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Abstract

In Prediction Error identification, to obtain a consistent estimate of the true system, it is crucial that the input excitation yields
informative data with respect to the chosen model structure. We consider in this paper the data informativity property for the
identification of a Multiple-Input Multiple-Output system in open loop and we derive conditions to check whether a given input
vector will yield informative data with respect to the chosen model structure. We do that for the classical model structures used in
prediction-error identification and for the classical types of input vectors, i.e., input vectors whose elements are either multisines

or filtered white noises.
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1 Introduction

When designing the input excitation for an identifi-
cation experiment, it is crucial that this input excitation
yields informative data. Indeed, data informativity en-
sures the consistency of the prediction error estimate (if
the considered model structure is identifiable at the true
parameter vector) [12,14]. In this paper, we consider this
important problem for the open-loop identification of
Multi-Input Multi-Output (MIMO) systems.

Data informativity is guaranteed when the input exci-
tation is sufficiently rich to guarantee that the prediction
error is different for different models in the considered
model structure. Data informativity has been studied ex-
tensively in the Single-Input Single-Output (SISO) case.
In this particular case, the data are informative if the in-
put signal is sufficiently rich of an order that depends
on the type and the complexity of the considered model
structure. That an input signal u is sufficiently rich of a
certain order 7 is equivalent to the fact that its power
spectrum @, (w) is nonzero in at least n frequencies in the
interval ] -7, 7] (see e.g. [12]). In the recent years, due to
the renewed interest in optimal experiment design (see
e.g. [10,4]) where the covariance matrix of the identified

Email addresses: kevin.colinQec-1lyon. fr (Kévin Colin),
xavier.bombois@ec-lyon.fr (Xavier Bombois),
laurent.bako®@ec-1lyon.fr (Laurent Bako),
federico.morelli@ec-lyon.fr (Federico Morelli).

Preprint submitted to Automatica

model plays an important role, there has been a number
of efforts to relate the positive definiteness property of the
covariance matrix and the data informativity [9,2]. In [9]
and also in [8], necessary and sufficient conditions on the
signal richness of the excitation are also derived for the
data informativity in both the open-loop and the closed-
loop case. In particular, these papers derive the minimal
order of signal richness that the excitation signal must
have to ensure data informativity and this is done for all
classical model structures (BJ, ARX, ...). In the closed-loop
case, this minimal order is related to the complexity of
the controller present in the loop during the identifica-
tion. It is also shown in these papers (see also [14]) that,
if the controller is sufficiently complex, data informativity
can also be obtained by just using the noise excitation.

While the analysis of data informativity in the SISO
case seems a mature research area, this cannot be said for
the MIMO case. While there has been attention towards
determining the order of the MIMO controller to ensure
that an identification in closed loop without external ex-
citation will be informative [3,13], there is to this date al-
most no results that allow one to verify whether a given
input vector will yield informative data in the open-loop
case or in the closed-loop case (when the controller is
not sufficiently complex). Up to our knowledge, the only
available condition for data informativity is to check that
the power spectrum of the input vector is strictly positive
definite at (almost) all frequencies (see [3] or [7, Propo-
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sition 3]). However, as we will see in this paper, this suf-
ficient condition is too restrictive (e.g. a multisine input
vector will never respect this condition). Due to this ob-
servation, we derive in this paper a less conservative con-
dition that allows one to check whether a given input vec-
tor will yield informative data to identify a model in open
loop in a given model structure. We will do that for the
classical model structures used in prediction-error identi-
fication (ARX, FIR, BJ, OE model structures) and for both
multisine input vector and for an input vector generated
as u(t) = N(z)v(t) with v a vector of independent white
noises of arbitrary dimension and N a matrix of transfer
functions. These conditions can, e.g., be of importance for
MIMO optimal experiment design (see, e.g., [1,11]) since
it will allow to choose the input vector parametrization
in such a way that data informativity is guaranteed.

To derive these conditions, we first show that the
MIMO case can be treated by analyzing the data informa-
tivity channel by channel. An analysis of the data infor-
mativity channel by channel boils down to the analysis
of data informativity for Multiple-Input Single-Output
(MISO) systems. We will show that the data informa-
tivity with respect to a MISO model structure can be
guaranteed by the linear independence of the elements
of a vector of signals that we will call regressor vector.
This regressor vector ¢, (f) contains delayed versions of
the elements of the input vector. There is of course an
analogy here with the SISO case since a scalar input sig-
nal is sufficiently rich of a given order 7 if the elements
of such a regressor vector of dimension 7n are linearly
independent [8].

We then show that, in the MISO case, the linear inde-
pendence of the elements of ¢,(¢) is equivalent to the
fact that a given matrix is full row rank. This matrix will
be a function of the input parametrization, i.e., the am-
plitudes, phase shifts and frequencies of the different si-
nusoids in the multisine case and the coefficients in the
matrix N(z) in the filtered white noise case. We then an-
alyze which conditions are necessary to make this ma-
trix full rank. We therefore derive, for the multisine case,
conditions on the number of sinusoids that are present
in the multisine input vector and, for the filtered white
noise case, conditions on the complexity of the matrix N
and on the number of white noises in v.

This paper builds upon our previous contributions [6,5]
where we restricted attention to the MISO case and to
FIR model structures.

2 Notations

For a complex-valued matrix A, AT denotes its trans-
pose and A* its conjugate transpose. A positive semi-
definite (resp. definite) matrix A is denoted A > 0 (resp.
A>0). We will denote A;j the (i, k)-entry of the matrix
A, A;. the i-th row of A and A.; the k-th column of A.
The identity matrix of size n x n is denoted I, and 0, is

the n x p matrix full of zeros. The rank of a matrix A will
be denoted rank(A). For a vector x € R", the notation || x||

refers to the Euclidean norm, i.e., ||x]|| = \/x% +eeet xfl.

For a discrete-time transfer function G(z), z represents
the forward-shift operator and its frequency response is
given by G(z = e/“) where w is the normalized frequency
in [0 n]. For a polynomial P(X), the coefficient linked
to X¥ is denoted p®®. Thus, P(X) = p©@ + pWX + .- +
pP Xk ...4 p™W X" The degree n of this polynomial
P(X) is denoted deg(P(X)). When X = z™!, we say that p
is the delay of P(z~!) when the first non-zero coefficient
is linked to z7, i.e.,, P(z7 ) = p@W z P + plotlz=(b+D ...y
p(")X" with p(P) £0.

_ Finally, for quasi-stationary signals x(f), the operator
E[x(t)] is defined as E[x(1)] = limNHoo%ZIt\ilE[x(t)] (E
being the expectation operator) [12].

3 Prediction Error Framework

Consider a MIMO system . in open-loop with an in-
put vector u € R™ and an output vector y € R, described
by

Sy = Go(R)ulr) + Ho(z)e(r) @
where Gy(z) is a stable matrix of (rational) transfer func-
tions of dimension ny, x n,, Hy(z) a stable, inversely-stable
and monic matrix! of (rational) transfer functions of di-
mension ny x ny and e is a vector made up of n, white
noise signals such that E[e(f)e’ (1)] = Z > 0. Since the
system . is operated in open-loop, the excitation signal
that will be used for identification purpose will be the
input vector u(t) which is assumed to be independent
of e(t). Moreover, we will assume two different types of
quasi-stationary excitation u.

