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Surjectivity of cycle maps for singular varieties

Robert Laterveer

Abstract A theorem of Jannsen asserts that if a smooth projectivetydnas injective cycle class maps, it has
surjective cycle class maps. The object of this note is tagrea version of Jannsen’s theorem for singular
guasi—projective varieties.
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1 Introduction

Let X be a smooth complex projective variety. The cycle class maps
c': A'Xg — H*(X,Q)

from Chow groups to singular cohomology have given rise toesof the most profound and fascinating con-
jectures in algebraic geometry: the Hodge conjecture @iy the image oél?), and the Bloch—Beilinson
conjectures (concerning the structure of the kernef 9f

Since Mumford’s work|[[1B], it is well-known that if the Chowanps A* Xq are “small” (in the sense of
being supported on some subvariety), then also the singolemmology groups are small (in the sense that
they are supported on some subvariety). The following tesul be seen as an extreme instance of this general
principle:

Theorem 1 (Jannsen[[12])SupposeX is a smooth projective variety, such that
d': A'Xg — H*(X,Q)
is injective for alli. Then there is an isomorphism
P’ PAXe > PH(X,Q).
i>0 i>0 j>0

(In particular, H?4(X,C) = 0 forall p # q.)

This result can be proven using the Bloch—Srinivas methateobmposing the diagonal, and the formalism
of correspondences|[4], [26].
In this note, we look at the following question:
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2 Robert Laterveer

Question 1If X is only quasi—projective, and/or singular, in what sengkesreni1L still true ?

This question has been treated by Lewis [18, Corollary @8uming a generalized version of the general-
ized Hodge conjecture holds. In this note, by contrast, wetegito see how far we could get unconditionally.
Our main result gives a version of theorEm 1, provided thegwar locus ofX is not too large:

Theorem 2 Let X be a quasi—projective variety of dimensionand suppose there exists a compactification of
X with singular locus of dimensiog "T“ Suppose all cycle class maps are injective. Thercthisnduce an

isomorphism
PB: PAaxe > PGW_rHi(X,Q).
i>0 i>0 £>0
That is,
if £is odd;
W H X = 0 | |so' ;
Imel; if ¢ =2:.

To prove this result, we adapt Jannsen’s original methed ftie decomposition of the diagonal, plus the
formalism of correspondences) to the singular and quagjegtive case. The decomposition of the diagonal
goes through unchanged, except that in the quasi—pragectise the boundary of a compactification appears in
the decomposition (this is lemrh& 1). As to correspondersigsposeX is projective (not necessarily smooth)
of dimensionn. Then a correspondence, i.e. a cy€les A, (X x X)q, induces an action

O*: HZ(X,Q) — HQn—i(XaQ)

in a natural way (using the cap—product). Sinteis just the canonical map (capping with the classf and
since we can control the image of this canonical map in faalolercases (lemnfid 4), we can conclude by looking
at the action of the components occuring in the decompositi\.

We raise several questions in the course of this note. Indeeskveral respects even the smooth quasi—
projective case is far from being as clear—cut and well-tstded as the smooth projective case; a relation with
“Voisin's standard conjecture["[25] naturally appearaegk(3).

Convention In this note, the wordvariety refers to a quasi—projective algebraic variety ovér

2 The Bloch-Srinivas argument

Definition 1 We will use A; to denote the Chow group etdimensional cycles, and® to denote the Fulton—
MacPherson operational Chow cohomologly [7]. By constamtid* acts on Chow groupd.; in particular, for
any projectiveX there are natural maps

A'X — Hom(A;X,Z) ,
b+ degbn—).
We recall [21] there are functorial cycle class maps
cd': A'X — Gry, H(X,Q) ,
whereW is Deligne’s weight filtration.

