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Successfully simulating tissue evolution in bone is of significant importance in predicting various biological processes such as bone remodeling, fracture healing and osseointegration of implants. Each of these processes involves in different ways the permanent or transient formation of different tissue types, namely bone, cartilage and fibrous tissues. The tissue evolution in specific circumstances such as bone remodeling and fracturing healing is currently able to be modeled. Nevertheless, it remains challenging to predict which tissue types and organization can develop without any a priori assumptions. In particular, the role of mechanobiological coupling in this selective tissue evolution has not been clearly elucidated. In this work, a multi-tissue model has been created which simultaneously describes the evolution of bone, cartilage and fibrous tissues. The coupling of the biological and mechanical factors involved in tissue formation has been modeled by defining two different tissue states: an immature state corresponding to the early stages of tissue growth and representing cell clusters in a weakly neo-formed Extra Cellular Matrix (ECM), and a mature state corresponding to wellformed connective tissues. This has allowed for the cellular processes of migration, proliferation and apoptosis to be described simultaneously with the changing ECM properties through strain driven diffusion, growth, maturation and resorption terms. A series of finite element simulations were carried out on idealized cantilever bending geometries. Starting from a tissue composition replicating a mid-diaphysis section of a long bone, a steady-state tissue formation was reached over a statically loaded period of 10,000 h (60 weeks). The results demonstrated that bone formation occurred in regions which are optimally physiologically strained. In two additional 1000 h bending simulations both cartilaginous and fibrous tissues were shown to form under specific geometrical and loading cases and cartilage was shown to lead to the formation of bone in a beam replicating a fracture healing initial tissue distribution. This finding is encouraging in that it is corroborated by similar experimental observations of cartilage leading bone formation during the fracture healing process. The results of this work demonstrate that a multi-tissue mechano-biological model of tissue evolution has the potential for predictive analysis in the design and implementations of implants, describing fracture healing and bone remodeling processes.

List of symbols

Activation time for each tissue, where i = B, Cor F t Bound act Gaussian distribution used to limit the growth of the activation time e.

Euler's number p Bound , q Bound and r Bound Coefficients used to define t Bound Bone density can evolve in various ways depending on bone growth, healing and remodeling as well as implant osseointegration. While remodeling only involves growth and resorption of bone tissue, other processes can result in the formation of other tissue types, namely cartilage and fibrous tissues. During osteogenesis and fracture healing, the formation of cartilage is observed as a feature of endochondral ossification [START_REF] Carter | Modelling cartilage mechanobiology[END_REF][START_REF] Salisbury Palomares | Mechanical stimulation alters tissue differentiation and molecular expression during bone healing[END_REF][START_REF] Schindeler | Bone remodeling during fracture repair: the cellular picture[END_REF][START_REF] Stokes | Alterations in the growth plate associated with growth modulation by sustained compression or distraction[END_REF]. Bone, cartilage and fibrous tissue formations may all be observed during bone healing [START_REF] Claes | Influence of size and stability of the osteotomy gap on the success of fracture healing[END_REF][START_REF] García-Aznar | Computational simulation of fracture healing: influence of interfragmentary movement on the callus growth[END_REF][START_REF] Kalfas | Principles of bone healing[END_REF][START_REF] Kuzyk | The basic science of peri-implant bone healing[END_REF][START_REF] Salisbury Palomares | Mechanical stimulation alters tissue differentiation and molecular expression during bone healing[END_REF]. Similarly during implant osseointegration, it has been observed that fibrous tissue may form [START_REF] Edwards | Absence of lymphatics at the bone-implant interface-implications for periprosthetic osteolysis[END_REF][START_REF] Jones | Immunohistochemical evaluation of interface membranes from failed cemented and uncemented acetabular components[END_REF][START_REF] Neale | Human bone-derived cells support formation of human osteoclasts from arthroplasty-derived cells in vitro[END_REF][START_REF] Quinn | Polymethylmethacrylate-induced inflammatory macrophages resorb bone[END_REF], potentially resulting in the loosening of the prosthesis [START_REF] Rolfson | Patient-reported outcomes in the Swedish hip arthroplasty register: results of a nationwide prospective observational study[END_REF]. The biological phenomena involved in each of these processes can be related through the cellular action driving tissue generation and adaptation. Tissue formation and evolution begins with the migration of Mesenchymal Stem Cells (MSCs) and subsequent differentiation into tissue-specific cell types. This process of cell differentiation is controlled by several factors including the surrounding mechanical environment which is determined by the geometry and the loading conditions. As the tissue evolves, the mechanics continue to be one of the driving influences on the biological processes and even once homeostasis is achieved. For example in fully formed mature cortical bone, the tissue continues to adapt through the same fundamental cellular processes associated with resorption of bone tissue by osteoclasts and deposition of bone tissue by osteoblast during bone remodeling [START_REF] Chen | Multiscale design of surface morphological gradient for osseointegration[END_REF][START_REF] Dabirrahmani | Primary and long-term stability of a short-stem hip implant[END_REF][START_REF] Doblaré | Modelling bone tissue fracture and healing: a review[END_REF][START_REF] Stanford | Toward an understanding of implant occlusion and strain adaptive bone modeling and remodeling[END_REF][START_REF] Wiscott | Lack of integration of smooth titanium surfaces: a working hypothesis based on strains generated in the surrounding bone[END_REF]. The contribution of these mechano-biological couplings to the selective evolution of bone tissue, leading to the formation or absence of formation of different tissue types, remains poorly understood. This work proposes to explore this question by means of a multi-tissue model of bone which is intrinsically able to evolve into different tissues.

The mechano-biological processes governing the evolution of osteoarticular tissues, taken separately, have been greatly studied. In particular, the remodeling activity of bone has been shown to be describable by a process, referred to as the mechanostat [START_REF] Frost | The Physiology of Cartilaginous Fibrous, and Bony Tissue[END_REF][START_REF] Frost | Vital biomechanics: proposed general concepts for skeletal adaptations to mechanical usage[END_REF][START_REF] Frost | Perspectives: a proposed general model of the "mechanostat" (suggestions from a new skeletal-biologic paradigm)[END_REF][START_REF] Turner | Three rules for bone adaptation to mechanical stimuli[END_REF], involving two competing mechanisms of growth and resorption, both of which are controlled by the local mechanical strains experienced by the tissue. The precise mechanisms and parameters governing the mechanostat have received a lot of attention in recent decades. There is evidence that the initiation and propagation of microdamage in bone is one of the driving factors in initiating and controlling remodeling [START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Cardoso | Osteocyte apoptosis controls activation of intracortical resorption in response to bone fatigue[END_REF][START_REF] Christen | Bone remodelling in humans is load-driven but not lazy[END_REF][START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF] as this may act as an instigator of osteocyte death, which commences the resorption of damaged bone by osteoclasts and the deposition of new bone tissue by osteoblasts. Furthermore, the ongoing remodeling and refinement of bone structure may be controlled by localized microdamage determining when the time, strain and strain rate-dependent processes of bone resorption, deposition and maturation occur [START_REF] Akkus | Aging of microstructural compartments in human compact bone[END_REF][START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Cardoso | Osteocyte apoptosis controls activation of intracortical resorption in response to bone fatigue[END_REF][START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF]. There exist nowadays a number of models able to describe the evolution and remodeling of bone tissue such as mechano-biological models [START_REF] Beaupré | An approach for time-dependent bone modeling and remodeling-application: a preliminary remodeling simulation[END_REF][START_REF] Doblaré | Application of an anisotropic bone-remodelling model based on a damage-repair theory to the analysis of the proximal femur before and after total hip replacement[END_REF][START_REF] Garijo | Numerical stability and convergence analysis of bone remodeling model[END_REF][START_REF] Giorgio | Viscous second gradient porous materials for bones reconstructed with bio-resorbable grafts[END_REF][START_REF] Giorgio | A visco-poroelastic model of functional adaptation in bones reconstructed with bio-resorbable materials[END_REF][START_REF] Huiskes | Effects of mechanical forces on maintenance and adaptation of form in trabecular bone[END_REF][START_REF] Huiskes | Adaptive bone-remodeling theory applied to prosthetic-design analysis[END_REF][START_REF] Li | A mathematical model for simulating the bone remodeling process under mechanical stimulus[END_REF][START_REF] Scala | Mechanically-driven bone remodeling simulation: application to LIPUS treated rat calvarial defects[END_REF][START_REF] Spingarn | Multiphysics of bone remodeling: a 2D mesoscale activation simulation[END_REF], mechano-biochemical models [START_REF] Avval | Predicting bone remodeling in response to total hip arthroplasty?: Computational study using mechanobiochemical model[END_REF][START_REF] Doblaré | On numerical modelling of growth, differentiation and damage in structural living tissues[END_REF][START_REF] Klika | A coupled mechano-biochemical model for bone adaptation[END_REF][START_REF] Komarova | Mathematical model predicts a critical role for osteoclast autocrine regulation in the control of bone remodeling[END_REF] and models describing the specific cellular processes involved in bone remodeling [START_REF] Kular | An overview of the regulation of bone remodelling at the cellular level[END_REF][START_REF] Lerebours | A multiscale mechanobiological model of bone remodelling predicts site-specific bone loss in the femur during osteoporosis and mechanical disuse[END_REF][START_REF] Pivonka | Model structure and control of bone remodeling?: a theoretical study[END_REF][START_REF] Rubin | Molecular pathways mediating mechanical signaling in bone[END_REF].

