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Abstract

We consider an infinite chain of coupled harmonic oscillators with a Langevin thermostat
attached at the origin and energy, momentum and volume conserving noise that models the
collisions between atoms. The noise is rarefied in the limit, that corresponds to the hypothesis that
in the macroscopic unit time only a finite number of collisions takes place (Boltzmann-Grad limit).
We prove that, after the hyperbolic space-time rescaling, the Wigner distribution, describing
the energy density of phonons in space-frequency domain, converges to a positive energy density
function W (¢, y, k) that evolves according to a linear kinetic equation, with the interface condition
at y = 0 that corresponds to reflection, transmission and absorption of phonons. The paper
extends the results of [3], where a thermostatted harmonic chain (with no inter-particle scattering)

has been considered.

1 Introduction

The mathematical analysis of macroscopic energy transport in anharmonic chain of oscillators con-
stitutes a very hard mathematical problem, see [6]. One approach to it is to replace the non-linearity
by a stochastic exchange of momentum between nearest neighbor particles in such a way that the
total kinetic energy and momentum are conserved. This stochastic exchange can be modeled in
various ways: e.g. for each couple of nearest neighbor particles the exchange of their momenta can

occur independently at an exponential time (which models their elastic collision). Otherwise, for
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each triple of consecutive particles, exchange of momenta can be performed in a continuous, diffusive
fashion, so that its energy and momentum are preserved. In the present article we adopt the latter
choice, see Section Z.3.1] for a detailed description of the dynamics, but, with no significant changes,
all our results can be extended to other stochastic noises. A small parameter ¢ > 0 is introduced to
rescale space and time, and the intensity of the noise is adjusted so that in a (macroscopic) finite
interval of time, there is only a finite amount of momentum exchanged by the stochastic mechanism.
In terms of the random exchanges, it means that, on average, each particle undergoes only a finite
number of stochastic collisions in a finite time. Letting ¢ — 0 corresponds therefore to taking the
kinetic limit for the system.

The Wigner distribution is a useful tool to localize in space the energy per frequency mode. In
the absence of the thermostat, it is proven in [, that as e — 0, the Wigner distribution converges

to the solution of the kinetic transport equation

oW (t,y, k)+a' (k)0 W (t,y, k) = 270 / Rk, k") (W (t,y, k') — W(t,y, k)) dk, (t,y,k) € [0,400)xTxR,
: (1.1)

with an explicitly given scattering kernel R(k, k') > 0. It is symmetric and the total scattering kernel

behaves as

R(k) ;:/R(k,k’)dk’NykP for [k| < 1. (1.2)
T

Here T is the unit torus, which is the interval [—1/2,1/2], with identified endpoints. Furthermore
70 > 0 is the scattering rate for the microscopic chain (see ([Z.8) below) and w(k) = w(k)/27, where
w(k) is the dispersion relation of the chain (see definition (2.I1I)).
In the present paper we are interested in the macroscopic effects of a heat bath at temperature

T, modeled by a Langevin dynamics, applied to one particle, say the one labelled 0, with a coupling
strength 73 > 0 (see (Z8) below for a detailed description). Unlike the conservative stochastic
dynamics acting on the bulk, the action of the heat bath is not rescaled with €, so in the limit as
€ — 0 it constitutes a singular perturbation on the dynamics. The effect in the limit is to introduce
the following interface conditions at y = 0 on (LI)):

W(t, 07, k) = p_ (k)W (t,07,—k) + pL (k)W (t,07,k) + g(k)T, for0<k<1/2, s

W (t,07, k) = p_ (k)W (t,07, —k) + py (k)W (t,0%, k) + g(k)T,  for —1/2 < k < 0. -
Interpreting W (t, y, k) as the density of the energy of the phonons of mode k at time ¢ and position
y, then py(k), p—(k) and g(k) are respectively the probabilities for transmission, reflection and

absorption of a phonon of mode k when it crosses y = 0, while g(k)T is the rate of creation of a



phonon of that mode. These probabilities are functions of £ and depend only on the dispersion
relation w(-) and the intensity vy of the thermostat (cf. (2.29])). They are properly normalized, i.e.
p+(k) +p_(k) +g(k) =1, so that W (t,y,k) =T is a stationary solution (thermal equilibrium).

This result was recently proven in the absence of the conservative noise in the bulk (i.e. 79 =0
in (I.T)), see [3]. Then, the resulting dynamics outside the interface, given by (I.I), reduces itself to
pure transport as 79 = 0. Obviously, the coefficients appearing in the interface conditions (L3)) do
not depend on the presence of the bulk noise.

The goal of the present paper is to extend the result of [3] to the case when the inter-particle
noise is present, i.e. 79 > 0, see Theorem 29 below for the precise formulation of our main result. We
emphasize that in the situation when 9 = 0, both the equations for the microscopic and macroscopic
dynamics, given below by (Z.13]) and (ILI)) respectively, can be solved explicitly, in terms of the initial
condition, and this fact has been extensively used in the proof in [3]. The argument can be extended
to the dynamics where only the damping terms of the noise are present, i.e. with no noise input both
from the inter-particle scattering and the thermostat, see ([BI]). The equation for the macroscopic

limit of the respective Wigner distribution W"(¢,y, k) reads (cf (234])), see Theorem 5.6 below,
oW (t,y, k) + &' (k)0, W™ (¢, y, k) = =270 R(k)W"™(t,y, k), y#0, (1.4)

with the boundary conditions as in ([3]). In the next step we add the stochastic part correspond-
ing to the inter-particle scattering, which corresponds to 7" = 0 for the thermostat, see equation
([£2]) formulated for the respective wave function. Next, we use the previously described dynamics
to represent the solution of the equation with the help of the Duhamel formula, see (5.8). The
corresponding representation for the Wigner distribution is given in (5.12]). Having already estab-
lished the macroscopic limit for the dynamics with no stochastic noise, we can use the Duhamel
representation to identify the kinetic limit of the noisy microscopic dynamics when the thermostat
temperature T = 0, see Theorem The extension to the case when the temperature T' > 0 is
possible by another application of the Duhamel formula, see Section

Concerning the organization of the paper, Section Bl is devoted to preliminaries and the for-
mulation of the main result, see Theorem Among things discussed is the rigorous definition
of a solution of a kinetic equation ([LI)) with the interface condition (L3]), see Sections 2.6.3] and
2.6.4l Section [ deals with the basic properties of the microscopic dynamics obtained by removal
of stochastic noises, both between the particles of the chain and the thermostat. This dynamics is
an auxiliary tool for the mild formulation of the microscopic dynamics corresponding to the chain

with inter-particle scattering and thermostat. We discuss first the case when thermostat is set at



T = 0, see Section @ In this section we obtain also basic estimates for the microscopic Wigner dis-
tributions, see Proposition [.T], that follow from the energy balance equation established in (£.23]).
A similar result is also formulated for the auxiliary dynamics with no stochastic noise in Section [5.11
In Section B3] we formulate the result concerning the kinetic limit for this dynamics, see Theorem
Its proof is quite analogous to the argument of [3] and is given in Appendix [Bl Section (5.5 is
essentially devoted to the proof of the main result (Theorem 2.9]) for the case T' = 0 and the proof for
T > 0 is presented in Section [6l Some properties of the dynamics corresponding to the macroscopic
kinetic limit are proven in Appendix [Al Section [C] of the appendix is devoted to the proof of some

properties of the interface coefficients appearing in the limit.
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2 Preliminaries and statement of the main results

2.1 Basic notation

We shall use the following notation: let R, := R\ {0}, Ry := (0,4+00), R_ := (—00,0) and likewise
T, := T\ {0}, Ty := (0,1/2), T_ := (—1/2,0). Throughout the paper we use the short hand
notation

s(k) :=sin(mk) c¢(k) := cos(nk), keT. (2.1)
Let e, (k) := exp{2mizk} for x belonging to the set of integers Z. The Fourier series corresponding to
a complex valued sequence (f;).cz belonging to /5 - the Hilbert space of square integrable sequences
of complex numbers - is given by

Fk) =" foes(k), keT. (2.2)

TEZ

Here z* is the complex conjugate of z € C. By the Parseval identity f € L2 (T) - the space of complex
valued, square integrable functions - and || f lz2ery = [ f lles-

Given € > 0 we let Z, := (¢/2)Z and T, := (2/€)T. Let {5, be the space made of all complex



valued square integrable sequences (fy)yez. equipped with the norm

1/2
1l = § 5 D 1P
YELe
Let
fo) =35> fueym), meTe (2.3)

YELe
The Parseval identity takes then the form || f]| 2ty = 1flle,.-
For any non-negative functions f, g acting on a set A the notation f < g means that there exists
a constant C' > 0 such that f(a) < Cg(a) for a € A. We shall write f~ g if f <gand g < f.
Given a function f : Ry — C satisfying | f(t)| < CeM?, for fome C, M > 0 we denote by f()) its
Laplace transform

fo) = /+°° e Mf(t)dt, Rel> M
i , :

2.2 Some function spaces
For a given G € S(R x T) - the class of Schwartz functions on R x T - we let
Gnk) = [ ej(mG(y.
be its Fourier transform in the first variable. Let
A.=1G: GeCPRxT). (2.4)
Let A be the Banach space obtained by the completion of A, in the norm
IGlla= [ sup|Gndn. G e A (25)
R k€T
Space A’ - the dual to A - consists of all distributions G € §’'(R x T) of the form
GF) = [ G0 F bk, FeA
RxT
for some measurable function G : R x T — C, equipped with the norm
Gl =sup [ G, F)idk < +x. (26)
neR JT

We shall also consider the spaces Lo := l2 . ® L2(']I'). The respective norms of G : Z¢ x T — C
and G : T, x T — C are given by
1/2
€ ~
1Glese =45 D IGullzagey ¢ = 1G] 2. (2.7)

YELe



2.3 Infinite system of interacting harmonic oscillators

2.3.1 Thermostatted Hamiltonian dynamics with momentum and energy conserving

noise

We consider a stochastically perturbed chain of harmonic oscillators thermostatted at a fixed tem-

perature T > 0 at x = 0. Its dynamics is described by the system of Itd stochastic differential

equations
dqx(t) = px(t)dt
dpo(t) = [~(axa(t)e = GO M) dt+ 0 Y Verabal)dwnin(t)  (28)
k=—1,0,1
+ (—71p0(t)dt + v/ 2’71wa(75)> 00,2, € Z.
Here

Yy = (po — pm+1)8px—1 + (Pot1 — px—l)apcc + (po—1 — pw)apﬁl (2.9)

and (wy(t));>g, * € Z with (w(t)),~,, are ii.d. one dimensional, real valued, non-anticipative

standard Brownian motions, over some filtered probability space (X, F, (F¢);>¢,P). In addition,
0 0
0, = A0 =0 +0V — 20
with
—4, =0
00 = ¢ —1, x=+1
0, if otherwise.

A simple calculation shows that
O(k) = 8s2(k) (1 +2¢%(k)), keT. (2.10)

Parameters ey > 0, 1 describe the strength of the inter-particle and thermostat noises, respectively.
In what follows we shall assume that ¢ > 0 is small, that corresponds to the low density hypothesis
that results in atoms suffering finitely many ”collisions” in a macroscopic unit of time (Boltzmann-
Grad limit). Although the noise considered here is continuous we believe that the results of the
present paper extend to other type of noises, such as e.g. Poisson shots.

Since the vector field Y, is orthogonal both to a sphere p2_; + p2 + p2,; = const and plane
Pr—1+Pz+Ppz+1 = const, the inter-particle noise conserves locally the kinetic energy and momentum.