Definition 2 We will use the notationd’. for “compactly supported operational Chow cohomology”isTis
defined as follows: for any quasi—projecti¥ let X C X be a compactification with boundafy. Define AL X
by the exact sequence

05 AX > A'X 5 A'D.
This is independent of choice of [8] (actually, A2X is what is denoted? A’ X in [8]). Moreover A% is a
contravariant functor for arbitrary morphisms [8]. There matural maps

AlXg — Hom(A;Xq, Q) ,
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defined by the above exact sequence. There are also fuhctaria class maps
d': ALX — Grf H2'(X,Q),
again defined by the above exact sequence.

Definition 3 Let X be a quasi—projective variety. Following Voisin [25], [26le say thatX has trivial Chow
groups if the cycle class maps

cli: AiXg — H2i(X,Q)
are injective for alli.
Definition 4 Let X be a quasi—projective variety. We say that
Niveau(A; Xq) <r
if there exists a closed (i+r)-dimensional subvarigty- X such that4;(X \ Y)g = 0.

The key to the whole argument is the following decompositeanma. This is the Bloch—Srinivas argument
[4]; in his book, Bloch attributes this argument to Collidkélene([1, appendix to lecture 1].

Lemma 1 Let X be a projective variety of dimensien and X C X the complement of a closed subvarigty
Suppose

NiveaL(AiX@) <r foralli.
Then there is a decomposition of the diagonal
A=Ag+ A1+ + A, +T €A (X x X)g,

whereA; is supported oft’; x W;, andV; C X is of dimensiony +r, W; C X is of dimensiom — j, andI”
is supported onX x D.

Proof This is an application of the Bloch—Srinivas methiod [4]. VEe the following two well-known lemmas:

Lemma 2 Let X and Z be quasi—projective varieties, and suppdéés irreducible of dimensiom. Then for
anys
Ai(Xr(z)) =i Aipn (X x U)

where the limit is taken over opebsC Z.
Proof This is usually stated for smooth projective varieties fipendix to Lecture 1]. If one is brave, one goes
checking in Quillen’s work to see that the proof given in loit. for the smooth case still goes on for singular

varieties. Alternatively, take a resolution of singul@stand reduce to the smooth case using the “descent” exact
sequences, and the fact thiah is an exact functor.

Lemma 3 Let X be a quasi—projective variety defined over a fieJand letk C K be a field extension. Then
Ai(Xk)o = Ai(Xk)o

is injective.

Proof This is usually stated for smooth varietiés [1, appendix ¢ature 1], but the same argument works in

general: use lemnia 2 to reduce to the case of a finite exteristwna finite extension, take a resolution of

singularities; for smooth varieties, the existence of tbemimplies the extension map is a split injection; by
descent, the same is true for singular varieties.
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Now we proceed with the proof of lemnid 1. We can reduce to sarbéiesd & C C which is finitely
generated over its prime subfield. Consider the restriction

A€ An()? X X)Q — An(X X X)Q — AO(Xk()_())Q .
The last group is supported in dimensigrso we get a rational equivalence
A=Ao+A"+T" € A, (X x X)g,

whereA is supported oy x X’,fwherevo has dimensiom, andA® is supported oX x W; for some divisor
W1, andI7 is supported oD x X.
Applying the same process 1! and continuing inductively, we end up with a decomposition

A=Ag+ A1+ + A, +T" € Apn(X x X)g,

where theA; are as desired, but’ is supported oD x X. Taking the transpose and renumbering, we end up
with a decomposition as desired.

Remark 1In caseX is smooth projective, lemnid 1 was proven[inl[15], inspired4jyand [20].

3 The smooth projective case

The following is well-known.

Proposition 1 (Jannsen[[12], Kimura, Vial) Let X be a smooth projective variety of dimensienThe follow-
ing are equivalent:
(i) The groupsA?'9 X are 0 for i < 2;
(i) X has trivial Chow groups;
(iii) Niveau(A; X¢q) < 0 for all ;
(iv) The cycle class maps induce a ring isomorphism
AXq = Ho(X,Q);
(v) For any varietyZ, and for anyi, the product map induces an isomorphism
P AXe®AnZg 5 Ai(X x Z)g;
l+m=1
(vi) For any varietyZ, and for anyi, j, the product map induces an isomorphism
P A'Xe®A™(Z,4)0 > A'(X x Z,j)
l+m=1

of higher Chow groups ]2].