In addition to osteogenesis, the formation of cartilaginous and fibrous tissues have also been suggested to follow a similar pattern of strain-induced resorption and growth [START_REF] Frost | The Physiology of Cartilaginous Fibrous, and Bony Tissue[END_REF][START_REF] Frost | Vital biomechanics: proposed general concepts for skeletal adaptations to mechanical usage[END_REF][START_REF] Frost | Perspectives: a proposed general model of the "mechanostat" (suggestions from a new skeletal-biologic paradigm)[END_REF]. For these tissues as well, it has been further demonstrated that MSC differentiation and tissue formation is driven by the localized strain conditions [START_REF] Lacroix | A mechano-regulation model for tissue differentiation during fracture healing: analysis of gap size and loading[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF]. The distinction between compressive and tensile loading is proposed to define the strain range where cartilage, bone and fibrous tissues will form [START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF]. Moreover, the hydrostatic pressure experienced by the material in conjunction with the localized shear strain also influences in determining stem cell differentiation [11,[START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF][START_REF] Lacroix | A mechano-regulation model for tissue differentiation during fracture healing: analysis of gap size and loading[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF].

Current models of fracture healing [11,[START_REF] Checa | Inter-species investigation of the mechano-regulation of bone healing: comparison of secondary bone healing in sheep and rat[END_REF][START_REF] Doblaré | On numerical modelling of growth, differentiation and damage in structural living tissues[END_REF][START_REF] Gomez-Benito | Influence of fracture gap size on the pattern of long bone healing: a computational study[END_REF][START_REF] Isaksson | Corroboration of mechanoregulatory algorithms for tissue differentiation during fracture healing: comparison with in vivo results[END_REF][START_REF] Lacroix | A mechano-regulation model for tissue differentiation during fracture healing: analysis of gap size and loading[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF] describe the formation of distinct tissue types in the fracture callus by modeling cellular processes and ECM evolutions; however, they do not predict the evolution of preexisting tissues and the development of newly formed tissues simultaneously within the same formulation. To achieve this, distinct numerical models have been concurrently implemented for bone remodeling and fracture healing regions [START_REF] García-Aznar | Computational simulation of fracture healing: influence of interfragmentary movement on the callus growth[END_REF][START_REF] Gomez-Benito | Influence of fracture gap size on the pattern of long bone healing: a computational study[END_REF][START_REF] Liu | Bone ingrowth into a porous coated implant predicted by a mechano-regulatory tissue differentiation algorithm[END_REF][START_REF] Wang | Finite element analysis of the effect of medullary contact on fracture healing and remodeling in the intramedullary interlocking nail-fixed tibia fracture[END_REF]. These models distinguish between bone remodeling and fracture healing by implementing distinct numerical approaches to each process. A more unified description of tissue evolution in bone able to capture multiple biological processes would allow the simulation of complex situations and anatomical features where several processes can occur in different locations and interact through mechano-biological couplings.

Building upon this evidence for mechanically driven tissue evolution, a model is proposed here to capture the ability of several tissue types to form and interact mechanically with each other depending on the mechanical history. For that, it considers the possibility for different tissue types to grow from dormant populations of MSCs. This model is based on a previous mechano-biological FE model created by Schmitt et al. [START_REF] Schmitt | Diffusion model to describe osteogenesis within a porous titanium scaffold[END_REF], which has looked at the growth of bone from populations of MSCs to fully formed bone tissue inside titanium scaffolds. In doing so, it has regarded the remodeling process as being driven by a combination of MSC migration, proliferation and maturation and has been able to predict the stiffness of ovine hemimandible bones after three months of remodeling. A modification of this model is proposed here to allow a coupled mechanobiological multi-tissue description of the formation of bone, cartilage and fibrous tissues. To achieve this, a distinction between immature and mature states will be made, which will enable the processes of cellular migration, proliferation and apoptosis and Extra Cellular Matrix (ECM) growth, maturation and resorption to be considered simultaneously.

In Sect. 2 the derivation of the mechanostat model (Sect. 2.2) and the Partial Differential Equations (PDEs) (Sect. 2.3) used in this study are presented. In Sect. 2.4, a description of the input parameters and the FE simulations undertaken to analyze the effectiveness of the model are detailed. In Sect. 3 the results are presented in terms of the model input variables and parameters (Sect. 3.1) and the findings from the FE simulations (Sect. 3.2). Finally, in Sect. 4, a discussion detailing some comparisons with observed remodeling behavior and the model limitations is presented.

Methods

General principle of the model

Three tissue types have been considered: bone, cartilage and fibrous tissue. In the following, only twodimensional (2D) structures are considered for the sake of simplicity. The spatial distribution of the different tissues within a structure is described by defining the local volume fraction of each tissue. In each given representative volume, the volume fraction occupied by tissues,ϕ TOT , is defined as

ϕ TOT = ϕ B,TOT + ϕ C,TOT + ϕ F,TOT (1) 
where ϕ B,TOT , ϕ C,TOT and ϕ F,TOT are the volume fractions for bone, cartilage and fibrous tissues, respectively. With this definition, the local volume fraction of unfilled space ("void") is simply given by: ϕ V = 1 -ϕ TOT and the value of ϕ TOT cannot exceed 1, when the whole volume is occupied by tissue.

To model the distinct cellular, biological and mechanical behaviors observed during tissue evolution, each tissue is considered to exist in two possible states referred to as immature and mature (Fig. 1). The immature state describes the tissue in the early stages of formation as a cluster of cells. Through the effects of the cellular processes of migration, proliferation and apoptosis, and the preliminary stages of ECM formation, the evolution of tissues in the immature state is described. Mature tissue results only from the maturation of immature tissue which reflects the consolidation of the ECM and embedding of cells in it, as such, tissues in mature state cannot diffuse nor grow but can be resorbed. In the particular case of bone tissue, the distinction between immature and mature tissue provides a way to capture the processes of primary and secondary mineralization [START_REF] Akkus | Aging of microstructural compartments in human compact bone[END_REF][START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF]. Therefore, for each tissue type, the volume fraction ϕ i,TOT where i = B, C, F is decomposed as the sum of the volume fractions of immature (ϕ I i ) and mature (ϕ M i .) tissues:

ϕ i,TOT = ϕ I i + ϕ M i (2)
The chart shown in Fig. 2 illustrates the different processes through which the composition of a representative volume element can evolve under loading. The volume fractions of immature tissue, mature tissue and free space are represented as areas within a representative volume element of the tissue. For illustrative purpose, the tissue volume fractions are depicted as being in separate distinct regions of the material, but in the model each tissue will be distributed evenly at the scale of this representative volume. This continuum description suggests a limit in the spatial resolution of the model, which should be of the order of a characteristic tissue microscopic feature, typically, the size of an osteon for bone (∼ 300μm). The link between mechanics and biology may no longer be sufficient to accurately describe tissue evolutions below this length scale as (i) further molecular and chemical factors should be taken into account together with the mechanical environment and (ii) more complex features would need to be considered like the vascular and nerves networks.

