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Abstract

Let (Tt)¢>0 be a markovian (resp. submarkovian) semigroup on some o-finite measure
space (2, u). We prove that its negative generator A has a bounded H*° (%) calculus on
the weighted space L*(Q, wdp) as long as the weight w : © — (0, 00) has finite characteristic
defined by Q3 (w) = sup,-, ||Tt(w)Tt (w_l) HLocm) (resp. by a variant for submarkovian

semigroups). Some additional technical conditions on the semigroup have to be imposed

and their validity in examples is discussed. Any angle 6 > 7 is admissible in the above

H® calculus, and for some semigroups also certain § = 6, < 7 depending on the size
of Q4 (w). The norm of the H* (%) calculus is linear in the Q3' characteristic for § >

5. We also discuss negative results on angles § < 7. Namely we show that there is

a markovian semigroup on a probability space and a Q% weight w without Hérmander
functional calculus on L?(Q, wdpu).
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1 Introduction

It is well established by now that the H* functional calculus of a sectorial operator has im-
portant applications in the spectral theory of partial differential operators and the theory of
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evolution equations, e.g., in determining the domain of fractional powers of a partial differential
operator in the solution of Kato’s problem (e.g. [2, B3, [12, 22, 53]), in connection with maximal
regularity of parabolic evolution equations (e.g. [29] B9 40, [42] 48|, [51]) and certain estimates
in control theory ([26} 27, [43]). Today it is known that many systems of elliptic partial differen-
tial operators, Schrodinger operators and related important examples of semigroup generators
do have an H®® calculus ([5, 10, 17, I8, 20, 23, B30, 38, [45]). Also from an abstract point
of view, a lot of effort has been achieved to establish, characterise and transfer H>® calculus
(1, 28, [32, 33, [34]).

We let § € (0,7) be an angle and define Xy = {\ € C\{0} : |arg\| < 6} to be the
sector around the positive half-axis with half opening angle equal to §. The H*® class is then
H>(3p) = {f: X9 — C: f is holomorphic and bounded}, which is a Banach algebra when
equipped with pointwise multiplication and norm |[m||oc,¢ = supyex, |m(A)[. Let now —A be the
generator of a cp-semigroup (73):>0 on some Banach space X. Suppose that A is sectorial, i.e.
the spectrum is contained in some ¥y and the resolvents are appropriately norm controlled, and
suppose for simplicity that A has dense range (see Subsection for details). Furthermore, let
m € H*(Xy) decay polynomially at 0 and at co. Then one defines the H> functional calculus
m(A), a bounded linear operator on X, by means of the Cauchy integral formula over resolvents

1
A)=— A
m(A) 277 oss, m(A)R(A, A)dA,

with angles §’ < 6” < 6. Then H* calculus is the question whether this ad hoc formula can be
reasonably extended to all m € H*(Xy) and whether one obtains the estimate

(L.1) [m(A)lsx) < Cllmlloce  (m e H*(Ey)).

This is a difficult task and its solution, for more or for less concrete operators A, requires several
fundamental tools from harmonic analysis such as square functions (see e.g. [I0, Section 6],
[33]), bounded imaginary powers of A [I0, Section 5], bilinear embeddings [I0, Section 4] and
transference principles [, 8, [19] [29]. Note that a positive answer of depends in general on
6 and a smaller angle yields a more restrictive condition, since H*(Xy) C H*(%,) if o < 6 by
uniqueness of analytic continuation.

Let us give a brief overview of important operator theoretic results when an H* calculus
is known. Let (€, ) be a o-finite measure space. First suppose that the semigroup (7%):>0
is markovian (see Subsection for the definition of this classical notion), so contractive on
all LP(Q), self-adjoint on L2(f2), lattice positive and T;(1) = 1. The first universal multiplier
theorem was proved by E. M. Stein, who showed that if m is of Laplace transform type, then
m(A) is bounded on LP(2) for 1 < p < oo [50, Corollary 3, p. 121]. This result was later
extended to submarkovian semigroups (see Subsection for the definition) and for m belonging
to H>®(Xy) by Cowling [9, Theorem 1] and Meda [44], Theorem 3]. The angle of the functional
calculus depends on p and by complex interpolation with the self-adjoint calculus on L?((2),

one obtains 6 > 7 ‘% - %‘ Later on it was observed by Duong [I5], (see also [29] for § > 7 and
[32, Corollary 5.2] for # < 7) that semigroups acting on a single LP(£2) space and consisting of
positive and contractive operators, or even only regular contractive operators [8] [19, [50] suffices
to obtain an H*(Xy) calculus. A recent extension of [29] and [38, Corollary 10.15] is [52]

Theorem 4] where the setting is a vector valued semigroup of the form T; = Tt(o) ® Idy acting

on the Bochner space X = LP(Q;Y), where Y is an intermediate UMD space and where Tt(o)
is an analytic semigroup consisting of regular contractive operators acting on a single L?()
space. Here the novelty compared to [38, Corollary 10.15] is an angle of H*(Xy) calculus



¢ < . Concerning the optimality of the H°® calculus angle, the recent breakthrough result [7]
lp—2]
21
semigroups (or even the class of self-adjoint semigroups which are contractive on the LP()
scale). Here the angle 6, is already optimal in the simple example of the Ornstein-Uhlenbeck

yields 6 > 0, = arctan ( on X = LP(Q), 1 < p < oo, within the class of submarkovian

semigroup acting on LP(R%, u) where du(z) = (QW)_% exp (7@) dz is Gaussian measure and

A=—-A+z-V [20].

In the present article we consider markovian and submarkovian semigroups, and add a
weight w to the picture, so that ||f|x = [|fllz2@wap) = (fq [f(@)[Pw(z)du(z))?. Weighted
estimates for spectral multipliers have been recently studied by [I8, Theorem 3.1 and Theorem
3.2] and [23] Theorem 4.1 and Theorem 4.2]. In the latter works, the space €2 is supposed to
be of homogeneous type and the semigroup (73):>o is self-adjoint and has an integral kernel
satisfying Gaussian bounds (see below). The multiplier function m is allowed to belong
to the so-called Hérmander-Mihlin class which consists of certain functions defined on (0, c0)
which are differentiable up to a prescribed order. Note that the Hérmander-Mihlin class contains
H® (%) for any 6 € (0, ), so that [I8] 23] yield an H> calculus to any angle on weighted L?
spaces. The weights that are allowed here belong to a certain (spatially defined) Muckenhoupt
class, see also Remark [£.15] for a comparison with our results.

In this work, we settle the case of markovian and submarkovian semigroups without any
dimension assumption on € nor integral kernel estimates of (7});>0. Our underlying Banach
space will always be X = L?(Q,wdp). The natural condition for the weight w is the semigroup
characteristic

Q5 (w) = sup ess-sup,.cq, Trw ()T} (w™) (z) < .
>0
Then our first main result reads as follows.

Theorem 1.1 (see Corollary Let (2, 1) be a o-finite measure space and (Ti)i>0 be a
markovian semigroup on (Q, ). Let w be a weight on Q such that Q4 (w) < oo. Then under
some technical condition on the semigroup (e.g. () < oo suffices), the negative generator A
of (Tt)t>0 is §-sectorial on L2(Q,wdu) and holds, more precisely,

(1.2) Im(A) 22 (0, wap) L2 @y < CoQ3 (w) (|m(0)] + [Iml|c.0)
for any 6 > 3.

We are also able to push the angle 6 to be equal to § and show in Corollary an HOO(E% i J)
calculus on L?(Q, wdp), where H>**(Xz;.J) consists of holomorphic functions bounded on C
admitting a boundary function on iR which belongs to a certain Besov class (see Deﬁnition.
For the additional term |m(0)| compared to which disappears when A is injective, we refer
to the classical Remark We refer to Theorem for the precise meaning of the technical
conditions. They are satisfied in the following particular cases: u(2) < oo, or € being a space
of homogeneous type and (T});>0 having an integral kernel satisying Gaussian estimates (see
Remarks and . Also if Q is a locally compact separable metric measure space, (T})¢>0 is
a Feller semigroup and the weight w is continuous, then one of the needed technical conditions
is satisfied (see Remark 2.) The method of proof of Theorem is establishing a bilinear

estimate
(1.3) / (AT, Tog) | dt < ClLFl 2@ 9] 2 010
0

(see Theorem [4.3)) which is well-known to yield H* calculus (see [I0, Theorem 4.4] or Proposi-
tion and Proposition [2.11]). For the proof of (1.3)) in turn, we use a Bellman function from



[14], see Lemma in the spirit of [7], capturing the weight variables. That is, we will define
a functional

g(t) = / B(th7 Ttg7 Tt(w_1)7 TtU))dt > 0
Q
(see (4.1)) with the two properties that

£(0) S 1122 (@wam) + 19112 - 1)

and

(1.4) —&'(t) > 5 (AT}, Tyg)|

(see , (4.9), and Proposition, reflecting the properties of the Bellman function
in Lemma Then an integration of (1.4) over ¢ € (0,00) will yield (1.3). Note that despite
the directness of this approach, the proof is rather involved, and it is notably the differentiability
of £(t) which imposes additional hypotheses in Theorem on the markovian semigroup.

Our result also extends to submarkovian semigroups. Note that then the characteristic has
to be modified into the a priori larger expression

Q4 () = supess-sup, o Sy(w)(@)S, (') (x),

where ' = QU {oo} includes a supplementary cemetery point,

Ti(f'lo)(x) + f'(c0)(1 = Tr(1))(z) : ze€Q
f'(0) T =00

Se(f')(z) = {

is the conservative semigroup extension of T3, i.e. Si(1) = 1, and w'(z) = w(z)lzeq + lo—co-
Then our second main results is the following.

Theorem 1.2 (see Corollary [5.3) Let (2, 1) be a o-finite measure space and (T;)i>o0 be a
submarkovian semigroup on (Q, p). Let w be a weight on Q such that Q4 (w) < co. Then under

some technical condition on the semigroup (e.g. () < oo suffices), the negative generator A
of (Tt)¢>0 is 5-sectorial on L?(Q,wdp) and (1.1) holds, more precisely,

1M (A) | 2( @ wd) > L2 () < CoQ (w) (|m(0)] + [[m]oo,6)

for any 0 > 3.

The angle of H*>(3y) calculus in Theorems and above is § > 7. In some cases, this
angle can be reduced to 6 < 7.

Proposition 1.3 (see Proposition Remark and Proposition Let (Q, p)
be a o-finite measure space and (T})i>0 be a markovian (resp. submarkovian) semigroup on
(9, ). Suppose that the weight w on Q satisfies Q4 (w‘;) < oo (resp. Q4 (w‘s) < o0) for some
0 > 1. Then under the same technical conditions as in Theorem (resp. Theorem , A has
an H*(3g) calculus on L*(Q2, wdp) for some 6 < 5 and consequently, A has mazimal reqularity
on L*(Q,wdp).

Note that if @ = R™ and if the class Q4 equals the class Q5/?*°, where

1 1
class —1
w) = su —_ w = w 5
Q" (w) BballIi)n]R"(|B|/B ) (|B|/B )



then any weight w with Q4 (w) < oo automatically satisfies Q3 (w‘s) < oo for some § > 1.
Consequently, Proposition above applies then for any Q4 weight. Note that § > 1 depends
then on w, and then 6§ < 7 also depends on w. Moreover, the dependence of the H> (%)
functional calculus norm on Q4 (w) is a priori not linear any more for 6 < 5 as it was in
Then the question arises whether one can lower the angle in Theorem [1.1] universally within
the class of all markovian semigroups and all Q4 (w) weights. As a partial negative result, we
obtain the following.

Theorem 1.4 (see Theorem [6.1)) There is a markovian semigroup with negative generator
A on a probability space and a Q% weight w such that for no s > 0, A has a Hormander H*
calculus on L?(2,wdy). In other words, for no s > 0 there exists a constant C > 0 such that

”m(A)HLZ(Q,wdu)%L%Q,wd,u) <C (|m(0)| + HmHHS)
holds for all Hormander multipliers m € H*.

For a definition of the Hérmander H?® class which consists of functions defined on R, we refer
to . The counter-example that exhibits Theorem is based on a markovian semigroup
defined on a space €2 consisting only of two points.

Let us close the introduction with an overview of the rest of the article. In the preliminary
Section [2 we introduce the objects of study for the rest of the paper. In Subsection
standard notions of markovian and submarkovian semigroups are discussed. Then Subsection
contains the necessary material on H* calculus. Here, the space H>(Xy;J) consisting of
holomorphic functions with boundary term belonging to a Besov class (see Definition and
Lemma might be less standard. Lemma characterizing the H>(Xy; J) calculus in terms
of the growth of the constant appearing in the H>°(X,) calculus when o — 6+, is possibly
new. Also that the bilinear estimate implies a H>(Xz;J) calculus with sharp angle 5
(see Propositions and might be less known. Then in Subsection we define weights
in our setting and show a cut-off property of the characteristic Q4. In Section |3 we introduce
the Bellman function which is a crucial ingredient of the proof of Theorems and Some
technical properties needed in the subsequent two sections are proved. Then in Section [4] we
state and prove the H> calculus on weighted L? space for markovian semigroups (Theorem
, and discuss the technical conditions we have to impose. Parallelly to that, in Section
we state and prove the companion result for submarkovian semigroups (Theorem [1.2). Finally,
in Section [6] we state and prove Theorem [I.4

2 Preliminaries

2.1 Semigroups
In this article, (€2, 1) always denotes a o-finite measure space.
Definition 2.1 Let (T})i>0 be a co-semigroup on L?(€2).

1. Then (T})i>0 is called a submarkovian semigroup, if

(a) Ty extends boundedly to an operator on LP(Q) for all p € [1,00] and we have
| Tt p—p < 1 for any t >0 and p € [1, 00].

(b) T} is self-adjoint for any t > 0.

(¢) Tof 20 for any t = 0 whenever f € Upep o LP(€2) with f 2 0.



2. (Ty)i>o0 is called a markovian semigroup, if (Tt)i>o is submarkovian and in addition,
T,(1) =1 for any t > 0.

In the same way, we call a single operator T submarkovian, if T is a contraction on LP(Q)) for
all p € [1,00], self-adjoint on L*(QY) and Tf > 0 for f > 0. We also call a single operator T
markovian, if in addition T'(1) = 1.

In what follows, if (T3)¢>0 is a semigroup, we denote A its (negative) generator, i.e. T; =
exp(—tA). In fact, we shall always call A the negative generator and omit the term “negative”
sometimes. Note that if (T});>0 is a submarkovian semigroup, then for 1 < p < oo, (T})i>0 is
analytic on LP(Q), and thus, for f € L”(Q), we have that T} f belongs to D(A,), the domain of
the generator on L”(Q) The semigroup (7}):>o is typically not strongly continuous on L ().
However, Ao (f) = w* — limp_o1 +(f — T f) has a w*-dense domain D(A.) = {f € L>(Q) :
w* — lithOJr h(f Thf) exists}. A classical w*-approximation of f € L°(f) by elements

of D(Ax) is % f T.fdt (h — 04). We have the following Cauchy Schwarz type lemma
for pOblthG L>°(Q) contractions, in particular for operators coming from a (sub)markovian
semigroup.

Lemma 2.2 Let T be a contraction on L*°(QY) such that Tf > 0 for any f > 0. Then for
fr9€ L=(Q), ) ) ,
T(fg) ()" < T(fI7)(@)T(|g]")(x) (a.e. x ).

