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Introduction

Non-linear vibrations with conservative non-linearities

Periodic forces, periodic response

Model reduction: decrease computational cost

Illustration using two examples

Clamped-Clamped beam
Linear beam + NL attachment

1/20
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Linear modal synthesis for nonlinear systems

Forced Dynamic equations (n dof):
M ü(t) + C u̇(t) +K u(t) + fnl(u(t)) = f(t)

Approximated solution: retain only linear mode shape, search
for time evolutions

basis Φ fixed, size n × r : û(t) =
∑r

i=1 Φiηi (t)
reduced dynamic equations
Mr︸︷︷︸

ΦTMΦ

η̈(t) + Cr︸︷︷︸
ΦTCΦ

η̇(t) + Kr︸︷︷︸
ΦTKΦ

η(t) + fnlr (η(t))︸ ︷︷ ︸
ΦT fnl(Φη(t))

= fr(t)︸︷︷︸
ΦT f(t)

diagonal matrices reduced forces

Coupled through nonlinearity
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Linear modal synthesis for nonlinear systems

Reduced dynamic equations
Mr η̈(t) + Cr η̇(t) +Kr η(t) + fnlr (η(t)) = fr(t)

Can be solved with HBM, time integration, ...

If r << n, equations can be solved much quicker...

... BUT how do we choose the ”good” modes to include ?

using static/dynamic non linear computations
using modal derivatives
using non linear modes (indirect way)

Could we find a direct way of using NNM for reduction ?

û(t) = Ψj(t)︸ ︷︷ ︸
resonant NNM

+
∑
i ̸=j

Φi ηi (t)︸ ︷︷ ︸
other linear modes

3/20
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Non-linear Mode

Free dynamic equations

M ü(t) +K u(t) + fnl(u(t)) = 0 (1)

Computation with HBM

unmnl(t) = an0 +

Nh∑
k=1

ank cos(kωt) + bnk sin(kωt)

= an0 +

Nh∑
k=1

cnk cos(kωt + ϕn
k)

Monophase NNM, i.e all dof goes to zero at the same time
(ϕn

k = 0):

unmnl(t) = an0 +

Nh∑
k=1

cnk cos(kωt)
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Non-linear Mode

Time translation

unmnl(t + τ) = a0
n +

Nh∑
k=1

cnk cos(kωt + kϕ)

Parametrisation w.r.t control amplitude and phase

Ψ(q, ϕ)(t) = q
[
Ψ0(q) +

Nh∑
k=1

Ψc
k(q) cos(kωt + kϕ)

]
Nonlinear synthesis: find qj , ϕj ?
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Example: Clamped-Clamped Beam

Clamped-clamped beam with Euler Bernoulli kinematic

Green Lagrange nonlinear strain =⇒ Von Karman hypothesis

ϵij =
1

2

(∂ui
∂xj

+
∂uj
∂xi

)
+

1

2

∑
k

∂uk
∂xi

∂uk
∂xj

=⇒ ϵxx = u′ +
1

2
(v ′)2

Deformation energy

U =
1

2

∫ L

0
ES(u′)2+EI (v ′′)2dx+

1

2

∫ L

0
ES

[
u′+

1

2
(v ′)2

]1
2
(v ′)2dx

Finite element formulation (3 DOF per node (un, vn, θn))

M ü+ C u̇+K u+K2(u) u+K3(u,u) u︸ ︷︷ ︸
fnl(u)

= f
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Example: NNM computation

NNM 3. Computed with HBM (constant term + 7 harmonics)

frequency
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Example: NNM analysis

nnm analysis: what is inside in term of linear mode participation ?

frq index
0 20 40 60
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0
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Example: NNM analysis

Bifurcation/internal resonances not taken into account
(parametrisation problem: not always a bijection)

frequency
160 170 180 190 200 210

ce
nt

er
 d
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pl
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t [

m
]
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12

169 170 171
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7
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Non-linear synthesis

Forced Dynamic equations

M ü(t) + C u̇(t) +K u(t) + fnl(u(t)) = f(t) (2)

Forced solution approximation: single NNM - multi LNM
(retain modal shape + time evolution from NNM)

û(t) = Ψj(q, ϕ)(t)︸ ︷︷ ︸
resonant NNM

+
∑
i ̸=j

Φi ηi (t)︸ ︷︷ ︸
other linear modes

Decoupling hypothesis:

ηi (t) are obtained from a linear resolution

the parameters (q, ϕ) are obtained using a variational method

9/20
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Variational methods

Forced dynamic equations

M ü+ C u̇+K u+ fnl(u) = f

Variational formulation: u solution ⇐⇒ ∀ δu we have:∫ T

0
δuT

[
M ü+ C u̇+K u+ fnl(u)− f

]
dt = 0

Single non-linear mode approximation and its variation

û(t) = Ψj(q, ϕ)(t), δû =
∂Ψj

∂q
δq +

∂Ψj

∂ϕ
δϕ

Resonant NNM equations

δq

∫ T

0

∂Ψj

∂q

T [
M Ψ̈j + C Ψ̇j +KΨj + fnl(Ψj)− f

]
dt = 0

δϕ

∫ T

0

∂Ψj

∂ϕ

T [
M Ψ̈j + C Ψ̇j +KΨj + fnl(Ψj)− f

]
dt = 0
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Numeric considerations