In the proposed description, the evolution of tissue composition and organization is driven by the local strain environment. At a given time t 0 , tissues of different types (B, C, F) and in different states (M, I) occupy given volume fractions. In Fig. 2, the initial composition corresponds to one-third of immature tissue, one-third of mature tissue, one-third of free space, with equal repartition of bone, cartilage and fibrous tissues. As a loading is applied to the volume, the strain is altered and this defines how the immature and mature tissues will respond. At time t 0 + t, a new composition is achieved where the volume fractions of each tissue type and the free space have been altered due to different possible processes. For a given immature tissue type, diffusion through cellular migration can occur if there is a gradient in immature tissue composition between two elements (Fig. 2a). If the strain state is favorable, mature and immature tissues can grow and generate more immature tissue (Fig. 2b). If an appropriate level of strain is maintained for some time, immature tissues can become mature tissues (Fig. 2c). Conversely, if the strain is no longer in the range where growth occurs, then resorption will begin: mature and immature tissue volume fractions will decrease (Fig. 2d). In Fig. 2, all three tissue types (B, C, and F) evolve following the same processes; however, the response to strain history in terms of growth, diffusion, resorption and maturation is unique for each tissue type.

All the processes shown in Fig. 2 will affect the local Young's modulus to a certain degree due to the change in volume fractions, but most notably the Young's modulus is going to be influenced by the fluctuations in mature tissue content because the Young's modulus of mature tissue, especially bone, is significantly higher. This local change in mechanical properties will in turn modify the stress and strain distributions in the tissue. Immature tissue will continue to grow and mature until the Young's modulus has increased to a level where the strain is no longer in the range where growth or maturation may occur. As a result of these processes, it is expected that for a given loading, a balance between growth, maturation and resorption should establish, corresponding to the mechanostat.

Modeling of the mechanostat

In order to model the mechanostat, a measure of the accumulated strain over time is required to define the strain sensitivity of tissue growth, maturation and resorption. For that, the first (ε I .) and the second (ε I I ) principal strains in the tissue are normalized with respect to the yield strain ε Y of cortical bone ( [START_REF] Bayraktar | Comparison of the elastic and yield properties of human femoral trabecular and cortical bone tissue[END_REF][START_REF] Zioupos | The extent of microcracking and the morphology of microcracks in damaged bone[END_REF]). The normalized strains along the principal directions ε k,N are then defined as:

ε k,N = ε k ε Y ( 3 
)
where subscript k = (I or II) refers to normalized strain in the principal directions I and II, respectively. The principal strains have been normalized in this manner to define a tailorable strain region in the global material where tissue growth is likely to occur, be relatable to the global tissue properties and act as a relative measure of tissue damage. This normalization also provides a means to account for the variability of the yield strain with the strain rate in future models.

For bone (B) tissue, both the first and second principal strains are considered because bone tissue is generally observed to grow when loaded under both positive and negative strains [START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF]. Cartilage (C) and fibrous (F) tissues, however, are only sensitive to the second and first principal strains, respectively [START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF][START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF]. Accordingly, we define tissue-specific functions, f i,k ε k,N for each tissue type i, as follows:

f i,k ε k,N = a ε i,k ε 2 k,N + b ε i,k ε k,N + c ε i,k (4) 
where

a ε i,k , b ε i,k and c ε i,k
are characteristic coefficients for each tissue type and | .| is the absolute value. This produces a parabolic function describing the evolution of accumulated strain as a function of the current absolute value of the normalized principal strains. As a consequence of the parabolic function, there is no 'lazy zone' included in this mechanostat model. The absolute values of the principal strains are used in this expression so that there is no distinction made between positive and negative values of principal strains on the change in accumulated strain. For bone, both f B,I ε I,N and f B,I I ε I I,N are needed to describe bone tissue evolution in tension and compression [START_REF] Claes | Influence of size and stability of the osteotomy gap on the success of fracture healing[END_REF][START_REF] Nakagaki | Micro-CT and histologic analyses of bone surrounding immediately loaded miniscrew implants: comparing compression and tension loading[END_REF][START_REF] Tiwari | Computer modelling of bone's adaptation: the role of normal strain, shear strain and fluid flow[END_REF] while for cartilage and fibrous tissue, only f C,I I ε I I,N and f F,I ε I,N are used [START_REF] Carter | Mechanobiology of skeletal regeneration[END_REF][START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF].

For each tissue type, the accumulation of strain over time is described by a time integral of strain, denoted t act,i . It is calculated using the corresponding functions f i,k ε k,N , as follows:

∂t act,i ∂t = f i,k ε k,N t Bound act,i (5) 
where t is the time, t Bound act,i is a function used to control the rate of change of t act,i . For bone tissue, t act,B is generated from the sum of f B,I ε I,N and f B,I I ε I I,N . To ensure t act,i remains responsive to changing strain conditions in the tissue, a Gaussian distribution t Bound act,i has been used. This ensures that the rate of change of t act,i does not increase (resp. decrease) excessively rapidly in over (resp. under) strained regions.

t Bound act,i = p Bound i e ( t act,i -q Bound i ) 2 2r Bound i 2 (6) 
where p Bound i , q Bound i and r Bound i are coefficients specific for each tissue type. For a given tissue i, the sign and value of the cumulated strain t act,i are used to model the activation and the rates of resorption, growth and maturation. Where the normalized strain,ε k,N , produces a negative value for the expression f i,k ε k,N , the value of t act,i will decrease. If t act,i becomes negative, tissue is resorbed. Conversely, where ε k,N produces a positive value for the expression f i,k ε k,N then the value of t act,i will increase. As t act,i becomes positive, this causes growth and maturation.

This description is refined by introducing another tissue-specific variable T i to define an effective range of t act,i values so that the tissue growth and resorption rates are limited by a maximum and minimum permissible value. Under situations where t act,i increases (resp. decreases) rapidly, the rate of tissue growth or resorption is maintained at realistic values until t act,i decreases (resp. increases) within a certain range of T i again. This variable T i is expressed as

T i = ⎧ ⎨ ⎩ T Min i when t act,i < T Min i t act,i when T Min i < t act,i < T Max i T Max i when t act,i > T Max i (7)
whereT Min i and T Max i are the minimum and maximum values of T i . For each tissue type, growth, resorption and maturation occur for different ranges of accumulated strain. This is modeled through different functions T G i , T R i and T M i setting the range of T i over which growth, resorption and maturation occur, respectively. They are defined as follows:

T G i = T i T i, GT when T i > 0 0 when T i ≤ 0 (8) T R i = k R i e ( T i -l R i ) 2 2m R i 2 ( 9 
)
T M i = d M i e ( T i -l M i ) 2 2m M i 2 ( 10 
)
For growth, T G i is zero when T i is negative and scales as the value of T i,GT linearly when T i is positive. This ensures that immature tissue growth occurs progressively more rapidly as T i increases, replicating the time lag during bone tissue primary mineralization [START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF]. Likewise, T R i and T M i are Gaussian distributions which scale the value of T i to replicate the rate and strain range for tissue resorption and maturation. The parameters k R i , l R i and m R i , and d M i , e M i and f M i are tissue-specific coefficients of resorption and maturation, respectively. As an illustration, Fig. 3 shows a hypothetical evolution of the cumulated strain variables t act,i (Fig. 3a) and T i (Fig. 3b) as time progresses and as the strain within the tissue changes. At the beginning (step 1), strain is applied to the tissue causing t act,i to increase. As a result, the growth of immature tissue is initiated with an increasing rate scaling T G i (Fig. 3c) and maturation of this tissue may also start with an increasing rate scaling T M i (Fig. 3d). At some point (step 2), cumulated strain exceeds a tissue-specific threshold: t act,i grows larger than T Max i and the upper threshold for T i is reached. As long as t act,i is greater than T Max i , the rates of growth and maturation will saturate. Under the effect of maturation, the tissue gets stiffer and the cumulated strain is reduced to a level where t act,i begins to decrease (step 3). As t act,i continues to fall below T Max i (step 4), the rate of growth and maturation decrease, as shown in Figure 3c andd. At some point (step 5), t act,i falls below zero. Growth and maturation reduce to almost zero while tissue resorption begins to dominate with a rate scaling as T R i (Fig. 3e). When t act,i drops below T Min i (step 6), the lower threshold for T i is reached. Consequently, the rate of resorption saturates. As the tissue resorbs, the strain increases again (step 7) and rises above T Min i , therefore slowing down the resorption process (step 8).