Concerning the Hamiltonian part of the dynamics, we assume (cf [I]) that the coupling constants

(g )zez satisfy the following:



al) they are real valued and there exists C' > 0 such that |a,| < Ce~1#l/C for all z € Z,
a2) a(k) is also real valued and &(k) > 0 for k # 0 and in case @(0) = 0 we have &”(0) > 0.

The above conditions imply that both functions = +— «, and k — &(k) are even. In addition,
& € C*®(T) and in case &(0) = 0 we have (k) = k?¢(k?) for some strictly positive ¢ € C°°(T). The

dispersion relation w : T — R, given by
w(k) :=+/a(k) (2.11)

is even. Throughout the paper it is assumed to be unimodal, i.e. increasing on [0,1/2] and then,
in consequence, decreasing on [—1/2,0]. Its unique minimum and maximum, attained at k& = 0,
k = 1/2, respectively are denoted by wpyin > 0 and wpax, correspondingly. We denote the two

branches of its inverse by wx : [Wimin, Wmax] — T+

2.3.2 Initial data

We assume that the initial data is random and, given € > 0, distributed according to probabilistic
measure e and

Ew = sup eZ(eﬁW < 400. (2.12)
e€(0,1] ze7,

Here (-),, is the expectation with respect to u. and the microscopic energy density

1 2
Cy 1= 5 (Px + Z Oéx—x’%%’> .

z' €L

€

The assumption (2.I2]) ensures that the macroscopic energy density of the chain is finite.

2.4 Kinetic scaling of the wave-function

To observe macroscopic effects of the inter-particle scattering consider time of the order ¢/e. It is

also convenient to introduce the wave function that, adjusted to the macroscopic time, is given by

V) =D g (E) + ip <§> , (2.13)

where (p(t),q(t)) satisfies ([Z8) and (@;),; are the Fourier coefficients of the dispersion relation,

see (2.11I). We shall consider the Fourier transform of the wave function, given by

DOt k) = wk)§ (¢, k) +ipl (¢, k). (2.14)



Here (9 (t), () (t) are given by the Fourier series for qgf)( t) :=qy(t/e) and p(e)( t) :=pa(t/e), x € Z,
respectively. They satisfy
dip O (t, k) = {——w( k) (8, k) — 2inoR(E)pE (¢, k) /p (t. k) dk’} dt

2’71T
€

—2¢%Ar(k,k’)ﬁ<ﬁ> (t,k — k') B(dt,dK') + dw(t), (2.15)
$9(0) =4,
where
B (1) 1= o [0 k) — (89 (1, )]
r(k, k') = 4s(k)s(k — K)s(2k — k') kK €T,
Rk) = /T P2k, K )l = s2(2k) + 262 () = @
Here B(t,dk) = Y, o wa(t)es(k)dk is a cylindrical Wiener process on L*(T), i.e.

E[B(dt, dk)B*(ds, dk')] = 5(k — K')8(t — s)dtdsdkdk . (2.16)

2.5 Energy density - Wigner function

One can easily check that

18Oy = IO =3 (p00) + 3 awwal a0 (217)

TEZL z,x' €7

After straightforward calculations one can verify that

) 2 O, 2 omT\Y? .
SOOIy =22 | (0) = ] ar (21) TP 0w, Poas (219

€

Here P, := P ® p.. By E. we denote the expectation with respect to P.. From assumptions (2.12])
and (Z.I8]) we obtain.

Proposition 2.1 Under the kinetic scaling we have

E.(t) == sup 21@ AP D20y < E+ Tt t>0. (2.19)
e€(0,1]

We can introduce the (averaged) Wigner distribution W, (t) € A’, corresponding to (9 (), by the

formula

(We(1),G) =5 3 E. [(wgﬁ,’(t))*w;@(t)} e o(k)G (e - k> Ge A (2.20)



Thanks to (Z19)) it is well defined for any ¢ > 0 and € € (0, 1]. Using the Fourier transform in the

first variable we can rewrite the Wigner distribution as

(We(t),G) = W*(t,n, k)G (n, k) dndk, G € A, (2.21)
TexT
where
We(t,n,k) i= SE. [(«W) (15— %) 9O (ki + %)} . (2.22)

We shall refer to /V[Z(t) as the Fourier-Wigner function corresponding to the given wave function.

For the sake of future reference define also Y.(t), by its Fourier transform

~

Yo(t,n, k) = %EE [1/3(6) (t, —k+ %) P (t,k + %)] . (2.23)

2.6 Kinetic equation

An important role in our analysis will be played by the function, see Section 2 of [3],

J(t) :/cos (w(k)t) dk. (2.24)
T
Its Laplace transform
- o0 A
= Mt :/7 = |z . 2.2
i /O MWt = [ Gk, AeChi=[: Rez>0) (2.25)

One can easily see that Re J(A\) > 0 for A\ € C, therefore we can define the function
G =1 +mJN) AeCy. (2.26)
We have
gV <1, XeCy. (2.27)
The function g(-) is analytic on C4 so, by the Fatou theorem, see e.g. p. 107 of [5], we know that

v(k) = E£%1+§(e —iw(k)) (2.28)

exists a.e. in T and in any LP(T) for p € [1,00).
Let us introduce
v v(k)|?
o) = g WD 5= 1= 0P o= o, (229
where @' (k) := w'(k)/(27). We have shown in [3] that
ev(k) = n v(k)% .
Rev(k) <1 + 2\0}’(/6)]) lv (k)| (2.30)

The functions p4(-) and g(-) are even. Thanks to ([2Z30) we have

P (k) + p— () + g(k) = L. (2.31)



2.6.1 Linear kinetic equation with an interface

Let L be the operator given by
LF(k) =2 / R(k,K') [F (K') — F (k)| dk', keT, (2.32)
T
for F € LY(T) and

ROk, K) o= {2 (k= ) 407 (k4 1)) (2.33)

= 8% (k)s* (k') {s*(k)c*(K') + s*(K')*(k)}, K,k €T.

Note that (cf ([2I0)) the total scattering kernel equals

O(k)

— (2.34)

R(k) = /T Rk, )dl =

Definition 2.2 Given T € R, let Cr be a subclass of Cp(Ry x T,) that consists of continuous

functions F that can be continuously extended to Ry x Ty and satisfy the interface conditions
FOME) =p_(K)F(OT,—k) +pr(K)F(0, k) +g(k)T, for0<k<1/2, (2.35)
and
F(07, k) =p_(k)F(0~,—k) + py (k)F(OT, k) + g(k)T,  for —1/2 < k <0. (2.36)

Note that F' € Cp if and only if F'—T" € Cp_g+ for any T, T" € R, because of (Z3T]).

Let us fix T' > 0. We consider the kinetic interface problem given by equation

oW (t,y, k) + &' (k)O,W (t,y, k) = LW (t,y, k), (t,y,k) € Ry x R, x T, (237
2.37

W(07 Y, k) = WO(y7 k)a

with the interface condition

W(t)eCp, t>0. (2.38)

Here L; denotes the operator L acting on the k variable. We shall omit writing the subscript if

there is no danger of confusion.

10



2.6.2 Simplified case. Explicit solution

We consider first the situation when equation ([2.37)) is replaced by

oW (t,y, k) +<I)/(k)3yWun(t,y,k) = 2v%R(E)W"™(t,y, k), (t,y,k) € Ry x R, x T, ( )
2.39
Wun(07 Y, k) = WO(y7 k)a

with the interface conditions (Z35) — (Z36]), with 7" = 0. It can be solved explicitly, using the

method of characteristics, and we obtain
W (t,y, k) = e 0 RM {Wo (y = &' (k)t, k) Ljowr kyge (y) + Dy () Wo (y — &' (B)t, k) 1o gy (0)
+ p-(B)Wo (—y + &' (k)t, —k) 1jo o (kg (y)} : (2.40)
Consider a semigroup of bounded operators on L>(R x T,) defined by
;" (Wo) (y, k) = WH(t, y, k), (2.41)

with Wy € L*(R x T,), ¢ > 0 and (y,k) € R, x T,. From formula (240) one can conclude
that (W;"),5, forms a semigroup of contractions on both LY(R x T) and L*(R x T). Thus, by
interpolation, formula (Z40]) defines a semigorup of contractions on any LP(R x T), 1 < p < +o0.

Note that if Wy is continuous in R, x T,, then W""(t, y, k) satisfies the interface conditions (2.35])
and (Z36]), with 7" = 0 for all ¢ > 0. Therefore, (0}")¢>0 is a semigroup on Cy with W™ (¢,y, k) (cf
[241))) satistying the first equation of (2.39]), the interface condition ([Z35]) - [236]) and the initial
condition

lim Wun(tvyv k) = WO(:’J, k)7 (yv k) € R* X ’]I‘*
t—0+

2.6.3 Kinetic equation - classical solution

Definition 2.3 We say that a function W : R x R x T, — R is a classical solution to equation
E31) with the interface conditions [230), Z36) at y = 0, if it is bounded and continuous on
Ry X Ry x Ty, and the following conditions hold:

(1) the restrictions of W to Ry xR, x T, 1,1/ € {—,+}, can be extended to bounded and continuous

functions on the respective closures Ry x R, x T,

(2) for each (t,y,k) € Ry x R, x T, fized, the function W (t + s,y + &'(k)s, k) is of the C* class

in the s-variable in a neighborhood of s =0, and the directional derivative

DW (t,y, k) = (0, + &' (k)y) W (t,y, k) : W(t+s,y+a(k)s k) (2.42)

a ds [s=0

11



s bounded in Ry x R, x T, and satisfies

DW (t,y, k) = vLiW(t,y, k), (t,y,k) € Ry x R, x T, (2.43)

3) W(t) satisfies (235]), (236]) and

llHl W(t7y7 k) = WO(y7 k)v (y7 k) € R* X ’]I‘* (244)
t—0+

The following result has been shown in [4], see Proposition 2.2.

Proposition 2.4 Suppose that Wy € Cp. Then, under the above hypotheses on the scattering kernel
R(k,k') and the dispersion relation w(k), there exists a unique classical solution to equation (237

with the interface conditions (2.38) and (230 in the sense of Definition 23l

2.6.4 [? solution

We assume that 7' = 0. Define 2;(Wo) := W (¢). Thanks to Proposition 2] the family (20),

forms a semigroup on the linear space Cy. Furthermore, we let
RF (k) :== / R(k,KF (K')dK', keT, FeLYT). (2.45)
T
Let C) := Cop N L*(R x T). The following result holds.

Proposition 2.5 We have 20, (C{)) C C{, for all t > 0. The semigroup (Wt),>q extends by the L?
closure from Cl to a Co-continuous semigroup of contractions on L*(R x T). Moreover, it is the

unique solution in L*(R x T) of the integral equation
t
W, — W 4+ 2, / W RO,ds, t> 0. (2.46)
0

The proof of this result is contained in Appendix[Al We shall refer to the semigroup solution described
in Proposition 25 as the L2-solution of quation (Z37) with the interface conditions (Z35]) and (230)
for T'= 0. To extend the definition of such a solution to the case of an arbitrary 7" > 0 we proceed
as follows. Suppose that Wy € L2(R x T). Let x € C2°(R) be an arbitrary real valued, even function

that satisfies
1, for |y| <1/2,

x(y) =14 0, for [y| > 1, (2.47)

belongs to [0,1], if otherwise.

12



Definition 2.6 We say that W (t,y, k) is the L?-solution of quation (Z3T) with the interface con-
ditions [238) and Z30) for a given T > 0 and an initial condition Wy € L*(R x T), if it is of the

form
Wty k) = 20, (o) / W (F)(y, K)ds + Tx(y), (hy k) €Re xRxT.  (2.48)

Here
F(y, k) == —T&' (k)X (y), Woly,k) := Woly, k) — Tx(y). (2.49)

Remark 2.7 Note that the definition of the solution does not depend on the choice of function y

satisfying (2.47).

