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Abstract

We introduce a new, and elementary, approximation method for
bilevel optimization problems motivated by Stackelberg leader-follower
games. Our technique is based on the notion of two-scale Gibbs mea-
sures. The first scale corresponds to the cost function of the follower
and the second scale to that of the leader. We explain how to choose
the weights corresponding to these two scales under very general as-
sumptions and establish rigorous I'-convergence results. An advantage
of our method is that it is applicable both to optimistic and to pes-
simistic bilevel problems.

Keywords: bilevel optimization, Stackelberg games, Gibbs measures,
['-convergence, Laplace method.

MS Classification: 49K35, 90C26, 60B05.

1 Introduction

Bilevel optimization is defined as mathematical programming where an opti-
mization problem contains another one as a constraint. It consists of decision
making problems with hierarchical leader-follower structure and has a natu-
ral interpretation in game theory. Bilevel problems have a long history that
dates back to von Stackelberg [12] and have been intensively studied from
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a theoretical point of view as well as in applications to various domains in-
cluding traffic planning, security, supply chain management, principal-agent
models, production planning, market deregulation, optimal taxation, param-
eter estimation, see the recent surveys [0, [§] and the references therein. In
the context of Cournot duopolies, von Stackelberg investigated the leader-
follower model where the leader firm maximizes profit under the constraint
that the follower firm reacts with an optimal choice of the quantity that is
supposed to be unique. Later on, Leitmann [I0] discussed the case where the
optimal solutions for the follower’s problem form a set that the leader has to
take into account in order to solve her own optimization problem.

In case the follower’s program has several solutions, we see that there
is some ambiguity even in the definition of the leader’s program. In the
literature, several concepts have been considered. The optimistic (or strong)
Stackelberg solution assumes a cooperative like behavior between the agents:
the leader expects the follower to choose solutions leading to the best outcome
for her. On the contrary, the pessimistic (or weak) Stackelberg solution
assumes that the follower always breaks ties by choosing the worst actions for
the leader which corresponds to a security strategy for her, see [2], [5]. Some
intermediate cases can also be considered. In [I], a cooperation degree is
assumed leading to the optimization of a convex combination of the best and
the worst payoff value for the leader, while, in [11], a probabilistic information
about the follower’s behavior is assumed resulting in the optimization of an
average payoff.

Both optimistic and pessimistic bilevel programs are challenging and often
difficult to solve in practice. In the present paper, we present a new and
quite simple (unconstrained) approximation scheme for such problems based
on the notion of two-scale Gibbs measures. Our method is directly inspired
by the classical Laplace method: Gibbs probability measures which have a
density proportional to e=** with respect to a reference measure with full
support concentrate on the set where w is minimal as A — oco. We refer to
Hwang [9] for a fine study of the method and precise statements in smooth
finite-dimensional situations. In the context of bilevel optimization, we have
to take into account the objective of both the leader and the follower and a
single parameter A is not enough capture the nested structure of the leader-
follower problem. This is why we introduce two-scale Gibbs measures where
the first scale (with weight \) takes into account the follower’s objective
and the secondary one (with a smaller weight to be chosen properly) takes
into account the leader’s objective. We investigate in details convergence
issues (both in the pointwise and I'-convergence sense) and the choice of
the secondary scale only in terms of the reference measure and the modulus



of continuity of the leader and follower objective functions. Our method is
flexible enough to cope with both the optimistic and the pessimistic case.

The paper is organized as follows: the setting of our analysis is introduced
in section [2] In section [, we recall some basic facts on Gibbs measures and
analyze the convergence of two-scale Gibbs measures in a simple case. In
sectiond], we give a construction for the weights which guarantees convergence
of the corresponding two-scale Gibbs measures under general assumptions.
We then establish I'-convergence results, first for the optimistic case in section
and then in the pessimistic case in section [} Finally, section [7] concludes
with some remarks and examples.