In the first type, each entry uy of u (k=1,---,n,) is a
multisine made up of sinusoids at p different frequencies
wj] (l = ]-) )p)y i-e-)

P
up(t) =) Aprcos(it+¥g) k=1,---,ny 2
=1

where Ag; and Wy, are respectively the amplitude and
phase shift of the sinusoid at the frequency w;. Note that
Ay can be zero for some value(s) of k (k=1,---,ny), but,
for each I =1,---,p, there exists (at least) a value of k
for which Ay; # 0. For further reference, we will denote
by px (k=1,---,n,) the number of sinusoids for which
the amplitude Ag; in the expression (2) for uj is nonzero
(pr < p Vk).

In the second type of input u, u is generated
as u(r) = N(z)v(tr) via a stable transfer function
matrix N(z) = (qu(z))(k,q)e[[l,nu]]x[[l,,]] and a vector

1 je. Hy and HO_1 are stable and Hy(z =o00) =1y,



v= (v, 07 containing r independent white noises
signals vy (g =1,---,r). In other words, each entry u; of
u is given by:

r

up() =) Nig@vg(t) k=1,---,ny. 3)
q=1

Note that r is not necessarily equal to n, and that
Niq(2) can be identically zero for some value(s) of k
(k=1,---,ny), but, for each g =1,---,r, there exists (at
least) a value of k for which Niq(2) #0.

To identify ¥, we consider a full-order model struc-
ture A = {(G(z,0),H(z,0)) | 8 € Dy} where 6 € @y < R"
is a parameter vector. This model structure is full-
order if 30y € Dy < R", called the true parameter vec-
tor, such that (G(z,00),H(z,00)) = (Go(z),Hy(z)). We
will further suppose that this model structure is glob-
ally identifiable at the true parameter vector 6y, i.e.,
(G(z,0), H(z,0)) = (G(2,60p), H(z,60p)) = 0 = 0y. The set
Dy restricts the parameter vector 6 to those values for
which G(z,0) is stable and H(z,0) is stable and inversely
stable.

Consider a set of data ZV = {s(t) = W' (6), yT ()T | t=
1,---, N} collected on the true system .¥. We can define,

based on the model structure .#, the one-step ahead
predictor y(t,0) for the output y(¢) at time ¢:

V(,0) = Wy(2,0)u(t) + Wy(z,0)y(1) = W(z,0)s(1) 4)

where

Wy (2,0) = H 1(2,0)G(z,6) )
Wy(2,0) =Tn, — H ' (2,0) )
W(z,0) = (Wy(z,0), Wy(z,0)). @

As we will see in the sequel, it is important that the data
s(p) = (uT(t),yT(t))T collected on the true system . be
informative with respect to ..

Definition 1 (Data Informativity [3]) Consider the
framework defined above with data s(t) = (u” (1), yT ()7
collected by applying a quasi-stationary input vec-
tor u to the true system . Consider a model struc-
ture M yielding the predictor J(t,0) = W(z,0)s(1).
Let us also define the set Ay = {AW(z) | AW(z) =
W(z,0)—W(z,0") with 0" and 0" in Dg}. The data s(t) is
said to be informative w.r.t. the model structure .4 when,
for all AW (z) € Aw, we have

E_'[IIAW(z)s(l‘)II2 =0=AW(z)=0 (8)

where AW (z) =0 means that AW (e/®) =0 for almost all
w. O

Data informativity is an important property since it
implies that the prediction error criterion [12,14] defined
below yields a consistent estimate 0 for 6y:

] N =arg min Vy(0) 9)
0y
1 S T -1
VnO) = =) €' (1,0)Z; e(t,0) (10)
Nt:l

where €(¢t,0) = y(t) — y(t,0) and where X is supposed
known for simplicity (it can however be estimated to-
gether with Oy (see, e.g., [12, Chapter 15]). The esti-
mate Oy is consistent if it converges to 0y with prob-
ability 1 when N — +oo or, equivalently, if and only if
0o is the unique minimum of the asymptotic criterion
Ele"(1,0)25'e(t,0)].

In the sequel, we will therefore derive conditions to
ensure the data informativity for input vectors u of the
types (2)-(3). It is important to note that the parametriza-
tions (2)-(3) for the input vector u cover many cases where
det(®,(w)) =0 Yw (e.g., when r < n, in (3) or, always, for
the multisine case). Consequently, many of these input
vectors u do not satisfy the sufficient condition for infor-
mativity discussed in the introduction (see, e.g., [3] or [7,
Proposition 3]).

We will derive conditions for data informativity for the
following classical model structures .#: FIR, ARX, OE and
BJ model structures. Note that we will not consider the
ARMAX model structure to simplify the presentation and
since an ARMAX system can always be represented within
a BJ] model structure. The parametrization used in these
classical model structures are reminded in the sequel. For
this purpose, let us decompose 6 as 0 = @7, nT)T where
0 contains the parameters that we only find in G(z,0) and
1 contains the rest of the parameters (i.e. the parameters
in H(z,0) and the parameters that are common to G(z,0)
and H(z,0)). Based on this decomposition, the ARX model
structure can be defined as follows

G(z,0)
H(z,0)

where A(z,n) and B(z,0) are respectively ny x ny, and
nyx ny, polynomial matrices and where A(z,n) is restricted
to be monic. The parameters in the vector 6 are here
given by the coefficients of the polynomials in these ma-
trices and we will suppose that all the polynomials in
these matrices are independently parametrized (i.e. do
not share any common parameters). The FIR model struc-
ture is a special case of the ARX model structure where
Alz,n) =1y,

A(zn) " B(z,0)
-1

(1D

A(zn)

In the BJ model structure, there are no common pa-



rameters in G(z,0) and H(z,0):

G(z,0) = G(2,0)
(12)
H(z,0) = H(z,n)

The parameter vector f contains the parameters of the
numerators and (monic) denominators of each trans-
fer function in the matrix of transfer functions G(z,0).
The same holds for n and H(z,n), but in this case, the
parametrization must also be such that H(z =o0,7) =1,,.
We here also suppose that the individual entries in these
matrices do not share any common parameters. The OE
model structures is a special case of the B] model struc-
ture where H(z,n) = Ly,

When the true system is ARX/FIR, a full-order ARX/FIR
model structure will always be globally identifiable at 8.
In the BJ/OE case, the model structure will be globally
identifiable at 6, if 6y does not lead to any pole-zero
cancellation in the entries of G(z,0) and H(z,0).

4 Data informativity for MIMO systems

As mentioned above, our objective in this paper is to
derive conditions to ensure the data informativity for in-
put signals u of the types (2)-(3) and for the classical types
of model structures .#. For this purpose, in the follow-
ing two theorems, we will first see that the analysis of the
data informativity in the MIMO case can be simplified.
In particular, we will see that, by virtue of the particu-
lar parametrization of the classical model structures, the
condition (8) in the definition of data informativity can
be simplified (see Theorem 2) and, subsequently, that the
verification of this simplified condition can be performed
channel by channel (see Theorem 3).