Proof : For a measurable set B C € of finite positive measure, we put
op: L>®(Q)—>C, g— L/ Tgdpu.
wWB) Jp

Then ¢p is a well-defined positive linear functional. By the Cauchy-Schwarz inequality for
positive linear functionals on C*-algebras, we have |¢5(f9)|> < ¢5(|f]*)¢5(lg|?). Assume on
the contrary that |T(fg)(x)|> > T(|f|*)(2)T(]g|*)(z) on a set B of positive measure. Then
passing to a smaller set of positive measure, we have |T'(fg)(z)|? = (1 +&)T(|f*)(z)T(|g|*)(z)
for some ¢ > 0. We can assume that B has finite (positive) measure. Consider first the
case that one of the two functions T'(|f|?),T(|g|?) is equal to 0 on B, say T(|f|?). We have
0 < o5l < 65(1fP)és(lg) = 0, s0 ds(fg) = 0. Since T(Ifg]) > 0, it follows
T(|fg]) =0 on B, and by positivity of T', also that |T'(fg)(z)| < T'(|fg|)(x) = 0 for z € B.
Assume now that both functions T'(|f|?) and T'(|g|?) are strictly positive on B. For N € N
a given number whose value we shall specify later, we decompose [0, 27| = fCV;Ol [2m £ orktl]
Then there exists kg € {1,...,N — 1} and B’ C B of positive measure such that |T'(fg)(z)| =
T (e fg)(z) for all z € B" and 0, € [27rk’—N°,27rk°—A‘}'1}. For a given n > 0 whose value we shall
specify later, there is N € N and 6 = 2« ko;% such that |RT (e fg)(x)| = (1 —n)|T(fg)(x)]| for
x € B’. We assume for simplicity of notation that B’ = B. Let § > 0 be a number Whose value
we shall specify later. For n € Z, put W, = [(1+6)", (1+6)" "] and A4,, = (T(| f|? )) (W,)NB.
Since J,,c, Wn = (0, 00) and T'(| f|?) is strictly positive on B, there exists ng such that A, is of
positive measure. We have ess- bupxeA T(|f1?)(x)/ ess-infrea,, T(If]*)(x) <1+ 6. Consider

no

in a similar manner B, = (T(|g|* )) (W,)NA,,, and again, there is some ny such that B, is
of positive measure. We have ess-sup,cp, T(|h[*)(2)/ ess-infyep,, T(|h[*)(x) <1+ 6 for both



h = f and h = g. Now with 0 as above,

2

165, (o) = ‘m;) /B T(f9)(x)du(x)

nq

1
W
/u‘(Bnl) B,

@ s

1 2
#(Bn,) /B \/T(f|2)(:v)T(Ig|2)(x)du(x)]
>(1+e)(1- 77)2 ess-infyep,, T(|f\2)(x) ess-infiep, T(|g|2)($)

>(1+e)1-n)?

T(ewfg)(x)du(w)l

2

2
= (1-n) IT(fg)(x)Idu(x)]

ny

> (14e)(1-n)?

esssup, g, T(SP%) @) esssup,e,, 7o) (x)

1+
1 1 1
> (490 -0 5 /L TP @) o /|  TllaP)@)dnte)

R R e (1 N ()

Choosing now for the given € > 0 the free parameters n and J§ sufficiently close to 0, we get
the desired contradiction with the Cauchy-Schwarz inequality for the positive linear functional

¢Bn1' |

2.2 H® calculus

Let w € (0, 7). We define the sector 2, = {z € C\{0} : |arg z| < w}.

Definition 2.3 Let X be a Banach space, w € (0,7) and A : D(A) C X — X an operator. A
is called w-sectorial if

1. A is closed and densely defined on X .
2. The spectrum o(A) is contained in 3.

3. For any w' > w, we have SUD) co\5, IAMA — A)7Y| < 0.

If X is reflexive, which will always be the case in this article and A is w-sectorial, then A
admits a canonical decomposition

@2.1) A= ["(1)0 8} . X = R(A) & Ker(A) — R(A) & Ker(A)

such that Ay : D(4p) € R(A) — R(A) is again w-sectorial and in addition injective and has
dense range [38] Proposition 15.2]. Here, R(A) stands for the range of A and Ker(A) for its
kernel. The operator Ay is called the injective part of A. For 6 € (0, ), let

H™(3p) = {f : Y9 — C: f analytic and bounded}



equipped with the uniform norm || f|lec,0 = sup,cs, [f(2)]. Let further
H§®(3) = {f € H®(Zg) : 3C,e > 0: |f(2)] < Cmin(]z|%, |2]7%)}.

For an w-sectorial operator A and 6 € (w,7), one can define a functional calculus H§®(Xg) —
B(X), f — f(A) extending the ad hoc rational calculus, by using the Cauchy integral formula

1

T 2mi

(2.2) £(4) /B _ JOVROL A,

where ¢’ = 1 (w+6) and ¢ is the boundary of a sector oriented counterclockwise. If moreover,
there exists a constant C' < oo such that ||f(A)| < C||f|lcc,0 for any f € H(Zg), then A is
said to have a (bounded) H*(3y) calculus. If X is reflexive and A has a bounded H> (%)
calculus, then so does Ay and f(A) = f(Aog) @0 : R(A) @ Ker(A) — R(A) & Ker(A) for
f € H§°(X). Moreover, the functional calculus defined for f € H{*(Xy) can be extended to a
bounded Banach algebra homomorphism H>(3g) — B(R(A)), f — f(Aop).

Lemma 2.4 Letw € (0,7) and A be an w-sectorial operator on X having an H*(3g) calculus
for some 0 € (w, 7). Assume that A is injective and has dense range (otherwise take the
injective part in what follows). Let (fy)n be a sequence in H>®(Xg) such that f,(\) = f(X\) for
any X € B¢ and sup,, || fnlleo,0 < 0. Then for any x € X, f(A)x = lim,, f,(A)z.

Proof : See [38, Theorem 9.6] or [I0, Lemma 2.1]. [ |

In practice, if A is w-sectorial, and one wants to show that A has an H°(3y) calculus, the
most what one can hope for is § > w. In order to deal with § = w, we have the following
refinement of the H>°(Xy) classes in this article.

Let J > 0 be a parameter. Let (¢, )nez be dyadic partition of unity, that is, a sequence of
C*° functions on R such that

L. supp(¢o) C [-1,1]
supp(¢1) C [3,2]

bn(t) = ¢1(277t) for n > 1
¢—n(t) = ¢n(—t) forn > 1
Y onez On(t) =1for t e R.

Then we let B | = {f € L*(R) : | fllps L= Yonez 2710\ f % dnllso < 00}. This class is
called a Besov space. ,

A

Definition 2.5 Let 0§ € (0,7). We let
H*(S3J) = { ] € H*(Z9) : f(e*%eV)) € BL, }

equipped with the norm ||f|| = (s,.0) = [ fllsce + 1f (D)o +f(eeD)ps .

Hereby we note that a holomorphic bounded function f on ¥y possesses almost everywhere
non-tangential limits on 9%y, so that f(eTe?) is well-defined almost everywhere. Consider
the horizontal strip in the complex plane Strp = {z € C : |3z| < 0} and note that A — e* maps
biholomorphically Strg — 3. For technical reasons, it will be easier at several instances to work
with functions defined on Stry instead of Xy. We therefore consider H*(Strg) = {f : Strg —
C: f holomorphic and bounded} and H*(Strg; J) = {g € H>®(Strg) : g(xif +-) € B ;}.



Lemma 2.6 Let 0 € (0,7) and J > 0. The space H>®(Zg;J) is a Banach algebra and
H>(Zg) < H>®(Xg;J) for any 0’ € (0,7) is a dense injection.

Proof : We show first that H°(Xy; J) is a Banach space. To this end, let (f,,), be a Cauchy
sequence in H*>®(Xy; J). Since obviously H>®(Xg;J) — H>(Xy), (fn)n is a Cauchy sequence
in H> (%) and has a limit f € H>(Xg). Moreover, since BZ, ; is a Banach space, fn(eFel))
has a limit g(e*?e)) in BZ ;. Since f(e*?e()) is also a limit in L>(0%g) of f,(eFe()), we
have g(eT?e*) = f(eF?e*), X € R. Moreover,

1f = fallzreesesny = I1f = fallsoo + 1(f = fn)(ejtwe('))||Bgo,1 —0+0.

Thus, H*(3y;J) is a Banach space. That H>(Zg;J) is also a Banach algebra follows from
the fact that H> (%) and BZ, ; are Banach algebras and thus,

1f gl (s650) = (1 f9lloc,0 + ||(fg)(€j”‘§6('))||Bgo,1
< [ flloo,0ll9lloo,0 + C||f(€ﬂ”'9€('))||Bgm1 ||9(€ﬂ“‘96('))||Bg<311
S COfllae se;n 19l o (2050

For the statement of dense injection, we pass the problem from the sector ¥y to the strip
Strg and thus have to show that H°(Stre:) — H(Strg;.J) densely. That this is indeed
an injection follows from [36, Remark 4.16]. For the density, we let f € H°(Strg;J) be
given and take f, = f x> ,_ ék, where (¢,,), is a dyadic partition of unity as above.
Then according to [36, Lemma 4.15 (2)], fn(£i0 + (-)) converges to f in B, ;. Moreover,
according to [20, p. 416], we have ||g|| go(stry) < 2[|g(Fi6 + (~))||BOJO,1 for g € H*®(Stry; J), so
that |[fn = fllme(sey) < 2/(fa — f)(£i0 + ()2 | — 0, too. We finally infer that [|f, —

’

Pl sty = I1fn = Fllaee seg) + 1 (Fn = F)(Fi0 + ()l pz | = 0. u

Lemma [2.6enables us to define a bounded H>(%,,; J) calculus via the well-known H> (%)
calculus. Namely, we say that for w € (0,7) and A an injective w-sectorial operator with dense
range, A has a bounded H*(%,,; J) calculus if

(2.3) IF (A< Clfllae o (f € HE (X))

for some/any 6 € (w,w). In this case, by density of H*(Zy) in H*(X,;J), we can define
f(A) for all f € H®(X,;J) and extends to all f € H>®(X,;J). Clearly, H*®(3,;J) —
B(X), f— f(A) is then an algebra homomorphism. The following lemma is a variant of [10]
Theorem 4.10].

Lemma 2.7 Let w € (0,7) and J > 0. Let X be a Banach space and A be an w-sectorial
operator on X which is injective and has dense range. Assume that for any 0 > w, A has an
H> (%) calculus and that there is C < oo such that

IF A< CO=w) [ fllco (f € HX(Sg), 0 > w).
Then A has a bounded H*(Xy;J) calculus, meaning that
LF < CN e snn  (F € HX(Zw; ).

Proof : We let B = log(A), which is an w-strip-type operator in the sense of [28]. According
to [28), Proposition 5.3.3], the hypothesis of the lemma implies that for 8 > w and ¢ : Stry — C



analytic and bounded, we have ||g(B)| < C(0 —w)~7||g||oc,0. On the level of spectral multiplier
functions, this can be simply seen as the correspondence f € H>®(X,) = g(\) = f(e}) €
H*°(Str,,). It suffices now to show that for § > w

(2.4) lg(B)Il < Cllglla=(str.:0y (9 € H*(Strg)).

Let (¢n)nez be a dyadic partition of unity as above. According to the Paley-Wiener theorem,
see also [10, Proof of Theorem 4.10], g * ¢,, is an entire function, and moreover, for b > 0,

sup 19 * Gn (@ + iy)| < exp(B2"1T1)[|g * Gl Lo (Reti)-
ER, |y—(+w)|<b

Choose now b = 21", Then using the maximum principle to bound

sup  |g* dn(z +iy)| < sup |9 % dnlx +iy)],
2€R, Jy|<w 2ER, Jy—(w)| <271
we obtain 5 5
sup |9 % Pn(x +iy)| < C||g*¢nHL°°(R:I:iw)'

z€R, |y|<w+2-Inl

Thus, [lg* 6, (B)[| < C27") ™ g*dull o sir ) < CQTM) || g% | Lo (Reticw)- Tt suffices

w2 In]
to check now that
(2.5) Z g*¢n =g (convergence in H*(Stry))
neL
for ' = $(6 + w). Indeed, then by bounded H>(Stry) calculus of B,
lgB)I < D g * Su(BIN S D 2" llg * dull oo i) S gl e (strsys
nez nez

and so, ([2.4) follows. To show ([2.5)), we note that

N N
lg—g% > nllmesy) < lg—g% > nllre@io) < lg(-£ib)—g(-£id) Z Onllp1, »

n=—N n=—N

and the last quantity converges to 0 according to [36, Lemma 4.15 (2)]. [ |
A typical H>(Xz;J) function (i.e. not belonging to any H> (%) for 6 > 7) is given in the
following lemma.

Lemma 2.8 Let J >0, >0 andt > 0. Let my(\) = (1 + \)~7~Se™* . Then m, belongs to
the class H*(Xx;J) and we have the estimate

”thHOO(E%;J) <C(1+t)/te.

Proof : It is easy to check that m; is holomorphic on Xz = C, and that ||m[[co, = < 1. Tt thus
remains to estimate |[m;(£ie))|| 57 R Since BZ, ; is a Banach algebra, we decompose

Ime(ieM) gz, = (1 +ie*) ™"~ exp(—ite})l| ps |
(1+t€ )t Ay—J—e oA
N H (1 +ien) 77 || 5 (1 +2e?) exp(—ite )HB;’Q1
50,1
(1+1tA)7*e Ay—J—¢ A
] e

10



since H* (Strs) < BZ, | according to [36, Remark 4.16], where § > 0 is a small auxiliary angle.

A J+e U )
(e || < COH)7He. Moreover, [[(1+te*)~/~¢ exp(—ite) | 5, | <

It is easy to estimate H

C according to [37, Proof of Lemma 3.9 (2)]. The term |my;(—iet)| zs , 1s estimated in the
same way. ’ ]

The following proposition is a variant of [I0, Theorem 4.4]. Note however that we do not
assume that Ay is w-sectorial but that this is a consequence of the proposition. Moreover, we
precise the dependence of the H*°(%y) calculus norm on the angle 6 > 7.

Proposition 2.9 Let X and Y be Banach spaces such that X,Y C Z with a bigger Banach
space Z and similarly for the duals X',Y' C Z. Assume that Y is reflexive. Assume that
X NY isdense inY and that X' NY' is dense in Y'. Assume furthermore that for f € X NY
and g € X' NY’, the duality brackets (f,g)x x» = (f,g)vy,y’ coincide. Let A be the (negative)

generator of an analytic semigroup (Ty); on X, i.e. A is w-sectorial for some w < 5. Assume

(2.6) / (AT, f. )t < C||flvllgly (f€XNY, ge X NY’).

Then there exists a g—sectorz'al operator Ay on'Y such that for J > 1

™

(2.7) [m(Ay)lly -y < Cs(6 - 5)*']||m||oo,e (m € Hg® (%), 0 € (gﬂf))

and m(Ay)f =m(A)f for any such m and f € X NY.

Proof : We place ourselves in the notation of [I0, Proof of Theorem 4.4] and put there ¢(z) =
ze™* and for given ¢ > 0 sufficiently small so that A is (§ — ¢)-sectorial, p = § —¢, v = J,
nN=%5+3>20—pu=7%5+ec,anda= 5 +2 € (2v—pu,7). Pickabe H§(E,). Then one has
according to [I0] (4.3)]

* _ A\ dt
b(A) :/0 BYA)+ B ()0 <t> — (e
with A defined via the Fourier transform
(B2)' (1) = 53(be(1)e¥".

Here, the index e stands for composition with the exponential function, so he = hoexp : R — C
for a function h : (0,00) — C. Moreover,

3 () = 1 B 1
e U (t) cosh(at) ~ T'(1 — it) cosh(at)

for our particular choice of 1, see [10, Example 4.8]. Since both 4, and b, - e¥* belong to the
Schwartz class, also 3% belongs to the Schwartz class and thus,

11



Therefore and since ||R(A, A)|| < C“\ITI for A € 90X, \{0}, we can apply Fubini below and obtain
for f€ X and g € X/,

o= [ f TBH + 80 (A> (R(N, A)f, gy

T 2mi t

= [T wr g [ v () moarang

21

= /OOO(BJr(t) +B7(1)) <¢ (114) f,g> ?
- /Ooo(ﬁJr(t) + B8~ (AT f, g)dt.

Now by assumption, we have for f € XNY andge X'NY’
(2.8)
0

[(6(A)f 9)| </ (1B @O+ 18~ ODKAT:f, g)ldt < CUIBT sy + 187 L)) flly llglly--

We estimate [|3% || &, ).

1 )
(2.9) 18E Loy = 1BF Lo m) = 5”% *be((-) £ia)|| Lo (m)
1 .
< QH%HLI(R)Hbe((') i) p=(r)
1
(2.10) = §\|%\|L1(R)Hb||oo,a-

The technical Lemma below gives an estimate of ||v.[/z1(r), so that shows that b(A)
extends to a bounded operator on Y with [[b(A)|ly vy < Cy||b]lso,n- Take now for p € C\X,,
b(A) = Ap—X)"t € HP(X,), so that J(u) = %L(Ider(A)) = R(u, A) extends to an operator on
Y with uniform norm bound for these u. Since R(u, A) is a resolvent, J(u) is a pseudo-resolvent
in the sense of [47), Section 1.9]. We claim that

(2.11) pJ(p)f — fweaklyin Y as p — —oco  (f €Y).