Proof We will recall the proof, as a warm—up for what follows. To $kat (i)=-(ii), we work inductively. First,
the hypothesisAgl-"XQ = Ab°™Xo = 0 implies a decomposition of the diagonal

A=Xxz+I" € A"(X x X)g,
with I'* supported orD x X, for some divisorD. Considering the action af on Griff ™! X, we find
Griff" ' Xg=0.

(Indeed, the action factors over Gﬁﬁl(f))Q = 0, for some desingularisatioﬁ.) Taken together with the
hypothesi%Zl;lXQ = 0, we find thatA}°™ X = 0, and we continue likewise.
After 3 steps, we end up with a decomposition

A=Ao+ A1+ + Az + I € A"X x X)g,
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where A; comes fromA? Xg ® A" "9 Xg, and I is supported o/ x X with dimV < 5. We can apply
this decomposition to1°™ X to check that (ii) holds. (Indeed, for> 5, the component” does not act on
Alem X for dimension reasons; neither do theg act.)

To see that (i (iii), remark that the cohomology groupd?'(X,Q) are finite—dimensionaQ-vector
spaces.

To get the implication (iiiy=-(iv), let the decomposition of the diagonal act on the keamel cokernel to see
that both vanish. B

Now, let's prove the implication (i¥>(v). Let S C Z denote the singular locus, and 6t— Z denote a
resolution of singularities with exceptional divisBr. There is a commutative diagram with exact rows

— Ai(X x E)g - A(XXxZ)p®A(X xS — Ai(X x Z)g -0
T 1) )
- @l+m=z‘ A1 Xq ® AmEqg — @H-m:i A Xo ® (Am(Z) ® AmS)g — @l—&-m:i A Xo® AmZg — 0

By noetherian induction, we are thus reduced to the caseewhé& smooth. Writing out a similar diagram for
a compactification, we reduce to the case wtgie smooth and projective.

Let’'s suppose now” is smooth projective, say of dimensiah We first prove surjectivity of the product
map: Takec an element ofd; (X x Z)g. We may suppose everything ( Z, ¢ and the subvarieties supporting
the A; X) is defined over a field C C finitely generated over its prime subfield. Consider whaileas toc
under the restriction

ce Al(X X Z)Q — Aifd(Xk(Z))Q = h_II)lAZ(X X U)Q R

where the limit is taken over opeiis C Z, and the equality is established in leminha 2. Sikeg) C C, lemma
B implies that
Ai—a(Xp(z))o = Ai—a(Xc)o

is injective, so that
Niveau(Ai,d(Xk(Z))@ <0.
It follows that the cycle: can be written

c=bxZ+c €A(XxZ)g,

whereb € A;_,, X and¢’ supported onX x Z’, for Z' C Z some divisor. By induction, the statement is true
for X x Z', and so we find that is a sum of product cycles as desired.
Next, we prove the product map is injective. So let

P P AXe®AnZy - Ai(X x Z)g
l+m=1

denote the product map, and tebe an element in Ker. We write

a = Z arm € @ AZXQ®AmZQ,

l+m=1 l+m=1

and we letZ be the maximund for which a; ., # 0. Hypothesis (iv) implies thatl ;, X is finite—dimensional,
and that there is a perfect pairing
ALXQ X An,LXQ — Q .

Letbs,...,b, be abasis ofi; Xg, and lety, ..., b,’ denote the dual basis of,,_ 1, X¢. We write
ap,m = chbj ®d; € ArXo® AmZg .
j

Since by hypothesigy(a) = 0, we have

plaz,m) - (b) x Z) =p(a)- (b} x Z) =0 € Am(X x Z)q.