Two algebraic equations G(q, ϕ, ω) = 0 :∫ T

0

∂Ψj

∂(q, ϕ)

T [
M Ψ̈j + C Ψ̇j +KΨj + fnl(Ψj)− f

]
dt = 0

From the HBM, Ψj(q, ϕ) is computed only at a discrete
number of points qs

Use linear interpolation between HBM points

Recall Ψj(q, ϕ)(t) = q
[
Ψ0(q) +

∑Nh
k=1Ψ

c
k(q) cos(kωt + kϕ)

]
∂Ψj

∂q computed with finite difference
∂Ψj

∂ϕ computed analytically

In frequency domain (Fourier basis), no integrals to compute,
only matrix vector product
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Sum up

Compute and parametrise Ψj(q, ϕ) with HBM

Forced solution approximation

û(t) = Ψj(q, ϕ)(t)︸ ︷︷ ︸
resonant NNM

+
∑
i ̸=j

Φi ηi (t)︸ ︷︷ ︸
other linear modes

parameters q and ϕ obtained by solving two algebraic equations

G(q, ϕ, ω) = 0

ηi (t) are obtained from a linear resolution (lin. post.)

mi η̈i + ci η̇i + kiηi −ΦT
i f = 0

FRF are generated using continuation procedures

12/20
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Example: (CC beam) synthesis around third resonance

Periodic vertical force (at the middle of the beam)

Amplitude (q) and phase (ϕ) of the NNM vs frequency

140 150 160 170 180 190 200 210

N
N

M
 a

m
pl

itu
de

 [m
]

×10 -4

2

4

6

8

10

freq. [Hz]
140 150 160 170 180 190 200 210

ph
as

e 
[r

ad
]

-3

-2.5

-2

-1.5

-1

-0.5
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Example: (CC beam) comparison with LM reduction

Reference solution: HBM with 7 harmonics

Using sequential continuation for comparison purpose
· HBM, x red LM 1, ∗ red LM 5T4I, o red NNM

freq. [Hz]

120 130 140 150 160 170 180 190 200 210

v
e
rt

iv
a
l 
d
is

p
. 
m

id
d
le

 n
o
d
e
 [
m

]

×10 -4

2

4

6

8

10

12 Comparison

red. NNM 1:
2 alg. eqs

red. LM 1:
1 Equa. diff. NL
= 15 alg. eqs

red. LM 5T4I:
9 Equa. diff. NL
= 125 alg. eqs
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Example: (CC beam) comparison with LM reduction

absolute error ϵ2 =
∫
t ∥u− uref ∥2dt

effect of ”linear post process”

freq. [Hz]
120 130 140 150 160 170 180 190 200 210

ab
so

lu
te

 n
or

m
 o

f d
iff

er
en

ce

10 -7

10 -6

10 -5

10 -4

10 -3

red MNL-3
red MNL-3 + lin post

14/20



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction Non-linear modes Non-linear synthesis Application Conclusions

Example: (CC beam) comparison with LM reduction

absolute error ϵ2 =
∫
t ∥u− uref ∥2dt

comparison with LM reduction

freq. [Hz]
120 130 140 150 160 170 180 190 200 210

ab
so

lu
te

 n
or

m
 o

f d
iff

er
en

ce

10 -8

10 -7

10 -6

10 -5

10 -4

10 -3

10 -2

10 -1

red NNM 3 + lin post
red LM 3 + lin post
red LM 1,3,5,7,9, 20, 22, 24, 26 + lin post
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Exemple description

x

y

linear beam

NL spring

beam tip displacement [m]
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N
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linear

15/20



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction Non-linear modes Non-linear synthesis Application Conclusions

Exemple description
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Nonlinear mode computation and analysis

freq. [Hz]

40 45 50 55 60 65 70 75 80

ti
p
 d

is
p
la

c
e
m

e
n
t 
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]
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backbone curve NNM 1 for H = 7
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Nonlinear mode computation and analysis

Projection of the NNM harmonics onto the linear modes
Internal resonance 1:3 (LM 1- LM 2)

frq index
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Nonlinear mode computation and analysis

Mode evolution over one half period (sampling T/32)
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op
er

at
io

na
l s

ha
pe

×10 -4

-4

-3

-2

-1

0

1

2

3

4

x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

op
er

at
io

na
l s

ha
pe

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

op
er

at
io

na
l s

ha
pe

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

op
er

at
io

na
l s

ha
pe

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

op
er

at
io

na
l s

ha
pe

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

x
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

op
er

at
io

na
l s

ha
pe

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

16/20



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction Non-linear modes Non-linear synthesis Application Conclusions