Indeed, according to [38, Proposition 15.2], pR(u, A)f — f strongly in X for any f € X. Thus,
(uR(p, A)f,9) = (f,g) forany f € X NY and g € X’ NY’. A 3¢ argument together with the
uniform norm bound of pJ(p) in B(Y") allows then to deduce for f € XNY, and then for
any f € Y. This implies that the null space Ker(J(p)) which is independent of p [47, Lemma
9.2 p. 36] equals {0}. Indeed, if f € N(J(u)), then puJ(p)f = 0 for any u. Letting u — —o0
together with shows that f = 0. Then proceeding as in [47, Proof of Theorem 9.3 p. 37]
allows to define an operator Ay : R(J(u)) — Y where R(J(n)) stands for the range of J(u),
such that R(u, Ay) = J(u). Then, since the resolvent bound [38, (15.1)] of ||uR(u, Ay)]| is
satisfied, [38 15.2 Proposition c)] allows with the reflexivity of Y to deduce that Ay is densely
defined and that R(Ay) ® Ker(Ay) =Y. In particular, Ay is sectorial and since n > 7 was
arbitrary, Ay is F-sectorial. Moreover, R(u, Ay)f = R(u,A)f for f € X NY, so that the
Cauchy integral formula implies that for b € H3°(%,), we have b(Ay)f = b(A)f for such
f- It remains to show the estimate , which follows from the technical Lemmatogether

with (2.8)) and (2.10)). [ |
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1

L 2.10 Let o = § + 2 and Ae(t) =
emma et a = 3 +2¢ and Fe(t) ['(1 — it) cosh(at)

. Then for 6 > 0, we have the

estimate
Vel ) < Cye~ (19,

Proof : Since the Fourier transform is bounded W2?(R) — L(R), it suffices to estimate
[Fellz2®) and |[4%]lz2r)- According to [10, Example 4.8], we have |['(1 — it)| > Ce~%l*l, so

1
that |9.(t)] < CeZltl=altl = Ce=251tl. We have ([, [e=2°*2dt)? < &2, so that [|9e|lr2(m) is
estimated. For the derivative, we have

5 ()] = ‘_ —iI"(1 — it) cosh(at) + I'(1 — it)a sinh(at)
e I'(1 — it)2 cosh?(at)
: L IT(1 — it)|~*|a| | sinh(at)|
< |IT(1 =
< T(1 —it)] IT(1 — it)|2| cosh(at)] | cosh(at)|?
/ , T .
(2.12) < CIT'(1 — it)] exp (2§|t| _ a|t|) + Cexp (5‘“ B altl) .

The second summand can be treated as above. For the first summand, we have to find an
estimate for I"(1 — it) with [t| > 1 > 8. We recall that [I'(z + iy)| < Ce21¥!|y|*~2 according
to [41], p. 15]. We write, according to the Cauchy integral formula,

ST Ny S VT
21 Jop(1—it,s) (2 — (1 —it))

Here we have choosen as contour path a circle of radius § as in the statement. For x + iy €

OB(1 — it,§), we have [|y| — |t|| < 6 and < 1+ 6. Therefore, since z — 3 > 0, ly|*—2 <

(Jt] +8)" = < (Jt| + 6)20 < [¢[219. Moreover, e~ 514 < e~ 5(t1-8) < e~ Thus,

sup  |D(a +iy)| S [t]EH0e Bl
z+iy€dB(1—it,d)

which by the Cauchy integral formula implies
1,1 ™
IT'(1 —it)] < c(sﬁmﬁﬁe*f\tl.
Going up, we estimate the first summand in (2.12) by
B i 1 ™
(1= it) [ exp (25 |t] = alt]) S5 [t exp (5 = a)lt])
= [t# % exp (—2elt]) .

Passing to L?(R)-norms, we obtain
1
2

</ IT/(1 — it) exp(%m - at|)|2dt) SO+ (/ |t|1+20 exp(4s|t|)dt>
R 1

o] |t|1+26 %
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This concludes the proof of the lemma and thus, also that of Proposition [2.9] [ |

In our Main Theorem on weighted L? functional calculus, we shall show the hypotheses
of Proposition [2.9]in the case X = L2(, p) and Y = L(Q, wdp) with w : © — (0,00) a certain
weight, i.e. a positive measurable function. In the next proposition, we spell out the most
general functional calculus consequence in this situation.

Proposition 2.11 Let (Q, i) be a o-finite measure space and A be a positive self-adjoint opera-
tor on L?(Q, p). Let w: Q — (0,00) be a positive measurable function. We consider the duality
bracket (f,g) = [, f(x)g(x)du(z), so that L* (2, p) is its own dual and L*(Q, w™ dpu) is the dual
of L*(Q, wdp). Assume that for any f € L*(Q, u)NL*(Q, wdp) and g € L*(Q, u)NL*(Q, w=tdu),
we have

| 14T, 9)de < Clfll ol oo

0

Then for J > 1 and m € H®(Xx;.J), m(A) extends to a bounded operator on L*(Q, wdp) and
Im (A L2 (@uwdi)» 22 (@) S [M(O)] + [l e (25

Remark 2.12 In fact, we will even show the following form of Proposition in the proof
below. Under the hypotheses of Proposition [2.11], according to Proposition [2.9, there ezists a
Z-sectorial operator Ay on'Y = L*(Q, wdp) with m(Ay)f = m(A)f form € Hg®(Xz4.) and
f € L3(Q, 1) N L*(Q,wdp). Then according to [2.1)), L?(Q, wdp) decomposes as L*(Q, wdp) =
R(Ay) @ Ker(Ay). The part Ay on R(Ay) is injective and has dense range, so that Ay
has a bounded H*(Xz;J) calculus for any J > 1, according to Lemma . Putting then, in

accordance with (2.1)), for m € H*(Xx;J)
m(Ayyo) 0

2.13 Ay) = s

( ) m( Y) 0 m(())IdKCI'(Ay)

we have

(2.14) M (Ay )| L2 (2,wdp) — L2 (@,wdn) S 1mM(0)] + Hm”Hoo(z:%;J)

and m(A)f = m(Ay)f for f € L2(, pu) N L2(Q, wdp).

Proof of Proposition and Remark : Consider the Z-sectorial operator Ay on Y =
L?(Q, wdy) from Propositionand its space decomposition Y = R(Ay ) ®Ker(Ay) from (2.1).
We define for J > 1 and m € H**(Xz;.J) the operator m(Ay) : Y — Y as in (2.13). The norm
estimate is immediate. It only remains to check that m(A)f = m(Ay)f for f € L2(Q, p)N
L?(Q,wdy). We consider first m € H>®(Xg) for some 6 > 5. Write f = f1 @ f2 according to
Y = R(Ay) @ Ker(Ay) and f = g1 @ g2 according to X := L?(Q, ) = R(A) ® Ker(A). Let
pn(N) =n(n+ N1 — (1 +n\)"t € HE(Zy) from [38, 9.4 Proposition (2)]. According to [38]
15.2 Proposition], f1 =Y —lim, pp(Ay)f = (X +Y) —lim, pp(A)f = X — lim,, p,(A)f = ¢1,
so that f1 = g1 and fo = go. It suffices to check that m(Ay)f; = m(A)f1 and m(Ay)fe =
m(A)fa. We have according to Lemma m(Ay)fi =Y — lim,(mp,)(Ay)fr = (X +Y) —
lim,, (mp,)(A) f1 = X —lim, (mp,)(A) f1 = m(A)f1. Moreover, m(Ay)fa = m(0) fo = m(A) fo.
We have shown m(A)f = m(Ay)f for m € H*(Xy). For a more general m € H>(Xx;J), we
pick an approximating sequence m,, € H>(X3y), m, — m in H>*(Xz;J) according to Lemma
Then we have

m(Ay)f =m(Ay)fi ®m(Ay)fo =Y = limm,(Ay) f1 ©m(0) f2
= (X +Y) —limm,(A) f1 ®m(0) fo = X —limm,(A) f ®m(A) fo = m(A)f.
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2.3 Weights

Definition 2.13 Let (Q, 1) be a o-finite measure space and w : @ — (0,00) a strictly positive
measurable function. Then w is called a weight.

If T is a positive mapping on L*(2) and w : Q@ — (0,00) is a weight, then we can define
T(w) : Q — [0,0¢] to be a measurable function as follows. Let w(™ = w - 1,,<,. Then w(™
is an increasing sequence of L*° functions, so T’ (w(")) is an increasing sequence of measurable
functions, which thus converges to a measurable function T(w) : @ — [0,00]. Note that if T'
extends to a bounded operator on L' and w € L'(Q), then T'(w) is unambiguously defined.
Also if w € LY(Q) 4+ L>°(Q), then T'(w) is unambiguously defined.

For practical purposes, we define the following cut-offs of a weight.

Definition 2.14 Let w be a weight on Q and n € N. Then we define the cut-off weight

w(z) : w(z) e[ n]
wy(z) =4 L cw(r) < L

cw(z) >n

Definition 2.15 Let (T;);>0 be a semigroup acting on L'(Q) and w : Q — (0,00) a weight.
Let p € (1,00). We define the characteristic of w as

Q) (w) = SUp €s5-5Up, 0 Ty (w) (2)(Ty (u) (z))P~ L,

where u = w T, If p = 2, this becomes Q4 (w) = SUD; ¢ e5S-8up,eq Tt (w) (@) Ty (w™ ) (x).
The upper index A stands for the (negative) generator A of (Ii)i>0. Moreover, we define
Qg‘ ={w:Q— (0,00): Q;‘(w) < o0}

Lemma 2.16 Let w be a weight on (Q,pu) and n € N. Let (T});>0 be a positive semigroup
acting contractively on L>=(). If w belongs to Q4 , then the cut-off weight w,, also belongs to
Q% and we have Q4 (w,) < Q4 (w).

Proof : The idea of the proof is from [IT, Lemma 4]. We let x1 = lyy<n and xo = 1—x1 = Lysn.
Furthermore, we define oy (z) = Ti(x1)(x), az(x) = Ti(x2)(z), and moreover for v :  — (0, 00)
positive, T}v(x) = Tt(vxl)(x)#(m), T?v(z) = Tt(vxg)(x)ﬁ(m). Then we have

Tyo(2) = ay ()T} o() + az(2)T0(a),
Here we note that «;(x) = 0, for = belonging to a set of positive measure, implies 0 <
Ti(vx:) (@) = iMoo T(V1pgmXi) (@) < Mmoo mTy(x:)(z) = limp—0o 0 = 0, so that we
can well define T;v(x) by putting it to equal 1 for a;(z) = 0, i = 1,2. We shall show that for

w™(x) = min(w(x),n), we have

(2.15) Tyw(e) Ty (w™") () — T(w")(@)T( (")) (@) > 0.

15



Indeed, we have T2w(z)T?(w~!)(x) > 1 when az(z) # 0 according to Lemma Then
w™) (@) Te((w")~")(x)

= [ (@) w(2) + co(@) Tw(@)][on (@) T (w™) (@) + az(2)TF (w™") ()]

= [oa (@) T} (w) () + ()T (w") (@)][or (2) T} ((w™) ) (@) + a2 (2) T ((wa) ™) (@)

= of (@)} w(@) T} (w™) (2) = Tjw" ()T} ((w") ) ()]

+ a (2)az (@) [T w(@)TE (w1 (@) + TPw(@) T (w™ ") (2) = T} (w™) (@) T ((w™) 1) (@) = T (w") ()T} (w™) 1) (2)]
+ a%(m)[TtZw(x)Tf(w_l)(x) —1]

= af(2)[T}w(@) T} (w™ ) (2) — T w(@) T} (w™ ') (2)]

+ o (@) az (@) [T w(@) T (™) (2) + THw(@) T (w™")(x) — Tf(%)Ttlw(w) — T (n)T} (w™1)(2)]

+ a3 (@) [T w (@) TE (w™ ) (x) — 1]

> ay(z)ag () [T} w(@) T (w™h — %)(x) + T (w™ ) (@) T (w = n) (x)] + a3(x) - 0

a1(@)an(@) T2 | 2 (= Tlw(w) +un T (w ™) (@) | ()
—— —_——

w—"n

> ay(z)ay(z)T? ( (w— n)) > 0.

We have thus shown (2.I5), which implies Q%'(w) > Q4 (w"). Now observe that wy,
(((w™)~1)")~" and that Q4'(v) = Q5 (v™}), so that Qf(w) > Qf(w") = Q5 ((w")™)
Q3 (((w™)~1)") = Q3! (wn).

| AR

Remark 2.17 Suppose that (2, dist, p) is a space of homogeneous type, i.e. a metric measure
space such that pu(B(z,2r)) < Cu(B(z,r)) with uniform constant C' over all x € Q and r > 0,
where B(x,r) = {y € Q : dist(z,y) < r} denotes a ball in Q). This entails that 0 admits
a doubling dimension d > 0 such that u(B(x,ar)) < Calu(B(z,r)) forx € Q, r > 0 and
a = 1. In the following cases, the semigroup characteristic can be compared to the classical
characteristic defined in terms of means over balls, that is

class _ u L w L L
Q" (w) = B billpm o 1(B) /B (y)du(y)u(B) /B w(y) duly).

Let (Ty)i>0 be a submarkovian semigroup acting on L?(S). Suppose that T, has an integral
kernel p(z,y).

1. If pi(x,y) satisfies (one-sided) Gaussian estimates [25, (1.3)]: there exist C,Cy > 0 such
that

(2.16) pi(z,y) < C exp(—C+dist(x7y)2/t) (t>0, z,y€),

1
u(B(z, V1))

then there exists some ¢ < oo such that for any weight w : Q — R, we have Q3 (w) <

Q5" (w).

16



2. If pi(x,y) satisfies lower Gaussian estimates: there exist ¢,C_ > 0 such that

pe(z,y) > exp(—C_dist(z,9)*/t) (t>0, z,y € Q),

1
— -
u(B(z, V1))
then there exists some ¢ < oo such that for any weight w : Q — R, we have Q5*%(w) <
A
Q3 (w).
Consequently, if the semigroup satisfies two-sided Gaussian estimates, then Q5% (w) = Q4 (w).

Proof : 1. Let z € , t > 0 and for k > 0, denote the ball centered at =, By = B(z,2"1\/%)
and also the annulus Ay = By\Bi-1 (Ax = By if £ = 0). Then with d denoting a doubling
dimension of , so that p(B(z,25+1r)) < 2+Dd(B(x, 7)), we have

Tyw(@)Ty(w ™) (z) = / prl ) w(y)dp(y) / prla ) () dps(y)

oo

= [ mepuwin) [ piepe @)
E,i=0" Ak A
> 1
exp(—C+dist(m,y)2/t)w(y)du(y)/ ——— exp(—C,dist(x, y)? /t)w
k,lZ—O/A a, 1(B(z, V1))
< 20— exp(—C 2% )w(y)d
P 0/ Bl 2“1\[)) xp(—C427" )w(y)du(y)
X 2(l+1)d—exp —C 22w Y y)duly
J 2 PO 2 )duty)
> 1
< 2(k+1)d oxp(—C, 2%F / w(y)dp(y)20T D exp(—C 2% / wH(y)du(y
k;g (—C+ )M(Bk) . (y)du(y) (—C4 )#(Bl) 5 (y)du(y)
> 1
< 2(k+l+2)dexp(_0 (22k+22l))2(2max(k,l)7k71)d / w(y)du(y)
k,gz:o ! ’U’(Bmax(k l)) Brax(k,1)
1 / 1
X —— w™ (y)dpu(y)
M(Bmax(k,l)) Binax(k,1)
< Z 2(k+l+2)dexp(_c+(22k+221))2(2max(k,l)—k—l)nglass(w)
k,1=0
_ Cle(zss(w)7

where we note in the last step that the double series is clearly convergent.
2. We have
1
Tyw(a)Tiw o) 2 [~ exp(-Cdist(z )2 ) uly)duy)
‘f o u(B(x, V1))

exp(—C_dist(x, y)*/H)w ™ (y)du(y)

1 1 o
M/B(m,\/z)w(wdu(y)e}(p(_c)M/B(m’ﬂ)w (y)du(y).

Taking the supremum over all ¢ > 0 and z € € yields Q4 (w) = Q5/%**(w). [ |

1
“J, u(B(w, VD)
> exp(—C_)
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3 The Bellman function and its main properties

For the proof of the Main Theoremon weighted L? functional calculus, we need the existence
of a Bellman function from [I4]. Let us note V the quadruplet

V=(z,y,r,5) e CxCxR} xR} =:8.

The variables (z,y) will be C—valued whereas the variables r and s are R-valued and represent
the weights. We introduce the domain Dg

Do={VeS: 1<rs<Q}.

We will often restrict our attention to truncated weights, that is given 0 < ¢ < 1, variables r
and s bounded below and above

N

o={VeDg: e<r<e!, e<s<e '},

Let |- | denote the standard norm in the complex plane and denote for 2 = z1 +ixo the complex
derivative 0, = 0y, — 105,.

Lemma 3.1 (existence and properties of the Bellman function) There exists a function
B(V) = Bgq that is C* on D), and piecewise C?, with the estimate

2 2
(31) ) g B B

and on each subdomain where it is C* there holds

(3.2) 2B(V) > %|dw||dy|.