Theorem 2 Consider Definition 1 and the model struc-
tures 4 defined at the end of Section 3. Let us
also define the set Ax = {AX(z) | AX(z) = X(z,0) -
X(z,0") with 0" and 0" in 29} where X(z,0) = B(z,0) for
ARX/FIR model structures and where X(z,0) = G(z,0)
for BJ/OE model structures. Then, the data s(t) =

(uT(t),yT(t))T are informative w.r.t. the model structure
A if and only if, for all AX(z) € Ax, we have:

E[IIAX(Z)u(t)HZ] —0=AX(2)=0 13)

PROOE See Appendix A.

Since E[|[AX(2)u(n)||?] is equal to the trace of
(1/27) [T AX(e/®)®,(w)AX*(e/®) dw, independently of
the model structure .4, (2) will hold for all AX € Ax
it is clear that (13) will hold for any model structure

if ®,(w) > 0 at almost all frequencies. This sufficient
condition is the one discussed in the introduction.

Theorem 3 Consider Definition 1 and Theorem 2 and let
us define based on Ax the sets Ax ; = {AX;.(2) | AX;.(2) is the
ith row of AX(z) € Ax} (i =1,---,ny). Then, the data s(r)
are informative w.r.t. the model structure 4 if and only
if, forall i =1,---,ny, the following property holds for all
AX;. € Axi:

E[IIAX;(u0IP] =0 = AX;.() =0 14)
PROOE See Appendix B.

Theorems 2 and 3 are important since they imply that,
to check the informativity of the data s(#) = (u” (1), y* ()7
with respect to a MIMO model structure .4, we can equiv-
alently check, for all i = 1,---,ny, the informativity of
the data s; (1) = (uT(t),y,-(t))T (Theorem 3) and this ver-
ification for s; only involves the ith row B;.(z,0) of the
parametrization B(z,0) (for ARX/FIR model structures) or
the ith row Gj.(z,60) of the parametrization G(z,0) (for
BJ/OE structures). It is also clear that the data s;(#) =
W™ (1),yi ()T correspond to the data of a MISO system
with n, inputs. Consequently, we can, from now on, re-
strict attention to MISO systems and MISO model struc-
tures.

5 Data informativity for MISO systems
5.1 Notations for a MISO model structure

Let us introduce some further notations for the MISO
model structures and let us restrict attention to those
parts that are relevant for data informativity (see Theo-
rem 2). In a MISO ARX/FIR model structure, B(z,0) is a
vector made up of n, independently parametrized poly-
nomials By (z,0) (k=1,---,ny). In the BJ/OE case, G(z,0)
is a vector made up of n, independently parametrized
transfer functions G(z,0%). In both cases, the parameter
vector 0 € R" is the concatenation of 0y (k=1,---,n,),
ie, 6=],6],--,6] )" and where 7 is the dimension
of 6. Let us also introduce the following notation for each
entry of these vectors:

Bk(Z,ék) = Z_pkék(z,ék) (15)
Gz, By) = 2P+ 2200 (16)
Fi.(z,0%)

where the delays pj can be different for each k and where
both By and Fj. are polynomials (F} is moreover a monic
polynomial, i.e., ﬁk(z =00) = 1). In the sequel, we will
denote the degree of these polynomials by deg(B;) and
deg(li"k), respectively (see Section 2). The coefficients of



the polynomials By and Fy. are the parameters in 6. Con-
sequently, we have that:

. . _ deg(1§k)~
Bi(z,00) =01+ Y. Ormenz " (17

m=1

. B deg(]i”k) _
Fe@z00 =1+ Y 0 (nidegiin? (18)
m=1

where 9~k,m denotes the mth entry of 0. The number
of parameters to identify in By and Fy is thus equal to
deg(ék) +1 and deg(Fok), respectively.

In Section 3, we have restricted the value of 6 € R"
to the ones in . Since only A € R" is relevant
for data informativity, we introduce the set %; as
D5 = {0 | B(z,0) is stable} (ARX/FIR model structures)

and as 9; = 10 | G(z,0) is stable} (BJ/OE model struc-
tures). Note that &5 covers the whole parameter space

R” in the ARX/FIR case since B(z,0) is always stable.
5.2 Persistency of a vector of signals

In the sequel, we will show that the data informativity
can be linked to the persistency of a vector of signals.
The persistency of a (complex- or real-valued) vector of
signals is defined as follows:

Definition 4 (Persistency) A quasi-stationary real or
complex-valued vector of signals ¢ is persistently exciting
(PE) if and only if E[¢p(£)¢p* (£)] > 0. (]

We have also the following useful result regarding real-
valued vector of signals.

Lemma 5 Consider a vector ¢ containing p real-valued
quasi-stationary signals ¢;. Then, the three following
propositions are equivalent:

* (a) ¢ is PE.
* (b) Elp(n)p™ (0] > 0.
e () VaeRP, E[aT(p(t)]2 =0 ifand only if ¢ =0px;. O

PROOE (a) < (b): this follows from a straightforward ap-
plication of Definition 4 for a real-valued vector of signals.

(b) e (¢c): E [([)(t)(gT(t)] > 0 is equivalent to the fact that,
for any a € R?, a’ E[¢p()pT (D]a=0o a = 0,x1 which is
in turn equivalent to condition (c). ]

Remark 6 The condition (c) of Lemma 5 means that the
elements ¢; of ¢ are linearly independent signals. (]

5.3 Input regressor persistency
Using the notion of persistency defined in the previous

subsection, we show in the next theorem that the data
informativity in the MISO case can be guaranteed by the

persistency of a particular vector of signals depending on
the input u(#). This vector will be denoted ¢, () and will
be called regressor.

Theorem 7 (MISO informativity) Consider the data
s(t) = (uT(t),y(t))T obtained by applying an input vector
u on a MISO system. Consider a full-order model structure
M for this MISO system and the notations introduced
in Section 5.1. Then, the data s(t) are informative with
respect to M if the regressor ¢, (t) defined below is PE:

Puy (1) up(t=pg)

dult) = with ¢y, (1) = : (19)

buy,, (1) ug(t—pg—1ng)

The dimension | of the regressor ¢, in (19) is given by
1= ny+Yng (the dimension of ¢y, being equal to 1y +1
(k=1,---,ny)) and the scalars®> ni (k=1,---,ny) in (19)
are respectively given by:

* 1y = deg(By) for ARX and FIR model structures.
o Ny = deg(By) + deg(E}) +zzfn"=1'm#k deg(Fy,) for B] and OE
model structures.

For ARX and FIR model structures, the persistency of ¢, is
not only a sufficient condition for data informativity but
also a necessary condition.