Non-linear synthesis

ref. solutions (HBM, 7H) for different force level
( 20 NL diff. Eqs. = 300 alg. eqs )

freq. [Hz]
30 40 50 60 70 80

tip
 d

is
pl

ac
em

en
t [

m
]

0

0.005

0.01

0.015

0.02

0.025

0.03

MNL 1 (backbone)
F = 120 
F = 50
F = 20

Comparison

red. LM 1:
2 alg. eqs

red. NNM 1:
1 Equa diff NL
= 15 alg. eqs

red. LM 1 to 4:
4 Equa diff NL
= 60 alg. eqs
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Non-linear synthesis

comparison of FRF (maximum tip displacement vs frequency)

freq. [Hz]

35 40 45 50 55 60 65 70 75

ti
p
 d

is
p
la

c
e
m

e
n
t 
[m

]

0.005

0.01

0.015

0.02

0.025

 - : HBM

 o : red NNM 1

 x : red LM 1

 . : red LM 1-4
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absolute error ϵ2 =
∫
t ∥u− uref ∥2dt

low amplitude forcing: F = 20, effect of ”linear post process”

freq. [Hz]
30 35 40 45 50 55 60 65 70

ab
so

lu
te

 n
or

m
 o

f d
iff

er
en

ce

10 -9

10 -8

10 -7

10 -6

10 -5

10 -4

10 -3

10 -2

red LM 1
red LM 1 + lin post
red NNM 1
red NNM3 + lin post
red LM 1-4
red LM 1-4 + lin post
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absolute error ϵ2 =
∫
t ∥u− uref ∥2dt

mid amplitude forcing: F = 50

freq. [Hz]
30 35 40 45 50 55 60 65 70
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so

lu
te
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m
 o

f d
iff

er
en

ce

10 -7

10 -6

10 -5

10 -4

10 -3

10 -2

10 -1

red LM 1 + lin post
red NNM 1 + lin post
red LM 1-4 + lin post
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absolute error ϵ2 =
∫
t ∥u− uref ∥2dt

high amplitude forcing: F = 120

freq. [Hz]
30 35 40 45 50 55 60 65 70 75

ab
so

lu
te

 n
or

m
 o

f d
iff

er
en

ce

10 -7

10 -6

10 -5

10 -4

10 -3

10 -2

10 -1

10 0

red LM 1 + lin post
red NNM 1 + lin post
red LM 1-4 + lin post
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Comparison of time evolution

freq. [Hz]

35 40 45 50 55 60 65 70 75

ti
p
 d

is
p
la

c
e
m

e
n
t 
[m

]

0.005

0.01

0.015

0.02

0.025

 - : HBM

 o : red NNM 1

 x : red LM 1

 . : red LM 1-4
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comparison tip displacement before resonance F = 120

normalized time
1 2 3 4 5 6

tip
 d

is
pl

ac
em

en
t [

m
]

-0.015

-0.01

-0.005

0

0.005

0.01

0.015 HBM
red NNM 1 + lin post
red LM 1 + lin post
red LM 1-4 + lin post
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comparison tip displacement at resonance F = 120

normalized time
1 2 3 4 5 6

tip
 d

is
pl

ac
em

en
t [

m
]

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02
HBM
red LM 1 + lin post
red NNM 1 + lin post
red LM 1-4 + lin post
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Conclusion

Simple non-linear synthesis based on non-linear modes

Take into account space and time variation (at the same time)

Only two algebraic equations to solve ”on-line”

Generate very good results as compared to the full model

BUT... some open questions

collateral problem: how to evaluate the reduced forces
without going to physical coordinates ?

extend to travelling waves solutions (not unisson)

...

20/20
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Model reduction with NNM

Aurélien Grolet, Loic Salles

Imperial College London

agrolet@imperial.ac.uk

July 6, 2016



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction Non-linear modes Non-linear synthesis Application Conclusions

variational methods: approximation

coupled version of the variational equations resonant NNM
equations (2 algebraic equations, variable: (q, ϕ))∫ T

0

∂Ψj

∂(q, ϕ)

T [
M Ψ̈j + C Ψ̇j +KΨj + fnl(Ψj +Φ)

]
+

∂Ψj

∂(q, ϕ)

T [
M Φ̈+ C Φ̇+KΦ

]
−

∂Ψj

∂(q, ϕ)

T

f dt = 0

other modes equations (n − 1 differential equations, variable ηi (t))

ΦT
i

[
M Ψ̈j + C Ψ̇j +KΨj + fnl(Ψj +Φ)

]
+mi η̈i + ci η̇i + kiηi

−ΦT
i f = 0
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