6 Robert Laterveer

Butp(ar,m)- (b] x Z) = ¢;j(point) x d; projects tac;d; € A, (Z)q under projection to the second factor, so
we find

cjdj =0 € Am(Z)g V5.

But this means., ,,, = 0; contradiction.

To get that (v) implies (i): takingZ = X, one obtains a complete decomposition of the diagonaX pf
having the diagonal act aA?"? X, one obtains the required vanishing.

It remains to establish an equivalence with (vi): using acwiative diagram extending the above diagram
to the left (this exists, thanks to the notorious moving leamior higher Chow groups [3]._[17]), one is again
reduced to the casé smooth projective. Now we use a result of Kimdral[14] and Y2&, Theorem 5], which
states that (ii) is equivalent to the fact that the Chow neoti? X is a sum of twisted Lefschetz motives. Hence
the motive ofX x Z is a sum of twists of the motive of; as higher Chow groups only depend on the Chow
motive, this implies (vi).

Finally, (vi) = (v) is obvious, and we are done.

Remark 2Jannsen proved that properties (ii), (iii) and (iv) in preipon[d are equivalent[12].

The fact that it suffices to consider algebraically trivigtles (i.e. point (i) in proposition] 1) is a particular
instance of a more general phenomenon, discovered by ¥amiorphism of Chow motiveg: N — M, with
N finite—dimensional, induces a surjectidif'? (N)g — A%'9(M)q, then alsad"°™(N)g — AM°™(M)q is
surjective [24, Theorem 7]. The above manifestation istlustcase wheré/ is a Lefschetz motive.

Property (v) is studied in depth in_[22], where it is calle@ tfChow—Kinneth property”. Notably, [22,
Theorem 4.1] generalizes the result of Kimura and Vial eddkethe above proof.

4 The smooth quasi—projective case

In caseX is a smooth quasi—projective variety, the situation is savall-understood as in the smooth projective
case; the equivalences of propositidn 1 become difficulhgmeblems. For instance, we raise the following
guestions:

Question 2Does the implication (> (ii) of proposition[1 still hold forX smooth quasi—projective ?
Question 3Does the implication (iii}=>(ii) of proposition[1 still hold forX smooth quasi—projective ?

Remark 3For both questions, the answer is positive provided thesiastandard conjecture” [25, Conjecture
0.6], [2€] is true. Moreover, a positive answer to eithersiios would imply the following result: ik is smooth
quasi—projective with trivial Chow groups, then any oferc X has trivial Chow groups. As shown in [25], this
result (i.e. that “having trivial Chow groups” transfersiin a variety to its open subsets) would be a consequence
of the truth of the Voisin standard conjecture.

Here is what we can prove unconditionally:

Proposition 2 Let X be a smooth quasi—projective variety with trivial Chow grsuThen the cycle class maps
induce isomorphisms

Paxe > PW-_H(X,Q).
i 4

That is,

0 if Zis odd:;

W_oHp)(X,Q) = )
eHe(X,Q) {Imcli if £ = 21.

Since “having trivial Chow groups” obviously implies thaetniveau of all Chow groups s 0, proposition
[2 follows from the following more general proposition:
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Proposition 3 Let X be a smooth quasi—projective variety of dimensioiBsuppose

Niveau 4; Xq) <0 foralls.

Then
0 if Zis odd:;
W_oHy)(X,Q) = .
¢He(X, Q) {Imcli if £ = 21.
Moreover,
d': ALXy — Gry H'(X,Q)
is injective.