2 Setting

Throughout this paper, X (strategy set for the leader) and Y (strategy set
for the follower) will be two compact metric spaces. We will also assume
that the cost functions of both the leader and the follower are continuous,
p € C(X xY), v € C(X xY) will denote the cost function of the leader
(who chooses € X) and the follower (choosing y € Y') respectively. The
Stackelberg problem is the program of the leader which reads

(z,y)lg)f(XY {gp(a:, y) : y € argmin¢(x, )} (2.1)

Under our assumptions, it is obvious that (2.1)) admits at least one solution
but finding such solutions in practice is a challenging task due to the con-

straint y € argmin ¢ (x,.). Of course, one can rewrite (2.1 as a minimization
problem with respect to x only:

inf ¢.(2) (22)
where
() := min {gp(m,y) Yy € argmin ¢(z, )} (2.3)

Problem is usually refered to as the optimistic problem since it assumes
that in case the follower has several optimal strategies she will break ties
by chosing one which is optimal for the leader. The pessimistic problem
consists, on the contrary, in assuming that the follower actually breaks ties
by chosing strategies which are the worst for the leader. The corresponding
bilevel pessimistic program therefore consists in

inf p*(x) (2.4)

rzeX



where
¢©*(x) := max {go(x,y) Y € argmin ¢ (x, )} (2.5)

In general, the pessimistic value ¢* is not lower-semicontinuous (Isc) so (2.4)
does not necessarily admit solutions which makes the pessimistic problem
more involved than the optimistic one and requires some suitable relaxation
of ¢*.

Our goal is to approximate the bilevel problem by a family of un-
constrained ones (we will also address the approximation of the pessimistic
bilevel problems in section @ We shall indeed prove that the somehow
rough function ¢, can be approximated by a family of more regular ones
defined by an integral depending on a parameter. By approximated we mean
both in the pointwise sense and in the sense of I'-convergence we recall below
(see [4] or [7] for an overview of I'-convergence and its applications):

Definition 2.1. Let F' : X — R and let for every A > 0, F : X — R, then
F\ s said to I'-converge to F' as A\ — +oo if the following two conditions are
satisfied:

o for every x € X and every family (x)\)xso converging to x as X — 400,
one has the I'-liminf inequality:

F(z) < liminf F)\(z),),

A—400

e for every x € X, there exists a (so-called recovery) family (x\)xso con-
verging to x as X\ — 400 such that the following I'-limsup inequality
holds

F(x) > limsup Fy(z)).

A——+00

Our approximation is a variant of the celebrated Laplace method, which
as far as we know, has not been investigated in the bilevel framework. First
of all, we give ourselves a Borel probability measure v on Y (which we will
denote v € P(Y)) and assume that it has full support

spt(v) =Y. (2.6)

For r > 0 and y € Y, we denote by B, (y) the closed ball of radius r centered
at y and set for every r > 0,

a,(r) == inf v(B,(y)). (2.7)

yey
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Note that the full support assumption (2.6) and the compactness of Y ensure
that a,,(r) > 0 for every r > 0.

Given x € X, A > 0 and § > 0, we consider the probability measure on
Y
prns(dylz) i= Zys(x)e MDD (dy) (2.8)

where Z, 5(z) is the normalizing constant which makes p 5(.|«) a probability

measure 1.e. 1

[, e A t0ete )y (dy)

Our main result is that one can choose the secondary scale 6 = §, with

Z)&(l‘) =

lim 0y =0, lim A\ =400 (2.9)
A—400

A——+o00

in such a way that the family

7 ga@) = /Y o, y)pins, (dyl)

['-converges and converges pointwise to ¢, as A — co. Our construction of dy
only depends on the function «,, defined in (2.8)) and a modulus of continuity
of v and v, it will be detailed in section [4]

3 On Gibbs measures

3.1 On standard Gibbs measures

In this section, we temporarily leave the approximation of Stackelberg prob-
lems and focus on the asymptotic behavior of Gibbs measures. Given v €
P(Y) with full support as in (2.6), A > 0 and w € C(Y'), we define the Gibbs

measure 1

~ [ e e Wy(dy)
Of course, v, is unchanged if one adds a constant to w so there is no loss
of generality in normalizing w in some way, and the most natural way is to

assume that its minimum is 0. The following elementary result will be used
intensively in the sequel:

— —Aw .
Vyxw = Z)\,we v, Z)\,w .

(3.1)

Lemma 3.1. Let w € C(Y') be such that miny w = 0 and let vy,, be defined
by then for every € > 0 there holds

Ae
2

nw({w > e}) < V({z;—g (3.2)

b
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Proof. Let us write

vyl > £}) = Jiusey v (dy)
. B f{ng} e Wy(dy) + f{w<g} e~ Wy (dy)

so that

)
aw({w > €}) Jrwsey e @r(dy)

then observe that

e MWy (dy) < e
{w>e}

and

Ae

/ e Wy(dy) > / e Wy(dy) > e Fo({w < o))
{w<e} {(w<s) 2

so putting eveything together yields ((3.2)).
]

Since, for every A, vy, is a probabilty measure and Y is compact, there
is a sequence \,, = oo and 7 € P(Y) such that, vy, ., Weaklyﬂ star converges
to 7 as n — oo. Since the set {w > £} is open, it follows from Portmanteau’s
theorem (see [3]) that

7{w >¢e}) < lirnninf Un,w({w > €}).