PDFS for immature and mature tissue development

The evolution of immature tissues is described by four specific terms: diffusion, growth, resorption and maturation describing the migration, the proliferation, the apoptosis of cells and the transformation of immature tissue into the mature state after a maturation period, respectively. One diffusion-reaction equation for each tissue type i describes these processes as follows:

∂ϕ I i ∂t = Diffusion (1 -ϕ T OT ) D i ϕ I i + Growth α i (1 -ϕ T OT ) ϕ T OT T G i Resorption -β i ϕ I i T R i - Maturation γ i ϕ I i T M i (11)
For diffusion, the tissue-specific diffusion tensor D i reads For growth, it is considered that all tissue types can generate new immature tissue of any type. For this reason, this contribution scales as ϕ TOT with a specific growth rate coefficientα i . As is the case for diffusion, the corrective factor (1 -ϕ TOT ) accounts for the fact that growth can only take place in the remaining unfilled volume fraction. Resorption and maturation both lead to a decrease in immature tissue content. They simply scale as ϕ I i with rate coefficients β i and γ i for resorption and maturation, respectively.

D i = λ i I + Φ i | ε I | θ I ⊗ θ I + | ε I I | θ I I ⊗ θ I I ( 12 
)
Similarly, the evolution of mature tissue is defined by a reaction equation for each tissue type as follows:

∂ϕ M i ∂t = Maturation γ i ϕ I i T M i - Resorption β i ϕ M i T R i ( 13 
)
In these equations, the first term of the sum corresponds to the contribution of the maturation process and therefore scales as γ i ϕ I i . The second term corresponds to the resorption process, which scales as β i ϕ M i , assuming that resorption of mature and immature tissues has the same rate coefficients β i .

Hooke's law was used to provide a linear isotropic elastic relationship between stress and strain, and mechanical equilibrium is achieved by:

Div σ + f = 0 ( 14 
)
where σ is the Cauchy's stress tensor and f is the body loads. Finally, to combine the linear elastic isotropic material models applied to each tissue type, in both the immature and mature state, a simple composite description has been chosen for the local Young's modulus volume element,E TOT which reads:

E TOT = ϕ I B E I B + ϕ M B E M B + ϕ I C E I C + ϕ M C E M C + ϕ I F E I F + ϕ M F E M F + ϕ V E V ( 15 
)
where E I i and E M i are the Young's moduli of the immature and mature tissue components, respectively, and E V is the Young's modulus of free space which is set to zero. Here, the same value for the Poisson's ratio was chosen for all tissue types. For all the above equations, a zero flux boundary condition is applied on free surfaces.

FE simulations

A 2D planar FE model was created using COMSOL Multiphysics software version 4.4. The geometry of interest was a cantilever beam with dimensions 250 mm in length and 30 mm in depth corresponding approximately to half a femur shaft, as shown in Fig. 4. All nodes on the left edge of the beam were completely fixed in all degrees of freedom. The Poisson's ratio and the density were set to 0.3 and 2000 kg/m 3 , respectively, for each tissue. The mesh for each simulation was generated using low-order quadratic triangular elements to improve computational efficiency and the system was solved using an implicit solver with a convergence tolerance factor of 1E-10. A mesh convergence analysis was carried out with the defining convergence quantities being the fraction of mature bone tissue averaged over the entire beam for Simulations 1 and 3 and fraction of mature cartilage tissue averaged in the upper void for Simulation 2. The convergence criteria were defined as a change in ϕ M B or ϕ M C of < 1% in the region of interest between mesh refinements. The mesh convergence analysis is shown in "Appendix A.1".

Three simulations were chosen to identify the tissue evolutions under different loading conditions and initial tissue volume fractions as detailed in Table 1. Simulation 1 applied a static pressure load (2.5 MPa) distributed vertically at the free end (right side) of the specimen. This simulation was intended to replicate the initial tissue distributions and loading of a mid-diaphysis section of a long bone. Correspondingly, three longitudinal regions, each 0.01 m in depth, were defined (Fig. 4a). The upper and lower surface regions were initially set to have volume fractions of predominantly mature bone (ϕ

I B = 0.05, ϕ M B = 0.85, ϕ V = 0.06 and ϕ I C = ϕ I F = ϕ M C = ϕ M F = 0.01
) to replicate the cortical shell of a mid-diaphysis long bone, and the central core region was initially defined to be a mixture of immature tissues (ϕ M B = 0.05,

ϕ M C = ϕ M F = 0.01, ϕ I B = ϕ I C = ϕ I F = 0.
2 and φ V = 0.33). Simulation 2 looked at the scenario where there were initially two voids in the beam positioned near the fixed left side (Fig. 4b) the initial volume fractions of the specimen were defined to be predominantly mature bone (ϕ I B = 0.05,ϕ M B = 0.85,ϕ V = 0.06 and

ϕ I C = ϕ I F = ϕ M C = ϕ M F = 0.01
) and within the voids to be zero. The loading applied to Simulation 2 was again static pressure load (2.5 MPa) distributed vertically on the free end. This simulation was intend to investigate how the mature bone content would adapt or remodel over time and which tissue types would form in the two voids replicating a bone growth or fracture healing scenario. in the lower region (Fig. 4c). A vertically distributed cyclic loading was applied (sin πt 36,000 MPa). This simulation was intended to investigate the tissue formations in the lower half of the specimen and bone tissue evolution in the upper section.

Simulation 1 was simulated for a period of 10,000 h and Simulations 2 and 3 were simulated for a shorter period of 1000 h. Plots of ε k,N , ϕ I i and ϕ M i from all three simulations were taken at nine points P1-9, as shown in Fig. 4. A complete list of the input variables for all simulations is given in Table 2.

Results

Mechanostat model variables and parameters

An important aspect of this model is the justification for the input variables and parameters of the model. The following section explains the rationale behind the choice of these values and how they have been determined.

Figure 5 shows the curves f i,k ε k,N used to define the growth and resorption for each tissue type with respect to the localized strain in the material. Each curve is a parabola defined by the coefficients a ε i,k , b ε i,k and c ε i,k . These coefficients have been chosen in order to provide the x-axis intersect and height of the curves at the desired strain regions for each tissue. To produce a positive change in t act,i each tissue needs to be within a specific range ofε k,N . In the following, a value for the yield strain ε Y = 0.006 [START_REF] Bayraktar | Comparison of the elastic and yield properties of human femoral trabecular and cortical bone tissue[END_REF] has been used to normalize the strain. For bone tissue, a lower strain threshold below which no bone growth occurs has been suggested to be of the order of ε = 0.0014 [START_REF] Frost | Vital biomechanics: proposed general concepts for skeletal adaptations to mechanical usage[END_REF][START_REF] Frost | Perspectives: a proposed general model of the "mechanostat" (suggestions from a new skeletal-biologic paradigm)[END_REF], which corresponds to a normalized strain threshold of approximately 0.23. In this model, a slightly lower normalized strain value of 0.16 was used to account for the influence of strain rate dependence on the yield strain which may result in remodeling being initiated at lower strains [START_REF] Reilly | The development of microcracking and failure in bone depends on the loading mode to which it is adapted[END_REF][START_REF] Zioupos | The extent of microcracking and the morphology of microcracks in damaged bone[END_REF][START_REF] Zioupos | Microcracking damage and the fracture process in relation to strain rate in human cortical bone tensile failure[END_REF]. The upper strain limit of bone growth was chosen to be around the yield strain (ε k,N = 1)because around this point the bone tissue begins to experience permanent microdamage which would result in localized tissue resorption [START_REF] Reilly | The development of microcracking and failure in bone depends on the loading mode to which it is adapted[END_REF][START_REF] Zioupos | The extent of microcracking and the morphology of microcracks in damaged bone[END_REF][START_REF] Zioupos | Microcracking damage and the fracture process in relation to strain rate in human cortical bone tensile failure[END_REF]. The upper strain threshold for bone tissue remodeling was chosen to be 15% higher than the yield strain for compression (ε I I,N = 1.15) and 15% lower than the yield strain for tension (ε I,N = 0.85). This distinction was made to account for the greater toughness and yield point in bone under compression [START_REF] Bayraktar | Comparison of the elastic and yield properties of human femoral trabecular and cortical bone tissue[END_REF][START_REF] Currey | The Mechanical Adaptations of Bones[END_REF]. Therefore for bone, first principal normalized strains in the range 0.16 < ε I,N < 0.85 (Fig. 5, blue dashed curve) and second principal normalized strains in the range -0.16 < ε I I,N < -1.15 (Figure 5, blue solid curve) prompt t act,i to increase thus encouraging localized bone growth.