Whenever V and Vi are in the domain, the function has the property
(33 B(V) = BVG) ~ dBOA)V ~ Vo) > Gl = zally ~ ol

Moreover, we have
(3.4) 9-B(V) <0 and 9;B(V) <0,
and the estimate

(3.5) R(0.B(V)z + 0, B(V)y + 8, B(V)r + 9, B(V)s] > %\x||y|.

Proof : We shall use the function constructed in [I4], composed of linear combinations of
functions By through Bg. The final function in [I4] is of the form Z?Zl C; B, for some positive
constants C; and for some functions B; written below. The function B here will have C;
replaced by C' > C; to be determined. In order to have the last property we will increase
the coefficient of By. Since Bj is convex and has the desired upper bounds, this will not change
the assertions made in [I4] concerning the other properties of the function.

We recall that ) )
vy < o b
r s
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and calculate 9, B1(V)z = 2|z, 8,B1(V)y = 2|y, 6,B1(V)r = —1[z|? and 9,B,(V)s =
—21]y|?. Thus (

2 2
2
RO By (V) + 0, By (V)y + 00 By (V) + 0, B, (V)s] = 21 W5 plzllyl o 'xq')'y'.
r S rs
This is the main term that gives us the desired estimate. We check now that the remaining
parts of the function’s derivatives stemming from By through Bg are not too large.

We recall that

2 2 2 2
Bo(V) = — 17! S W ona By = 22 T -
2r — m S T 2s — m
where 4/ )
N — N(T S) — \/E 1 _ (TS) / — \/E _ (TS)
=g\ sez) T g T s

SinceOéNglandog(rs—l)%:r—égrwehavergw—s(l\}iﬂ)g%. Thus

2 2
uBa(V)z = ————1z|* > |$—|
2r — SNTD) T
As above 0, By(V)y = 2|y|?>. We calculate the derivatives in r and s. First, we observe that
oN — 1rs (1 (rs)*/? and DN — 1yrs (1 (rs)’?
VO \2  64Q32 sVO \2 640372

thus 0 < 0,V < % and 0 < O,N < 2—15 We calculate

2 1
22 (2+ sz 0N Y (N 414 s0.N)

and 0,By(V) = — 21 —

0, Ba(V) = —

(2r B (Nl+1) 2 s2 (2rs(N +1) —1)2

thus —0,Ba(V)r < %g and with 1 < rs we have —0;B2(V)s < @ + @g Therefore
25 2 2
RIOLB(V)o +0,5a(V)y + 0Bl )+ 0.5(V)s] > (1= % ) 2 4 I

and similarly
|22 25\ |y
R[0xBs(V)x + 0yBs(V)y + 0,Bs(V)r + 0,B3(V)s] > — + (1 — — | =—.

We turn to By. Recall that

|=[? lyl®
Hy(x,y,r, s, K) =su a,x,y,r, s, K)=su +
4( Y ) a>1:())ﬁ( Y ) a>% (7‘+OtK s+a 1K

and By(x,y,r,s) = Hy(x,y,r, s, K(r,s)) with

k(o) = Y25 (1- 2.

Ve 8@
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Since Hy is in C' we investigate the inequality on each piece separately, whether the supremum
is attained in @ = 0,00 or « finite. If the supremum occurs at the boundary, the function
H, simplifies to the expression laf® or @ so in this case there is nothing more to estimate.
Let us assume the supremum is a maximum and is attained at a finite strictly positive o/ =
a(z,y,r, s, K) so that Hy(x,y,r, s, K) = B(/(x,y,7, 8, K),x,y,7,8, K). Recall this happens if
and only if |z|s — |y|K > 0 and |y|r — |x|K > 0. Since 8,8(c’,x,y,r, s, K) = 0 we obtain

|z

Wyl o
r+o'K '

s+ao-1K 7

We prefer not to take advantage of the subtle gain from these derivatives as it is more easily
had from B;. Now we control the damage from the other derivatives. To do so, let us resort to
the explicit expression

225 — 2J[ly| K + |y[*r

Hy(z,y,r,s,K)= —s
We get
_ (lals = [yK)? _ (lylr — J=|K)?
0-H,(V,K) = (s —K2)? and 0,Hy(V,K) = s K27

Since K2 < %5 we get rs — K2 > (1 — —) rs. We estimate |0, Hy| < ‘zl and |0sHy| < f— for

Q@ large enough. Now

jxls2K]x| — lylr) + |ylr(2K]y| — |xls)

OxHy(V,K) = (rs — K2)?

24|z|y|

Let us estimate |0k Hy| < 24‘””%'58 = ——=. In order to deduce the remaining derivative

estimates for B4 observe that

i 0 (3 ) o= 11 (5-35%)

with é < 0.K < % and é <0, K < i for large enough Q). Thus

|z|* | 24]z|ly] lyl* | 24fz]y]
. B < —+ ——2 and |0,B <=+ —.
10-Ba(V)lr 4r + 2rs and |0, Ba(V)[s 4s 2rs
Now 2 2 2 2
By(v) = — 1" — + W pna By = 2L WIE -
2r = SR r 25 = TRTD
and since r < 2r — 5(K71+1) < 2r we get
2 2 2 2 2
8, Bs(V)a = 2] — > 127 0 ,Bs(V)y _ 2l
2r — SRFD) T S

[

Further —0, B5(V)r < u—‘% and, using 1 < rs we get —9,B5(V)s < |Z‘T % + ?2 Similarly,
estimates hold for Bg.

2 2
Summarizing, we see that none of the arising terms from By through Bg exceed C' elZ 4 Wl
K S

for a suitably large C'. Thus, a large enough coeflicient before B; will arrange for us the desired
property in our function B.
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Now notice that the proof of is implicit in the considerations we just carried out and
follow as an easy calculation, treating the pieces of B separately. The least obvious estimate is
that of 9, B4 and 0, B, for the case when the extremum is attained for 0 < a < oco. For example,
0rBs(V) = 0,Hy(V,K) + Ok Hy(V, K)0, K. Here, we see from the considerations above that
0-Hy(V,K) <0 as well as Ox Hy(V, K) < 0 and 9, K > 0, giving us the desired sign. [ |

Similarly to arguments detailed in [14], we can obtain a regularised version of this Bellman
function so that its main properties remain true:

Lemma 3.2 (regularised Bellman function and its properties) Let ¢ > 0 given. Let
0 <l < ¢e/2. There exists a function By(x,y,r,s) defined with domain

¥ € . e
Dy ={VeDy; |z|=>4yl>1} C Dy

such that for all Vo,V € Dge, we have

2 2
By s e (0 ),
(3.6) A BAV) > 5ldl .
B1) BAV) - BV — dy BUV)(V ~ Vo) > 5lAallay] = gle — wolly ~ .

Further we have the estimates
8ng(V) § 0 and 8sBz(V) S 0

and
1
R[0zBe(V)x + 0yBe(V)y + 0, Be(V)r 4+ 0:B¢(V)s] 2 §|x\ ly|-

In addition, we have the following specific properties we formulate separately as lemmata.

Lemma 3.3 Let Q > 1, € > 0 and B be the Bellman function from Lemma[3.1] with domain
Dg. Let f,g € L'(Q) N L>(Q) and v1,va : Q@ — R measurable such that 1 < viva < Q and
e < v, < é Then 8, B(f,g,v1,v2),0sB(f, g,v1,v2) belong to L*(Q) with L*-norm bounded
by ||f||%2(9) + ||g||i2(9) (times a constant depending on €). Moreover, 0,B(f,g,v1,v2) and
0sB(f,g,v1,v2) belong to L= ().

Proof : This follows via the calculations above. Let us treat the part 0,.B4 as an example.
2

Above we have estimated |0,B4(V)| < % + %QHSM. Plugging in f,g,v1,v and integrating

over {2, then using elementary estimates and the range of v; and v, we obtain an estimate

||8T‘B4(f,gav1’1)2)“Ll(Q) < C(E)(Hf”%?((z) + ||9H%2(Q)) SimﬂaﬂYa we obtain arB(f,g,Ul,'UQ),

asB(f,g,’Ul,UQ)GLOO(Q). n

Lemma 3.4 Let Q > 1, € > 0 and B be the Bellman function from Lemma [31] with domain
Dg,. Let f,g € LY Q) N L>*(Q) and v1,v2 : @ — R measurable such that 1 < vivs < Q and

e < vp,vp < % Then Oy B(f,g,v1,v2) belongs to L*() for k = x1, 12, y1,y2 with an estimate
10xB(f, g, v1,v2)[13 < c(e)(II£113 + l9l3)-

21



Proof : One shows this assertion for each part of B separately. Since the different first
derivatives in the real and imaginary parts of x and y are similar, we focus on z;. We
show the assertion for B, in the part of the domain where the supremum is obtained for
0 < o < oo since the other parts are easier. Recall that here By(V) = Hy(xz,y,r, s, K(r,s))

with Hy(z,y,r, 8, K) = B(c/(z,y, 1,8, K),z,y,1, 8, K) with 8(a, z,y,7,8, K) = TffK S+§’|,21K.

4lzq|?
T2

Note that 9,3 at o’ is zero because we have a critical point there. Thus, |9,, B4(V)|? <
where we estimated the denominator r + o/(x,y,r, s, K(r, s)),z,y,r, s, K(r,s) > r. Plugging in
the given functions for the variables while using the range of v; and vy, then integrating over
Q gives the desired result. [ ]

)

Lemma 3.5 Let B be the Bellman function from Lemma with domain Dg,. For C' > 0
there exists L = L(C,e,Q) > 0 with the following property. Assume z,y € R? with |z|,|y| < C.
Moreover assume 1 < 1j5; < Q and e <71j,5; < % for j =1,2 such that any (r,s) belonging to
the line segment connecting (r1,s1) and (rq, s2) still satisfies 1 <rs < Q. Then

|8TB($,y,’I“1,81) - &B(q:,y,rg,szﬂ ) \853(907977“1,81) - asB($>yaT2732)|
< Lz + [y*)(Iry — 2| + |51 — s2l).

Proof : We split the Bellman function into its six parts (see the proof of Lemma and
majorize each of them. For the first part, we have By a C*° function on Dg,. Moreover, it is
clearly of the form Bi(z,y,r,s) = |x[*By1(r,s) + |y|*Bi2(r,s). Thus, also 8, B (z,y,r,s) =
|z|20,B1.1(r, s) + |y|?0, By 2(r, 5) and similar for sB;. Now we conclude for B; by the mean
value theorem (note that we have assumed that the line segment between (71, s1) and (rq, $2) lies
in the domain D), the Lipschitz constant popping up being clearly majorized by L(|z|*+|y[?).
The same argument works for the parts By, B3, Bs and Bg.

2
We turn to the most technical part By. It is given by one of the three expressions %

(if |y|r — |z|K > 0 and |z|s — |y|K < 0), or % (if |y|r — |z|K < 0 and |z|s — |y|K > 0)
or By(z,y,r,s) = Hy(z,y,r,s,K) = ‘mlzs_QKU?(‘ny‘% (if both |y|r — |z|K > 0 and |z|s —
ly|K > 0). Indeed, the remaining case, both |y|r — |x|K < 0 and |z|s — |y|K < 0 can only
occur if both |z| = |y| = 0 (see [14]) in which case By(z,y,r,s) = 0 for all r,s, so that
OrBy(x,y,r,8) = OsBy(x,y,r,8) = 0 for all ;s and the claimed Lipschitz estimates for 9, By
and J,B, are trivially true.

We claim that the signs of the expressions |x|s — |y|K(r,s) and |y|r — |z|K(r,s) which
determine the formula giving By cannot change too often along the segment connecting (r1, s1)
and (rq, $2). Indeed, call f(r,s) = |z|s — |y|K(r,s), r(t) =11+ (ra —r1)t, s(t) = s1+ (s2 — s1)t
and ¢(t) = f(r(t),s(t)). Then a longer yet elementary calculation reveals that %g(i) =

mp(t)7 where p is a polynomial of degree at most 3. Thus, %g(t) has at most 3 zeros
and by Rolle’s theorem, g(t) itself has at most 6 zeros. The same reasoning applies to show that
also |y|r — |z|K (r, s) has at most 6 zeros. Thus we can cut the segment connecting (71, 1) and
(re,72) into at most 6 x 6 = 36 subsegments such that on the interior of each of them, |z|s—|y|K
and |y|r —|z|K keep the same sign. We infer that on these subsegments, By(z,y,r, s) is given by
one of the three expressions @7 @ or Hy in a constant manner. Using the fact that these three
expressions are C2, that their second derivatives in r, s are bounded by C(e, Q)(|z|*> + |y|?) and
that 0,.By, 0sB4 as a whole are continuous, we can argue as in the case of B; above to deduce
the Lipschitz estimates for 0, By(x,y,r, ), 0sB4(z,y,7,s) as claimed in the lemma, where the
points (71, $1), (r2, s2) are replaced by the boundary points of the subsegments. Adding the
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estimates for the at most 36 subsegments yields the Lipschitz estimate for B, with the correct
boundary points (r1, s1), (2, S2). [ |

T
2
This section is devoted to the proof of Theorem (see Theorem and Corollary and
Proposition (see Proposition . In the proof of the Main Theorem of this section,
the functional € from the following Lemma [£.1] involving the Bellman function from Section
plays an important réle. After that, we shall define a technical condition assumed in the
Main Theorem, that is the local diffusion (Definition [4.2). Then we state the main results,
Theorem and Corollary on weighted L? functional calculus. In the subsequent remarks,
we shall discuss the validity of their hypotheses in important examples. Afterwards, we prove
Theorem [4.3] where the crucial estimate on the derivative of the functional £ is split into several
Propositions and Lemmas. Finally, we state and prove Proposition |[4.13|on the angle reduction
# < 5 and compare in Remark our result with the literature [I8] [23].

Recall for a markovian semigroup the domain D(As) = {f € L*°(Q) : w* —limp_o1 +(f —
Ty f) exists}, and the derivatives 0, = 0y, — i10;, and 9y = 0y, — 10y, .

4 The positive 7 angle result, markovian case

Lemma 4.1 Let B be the Bellman function from Lemma with domain Dg,. Let (Q, 1) be
a o-finite measure space, (Tt)1>0 a markovian semigroup on Q and f,g € L'(Q) N L>(Q). Let
further v,w € L*®(Q) with e < v,w < % and 2 < TwTyw < Q/2 for all t belonging to some
interval (to,t1) C (0,00). Assume one of the following conditions.

1. The measure space is finite, i.e. () < oo, or
2. Ty, Tyw belong to D(Ax) fort € (to,t1), e.g. v,w € D(Ax).
Define the functional

(4.1) E(t) = /QB(th(a?)thg(fU),Ttv(x),Ttw(m))d#(x) (t € (to, 11))-

Then E(t) is differentiable for t € (to,t1), and we have

(42) —g/(t) = 3?[/ 8IB(th, Ttg7 TtU7 TtU})Ath + 8yB(th, Ttg, Tt'U, Tt'LU)ATtg
Q

+ 0. B(T,f, T;g9, Tyv, Tyw) ATiv + 0s B(Ty f, Thg, Tyv, Tyw) AT wd ).

Proof : The proofs for the two alternative assumptions are different. Let us start with the case
p(2) < oco. Since B is a C! function, we have

—_

(4.3) (B(Ti+nf, Tesng: Tignv, Teppw) — B(Ty f, Trg, Tyv, Tyw))

h
1
=R [dB(th, Tig, Tyv, Tyw) - E(Tt+h —T)(f, 9,v,w)

1
+ E[O(Tt-i-hf —Tif) + o(Tiyng — Tig) + o(Tipnv — Tiv) + o( T nw — Tyw)].