Hence, for every e > 0 thanks to (3.2) and the fact that v({w < 5}) > 0

(because v has full support and the minimum of w is 0), we get
7({w>e})=0

letting ¢ — 0" and using the fact that w is continuous, we conclude that T
concentrates on the set where w = 0. We thus recover the well-known fact
that Gibbs measures concentrate on the set where the potential is minimal:

Corollary 3.2. Let w € C(Y) and vy, be defined by , then any weak
star cluster point of vy, as X — 0o has its support in argmin, w.

"Recall that (vy,), € P(Y)N weakly star converges to 7 if [, u(y)vn(dy) — 3 u(y)v(dy)
for every u € C(Y).



3.2 Convergence of two-scale Gibbs measures in a sim-
ple case

To understand how to approximate bilevel problems with Gibbs measures, we
first have to understand the following question. Given two functions v and v
in C(Y), we want to find a weight 0, such that §y — 0, \dy, — +o00 as A —
+o00 in such a way that the two-scale Gibbs measure v} ,5,, concentrates
when A — oo on the double argmin set:

argming i, v := {y € argminu : v(y) = min{v(z) : 2z € argminu}}.
(3.3)
We will give a general constructive answer in paragraph [4| (depending on
the modulus of continuity of u and v and the function «, in (2.7)). Yet,
for now, we prefer to focus on a rather simple case where the explicit choice
Oy = % works (as well as many other simple ones, see Remark [3.4] below).
This simple case corresponds to the extra assumptions that both u and v are
Holder continuous and the function a, is bounded from below by a power
function. Denoting by dist the distance on Y and diam(Y’) its diameter,
these assumptions mean that there exist C' > 0, o € (0,1] and 3 € R¥ such

that
max([u(y) — u(2)], [v(y) —v(2)]) < Cdist(y, 2)*, V(y,2) €Y?,  (3.4)

and
B

a,(r) > ik Vr € [0, diam(Y)]. (3.5)

To shorten notations, let us set

= ~ 1
= ZAe—Au—\/Xv% Z)\ .

Uy =—_— 3.6
A fY e—)\u—ﬁvy ( )

which corresponds to the the two-scale Gibbs measure v, | Lo
? A

Proposition 3.3. Assume that u and v satisfy , that v satisfies
and define vy by (@ then any weak star cluster point of vy as X — oo has

its support in the double argmin set argmin v.

argmin u
Proof. To ease notations, let us normalize v and v in such a way that
Ir%/inu =0, min{v(y) : y€Y, u(y) =0} =0. (3.7)

Also define wy = u + \L& and observe that 1) implies that miny wy < 0.
Let then A\, — oo, 7 € P(Y) such that v,, weakly star converges to 7. Let

7



e > 0, for A large enough {u > e} C {wy > 5} C {wy > miny wy + 5} and
{u < g} C{wy <miny wy + §). It then follows from the inequality (3.2) of
Lemma [3.] that

n({u>e}) <m({wy > m}}nu»\ + g})

v({wy <miny wy + 5}) ~ v({u < §})

so that, again thanks to Portmanteau’s Theorem, 7({u > €}) = 0 and 7 is
supported by argminu = {u = 0}. In particular, with (3.7)), v > 0 on spt(?).
To conclude, we thus have to show that for every ¢ > 0, 7({v > ¢}) = 0.
Since u > 0 and miny wy < 0, we have {v > ¢} C {w) > miny wy + 5} so
using Lemma again we get

_ e
e 2

v({wy < miny wy + ﬁ})

n({v>e)) < (3.8)

Let y be a point where w) achieves its minimum, then it follows from (3.4])
that for A > 1, wy, < miny wy + ﬁ in the ball of center y, and radius

(ﬁ)é, hence

B
e

o <mpon 202 0 ((10)') 2 i)

where the last inequality follows from ({3.5). With (3.8]), this yields

(v > e)) < et Al O e

since for every € > 0 the right hand side tends to 0 as A — oo, Portmanteau’s
Theorem again allows us to conclude that 7({v > €}) = 0. O

Remark 3.4. Our choice 6, = %\ above is just for illustrative purpose and by
no means the only possible one or optimal in any sense. It is indeed straight-
forward to check, with the same proof as above, that under the assumptions
of Proposition any choice of 9, such that

log (o
lim 6, =0, lim Ady = +o0, lim 08(02)