PROOE See Appendix C |

If we apply this theorem to the SISO case (n, = 1), we
observe that the condition for data informativity is that
the regressor ¢, = ¢, of dimension 77 +1 is PE. This con-
dition is equivalent to the fact that the scalar signal u = u,
is sufficiently rich of order n; +1 (see [8,9]) or, equiva-
lently, that the power spectrum @, (w) of u = u; is non-
zero in at least n; + 1 frequencies in ] -, ]. By comput-
ing n; when n, =1, we then retrieve the classical results
for data informativity with respect to the ARX/FIR/BJ/OE
models structures in the SISO case (see, e.g., [8]).

While, in the SISO case, the persistency of ¢, is a nec-
essary and sufficient condition for data informativity for
all model structures, the persistency of the regressor ¢,
defined in (19) is only a necessary and sufficient condi-
tion for data informativity for the ARX/FIR model struc-
tures while it is just a sufficient condition in the BJ/OE
case. In Section 9, we will show that this sufficient con-
dition is nevertheless not overly conservative.

In the next sections, we will derive a necessary and suf-
ficient condition on the input vector u to guarantee that

2 The notations 7. are not related to the vector 1 introduced

at the end of Section 3.



¢, is PE. In the ARX/FIR case, this condition will then be
a necessary and sufficient condition for data informativ-
ity while it will be only sufficient one in the BJ/OE case.
Before deriving this necessary and sufficient condition for
¢, to be PE, let us formulate the following lemma that
will give us a first idea on how u has to be chosen for this
purpose.

Lemma 8 Consider a quasi-stationary input vector u of
dimension n, and the corresponding regressor ¢, defined
in (19). If ¢, is PE, then we have necessarily the following
two properties:

e (i) each ¢y, (k=1,---,ny) is PE

e (ii) for any m € N, the vector ¢4, made up of the el-
ements of the set Uy, = {ur(t) | ux(t— m) is present in
¢u (D)} is PE. In other words, the inputs uy that appear
with the same delay in ¢,, must be linearly independent.

Moreover, for any k=1,---, ny, the vector ¢, of dimension
nx +1 is PE if and only if the power spectrum ®,, (w) of
ug (k=1,---,ny) is nonzero in at least n; +1 frequencies
inl|-m,mnl. (]

PROOE The first point directly follows from condition
(c) of Lemma 5 and the expression (19) for ¢,. Indeed,
condition (c¢) can only hold for ¢, if it also holds for
each ¢, (k=1,---,ny). The second point follows from a
similar reasoning and from the fact that a quasi-stationary
vector ¢(¢) is PE if and only if ¢ (¢t —m) is PE Vm e N.

Finally, due to Definition 4, the persistency of ¢, is
equivalent to the fact that uy is sufficiently rich of order
Nk +1 (see also [8,9]) and this property of uy is equivalent
to the property on its spectrum given in the statement of
the lemma [12]. |

Let us first discuss the necessary condition (i). This
condition will be always respected in the filtered white
noise case since @, (w) will be non-zero at (almost) all
frequencies w (u; is indeed generated by at least one
filtered white noise). In the multisine case, the condition
(i) entails that, for each k=1,---,n,, the number p; of
sinusoids that are effectively present in u (i.e. for which
Ay #0) satisfies the following constraint:

nk+1
2

(20)

Pk =

Note that this condition is independent of the choice of
the amplitudes and phase shifts in (2).

Let us now consider the property (ii). In the majority
of the model structures, there will be a value of the delay
m for which %,, will contain all entries of u (e.g. this
happens when the delays py are the same for all k). When
this is the case, property (ii) requires that the signals
ux (k=1,---,ny,) are linearly independent (the vector of

signals u is PE). In the multisine case, we will see in the
sequel that u is PE if and only if a certain matrix made
up of the amplitude Ag; and the phase shifts Wy; is full
(row) rank. In the filtered white noise case, this entails that
the rows of N(z) are linearly independent. Even though
choosing an input vector that is PE is a good practice,
this property is only strictly necessary for ¢, to be PE for
the model structures having the property described in the
beginning of this paragraph, as shown in the following
example that also illustrates the construction of ¢,,.

Example 9 Consider a MISO OE model structure with
n, =3 and for which the predictor y(t,0) = G(z,0)u(t) is
given by:

-4

— us()

0, 04
1+65z

. _ -9
y(t,0) = Tzz_lul(t) +03z " ux (1) +

with 67 = 67 = (01 0, 03 04 05). We observe that, in
this model structure, the delays are given by (p1,p2,03) =
(0,9,4) and that the transfer functions Gy (k=1,2,3) in G
have the form (16) with

élzgl ézzeg é3=94
F°'1:1+92Z_1 ﬁgzl 153:1+95z_1

Let us deduce the regression order ny. defined in Theorem 7:

o 11 = deg(By) + deg(Ey) + 2deg(Fy) + 2deg(F3) = 3
o 12 = deg(B,) + deg(F) + 2deg(F) + 2deg(Fs) = 4
o 13 = deg(Bs) + deg(Fs) + 2deg(Fy) + 2deg(F») = 3

and let us form the input regressor ¢,, defined in (19), i.e.,
du®) = @, (DT, u, (DT, 0, T with

Pt 0= (1) W=D wt-2) wr-3)
iy () = (2 (t=9) up(1=10) wp(t—11) wp(t~12) wp(t~13))

Giy ()= (u3(t—4) us(t-5) us(t—6) us(t—7)

We can see that each set U,, contains at most one signal.
This means that the condition (ii) of Lemma 8 simply says
that the inputs u(t) must not be identically equal to 0. It
is therefore possible to get the persistency of ¢, even if there
is a linear dependence between u(t), uy(t) and us(t). In
particular, we can choose u; = up = u3 = v where v is a
white noise signal. In this case, ¢, is indeed PE since it is
made up of different elements of a white noise sequence.
This choice of u thus guarantees data informativity (The-
orem 7).

It is important to stress that Lemma 8 only gives nec-
essary conditions for ¢, to be PE. In the next section, we



will therefore continue our analysis by deriving a neces-
sary and sufficient condition for the input regressor to be
PE. This result will entail (among other aspects) that, to
guarantee this property which implies the data informa-
tivity, we also require an additional condition on the total
number p of sinusoids in the multisine case and on the
complexity of the filter matrix N(z) in the filtered white
noise case.

6 Necessary and sufficient condition for the input re-
gressor persistency

6.1 General idea

The necessary and sufficient condition will be derived
by rewriting ¢, () (see (19)) into the form ¢, (¢) = A @(¢)
where ./ is a (possibly complex) matrix whose entries are
functions of the input parametrization and ¢(t) is a vector
of (possibly complex-valued) quasi-stationary signal that
is always PE (see Definition 4). This decomposition is
important since we have then the following result:

Lemma 10 Consider a vector of quasi-stationary signals
¢(1) given by ¢(t) = N @(t) where N is a complex matrix
and ¢(t) is a vector of complex-valued quasi-stationary
signals that has the property of being PE. Then, ¢(t) is PE
if and only if & is full row rank. O

PROOE Due to Definition 1, the lemma will be proven if
we show that E[p(£)¢p* (£)] = N Elp()¢* (1)]A* > 0. Since
@(t) is PE, we have E[(p(t)(p* (1)] > 0. Consequently, a full
row rank ./ is indeed a necessary and sufficient condition
for E[p(5)¢p* ()] > 0. |

In the next two sections, we will show that we can
rewrite ¢, in this way for multisine and filtered white
noise excitation.