Remark 2.8 Suppose that Wy € Cp. Then, W (t,y, k) given by(Z48) is the classical solution of
@31) with the interface conditions (235 and (Z36]), in the sense of Definition 23]

2.7 Asymptotics of the Wigner functions - the statement of the main result

Thanks to (2.I9) we conclude that

sup |[|[Wellpeo (0,754 < +00, for any 7 > 0. (2.50)
€€(0,1]

Therefore (W(-)) is sequentially *-weakly compact in L{° ([0,400),.A’), i.e. from any sequence
€, — 0 we can choose a subsequence, that we still denote by the same symbol, for which (W¢,(-))
*-weakly converges in (L'([0,1], A))/ for any ¢ > 0. In our main result we identify the limit as the L2
solution of the kinetic equation (2Z37) with the interface conditions ([2.33]) and (2.36), in the sense
of Definition

Theorem 2.9 Suppose that there exist C,xk > 0 such that
We(0,m, k)| + |Ye(0,m. k)| < Cip(m),  (n,k) € Te x T, e € (0,1], (2.51)

where
1

(14 n2)3/24r (2:52)

e(n) =
and

WG(O) —) WO m .A/.
e—0+
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Then, Wy € L*(R x T) and for any G € L ([0, +0o0); A) we have

loc

T

L RUACREOITE /0 “W@),Ge)dt, 0. (2.53)

Here W (t) is the L? solution of the kinetic equation ([Z37) with the interface conditions [2.35) and
230) satisfying W(0) = Wy.

In the case T' = 0 the theorem is a direct consequence of Theorem proved below. The more

general case T' > 0 is treated in Section [Gl

3 Deterministic wave equation corresponding to (Z.15])

Here we consider a deterministic part of the dynamics described in ([ZI3]). Its corresponding energy
density function will converge to the solution of (2.39]). In microscopic time the evolution of the

wave function is given by

%&(t,k) = iw(R)B(L k) — 2ievo RUK)p (4 k) — i / Pt k) dI, (3.1)
T

~

¢(07 k) - TZJ(k)a

where
. 1o - *
plt k) = - [0t 8) = (3. -m) ]
In fact it is convenient to deal with the vector formulation of the equation for

¢4 (T, k) v (k)
(L, k) = . U(k) = . (3.2)
o-(t. k), - (k)
Here, we use the convention ¢ (¢, k) = ¢(t, k) and ¢_(t, k) := ((fﬁ(t, —/<;)>* and similarly for ¢, (k).
The equation then takes the form

icj)(u k) = Qc(k)®(t, k) — iyifpo(t),

dt
(0, k) = W(k). (3.3)
Here
Qu(k) = | T0eRk) —iw(k) ok (k) — Qu(k) — e R(k)D. (3.4)
YoeR(k) —YoeR(k) + iw(k)

14



and

The momentum at x = 0 equals

polt) = % /T (1, k) - jdk = 2% /T [dct.k) — (dt.~)) ] . (3.5)
The eigenvalues of the matrix Qc(k) equal Ay (k) = —yoeR(k) £ iwc(k), where
) = 25 b = () T (P (3.0

Note that X} = A_.

Solution of (3.3))

By the Duhamel formula, from B3] we get

t
B(t,k) = eq, (k. ) (k) — i /0 eq, (.t — s)fpo(s)ds. (3.7)
Here
1,1 1,2
o, (1) 1= exp (i) = | TPt o 59
en2(k,t) e ] (k1)
and
cll(ht) = 1 { (1 VIZTBIR) e (ht) = (80 Pes )}
2k 1) = "L (1 TBER) (e (k1) — e (k1) (39)
ex(k,t) = R,
Note that e% (k,t) = ex(k, ).
Multiplying scalarly both sides of ([8.17) by f and integrating over k we conclude that
polt) +mJe * po(t) = po(t) (3.10)
Here
py(t) = 1 eq. (k, 1)U (k) - fdk (3.11)
21 T
and
1 .
Je(t) = 3 /Texp {Qc(k)t}§- fdk = /Tjg(t, k)dk, (3.12)
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where

Jelt, k) = %exp{QE(k)t}f-f: e—EVORUﬂt{ 1 — (e8(K))Z cos (we(k)t) — eB(k) sin (wg(k)t)}. (3.13)

Taking the Laplace transforms of the both sides of (310]) we obtain
BoN) (L +mJe(N) = B(N).
By a direct calculation one concludes that
Re J.(\) >0, forany \ € C,.

Since J.(-) is real valued, we have

J*(A\) = J.(\*) for any A € C..

€

From BI4]) we get
Bo(A) = Ge(VPG(N),
with ge(\) defined by
3= (1 +71j€()\))_1 . ReA>0.
Thanks to (3I5]) we obtain

1ge(M)[ <1, ReA>0

and, as a result,

Y| Je(N)Ge(N)| <2, Re > 0.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

The following result shows in particular that g.(e — iw(k)) approximates in some sense v(k), as

€ — 0+ (see ([228))).

Proposition 3.1 Suppose that K : T — Ry is a uniformly continuous and bounded function satis-

fying
zigqer(k:) > 0.
Then,
9e(A) = gA) +erc(A), A eCy,
where

e—0+ T

for any p € [1,+00).

16
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The proof of Proposition B.1] is shown in Appendix [Cl
Define by g.(ds) the distribution such that

+oo
Ge(N) = / e g (ds). (3.22)
0
From (BI7) it satisfies
ge(ds) = d(ds) — y1Je * ge(s)ds. (3.23)

The Volterra equation ([3:23]) has a unique real-valued solution and ~;1Je * ge(s) is a C*° smooth
function, see e.g. the argument made in Section 3 of [3]. The solution of (1) can be then written

as follows
O(t, k) = U)W (k) := eq, (k, )T (k) —in /0 eq. (k,t — )l * ge(s)ds (3.24)

~ ’7 t s ~
= eq, (k, )W (k) — 71/0 ds/o ge(dsl)/TeQE(k,t—s)DeQE(k,s—sl)\I/(ﬁ)dﬁ.

4 Dynamics of the energy density when 7' = 0

Starting with the present section untill Section [0l we shall assume that the thermostat temperature

T =0, see (2.15). We maintain this assumption untill Section [6l Let

09 (¢, k) ]

4.1
(L, k) -y

GOt k) = {

where zﬁgf) (t,k) := (¢, k) and 1[1(_6) (t, k) = (zﬁ(ﬁ))* (t,—k) (cf 2I4)). From 2IH) we get

AU (k) = !
€

Q (k)T (¢, k)dt +i\/70 / r(k, KYDWE (£, — &) B(dt,dk') — Lpo(t)adt,
T €
W0, k) = U(k). (4.2)

With some abuse of notation we denote by A the Banach space of all matrix valued functions

obtained by the completion of functions of the form

F(y, k) = Glyk) - Hy k) . (y,k) eRxT, (4.3)
H*(yvk) G(y7_k)

with C'™ smooth entries satisfying G is real valued and H is even in k. The completion is taken in

the norm given by the maximum of the A norms of the entries, see (2.3]).
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The Wigner distribution, corresponding to the wave function 1(9)(t), is a 2 x 2-matrix tensor

W(t), whose entries are distributions, given by their respective Fourier transforms

—

W (t,n, k) == %E [\if@ <t, k+ %) ® (\if@)* (t, k- %)] (4.4)

~

_ W€7+(t,77, k) Y;,+(t7777 k) (,’7 k‘) cT. xT (4 5)

~ —

}/e,—(ty m, k) WE,—(t’ B k)
with

—

Wes (6, K) = Welt,m B) = SE [0 (.h+ D) (49)" (1.6~ D]

Voi(t,m k) = %EE [qﬁ(f) <t,k n %) O <t, k4 %)] :

e,—(tv , k) = ?Vef—i-(tv =, k)v We,—(tv n, k) = WE,—I-(tv n, _k)

~

Then W.(t) belongs to A’ - the dual to A that is made of all distributions W, whose Fourier

transform in the first variable equals

_ Wi (k) Yi(n,k)

W(n, k) = (n,k) € Te x T, (4.6)

~ — )

Y_(n,k)  W_(n,k)

whose entries belong to A" and satisfy

W_T_(T], k) = W—i—(_nv k)? }/}4-(777 k) = }/}-i-(n? _k)7
W—(% k) = W+(777 _k)7 }/}—(7]7 k) = ?—:(_7]7 k)

The duality pairing between A’ and A is determined by the relation
EW) = [ Bk W, kdndk (47)
TexT
2 [ {Beo .0 + Re (R (r. T2 1)) }.
TexT
wher the scalar product of two matrices is given by
Fw=Y (EWL* n ﬁ?) . (4.8)
=%

The norm ||W|| 4 is therefore the sum of the norm of its entries.

Thanks to (212) and (2I9) we conclude that

sup sup [|[Wc(t)||a =: AL < +oc. (4.9)
€(0,1] t>0

18



Therefore (W,(-)) is bounded in L*([0,+00),.A’). In consequence, from any sequence €, — 0 we
can choose a subsequence, that we still denote by the same symbol, such that (W, (-)) is *-weakly
convergent in (L'([0,400), A))/.

In what follows we shall also consider the Hilbert spaces Lz with the scalar product (-,-)z, .

given by the formula ([@T]). The respective Hilbert space norms are

Wi, = {2 (IWe iy, + 1v2l,,) )

We introduce the following notation, given a function f : T — C, we let

f(k,m) = % [f (kr + g) +f (k - g)] (4.10)
and the difference quotient for the dispersion relation
dew(k,n) == % [w (k + %) —w ( — %)} . (4.11)

Equipped with this notation we introduce

—iseolkin) — s (k,en)
€
H.(n, k) = . (k) €TexT (4.12)

.
;Z@(k‘, en)  idew(k;n)

and

Lof(k) i= 2Ry f (k) = 2R(km) (k). Ly f(k) := 2R, f (k) = 2R (k=) £(k),

Rof (k) = [ ROk H ) () (4.13)
T
/ 1 e / e / /
R(k, K 0) == v (k= k= ) r(k+ -, k=), kK eT, (2T,
2 = 2 2
We denote by £, ., T, the operators, acting on Lz ., defined by

— ~ — —

LW =2,W, HW=5HW, TW=3IW. (4.14)

Here W is the Fourier transform of W € Ly, given by ([@6). Operator 9., acting on L2(T. x T),
is given by
. = 2i _ S
— 0w (ks mW (0, k) ——a(k, en)Ys(n, k)
SW (. k) = He(, k) o W k) = SNCRE)

% ~ . —
;w(/ﬁ, en)Y_(n,k)  idew(k;n)W_(n,k)
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with o denoting the Hadamard’s product of 2 x 2 matrices. Moreover, £, and T act on L*(T, x T)

via the formulas
W (k) Y!(n,k
k) VG )]7 )

- Wi(nk) Y.(nk .
LW (n, k) = J(n ) j(n ) , TW k)= | _ o
Yi(n,k) W.(n,k) Y'(n, k) W(n,k)
with
/M?:/E(TL k) LEUWZE 7]7 Y Z LLer] —t T,a (417)
?:{:(77’ k) = Léﬁ?ﬂ:(n’ k) + Ré??(Y¥ 9 Z LLEnW—L n,k
and
7 > ' 2K’
Wl(n,k)zi/[Yi@—%,kJrk’) <n+—k+k>
2¢e 1 €
— 2K A ) )
—Wi n——k+k - W 77+—lc+lc dk', (4.18)
N 2k 2k
Yﬁ(ﬂ,k)z——/[yj:(UJr—k%—k) <77——lc+l<:>