=0 3.9
A—+400 —+o0 A—400 )\(5)\ ( )

guarantees that the corresponding two-scale measures vy ,45,, tend to con-
centrate on the double argmin set (3.3) as A — +oo. In particular any power

8



choice for ¢y i.e. 6y = A7 with v € (0,1) (or much larger weights such as
oy = ﬁ, 0y = m) ensures convergence to the double argmin set. Note

that smaller weights such as ) = % violate condition . Assumptions
and are essential if one wishes to use power like weights. In section
we will consider examples where o, is much smaller than a power function.
In such cases, the choice 6, = % may rule out the desired convergence prop-
erty (see Example [7.1)). Even worse, it may be the case that no power-like

weight converges to the double argmin set (see Example [7.2)).

An immediate consequence of Proposition [3.3] is

Corollary 3.5. Under the same assumptions as in Proposition we have

lim [ v(y)va(dy) = min{v(y) : y € argminu}.

A—00 Y

4 Chosing the weights under general assump-
tions

Now we consider the general case where u and v are continuous and v has
full support. We wish to find secondary weights d, satisfying (2.9) in such a
way that defining the two-scale Gibbs measures,

~ ~ 1
U = _)\(u+6kv) = —-—
Uy . Z)\e v, Z)\ : fY e_)\(u_’_&/\v)y (41)

every weak star cluster point of v, as A — oo is supported by the double
argmin set .

First of all, we fix a common modulus of continuity w for both v and v
in the sense that:

[u(y) —u(z)| + o(y) — v(2)] < wldist(y, 2)), V(y,2) €Y*  (4.2)

without loss of generality, we may assume that w is strictly increasing and
concave (hence continuous) on the whole of R, and of course w(t) — 0F
as t — 0. We the denote by I', R, — R’ the inverse of w, I' := w™l by
construction we thus have

2 € Br(y) = [u(y) — u(2)| + |v(y) —v(z)| < e (4.3)
Recalling that «,, is defined by (2.7), we define for every ¢ > 0
6(t) := lim log(a, (I'(t — 9))). (4.4)
d—0+

9



Note then that € is nondecreasing, Isc (this is why we define it as a left limit)
and (t) - —oco ast — 07.

Lemma 4.1. Let 6 be given by , for every A > 0 define
i At
ty:=1inf{t >0 : 6(¢) + 5 2 0} (4.5)

and
Oy =2ty (4.6)
then X\ +— 0y is decreasing, satisfies and

. 63 MY
lim 0(5) + 754 = +oo (4.7)

Proof. First of all, it is clear that ¢, is well defined since t — 6(t) + 2 is

an increasing function which tends to —oco as t — 01 and +o0 as t — +o0.
Moreover since we chose 8 lsc we have

At
0(t) + 5 <0 (4.8)
and since 2t, > t, we also have
0(2t)) + Aty > 0. (4.9)

It is obvious by monotonicity that A — ¢, is nonincreasing and dividing (4.8)
by A and letting A — +o00 one easily sees that ¢, converges to 0 as A — 400,
this gives 0(2t)) — —oo as A — +oo. Hence, thanks to (4.9), we have

lim Aty = +o0. (4.10)

A——+o00

The fact that §, decreases to 0 and AJy tends to +oo immediately follow.
Finally, by definition of §, and using (4.9)), we have

Y
A A= >
9(2)+ 2 = 0(20) + 22t = My

S0 directly follows from ({4.10]).
O

Proposition 4.2. Let 6\ be defined as in Lemma and vy be defined by
. Then any weak star cluster point of vy as A — oo has its support
included in the double argmin set .

10



Proof. Again we can normalize v and v so that holds and set w) :=
u + 0)v, since dy, — 0, one can proceed as in the proof of Proposition [3.3
to show that for every ¢ > 0, v,({u > €}) tends to 0 as A — +oo and thus
deduce that any weak star cluster point of vy, as A — oo has its support
included in {u = 0} = argminu. To conclude that such weak star cluster
points are in fact supported by the double argmin set , it is enough
to show that for every ¢ > 0, v\({v > €}) tends to 0 as A\ — +oo. To
prove this, we observe that since u > 0, {v > e} C {wy > d\e} and since
miny wy < 0 (because of (3.7)), we have {v > ¢} C {wy > miny wy + e}
Since vy = V) 4, , our basic inequality in Lemma gives:

_Adye
(& 2

v({wy < miny wy + %})
(4.11)

