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This

 

work

 

presents

 

a

 

theoretical

 

method

 

for

 

surface

 

love

 

waves

 

in

 

poroelastic

 

media

 

loaded

 

with

 

a

 

viscous

 

fluid.

 

A

 

complex

 

analytic

 

form

 

of

 

the

 

dispersion

 

equation

 

of

 

surface

 

love

 

waves

 

has

 

been

 

developed

 

using

 

an

 

original

 

resolution

 

based

 

on

 

pressure–displacement

 

formulation.

 

The

 

obtained

 

complex

 

dispersion

 

equation

 

was

 

separated

 

in

 

real

 

and

 

imaginary

 

parts.

 

MATHEMATICA

 

software

 

was

 

used

 

to

 

solve

 

the

 

resulting

 

nonlinear

 

system

 

of

 

equations.

 

The

 

effects

 

of

 

surface

 

layer

 

porosity

 

and

 

fluid

 

viscosity

 

on

 

the

 

phase

 

velocity

 

and

 

the

 

wave

 

attenuation

 

dispersion

 

curves

 

are

 

inspected.

 

The

 

numerical

 

solu-tions

 

show

 

that

 

the

 

wave

 

attenuation

 

and

 

phase

 

velocity

 

variation

 

strongly

 

depend

 

on

 

the

 

fluid

 

viscosity,

 

surface

 

layer

 

porosity,

 

and

 

wave

 

frequency.

 

To

 

validate

 

the

 

original

 

theo-retical

 

resolution,

 

the

 

results

 

in

 

literature

 

in

 

the

 

case

 

of

 

an

 

homogeneous

 

isotropic

 

sur-face

 

layer

 

are

 

used.

 

The

 

results

 

of

 

various

 

investigations

 

on

 

love

 

wave

 

propagation

 

can

 

serve

 

as

 

benchmark

 

solutions

 

in

 

design

 

of

 

fluid

 

viscosity

 

sensors,

 

in

 

nondestructive

 

testing

 

(NDT)

 

and

 

geophysics.
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1 Introduction

Surface love waves in a layered medium have been successfully
applied in many fields like nondestructive testing (NDT) and
material characterization [1–3], seismology, and earthquake engi-
neering [4–9]. Recently, the use of love waves devices for the
development of viscosity sensors [10–15], chemical sensors [16],
and biosensors [17–20] has been extensively investigated.

Surface love waves propagate in a layered structure consisting
of an elastic substrate and a surface layer. The necessary condition
for that the love waves in an homogeneous structure exist, the
velocity of the bulk shear wave propagation in the surface layer
have to be less than that in the substrate. In addition, surface love
wave that have only one mechanical displacement component is a
transverse surface wave. This displacement is parallel to the sur-
face and perpendicular to the direction of propagation.

Acoustic surface waves propagation in elastic structure (wave-
guide) loaded by a viscous fluid have attracted attention of a num-
ber of scientists [21–26]. Nevertheless, a detailed quantitative
analytical approach of surface love wave in poroelastic structure
covered with a viscous fluid is still lacking.

In this paper, since the waveguide surface is loaded by a vis-
cous fluid, surface love waves undergo significant attenuation
mainly due to the viscosity; hence, the wave number takes a com-
plex form. The real part of this wave number defines the love
wave phase velocity, while the imaginary part represents the love
wave attenuation coefficient.

A new rigorous, efficient, and reliable mathematical method
based on a pressure–displacement formulation, to be able to accu-
rately predict the behavior of love wave, taking into account the
poroelastic character of the surface layer remains a daunting task
and is the purpose of the present paper. The effect of fluid
dynamic viscosity and surface porosity on the attenuation and
phase velocity of surface love waves are investigated. The
obtained results of various investigations on love wave propaga-
tion in this work can provide interesting information, for example,
to develop love-wave-based devices. Note that this paper is based
on the results and methodology presented in work [26].

2 Formulation and Mathematical Analysis

2.1 Physical Model Description. The waveguide structure
that guides love waves consists of a poroelastic surface layer
deposited on a perfect elastic substrate as shown in Fig. 1. The
surface of the waveguide layer (x2 ¼ �d) is loaded with a viscous
fluid (x2 < �d). The displacement component u3 of the surface
love wave propagating in the waveguide structure is polarized
along the x3-axis and perpendicular to the propagation direction
x1. The two-dimensional problem in Cartesian coordinates with
no variation along the x3-axis of the geometry is considered.
Although surface love waves exhibit a multimode character, the
fundamental mode plays an important role in many applications
such as NDT and sensors. Accordingly, in this paper, the attention
is focused on the properties of the fundamental love waves’ mode.
Note that when the porosity tends to zero, the physical model
described in this paper were identical to the one presented by
Kielczynski et al. [26]. In addition, the propagation loss is due
only to the fluid viscosity.