6.2 Input regressor for multisine excitation
In this section, we consider that the input u(f) is a

multisine such that each uy(f) is given by (2). By using
Euler’s formula, we have that

=

18— o
ur(t—my) = EZ(Akle Jmi@r Ot LA @] Mkl g ‘””)
=1

where Ay = Age/Y* is a phasor and my € [pr, pr + i
Consequently,

(puk(t) =9k¢sin(t) 21)

where 2 and ¢;;, (1) are successively defined by

AppeiPeer oA e ertnw
—x —
AgpelPreenr ... Aj e/ Preror
2= : ... : (22)

Kkpe—jpkwp . Kkpe—j(pkmk)wp

szejpkwp . szef(Pk"'le)wp
eja)lt
e—jwl t
1 .

(psin(t) = E : (23)

eja),,t

e Jopt

Therefore,

(pu(t) = «Q(psin(t) (24)

T

where 2 = (QIT Qr{u) is a matrix of dimension y x
2p with p the dimension of ¢, and p the number of
frequencies in the multisine (each 2 being of dimension
M +1) x2p).

An example of construction of the matrix 2 will be
given later in the text (see Example 18).

Remark 11 For the sequel, it is important to note that the
matrix 2 will have the property that none of its column
is identically zero since, in Section 3, the set of frequencies
(w1,++,wp) is defined in such a way that, for each fre-
quency w; (I =1,---,p), there will always be at least one
uy for which Ay #0.

6.3 Input regressor for filtered white noise

In this section, we consider input vectors u generated
as u(t) = N(z)v(t) with a stable matrix N(z) of transfer
functions and with a vector v made up of r independent
white noises, i.e., each u(?) is given by (3). We will rewrite
N(z) as N(z) = L(z)/w(z) where L(z) is a n, x r matrix
of polynomials and w(z) the least common multiple of
the denominators of N(z). The entry Li,4(z) of L(z) (k=

1,---,ny, g=1,---,r) will always be of the form
nkq "
Lig@= Y Lnz" 25)
h=d,

with ngg = deg(Lrq(2)), drg the delay of Li,(z) and
with l](fg the coefficients of the polynomials. For all



my € [pr, px +1«], we can thus express w(z)ug(f—my) as

w(z)ug(t — my)

r
= qu(z) Vq(t —my)
=1

q
1031 Nir

= Z ll(ﬁ)vl(t—h—mk)+-u+ Z l](f;)vr(t—h—mk)
h=dj, h=dj,

Let us consider the above expansions for all entries
in ¢, and let us define a vector ¢, containing all el-
ements vy (f —h—my) of the white noise sequences vy
(g =1,---,r) that are present in these expansions. For a
given ¢, ¢y, will thus contain all elements of v4(¢) from
ve(t=Tg) till vy(t—Yy) with I'y = min diq + pr and

ke[1,n,]
Y, = kelﬁlla;( ﬂnkq +ng + pg. The vector ¢y, of dimension
§=r+X;_,(Yq-Tg) is thus given by:

va(t—Tg)
vi (1) 1 1
) vg(t=T4-1)
(wan(t) = with Vq(t) = . (26)
v, (1)
Vg(t—Yq)

Using ¢, and the expression for w(z)uy(t— my), we
have that:

W@ (1= (L -+ L) Srun(®

| —
L

where i’kq (g=1,..,r) is a matrix of dimension (n;+1) x
(Y4 -T4+1) defined as:

Lkq = (o(ﬂk+1)x(qu+l’k—r11) ZLrq 0<nk+1)x(Yq—nkq—nk—pk>)

(qu) (”kq)

lkq lkq 0
c?kq =
(diq) (Ngq)
0 lqu lqu
We can therefore also write that:
w(z)py(t) = Ldfuwn(t) (27)

T
where & = (_ZlT _fnTu)

¢. To illustrate the construction of this matrix Z, let us
consider the following example.

is a matrix of dimension p x

Example 12 Consider for the input regressor n, = 3,
(P1,p2,p3) = (1,1,3), (M1,m2,m3) = (0,2,1), r =2, w(z) =1

and
02-2z2 2z71-0.8z2+3z73
N(z)=L(z)=| 05272 —z7 142772
0 0.4z 1 +5z72

The input regressor ¢, is thus made up of u;(t—1),
up(t—1), up(t—2), up(t—3), usg(t—3) and us(t—4) (ie. p=
6). To determine ¢, (1), we observe that Ty =1, I, =2,

Y1 =5 and Y, = 6. Consequently, ¢ ., (1) = (Vl(t))’ where
V(1)
vi(t-1) v2(t—2)
v1(t=2) v2(t—-3)
vil)=|wn(t=3)| and vo(t)=|vy(t—4)
v1(t—4) U2(t—5)
v1(t=5) V2 (t—6)

We can now construct successively the matrices ikq
k=1,---,ny, g=1,---,r) with n, =3 and r =2 and the
matrix L :

Zn=(020-1 Z2=(1-083)

05 0 O -1 2 00
Zn=[0050| Zp=|0-120
0 0 05 0 0 -12
5231: 00 :232: 04 5 0
00 0 045
21|42 010 L1 01x2|01x0 L12 0142
L= Lo | Loa|=|03x2 L1 03x0|01x0 L2 0351
Z51| L2 02x2 L1 02x1|01x2 La2 0240
020-10 0|1 -083 00
00050 0|-1 2 0 00
|oooos0j0 -1 2 00
“looo 0050 0 -120
000 0 0[0 0 0450
000 0 0[0 0 0045

where the underlined zeros correspond to the zeros of the

O+ 1)x (Y g=nig=ni=p) A1 Oty (dig+ox—Tg) JOr all Lieg.
0



Remark 13 If all the coefficients l](f;) are nongzero in the
expression (25) for the filters Lyq(2) (k=1,---,ny, and q =
1,---,r), all the columns in &£ will be nonzero (as it was
the case for 2, see Remark 11). However, if some of these
coefficients appear to be zero, this can no longer be the case.
As an example, the second column of £ in Example 12
is identically zero. This happens because Li;(z) misses the
term in z~' and, consequently, the white noise element
vy (t —2) will never appear in the expansions describing
w(z)uy(t — my) given below (25). [l

6.4 Necessary and sufficient condition for ¢, to be PE

We can now combine Lemma 10 with the matrices 2
and £ introduced in the previous subsections to deduce
our main theorem giving a necessary and sufficient con-
dition for ¢, to be PE:

Theorem 14 Consider the regressor ¢, of dimension p (see
Theorem 7) and the expressions (24) and (27) for this re-
gressor corresponding, respectively, to the multisine case
(see (2)) and the filtered white noise case (see (3)). Then,
¢y (1) is PE if and only if

o 2 is full row rank (i.e. rank(2) = p) in the multisine
case

o Zisfull row rank (i.e. rank(Z£) = p) in the filtered white
noise case. O

PROOE Let us first consider the multisine -case.
We first observe that ¢g;,(f) is (always) PE since
E[(J)S,-n(t)(p:m(t)] = ilgp > 0. Consequently, the result
follows from a direct application of Lemma 10. Let us
now consider the filtered white noise case. We observe
that ¢y, (f) is (always) PE since it contains elements of
independent white noise sequences. Consequently, an
application of Lemma 10 yields the equivalence between
a full row rank matrix £ and the fact that w(z)¢, (1) is
PE. By noticing that w(z) is a stable and inversely stable
filter, this completes the proof. Indeed, for such w(z), it is
straightforward to show using condition (c) of Lemma 5
that ¢, (1) is PE if and only if w(z)¢,(t) is PE. ]

Given the expressions (2) and (3) for u, it is easy to con-
struct, respectively, 2 and £ and check whether the cor-
responding input signal will yield a persistently exciting
¢, and thus informative data for the considered model
structure ./ . Indeed, these matrices are a function of the
model structures parameters p; and 71 and of the input
vector parametrization. This input vector parametrization
is characterized by the amplitudes Ag; the phase shifts
Y, and the frequencies w; (for the multisine case) and
by the matrix N (filtered white noise case).

We can, e.g., apply the above theorem on the situation
described in Example 12. In this example, the matrix £
is full row rank, i.e., rank(%) = u = 6. Consequently, the
input vector u of dimension 3 generated via N(z) with

the white noises v; and v, will therefore yield informa-
tive data for any model structure corresponding to the
regressor ¢, used in Example 12. It is interesting to note
that this is the case even though det(®,(w)) =0 at all w.

Theorem 14 gives us thus a tool to verify whether a
given input vector will yield informative data for a given
model structure. However, it does not give much hints on
how to determine the input vector to yield full row rank
matrices £ and £. Such hints will be given in the next
sections. We will first start by analyzing the multisine case
and then the filtered white noise case.

Remark 15 If the system is MIMO, the matrix 2 or £
must be constructed for each channel and it should be
verified that these ny, matrices are full row rank.

Remark 16 In Section 5.2, it was discussed that choosing
an input vector u with linearly independent elements (u
is PE) is a good practice and is furthermore a necessary
condition to yield a persistently exciting ¢, for the ma-
jority of model structures. We have given in that section
a necessary and sufficient condition for u to be PE in the
filtered white noise case. We can now do the same for the
multisine case. If u is described as (2), u is PE if and only
if the following phasor matrix <f is full row rank:

A Ay e A1p Kfp
o= oL : (28)
K”ul KZul Knup K;,,p
Let us indeed observe that u(t) = of ¢sin(t) with ¢si, (1)
as defined in (23). Consequently, the above result directly
follows from Lemma 10 and the fact that (i, (t) is PE (see
the proof of Theorem 14).

7 Multisines yielding data informativity

To help us constructing a multisine input vector yield-
ing a persistently exciting ¢, (and thus data informativ-
ity), we have already discussed a number of aspects in
Section 5.2. In particular, we cannot have a persistently
exciting ¢, if the number p; of non-zero sinusoids in
each uy does not respect (20). This condition can also
be explained by the fact that the matrix 2 introduced in
section 6.2 can only be full row rank if all matrices 2y
are full row rank. Since £ has 1 +1 rows and contains
2pj non-zero columns, it is necessary that (20) holds for
2y to be full row rank. Using a similar reasoning on the
full matrix £, we can now derive the following additional
condition on the total number p of sinusoids in the input
vector u.

Lemma 17 Consider a regression vector ¢, (t) of dimen-
sion u (see Theorem 7). Suppose that the corresponding
input signal u of dimension n, is a multisine containing
p different frequencies (see (2)). Then, for ¢, to be PE, it



is necessary to have that

(29)

SIS

PROOE The number of columns in £ is 2p and they are
all nonzero (see Remark 11) while its number of rows is
given by u. Consequently, it is clear that (29) is a necessary
condition for £ to be full row rank. |

Recall that u = Zzzl(nk +1) is larger than n;+1 and
that p = py Vk. It is therefore clear that this additional
condition is in no way implied by (20). Actually, when
p = pi for each k, it is (29) that implies (20).

In the SISO case, for multisine excitation, a neces-
sary and sufficient condition for data informativity is that
the scalar multisine input contains a number of frequen-
cies/sinusoids that is larger than the half of the dimen-
sion of the input regressor corresponding to the consid-
ered model structure. We have an interesting analogy in
the MISO case. For ¢, to be PE, the number p of frequen-
cies in the multisine input vector must be larger than
the half of the dimension of the input regressor ¢, and
the number pj of frequencies in each scalar input uj
of this input vector must also be larger than the half of
the dimension of the corresponding part ¢, of ¢,. The
main difference is however that the combination of these
conditions are not sufficient for data informativity in the
MISO case (even if we add condition (ii) of Lemma 8).
Indeed, some phasor and frequency choices can yield a
rank deficient matrix 2 or, equivalently, a regressor ¢,
that is not PE. An example is a phasor choice that would
yield u (t) = =2 uy(t—2) while 1, (¢) and uy(¢—-2) both lie
in ¢, (1) (see the next example).

However, the above phenomenon can generally be
avoided if we choose the phasor value in some ran-
dom manner. We can thus propose the following pro-
cedure. Determine the regressor ¢, corresponding to
the considered model structure and choose a value of
p satisfying (29), choose a set of p different frequencies
and choose values of py (k=1,---,n,) satisfying pr < p
and (20). This defines a class of multisine input vector for
which a number of phasors have to be determined. Let us
determine these phasors in a random and independent
manner® and let us check whether the corresponding
2 is indeed full row rank. If it is not the case, a new
realization is performed, etc.

Example 18 Consider an input regressor ¢,(t) with
ny = 2 and with (p1,p2) = (0,0) and (n1,1n2) = (0,2).
Therefore, the regression vector is given by ¢,(t) =

T
(u1 (B) ua(t) up(t—1) up(t— 2)) which has dimension
3 Another option would be to use optimal experiment design to

determine the phasors yielding the smallest covariance matrix
for a given input power.

10

1 =4. Consider that we generate the input with p =2 fre-
quencies w1 =0.1 and w, = 0.3 and that py = p» =p =2.
This defines the following class of input vectors:

up(t) =Aqq cos(0.1t+W¥q11)+ A2 cos(0.3t+W¥q2)
up(t) = Aoy cos(0.1t+Wo1) + Agx cos(0.31+W¥y))

This input vector class respects both (29) and (20).

Consider first the following choice for the four phasors
A = Aed¥o (k=1,2, 1 =1,2): Ayp = €793, App = -1,
Ao = —0.5 /%% and Ay = 0.5 e/%8. This phasor choice
respects condition (ii) of Lemma 8 since u; (t) and uy(t) are
linearly independent. Using Remark 16, we indeed observe
that the phasor matrix &/ in (28):

203

e 03— -1

—0.5¢/05 —0.5¢7705 (.5¢/06 (50706

is full row rank.