Choose now A large enough so that J, < 1, doing so w is a modulus of

continuity of wy. Hence if y, is a minimum point of wy, the ball BF(aéi)(y,\)

IA//)\({U > 6}) < D}\({UJ}\ > m}inw,\ + 5)\5}) <

is contained in {wy < miny wy + ‘%5} hence by definition of I', o, and 6 we

get
) 0 .
v({wy > n%inu»\ + %6 ) > a, <F(%€)> > 69(%)

replacing in (4.11)) gives

Adye 3N
2>\ *9(%)

n({v>e}) <e (4.12)

for A\ large enough, ) < € so that, using the monotonicity of 6:
)\(5)\8 5)\8 )\(53\ 5?\
AT ATy > T 22

2 2 )2 2 + 6< 2 )

and since the right hand side tends to +00 as A — +oo thanks to (4.7)), we
obtain that for every € > 0

+ 0(

e Adye
1. _ 1 _
i P> eh) = lim e

003 — o,

which gives the desired conclusion.
O

Remark 4.3. In fact the proof of Proposition gives a more precise infor-
mation than the fact that weak cluster points of 7y concentrate on the double

argmin set (3.3). Thanks to (4.12)), we in fact have

x({v> min v+e}) < e~ 23500 (4.13)

argmin u

11



and by construction for every € > 0:

% (%) = oo as A oo, (4.14)

Now observe that the quantity in only depends on u and v through
the function € i.e. through the modulus w. So the speed at which v)({v >
MiNargming U+€}) converges to 0 is uniform with respect to v and v admitting
w as modulus of continuity. This uniform behavior will be useful in section
[6] devoted to the pessimistic case.

5,\6

Remark 4.4. Let us also emphasize that what really matters for convergence
is the fact that the left-hand side of tends to 0 as A — +oo for every
¢ > 0 and not really the precise construction of §,. Our construction based
on Lemma [4.1] is just a cooking recipe which guarantees this property, and
we are not claiming that it is optimal in any sense. In fact, the choice
6y = 24/t in Lemma 4.1 is a bit arbitrary, taking 6, = ¢] with v € (0,1) or
dyr = —tylog(ty) would have worked just as well.

5 [I'-convergence to the bilevel problem

We are now ready to go back to the bilevel problem ({2.2)) of paragraph
Since both ¢ and ¥ are continuous on X x Y which is compact, we can find
w, a (strictly increasing and concave) modulus of continuity of p(z,.), ¥(z,.)
which is uniform with respect to r € X i.e.:

oz, y) — @, 2)| + [¥(2,y) — (a, 2)| < w(dist(y, 2)), Y(z,y,2) € X ><<;/12)
we then define I' := w™! as in the previous paragraph, 6 as in and then
the weights d, by — as in Lemma . Recalling , let us set for
every r € X,
pix(dy|z) = px s, (dylz)
le.
ia(dyl2) = Zy(2)e MDD (dy)

with
1

Z\(z) == 2y, (x) = fy e Em

Finally, let us define

oa(x) = /ng(x,y)ﬁ,\(dy\x), Vo e X. (5.2)

Our main result is then the following

12



Theorem 5.1. Let ¢, be defined by and @y be as above. Then @)
['-converges and converges pointwise to p, as A — +00.

Proof. The pointwise convergence follows directly from Proposition 4.2l The
[-limsup inequality straighforwardly follows (taking the constant x) = x as
recovery sequence). It remains to show the I'-liminf inequality. Let then
r € X,z — xas A — +oo, since ¢(x,,.) converges uniformly to p(z,.), we
first have

iminf (o) = limint | o 0) 7 (dyle) (5.3)
— 00 Y

A—00

we may then find a sequence A\, — +00 in such a way that p, := gy, (.|zy,)
weakly star converges to some p € P(Y) and

1i§ninf/ e, y) i (dylzy) =lim/ SO(x,y)ﬁM(dylm):/w(%y)ﬂ(dy)
- Jy noJy Y

so if we show that
U(x,.) = myin Y(z,.) p-a.e. (5.4)

this will show that [, ¢(z,y)u(dy) > ¢.(z) by definition of ¢, yielding the
desired I'-liminf inequality. To prove (5.4), we take ¢ > 0 and observe that
for large enough n, the set {y € Y : 9(x,y) > miny ¢(z,.) + £} is included
in

yeY  Y(ay,,y) +ox,0(2r,,y) > m}jn{qp(mn, )4 oo, )+ g}

Let us set f, := ¢ (xy,,.)+0x, (T, ,.) to shorten notations. Thanks to (3.2)
again, we have

Ane

e 4
({fn < miny f, + %})

and since f, converges uniformly to ¢(x,.), for large enough n, {f, <
miny f,, + 5} contains a neighbourhood of a minimizer of (x,.), we obtain

i ({ (@) > minp(a, ) +}) < -

lirrln fn ({ P(x,.) > H%jn W(x,.) + €}> = 0.