Likewise, for cartilage and fibrous tissue the lower remodeling threshold has been suggested to be in the region of ε = 0.004 [START_REF] Frost | Vital biomechanics: proposed general concepts for skeletal adaptations to mechanical usage[END_REF][START_REF] Frost | Perspectives: a proposed general model of the "mechanostat" (suggestions from a new skeletal-biologic paradigm)[END_REF] which implies a normalized strain of approximately 0.7. For strains significantly higher than the yield point of cortical bone, all tissue types are likely to experience failure. Consequently, resorption was assumed to dominate for all tissues beyond this point, namely in the region of ε k,N > 1.7. It has been observed further that cartilaginous and fibrous tissues form at higher strain levels than bone tissue [START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF][START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF][START_REF] Frost | Vital biomechanics: proposed general concepts for skeletal adaptations to mechanical usage[END_REF][START_REF] Frost | Perspectives: a proposed general model of the "mechanostat" (suggestions from a new skeletal-biologic paradigm)[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF] and that the upper threshold for growth of cartilaginous tissue is likely to be lower than for fibrous tissue [START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF]. For this reason, the curves describing the remodeling of cartilage and fibrous tissues were positioned at higher strain regions than those of bone, but with the curve for cartilage having a lower upper limit ofε k,N = -1.3. Therefore, the range of normalized strain values used to define the growth of cartilage tissue was set to -0.7 < ε I I,N < -1.3 (Fig. 5, green curve) where the second principal strain was used to describe the growth of cartilage in compression rather than tension ( [START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF]). For fibrous tissue, the range of normalized strain was set to 0.7 < ε I,N < 1.7 (Fig. 5, orange curve) where the first principal strain was used to describe fibrous growth predominantly in tension.

The parameter values used for f i,k ε k,N define the strain ranges over which growth, maturation and resorption occur. When the strain is within the range where f i,k ε k,N > 0, t act,i increases and thus, both growth and maturation will begin. Conversely, when the strain is outside this range f i,k ε k,N < 0, resorption will dominate. The sensitivity to accumulated strain for each process and each tissue is represented in Fig. 6 using the set of parameters listed in Table 2. These curves show the rate of change of the immature tissue growth T G i , tissue resorption T R i , and maturation T M i for each tissue type over the range-5h < T i < 15h. The growth, maturation and resorption rates were chosen from observed literature of fibrous, cartilage and bone tissue development [START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF][START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF][START_REF] Gundle | Human bone tissue formation in diffusion chamber culture in vivo by bone-derived cells and marrow stromal fibroblastic cells[END_REF][START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF][START_REF] Schindeler | Bone remodeling during fracture repair: the cellular picture[END_REF]. The following section will detail the results from Simulations 1 to 3 which investigated a statically loaded specimen replicating the 2D geometry of a mid-diaphysis section of a long bone (Simulation 1), a statically Fig. 7 The Young's modulus after 0, 5000 and 10,000 h across the specimen in Simulation 1 loaded specimen with voids (Simulation 2) and a specimen with two distinct regions of different initial volume fractions (Simulation 3). The specific and complete results for each simulation are reported in "Appendix Sections A.2, A.3 and A.4".

Figure 7 shows the change in Young's modulus across the specimen in Simulation 1 after 0, 5000 and 10,000 h; it can be observed that where there is initially two distinct regions of cortical bone at the start of the simulation these have adapted to the stress conditions generated by the loading environment to adapt the structure and after 10,000 h there is a region similar to cancellous bone which has formed along the center of the specimen toward the free end (Fig. 7c). Figure 8 shows the tissue evolution for total (8a), bone (8b), cartilage (8c) and fibrous (8d) tissue volume fractions averaged across the entire specimen during the 10,000 h of simulated time for Simulation 1. It can be seen that there is an increase in mature bone tissue from the initial conditions of ϕ M B = 0.6 to ϕ M B = 0.7 over the course of the simulation and that a steady state is reached for total tissue content. Bone tissue further shows an initial increase in ϕ I B during the initial 500 h followed by a decrease which corresponds to the maturation of bone tissue during the early stages of the simulation (first 2000 h). For cartilage and fibrous tissues, both the immature and mature tissue contents decrease during the simulation. This is because the maximum normalized strain produced during Simulation 1 (ε k,N = 0.6) remains below the lower strain threshold required for cartilage and fibrous tissue growth (ε k,N = 0.7), as can be seen in Figs. 19 and20.

Figure 8 gives global evolutions averaged over the whole beam. A more detailed picture of the local variations is given in Video 1 where the evolution of Young's modulus over the 10,000 h period of the simulation is shown. Videos 2 and 3 show the evolution of mature and immature bone tissue over the 10,000 h period. The local evolution was also studied by following the changes in tissue composition and properties in different points of the specimen (P1 and P9). Hereafter, points P1 (x = 0.01 m, y = 0.025 m) and P9 (x = 0.125 m, y = 0.005 m) are discussed in more detail as they represent the most relevant and interesting cases of growth and resorption during Simulation 1. P1 is near the upper surface next to the fixed corner and P9 is near the lower surface at the free end of the specimen (Fig. 4).

Figure 9 shows the evolution at P1 and P9 during Simulation 1 of the normalized principal strains Fig. 9a, b, the activation cumulated strain for bone tissue T B Fig. 9c,d, the Young's modulus E TOT Fig. 9e, f and the volume fractions of immature and mature bone, cartilage and fibrous tissues Fig. 9g,l. As expected for bending, the initial tensile strain at point P1 is higher than the compressive strain (Fig. 9a), while the inverse occurs on the lower surface at point P9 (Fig. 9b), this region of the specimen is initially relatively under strained and therefore there is no significant strain observed at point P9 during the initial 3000 h of the simulation. The initial normalized strain values at P1 (0.25-0.6) cause the value of T B to increase rapidly to its maximum value (50,000 s) (Fig. 9c). This increase in T B induces the immature bone tissue to grow and mature into mature bone tissue. The local Young's modulus at point P1 increases to its maximum permissible level (20 GPa) after approximately 3000 h as can be seen in Fig. 9e. The direct effect of this increase is to slightly reduce the level of strain in the tissue as the static loading remains constant.

Conversely, at point P9 the initial normalized strain is too low (<0.15) to drive T B upwards and therefore T B falls to the minimum value (-20,000 s) (Fig. 9d). As the simulation progresses the Young's modulus at point P9 steadily falls and the local strain around point P9 increases slowly until the activation time is increased above zero after approximately 90 h. This causes a localized increase in stiffness as the increase in T B encourages the maturation of bone tissue (Fig. 9h). Significantly different patterns of tissue evolution can be observed between points P1 and P9. Point P1 corresponds to a cortical bone region of the mid-diaphysis where the entire volume is filled with mature bone tissue and therefore there is no free space for cells to diffuse or new tissue to grow in this region. However, at point P9 after the initial resorption of mature bone, due to the lower strains in this region, there is free space for cells to diffuse into. This effect can be seen as the levels of immature tissues increase at point P9 during the initial 1000 h of the simulation. Point P9 may be considered to be a cancellous bone region where there is a localized bone growth and remodeling which occurs toward the end of the simulation. This can be seen in Videos 1 and 2.