Even though all three necessary conditions are respected,
the input regressor ¢, () is nevertheless not PE since we can
observe that u; (t) = —2u, (t—2) V't and that both u,(t) and
up (t—2) lies in ¢,,. This can be also verified by constructing
the corresponding matrix 2:

0i03 o—i03 1 1

—0.5¢/05 —0.5¢7705 .5¢/06 (50706
—0.5¢/04 —0.5¢7704 0.5¢/03 (57703

—0.5e/0% —0.5¢7703 05 0.5

We observe that the fourth row is obtained by multiplying
the first one by —0.5, i.e., rank(2) < pu = 4. Consequently,
¢y, is not PE with this phasor choice. However, let us just
modify the phasor Ay, to Ay = e/°? and the matrix 2
then becomes full row rank. We can also test the random
input vector construction introduced above: we have gener-
ated 1000 realizations for the four amplitudes Ay and the
four phase shifts Vy; (k=1,2, 1 =1,2) using independent
continuous uniform distributions, the amplitudes varying
between 0 and 5 and the phase shifts between 0 and 2.
For these 1000 realizations, the rank of the corresponding
matrix 2 was indeed equal to u = 4. Consequently, the
1000 realizations of the input vector u would yield infor-
mative data for any model structure corresponding to the
regressor ¢, used in this example. As an example, in the
first realization, the four phasors were Ay; = 4.14 /%21
A1z =3.15 e/216, Ay =1.49 /1% and Ap =3.09 €/2%0.0

For certain classes of multisine input vector u, the ver-
ification that £ is full row rank is however not necessary:
the data informativity can indeed be guaranteed for all
phasor choices. An example of such a class is the one



where the scalar inputs u; do not share any common fre-
quencies.

Lemma 19 Consider the data s(t) = (u” (t),y" ()T ob-
tained by applying a multisine input vector u (see (2)) on a
MISO system with n, inputs. Consider a full-order model
structure M for this MISO system and the notations intro-
duced in Section 5.1. Then, the data s(t) are informative
with respect to M if, for each k=1,---,ny,

(i) the scalars input uy contains a number py of non-
zero sinusoids that satisfies:

4B+ yyhen 4 is ARX or FIR.

M when M is BJ or OE.

* Pk=
* Pr=

(ii) the py frequencies of the sinusoids in uy. are different
from the p,, frequencies of the sinusoids in all u,, (m # k).

Note that, if (i) and (ii) are respected, s(t) are infor-
mative whatever the values of the py frequencies, the py
amplitudes (non-zero) and the py. phase-shifts defining uy.
(k=1,---,ny). O

PROOE See Appendix D

It is to be noted that, in the BJ/OE case, the regressor
¢y, (see (19)) corresponding to the multisine input vectors
defined in Lemma 19 will not be necessarily PE since the
necessary conditions for this property (i.e. (19) and (29))
will not be always fulfilled. This is however not a contra-
diction since a persistently exciting ¢, is only a sufficient
condition for data informativity in the MISO BJ/OE case.

Remark 20 The approaches presented in this section can
be also applied in the MIMO case by noticing that (29)
is then replaced by p = lmax!2 where Uy is the largest
value of u for the regressors ¢, corresponding to each
channel and that (20) is replaced by pr = Nk,max +1)/2
where Mg, max 1S the largest value of ny for the regressors
¢y, corresponding to each channel. For Lemma 19, the
condition (i) must be respected for each channel of the
considered MIMO system. (]

8 Filtered white noise excitation yielding informative
data

As opposed to the multisine case, condition (i) of
Lemma 8 is always respected in the filtered white noise
case. However, the condition on the relation between
the number of rows and of non-zero columns in a full
row rank matrix will, like in the multisine case, lead to
a necessary condition for ¢, to be PE. This condition
will impose a constraint on the complexity of N(z). Let
us recall that, for the filtered white noise case, there can
be some zero-columns among the ¢ columns of £ (see
Remark 13).

11

Lemma 21 Consider a regression vector ¢, (t) of dimen-
sion p (see Theorem 7) and that corresponds to an input
vector generated as in (3). Suppose that the matrix £ of
dimension px¢ corresponding to this input vector (see Sec-
tion 6.3) has y non-zero columns (x <¢). Then, for ¢, to
be PE, it is necessary that y = .

PROOE The number of non-zero columns in £ is y while
its number of rows is given by u. Consequently, it is nec-
essary that y = u for £ to be full-row rank. |

As shown in Section 6.3, the number y of non-zero
columns in £ (which is, in the vast majority of the cases,
equal to ¢, i.e.,, the dimension of ¢ rwn(r) can be in-
creased by increasing the complexity of the filters in N(z)
or by increasing the dimension r of the vector v(#). Con-
sequently, the above lemma gives ingredients on how to
generate the input vector u in the filtered white noise
case. In, e.g., Example 12, this necessary condition is in-
deed respected (y =9 > u = 6) which is logical since we
already observed that £ is full column rank. It is how-
ever important to stress that y = p is only a necessary
condition for ¢, to be PE (even if we add condition (i)
of Lemma 8). In other words, even though the complexity
of N(z) coupled with the dimension of v is sufficient to
ensure y = u, there are particular values of the filter ma-
trix N(z) that yield a rank deficient £. To avoid such a
phenomenon, similarly as in the multisine case, we can
choose a filter structure that satisfies the condition in
Lemma 21, generate the corresponding filter coefficients
in a random manner (and check subsequently whether
the corresponding £ is full-row rank).

Example 22 Consider an input regressor ¢, (t) withn, =2
and with (p1,p2) = (0,0) and (n1,1m2) = (2,2). The input re-
gressor ¢, (t) is thus given by ¢, (1) = (u1 (), uy (t=1), uy (£ —
2),us (), up(t— 1), up(t = 2)T and is of dimension p = 6.
Consider that we wish to generate the input vector u using:

hi+h 27!

u(t) = v1(1)

b1 z72+ Iy z73

withlyy =1, 1, =-0.5, Iy = -2 and Iy, = 1. If we follow the
procedure of Section 6.3, the vector ¢y, (t) corresponding
to this matrix N(z) = L(z) is a vector of dimension { =6
containing vy (t), v1(t—1), v1(t=2), v1(t—3), v1(t—4) and
v1(t—5). Since the expansion (25) of the two polynomial
filters in N(z) do not miss any coefficients, we will have
x = ¢ =6 and, consequently, the necessary condition of
Lemma 21 is respected. We also observe that condition
(ii) of Lemma 8 is respected since u; and u, are linearly
independent (the rows of N(z) being linearly independent).
However, we also observe that uy(t) = -2u;(t—2) VYVt and
that both uy(t) and u;(t—2) lie in ¢,,. Consequently, the
input regressor ¢, is not PE and the corresponding £ is not
full row rank. However, if we just modify Iy, to 111 =2, the



corresponding matrix £ becomes full row rank. We also
apply the random input vector construction by generating
1000 realizations for the four coefficients lyy (k=1,2, q=
1,2) using independent zero-mean uniform distributions
where each Iy can vary between —1 and 1. For these 1000
realizations, the rank of the corresponding matrix £ was
indeed equal to p = 6. Consequently, the 1000 realizations
of the input vector u would yield informative data for any
model structure corresponding to the regressor ¢, used in
this example. As an example, in the first realization, the
FIR filters were I;; = —0.398, 12 =0.471, l,; = —0.320 and
lyp =—0.911. (]

Like in the multisine case, in certain cases, the verifi-
cation that % is full row rank is however not necessary.
An example of such a class is the one where the num-
ber r of independent white noises generating u is larger
than or equal to the dimension of u, i.e., r = n,. In this
case, the verification of the rank of the matrix £ can be
replaced by the simpler verification of the rank of N(e/“).