Here, we write dB = (9, B, 0, B, 0,B, 0,B) with values in C x C x R xR. According to Lemmas

and all the six components of dB(T; f, Tig, Tyv, Tyw) belong to L?(£2). On the other hand
7 (Toyn — Ty) f converges to —AT;f in L?(Q), since T;f belongs to the domain of A in L?(£2),
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and similarly for g, v, w in place of f. Here, we use the crucial fact that v,w € L>(Q) C L?()
for u(2) < co. Integrating in (4.3)) over  and letting h — 0, it only remains to show that
(4.4)

1

/ E [O(Tt+hf — th) + O(Tt+hg — Ttg) + O(Tt+h’U — Tt’U) + 0(/1—;5+hw — Ttw)]d,u — 0 (h — O+)
Q

We treat the component with f, the others being entirely similar. Let h,, be any sequence con-
verging to 0+. Since [, |7 (Tiqn, f=Ti f)|dp — [o |AT, fldp < oo, we have that [, 2= |0(Tiqn, f—
T, f)|dp is a bounded sequence. We take a subsequence hj = hy,, such that [, hi,\o(THh;c f-
k
Ty f)|dp — limsup,, [o 7 |o(Tysn, f — Tpf)|dp. As ;%/(Twh;cf — Ty f) converges in L', it con-
n k
verges along a subsequence h) pointwise a.e. and L' dominated to the finite value —AT}f.
Thus, Titny f — Ty f converges pointwise a.e. to 0, and therefore, leveraging the o-notation,
hig,o(T bRy f — Ty f) converges pointwise a.e. to 0. This latter convergence is also L' dominated
by the above. Thus, by dominated convergence, we infer that fQ # \0(Tt+hg'f —Tf)|du — 0=
1
limsup,, [o, 7 |0(Ty4n,f — Tif)|dp. Then ([@.4) follows, and the Lemma is proved in the case
() < oo.
We turn to the second assumption Tyv, Tyw € D(Ay,). We develop

(4.5) %(B<Tt+hf7 Tiin9, Ternv, Trynw) — B(Tif, Tig, Tiv, Tiw))
- %(B(Tﬁhf’ Tivng; Tenv, Tesnw) — B(T1f, Tig, Teqnv, Trynw))
+ %(B(thaTtgth+hvat+hw) — B(T:f, Trg, Tyv, Tyw))
=R (0B, 0y B)(Tif, Ttg, Ttnv, Ty nw) - %(Tt+h —T¥)(f.9)
n %[O(Tﬂrhf ~Tif) + o(Tisng — Tig)]
+ %(B(tha Ti9, Tirnv, Tepnw) — BT f, Trg, Ty, Ty pw))
1

+ E(B(th,Ttg,Ttv,Tth) - B(tha Ttg,Tt’U,Ttw))-

Note that since Tyv € D(Aw), the w* convergent term 3 (Ty4,v — Tyv) is bounded in L>(Q2), so
that ||Ty4rv — Tiv]|eo < Ch. Therefore, since 2 < TyoTiw < Q/2, we have that for h sufficiently
small, 1 < TiwTi4pw < @, and therefore the Bellman function in is evaluated everywhere in
points of its domain. We treat the first term on the right hand side of . Since Tyypv — Thv
and Ty pw — Tiw uniformly as h — 0+ and |0k B(Tif, Ttg, Ternv, Terpw)| < c(e)(|Tef] + [T2gl)
for k = x1, 2, y1, y2 according to the proof of Lemma |3.4] we can apply dominated convergence
to deduce Oy B(Tyf, Tig, Tranv, Tyanw) — OpB(Ty f, Tyg, Tyv, Tyw) in L2(Q), k = 1,22, Y1, Yo
Moreover, %(TtJrhf—th) — — AT, f and %(Tt+hg—Ttg) — —AT,g in L?(2). The o-expressions
can be treated as in the case u(Q2) < oo. For the moment, we have shown

1
(4.6) /E(B(Tt+hfa Ti4ng, Tipnv, Tipnw) — BT f, Tig, Tipnv, Tippw))dp
Q
- _/ %(8xB,8yB)(th, Ttg7Tt'U7Ttw) : (Ath, ATtg)du.
Q

The second and third term on the right hand side of (4.5) have to be treated differently, since
we do not have v,w € L'(Q) any more. Let us treat the second term. According to the mean
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value theorem in one dimension, for any x € 2, there exists some V = V(h,z) in between
Tv(x) and Ti4pv(z) such that

(B(Tif(z), T;9(x), Tyynv(z), Tipnw(z)) — B(Ti f (), Tig(x), Tyv(z), Tirnw()))

(T nv(z) — Tyo(x)).

S| =

= 0, B(T: f(x), Tyg(x), V(h, x), Tth(:E))%
According to Lemma [3.5
0 B(T,f (x), Tyg(x), V(h, x), Ty nw(x)) — 0. B(Ti.f (x), Teg(x), Trv(x), Tiw(z))|
Sifleorligloe (Tef (@) + [ Teg(@)P) (| Tepnv(@) = Tev ()] + [Tepnw(z) — Trw())).

As | Tyinv — Tyvlloo, | Trsnw — Tywlloo < Ch — 0 and [T f[13 + [|Tgll3 < [1£13 + llgll3 < oo,
we deduce that 8, B(T.f, Tig, V (h, ), T+ nw) converges to 8, B(Tif, Tyg, Tyv, Tyw) in L*(£2). On
the other hand, since T;v € D(A), we have the w* convergence %(THhU —Tiw) - —ATv in
L>(Q). Therefore, the integral of the product converges appropriately, that is,

1
/ 0rB(Tyf, Tig, V (h, ')7Tt+hw)E(Tt+hU — Tyv)dp — —/ 0, B(T:f, Trg, Tyv, Tyw) ATyvdpu.
Q Q

We have treated the second term in (4.5). The third term can be treated in the same way.
Combining this with (4.6), we have shown the differentiation formula (4.2]). Thus, the lemma
follows. ]

In the Main Theorem [£.3] where we establish the bilinear estimate which will yield the
weighted L? functional calculus, we have to impose some technical condition on the markovian
semigroup we consider. One of them is the following.

Definition 4.2 Let (Q2, ) be a o-finite measure space and (Ty)i>0 a markovian semigroup on .
We say that (Ti)i>0 satisfies local diffusion if there exist C, R > 0 such that for all w € L>(Q)
with w > 0 and 0 < s <1 < t, we have Ty sw(x) < CTRryryw(x).

We are now in a position to spell out the Main Theorem.

Theorem 4.3 Let (T})i>0 be a markovian semigroup on (0, ). Let w be a weight on Q with
Q3 (w) < co. Assume one of the following alternative conditions.

1. The measure space is finite, u(2) < oo, or

2. For any t > 0, Ty maps L (Q) into the domain D(Ay) of the w* L realization of A,
or

3. (T¥)e=0 satisfies the local diffusion from Definition .

In case 2. and 3. above, assume moreover that for any v € L>®(Q), Tiv(z) — v(z) as t — 0+
w-almost everywhere. Then we have with C' > 0 independent of w, f and g,

/ (AT f, Trg)|dt < CQ?(w)Hf”LQ(Q,wdu)“g‘lLr"(Q,w*ldp)
0

for any f € L2(Q,wdp) N L2(Q, dp) and g € L?(Q,wtdu) N L2(Q, du).

Theorem [£.3] together with our preliminary work from Subsection [2.2] will immediately give
the following corollary on functional calculus.
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Corollary 4.4 Let (T})i>0 be a markovian semigroup on (2, ). Let w be a weight on Q such
that Q4 (w) < co. Assume one of the alternative conditions from Theorem :

1. The measure space is finite, () < 0o, or

2. For any t > 0, Ty maps L (Q) into the domain D(Ay) of the w* L° realization of A,
or

3. (Ty)+>0 satisfies the local diffusion from Definition .

In case 2. and 3. above, assume moreover that for any v € L>=(2), Tiv(x) — v(z) as t — 0+
p-almost everywhere. Then A is % -sectorial on L2(Q,wdy). For J > 1 there exists a constant
Cy only depending on J such that for any m € H*®(Xz;J), we have

Hm( )HL2 Qwdp)— L2 (Qwdp) X CJQQ ( ) (|m(0)| + ||m||H°°(E%;J)) .
In particular, (1 + A)~7 exp(—tA) extends to a bounded operator on L?(Q,wdu) and we have

||(1 + A)_J eXp(_tA)||L2(Q,wdp,)~>L2(Q,wdu) < C(l + t)_J (t 2 0)

Proof : The first part of the corollary is a direct conbequence of Theorem [1.3] together

with Proposition Note hereby that (f,g) = [, f( du(z), and [ (AT, f, T,g)|dt =
I (ATa f g \dt 3 fo (AT f, g |dt, due to self-adpmtness and lattice positivity of T;. The
last part then follows from Lemma [ |

Before proving Theorem [£.3] we discuss examples where its alternative technical conditions
in the hypothesis are satisfied.

Remark 4.5 In Theorem[{.3, Corollary[{.J] and Lemmal[{.1, one of the alternative hypotheses
is that Tyw belongs to D(As) for t > 0. Note that this is true for any w € L*(Q2) in case that
(T})i>0 is the Gauss or Poisson semigroup over R?. Moreover, the same holds true if Qs a
space of homogeneous type and (T})i>0 is a self-adjoint semigroup that has an integral kernel
pe(x,y) satisfying (one-sided) Gaussian estimates [28, (1.3)]: there exist C,Cy > 0 such that

1
pe(@,y) < O————z— exp(—Cidist(z,y)* /1).

w(B(z, V1))
Proof : By self-adjointness it suffices to check that T; f falls in the domain of A realized over
LY(Q2) whenever f € L'(Q) and ¢t > 0. For the Gauss semigroup, we have for the integral kernel

2

Opr(z,y) = cd(—%t*%*1 exp(—|z — y|2/4t) + 2 |$;t7§| exp(—|z — y|*/4t)) which is integrable
with respect to y and moreover dominated uniformly in ¢ over compact intervals C (0, 00) by
an integrable function. It follows by standard integrability arguments that —AT; f = OT:f €
L'(Q). The proof for the Poisson semigroup and that of Gaussian estimates goes along the
same lines. For the latter, one uses that the kernel of the semigroup is differentiable in time
and satisfies also a Gaussian estimate [24, (1.3)]

1
10pe(z,y)| < Ct™' ————— exp(—C/ dist(z, y)?/1).
u(B(z, V1))
This is a standard consequence from the fact that ¢ — p;(x, y) extends to a holomorphic function
on a sector ¥y with 0 € (0, ) satisfying the same Gaussian estimate (with different constants)
when ¢ is replaced by [¢| [46, Theorem 7.2, (7.5)], together with an application of the Cauchy
integral formula 9yp;(z,y) = 5= ch(t,at) ’Z;(wt’)y) dz. [ |
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Remark 4.6 Let us comment on the local diffusion assumption 3. in Theorem[{.3 Assume that
(Q,dist, ) is a space of homogeneous type and the markovian semigroup (T¢)i>o0 has an integral
kernel pi(x,y) satisfying two-sided Gaussian estimates [25, (1.3)]: there exist ¢,C,Cy,C_ >0
such that

1 |
“u(B(z, V1)) p(B(x, V1))

Then (T})i>0 satisfies local diffusion. The same holds if the semigroup satisfies two-sided Pois-
son estimates [16, (7)]: there exist ¢,C,Cy,C_ > 0 and a decreasing function s : [0,00) —
[0,00) such that

exp(—C_dist(x,y)?/t) < pi(x,y) < C exp(—Cydist(x, y)?/t).

c—————s(C_dist(z, y)2/t) <pe(z,y) < C s(C+dist(m,y)2/t).

u(B(z, V1)) u(B(z, V)
In particular, local diffusion holds for the classical Gauss and Poisson semigroup on R®.

Proof : We show the local diffusion under the more general Poisson estimates (put then
s(r) = exp(—r) for Gaussian estimates). Take R = g—; and 0 < s < r < t as required in

Definition Note first that u(B(z, vt +s)) = u(B(z,/R(t +1))) thanks to the doubling
property. Then

1 . 2 ~ 1
P00 S S ey = L R )

1 i 2
: p(B(z, R(t+r)))3(c—dlbt(xvy) J(R(t+ 7)) S PR+ (2, Y)-

s(C-dist(w,y)*/(tC-/C))

Integrating over 2, we obtain

Tyysw(w) = /Q Pes(@, y)w(y)du(y) S /Q PR(t+r) (@ y)w(y)du(y) = Truqryw(x)
as we wished. [ |

Remark 4.7 In Theorem and Corollary we assumed in two cases that for v € L>®(Q),
we have pointwise convergence a.e. Tyv(x) — v(z) as t — 0+.

1. The pointwise convergence holds true when $ is a space of homogeneous type and (T})¢>o0
is a markovian semigroup having an integral kernel p.(z,y) with (one-sided) Gaussian
estimates [25, (1.3)]

pilz,y) <C exp(—CLdist(z,y)?/1).

1
w(B(z, V1))
More generally, the same holds true if the kernel has (one-sided) Poisson estimates [16),
(7)]

pe(z,y) < C s(dist(z,y)?/t)

1
u(B(z, V1))

with s : [0,00) — [0,00) decreasing such that Y p-,2s(2%) < oo, where d denotes a
doubling dimension of 2.

27



2. On the other hand, if Q is a locally compact separable metric measure space and (Ty)i>o @S
moreover a Feller semigroup, meaning that Ty maps the space Cy(2) of bounded continuous
functions vanishing at oo into itself and

IT:v —v|loo =0 (t— 0+)

for any v € Cy(Q), then for a continuous bounded function v € Cy(QQ), we have Tyv(z) —
v(z) ast — 0+ pointwise almost everywhere (even locally uniformly). Consequently, going
through the end of the proof of Theorem [[.3 and taking into account that the cut-off w,
remains continuous if w is continuous, one sees that for Feller semigroups with one of the
three alternative assumptions in Theorem and continuous weights, Theorem and
C’orollary are valid. We refer to [6] for classical examples of Feller semigroups.

Proof : 1. Let zop € Q and R > 0. We first claim that T;(1p(s,,r)ev)(z) — 0 as r — oo
uniformly in ¢ < 1 and z € B(zg, R). Indeed, we have for r > R+ 1and v’ =r — R

T2 (15 a9 0) ()] < [10]100 /B )
xo,T)°

<ol / pe(, y)dp(y)
) exp(=Cydist(z, y)?/t)dp(y)

exp(—C42°%)du(y)

i
I Z (B(z, V1) JB(w,25+1 i)\ B(2,25 )

k>0:/22k+1 >0
o(k+1)d

v (B(x, 251/1)) / exp(—C12%F)du(y)
oo’€>0=\/%;+1>7-' u(B(z, 2841V/1) J (2501 v)

Shollee Y. 28 exp(-Cy2%%) -1
k>0:2k+1>p/

=0 (r — o00).

Now |Tiv(x) —v()| < Tt (1B(20,m V) (T) = 1B(z0,mV(®)| +|T;(1B(20,r)v) (z)]. For the second term
on the right hand side, we use the proved uniform convergence as r — co. Let us turn to the first
term. It suffices to show that T;(1p(ze,mv)(T) = 1B, V() for r > 0 fixed, as t — 0+ p-a.e.

To this end, let f be a continuous approximation of 1p(,, yv such that || f — 1p(z,,n 0|2 < €.
We have

‘Tt(lB(xo,r)U) - th‘ + |th - f‘ + |f - 1B(x0,r)v|

T (1B(20,r) V) = 1B(wo,r)?| <
< M((1(zo,mv) — f) +Tef — fI+1f = 1B(ze,m 2],

where M denotes the maximal operator Mg = sup, |T3g|, which is bounded on L?*(Q) since
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(T:)+>0 is markovian. Then for ¢ > 0,
p{z € Q: liIfn sup 1Tt (1B(20,r) ) () = 1B(zg,ry0(T)] = c}
t—
< pfa: limn sup T2 f(x) = f(2)| = ¢/3}
—

+ [I,{J) : |f($) - lB(zo,T)U(x” =2 6/3} + M{x : M(f - lB(a:g,r)U)('r) 2 6/3}

”f - 1B(mo,r)v||% + HM<f_ 1B(zo,r)v>||§
(c/3)? (c/3)?

If = 1B(zo,nvl3 2 I = 1B l3

T 32 + HMHQHQW'

The last two terms are small according to ||f — 15(z,,nv[l2 < €. The first term is 0 since it is
a classical fact that a markovian semigroup with Gaussian estimates satisfies lim;_,o |13 f(x) —
f(x)] = 0 p-almost everywhere for a continuous function f. Thus

<pfz: fim sup T2 f(x) = f2)] = ¢/3} +

<pfz: lim sup T2 f(z) — f(2)] = ¢/3} +

p{z € Q: limn sup T2 (1B(20,r)v) (@) = 1B(ao,mv(z)| = 0} =0
—

for any ¢ > 0. Letting ¢ — 0, we infer the claimed pointwise convergence almost everywhere.

The proof for Poisson estimates instead of Gaussian estimates goes along the same lines.