Proof Let7: X ¢ X be a smooth compactification, with bounddpy From lemmdl1L, we obtain a decomposi-
tion of the diagonal ofX’

A=Ag+ A1+ + A, +T €A (X x X)g,

whereA; is supported oV; x W;, andV; (resp.W;) is of dlmen3|onj (resp.n — j), andI" is supported on
X x D. Leta e Grhw_ eH@(X C), with £ #+ —2k. Leta € GrFHe(X (C) be an element restricting to

The action ofA; ona is 0 for dimension reasons. (Indeed, I@tandW denote resolutions of singularities.
Then the action oﬂ factors over

Plk-l-n,n—l—k:(/‘;v;7 (C)
and _ o
Hk-l—n—g,n—@—k—j (W], (C) ,
and one of these groups(dor dimension reasons.) It follows that
a=7"6=71"((A0)+@) + -+ (An)«(@) =0 € GreW_,H,(X,C),
s0 GK.W_,H,(X,C) for all £ # —2E. In particular, for/ odd we find that

W_oHy(X,C) = P GrW_H(X,C) =0.
J
Next, leta € W_2;H2;(X,Q) N F~". Using the polarisation of>;(X, Q) (cf. [26, ]), one finds there
exists a Hodge class€ Ha; (X, Q) which restricts ta (i.e. 7%a = a).
Forj # n — i, the action ofA; ona is 0 for dimension reasons. ( This is similar to the prior paresi$t the
action of A; factors over
Hn ’L n— Z(V] , @)

and S
an’bfj,nf’bfj (Wj, @) ,
and one of these groups(dor dimension reasons.) Fgr= n — ¢, we have that
(Ap—i)«a C IM(Hzs(Wn—s) — H2;X) CImcl; .

It follows that
a=1a=1" ((An,i)*d + F*C_L) =" ((An,i)*&) C Imel; .

It remains to prove the statement fédt. Taking the transpose of all elements involved, we may ss@pee
have a decomposition o
A=A+ A1+ + A+ T €An(X X X)g

whereA; are as before, buf is now supported o x X.

Leta € ALXg, and leta be the image ofi in A’ X¢q. The restriction ofa to D is 0 (i.e., if¢: D — X
denotes the inclusion, we have (a) = 0 € A*(D,Q)), hencel.a = 0. Just as above, the correspondere
does not act ol except forj = 4, hence

a=(As)«a.
Suppose nowi € A}, Xo. The action ofA; on A} . Xo factors overAhom(Wi)Q, which is0; it follows
thata = 0, whenceq = 0.
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5 The singular case

In this section, we consider quasi—projective (possibtygsiar) varietiesX. We prove our main result as
promised in the introduction; this is a version of Jannsémédrem for varieties whose singular locus is not
too large:

Theorem 3 Let X be a quasi—projective variety of dimensianand suppose there is a compactificationof
with singular locus of dimensiof "T“ SupposeX has trivial Chow groups. Then cycle class maps induce an
isomorphism

PAixe > PW_rHi(X,Q).
i £

That is,
0 if £is odd;

W_iH¢(X,Q) = .
He(X, Q) {Imcli if £ = 21.

This follows from the following more precise version:

Theorem 4 Let X be a quasi—projective variety of dimensian and suppose a compactification &f has
singular locus of dimensiod s. Suppose

Niveau 4; Xq) <0 foralls.

Then
0 if Zis odd;

W_oHy(X,Q) = )
Ho(X,Q) {Imcli if ¢ = 2i,

provided? € [0,n — s] U [2s, 2n].
Moreover, S _
s ALXg — Gry HZ (X, Q)

is injective in the range > s.

Proof Let7: X — X denote the given compactification, with boundddy= X \ X. Applying lemmédl, we
find a decomposition of the diagonal &f of the form

A=Ao+A1+---+ A4, €A,(XxX)g,

where A is supported oiV; x W;, andV; C X has dimensiory andW; has dimensiom — j. We can view
A (and theA;) as a correspondence

Av: H(X,Q) = Wi—2nHan—i(X,Q) ,
where fora € H*(X,Q), we define
Ay (@) := (m2)« ((r7a) N A) € Wi_onHon—i(X,Q)
(herem; resp.m2 denotes projection on the first resp. second factor). lts#yeehecked that
As(a) =an[X] € Hon—i(X,Q).