Portmanteau’s theorem thus implies that ,u({ Y(z,.) > miny ¢¥(z,.)+ 8}) =

0 which ends the proof.
m

As a consequence of the previous I'-convergence, we immediately have:

13



Corollary 5.2. Let v, be defined by and py be as above, then

lim min gy = min ¢, = min{p(z,y), (z,y) € X XY, y € argmin¢(zx,.)}
A—=+4oco X zeX

and if xy 1s a minimizer of @y and x is a cluster point of ) as A — +00
then x is a minimizer of @..

6 The pessimistic case

Let us now address the pessimistic case and the approximation via Gibbs-
measures of the pessimistic value function ¢* defined in (2.5). Since ¢* is
not necessarily lsc, we have to relax it and consider its Isc envelope (that is
the largest Isc function lying below ¢* on X') which we denote by ¢* and is
given by
*(x) := liminf ©*(2') = lim inf . 6.1
£< ) =z 14 ( ) r—0+ Br(x)go ( )
We construct 0, exactly as in paragraph [, and for every € X, we consider
the Gibbs measure:

(Aol = 23 (a)eNete-stey )
with
1
[y e r@Ev=he@v)y(dy)

We consider then the approximations

7 () ==

o (x) = /Y (@, )i} (dyla), ¥z € X. (6.2)

Our convergence result concerning the pessimistic value is the following:

Theorem 6.1. Let p* be defined by and o) be as above. Then, as

A = +00, ¢} converges pointwise to ©* and I'-converges to its lsc envelope,

", defined in .

Proof. The pointwise convergence of ¢} to ¢* follows directly from Proposi-
tion [4.2]
Let us then introduce the I'-liminf and I'-limsup:

r— lim)\inf o5 (z) := inf { lim/\inf oi(zy) @ Ty — x}

14



and
[ — limsup ¢} (z) := inf { limsup i () : ) — x}
A A

Since ¢} converges pointwise to ¢* we obviously have

[ — limsup p) < ¢*
A

but since I' — lim sup, ¢} is Isc (see Proposition 1.28 in [4]) this also implies

I' — limsup p} < ¢". (6.3)
N L

We now aim to show that

r— lim/\inf oF > " (6.4)

Let us argue by contradiction assuming that (6.4)) is false, then there exists
re X, r>0,e>0, x) converging to x as A — 400 such that

lim/\inf o5 (xy) < Egg:) " —4e,

To ease notations, choose a sequence z,, = x,, with \,, = 400 in such a way
that

imnf 5 () = tim | ¢l )7, ().
noJy

and set @, = @(&n,.), ¥y = (@, ) and p} = Il (]a,). Since for n large
enough z,, € B,.(z), we have for large enough n

/Yson(y)ui(dy) < ¢(zn) —3e = max ¢, — 3¢ (6.5)

argmin vy,

But it follows from (4.13))-(4.14) in remark (actually applied to u = 1,
and v = —p,,) that

lim g1, (fon < 9" (2n) —€}) =0
and since
[ nwn ) 2 Nl (G < (@) = )
(" (@) — €ty ({on = ¢"(20) — €})
for large enough n, we have

/Y n(y) (dy) > @* () — 2e

15



which contradicts and therefore establishes (6.4). Finally, it is well-
known (see Theorem 1.17 in [4]) that (6.3)-(6.4) imply that ¢, I'-converges
to ©* as A — +o0.

o O

7 Examples and remarks

If one wishes to implement our approximation on concrete problems (which,
at the moment, we leave for future works), a certain number of issues have
to be seriously addressed. Among them one can think of the choice of the
reference measure v as well as of the numerical method to efficiently compute
the integrals which appear in ). But the first question that naturally comes
to mind is the choice of the weight ) for the secondary scale. Since d,
captures the tradeoff between the upper and lower level, a small 6, will
result in a good accuracy for the follower’s optimizing behavior but might
too slowly take into account the leader’s objective. We already saw that d,
cannot be chosen too small for the convergence to be guaranteed but choosing
it too large may affect the speed of convergence to the value function of the
leader. A universallly good choice for 9, is certainly impossible and the aim
of this final section is precisely to illustrate on some particular examples the
behavior of our approximations.