— 2k 2k
—We <n+ —,k+k’> Wy (n— —,k+k’>} dk’.
€ €

Using ([4.2)) we obtain the following system of equations for the evolution of the tensor W (¢, 7, k)
(4.19)

d —~ ~ ~ N~
W(t,n, k) = (’Yoﬂen + 9 + ’n‘fe) W(t,n, k).

dt
The respective semigroups on Lg. and L?(T, x T) shall be denoted by
Q/ﬁe(t) = exp { (702517 + 9. + 71@) t} , t>0. (4.20)

200, (t) = exXp {(702617 + f)e + 7156) t} 5

Let us introduce the Hilbert space norms
(4.21)

Wi = { [ R (s~ D) [Tt~ T anar)

and
1/2
Wiy, . = {/Tdk ‘/T [/th (t,n,k - %) Y, (t,n,k; - %)] dnr} . (4.22)
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By a direct calculation one can verify the following identity

t t
W12, +30 [ IWl,, ds+am [ IW)l,, ds = WO,
t o~ o~ *
van [ds [ ROk enRe {2, (s h) (W) (5. 0) (4.23)
0 Tex T2
o~ * ’ o~ * , ’
Yo (3,0 k) (Ve ) (s K) + Yo (s,m, k) (Vs ) (500, K') | dndid
t o~ —~ *
s [ds [ B enRe {(Wos(s.n. ) (T ) (504
0 T x T2
Ve (5.0 k) (Wet ) (s.m, 1)} dnahdk!, £20, e € (0,1].
In particular we have
d
ZIWB)IE,, < 16RWL(D)]2,, (4.24)

and

29[ We®)lly,, +nIWe®)lF,, <ARJWD)Z, ., (4.25)
where R, := supy pet, seor |[R(E, K, £)|. By the Gronwall inequality we conclude the following.

Proposition 4.1 We have
IWe(t)ll o < IIWe(0)]] 25, ¥ (4.26)

and

29l We(®) I3, +11lIWe@)l3, . < 4RW(0)]Z, 1, t>0. (4.27)

A direct consequence of Proposition [4.1]is the following.

Corollary 4.2 The semigroup (We(t));>q is uniformly continuous on Ly.. Moreover, its norm
satisfies

|1 ()2, < ¥, >0, €€ (0,1]. (4.28)

Corollary 4.3 Suppose that W(-) is a *-weak limit of (W, (-)) in (L'([0, —i—oo),.A))/ and assume
that

W, == limsup [|[W(0)]|z,. < +o0. (4.29)
e—0+

Then, W(-) € L2 ([0,4+00); L>(R x T)). In fact we have

loc

W Lo o, 2R 5Ty < € TWay 7200, (4.30)
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Proof. Fix some 7 > 0. Suppose that G € A.. Suppose that A C [0, 7] is a Borel measurable set.
We know that
lim du G(n, k) -\/7\\/'6” (u,n, k)dndk = / du G(n, k) 'W(u,n, k)dndk.
=100 J 4 RxT A RxT

Suppose that ng is such that Suppé C [~e e l] x T, n > ng. Then for these n we can write

n ’n

A RxT

/ du / G(n, k) - W, (u, 7, K)dndk
A Te,, xT
< 1G] 2 /A [We, (@)s... du.

Therefore, by (£.26),

/ du | Gn,k)- W(u,m, k)dndk" < ¥ Tmy (A))| G| 2 o) limsup [We(0)] .
A RxT e—0+

By the density argument, the above inequality holds for all G € L?(R x T). We can further extend
the above estimate by taking a simple function of the form F(t) := > " | G;l4,(t), where G; € Ay
and Aj,..., A, are disjoint, Borel measurable subsets of [0,7]. The above argument generalizes

easily and we conclude that

/ / B(u, 7, k) - W (u, 0, k)dndk| < €877 [F|| s go.1uz2(my limsup [[We(0)] ..
0 JRxT 0L

Since the functions F(-) are dense in L'([0,7]; L?(R x T)) we conclude the proof of the corollary.
Estimate ([Z30]) is a consequence of the results of Section IV.1 of [2]. O

5 Fourier-Wigner functions for the deterministic dynamics

Throughout the present section we shall assume that T = 0.

5.1 Dynamics of the Wigner distributions for the solution of (B.1])

We consider the Wigner tensor W™ (t), corresponding to the wave function ®(©)(t, k) = ®(t/e, k),
where ®(t, k) is given by B2). Its Fourier transform (in the first variable) is given by (see (B24]))

W2 (t,n, k) Y22 (t,n, k)

Wit k) == %E [‘i’(ﬁ) (t,k + %) ® (@(E)y (t’k - ﬂ)] B V(s g k) W (¢,n,k)

2

)
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with
T = 2[5 (164 2) (59 (k- D).

Pt d) = 5813 (1 + )9 (4 D).
v k) = (V-0 k) Wt k) o= W2t —K).

Using ([3.3]) we conclude that the dynamics of the tensor W™ (¢) is described by the L ¢ strongly

continuous semigroup
W (t) == exp { (0L, + He + M%) t}, >0, (5.1)

where $, T, are defined in ([AI5), (£16]) and (@IS). On the other hand £, is given by the respective

Fourier transform

. Wein k) Y'.(nk
LW (n,k) = A+(n ) A+(n ) : (5.2)
Yi(n, k) WL(n, k)

with
WZL(n,k) = —2R(k, en)WE" (n, k) + {R (k ¥ %) Y% k) + R (k + %) Y2 (n, k)} :
YL, k) = —2R(k, en)Ye (. k) + R (k: + %) W, (. k) + R (k; + %) W_(n, k). (5.3)
By a direct calculation we can verify the following.
Proposition 5.1 The following identity holds
W12, + 870 /Ot W (5) 1[5, ds + 4 /Ot W ()13, . ds = W (0)[1Z2,,,  ¢=>0, ee(0,1].

(5.4)

A direct consequence of the proposition is the following.

Corollary 5.2 (m]gn(t))tzo forms a uniformly continuous semigroup of contractions on L. for any

e € (0,1].

Let pée) (t) :=po (t/e€) (see (BH)) and

By a direct calculation we obtain
W (O)llgy,,. = 2llde()llr2(r), =0, €€ (0,1]. (5.6)
From (5.4 it follows directly.
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Corollary 5.3 We have

o0 ”WE(O)H%
de dt < ————2¢ € (0,1]. 5.7
| IOy < SR e o) 5.1)

5.2 Duhamel representation of the energy density dynamics

Using the Duhamel formula we can reformulate ([4.2]) as follows

VO k) = U <§> B(k) + \/y—o/ot U <t ~ s) <i/Tr(-, KYDEO (s, — ) B(ds,dk’)) . (538)

Here U(t) is given by [B.2)) and (83). Using (B.8) to express the Fourier-Wigner tensor W(t) we

obtain the following equality

W.(t) = W(t) + W (1), (5.9)
where

W (t) =207 (t) (We(0)) (5.10)
and
W (t 1o Z/ {( (t — S) (\i’;(s))>* ( - %) QU <t > s) (5 (5)) (k; + %)}ds.
Here

B0 (5.6) = [ (s KDE) (55— K) e ()
T

where (e,,) is an orthonormal base in L?(T). Using ([3:24) we conclude that

t

Wit 1,k) = %0 /O Wen (¢ — s) (V.(s)) (n, k)ds.

Here @En(t) is the Fourier transform of the semigroup (GIl) and V(¢) is given by its Fourier
transform \Afe(t, n, k) := 5{6\/7\\/'6(75, n, k), where R, : EAZE — EAZE is defined by

RW :=V.(n, k)D, (5.11)
V.(n k) = /T (k= Sk = k) r (k+ Lk = k) [Waln k) + W_(n, k) = V(. k) = Y- (n. k)| .
Summarizing, we have shown that
t
W, (1) = 20" (1) (W, (0)) + 0 /0 Wt — 5) (R W, () (1, k)ds, ¢>0,ce(0,1].  (5.12)

Operator R, is given by its Fourier transform, see (0.39). A direct calculation yields the following.
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Proposition 5.4 Operators R. can be defined by (5.39) as bounded operators both on Lo, and
L?*(R x T). They are uniformly bounded in € € (0,1]. More precisely, there exists t, > 0 such that

[Rellzze <ty [Rellrzmer) < tey €€ (0,1, (5.13)
In addition, we have
lim KW = RW, in L>(R x T) (5.14)
e—0+

for any W € L*(R x T). Here (cf ([245))
Theorem is a direct corollary from the following.

Theorem 5.5 Under the assumptions of Theorem [Z4 for any G € L' ([0, +00); A) we have

+oo R R
im [ dt / V5 (t 0, k)Gt m, K)dndk = 0 (5.16)
=0+ Jo RxT

and

+oo o N +o0o _ .
lim dt/ WZe(t,n, k)G(t,n, k)dndk :/ dt W*(t,n, £k)G(t,n, k)dndk, (5.17)
=0+ Jo RxT 0 RxT

where W (t,y, k) is the unique solution of the equation ([2:46l) with the initial condition Wy.

The proof is presented in Section .41

5.3 Laplace transform

As we have already mentioned, see ([A9), (W(+)) is *-weakly sequentially compact in the dual to
L'([0, +00), A), therefore the proof of Theorem comes down to showing uniqueness of limiting

points, as € — 04. For that purpose it is convenient to work with the Laplace transform

e MW, (t)dt. (5.18)

B We 1 (A) Ye,+(N) Y A
we(\) = ) .—/0

Yer(A)  we (A

Sometimes, when we wish to highlight the dependence on the initial data, we shall also write
We(A We(0)) =: 20(A)(We(0)).

Thanks to ([ZI9) the Laplace transform is well defined as an element in A’ for any Re A > 0.

From Proposition [4.1] we conclude the following estimate
129 (A\)]| 5. < [(ReA —8R.)Re A2, Re > 8R.. (5.19)
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The argument used in the proof of Corollary shows that

- any *-weak limiting point in A’ of w.(\), as € — 0+ - belongs to L?(R x T) and satisfies the

estimate

WMl L2 sty < [(Re A — 8R.)Re N H/? lin_lﬁlip IWe(0)llL2mxm), ReA>8R.. (5.20)

Equation (5.12]) leads to the following equation for the Laplace transform

We(A W (0) = wi (A, We(0)) + vowi™ (A ve (A), ReA > 0. (5.21)
Here,
— +oo
W\ W) = ()W = / MU (Wdt, W € Lo, (5.22)
0
and
Ve (A) := Rewe(A; W(0)). (5.23)

Let Wy € L?(R x T). We define
— +oo
wi*(\, Wo) = " (AW = / e~ MW (n, k)dt.
0
It follows directly from (2.40]) that its Fourier transform satisfies the equality

(A 230800 + i () ) T 0.k W0) = T, ) (524

Woln',k)di/dk ) / Wo(n, —k)dif
B A+ 290R(E) + i (k) T Jp A+ 290R(k) — i (k) [

-m {(1 —p+(k))

It is clear from the above formula that w{™ (X, Wp) € A’, provided that Wy € A’. Thanks to formulas
[229) and ([230) it can also be seen that w{™(\,Wy) € L*(R x T), if Wy € L*(R x T).
The first step towards the limit identification of (W(-)) consists in showing the following result.

Theorem 5.6 Under the assumptions on the initial data made in Theorem[2.9, the family (W™ (\; W(0)))

converges *-weakly to w"™(\; Wy) of the form

wi™ (N, y, k; W, 0
Wun()‘vyv k7 WO) = " ( Y 0) s (y, k‘) € R x ’]I‘,
0 wi (N, y, —k; Wo)

where the Fourier transform of wi™(X,y, k; Wy) is given by (5.24).
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The proof of this result follows closely the argument contained in [3]. We present its outline in
Appendix Bl
The identification of the limit of (W,(¢)) is possible thanks to the following result.