Simulation 2 looked at a specimen with two voids perforating initially predominantly mature bone. Around and within the voids, cartilage and fibrous tissue formation dominated because of the particular local strain conditions, as can be seen in Fig. 10a. Along the upper surface the first principal strain is significantly higher than the second principal strain, nevertheless the second principal strain is large enough to locally initiate cartilage growth around the upper void. By the end of the simulation, ϕ M C has increased from almost zero to be the dominant tissue locally at the upper void. Similarly, in Fig. 10b, it can be seen that fibrous tissue has formed around the lower void.

Figure 11 shows the evolution of Young's modulus in Simulation 2. There is noticeable resorption around the upper and lower surfaces and around the voids near the fixed end. The normalized strain in these locations has been excessively high (> 1.8) for any new tissue to form and resorption has dominated. It is apparent that if the simulation were to continue for a longer period, the voids would effectively merge with the highly strained corner regions. Simulation 3 investigated the scenario where the specimen was divided into two regions with different initial tissue volume fractions. The upper half of the beam was predominantly mature bone tissue (Table 1row 4a), and the lower half was predominantly immature tissue (Table 1-row 4b). Cyclic loading was applied to this simulation (P = sin π t 36,000 M Pa). It can be seen in Fig. 12 that after 1000 h there is a distinct region where the Young's modulus of the material has increased from initially < 1 to 8-10 GPa. This region corresponds to the section of the bone which has been strained to the levels required for tissue growth and maturation (0.15 < ε I,N < 0.85 and-0.15 < ε I I,N < -1.15) and provides an insight into some degree of microstructural and macrostructural formation being locally adapted to the average strain distribution over time.
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The tissue volume fractions after 1000 h of Simulation 3 are shown in Fig. 13. Of particular interest is the region shown in Fig. 13b,d for the mature bone and cartilage tissues. There is a significant region of overlap 
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50,000 s between these two tissues indicating that, as the simulation progresses, the cartilage tissue is maturing and then being resorbed and converted into calcified mature bone tissue.

Discussion

The work presented here has added to the previous model of bone formation from Schmitt and colleagues [START_REF] Schmitt | Diffusion model to describe osteogenesis within a porous titanium scaffold[END_REF] a strain dependence on tissue growth and the inclusion of a strain-dependent maturation time for each tissue by introducing multi-tissue evolution (bone, cartilage and fibrous). Included in this new model is a distinction between the types of tissues which will be formed during not only osteogenesis but tissue evolution in general. This is of particular interest for modeling the behavior of bone formation around implant and prosthetic devices [START_REF] Isaksson | Corroboration of mechanoregulatory algorithms for tissue differentiation during fracture healing: comparison with in vivo results[END_REF][START_REF] Kraaij | Mechanical properties of human bone-implant interface tissue in aseptically loose hip implants[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF], fracture healing and bone remodeling. The model proposed here provides a framework for integrating the distinct processes of bone remodeling, fracture healing and osseointegration under one numerical model. Unlike similar models [START_REF] Doblaré | On numerical modelling of growth, differentiation and damage in structural living tissues[END_REF][START_REF] García-Aznar | Computational simulation of fracture healing: influence of interfragmentary movement on the callus growth[END_REF][START_REF] Gomez-Benito | Influence of fracture gap size on the pattern of long bone healing: a computational study[END_REF][START_REF] Liu | Bone ingrowth into a porous coated implant predicted by a mechano-regulatory tissue differentiation algorithm[END_REF] the process of bone remodeling and fracture healing are controlled by the same mechanical stimuli to determine tissue volume fractions, rather than cell concentrations and ECM development directly. There is no independent bone remodeling formulation used, but rather all tissue evolution is deemed to follow the same mechano-biological pathways for remodeling. This approach allows for greater flexibility in the model and a reduced number of input parameters. Three simulations were carried out to identify the homeostasis of the model and to test localized tissue evolutions.

The results from Simulation 1 showed that a steady state was reached in terms of bone tissue volume fractions, both globally and locally. Simulation 1 also revealed that the majority of bone growth occurred early in the simulation (the first 500 h) and that the remodeling was dependent and adaptive to the local strain environment. Two distinct bone regions formed during Simulation 1 which resemble the cortical and cancellous architecture observed in long bones. The Young's modulus was observed to reach a maximum value of 20 GPa in the cortical-like region and stabilized between 7 and 11 GPa in the cancellous-like region (Fig. 7, Video 1). This is consistent with the reported values of modulus for cortical and cancellous bone [START_REF] Bayraktar | Comparison of the elastic and yield properties of human femoral trabecular and cortical bone tissue[END_REF][START_REF] Rho | Comments on "Elastic modulus and hardness of cortical and trabecular bone lamellae measured by nanoindentation in the human femur[END_REF]. The resorption rate observed in under strained regions is corroborated by those observed in astronauts and bed-rest studies where a drop in bone density of around 20% has been measured in a 4-6-week period [START_REF] Donaldson | Effect of prolonged bed rest on bone mineral[END_REF][START_REF] Mack | Bone demineralization of foot and hand of Gemini-Titan IV, V and VII astronauts during orbital flight[END_REF].

In Simulation 2 there were noticeable formations of cartilage and fibrous tissue in and around the voids. This finding could reveal a link to the fibrous tissue formations observed around implants [START_REF] Kraaij | Mechanical properties of human bone-implant interface tissue in aseptically loose hip implants[END_REF] where a similar boneimplant gap may provide a strain environment conducive to fibrous tissue formations. Predicting the formation of inferior interface tissue would be of significant value for the development of future prosthetic devices [START_REF] Strehle | The outcome of revision hip arthroplasty in patients older than age 80 years[END_REF]. The model does not pretend to capture interfacial effects which are known to be central to the integration of implants and in particular to the fibrosis. These effects depend mostly on the physical-chemistry of implant surfaces and involve very specific biological processes that are not implemented here in the mechano-biological description. Alternatively, the proposed model provides a way to determine the contribution of mechanical effects to osseointegration or bone fracture healing, in situations where several tissues might be involved. Moreover, the ability of this model to differentiate between tissue types allows significant flexibility for the prediction of tissue growth and adaptation to changes in the local material properties [START_REF] Lacroix | A mechano-regulation model for tissue differentiation during fracture healing: analysis of gap size and loading[END_REF][START_REF] Mukherjee | Simulation of tissue differentiation around acetabular cups?: the effects of implant-bone relative displacement and polar gap[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF][START_REF] Søballe | Hydroxyapatite coating converts fibrous tissue to bone around loaded implants[END_REF].