7.1 A case where §, cannot be too small

We first consider an example where the assumption of a power-like lower
bound on «, is relaxed. This example shows that one cannot hope for a
universal choice of 9y, in particular d, = A~z does not guarantee convergence
to the double argmin set if «,, happens to be too small near 0.

Ezample 7.1. Consider the case where Y = [—1, 1], and let u and v Lipschitz,
nonnegative with

e u = 0 exactly on K := [-3/4,—1/2] and at 0, u(y) = |y| in a neigh-
bourhood of 0 (for instance u(y) = min(|y|, dx(y)) where df is the
distance to K),

e v vanishes at 0 only.
We thus have argminu = KU{0} and the double argmin set argmin, i,

is reduced to {0}. Now choose v absolutely continuous with respect to the
1-dimensional Lebesgue measure dv = fdy with f bounded, f > 0 Lebesgue

16
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almost everywhere so that v has full support but f extremely small in a
neighbourhood of 0, more precisely:

3 1
fly) = EG \;\3, for |y| > 0 small and , f(0) = 0.

so that for small § > 0 X
v([—0,0]) = 2e 5.

Consider now the two-scale measure with a square root weight for the sec-
ondary function v:

1

~ _ 7 - TR
V) = Z,\e v with Z)\ = f e—Au—\/XvV‘
Y

First observe that

/e*“ﬁvv > / feVv > </ f)e*ma"”ﬁ —: CeMVA
Y K K

then for 0 > 0 small we have

NN )
l-sa) < X [ ey
0

C

since

) ﬁ 5
/ e Mf= / e Mf+ / e Mf
0 0 _6

N1/4
3/4

<e T 4+ el

we finally get

3/4 3/4
Da([=6,8]) < 207 M (e e fl)

since the right hand-side goes to 0 as A — 400, we deduce that there exists
a neighbourhood of 0 which has zero measure for any weak cluster point of
vy, in particular none of these cluster points can concentrate on {0}. In an

example like this one, one typically has 6(t) ~ ;—31, so applying the cooking

recipe of Lemma one finds t, ~ A1 and weights 0, which guarantee
convergence are 6, = A~ with v € (0, ) or 6, = A1 log(\).

17



7.2 A case where §, cannot be power-like

We now consider a variant of the previous example where any power choice
for 9, fails to guarantee convergence of the two-scale measure to the double
argmin set.

Ezample 7.2. Consider exactly the same u and v as in example [7.1], but with
an even worse reference measure whose density f is of the form

1 1 1
f) = e (10— enl()

in a neighbourhood of 0 (and bounded and bounded away from zero else-
where, say) so that for small 6 > 0, v([—4§,0]) = 2exp(—exp(d~!)) and
o, (r) ~ exp(—exp($)) for small r. Let us try to take a power function A\
(i.e. y = A1) for some v € (0, 1) as a weight on the function v i.e. consider

1

~ > = Au—\Y . >
Uy = Zhe Ny with Z, = v
Jy ey

As in example we have

“u—\Y _ Y
/eAuAvVZceM)\
Y

hence
2

1
B([-5.0]) < et / e f(y)dy. (7.1)

For any o > 1 we have

5 2 5
/ e Mf= / e Mf+ / e Mf
0 0 g

TN+ 1 flloce™>

< eXp(— eXp( 5

choosing 0 = A2 and replacing in 1' we arrive at

Aa([=8,8]) < Ze™™ ((exp(— exp(67IAF)) + || £l exp(~01 "))

2
C
and since v < 2, we reach the conclusion that 7y([—d,4]) tends to 0 as
A — 00, ruling out the convergence of v, to the Dirac mass at 0 (recall that

{0} is the double argmin set in this example). In other words, no power like

18



secondary weight gives convergence. But using Lemma and Remark
the (very slowly decaying!) weight

_ log(log(log(})))
log(log(A))

ensures the desired convergence. Of course, one may think that it is crazy to
use such a pathological reference measure, but a rough behavior of u, v or the
boundary of the set Y in higher dimensions may generate similar pathologies
as well.

7.3 A case where the pessimistic value is not Isc

The following explicit example illustrates the convergence of the approxima-
tions in a case where the pessimistic value is not lsc.

Ezample 7.3. Let us consider the case X =Y = [0,1], take v to be the
Lebesgue measure on Y and

o(r,y) =x+y, ¥(z,y) =2y,

then
0 ifxe(0,1]

i) = axgminyer vy = {[0 1]ifz=0

Since ¢ and v are Lipschitz and v is the Lebesgue measure any choice of 9y
of the form 0, = A™7 with v € (0,1) ensures the validity of our convergence
result.