Fig. 1 Schematic representation of the surface love wave
waveguide. d and / are, respectively, the thickness and poros-
ity of the surface layer (domain X). l1 and q1 are, respectively,
the dynamic viscosity and density of the fluid (domain X1). l2

and q2 correspond to the shear modulus and density of the
elastic substrate (domain X2), respectively. Surface love waves
that propagate in the x1-direction are polarized along the x3-
axis.



2.2 Viscous Fluid Domain. The fluid under consideration
will behave as a nonconductive viscous fluid. The fluid motion is
only produced by wave propagation in the poroelastic media.
Here, the nonlinear convective term can be neglected in the
Navier–Stokes equations. Furthermore, since only shear
deformation arises during transverse waves propagation, we can
also ignore the pressure gradient [27]. Thus, the linearized
Navier–Stokes equation governs the viscous fluid motion can be
simplified to the following:
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where �1 ¼ l1=q1 is the kinematic fluid viscosity and v3 is the
velocity field in a viscous fluid in the x3-direction.

2.3 Poroelastic Surface Layer. A poroelastic surface layer is
composed of a pore spaces and solid skeleton. The pore spaces
enable the filtration of fluid through poroelastic surface layer. The
solid skeleton consists of the solid matrix with pores in between.
The stress–strain constitutive relation based on Biot’s poroelastic
theory [28–31] is

r ¼ keIþ l½ruþ ðruÞT� � apI (2)

where r represents the stress tensor, k is the Lam�e parameter, e ¼
r � u is the solid skeleton dilatation, u is the displacement field in
the solid skeleton, I is the identity tensor, l is the shear modulus
of the porous framework, p is the pore fluid pressure, and a is the
Biot-Willis coefficient [32]. A second constitutive relation for the
pore fluid pressure is given by

p ¼ �aMeþMf (3)

where f ¼ �r � w is the volume variations in the fluid [30], w ¼
/ðuf � uÞ is the relative displacement of the fluid with respect to
the solid skeleton, and uf and / denote, respectively, the pore fluid
displacement field and the surface porosity. In Eq. (3), M is the
Biot scalar modulus [32]. Furthermore, M and a can be expressed
in terms of three elastic modulus [33,34]: the matrix bulk modulus
Km, the solid bulk modulus Ks, and the pore fluid bulk modulus
Kf. The resulting equations for M and a are

1
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Note that M is defined physically as the ratio of f to pore fluid
pressure measured under the condition of constant solid skeleton
dilatation and the Biot-Willis coefficient a is equal to the ratio of
f to e measured with p held constant [32].

The Biot [28–31] coupled equation can be expressed in the
form

q
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where qf is the pore fluid density and q ¼ /qf þ ð1� /Þqs repre-
sents the mixture density. The coupled motion of the pore fluid
with respect to the solid skeleton in the absence of body forces is
governed by the generalized Darcy’s law [28]
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where g is the dynamic viscosity of pore fluid and k is the perme-
ability of porous media. The tortuosity parameter s describes how
much the orientation of the pores restricts fluid flow to lead to an
inertial coupling [35]. Note that, in the case where the pores are
uniform and parallel to the direction of fluid flow, s¼ 1 and no

inertial coupling occurs. In the Eq. (6), the viscous and inertial
coupling between the solid and fluid phases are represented by the
parameters ðg=kÞ ¼ b and ðqf s=/Þ ¼ m, respectively [28,30].

2.3.1 Pressure–Displacement p� u Formulation. This work
focuses solely on solving analytically the Biot equations in the
p� u formulation. Indeed, applying the operator r� (Divergence)
to both sides of Eq. (6) and taking into account Eq. (3), we get the
first following coupled Biot equation expressed in terms of the
field variables p and u
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In order to obtain the second coupled Biot equation expressed in
terms of the field variables p and u, first we apply the @=@t opera-
tor to both sides of Eq. (6); its result and Eq. (5) can be combined
taking into account the constitutive relation (2) to give
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To plainly introduce the displacement field in terms of potentials
for the p� u formulation, the vector u can advantageously be
decomposed using Helmholtz decomposition. In this work, the
propagation of plane harmonic waves in x1-direction is consid-
ered; thus, all physical quantities such as displacement field and
stress vector are independent of x3 and depend only on in-plane
variables ðx1; x2Þ. Therefore, the displacement field can be shown
to be [36]
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Introducing Eq. (9) into Eqs. (7) and (8) after some elementary
manipulation yields
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2.4 Elastic Substrate. Based on the elastodynamic theory,
the equation of motion of the surface guided wave in homogene-
ous, isotropic elastic substrate can be established. The displace-
ment field of the elastic substrate is governed by the Navier’s
equation [37]
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where c2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
l2=q2

p
is the shear wave velocity in the elastic sub-

strate and u
ð2Þ
3 the elastic substrate particle displacement in the x3-

direction.