Theorem 5.7 Assume the hypotheses of Theorem 9. Furthermore, suppose that w(\) is the *-
weak limit of (we, (N\)) in A" for some sequence €, — 0+. Then, there exists \g > 0 such that

w(\) € LR x T) for Re A > \g and

Ny, k 0
wing, k) = | AN . (k) e AR XT), (5.25)
0 U)+(A,y,—k‘)

where w4 (A, y, k) satisfies the equation
wi(A) = W (A Wp) + 2902 (A Raw (V), (5.26)
and R : L*(R x T) — L2(R x T) (cf @45)) is given by
RE(y, k) := /TR(k:,k:')F (y, k') dk', (y,k) eRxT, Fe¢ L*(R x T). (5.27)

We present the proof of Theorem [B.7]in Section below.

5.4 Proof of Theorem

Since (‘,Zﬂ};m)tzo is a semigroup of contractions, see Proposition 2.5 we have

||§§un(/\)||L2(RxT) ReA > 0. (5.28)

1
< D\
~ ReA
Thanks to the fact that R is bounded, it is straightforward to see that equation (5.26]) has a unique
L?(R x T) solution for A with a sufficiently large real part. Therefore, the Laplace transform w. (\)
of any limiting point of (W(t)) is uniquely determined by (5.26]). This in turn implies the conclusion

of the theorem.

5.5 Proof of Theorem (5.7

To avoid using double subscript notation we assume that w(\) = lim._0+ wc(\). We wish to show

that the limit is of the form (5.25) with w4 (\) satisfying (5.20]).
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5.5.1 Proof of (5.25))

We prove that

lim 7,0, k)G, k)dndk =0, =+ (5.29)
=0+ JrxT

for any G € A, (see (2.4])) and Re A > 0. Consider only the case of « = +, the other one is analogous.

Assume that K > 0 is fixed and € is so small that
suppG C [-K, K] x T C [e e ! xT. (5.30)

Let
Xk (n, k) = 1_g g ()11 (k). (5.31)

By virtue of estimate (5.I9) we conclude that (ye(A)xx) is bounded, thus weakly compact in
L*(R x T) for a fixed K > 0. It converges weakly in L?(R x T), due to its *- weak convergence in
A’. Denote the limit, belonging to L?(R x T), by 7+ (\)xx-

Let

(N k) =i /0 T n, [@(E))* (t, k) p? (t)] dt (5.32)

3 B (o= D)~ (- D

Taking the Laplace transforms of both sides of ([£I9]) and multiplying by x x we obtain in particular

the equation

€ ~ = . ~ € ~
—evR (k; — g) We +(AN) XK + <6)\ + 2y0eR(k, en) + 2iw(k, en)) Ye+(N) XK —Y0€ER (k + g) We,— (AN XK
— N fox (s & * i
= Vet (. )i + 5 {oﬁ (A, k+5 ) + (A,k: +3 )}XK (5.33)
#0Rey {7 )+ ) = B ) = T O
Thanks to estimate (£27]), see also ([£22]), we conclude that
R 1/2
] < - W, , 1], " 34
Rl < (- rosss)  IWelOlleas €O ReA>sR. (530

From the strong convergence in L?(R x T) of the coefficients of (5.33)) and estimate (5.34]) we conclude
that 2iw(k)yy (A\)xx = 0 for any A such that Re A > 8R,. This in turn implies that y;(\) = 0 for

such A-s, which by analytic continuation, implies (5.29)).
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5.5.2 Proof of (5.26))

To avoid writing double subscript we maintain the convention to denote a subsequence of (w(\))
by the same symbol as the entire sequence. From the already proved part of the theorem we know
that the limiting element is of the form (5.25]). We let the test matrix valued function from A, be

of the form
G(y, k) 0
Gy, k) = , (y,k) eRxT,
0 G(?Ja _k)
with G satisfying (G30). Using the inclusion [-K, K| C T, we can treat G as an element of Lo .

Applying both sides of (5.2I]) to this test matrix we obtain the following equality
<W6()‘)7G>£26 = IE +Ilsy (535)

where

o= (W), Gy, =0 (we ). (TWY)) G

— *
Here R} and (Qﬂ?n()\)) are the adjoints of the respective operators (see (5.39) and ([£.22)), in Lo .
Invoking Theorem we conclude that

lim I, = 2/ (W™ (N, y, k; W()))* G(y, k)dydk, ReX> 0. (5.36)
e—0+ RxT

Concerning the term II., we are going to show that there exists A\g > 0 such that

lim II, = 470/ wr (A, k,y)Rg+ (M) (y, k)dydk (5.37)
e—0+ RxT
for Re A > A\g. Here
— *
g+ k) = (W) (), k).

Denote by

o~

§E,+(>\7777 k) he,-l—()\anv k)
he—(A\ k) Gem (N1, k)

the Fourier transform of the distribution g¢(\) = (QAI}B“()\))* G and let

/g\ﬁ()‘ﬂ% k) = 5
£\ k) = RN (. k), €€ (0,1]. (5.38)
Note that
£ nk) = fo((A\n,k)D, with
~ o r €N, o €My
O, k) .—/Tr<k‘ Sk k:)r(k: + Gk k) (5.39)

X |:ge,+()\a , k/) + gﬁ,—()‘v m, k/) - h6,+(/\7 7, k/) - hé,—()‘v 7, k/):| dk/
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The argument used in the proof of Theorem (it suffices only to replace the terms containing

the dispersion relation by their conjugates) shows that in fact

lim (gc(A),F) = (g(A),F) (5.40)
e—0+
for any F € A, and Re A > 0. Here
_ g-i-()‘aya k) 0
g\ y, k) = )
0 .g-l-()‘vyv _k)

Suppose now that ¢ is an arbitrary, bounded and compactly supported measurable function.
Then, using (5.40), we conclude that

lim (n)E(X 0. k) = 20()DRG, (A, 1.k),  weakly in L*(R x T), (5.41)
€E—

where g, (\) is the Fourier transform of g, ()\) in the first variable.

In order to show (5.37]), we prove the following two results.

Lemma 5.8 There exists C > 0 such that

C

< — . .
L) = Re e € (0,1], ReA >0 (5.42)

feion

The gradient operator in ([.42) is in the n and k variables.

Lemma 5.9 For any p > 0 there exists M > 0 such that

lim sup We(A\ . k) - £.(\,m, k)| dndk < p (5.43)

e—0+ /[(n,k)ETex']T,n|>M]
Having the above results we can write that II. = II. 1 + Il o, where
Hi= [ Pwn k) B Kdndr,
TexT
Hoi= [ (1= G lS O ) - EOwn, Rydnds.
TexT
Here ¢ : R — [0,1] is a C'™ smooth function satisfying ¢(n) =1, |n| < M and ¢(n) =0, |n| > 2M.
Choose an arbitrary p > 0. Using Lemma [5.9 we conclude that M can be adjusted in such a way
that

limsup |1l 2| < p. (5.44)

e—0+
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On the other hand, by virtue of Lemma [5.8] the set <<,0/f;()\)>, e € (0,1] is compact in L?(R x T) in
the strong topology. Since it converges also in the weak topology (see (5.41])), it has to also converge
strongly in L?(R x T). Combining this with the fact that (¢W.()\)) is weakly compact in L?(R x T)

we conclude that

limsup Il ; = 4/ ©* ()4 (N, m, k)dndk {/ R(k, k:')ﬁ:(/\,n, k:')dk"} . (5.45)
=0+ RXT T

This ends the proof of (5.37). The only items yet to be proven are Lemmas [5.8 and

5.5.3 Proof of Lemma [5.§

Let G (t) := (W™)* ()G and ée(t,n, k) be its Fourier transform in the first variable. From (G.J)

we conclude that it satisfies

d ~ o e A A
ZG(t) = (wosgn LR 713:6) G.(1). (5.46)

One can formulate the respective the energy balance equation, see (5.4]),

t t
HGe(t)Hiz(qremer&YO/o HGE(S)H%O,EdSJr‘l’Yl/O IGe(9) 3, . ds = Gl Z2(p, xmy: 20, (547)

and e sufficiently small that (5.30]) holds. It allows us to obtain estimates

~ 1
8e(M L2 (T x) < mHGHL?(RXT) (5.48)

for Re A > 0 and e sufficiently small, as above.
Thanks to (539) and estimate (B.48]) we conclude that

- RAGl 2

L2(TexT) Re \ ) €€ (0’ 1]7 ReA > 07 (549)

ot o]

with Rl = supy per eeor [On R(K, K, 0)| (cf @I3)).
To estimate the L?-norm of 877?5()\, n, k) we differentiate in 7 both sides of (5.46]) and obtain

d A a = T\ A Q =x) A
G0 = (1080, + 52+ 130) GLy(0) + (100,80, + 0,57) C(t), (5.50)

Both here and below
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and é;z = E?né. Let Ggl)(t) denote the inverse Fourier transform of één(t) Analogously to (B.4)

we conclude the following identity
A~ 2 ! 1 2 ! 1 2 A2
/
1GenOZ2(T, 1) +8’YO/O IG¢ )(S)Hao,edﬁ‘l’n/o IGE (5)113,, . ds = Gyl 2 p xm)

+ 2Im {/Ot ds /TEX’]T { [w' (k‘ + %) + o' (k; - %)} (A}‘eﬁ(s,n, k) {(A?Em,Jr(s,n, k:)]*
+ [w' (k‘ + %) - (kz — %)] ]?Igrjr(s,n, k) [ﬁg,n7+(s,n, k)]*dndk}} (5.51)
— 2e70 /Ot ds/ XT[R'(k +en/2) — R'(k — en/2)]

o~ o~ * —~ ~ *
« Re {G67+(s,n, k) [GB7I,177+(3,77, k)} + B (s,m, k) [Hew(s,n, k)} }dndk

— 4evp /Ot ds /TEXT R (k; — %) Re {I;TE,Jr(s,n, k) [ég,w(s,n, k)} ’ + é?n (s,n, k) []?Iem,Jr(s,n, k)} *} dndk.

From (0.47) and (5.5]]) it follows directly that for any § > 0 there exists a constant C' > 0 such
that

t t
TERNE [ ——— /0 IGD($) 3, .ds + 4 /0 IGD(s)]3,, .ds (5.52)
t
< Gl xmy + 0 / 1Gen(3) s, myds + Ct, £ 0, e € (0,1], > 0.

Therefore, for any A\g > 0 we can find C' > 0 such that

~ C
180 E 172 (p ) < ReA g’ Re A > A, € € (0, 1] (5.53)

and the conclusion of Lemma follows.OJ

5.5.4 Proof of Lemma

We show that for any p > 0 there exists M > 0 such that

limsupZ,(M) < p, (5.54)
e—0+

where

T00= [ g 80 (= 5o (b ) (- ) (¢4 5)

x5 (k+k —en)s(k+ K +en) @y (N0, k)ges (N0 k)| (5.55)
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The proof in the case of the remaining terms appearing in the expression (0.43)) carries out in a
similar fashion. We shall also consider the case of an optical dispersion relation, that is somewhat
more involved than the accoustic one, as then the dispersion relation has two critical points.
Recalling well known trigonometric identities we can write
s(ktk —en)s(k+k +ear) = Y s, (K =T )sin (k=) s (K +5) s (k+ 5.
11,2=0,1

Here sg(k) := ¢(k) and s;(k) := s(k). Correspondingly, expression (0.55]) can be rewritten in the
form > 11,2€{0,1} Z,,,,- The analysis of each term is similar, so we only deal with ¢; = 13 = 1. The

respective expression is of the form

1171 :/ d’l’}/ dk’dk‘/
[N€Te, [n|>M] T2

52 (k:’ - %) (k’ >g€+()\ n, k )(. (5.56)

s(k—en/2)c(k—en/2)s(k+en/2) c(k+en/2) We (A, n, k)

We partition the domain of integration in (550) into two sets 77 and T,. To T; belong all those
(n, k, k"), for which either

€n
k+—
‘ 2

<6, or 1/2—5§‘ki%‘§1/2, (5.57)

while to T belong all other (n,k,k')-s. Parameter 6 € (0,1/2) is to be chosen later on. We can

write then Z; 1 = 11171 —1—11271, where Ii,l correspond to integration over T;, i = 1,2. We can write
Ii, =6 /T dn /T  dkdk |We,+ (A0, k)GE (A, K| =6, (5.58)

for e € (0,1], by virtue of (5:48)) and (5.19]).