In the optimistic case, the leader minimizes the optimistic value

)= min zr+y ==z
pu(z) = min x4y
and the solution is 0.
Now, the approximation scheme proposed in the paper can be explicitly
computed. For a given A > 0, consider 9, = %,

/j)\ _ Z\(a:)e_’\”_ﬁ(”y)dy,

where

1 Vo /\JJ—F\/X

Z xr) = =€
A) fol e~ ey—VA@+y) dy 11— 6—(/\a:+\//\_)]
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67)\907\5 1
+
P, S T VY

1
oa(@) = Za(x) / (2 4 y)e v gy — o |
0

converges to @.(xr) =z as A — +00.
In the pessimistic case, the leader minimizes the pessimistic value

“(a) n 1 ifx=0
r) = max x =
7 yER(z) 4 z ifz>0

which is not Isc at 0 and the infimum of ¢* which is 0 is not achieved. Note
that the lsc envelope of p* coincides with the optimistic value ¢,.
In this case, for a given A > 0, consider §, = \La,

/j; _ Z;\r (x)ef)\xgﬁﬁ(xﬁy) dy

where
7 Vo) Cmaan Aot | 1
Zi(ﬂj‘): T 1 _ e _)\x+\/x lf x;é \/X
fo e ey+VA@+Y) dy 1 o %
then
~ 1 x+ ef)\z+\/X . 1 lf . L
@;(I)_Z)\(CL’)/ (x+y)6_)‘zy+ﬁ(x+y)dy={ : 6—/\1m+\f/\,1 —Az+VA . #\/ji
" nta if 7 = J.

We know that ¢ pointwise converges to ¢* and [-converges to p* as A —
+00. The pointwise convergence is of course slower near 0 and we have tested
various exponents for d, (the square root as above but also 7 = }1, for which
the convergence is even slower and v = % which seems to give more accurate

approximations).

7.4 The choice of 0§, is critical in practice

Even in the case where argmin ¢(x, .) is a singleton for any x € X, so that op-
timistic and pessimistic solutions coincide, the optimistic and pessimistic -
approximations converge, with a different convergence speeed, to the common
value ¢, = ¢*, as shown in the next example in which X is two-dimensional
and for which the choice of §) seems to be crucial for practical convergence.
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Figure 1: Graph of ¢,
oy = \% (Example [7.3)).

Figure 2:  Graph of ¢}

o\ = \La (Example .

0 01 02 03 04 05 06 07 08 09 1

for A = 36, A = 144 (circle), A = 225 (square) with

0 0.1 0.2 0.3 0.4 0.5 06 07 08 0.9 1

for A = 36, A = 144 (circle), A = 225 (square) with

0O 01 02 03 04 05 06 07 08 09 1

Figure 3: Graph of ¢} for A = 36, A = 144 (circle), A = 225 (square) with

I = (1/1)\73 (Example
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0 01 02 03 04 05 06 07 08 09 1

Figure 4: Graph of o] for A = 36, A = 144 (circle), A = 225 (square) with
o\ = —4\% (Example .

Ezxample 7.4. Consider the case where
X =[0,1% Y =[0,1],

and equip Y with the Lebesgue measure as reference measure. Consider the
objectives and ¢, : X X Y — R defined by

p(z,y) = af + dzoy — z122

y? T+ Ty

¢($ay):3—y 4

For a given x = (x1,x3), the follower solves the problem

+ 2 — To.

yz T+ 2o

min — —y + 21— 29
yelo,1] 2 4
whose unique solution is
1+ T2

R(z) =

4
and the leader solves the problem min,¢jo 12 ¢(z, R(x)) where

pa(x) = ¢"(2) = p(z, R(x)) = 21 + 23,

The Stackelberg solution is T = (0,0) and 7 = 0. Since ¢ and v are Lipschitz
we can chose any power function for d,, 6y = A™7. Our approximation is
given by:

(x) = Jy ela, y)e MmNl gy
A o fY e (@) =M e(@y) dy

22



Figure 5: Optimistic case for §, = % (Example .

(and the pessimistic approximation ¢} is given by a smilar formula, just by
changing the sign of the term involving ¢) which converges as A — +oo to
©* which achieves its minimum at (0,0). We illustrate the convergence with
various exponents and values of A\. The convergence turns out to be very bad

for v = 1 but very good for v close to 1 as in the case v = 2.
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