2. This is proved in [6, Lemma 1.8]. [ |
Proof of Theorem[{.3: Let n € N and put w,, the truncation of the weight w from Definition
Suppose that we have shown the theorem with w,,, w,;! and Q% (w,) in place of w,
w~! and Q4 (w). Then since w, — w pointwise as n — oo, we get for f € L?*(Q,wdy) N
L2(Q,dp) that || fllr2(0,wap) = imneo || fll2(@wnap) and for g € L2, dp) N L*(Q,w™'dp)
that [|g]l L2(0,w-1du) = limn—oo |9l 12(0,u;1ay)- Moreover, according to Lemma Q4 (wy) <
Q% (w). Thus, the theorem would follow with the weight w. We therefore assume from now
on without loss of generality that there is some £ > 0 such that ¢ < w(z) < 21—5 for almost
every = € ). We prove the theorem first under the alternative hypotheses 1 or 2, and indicate
the adaptation for the alternative hypothesis 3 at the end of the proof. Put v = 2w~ so that
e<v,w< é Note that according to lattice positivity of T3, we have

e = Ty(ela)(x) < Ty(w)(2), Ty(w)(x) < Tu(S1a)(z) = -

Moreover, according to Lemma [2.2]
1=|T,(1)(2)? = [Ty (w™ 2w?) (@) < To(w ™) (2)Ti(w)(z) < Q4 (w),

so that 2 < TywTyw < Q/2, where we put Q = 4Q4 (w). Then we let f,g € L*(Q)NL>(1) fixed
for the rest of the proof and B the Bellman function from Lemma [3.1] We define the functional

€)= [ BUf(), Tigla), Tov(a), Trw(a))due)
Q
from Lemma Note that indeed (Tiv(x), Tyw(z)) falls in the range needed in Lemma

according to the above. Moreover, under the alternative hypotheses 1 or 2, according to Lemma

£l
(4-7) _5/(’5) = 8%[/ 6xB(th, TtgaTtvaTtw)Ath + 3yB(th7 Tig, Tyv, Ttw))ATtg
Q

+ arB(th> Ttga ,-Ttva ZTt’LU)AZFt’U + asB(th7 Ttga ,-Ttva ﬂw)Aﬂwdﬂ} .
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Now in order to have the bilinear estimate

[ AT, Tigat < CQUS w2 s
it will suffice to show (see the end of the proof of Theorem after Proposition
(4.8) ~€(1) > GIATL Tig)l.

In view of the explicit expression of £(t) from ([4.7)), it suffices to show that for any f,g € L?(Q)
and vy, vy € L>(12), all belonging to the domain of A, with e < vy,v2 < 1, and 1 < v1(x)va(z) <
Q for any x € ), we have
(49) ’/ Afgd:u‘ < CQ?R |:/ aa:B(fag; U1, U2>Af + ayB(f7ga U1, U2)A9
Q Q
+0,B(f, g,v1,v2)Av1 + 0s B(f, g, v1,v2) Avady]

(from this, go then up to (4.8) by replacing f by T3 f, g by Tig, v1 by Tyv and vy by Tyw.) For
this in turn, it suffices to show that for any T' markovian (that is, T' = T} for some t > 0 fixed),
we have

(4.10)
/Q(Id - T)(f)gdu‘ < QR [/Q 9o B(f,g,v1,v2)(Id = T)(f) + 9y B(f, g, v1,v2)(Id = T)(9)
+8TB(f7 g9,v1, ’02)(Id - T)(vl) + 69B(f7 9,01, ’02)(Id - T)(W)dﬂ]

(from this, go then up to by replacing T by T}, dividing by ¢, and letting ¢ — 0; note that
Af =limy_,o +(Id — T3)(f) and similarly for g, v; and v3.) The proof of equires several
technical steps, where the simplest form of is proved in Proposition and the most
general form is shown in Proposition f.12] We proceed now to these steps, and conclude the
proof of the theorem once Proposition [4.12]is shown. [ ]

Proposition 4.8 Consider a two-point measure space Q = {a,b} equipped with the measure

Vap = 04 + O and the (negative) generator G = (_11 _11> of a markovian semigroup (given

—2t

—2t 1 _
by T, = ;(}i—Z_Qt 14_2_%) [35]). Let @ > 1. Then for any f,g : {a,b} — C and

v1,v2 : {a,b} = (0,00) with 1 < vi(z) - va(z) < Q (and € < vi(x),v2(z) < 1), the estimate
(4.9) holds with a universal constant C' < oo, that is,

(4.11) l/’ Gf - gdvas
{a,b}

<CQR

A B0, 2GS 0y B(f g0 2)G
a,b

+0,B(f,g,v1,v2)Gv1 + 0sB(f, g,v1,v2)GvadVqa p) -

Proof : The key observation is that our Bellman function satisfies its one-leg convexity, which
will retranslate into (4.11]). Namely, take some Wy, W5 € Dg,. Then (13.3) gives

C
(4.12) B(WL) = B(Wy) = dB(Ws) - (W = Wa) > 5|Wa = Waal <[ Wy = Way|
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and

(4.13) B(Wa) — B(W1) — dB(Wy) - (Wa — W) > 5|WLI — W] [Why — Wayl-

Taking the sum of (4.12)) and (4.13]) yields

2c
(4.14) dB(Wsy) - (Wy — W) —dB(Wq) - (W — Wq) > a\Wlm - Wa - |W1’y — Wg’yl.

On the other hand, (4.11]) can be rewritten as

(4.15)  |f(a) = fO)] - |g(a) = g(b)| < CQR[(9:B(f(a), 9(a), v1(a), va(a))
— 0:B(f(b), g(b),v1(b), v2(b))) - (f(a) — f(b))
+(9yB(f(a), g(a),vi(a),va(a)) — 9y B(f (D), g
+(9-B(f(a), 9(a), vi(a), va(a)) — 8, B(f(b), g(b),v1(b), v2(b))) - (vs(
+(9:B(f(a), g(a), v1(a), v2(a)) — O B(f(b), g(b), v1(b), v2(D))) - (va(a) — v2(b))];

where the right hand side can be rewritten as C'Q) times

dB(f(a),g(a),vi(a),va(a)) - (f(a) = f(b),g(a) — g(b),vi(a) — vi(b),v2(a) — va(D))
— AB(F (1), 9(0), 01 (8),2(0)) - (F(a) ~ F(0),g(a) — g(0), v1(a) ~ 0a(8), vala) — va().
Note hereby, that we have done the identification C = R2, so that e.g. f(a) — f(b)
(R(f(a) = £(0)),S(f(a) — f(b)) € R% If we put Wi = (f(b),g(b),v1(b),v2(b)) and Wo =
(f(a), g(a),vi(a), v2(a)), then (4.14) gives (4.15), and thus, (4.11). u
It turns out that under certain technical conditions which we will precise below, (4.10))
to show becomes an average of (4.11]). To this end, we recall the Gelfand transform which
is used in [7] in a similar context. Namely, suppose that (2, u) is a finite measure space.
Denote (2 the maximal ideal space of the commutative C*-algebra L>°(£2, 1). Then there is an
isometric isomorphism, the Gelfand isomorphism F : L>°(§2, u) — C(2) satisfying F(1) = 1
F(f-g9) =F(f) F(g) and F(f) = F(f). In particular, F is positivity preserving. We shall
write in short F(f) = f. Since 2 is a compact Hausdorff space, by the Riesz representation
theorem, the measure p is transported to some positive Radon measure i on €2 such that

/Qfdu=/ﬁfdﬂ

for f € L>°(8, ). Moreover, every f € L (Q, /1) has a representative in C'(€2), so that L> (€2, 1)
and C(Q) coincide as Banach spaces.

(
[ (), 9(b),v1(b), v2(b))) - (g(a) — g(b)

Lemma 4.9 Suppose that (Q, p) is a finite measure space, so that the above Gelfand isomor-
phism exists. Let f € L>°(Q), D ={z2€ C: |z| <||fllo} and G : D — C a continuous function.

Then CT(?) = G(f). Similarly, let f,g,v1,vo € L®(Q) such that (f(z),g(z),v1(z),va(z)) € Dy,
for some e >0 and Q =1, and all x € Q2. Here Dy, is the domain of the Bellman function from

Lemma Let G : DQ — C be a continuous functzon Then (f(y),3(y), 01(y), 92(y)) € Dg
for any y € Q and G(fagJJl,UQ) G(f,§,01,02).

Proof : The first statement is standard. Indeed, since D is compact, G can be approximated
uniformly on D by polynomials P, in z,Z. Now the fact that the Gelfand isomorphism is

multiplicative and involutive yields P, (f) = P,(f). Then

IG(f) — Pu(f e @,p = IG) = Palf)llLe@um) <G = PallLe ()l fllLe () = 0 as n — oc.
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On the other hand,

1) = Pal)l ey < NG = Pallioe(oy | Fll (@ = 0 as n — .

Combining the two convergences yields the first statement.

For the second statement, note first that (f, g,v1,v2) € D, restates as € < v1,v2 < % and
1 < w < Q with w = vyve. Since F is involutive, we deduce that also 01,02 are real valued.
Since F is an isometry (on the L™ level), we have 01,02 < % and @ = 0192 < Q. For the lower
estimates, note that 0y —e = 1?—\5 > 0 since F is positivity preserving. Similarly, @ > 1.
Thus, (f, g,01, 02) takes its values in Dg,, too. Now take again a sequence of polynomials P,, in 6
commuting variables z¢,Zf, 24, Zg, 1, T2 Where z¢, 2z, € C and =1, z2 € R, approximating G uni-

formly on Dg N (Ran(f, g,v1,v2) URan(f, g, 01, 772)) We have P?L(fma v) = Pu(f, 4,01, 82),

G(f, g,v1,v2) = lim,, P,(f,g,v1,v2) and G(f,g,ﬁl,f)g) = lim,, Pn(f,g,@l,ﬁg). Thus, the second
statement follows as was done for the first one. |

We will need the following proposition from [7, Lemma 30].

Proposition 4.10 Let (2, 1) be a finite measure space and T a submarkovian operator on
(Q, 1) in the sense of Definition . Then there exists a positive symmetric Radon measure
mr on £ x Q such that

/S)Tf(x)g(x)du(x) = [ f@iydmr(e,y) (f,9 € L*(Q).

OxO
Here, by a symmetric measure we mean that dmp(zx,y) = dmr(y,x).

Proposition 4.11 Let (Q,u) be a finite measure space and T a submarkovian operator on
(Q, ). Then for any f,g € L*°(Q) and real valued vy,vy € L=®(Q) with 1 < vy(z) - vao(z) < Q
and € < v1(x),v2(x) < L, the estimate [{A.10) holds with a universal constant C < oo, that is,

(4.16)

[aa-1)5- gdﬂ‘ <COoR [ [ 0.B(5.. 0,001 - 1)1
Q Q

+ 5yB(f,g,'01, UQ)(Id - T)g
+0,B(f,g,v1,v2)(Id — T)vy 4+ 0sB(f, g, v1,v2)(Id — T)vadp] .

Proof : The idea of the proof, stemming from [7], is to use the representation of T' by the
symmetric measure my from Proposition and then to integrate over the estimate obtained
in Proposition [£.8 First, we decompose

(4.17) /Q(Id —T)f - gdy = /Q(Id —T(V)Id)f - gdp + /Q(T(l)ld —T)f - gdp.

The first integral can be considered as an error term and will be controlled through the estimate
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(13.5). We start with the second integral. Note that according to Proposition m

/Q(T(l)Id—T)f-ngZ T(l)(l‘)f(m)g(w)du(x)—/QTf(w)g(w)du(fv)

A

1 fwaw)dmr(z,y) — | f@)a(y)dmer(z,y)
x QxN

S~ 5—

A

(z) + f(y)g(y)dmr(x,y)

Il
~h»
—~
B
Q>

X
2

N = N = NI =

(@)3(y) + f(y)g(z)dmr(z,y)

PN

(f(x) — 9(@)(f(y) — §(y))dmz(z,y)

/ . (/ gf : ngx,y) dmr(x,y).
QxQ {z,y}

Here we have used the symmetry of the measure my. On the other hand, according to Lemma

X

=,
>
>
+
<

X
>

[4:9 and Proposition [£.10]

R | 0:B(f,g,01,v) (T = T)f +0,B(f,g,v1,v2)(T(1Id = T)g
+0:-B(f, g,v1,v2)(T(1)Id — T)vy + 0sB(f, g,v1,v2)(T(1)Id — T)vadp
= QXQaIB(f,g,ﬁlﬁz)(x)f( ) — 8, B(f, 4,01, 02)(y) f ()
+0yB(f,§,01,92)(2)g(x) — 0, B(f,§,01,2)(y)3 ()

+ 0, B(f, 4,01, 02) ()01 (x) — 0r B(f, §,01,92) ()01 (x
+0sB(f. g, 01, 02) () 02(x) — 0 B(f, §, 01, 02) (y) b2 (x)dmr (2, y)
) (

Q
+ aTB(f:ga@lvﬁQ)g@l + asB(f Q 'lAJ 'lA} )g’UQde yme(,’E y)

Noting that ¢ < 01,02 < % and that 1 < 9102 < @, we deduce from Proposition together
with an integration over Q x Q, and the above that

) | [@wua-ny- gdu‘ <CQR [ 0,B(f.g. 00,0 (T~ 1)

+ 0yB(f,g,v1,v2)(T(1)Id — T)g
+ 0, B(f,g,v1,v)(T()Id — T)vy + 05 B(f, g, v1, v2)(T(1)Id — T)vadp.

In other words, the second integral of the right hand side in (4.17)) is estimated. We proceed
to the first integral of the right hand side in (4.17). According to ED, we have the pointwise

estimate

%[8xB(f,g,’U17’U2) 'f+8yB(f,g,’U1,'U2) 'g+arB(f,g;U1,U2) s U1 +asB(f7gaU17U2) 'UQ]
C
> Sif gl
Q\f gl
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Multiplying this inequality pointwise with the positive function 1 — 7'(1) and then integrating
over () yields

(4.19) R [/ 0. B(f,g,v1,02) - (1 — T(V)f + 8y B(f, g v1,v9) - (1 — T(1))g

+(9 B fvga/Ul?’UQ) ( ( U1 +a B f7g7/0171}2) (1 _T(]‘))UQd:LL]

*/Il— N -gldp > ’/1— fydu’

Summing the above estimates (4.18]) and (4.19) for the first and the second integral in (4.17)),

we obtain

(Id ngd,u‘ ‘/ (Id — T(1)1d) fgdu‘ ‘/ DId — T)fgd,u‘

<CQR [ 0,B(f.g.01,02)1d = T)] +8,B(f,g,01,2)(1d - T)g
Q
+ 67”B(f7g7 U1, UQ)(Id - T)Ul + aSB(fvga U1, UQ)(Id - T)UQd.U’
Thus, we proved (4.16)). [ |

We are now in the position to prove (4.10) in its general form, and thus to conclude the
proof of Theorem

Proposition 4.12 Let (Q, u) be a o-finite measure space and T a submarkovian operator on
(Q, ). Then for any f,g € L*(Q) N L>®(Q) and real valued vy,v2 € L>=(Q) with 1 < vi(z) -
va(x) € Q and e < vi(x),v2(x) < %, the estimate (4.10) holds, that is

(120) | [aa-1)s- gdu‘ < QR { [ 0BG 0,000 =15
Q Q
+ a’l/B(fﬂ 9,1, UQ)(Id - T)g
+0,B(f,g,v1,v2)(Id — T')v1 + 0sB(f, g,v1,v2)(Id — T)vadp] .
Proof : Since ) is o-finite, we can write Q = UneN Q, with €, an increasing sequence

of measurable sets of finite measure. Let f,g € L'(Q) N L*°(Q) and put f, = lg, f and
similarly gn,v1n,v2,. We note that T,, = 1q,T1q, is again a submarkovian operator, act-
ing on (Qy, ula,) of finite measure. Also, (Id — T,,)fn = 1o, (Id — T)f, and similarly for
g, v1 and vy. Thus, according to Proposition the estimate holds with f,g,v;
and vy replaced by fn,gn,v1,n and ve, and € replaced by €,. We have pointwise and L?
dominated convergence of f, — f and g, — g, so these are convergences in L?. Thus,
an (Id = T) fugndp — [o(Id — T) fgdp. We argue similarly for the right hand side of ([£.20)),
noting that O, B(fr, gn, V1,n, V2.n) converges to O, B(f, g,v1, v2) in L? for k = x,y using Lemma
and in L! for k = r, s using Lemma together with the following reasoning: vy ,, converges
to vy weaks in L°°(Q). Then, writing w = 9, B(f, g,v1,v2) € L*(Q2), we have

(1q, (Id — T)(lgnvl), ’lU>Loo’L1 = <Ul, 1q, (Id — T)(lgnw»
— (v1, (Id = T)w) = ((Id — T)vy,w),

since a subsequence of (Id — T)(1g, w) converges pointwise and dominated in L'(Q) to (Id —
T)(w). Use the same reasoning for vs, and 9, B(f, g,v1, v2). ]
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Proof - conclusion of Theorem : According to Proposition estimate (4.10) holds for
f,g € LY(Q) N L*(Q) and T = T;. Dividing by t and letting t — 0+ yields (4.9)). Since T}
leaves L' () N L°°(2) invariant, we deduce that for these f and g,

(AT, f, Tig)| < —~CQE'(1).