Taking the Laplace transforms of both sides of (£I9]) we obtain in particular that

-1
@5,4-(/\,77, k) = <)‘ + ZVOR(kaen) + Zéew(kan)> DE(/\7777 k)v (559)
where
TV _n _a * €n
De(A k) = We (,5) = 2 {aE ()\,k _ ) o ()\,k;Jr . )}
(zmye, o k) + £ s (A, k)) Ry (A ).
Hence,

s(k—en/2)c(k—en/2)s (k+en/2) ¢ (k+en/2) de(A n k)
A+ 2y R(k, en) + idew(k,n)

><52<I<:’ 6277> <k‘/ )ge+(M7,k)-

T2, = / dndkdk’
’ T2

(5.60)
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Thanks to (5.19) and (5.34]) there exists Ag such that
de:= sup  [[De(A,n,)|[z2(r) < o0, for ReA > Ao. (5.61)
€€(0,1],n€T,
Since w'(k) # 0, except for k = 0,1/2 we can find ¢,(d) > 0 such that

A+ 270 R(k, en) + idew(k,n)| > XA+ cx(8)|n|  for (n, k) such that (E57) does not hold.

Therefore

D\, n,k)gr . (\n, K
’ mETe, n[>M]  JT? A+ () n]

1/2

dn / , )
: W sy [ DR S lger Ve
{/[In>M} A+ e (8)In)? ceayyer. T‘ ( )l [1ge,+ (Ml s,

In light of (5.48]) for any p > 0 we can choose a sufficiently large M so that limsup,_,q, 112,1 < p/2.

Adjusting suitably § > 0, cf ([L.58]), we have also limsup, g, 11171 < p/2. Combining these two

estimates we conclude that there exists Ag such that for any p > 0 we can find M > 0 for which
limsupZi; < p for all ReX > \g

e—0+

and the conclusion of the lemma follows.[J

6 The case of arbitrary thermostat temperature T

Setting the thermostat temperature at T' leads to the following dynamics of the Wigner functions

(cf @19))
d —~ - N T
Ewe(u 7, k) = <70£e77 + ﬁe + ’Yl(ze> We(ta 7, k) + ’le . (61)

Suppose that y € C°(R) is an arbitrary real valued, even function satisfying ([2:47)). Then Y € S(R)
and let x. € C*°(T,) be given by

~ =N 2n
Xe(m) =) X <77+ ?> , ne€Te.
nez
Note that
| xean = [ tmyin = x0) = 1.
Te R
Define
‘76,-1-(757777 k) ﬁé,-l—(t’n’ k) = ~
Ve(ta mn, k) - ~ —~ = WE(t7 n, k) - TXE(n)I27
e—(t,n k) Ve_(t,nk)
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where I is the 2 x 2 identity matrix, i.e.
Ve (t.m, k) = Wea(6,m,k) = TRe(n), Uea(t,m,k) := Yeu(t,n k), 620, (k) € Topp x T

It satisfies

d ~ ~ ~ N\ o~ ~
%V (tn, k) = <'yo£en + 9 + 71‘2) V(t,n, k) +Fc(n, k), (6.2)
where
Fo(n, k) == —idew(k;m)TXe(n)J2

and

1 0

Jo =
0 —1

The solution can be then written in the form, cf ([@20]),
t
V.(t) = W.()V.(0) + / 90, (s)F ds. (6.3)
0

Using the already proved part of Theorem for T = 0, we conclude that for any G €
L([0, +00),.A) we have

+oo +oo
el—i>H01+ ; <V6(t),G(t)>dt:/0 (V(t),G(t))dt, (6.4)
where
Vity. k) Vi(t,y, k) 0
0 Vi(t,y, —k)
and
Vit y, k) = (0 Vo, (y, k / (s (6.5)

Here F is given by (2.49) and Vp 4 (y, k) := Wy 4+ (y, k) — T'x(y). This ends the proof of Theorem 2.9]
for an arbitrary 7" > 0. O

A Proof of Proposition 2.5

Using formula ([2.40) we can see that ;" (C)) C Cp, t > 0. In addition (see Section ZL6.2) (W™),~,
given by ([240), is a Cp-semigroup of contractions on L?(R x T). According to Section A, of the
Appendix of [4] the semigroup (wt)tzo is defined by the Duhamel series that corresponds to the
equation (Z46). Since R is a bounded operator on L?(R x T) and (W"),>p is a semigroups of

contractions, the semigroup defined by the series is a Cp-semigroup of bounded operators on L?(R x
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T). From here we conclude also that C{, has to be invariant under (W), For Wy € C{, we conclude

by a direct calculation that W (t,y, k) := 20;(W,) satisfies the following identity

1d
5 7 W OlZ2 @ = =0 /R L RER) [W(t . k) = WLy, K))® dydkdk (A1)
X
- % / &' (k) [W(t,07,k)* = W(t, 0%, k)] dk, ¢>0.
T

Taking into account (230 and (Z306]) we obtain
/T & (k) (W (07, k)] — [W(t, 0%, k)°) dk (A2)
= /T @) {W (07 ) = [p- ()W (£,07, =k) + p+ ()W (1,07, k)] | dk
[ @0 { oW (07 =)+ e (W (07 ) = V(0 )

After straightforward calculations (recall that coefficients py (k) are even, while &'(k) is odd) we

conclude that the right hand side equals
/T &' (k) {(W(t,07,k)* + W(t, 0", —k)?) (1 — p3(k) — p* (k)
n
—4p_(k)py (k)W (t,07, k)W (t,0™, k)} dk.
Since p4 (k) + p—(k) < 1 we have 1 — p% (k) — p? (k) > 0. In addition,

1—pi(k) —p2(k) —2p_(k)py (k)
det

—2p_(k)p4 (k) 1—p2 (k) —p* (k)

= [1= (4 (k) + p-(k))?] [1 = (p+ (k) — p—(k))*] = 0.
Using (2.31]) we conclude that the quadratic form
(@,y) = (1= pL(k) = p2(K)) (2% + %) — dp—(k)p+-(K)ay (A.3)
is non-negative definite (since p; (k) + p—(k) < 1). Hence, in particular
d 2
aHW(t)HL%RXT) <0, t=0,

which in turn proves that (2),~ is a semigroup of contractions.]
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B Outline of the proof of Theorem

The proof of Theorem [5.6], for the most part, follows closely the argument contained in [3]. We shall
present here its outline, invoking the relevant parts of [3] and focus on the necessary modifications.

We start with the following.

Proposition B.1 Suppose that the initial data satisfies the assumptions of Theorem 2.9. Then,

lim [ G0, k)G (n, k)dndk =0, 1=+ (B.1)
6—)0-‘1— RxT ’

for any Re A > 0 and G € A.

The proof of the proposition follows the argument presented in Section [£.5.1] with the simplification
consisting in the fact that the equation of " (X, n, k) corresponding to (2.33) does not contain the

scattering terms involving the operator R.
Next, we show that

lim [ @O K)G . Wydndk = [ @O G oK), (B2
=0+ JrxT RxT

where w"()) is given by (£.24) and G € A..
We let supp G C [- K, K] x T. Taking the Laplace transforms of both sides of (G.I]) we obtain

in particular the equation

D . ~un € n € n
<A + 290 Rk, en) + idew(k, n)) @ (k) + 208 (k= S G k) +0R (k+ G ) 3o O . k)

o~

= W (0,7, k) — % {a;m </\, - %) + (om)* </\,lc + %)} .

Here (cf (5.5)
20 k) o= /0+oo M (1, k)ds = %/ g (k- %) — o (A k- %)} dn.  (B.A4)

Thanks to (5.1) we conclude

[We(0)l 2,

—_—— € (0,1}, ReA > 0. B.5
(25’}/1]_:{6)\)1/27 € ( i ]7 € ( )

0™ M 2(r) <

Suppose that €, — 0 as a sequence that corresponds to a *-weakly convergent in A’ subsequence

n rn

(wi™  (X,+) and [-K, K] C [-€,',€,], n > 1. By virtue of Proposition BT families (@, (A)xx)
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(see (B31)) and (3¢, xk) are *-weakly compact in L*(R x T). Let @{"(X,-) and d(},-) be their

respective limits. Multiplying equation (B.3) by xx and letting ¢ — 0+ we conclude that
()\ + 2y R(k) + z'w'(k)n) Wi = Wo(n, k) — v1iRed"™ (X, k), (B.6)

where

/Reaun (A k) G*(k)dk = lim [ Red"™ (\, k) G*(k)dk, G € C™(T).
T T

e—0+

The conclusion of Theorem follows from.

Theorem B.2 For any A > 0 we have

Woln, kydndk - / Wo(n, —k)dn LT
A+ 2y R(k) +iw'(k)n R A+ 27R(k) — i (k)n’ )

Red(\, k) = (1 —m(’f))/R
(B.7)

B.1 Proof of Theorem [B.2]
To simplify somewhat our presentation we shall assume that

(k) (), =0, kLT, (B.8)

The result remains valid without this hypothesis, although the calculations become more extensive.
Assumption (B.8]) results in the condition
Y (0,m,k) =0, (n,k) €RxT. (B.9)
Using (3:24]) we may write
(N E) =0l (N E) +02 (N k). (B.10)

Here, o (A k), 7 =1,2 are the respective Laplace transforms of

L(L k) ::i/o (B(t — )01 - eq, (k. D)F(R)) ge(ds). (B.1)

He

1,1, k) = — /O ge (ds) /0 O (t — 5, k) (pQ()p3(t — ') ds,

Here eq,(k,t) is given by (B8.9]) and

0 = 5 [ ea k0080 b 0008 = [ er-en, (bt - Dialar).

We introduce

2
LtV =~ [ G RRe0 k)b = Y L (V) (B.12)
T =
with
Cars) = = [ G (Red] (AR b = 1.2 (B.13)
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B.1.1 The limit of £5_,(\)

We will show the following.

