expected exponential decay for h'
in F. U
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Proof of Theorem 4.1. Let p = 1 or p = 2, X be in (0,\g), 8 = Bo = So

and 0 < ¢ < g4. All the constants used in this section are the ones constructed in
Proposition 4.3 with (Ag + Aj)/2 and Proposition 4.5 with \j.

E is continuously embedded in £ because L2 (u~'/?) C L2 ((v)*) (mere Cauchy-
Schwarz inequality) and L2 C L. because T¢ is bounded. Hence, there exists Cp g >

0 such that
1
(4.13) —[[ler < [ller < Cre g -
40
We define

— min _ o
n Mo, T, 20E75‘01 )

and we assume ||l ||, < 7. Since hi_; = 0 we also define

to = sup{t > 0, Hh1H55 <M}

Suppose that ty < +o0o. Then, thanks to Proposition 4.3 we have that

vte 0to], [|A%p < Mhonllew e 52

We can thus apply Proposition 4.5 and get

Mo

< O hinllgy €70 < O < 2Che

vt € [0,t], ||h'||,

which is in contradiction with the definition of ¢y thanks to (4.13). Therefore ¢ty =
+oo and we have the expected exponential decay stated in Theorem 4.1 for all time.

1]
2]
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