Integrating over ¢t € (0,00) yields in view of the lower and upper estimate of the Bellman
function that

/ (AT f, Tyg)|dt < CQ(lim(i)IifE(r) —limsup £(s)) < CQliminf E(r)
0 T

S—300 r—0+
<Q <liminf/ |Trf|2(Tr(w*1))*1du+/ |Trgz(Trw)1du)
r—04 Q Q
Q4 @) (I 1@y + 1913200 1)

Here we have used the assumption lim;_,o 7} (w™!)(x) = w*!(z) almost everywhere in the last
estimate in the case of alternative assumption 2. In case of alternative assumption 1., we
have lim,, o T}, (w*')(x) = w*!(x) almost everywhere along a sequence t,, — 0+, since then
Ty(w*) — wtl in L'(Q), which allows still to conclude as above. Changing f ~ Af and
g ~+ A" 1g and optimizing in A > 0 yields the desired bilinear estimate

/ |<Ath7 Ttg>|dt < CQHf”L?(Q,wdu)||g||L2(Q,w*1dp,)'
0

To replace the restriction f,g € LY(Q,u) N L*°(2,u) by the requirement f € L2(Q,pu) N
L?(Q,wdyp) and g € L?(Q,pu) N L?(Q, w1 du), we use a standard approximation f,,g, €
LY(Q, p) N L2(Q,p) with |f,| < |f|] and |g.] < |g|, and pointwise convergence f, — f
and g, — g. Then we have AT,f = lim, AT;f, and Tig = lim, Tig, in L?*(f2), so that
lim,, (AT} fr, Trgn) = (AT:f, Tig). Then by dominated convergence, for 0 < tg < t; < 0o,

t] tl
/ (AT, f, Tpg)|dt = lim/ (AT fn, Tegn)ldt < CQUm || |l £2(0,wdp |90 | 2 (2,0 1du)
n tO n

to

= CQ| fllz2wam 9l L2 (0,w-1dp) -

We can now let tg — 0+ and ¢; — oo to conclude.

Let us now indicate the adaptation to the case of the alternative hypothesis 3. In this
case, in order to have the functional £(t) differentiable, we have to modify the involved weight
functions. That is, we let for given A > 0 the weights

1 h
— T wdr.
i

Then by classical semigroup theory, v and w belong to D(As). Moreover, € < v, < é We
now leverage the local diffusion property to enframe Tiv - 3. Namely, we have, as soon as

1 h
v = */ Te(wil)dsa w
h Jo
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>
N

1 [h 1 [P
Ty - Tiw = 7/ /Tt+s(w_1)d3 : */ Tt+rwdr

h Jo h Jo
1 h h

= 72/ / Tt+s(w_1)Tt+r1Ude7”
h 0 0
1 h r

— ﬁ / / Tt+s (w_l)Tt+deSdT + / / Tt+s Tt+rwd7“d8

0 0

1 h r

SJ ﬁ/ / TR(t+r)( )TR tJrT)UJde'I" + — / / TR(tJrS ( )TR(tJrs)wdeS

< Qi (w h2/ / Ldsdr + Q4 (w hQ/ / 1drds
= Q3 (w

In the same manner, we estimate from below

Tt’l) Ttw = h2/ / j—vt_i_q Tt+rwd5d7‘+ h2/ / n+q )Tt+rwd7“ds

/ / Ty (t+s 71)Ti(t+s wdsdr + —/ / T1 (t+r) 1)T%(t+r)wdrds

//1dsdr+—/ / ldrds

Thus, defining Q = CQ4'(w) and multiplying v with a constant, as we did in the case of the
alternative hypotheses 1 and 2, we get 2 < TyvTyw < Q/2 for h < t. We define the functional

H% ?\

€)= [ BTy T To)dn (> 1)
Q

and deduce from Lemma that £ is differentiable with derivative given by (4.2). Going along
the same lines as in the case of the alternative hypotheses 1 and 2, we deduce that

—E(t) = *|<Ath7TtQ>| (t=h)

@

and thus that
/h (AT f,Tig)|dt < CQ (”Thf”zL?(Q,(Thv)*ldu) + ”Tth%Z(Q,(Thu"))*ldu)) :

Letting h — 0+, the left hand side converges to fo (ATig, Tyg)|dt. Moreover, according to
the assumption of Theorem . Tyv converges pointwise almost everywhere to w™!. Also
IThfI? — |f]? in LY(Q), so converges pointwise almost everywhere and L! dominated, along

a sequence h = hy — 0. It follows that ||Thkf||iQ(Q,(Thkv)_1dp) — Hf||2L2(Q7wdu). In the same
manner, there exists a subsequence h; = hy, such that HTh;gHL2(Q,(Th§w)—1du) = gl 2 (w1 du)-
We infer that

| 1Tt Tigla < €Q (171w + ol 0,00
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We conclude the proof with the optimization f ~» Af and g ~» A~!'g and the approximation
of L? functions by L' N L> functions as we did in the case of alternative hypothesis 1 and 2
above. [ ]

Proposition 4.13 Let (T}):>0 be a markovian semigroup on (2, u). Assume one of the follow-
ing alternative conditions.

1. The measure space is finite, u(2) < oo, or

2. For any t > 0, Ty maps L (Q) into the domain D(Ay) of the w* L realization of A,
or

3. (T¥)e=0 satisfies the local diffusion from Definition .

In case 2. and 3. above, assume moreover that for any v € L= (), Tiv(x) — v(z) as t — 0+
p-almost everywhere. Assume that the weight w satisfies w® € Q4 for some 6 > 1. Then A has
an H>®(Xy) calculus on L*(Q,wdp) for some 6 < 5 and in particular, the analytic semigroup
T, extends boundedly to L*(Q,wdp) for |argz| < 5 — 0, and A has mazimal regularity on
L2(Q, wdy).

Proof : Corollary [4.4] yields that A is Z-sectorial on L?(€2, w’dp) and has an H*°(X,) calculus
for any o > 5. Moreover, by self-adjointness, A is 0-sectorial on L?(Q, ) and has an H*(%,)
calculus for any o > 0. Note that the spaces interpolate (complex) and we have L?(Q, wdu) =
[LQ(Q,M),LQ(Q,w‘;du)]% [, 5.5.3 Theorem|. By Stein’s interpolation [49], A is then (% - %)-
sectorial on L2(Q, wdu). Moreover, by complex interpolation, A has an H*(%,) calculus on
L?(Q,wdp) for any o > max(0,%) = Z. The angle Z can then be reduced to 6y = 1 -2 < Z
e.g. by the method of imaginary powers [31], Proof of Proposition 5.8]. Then A has an H> (%)
calculus on L?(Q,wdy) for any 6 > 6. It is well-known that this implies that on L?(Q, wdpu),

the analytic semigroup angle is bigger or equal to § — 6 and that A has maximal regularity

38, [13]. n

Remark 4.14 Note that if Q@ = R"™ and the characteristic Q4 is equivalent to the spatial
characteristic Q§** (see Remark , then according to [21, Theorem 2.7, p. 399], a weight
w € Q4 already satisfies w® € Q4 for some § > 1. Thus, under the hypotheses of Corollary
Proposz'tion yields that for any Q4 weight w, A has an H*(Xg) calculus on L?(,wdpu)
for some 0 < %, and thus mazimal regularity.

Remark 4.15 Assume that (2, dist, ) is a space of homogeneous type and that the semigroup
(T})e>0 satisfies Gaussian estimates and is self-adjoint on L*(Q). In [I8, Theorem 3.2]
[23, Theorem 4.2], a functional calculus for the (negative) generator A on weighted LP spaces
is proved. If (Ty)i>o0 is in addition markovian, then one can compare these results to ours.
On the one hand, the results in [18, [23] are stronger in respect that LP spaces with exponents
p € (rg,00) (for a certain rog € [1,2)) different from 2 are allowed and that non-holomorphic
spectral multipliers m defined on [0,00) and satisfying a so-called Hormander condition

[[ml3s = sup [lgm(t-)|lwe @) < o0
>0

are admitted. Here, s > g, where d is a doubling dimension of Q, W°(R) stands for the usual
Sobolev space and 1 is any C°(0,00) function different from 0. Note that any H™(3g) function

for any 0 € (0,7) satisfies the Hormander condition and ||m|n= So.s |mllcc,e- On the other
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hand, our result, Corollary is stronger in respect that Q4 weights are admitted, whereas in

[18, 23], one has to take the smaller class of weights belonging to Q;l/“rsos C Q5% C QF (cf.

Remark , Indeed, Corollary applies according to Remarks and .

Note that in our setting, no Hormander calculus result on weighted L? can be available in
general, see Theorem [6.1]

™

5 The positive 7 angle result, submarkovian case

In Theorem {4.3] we assumed that (T});>0 is a markovian semigroup, so that T3(1) = 1. It
turns out that there is also a version of that theorem for submarkovian semigroups. So the
main objective of this section is to prove Theorem and Corollary Let (T})i>0 be a
submarkovian semigroup on (2, ). Define Q' = Q U {oo} with some exterior cemetery point
oo & Q. Define moreover the measure p/'(A) = (AN Q) + da(c0) on . Then we put for
f'=Ffla+ f(00)d € L®(2) and t > 0

Ti(f'[e)(x) + f'(00)(1 = T3(1))(z) : z€Q
f'(o0) T X = 0Q.

(5.1) Se(f)(@) = {

It is easy to check that S; is a positive semigroup[l] on L>°(Q') and that moreover, S;(1) = 1.
Thus S; are contractions on L°°(§)'). Note however that S; is in general no longer self-adjoint
or even defined on LP () for p < co. If w: Q — (0, 00) is a weight, we define the characteristic
associated with S; by

Q3! (w) = sup ess-sup,cqr Se(w') () Se(w'™ ) (2),
t>0

where w'(z) = w(z) for ¥ € Q and w’(c0) = 1. Note that even if w has support only in €2, the
characteristic Q4 (w) is in general larger than Q4 (w). As in the markovian case, we will need
the following lemma on differentiability of the Bellman functional.

Lemma 5.1 Let B be the Bellman function from Lemma with domain Dg,. Let (Q, 1) be
a o-finite measure space, (Tt)1>0 a submarkovian semigroup on Q and f,g € L*(2) N L>(Q).
Consider the one point addition Q' = QU {oo} and the amplified semigroup (S¢)i>0 associated
with (Ty)i>0, as above. Let further v,w € L®(Y) with e < v,w < 1 and 2 < SpwSw < Q/2
for all t belonging to some interval (to,t1) C (0,00). Assume one of the following conditions.

1. The measure space is finite, i.e. () < oo, or
2. Ty(v|a), Ti(w|q), T:(1q) belong to D(As) fort € (to,t1).
Define the functional

E(t) = /QB(th(x)thg(x),Sw(x), Syw(x))dp(z)  (t € (to,t1))-
Then E(t) is differentiable fort € (to,t1), and we have

(52) *g,(t) = %[/ 6xB(nf, Ttg, Sﬂ), Stw)Ath + ayB(th, Ttg, Stl), Stw)ATtg
Q

+ 0, B(T:f, Trg, Stv, Syw) (AT (v]a) — v(c0) AT;1)
+ 0sB(Tif, Trg, Stv, Syw) (AT (w|q) — w(oco) AT 1)dp].

1. We do not need any continuity assumption of ¢ — St.
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Proof : Observe that

(Sern(v) = ) = 10 { 3 (T (vlo) = Tlola) + (o) (11 = i)}

= 1o {-ATi(v|g) + v(0)AT(1)}  (h — 0+4),

==

and the same formula for w in place of v. This convergence holds in L*(2) under the first
assumption, and in L°°() with respect to w* topology under the second assumption. In
particular, under the second assumption, we have ||S;4v — Spv|[pec(@) < Ch =0 (h — 0+).
Now the rest of the proof goes the same lines as that of Lemma [ ]

Theorem 5.2 Let (2, 1) be a o-finite measure space and (T})i>0 a submarkovian semigroup.
Assume one of the following alternative conditions.

1. The measure space is finite, u(2) < oo, or

2. For any t > 0, Ty maps L (Q) into the domain D(Ay) of the w* L realization of A,
or

3. The amplified semigroup (St)i>0 on Q' satisfies the local diffusion from Definition and
1g € D(Aoo)

In case 2. and 3. above, assume moreover that for any v € L>=(2), Tiv(x) — v(z) as t — 0+
p-almost everywhere. Let moreover w : Q — (0,00) be a weight with Q4 (w) < co. Then there
exists a constant C < oo such that for any f € L*(Q,u) N L2(Q,wdp) and g € L*(Q, 1) N
L?(Q,w~tdu), we have

/o (AT, f, Trg)|dt < CQ?(“’)”f”L%Q,wdu)”g”L?(Q,w*lduy

Proof : We proceed in a similar manner to Theorem We let w’ be the extended weight
w'(x) = w(z) if x € Q and w'(c0) = 1. Again, due to Lemma it suffices to assume that
the weight w’ satisfies ¢ < w’ < 5- and thanks to positivity of S; and the fact that S;(1) =1,
we will then also have € < Sy(w’), S¢(w'™!) < 3. Assume the alternative assumption 1. or 2.
above. Put v = 2(w’)~! and Q = 4Q4 (w), so that 2 < S;vS;w’ < Q/2. Then for f, g as in the
theorem, we define the functional

£0) = [ B Tig.Suv. 8w
Q
As in the proof of Theorem [4.3] it will suffice to prove for f,g € L?(Q2) and ¢ > 0 that

(5.3)

/ AT, f - Ttgdu‘ < —CQE'(t).
Q
Indeed, then we use

. . 2 2
liminf &(r) < Climinf [T, |72 (0,5, (o) -1 a) + 1 T79M122 (0.5, ()1 di)

<C (”f”?ﬂ(ﬂ,wdu) + ||g||%2(52,w*1du)) ’
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since Sy (v)(x) — v(z)+0 and S, (w')(z) = w(x)+0 for a.e. € Q. We have according to (5.2)

&) =R / 0. B(T,, Trg., Suv, Su(w))AT,f + 8,B(T: , Tog., Srv, S(w')) ATig
Q

+ 9, B(Ti.f, Tig, Syv, Sp(w")) (AT (v]a) — v(00) AT;1)
+ 0sB(Tyf, Tyg, Syv, S (w")) (AT (w) — w(oc0) ATy (1))dp,

Replace first, as in the proof of Theorem [4.3] - Tif, Tig, Siv, Si(w') by generic f,g C L?*()
and vy,vy € LOO(Q ) with 1 < vy(z)v2(x) < Q and € < vi(z),v2(x) < L. Then replacing A by
1(Id = T3), it will then suffice to show for f,g € L>(Q) N L*(9),

(5.4)

/ (Id-Ty)f - gdu‘ < CQ%/ 0:B(f,g,v1,v2)(Id = T}) f + 0y, B(f, g,v1,v2)(Id — T})g
Q Q
+ 0. B(f, g,v1,v2)(Id — Sp)vi + 0 B(f, g, v1, v2)(Id — Sy)vadp.

According to (5.1]), we decompose the right hand side of ([5.4) into

CQR / 0uB(f.g,v1,02)(Id — T) f + 8, B(f.g,v1,02)(Id — T)g
Q
+ 0, B(f,g,v1,v2)(Id = T})v1 + 0s B(f, g,v1,v2)(1d — T} )vadp

+ CQ/Q(9TB(f,g,v1,v2)v(oo)(Tt(1) — 1)+ 9:B(f, g,v1, v2)w(co)(T(1) — 1)dpu.

Note that the first term is indeed minorised by |((Id — T3) f, g)|, according to Proposition
(note that we had allowed T to be a submarkovian operator in this proposition). The second
term is positive, since T3(1) — 1 < 0 and 9, B, 0, B < 0, according to property (3.4). Thus,
and are shown, and Theorem follows in the case of the alternative assumptions 1 or 2.

In case of the alternatlve assumptlon 3., we proceed as in the proof of Theorem@ We define
on Q, v—lfo 1ds-hfo s(w ) +1-T, ()dsandw—hfo o ( dr—thTuH—
1-—T.(1)dr. Note that v]q, W|q belong to D(As) since 1 € D(A) by assumption. As in the
proof of Theorem [4.3] the local diffusion property implies that c1 < SyvS;(0) < CQ4 (w). The
rest of the proof goes along the same lines as the end of the proof of Theorem [£3] with the
modified functional E(¢ fQ (Tif, Tig, Stv, Spw)dp as above. [ |

Corollary 5.3 Let (T})i>0 be a submarkovian semigroup on some o-finite measure space (§2, f1).
Assume one of the following alternative conditions.