Similarly, Simulation 3 predicted locally specific tissue formations with distinguishable geometric features being generated and driven by the regional strain distribution. This effect may be indicative of the global bone geometry being optimized to the loading conditions. Additionally, the simulated formation of interspersed mature cartilage and bone tissues in the lower half of the beam is congruent with the findings of Salisbury et al. [START_REF] Salisbury Palomares | Mechanical stimulation alters tissue differentiation and molecular expression during bone healing[END_REF] where an artificial cyclic loading was applied to damaged canine tibias in vivo and an increase in the formation of cartilage tissue was observed when compared to the control. The rate of bone healing also increased as the cartilaginous tissue calcified more rapidly than bone formed in the control experiments. Cartilage tissue was found to be interspersed among the bone tissue around the damaged region after 38 days (900 h) [START_REF] Salisbury Palomares | Mechanical stimulation alters tissue differentiation and molecular expression during bone healing[END_REF]. This corroborates the findings in our study where, in Simulation 3 (Fig. 13b,d), mature cartilage and bone tissue are seen to form in the same region of the lower half of the beam after 1000 h (40 days). Figure 14 shows a comparison between the volume fractions of mature cartilage and mature bone tissues from Simulation 3 and the results from Salisbury-Palomares et al. [START_REF] Salisbury Palomares | Mechanical stimulation alters tissue differentiation and molecular expression during bone healing[END_REF]. It can be seen that Simulation 3 predicts a volume fraction of mature cartilage which matches closely with the experimental results after 38 days. Simulation 3 also predicts a volume fraction of mature bone tissue slightly lower than that of the experimental results after 38 days. Differences between the two tissue evolution trends may be attributable to the parameterization of the model, model geometry and differences in the initial tissue volume fractions. Furthermore, the cross over area where both bone and cartilage form is of particular interest because as the cartilage matures it introduces a stiffening effect to the tissue (when compared solely to the immature tissue). Such stiffening will reduce the strain locally and subsequently initiate the formation of bone tissue in the same region [START_REF] Schindeler | Bone remodeling during fracture repair: the cellular picture[END_REF]. The variable t act,i was used to quantify the accumulation of strain over time for each tissue, where the change in t act,i was controlled by the local strain in the material. The rationale for this description was to account for microcracking, microdamage and fatigue as time progresses, rather than an instantaneous phenomenon [START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Cardoso | Osteocyte apoptosis controls activation of intracortical resorption in response to bone fatigue[END_REF][START_REF] Hansen | The effect of strain rate on the mechanical properties of human cortical bone[END_REF]50,[START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF][START_REF] Reilly | The effects of damage and microcracking on the impact strength of bone[END_REF][START_REF] Zioupos | The extent of microcracking and the morphology of microcracks in damaged bone[END_REF]. More generally, this work proposes that the accumulation of tissue specific microdamage over time is a driving factor in remodeling. This accumulation can be monitored by compounding the previous strain levels experienced in the material. Consequently, this introduces a time dependence on the remodeling process where strain must be maintained and repeatedly reinitiated for remodeling to begin and propagate [START_REF] Akkus | Aging of microstructural compartments in human compact bone[END_REF][START_REF] Bala | Time sequence of secondary mineralization and microhardness in cortical and cancellous bone from ewes[END_REF][START_REF] Martin | Bone remodelling: its local regulation and the emergence of bone fragility[END_REF]. The principal strains have been used as the mechanical characteristic for defining the diffusion, growth, resorption and maturation of each tissue. Recent studies have investigated the importance of normal strains, shear strain, hydrostatic strains and fluid flows on the adaptation of bone [START_REF] Tiwari | Computer modelling of bone's adaptation: the role of normal strain, shear strain and fluid flow[END_REF]. The formation of bone both on and away from the neutral axis during in vivo bending of murine tibias has indicated that the effects of shear may be an important factor in bone adaptation [START_REF] Srinivasan | Low-magnitude mechanical loading becomes osteogenic when rest is inserted between each load cycle[END_REF]. In addition to shear strains in the material, the surface shear fluid flow produced from a hydrostatic pressure may be considered another important contributor for osteogenesis [START_REF] Srinivasan | Enabling bone formation in the aged skeleton via rest-inserted mechanical loading[END_REF][START_REF] Srinivasan | Canalicular fluid flow induced by bending of a long bone[END_REF]. Fluid shear was not considered in this work, but there is potential to include this through a poro-elastic material model. The deviatoric strain, which removes the effects of the hydrostatic strain and only considers the geometrical distortions, would be an effective method for comparing tissues with significantly different material properties because this would enable a more direct comparison between materials with radically different porosities, stiffness and fluid fractions [START_REF] Isaksson | Corroboration of mechanoregulatory algorithms for tissue differentiation during fracture healing: comparison with in vivo results[END_REF][START_REF] Isaksson | Remodeling of fracture callus in mice is consistent with mechanical loading and bone remodeling theory[END_REF]. This is of particular significance when considering the differentiation of MSCs around grafts or scaffolds [START_REF] Carter | Correlations between mechanical-stress history and tissue differentiation in initial fracture-healing[END_REF][START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF][START_REF] Lacroix | A mechano-regulation model for tissue differentiation during fracture healing: analysis of gap size and loading[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF] and typically the magnitude of strain observed during cell differentiation (5-15%) is an order of magnitude higher than those observed in the normal physiological range (< 1%) of cortical bone [START_REF] Claes | Magnitudes of local stress and strain along bony surfaces predict the course and type of fracture healing[END_REF][START_REF] Huiskes | A biomechanical regulatory model for periprosthetic fibroustissue differentiation[END_REF][START_REF] Prendergast | Biophysical stimuli on cells during tissue differentiation at implant interfaces[END_REF][START_REF] Rho | Mechanical properties and the hierarchical structure of bone[END_REF]. The difference in stiffness between a region of formed bone around a fracture site and a scaffold site filled with fibrous tissues and undifferentiated MSCs would produce locally high strains within the scaffold voids, whereas the rigid bone would limit strains to those experienced physiologically. In the model presented here, the immature tissue volume fractions are considered to be descriptive of tissue formations a couple of days after the colonization of MSC in a region where immature tissue has already begun to form.

An isotropic linear elastic material model was used for all tissue types in this study primarily because of the reduced complexity required in the numerical simulations [START_REF] Tiwari | Computer modelling of bone's adaptation: the role of normal strain, shear strain and fluid flow[END_REF]. Including more complex material models for each tissue would aid in providing more accurate tissue-specific predictions, specifically in circumstances where material behavior is of a greater significance in the overall material response. For bone tissue, the model may be developed by including the influence of poro-elastic, viscoelastic and anisotropic material behaviors [START_REF] Giorgio | Viscous second gradient porous materials for bones reconstructed with bio-resorbable grafts[END_REF][START_REF] Giorgio | Viscous second gradient porous materials for bones reconstructed with bio-resorbable grafts[END_REF][START_REF] Giorgio | Viscous second gradient porous materials for bones reconstructed with bio-resorbable grafts[END_REF][START_REF] Giorgio | A visco-poroelastic model of functional adaptation in bones reconstructed with bio-resorbable materials[END_REF]. This would allow porosity, strain rate and tissue heterogeneity to be added as determining factors in tissue remodeling [START_REF] Hansen | The effect of strain rate on the mechanical properties of human cortical bone[END_REF][START_REF] Huiskes | A biomechanical regulatory model for periprosthetic fibroustissue differentiation[END_REF][START_REF] Zioupos | Microcracking damage and the fracture process in relation to strain rate in human cortical bone tensile failure[END_REF] which is of particular importance in defining the yield strain and Young's modulus for cortical bone. A linear elastic material model for describing cartilage tissue has been used in previous studies [START_REF] Bandeiras | A mathematical model of tissue-engineered cartilage development under cyclic compressive loading[END_REF]34] and is believed to be sufficiently descriptive of the tissue behavior [START_REF] Carter | Modelling cartilage mechanobiology[END_REF]. Considering other soft tissue material behaviors such as hyperelasticity, anisotropy and viscoelasticity would provide a more realistic description of both cartilage and fibrous tissues [START_REF] Freutel | Finite element modeling of soft tissues: material models, tissue interaction and challenges[END_REF]. Similarly using a higher value for the Poisson's ratio for cartilage in the region of 0.49 would provide a more accurate description of the high fluid content and incompressibility of cartilage. Fibrous tissue has been considered in this model to generally consist of connective tissues with a significantly lower stiffness than both bone and cartilage. To fully describe fibrous tissue, a more complete description would be required in order to account for the non-linear hyperelastic material behavior observed in fibrous tissues around implants [START_REF] Freutel | Finite element modeling of soft tissues: material models, tissue interaction and challenges[END_REF][START_REF] Kraaij | Mechanical properties of human bone-implant interface tissue in aseptically loose hip implants[END_REF]. Tissue-specific material models are required to provide a more realistic description of bone, cartilage and fibrous tissues and to help draw the distinction between the immature and mature tissue phases. Similarly, the anisotropy of cortical and trabecular bone is well documented, the particular material properties of these specific types of bone material may provide a more accurate modeling prediction. It is also worth noting, however, that a certain degree of material anisotropy has been predicted in all three simulations presented here, where an initially uniform Young's modulus distribution has been transformed into a non-uniform material property distribution. This finding may have the potential to provide insight into the adaption of the structure of bone, at various length scales, to the mechanical environment. This would explain the emergence of anisotropy in mature bone material, at the macro-and microstructural levels, as being driven and controlled by the external loading environment and the localized internal strains. However, it may also be appropriate to consider the remodeling as being controlled by the anisotropy inherent in the material itself ( [START_REF] Doblaré | Anisotropic bone remodelling model based on a continuum damage-repair theory[END_REF]). In addition to this, including the influence of porosity, void spaces and material heterogeneity, as was used in Simulations 2 and 3, may also provide an insight into the adaptability of bone's microstructure to the loading environment. The volume fraction of free space ϕ V accounts for this to a certain extent; however, it does not explicitly describe the interaction between the microstructural void spaces and new tissue formation. In this study, it has been assumed that a complete volume fraction of mature bone tissue represents fully formed cortical bone with a normal porosity in the material of between 5 and 10% [START_REF] Bousson | Distribution of intracortical porosity in human midfemoral cortex by age and gender[END_REF][START_REF] Malo | Longitudinal elastic properties and porosity of cortical bone tissue vary with age in human proximal femur[END_REF][START_REF] Rho | Mechanical properties and the hierarchical structure of bone[END_REF].