2.5 General Solution of Wave Propagation. For a propaga-
tion of plane harmonic waves in x1-direction, the solution of Eqs.
(1), (10), and (11) of the velocity field v3 in the viscous fluid, sca-
lar potential w in the poroelastic surface, and of the displacement
field u

ð2Þ
3 in the elastic substrate are sought in the form
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where x is the angular frequency and j ¼
ffiffiffiffiffiffiffi
�1
p

, kr is the real part
of the wave number that determines the love wave phase velocity,
and ki is the imaginary part of the wave number that represents the
love wave attenuation coefficient. Substituting Eq. (12) into Eqs.
(1), (10), and (11) and using previously developed techniques
[37], the x2 dependence can be expressed as

V x2ð Þ ¼ C1 exp d1x2ð Þ
W x2ð Þ ¼ C2 sin dx2ð Þ þ C3 cos dx2ð Þ
U x2ð Þ ¼ C4 exp �d2x2ð Þ

(13)
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and C1, C2, C3, and C4 are arbitrary constants. To assure that the
love wave amplitude in viscous fluid decays to zero with increas-
ing distance from the waveguide surface x2 ! �1; Re d1ð Þ must
be greater than zero. To assure that the love wave amplitude in
substrate decays to zero, when x2 !1; Re d2ð Þ must be greater
than zero. In addition, the shear stress components are given by
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where the x2 dependence is defined as

R1 x2ð Þ ¼ C1d1 exp d1x2ð Þ
R x2ð Þ ¼ d d2 þ kr þ jkið Þ2

h i
C2 cos dx2ð Þ � C3 sin dx2ð Þ½ �

R2 x2ð Þ ¼ �C4d2 exp �d2x2ð Þ

2.6 Boundary and Interface Conditions. To determine the
arbitrary constants C1, C2, C3, and C4 in the earlier expressions,
we apply the following boundary conditions on the x2 ¼ �d and
x2 ¼ 0. They are continuity of shear stress and continuity of
mechanical displacement

(1) At the interface between the viscous fluid and the poroelastic
layer x2 ¼ �dð Þ, the velocity and stress should be continuous
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(2) At the interface between the elastic substrate and the poroe-
lastic layer x2 ¼ 0ð Þ, the displacement and stress should be
continuous
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Equations (18) and (19) result in a system of four linear algebraic
equations in four unknown coefficients Ci. Furthermore, for a non-
trivial solution, the determinant of this system must be equal to
zero to lead to the following complex dispersion relation (CDR)

CDR ¼ l2d2 þ jxl1l2d1d2

 �
sin ddð Þ

þld jxl1d1 � l2d2ð Þcos ddð Þ ¼ 0 (20)

where d, d1, and d2 are complex. Eq. (20) represents the CDR of
surface love waves propagating in poroelastic layer loaded with a
viscous fluid. Separating the imaginary and real parts of CDR, we
obtain a system of nonlinear equations given in Appendix with
unknowns kr and ki. This system was solved using MATHEMATICA

software. After finding the roots kr; kið Þ, the love wave phase
velocity vp ¼ x=kr can be calculated. While the root ki represents
the love wave attenuation in the direction of propagation.

2.7 Numerical Example. The material properties were used
in the numerical computations were derived from Ref. [26] for the
elastic substrate and from Ref. [38] for the poroelastic surface. The
poroelastic surface layer thickness d was 0.4 (mm). In this work,
the viscosity of the fluid is the only source of losses. Numerical cal-
culation is performed in the dynamic viscosity range from 0.01 to
100 (Pa�s), for values of frequency from 0.5 to 5 (MHz) and for
three values of porosity 0, 0.1, and 0.5. Thus, the material parame-
ters used in the numerical computation are given in Table 1.

The numerical results of attenuation and wave phase velocity
are shown in Figs. 2–14. To validate the new original theoretical
resolution, the results of Ref. [26] in the case of an elastic surface
layer which corresponds to /! 0 in this study are used. The fol-
lowing concluding remarks can be drawn:

• Figures 2–7 show the influence of the fluid dynamic viscosity
on the love wave phase velocity for two frequencies f ¼ 1ð
and 5 MHzð ÞÞ and for three values of porosity /! 0; 0:1;ð
and 0:5Þ. It can be seen from Figs. 2, 4, and 6 that the phase
velocity decreases with increasing in dynamic viscosity.