1. The measure space is finite, u(2) < oo, or

2. For any t > 0, Ty maps L*°(Q) into the domain D(As) of the w* L™ realization of A,
or

3. The amplified semigroup (Si)i>0 on ' satisfies the local diffusion from Definition and
1 € D(Aoo)

In case 2. and 8. above, assume moreover that for any v € L>(Q), Tyv(z) — v(z) as t — 0+
p-almost everywhere. Let J > 1. Then there exists a constant C; depending only on J such
that for any weight w : Q@ — (0, 00) with Q4 (w) < oo, we have

(A 2202wy 2@y < Co Q3 (w) (Im(O)] + [mll ()
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Proof : Copy the proof of Corollary [£.4] Theorem [5.2] replacing Theorem [4.3] [ |
Proposition 5.4 Let (T})1>0 be a submarkovian semigroup on (S, u). Assume one of the fol-
lowing alternative conditions.

1. The measure space is finite, u(2) < oo, or

2. For any t > 0, Ty maps L*°(Q) into the domain D(Ay) of the w* L realization of A,
or

3. The amplified semigroup (St)i>0 on Q' satisfies the local diffusion from Definition and
1g € D(Aoo)

In case 2. and 3. above, assume moreover that for any v € L>(Q2), Tyv(z) — v(z) ast — 0+
p-almost everywhere. Assume that the weight w satisfies w® € Q4 for some § > 1. Then A has
an H*(3g) calculus on L*(Q, wdp) for some 6 < % and in particular, the analytic semigroup

T. extends boundedly to L*(Q,wdp) for |argz| < 5 — 0, and A has mazimal regularity on
L2(Q, wdy).
Proof : The proof is the same as that of Proposition [£.13] [ |

6 Negative results: tensor powers of the two-point semi-
group

Our result from Corollary [£:4] showed that any markovian semigroup satisfying technical con-
ditions has an H*(34) calculus on weighted L? space for any 6 > 5 and any Q34 weight w,
and that moreover, the dependence of the norm of this H> calculus is linear in the Q4 (w)
constant. The question arises whether the angle 6 can be lowered in this result. In this section,
we show the partial negative result in Theorem [6.1] below. We recall here the definition of the
Hoérmander spectral multiplier class for a parameter s > 0:

(6.1) W = {m € LelR0) e = sup (e ) < oo} 7

where W2 (R) stands for the usual Sobolev space and 7 is any non-zero cut-off function from
C2°(0,00). Note that H* functional calculus is related to H*°(Xy) functional calculus for angles
6 — 0 according to [I0, Theorem 4.10]. Namely, if a sectorial operator A has a H° functional
calculus for some fixed s > 0, then it has a H>(3y) calculus for any 6 € (0,7), and for any
s’ > s there is a constant C' > 0 such that

(6.2) Im(A)|| < CO [ ml| (s, (m € H5*(Zg), 6 € (0,)).

Conversely, (6.2) implies that A has a H® calculus for any s > s’. Thus, Theorem below
can be read as a failure of the weighted functional calculus from Corollary [£.4] when the angle
0 is close to 0.

Theorem 6.1 There exists a markovian semigroup Ty = exp(—tA) on a probability space and
a Q4 weight w such that A does not have a Hormander H® calculus for any s > 0 on weighted
L?(w) space, that is, for no s >0 and no C > 0 the estimate

(6.3) (A2 (@ w22 (@ wd) < C ([Imllgee + [m(O)[) — (m € )
holds. In fact, (6.3) does not even hold for m(\) = exp(—Az) with z € Xz.
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We remind that the above theorem is in contrast with the positive result in Remark [1.15]
for self-adjoint semigroups on spaces of homogeneous type satisfying Gaussian estimates and a
restricted weight class.

The semigroup exhibiting the counter-example for the statement is based on the two-
point semigroup that we have already encountered in Proposition [{:8] together with a tensor
power extension of the semigroup. So we consider a two point space €y = {a, b} equipped with
counting measure pg = d, + 9. Consider moreover the operator

g= [_11 _11} : L*(Q0, po) = L*(Q, o)

which generates the markovian semigroup

1[14e 2 12
(6.4 exp(-10) = 5 |} T
Lemma 6.2 For any n € N, the above semigroup admits a tensor power extension to a marko-
vian semigroup in the following way. We let wi = (u1,v1), ..., Wn = (Un,v,) be weights on Q.
Then we put

Q:Q()XQ()X...XQOZQBL,

n factors
= o ® fio ® ... ® po = p",
n factors
T,=e¥9®e¥®...0 eftg,
n factors

W=wW QW2 ... Wy,

where Ty(X, FF @ . @ ) = S0P @ ... @ (e9(fF)) and w(xy, ... 2,) =

wy (1) - ... - wn(xy). We have that Ty is a markovian semigroup on (2, p). Moreover,
(6.5) 1T | L2 (2, wdp)— L2 (Q,wdp) = H €911 L2 (2, w0n dio)— L2 (0w dpio)
k=1

(6.6) Qi (w) = T QS (w) = Hi(u“’w”"‘),

k=1 k=1 Ve Uk
where Q4 stands for the weight characteristics with respect to the markovian semigroup T;.

Proof : It is easy to check that ¢t — T} satisfies the semigroup property. Since all of the four
entries of exp(—tG) in are positive for any t > 0, all the entries of T} are positive too, and
T; is positive. Moreover, T;(1®1®...®1)=e 9 (1)®...0e 9 (1)=1®...®1, so that T}
is L™ contractive. Self-adjointness of T} is again easy, so that T} is L' contractive and finally
LP contractive for all p € [1,00]. We infer that T} is a markovian semigroup on (€2, u). For the
two claimed estimates, we observe that for a normalised function fj, € L?(2, wrdpuo) such that

||e_ngL2(wk)HL2(wk) = ||6_zgkaL2(wk), we have

IT-(fr @ @ fill2) = [ 1le7 fellzzqwn = T le™* 12w
k=1 k=1
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and [|f1 ® ... ® felle2(w) = [Toet 1l L2(we) = 1. Thus, (6.5) follows. For (6.6), we note
Q3 (w) = sup | TiwTi(w™ ")l
t>0

=suplle w1 ®...®e 9w, -e Y (wi)@...®@e Y (w1
>0

n
= sup [ ] lle™ (wr)e™ (w ) oo
t>0 1

We claim that each of the n L° norms above attains its supremum for ¢ = oo, so that we
can swap sup,-o and [],_; above and thus deduce the first equality in (6.6). Indeed, if wo =
(u,v) € R? with u,v > 0, then e 9wy = % (u+ v+ e 2 (u—v),u+v+e (v —u)), so that
the first of the two coordinates of e 9wy - e =9 (wy ') equals

i(U—H}—l—e_Qt(u—v)) <i+i+€_2t (i_i))
:i<2+z+z+{ﬁ%u_m(i+i)*”%<i‘i)w+kur%u_m<i—i)>

- 2424 Zyei(2-2-0)
4 voou VU
<0

The last quantity clearly attains its sup at ¢ = co where its value is i(2 + %+ 7). Now the
same calculation with exchanged roles of u and v works for the second coordinate. We deduce

the first equality in , and in fact also the second equality. [ |

The tensor power extension of Lemma will be used to bootstrap lower estimates for the
two-point semigroup on weighted L? space, to a lower estimate of the same kind, but with a
better constant. We shall now establish such lower bounds on [|e™*9||12(,)— 12(w) (in terms of

Qf(w) =1 (2+%+2))

Proposition 6.3 Consider the markovian semigroup e~*9 on (Qq, o) from (6.4). Let wy =
(1,v%) be a weight on Qo with v = 1+ ¢ for some small € > 0. Let z € C;\[0,00). Then we
have the following asymptotic formula for weighted norm of the analytic semigroup:

1 1
(6.7) T2 || 2 (20 wodpio)— L2 (90, wodpo) = L + 16 (4|1 — 2+ 2d7> e2 + o(?).
A+ A= ) +48()?

where v = e~ 2% and d,

- (L= ]P)?

Proof : First we rewrite the norm on weighted L? space into a norm on unweighted L? space.
To this end, consider the multiplication operator M /g : L*(Qo, o) = L*(Q0, p0), (f1, f2) =
(fi,vf2). Then for any operator T on L?(q, wodg), we have

||TfHL2(Q wodpo)
T £2(00,wod L2(Qo,wodpe) = SUP o
Pt 200 = 308 Tt

B 1M /g T fll 2 (90, 10)

0 IM gl 9o ,m0)

= sup ||M¢F0T(M¢Fo)_1f||L2(Qo,uo)
£#0 1l 22 (20, 10)

)

43



so that || 7] z2(@o,wodue)+L2 (0 ,wodie) = My T (M ya5) ™" Fll22(@,p0) > 22(@0,p0)- Write S =
M /5T (M sz5)~'. The norm of S on unweighted space is well-known to be /m, where m
denotes the maximal eigenvalue of S*S. We have with T =T, and v = e~ 2?

Sl R e | e PN oo

=

0 v 21— 1+~][0 2 lv(l—7v) 1+~
SO
e N 1 i i e s
SS:* - 1 2 Ll— 21
4 B L+7* + 21—

with 8= 2(14+7)(1 =) +v(1=7)(1+7) = (v+ 2)(1 = |y[*) + 2i(v — 2)S(7). The eigenvalues

. . fa B
of a positive matrix | — 5 ) axe

1
5 (a9 Va=oP+48P),
so that we obtain with choice of sign “+” here that

HS*SHLQ(Qoﬁuo)%L%Qo»#o)

1 1 1 1 1
< (2|1 02 A0 - Al A 0 e - ag - U)?%m?)

1
=3 QL+ + @244 +o(e))[1 -7

V(167 + o)L+ A+ 4+ o(@))(T — PP + 16~ (47 + ()3 (1)2)

1
=5 QAP +2[1 =9 + (4* + o(e*)) 1 = *

+V16(1 — [7[2)2 + (2 + 0(e2)) (16]1 —~|* + 16(1 — [7[?)2 + 16 - 4%(7)2)) ;
where we have used the following elementary Taylor series expansions (recall v =1+ ¢)

1
2 _ 2 2
v +—U2 =2+ 4e” + o(e),

1
(U2 — 0*2)2 = 1662 + 0(62),
1
(v+ 5)2 =4 4 4% 4 o(e?),
1
(v— 5)2 = 4% + o(e?).

Write in short

_ L=t = )2 +48(9)?

t 1 P2

Then the above calculation continues with

1
15781 = g (20047 4 201 =9 + (462 4 o)L =2 + 401~ )L+ (2 + ole)d, )

1
8

1 1
=1+g <4I1 -+ de) (€% + o(¢?)),

(214902 4 2019 4 (42 + o1 = 2P +401 = ) (14 5062 + 0fe?) ) )
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where we have used that 2|1 + v|? + 2|1 — 7|? + 4(1 — |y|?) = 8. Take now the square root of
|5*S|| and use (again) the asymptotics v/I+ 2 =1+ 1z + o(z) to obtain (6.7). [ |
We now use (6.7)) to produce a lower estimate taylored for an application to Theorem

Lemma 6.4 Consider again the two-point semigroup from (|6 , and a weight w = (1,v?) with
v=1+¢. Then we have for z =re*® withr >0 and ¢ € (*5, g)

. 1
(6.8) lle g||L2(w)—>L2(w) =1+ 39 (1 + tan2(¢) + 07"(1)) e+ 06(62)'

Proof : Since we shall have both asymptotics in r and e, we distinguish the little o notations o,
and o.. In the course of the proof we shall pick z = re'?, choose r sufficiently close to 0 and use
(6.7). Namely, we have for r close to 0, v = e=2r¢"” = 1-2re® 4 0,(r). Then |1—7| = 2r+o,(r)
and 1 — |72 =1— |1 —2re® + 0,(r)|?> = 1 — (1 — 47 cos(®) + 0,(r)) = 4r cos(¢) + o.(r), as well
as §(v) = —2rsin(p) + o,-(r). This yields

167% + 1672 cos?(¢) + 1672 sin?(¢) + o,.(r?

d. = )
" 1672 cos?(¢) + 0,(12)

2

- an? O = an? or(1).
fc052(¢)+1+t (¢) + 0,-(1) =14 tan (o) + o,(1)

Thus, in view of , we have

1 1
He—ngLQ(w)ﬁLQ( y=1+ 6 (167"2 + 3 (1+ tan2(¢)) + 07-(1)> e? +o0-(%)

=1+ — (1+tan®(¢) + 0,(1)) €* + 0.(?).

32
|
Putting the above intermediate results together, we are now in a position to prove the main
result of this section.
Proof of Theorem : We take the spectral multiplier m(\) = exp(—Az) with z = re?,
where 7 > 0 (resp. ¢ € (0, §)) is sufficiently close to 0 (resp. to %) to be determined later. The
counterexample will be the direct sum of tensor powers of the two-point semigroup as in Lemma
We pick a sequence of weights w,, = (1, 1+ sn)z). We note first that there exists a constant
C > 0 such that for any £ > 0, we have Q§ (w) < 1+ Ce? for the weight w = (1, (1 +¢)?).
Indeed, we already know this if ¢ < gy for a certain 0 < &g << 1, from the asymptotics

QY(w) = 1+ €%+ o(¢?). Then for € > &g, we have Q2 ) (2+ (1+¢)?+ ﬁ) <
%(2+1+25+52+1)<%(2+1+ 24 ¢? +1 ¢2. From this, we deduce
for the tensor power weight w = w; ® ... Q@ w, from Lemma that
log(Q4 (w Zlog +C0e3) <Y Cer.
k=1 k=1
Now assume that for a given N € N the sequence (e)reny = (EI(CN))keN satisfies E](CN) =
1
— k<N
6/N Es N Then according to the above, the associated weight w(™) = w&N) ®...Q wEVN)
>
satisfies
<My

(6.9) Qfw) < “ X < @,
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where @ can be chosen independent of N. Take now the semigroup T; = Tt(N) associated to
QF, ,ugz’N and w™) as in Lemma We estimate with this lemma together with

172 e gy H ( S+ tan2(9) +o,(1) (%) +o. ((g,@)?)) .

Choose r sufficiently close to 0 to have o,(1) > —1 here above. Moreover, for given z = re’®,

2
choose N so large that tan?(¢) (Ech)) <1,ie. N > tan?(¢), and that os((eéN))z) is in force.
Then we obtain

log <||Tz Il 2 (wN)) L2 w(N))) Zlog <1 + — tan?(¢) (€§€N)>2 o <<€§€N))2)>

=1 (M)?
2
2> o tan(9) (<f)
k=1
(6.10) _ 312 tan®(¢).

Take now the direct sum Q = | |y oy 20’ equipped with the sum measure p = @ vy ﬁ%u?N.
Note that each M?N has total mass 2V, so that p is a probability measure. Take moreover

the weight w = @NGN wN) | that is, on each N-component, we have w|Qév = w™. We

also take the direct sum semigroup Ty f(zn) = Tt(N)(f|Q(z)v)(xN), where Tt(N) is as above and
fi Unen % — C, zn = f(zn). It is not hard to check that (7}), is again markovian and that
with respect to this semigroup, we have Q%' (w) < supyen QA( )(w(N)) < Q < oo according to
. Moreover, for given z = re'® with fixed r sufficiently close to 0 as above, but ¢ varying
and approaching 7, we have for N > tan?(¢)

(N) )
(6.11) IT: N 22 (w)—»r2@) 2 1T 2oy sp2@eny = e,
where ¢ does not depend on ¢.

Now if this markovian semigroup Ty had a weighted Hormander calculus on L2(2, wdu),
we would have ||T%| 2(w)—r2(w) < C(w)||A = €7*%||3=, and the last quantity is bounded by
(5 —1¢])~* = |tan(¢)|® according to [37, Lemma 3.9 (1)]. But no inequality ectan®(9) < |tan(¢)|®
can hold for all ¢ € (—g, g), so that we get a contradiction from (6.11)). [ |

Remark 6.5 Comparing Corollary[[-4 and Theorem[6.1], the question arises if for a certain 0
between 0 and 5 there is a H®(Xg) calculus result for any markovian semigroup on L*(Q, wdy)
and any Q4 weight w. We say that 6 € (0,7) is a universal angle for weighted L? calculus if
for any markovian semigroup satisfying the technical hypotheses of Corollary and any Q3

weight w, there is a constant Cy, > 0 such that

Hm(A)||LQ(Q,wdu)—>L2(Q,wdu) < CmeHHOO(Zg) (m S H(())O(Eg))

According to Corollary any 0 > % is a universal angle for weighted L* calculus. We
conjecture that no angle 0 < 5 is a universal angle.
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