Lemma B.3 For any test function G € C*°(T) and A > 0 we have

o ae _ Wo(n, k)dn ,
Jim L) = = [ ReBIG (Rak [ ot (B
Proof. From (B.1) and (B.8) we get
1 ¢ i
1. = 5 { ekl 6) [ geta@9) [Len = e 50 W00,
t
+el? 0 [ acds) [ en.(bit = e TR (-0, | (B.15)
0 T
Using formula (3.9) we can write
e%z’el(k‘,t) =Mt 4 EZT’}E (k)eMt, 61’2(k: t) = leie(k’)e’\Lt, (B.16)
1=% =%
a. (6t —s)e; - f= e (ts—i-le Jeh (OE=s),
where
sup  |r] (k)| =r], <400, ,re{—+} j=123. (B.17)

keT,e€(0,1]

The following result allows us to replace the entries of eq_(k,t) by the leading terms appearing in

(BI6)). Define
t
T2t k) 1= ey o (k)eM O / g (ds) / P (022 OC) (3 (k) (). d (B.18)
0 T

- +oo - t
Iz () k) = / e A Jrz <-, k;) dt.
0 €

Lemma B.4 Suppose that [Z12]) holds,

and

sup  |ric(k)] =10 < 400, i=1,2. (B.19)
keT,ec(0,1]

Then, for any t1,t2 € {—,+} and X\ > 0 we have

< ?loge™, ee(0,1]. (B.20)

‘ LY(T)

T ()|
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The proof of this lemma is presented in Section [B.4.1]
Using Lemma [B.4] we conclude that

[t mG ik =5 [ et (00, G (e
T T2

+00 too
X / exp {—A_(€)s} ge(ds) / e exp {[Ay (k) + A_(0)]t} dt + O(e)
0 s

— % /T2 e(0* (k) (€)),0. G (k) e <e()\ +vR(k)) — iwﬁ(@) dbdi

< {e(A+ Y0 R(K) + 10R(0) + ilwe(0) = welB)]} ™ + O(e)
Changing variables & := k' — e/ /2, £ := k' + en /2 we can write (cf @IT) and @8))
/T L\ k)G (k)dk = T. + O(e), (B.21)
where
Li= [ Wer (00093 (N +20B(k — €n/2) — ek — n/2)) Ak )
Here (cf (EI0) andE(IZ:D]))
Ac(kyn) == {A+ 290 R(k, en) + idewe(ksm)} " G*(k — en/2)

and T, is the image of T? under the inverse map k' := (¢ + k)/2, ' := ({ — k)/e.
We claim that in fact

. g _
Jlim (Z. 1)) = 0, (B.22)

where the definition of the expression Z! differs from Z, only by replacing g. by g. Changing variable

k — k — en/2 we can write
71! = / W (0,0, k -+ en/2) 5 = ) (N + 20 R(K)) — (k) ) A (k + en/2,m) dd.

Here T is the impage of T, under the change of variable. Equality (B.22]) follows from Proposition
B and the fact that the expression under the integral in the right hand side is bounded by an
integrable function, see ([2.51]).

Next, thanks to Lemma 7.3 of [3], we have

iy (0 + 20Ul — en/2) — i — e/ 2)) Aulb) = 5y

a.e. in (n, k). Using bounds (Z5]]) and ([BI8]) we can argue, via the dominated convergence theorem,
as in the proof of Lemma 5.1 of [3], that

lim 7/ = Wo(n, k)v (k)G* (k)dndk

B.23
e—0+ rxT A+ 270R(k) +iw'(k)n ( )
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and conclusion of Lemma [B.3] follows.(J

Concerning the second term in the utmost right hand side of (B.I12]) we have the following,.

Lemma B.5 For any A >0 and G € C*°(T) we have

[STIMROIET g jeah IGHEUTLLTLY (B.21)

4~ Jr A+ 2v0R(k) + iw'(k)n

The proof of the lemma follows very closely the proof of Lemma 6.4 of [3]. We present its outline in

Section below.

B.2 The limit of £, ()\)

Putting together the results of Lemmas [B.3] and [B.5] we see that

lim £5,,()) = / (Wtr(k)+Wref(k))(§'*(k)dk, (B.25)
T

with the transmission term

m g(k) Wo(n, k)dn
r(k) = — k - B.2
Well) = g RO T L R B
Wo(n, k)dn
= k) —1 .
(k) —1) /]R M+ 270 R(k) + i/ (k)7
We have used (Z30)) in the last step. The reflection term W;.¢(k) equals (cf [2.29))
k Wo(n, —k)d Wo (1, —k)d
Wes (k) — " g (k) 0(n, —k)dn . o(n, —k)dn (B.27)

4@’ (k)| Jr A+ 270R(k) — iw' (k)n r A+ 290 R(k) —iw' (k)n’

Combining the scattering terms in (B:25)-(B21) we obtain (B). Thus, the proof of Theorem
is reduced to showing Lemma [B.5l
B.3 Outline of the proof of Lemma [B.5} the limit of £5,,(\)

Let

I (4, k) o= ery o(k /ds/ ge (ds") /ge (ds1) (B.28)
X / r2e(O)rs ()N Dm0 AN AW (r(0)i)(1)) , dlal
T

and

~11,L2,L +oo L1,L2,L
I (k) ::/ e M <5k> dt. (B.29)
0

€

We start with the following.
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Lemma B.6 Suppose that condition ([2.51]) holds,

sup  |rie(k)| =rip <400, i=1,2,3. (B.30)
keT,ec(0,1]

Then, for any t1,t2,t3 € {—,+} and Re A > 0 we have

lim HINI?’LZ’LB(A)‘ ~0. (B.31)
e—0+ LY(T)
The proof of the lemma is presented in Section [B.4.2] below.
Using Lemma [B.6l we can write
£§cat,2()‘) = ’éfscatﬁ()‘) + 0(1)7 (B32)
as € = 04, where
7§wt,2()\) = - / Red? (A, k) G*(k)dk (B.33)
T
and
B +00 t
2 (N k) = —716/ e~ Mdt <p€ * ge (t) / PY * ge(s)ds> A (k) (t=s)
0 0 fle
Here

po(t) = [ e 0 E) m (4 (k)e M) dk. B.34
o= [ e m ((k)e ) (B.34)

Since pj * g is real valued we have
+oo

Red? (\ k) :== —fyle/

t
e~ Mdt <p8 * ge (t) / P * ge(s)ds> e 0eRI)E=9) cog(we (k) (t — s)).
0 0 Le

(B.35)

After rather lengthy, cut starightforward calculation, see Section [B.4.3] below for details, we get

2Re 02\, k) = Rc(\ k) + pe(\ k), (B.36)
with
L _’yl()\ + 2’}’06R(l€)) d¢ P P,
R g s LSRR [ s [ bl () () (B30
|G (Ae/2 — ie€ + we(R))) |? 1

N2 = et e k) —we D]} N2+ i{E e e (k) — we ()]}
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and

dedl (H(0)* (1)) .

__en(A + 290eR(k)) d
pe(X k) = — 2.1 /R (A2 +70R(k))* + €2 Jr2

y { (/2 — ife€ + we(k)]

)
eN/2 —i[e€ + we(k) — we({)]
X{ 9 (Ae/2 + i[e€ + we(k)]) g (Ae/2 + i[e€ — we(k)])) }
eA/2+ile€ + we(k) + we(l)]  eA/2 +i{e€ — [we(k) + we(')]}
g (Ae/2 — i[e€ — we(k)])
eX/2 —i[e€ + we(k) + we(0)]
X{ ge/2+ile€+wek))  g(Ae/2 i€ — we(k)])) }
€N/2 +i[€€ + we(k) +we(l)]  eN/2 + i{e€ — [we(k) + we(¢)]}
g (Ae/2 — [ + we(R)]) g (Ne/2 +i[e€ — we(k)]))
eX/2 — i[e€ + we(k) — we(£)] ~ eA/2+ i{e€ — [we(k) + we ()]}
g2 —ide§ —we(R)]) g (Ae/2 4 i[ef—we(k)])
€A/2 — i[e€ + we(k) + we(0)]  €A/2 +ie€ + we(k) — we(l)] }

(B.38)

Substituting for RedZ(X, k) from (B.36) into (B:33) we obtain £5.,; 5(A) = £5041.01(A) + £5ear.20(N),
where the terms in the right hand side correspond to Rc(\, k), pe(A, k) respectively. As for pe(A, k)

we expect its contribution to be small in the limit and lim._,o+ Q;C%QQ(/\) = 0. In fact, we have.

Lemma B.7 For each A > 0 we have

lim /\pg (A, k)|dEk = 0. (B.39)

e—0+
The proof of the lemma follows closely the argument presented in the proof Lemma 6.1 in [3], so we
will not present it here.

Concerning £¢ A), we note first that, by the same type of estimate as in ,
g scat,21

im (L5 (V) = Lo (V)] =0, (B.40)

where
LoV = =2 | R\ K) G (k)dk (B.41)

T
and
0 L _’Yl()‘ + 270eR(K)) d§ YN
Re (/\7 k) T 23 . e2 /R ()\/2 i ’VOR(k))z i 52 T2 dede EW(E)T/) (E )>He (B42)
G (/2 — ile€ + w(k)) 2 1

N2 He+ W) — w0} A2+ e + € Twlk) — (@]}
Using (B37) and the change of variables

(= + L =L (B.43)



we can write

. (A + 29¢eR(K)) W (0,11, K" G* (k) dkdn/ dK’
£scat,21()\) = 237(_6 /Rdf _— )\/2 — Z{S T e_l[w(k;) — w(k;’ I 67],/2)]}
|Ge (Ne/2 — i[e€ + w(k)]) |? 1

)\/2 +i{& + e tw(k) —w(k' —en'/2)]} . (A/2 +vR(k))? + € (B.44)

Here T is the image of T, x T under the change of variables. In fact, we may discard the contribution
due to large 7/, thanks to assumption (Z52]). The main contribution to the limit comes therefore
from the regions where w(k) ~ w(k’), that is, where either k ~ k' — this generates the transmission
term, or k ~ —k’ — this is responsible for the reflection term in the limit. The conclusion of Lemma

[B.5 follows directly from the following result.

Lemma B.8 We have

_m k) Wo (1, vk) dndk
li . B.4
304 Escat 21 Z / A+ 2fyoR ) + viw' (k)n (B.45)

The proof of the lemma follows the argument presented in the proof of Lemma 6.2 in [3], so we omit
it here.

B.4 Proofs of auxiliary results

B.4.1 Proof of Lemma [B.4

We can write

J

~ +OO .
[ (k)| dk = € /T ] /T ar /O exp {—{e(\ + 10 R(k)) — innwe(k)}s} ge (ds)
7‘176(1€)7’275(€) ~

DT 1R T 10 R (D) — ilnweF) T ime(@] B O
< €2 /]T2 Je <€()\ + ’YOR(k)) + iblwe(k)> ‘
’7’175(1‘3)72,5(5)’

eA+R(KK) +vR0)) — i[tiwe(k) + tawe(0)]]

(" (k)i (£)) e

The expression in the right hand side can be estimated by [!!'*?, where

(k)b (0) ‘dkdﬁ
e +0R(k) +0R(0)) + |we(k) + we ()]

1! = 627“1,*7“2,*H§e||oo/
']TZ

We need to show that
I' < e?loge™!, €€ (0,1] (B.46)
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for . = £. Note that

1 1
t. = su - — - B.47
W i@ =D Tz i) = A (B.47)
e2dk
= su - - =<1, ec(0,1].
A TeNZ =i ) = A) [[en2 — i (k) — A ©.1]
Let
b= i [ (00O (0.1 (B.48)
= *T2 x||Gel||co ) € P .
@Ol o 0 R(E) + 10R(0) + k) + w ()] €
We have
18— T < r1araete]de]loo /T @ wb)drae <. e @),
as € — 0.