(Indeed, letf: X — X be a resolution of singularities, with projectiofis, 72 from X x X to the two factors.
Let A denote the diagonal of, so thatA = (f x f).A. Then

Ay (@) = (m2)«(mTan A)
= (m2)u(f x £)«((f x f)*7ian A)
= fo(R2)« (T fran A)
= f«(A(fra))
= fo(ffan (X)) =an[X])
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Case 17 <n —s. Leta € G, W_,H(X,C), and leta € Gr, W_,H,(X, C) be an element restricting
to a. According to lemm&l4 below, we can find= Gry, _, H*"~¢(X, C) such that

a=>bN[X] € W_,Hy(X,C).

The “Poincaré duality” map fron#/>* to Ha,,_;, being a map of Hodge structures, is strictly compatibléawit
the Hodge filtration, so we may suppdse Gr’}*". Note that we have

a=7"G="1" ((AO)*b 4ot (An)*b) € GILW_ H,(X,C) .
On the other hand, for dimension reasons we have
(A}).GrF"GrH*" ™ *(X,C) =0 unless2n — € =2j =2(p+n).

It follows thata = 0 if £ #£ —2p; in particularW_,H,(X,Q) = 0 for ¢ odd.
Next, let/ = 2i and considet € W_o; Ha; (X, Q). Using lemmaH#, we can find agdine H?"~ (X, Q)
such that
a=7"(bN[X]) =77 ((A0)«b+ -+ (An)«b) € H2:(X,Q) .

But for reasons of dimension,
(Aj)«b=0 forj #n—1,

and clearly
(An_i)*b clmel; .

Case 27 > 2s. Let S C X denote the singular locus, aiid = X \ S the non-singular locus. Then
obviously
Niveau(A;(U)q) <0 foralli.

This implies (by propositionl3 above) that
cli: AiUg — W_2;H2;(U,Q)
is surjective for all, andW_,H,(U, Q) = 0 for £ odd. But the map
W_oHe(X,Q) — W_,H,(U,Q)
is an isomorphism fof > 2s, so
W_,H(X,Q)=0 if £ > 2sisodd .
Restriction induces a surjection
W_2;H2;(X,Q) — W_9;H2;(U,Q)
for reasons of weight; this fits into a commutative diagrarthwexact rows
A;Sg — A Xg — A;Ug —0
1 cl; 1 cl; 1 cl;
W_2iH2;(S,Q) = W_2;H2i(X,Q) — W_2;H2;(U,Q) — 0.

The right vertical arrow is surjective, as we just noted, thelleft vertical arrow is an isomorphism foe> s.
The "Moreover” part follows from the commutative diagram
AZUQ — ALX
- k
Gry; HX (U,Q) — Gry; H' (X, Q)

The horizontal maps are isomorphisms since s; the left vertical arrow is injective by propositidh 3.
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Lemma 4 Let X be a projective variety of dimension and with singular locus of dimensiof s. Then the
natural map 4
Gr)Y H' (X,Q) — Wj_2,Han—;(X,Q)

is injective forj < n — s, and surjective fo > n + s.

Proof Let IH? X denote middle—perversity intersection homology withawdil coefficients. It follows from
work of Durfee [5] that

W rrj : .
THIX — Gr;" H (X,Q), _7'2714*8,
Wij—2nH2n—j(X,Q), j<n-—s.
It is well-known [9], [10] that the “Poincaré duality” mapdtors as
G HY (X,Q) — TH' X — W;_2nHon—j(X,Q) .

Moreover, it is known by work of Webelr [27] (cf. aldo [11]) tithe first arrow is injective, and the second arrow
surjective.

Remark 41t seems likely theoreii 4 is true without any condition onghmgyular locus. This is proven by Lewis
[18, Corollary (0.2)], under the assumption of (a geneedlizersion of) the generalized Hodge conjecture.