Table 1 Material parameters

Properties Substrate

l2 8:02� 1010 ðPaÞ
q2 7800 ðkg=m3Þ

Properties Poroelastic layer

Ks 35� 109 ðPaÞ
Kf 2:2� 109 ðPaÞ
Km 5� 109 ðPaÞ
l 3:91� 1010 ðPaÞ
qs 8900 ðkg=m3Þ
qf 1000 ðkg=m3Þ
k 2:4� 10�11 ðm2Þ
s 3
/ 0:001; 0:1; 0:5

Properties Viscous liquid

q1 1000 ðkg=m3Þ
l1 2 ½0:01; 100� ðPa � sÞ



However, for higher frequency f ¼ 5 MHzð Þ
 �

, with an
increase in dynamic viscosity, the love wave phase velocity
first decreases and then augments (3, 5, and 7). Guo and Sun
[25] have observed a similar phenomenon in the case of
Bleustein–Gulyaev waves propagation. These waves propa-
gate in the metallized piezoelectric layer and are a surface
acoustic waves. To explain this phenomenon, the very viscous
fluid that loads the waveguide surface may be tends to
increase the material stiffness of the surface layer causing an
increase in the love wave phase velocity.

• Figures 9–11 illustrate the influence of the fluid dynamic vis-
cosity on the dispersion curves of phase velocity for viscos-
ities l1¼ 0.01, 10, and 50 (Pa�s). Figures 9–11 indicate that
with an increase in dynamic viscosity, the phase velocity
decreases. Note that in the case of an elastic surface layer
/! 0ð Þ, Fig. 9 is identical to that of Ref. [26].

Fig. 2 Phase velocity dispersion curve versus dynamic viscos-
ity of fluid for f 5 1 (MHZ) in the case of an elastic surface layer

Fig. 4 Phase velocity dispersion curve versus dynamic viscos-
ity of fluid for f 5 1 (MHZ) in the case of a poroelastic surface
layer

Fig. 3 Phase velocity dispersion curve versus dynamic viscos-
ity of fluid for f 5 5 (MHZ) in the case of an elastic surface layer

Fig. 5 Phase velocity dispersion curve versus dynamic viscos-
ity of fluid for f 5 5 (MHZ) in the case of a poroelastic surface
layer

Fig. 6 Phase velocity dispersion curve versus dynamic viscos-
ity of fluid for f 5 1 (MHZ) in the case of a poroelastic surface
layer

Fig. 7 Phase velocity dispersion curve versus dynamic viscos-
ity of fluid for f 5 5 (MHZ) in the case of a poroelastic surface
layer



• Figure 8 shows the attenuation variations versus fluid dynamic
viscosity at various frequencies f ¼ 1; 2; 3; 4; and 5 MHzð Þ

 �
in the case of an elastic surface layer /! 0ð Þ. It is seen from
this figure that the wave attenuation increases monotonically
with increasing dynamic viscosity. Figure 8 shows also that
the relationship between attenuation and dynamic viscosity is
obviously nonlinear. This figure is identical to that of Ref.

[26]. The new original theoretical resolution is in very good
agreement with those of Ref. [26].

• The attenuation dispersion curves in function of frequency
were also plotted as shown in Figs. 12–14 for viscosities
l1¼ 1, 10, 50, and 100 Pa � sð Þ. These figures show that the
love wave attenuation is a monotonic function of the wave
frequency. The Fig. 12 in the case of an elastic surface
/! 0ð Þ is identical to that of Ref. [26].

• The effect of wave frequency on the attenuation and phase
velocity of the love wave is calculated and plotted in Figs.
9–14 for different values of porosity /! 0; 0:1; and 0:5ð Þ. It
can be seen from these figures that with increasing wave fre-
quency, the phase velocity decreases and the attenuation
increases in a monotonous way. Note that the attenuation and
phase velocity for / ¼ 0:5 are obviously larger than that for
/! 0ð Þ and / ¼ 0:1.

3 Conclusions

On the one hand, the propagation of love wave in poroelastic
layered with a viscous fluid is investigated using a new original
theoretical resolution based on p� u formulation in this paper.
The presence of a viscous fluid on the waveguide surface layer
induces losses and causes an attenuation of the surface love wave
as it propagates. Furthermore, taking into account of the poroelas-
tic character of the surface makes the mathematical problem
much more difficult to solve.