In the case « = + we can write

- . 2 edl
+ < g * — = -t .
IF < 2r el e /T W (k). |k} /T e S Cloee €€ 0]
In the case ¢« = — we can write
. ~ ~ 2
7 < 2ra e [ )] dr},
T

with

. Sup/ edk
T derJr A+ |w(k) — Al

Note that T'. = T'f + ', with

Pi ‘= sup /wmax edu
© 7 Aer (A + |u — Ao (wa(u)]

Wmin
Recall that w_, w, are the decreasing and increasing branches of the inverse function of the dispersion

relation w(-). Our assumptions on the dispersion relation imply that
|’ (W ()] & (Wimax — u)1/27 for wmax —u < 1. (B.49)

The consideration near the minimum of w is identical unless wyi, = 0, in which case |w’(k)| stays

uniformly positive near the minimum. Therefore, we have

't < sup /1 edu < €l/? loge !
7 aepndo (et u—ANVu T

and we conclude that (B.46]) holds. O
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B.4.2 Proof of Lemma [B.6l

+o0 . .
/dk‘/ / N GD /25( )dtdt// ds / Je (dsf)/ e (dsl)/ dede’
Ll(T ; i 5

X L e(k)rae (O)rs,e(£)erz Q6 AN AW (Jr (1) (1)),

+00 +00 t/ s
dk‘ / d¢ / / e~ A2 (1) gp gy / ds / ge (ds) / ge (dsq) | dedd’
T2

xrle(k)rze(f)r?)e(f') 12 ((5=51) Ay (V' =5) Ay (NE=5) (4% (£)2)(£)) .

We have

|7 )

Note that
+
/ —(6A/2 Z§ tdt/ ds/ dSl >\L2 (Z)(S 31) )\Ll( )(t S)
+o00 Ay (£)(s—s1) o o
/ ds/ ge (dsy) 2 eXP{ (eA/2 —i€)s}
er/2 —i& — A, (k)
_ Je(eX/2 —i&)
[6>‘/2 - Zf - )\Ll(k)][E)\/2 - Zf - >\L2 (E)]
Similarly

/

+oo t ~ ;
—(N/24E) gpt N (@) (s’ _ _ e(€N/2+iE)
[ i | gc(asy N2+~ O]

Taking the above into account we obtain

o

/ a, / d [ atde (O (e /2 = i) (B.50)

L(T) 277
x {[e<A/2 FA0R(K)) = (6 + nwe(R)[(V2 + 20 R(E) = i(€ + we(O)][eN/2 + 1R (k)) + i€ - ngew'))]} ;

Consider only the case 11 = 19 = t3 = 4, as the other ones can be done in a similar fashion. We
omit writing the superscripts in what follows. Change variables ¢ := k' — en/2, ¢/ = k' — en/2 and

obtain

.o

© [an] [ [ anaTonk)iaers2 - P2 4 20b) i+ )

LI(T) ™

(€24 20R(k)) = (6 + el = en/2))][e(V/2 +30R (k) +i(§ —welk +en/2)]} |,
Thanks to (Z5I) and @I8) we can estimate

[Ty =€ [ s [ otmin [ 1eth/2-4 0B i€ +weli)

X[e(V/2 4+ 20R (k) = (6 + wc( = en/D)][e(V/2 + 30 R(K)) + i€ = well’ +en/2))]| dhdk, e € (0,1]
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We need to prove that the right hand side vanishes, as ¢ — 0. Similarly to what has been done in

the proof of Lemma [B.4], it suffices only to show that
lim J, = 0, (B.51)

e—0

where
= €2 € —1 w
Jome [ g [ ot [ liev2 =i+ o)
X [eA/2 — (€ + w(k — en/2))][eN/2 +i(€ — w(k + en/2))]| " dkdk’
Changing variables & + w(k) := £’ we conclude that
sox [ at [ ptman | {(1 IED L+ 16+ € (@K — en/2) — w(k))
-1
(I+1]E+ e_l(w(k) —w(k + 6?’]/2)))} dkdk’ < ng + Jg,
with
Thim g [ de [ eman [ 041D+ I+ e/ - wli))?) " dbdk
and
JZ = %/Rdf/w(n)dn /Tz {1+ 1ENQ + € + e wk) — wlk +en/2))?} " dhdk’

Using an elementary estimate

1 d 1
/ w < , acR (B.52)
rl+|z+al 14227 1+]a

we conclude that

725 [ et [ 11 @ = en/2) — ]} ki o

by virtue of the dominated convergence theorem. Estimates for J? are similar. [J

B.4.3 Proof of formula (B.36))

From (B.35]) we have

+o0 t 2
2Red?(\, k) = —ie </0 e_)‘ﬁte_%’OER(k)t% { [/0 0 RES o5 (we (k)s)ge * P9 (s)ds

t 2
+ [/ 0 RRIES 6in(w(k)s) ge *p%(s)ds} }dt> .
0
Me
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Integrating by parts, we obtain
2Red?(\, k) = Cc(\ k) + Sc(\, k).
The first term in the right side is

Ce(N\ k) = —Z—;E(/\+2’706R( ))/ d¢ . e(h(0)p* () Be(l, ke, N\ OEE( Ky N §)dedl’,  (B.53)

with

+00 s ) +00 )
(b kN €)= / o 10eR(K)s cos(we (k)s)ds {/ e—zwe(é)(s—r)ge(dT)/ e—[()\/2+’YoR(k))6—z§]tdt}‘
0 0 s

Integrating out first the ¢ variable, and then the s varable, we obtain

_ B 1 G O/2 —ilEtw®) G (/2 —ilE — wi (k)]
=Lk A = o T R — ] {Ae/z i+ @ (F) — wel0) T Re/2— i€ T wel) +

Hence, after a change of variables £ := €€/, we get

_ ’Yl()‘+2’YOGR(k)) d§ /7 Ykl
Cn ) = - AL | am i L M08 (O (559

X{ ge (A6/2—Z[6§+ws(k)]) 4 Ge(ef2 —ile§ —we(k)]) }
A2 —i{E+ e Mwe(k) —we(OI} A2 = i{ + e Hwe(k) +we(O)]}

{ ge (Ae/2 + i[e§ + we(k)]) g (Ae/2 +i[e€ 4+ we(K)])) }
A2+ H{E+ e Hwe(k) —we(@)]} A2+ i{E + e Hwe(k) +we(€)]}

A similar calculation leads to

5.0k = MO [ e [, O (), (B
{5 Rl e ) 3 O ik — () |

32— (e + e aelF) — we@] A2~ il e 1foclh) + (O]
O Yo, T 101 2,7 S0
N2 € — e aelR) + el @) A2 E + e ) — w01

Putting (B.53]) — (B.55) together, gives (B.34]).

C Proof of Proposition 3.1

Let (cf (313)
Je(\ k) ::/ e Mj(t, k)dt, Rel>0. (C.1)
0

From (CI) and BI3) it follows that

G k) = VL (P

1 1
2(A + ey R(k)) {A + evoR(k) + iwc (k) Ly evoR(k) — iwe (k) } : (C.2)
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Also, since Qy(k) — Qc(k) = evoR(k)f @ g (see [B.4])) we have

JoA k) = Je(A k) = 3 [(A = Qo(k) ™" — (A = Qe(k) ] - (C.3)
= %()‘ - QO(k))_l(QO(k) - Qs(k))()‘ - Qs(k))_lf : f = %G’YOR(k)je()‘v k)jO()‘v k)

The following result holds.

Proposition C.1 We have

JA) = J.(\) 4+ eyoRe(N), €€ (0,1], Ae Cy, (C.4)
where
R = [ BELOKGORE, AeC. (©5)
T
In addition, for any p € (1,2) and a uniformly continuous and bounded function & : R — Ry
satisfying
) >&, neR (C.6)
we have
lim ¢ / IR (e€(n) + i) |Pdn = 0. (c.7)
e—0 R

Proof. Identity (C.4) follows directly from (C.3). Letting A := €£(n) + in, using (C.2) together with
(C3) and the change of variables k — v = w(k) we can write

~ . - o1 Xoe(v)dv Xu,e(v)dv
et +in = It +in =53 | e+ [y (©9

with
1[Wminvwmax] (U)
W' (w4 (v))

Here, (see Section [23.]) wy are the two branches of inverses of the unimodal dispersion relation w,

Xue(v) = ter0R(w(v))je(€€(n) + in, w+ (v))

with wi @ [Wmin, Wmax] — [0,1/2] and w_ := —w,. In addition to (B.49)), in the optical case, we also
have
| (w (w))] & (4 — wiin) /2, for u — wpin < 1. (C.9)
Hence,
evoR(E)|je(e€(n) + in, k)| (C.10)
- }{ ey (k) ‘Jr ey (k) ‘}
— 2 U e(€(n) +0R(k) +i(n+we(k)) | [e€(n) +r0R(E)) +i(n — we(k))
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The above allows us to conclude that

eYoR(K)|je(e€(n) + in, k)| < C

for some C' > 0 independent of 7, ¢, k and, as a result,

01 [Wmin ,Wmax} (U)

Xee(v)] < W' (w4 (v))
Thus
A xael?) =0 .

both a.s. and in the LP sense for any p € [1,2), see (B.49) and (C9). Let & be as in (C.G). Note
that for any n € R

‘/X”v— ‘/ Xee(V — )dv‘
) + v [[v]>e€o) X

n ‘/ Xee(v —n)dv _/ Xee(v — )dv‘ n ‘/ Xe,e(v —1n)dv
folzeéo] €€ +iv Jjuzeg) i lol<eo]  €€(1) +iv

Denote the expressions in the utmost right hand side by J1.¢(n), J2,e(n) and J3 (1), respectively.
Using Theorem 3.2, p. 35 of [7] we conclude that for any p € (1,400) there exists a constant
C > 0, independent of ¢ > 0 such that

Hjl,e”LP(R) = CHXL,EHLP(]R)' (C.12)

Considering J3 ¢, there exists C' > 0 such that

Ljoj<eto)  Clijul<eto]
le€(€e) + iv| — €

thus, again (using Young’s inequality) for any p € (1, 400) there exists C' > 0 such that
[Ts.elle®) < Clixuellr®), €€ (0,1]. (C.13)

For p € (0,1) we can write

e€(n)|xue(v —m)ldv _ €[ Xue(v —n)ldv
(Faen)] < / DL < gl i
o]z eto] [(€€()2 + v2] /2 [u] G
By an application of Young’s inequality for convolutions we have
p +o00 dv
[P2.ellLr®) < 2€”[[EllooIXe.cll Lo (r) o o S < Cllxuellrw). €€ (0,1], (C.14)
€€o

with constant C' > 0 independent of e.
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Taking into account all the above we conclude that

dim [ 1 (e€n) + in) = feelon) + im)lPn =0

for any p € (1,2). O

Proposition 3.1 follows from the following result.

Proposition C.2 Suppose that £ : R — Ry is a uniformly continuous and bounded function satis-

fying

inf £(n) > 0 (C.15)
neR

and T (\) is given by B2I). Then, for any p € (1,+00), we have

lim ¢ / 7 (e () + in) Py = 0,
e—0+ R

Indeed, assume the above result and let K be as in the statement of Proposition 3l Define {4 (n) :=
K(wi(n)), n € T+ and &+(n) = 1, elsewhere. We conclude that in particular |7 (efs(n) + in)
converges to 0 in the Lebesgue measure on [wmin, Wmax]. This obviously implies that e|7(eK (k) —
iw(k)) convergence in the Lebesgue measure on T to 0. The LP convergence follows from the fact

that the functions are bounded.

Proof of Proposition

We have (cf (CH))
~ ~ - -1 - -1 .
30 =30 = evom (147 7N)  (1T+21I0)) RN,
From the above identity we conclude that
1Ge(€(n) + in) — G(e(n) +in)| < exon|[Re(e€(n) +in)|-

From (C.1) we conclude that

lim
6—)0-‘1— R

(e () + in) — g(eS(n) + im)| dn =0
for any p € (1,2). On the other hand, thanks to (EI8), for p > 2 we get

/R |Ge(e€(n) + in) — G(e&(n) + in)[Pdn < 2773/ /R |Ge(e€(n) + in) — G(e&(n) + in)[*dny — 0
as e — 0+. O
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