Remark 5Linear varieties (in the sense 0f [21]) form a subclass ottass of varieties with trivial Chow groups.
For a projective (possibly singular) linear varieXy, Totaro has shown [21] that

Cli: AZXQ — W—QiHQi(Xa @) )
d': A'Xg — Gy H*(X,Q)

are isomorphisms for afl. (The first isomorphism is [21, Theorem 3]; the second isqhism is obtained by
combining the first isomorphism with [21, Theorem 2].)

The argument in the proof of theorém 4 suggests the followjinestion:

Question 4Let X be any quasi—projective variety with Nivead; Xo) < 0 for all <. Is it true that the natural
map

Im(A*X@ - A*X@> - Im(H*(X, Q) — H.(X, Q))
is an isomorphism ?

A partial answer is given by the following result: fof projective, the right—hand side is generated by
algebraic cycles.

Proposition 4 Let X be a projective variety of dimension and suppose Nive@d; Xg) < 0Vi. Then
Im(H*(X, Q) — H.(X, @))
is generated by algebraic cycles. That is,

0 if Zis odd ;

'm(He(XyQ) - HQ"*Z(X’Q)) - {c Imcly—; if€=2i.

Proof First, let's supposé is odd. Then the vanishing of I(ﬂ{[(X, Q) = Han—o(X, Q)) follows from the
following lemma:

Lemma5 Set-up as in the proposition. Then

G (IM(H*(X,C) — Hapn-o(X,0))) =0 for £ # 2p.
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Proof (of the lemma) By strict compatibility of the Hodge filtratiothe group in the statement of the lemma is
the same as

Im(Gr2. H*(X,C) — Gry ™" Hap—¢(X,C)) .

This is the same as
AGPHY(X,C),

where correspondences act as defined in the proof of prapdditNow we apply the decomposition df given
by lemmd1. The action of the componety factors as follows:

T \

G H(V;,C) G " Hyp (W5, C)
0 {

G HY(X,C) ‘24" G Hy, (X, C)

Sincedimf/; = j, the upper left group vanishes fpr> j; likewise, sincelim I/IA/Z = n — j, the upper right
group vanishes fop < j. It follows that the only non—trivial action is fgr = j. But the group G’pHe(Vj, C)
vanishes unlesé= 2j.

It remains to treat the cage= 2i. Leta € H?*(X, Q). From the proof of the above lemma, we find that
aN[X] = Asa=(Ai)«a € Hapn—2:(X,Q)

(indeed, forj # ¢, the action
(A;)H*(X,C) =0 € Han—2(X,C),

since itis0 on each G}.. But

. Al
H2(X,Q) 4" Hano:i(X,Q)
4 {
2 (Aj)«
H (X,(C) — Hgn_gi(X,(C)

commutes, so that al§a\;). H* (X, Q) = 0 for j # i.)
But

(A:)«H* X C Im(Hzn—2:(Wi,Q)) = Han—2:(X,Q)) C IMcly—; .

Remark 6 A result analogous to Jannsen’s theorem is proven by Esthaviine [6]. They prove that ifX is
smooth projective such that all cycle class maps into Deliggphomology are injective, these cycle class maps
are surjective (this is reproven, and rendered more preici§é3, Theorem 4].) Lewis extends this to singular
and quasi—projective varieties, again assuming (a geredalersion of) the generalized Hodge conjecture [18,
Corollary (0.3)]. It would be interesting to try whether tapproach of the present note can be applied to this
problem; I haven't looked into this.

Remark 7The argument of the proof of theordmh 4 can also be used torobtaiew version of Mumford'’s
theorem for singular varieties, plus a verification of thedge conjecture for certain singular varieties![16].

Acknowledgements This note was stimulated by the Strasbourg “groupe de ttdsased on the monograph [26]. It is a pleasure to
thank the participants of this groupe de travail for a vesaghnt atmosphere and stimulating interactions.
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