Future work will include experimental validation of the presented model. This will certainly require the many parameters used in the model to be adequately and realistically tuned to fit with specific animal models. This may focus on histological studies of tissue around implants and attempt to corroborate the observed tissue formations with equivalent simulation predictions. By recreating different tissue distributions observed under unique loading conditions, a greater degree of confidence in the model's predictions will be gained. Similarly, the replication of structural and microstructural geometries observed in trabecular, cortical and macroscale bone may be achievable through recreations of the loading conditions known to enact upon the skeleton. Such a recreation would interlink musculoskeletal forces with geometrically observed bone structures. Furthermore, the homeostasis observed in Simulation 1 may be investigated further by determining the volume fraction of mature bone content reached at a particular steady state and how this is related to the applied loading. Such a relationship between loading conditions and steady-state mechanical properties [START_REF] Lieberman | Predicting long bone loading from cross-sectional geometry[END_REF] may be significant in predicting bone structures, such as cortical thickness or cross-sectional second moment of area, in long bones.

Conclusion

This work reports a numerical description of tissue evolution accounting for the presence and mechanical interactions between several tissue types, namely bone, cartilage and fibrous tissues. It was built upon a previous model of osteogenesis [START_REF] Schmitt | Diffusion model to describe osteogenesis within a porous titanium scaffold[END_REF] by including several new mechano-biological criteria, such as a distinction between several tissue types, a strain dependence on tissue growth, and strain controlled tissue maturation. For a series of simple specimen geometries, tissue evolution in accordance with the local mechanical environment has been demonstrated and has showed to reach a homeostasis. Furthermore, specific tissue formations driven by local strain distributions have been demonstrated around void spaces at different locations in the specimen. Likewise, the generation of cartilage tissue interspersed with bone tissue, similar to that observed during the fracture healing process, has been recreated at realistic tissue formation rates. Being able to predict tissue evolution is of importance in several biological processes, in particular around an implant, during fracture healing and during bone remodeling. This is especially significant in the circumstances where there is fibrous tissue formation causing poor mechanical integration with the surrounding bone and subsequent mechanical loosening of implants. While the model was applied here to osteoarticular tissues, the proposed formulation could be applied to other tissue types, in cardiovascular tissues for instance. Accurately understanding the formation process of new tissues and the loading conditions required to produce stable integration may prove to be a powerful tool in improving implant success rates. 

A.1 Mesh convergence analyses
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  ϕ TOT Total volume fraction ϕ i,TOT Total volume fraction of bone, cartilage and fibrous tissues, where i = B, Cor F ϕ V Total volume fraction of free space ϕ I Volume fraction of immature bone, cartilage and fibrous tissues, where i = B, Cor F ϕ M Volume fraction of mature bone, cartilage and fibrous tissues, where i = B, Cor F ε I First principal strain ε I I Second principal strain ε Y Yield strain ε k,N Normalized principal strain where k = I or I I . f i,k ε k,N Function relating the normalized principal strain with the rate of change of the activation time t act,i , where i = B, Cor F and k = I or I I . a ε i,k , b ε i,k and kc ε i,k Characteristic coefficients which define f i,k ε k,N where i = B, Cor F and k = I or I I . t act,i

  λ i and Φ i Diffusion rate coefficients, where i = B, Cor F α i Immature tissue growth rate, where i = B, Cor F β i Tissue resorption rate, where i = B, Cor F γ i Tissue maturation rate, where i = B, Immature to mature tissue maturation function θ I and θ I I Direction of the principal stresses ⊗ Tensor product T i Effective range of t act,i , where i = B, Cor F. T Min i and T Max i The maximum and minimum values of T i , where i = B, Cor F. T i,GT Coefficient used to scale T G i where i = B, Cor F k R i , l R i and m R i Coefficient used to define T R i where i = B, Cor F d M i , e M i and f M i Coefficient used to define T M i where i = B, Cor F E TOT Material Young's modulus E I i Young's modulus of immature tissues, where i = B, Cor F E M i Young's modulus of mature tissues, where i = B, Cor F E V Young's modulus of the free space 1 Introduction

Fig. 1

 1 Fig. 1 Schematic representation of the distinction between immature and mature tissue states

Fig. 2

 2 Fig. 2 Schematic representation of the different remodeling processes involved in the mechanostat: diffusion (a), growth (b), maturation (c) and resorption (d)

Fig. 3

 3 Fig. 3 Example graph of the time evolution of a t act,i b T i c T G i d T M i e T R i to the changing mechanical environment

Fig. 4 FE

 4 Fig. 4 FE cantilever beam used in Simulations 1-3 and the measurement grid (point P1-P9). Beam a was used in Simulations 1, beam b used in Simulation 2 and beam c used in Simulation 3. All dimensions are in meters

Fig. 5

 5 Fig.[START_REF] Bandeiras | A mathematical model of tissue-engineered cartilage development under cyclic compressive loading[END_REF] Plots of f i,k ε k,N for each tissue. Bone (blue dashed-first principal strain), (blue solid-second principal strain); Cartilage (green-second principal strain) and Fibrous (orange-first principal strain)

Fig. 6

 6 Fig. 6 Plots of the immature tissue growth rate T G i resorption rate T R i and maturation rate T M i . Note that the resorption rates for cartilage and fibrous tissues are the same

Fig. 8

 8 Fig. 8 The tissue volume fraction evolutions averaged across the entire beam for a total, b bone, c cartilage, and d fibrous tissue in Simulation 1

Fig. 9

 9 Fig. 9 Normalized principal strains, T B , total Young's modulus, immature and mature tissue evolutions for each tissue type at points P1 and P6 in Simulation 1

Fig. 10

 10 Fig. 10 The volume fraction of mature a cartilage and b fibrous tissues after 1000 h under static loading (2.5 MPa) (Simulation 2)

Fig. 12 Fig. 13

 1213 Fig.[START_REF] Cardoso | Osteocyte apoptosis controls activation of intracortical resorption in response to bone fatigue[END_REF] The Young's modulus, E after a 100, b 500 and c 1000 h under cyclic loading (Simulation 3). The initial conditions were set for the upper half of the beam to be predominantly mature bone tissue and the lower half to be predominantly immature tissue

  in t act,C andε I I,N .

Fig. 14 A

 14 Fig.14A comparison between the volume fractions of mature cartilage and bone from Simulation 3 and those experimentally observed by[START_REF] Salisbury Palomares | Mechanical stimulation alters tissue differentiation and molecular expression during bone healing[END_REF]; the error bars represent the standard deviation in experimental results

Fig. 15 Fig. 16 Fig. 17 1 Fig. 18 Fig. 19 Fig. 20 A. 3 Detailed results for Simulation 2 Fig. 21 Fig. 22 Fig. 23 A. 4 Detailed results for Simulation 3 Fig. 24 Fig. 25 Fig. 26

 15161711819203221222343242526 Fig. 15 Mesh convergence for Simulation 1. Coarse mesh (blue) (3267 DOF), refined mesh (red) (23463 DOF) and extra refined mesh (green) (68871 DOF). The mesh was refined globally between each refinement

  

  

  

  

  

  

  

  

  

  

  

Table 1

 1 Initial volume fractions and applied loads for each simulation

	Simulation	Loading type	Initial	volume	Applied load (MPa)
			fractions		

Table 2

 2 Table of variables

	Variable	Symbol	Value	Unit	References
	Yield strain	ε Y	0.006		[6]
	Characteristic coefficients				
	relating the change in t act,B and ε I,N				
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