Fig. 11 Phase velocity dispersion curves versus frequency for
various fluid dynamic viscosities in the case of a poroelastic
surface layer (/ 5 0.5)

Fig. 8 Attenuation dispersion curves versus fluid dynamic vis-
cosity for various frequencies in the case of an elastic surface
layer (/ fi 0)

Fig. 9 Phase velocity dispersion curves versus frequency for
various fluid dynamic viscosities in the case of an elastic sur-
face layer (/ fi 0)

Fig. 10 Phase velocity dispersion curves versus frequency for
various fluid dynamic viscosities in the case of a poroelastic
surface layer (/ 5 0.1)

Fig. 12 Attenuation dispersion curves versus frequency for
various fluid dynamic viscosities in the case of an elastic sur-
face layer (/ fi 0)



In the other hand, a new theoretical form of the complex disper-
sion relation of love wave propagation was developed. After a rig-
orous procedure to separate the complex dispersion relation into
real and imaginary parts, the resulting two nonlinear equations
were solved. Therefore, the graphs highlighting the behavior of
attenuation and phase velocity of love waves versus dynamic vis-
cosity, frequency, and porosity were obtained. It was found that
the increase in dynamic viscosity augments the attenuation and
reduces the phase velocity of the love wave. It was also found that
the increase in porosity augments the attenuation and the phase
velocity of the love wave. Finally, the new original theoretical
resolution proposed in this work can be used to develop and
design the fluid viscosity sensors, in nondestructive testing of
materials and in geophysics.

Nomenclature

b ¼ viscous coupling parameter
d ¼ thickness of the poroelastic surface layer
e ¼ dilatation of the solid skeleton
I ¼ identity tensor
k ¼ permeability of the porous medium

kr, ki ¼ real and imaginary parts of the wave number
Kf ¼ pore fluid bulk modulus

Km ¼ matrix bulk modulus

Ks ¼ solid bulk modulus
m ¼ inertial coupling parameter
M ¼ Biot modulus
p ¼ pore fluid pressure
s ¼ tortuosity coefficient
�1 ¼ kinematic fluid viscosity
w ¼ relative displacement
a ¼ Biot-Willis coefficient
f ¼ volume variations in the fluid
g ¼ pore fluid dynamic viscosity

k,l ¼ Lam�e constants
l2 ¼ shear modulus of the substrate
v3 ¼ fluid particle velocity in the x3 direction
q2 ¼ density of the substrate
r ¼ total stress tensor
/ ¼ porosity
x ¼ angular frequency

Appendix

For typical values of fluid dynamic viscosity (up to 100 (Pa�s))
and frequency (several MHz), the first term in Eq. (17) is much
smaller than the corresponding second term. Then, the second
terms in Eqs. (15) and (16) are much smaller than the first term.
Therefore, the parameters d; d1, and d2 given in the Eqs. (17) and
(16) can be written in the form
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Substituting Eq. (A1) to the complex dispersion relation (20) and
grouping the real and imaginary terms, then after elementary
manipulations, we obtain

Fig. 14 Attenuation dispersion curves versus frequency for
various fluid dynamic viscosities in the case of a poroelastic
surface layer (/ 5 0.5)

Fig. 13 Attenuation dispersion curves versus frequency for
various fluid dynamic viscosities in the case of a poroelastic
surface layer (/ 5 0.1)



F1F3 � F2F4 � F5F7 þ F6F8 ¼ 0 (A2)

F2F3 þ F1F4 þ F5F8 þ F6F7 ¼ 0 (A3)

where

F1 ¼ cosh Bdð Þsin Adð Þ
F2 ¼ sinh Bdð Þcos Adð Þ
F3 ¼ l2 A2 � B2ð Þ � xl1l2 A1B2 þ B1A2ð Þ
F4 ¼ 2l2ABþ xl1l2 A1A2 � B1B2ð Þ
F5 ¼ cos Adð Þcosh Bdð Þ
F6 ¼ sin Adð Þsinh Bdð Þ
F7 ¼ l xl1 AB1 þ BA1ð Þ þ l2 AA2 � BB2ð Þ½ �
F8 ¼ l xl1 AA1 � BB1ð Þ � l2 AB2 þ BA2ð Þ½ �

Equations (A2) and (A3) can be written in the form

Re CDRð Þ ¼ 0

Im CDRð Þ ¼ 0
(A4)

This system of two nonlinear Eq. (A4) constitutes the dispersion
equations describing surface love wave propagation in the wave-
guide with a viscous fluid.
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