Lemma 23 Consider the data s(t) = (u”(t),y’(t)) ob-
tained by applying an input vector u on a MISO system of
arbitrary order and consider a full-order model structure
M for this MISO system. Suppose that the input vector of
dimension n, is generated as a filtered white noise u = Nv
with v a vector of r independent white noises with r = n,,.
Then, the data s(t) are informative with respect to M if
rank(N(e’®)) = n,, for almost all w. O

PROOE The power spectrum ®,(w) of the input vec-
tor u is given by ®,(w) = N(e/“)Z,N*(e/?) where X, =
Ev(HvT(p) is a positive definite diagonal matrix. Under
the condition on N(e/?) in the statement of the lemma,
we observe that @, (w) is thus positive definite at almost
all frequencies. As shown, e.g., below Theorem 2, an in-
put vector u having this property will yield informative
data for all model structures. This completes the proof. B

A special case of the above lemma is the case where r = n,,
and where N(z) is a diagonal matrix of transfer functions
(i.e. Njj(z) =0 when i # j). In this case, N(e/) will always
be full rank. This is the relatively classical choice of an
input vector u where all scalar multisine inputs uy (k =
1---,n,) are mutually uncorrelated. Note that the scalar
inputs u; were also mutually uncorrelated in the case
treated in Lemma 19. Note also that, when r < n,, the
condition rank(N(e/®)) = n,, can never be respected.

Remark 24 The approaches presented in this section can
be also applied in the MIMO case by noticing that the con-
dition in Lemma 21 can be replaced by ¥ = Umax Where
Umax IS the largest value of p for the regressors ¢, cor-
responding to each channel. The input vector choice dis-
cussed in Lemma 23 also yield informative data for arbi-
trary MIMO model structures.
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9 Numerical example
9.1 True system to be identified

Consider the following MISO OE system . with ny, =1
and n, =2 given by

uy (1)

0.34 z71
) Uy (1)

y(t) - (1—0,532’1 1-0.8z71+0.15272 +e(r)

where the variance o3 of e is here chosen equal to o3 =
0.0001. We will identify .%# within a full-order model struc-
ture .4, where all the transfers in G(z,0) are indepen-
dently parametrized as in (16) with (p;,p2) =(0,1) and

él B 91 éZ = 93
10:'1 = 1+922_1 152:1+94z_1+95z_2

Consequently, we have 07 = 7 = (91 0, 03 0, 05). Let
us now determine the regressor ¢, corresponding to this
model structure .#. For this purpose, observe that:

o7y = deg(le) + deg(lf“l) + 2deg(1?z) =5
e 1= deg(Bg) + deg(Fg) + 2deg(F1) =4

Consequently, the regressor ¢, is given by ¢, =
@@L, pl)T with

¢£1(t):(u1(t) u(t=1) w1 (t-2) ug(t-3) up(t—4) ul(t—5)J
iy (0= (ua(t=1) up(t~2) wp(t-3) wp(t—4) wp(t-5))

The dimension u of ¢, is here equal to p=11.
9.2 Identification with multisine

In this subsection, we consider that u(t) is given by (2).

As shown in Theorem 7, the persistency of ¢, is only
a sufficient condition for data informativity. However, we
will show that this sufficient condition is not too restric-
tive. This will be done as follows. We will present an ex-
ample where ¢, is not PE and where the data are not in-
formative. Moreover, we will also show that if the dimen-
sion of ¢, is reduced by removing u;(¢—5) in (p,fz, this
reduced ¢, would be PE. In this example, the regressor
¢, defined in Theorem 7 is the regressor that can only
detect the non informativity of these data.

Case 1: We choose u;(f) as a multisine containing
p = p1 = 6 frequencies w; = 0.0027, wy = 0.027, w3 =
0.17, wq =0.27, w5 =0.47 and wg = 0.87 and with pha-
sors KU =1(=1,---,6). The signal u, is chosen in such
a way that

(G2(2,0") — Ga(2,00) uz (1) = —(G1(2,0") — G1(2,00) 1 (1)



for 6 = (10,0.9,—3,-0.6,0.8)T different
(0.34,-0.53,1,-0.8,0.15)T.

from 0y =

This yields:

A1 Ao 1 0.8475e/00132
NP 1 0.8526e/01315
A1z Mgz | |1 0.9633¢/05926
A Poa| |1 1.1325000.9076
A5 Ags 1 0.3875e/24547
A1 Ao 1 8.3699¢ /21509

This phasor and frequency choice respects both (20)
and (29). It is however clear that these data are not in-
formative (see Theorem 2) and this non-informativity
can be detected via Theorem 7. Indeed, the regressor
¢, defined in Section 9.1 is not PE since the matrix 2
corresponding to this ¢, and the above phasor and fre-
quency choice has a rank equal to 10 while g = 11. This
regressor is in fact the only one that can detect the non-
informativity. Indeed, if we would consider the regressor
¢, of dimension 10 obtained by removing u,(t —5) from
¢y, this regressor would be PE. Note that we can gener-
ate infinite number of pathological cases as the previous
one by considering all 8’ € 9.

Case 2: Consider now a multisine input vector u with the
same p = 6 frequencies as in Case 1, but with the following
choice of phasors:

A1 Ag 2.54¢0-32 3.67
Az Az —0.56/241 —2.25¢7/051
A1z Aos _ 7.34 5.84
A B | 23 673e7 717
Ais Axs | | —8e7/M 978
A Az -0.45e/087  6.54¢/301

For this choice of phasors, the matrix £ in (24) has full
row rank, i.e., rank(2) = 11. This multisine input vector
will thus yield informative data.

Case 3: Consider now a multisine input vector with p =3
sinusoid frequencies w; = 0.0027, w, = 0.027, w3 =0.17
and with the following phasor choice:

Ku K21 2.54ej0'32 0
Klg ng = 0 —2.25€_j0'51
A1z Ags 0 5.84

The scalar inputs u; and up do not share any common

frequencies and we have that p; =1 = w
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and p, =22 deg(By) +deg(Fp)+1 Consequently, we are in the

case of the class of multisine input vector proposed in
Lemma 19. This class yields informative data indepen-
dently of the choice of phasors and frequencies.

9.3 Identification with filtered white noise

In this subsection, we consider that u() is given by (3).

Case 4: Consider an input vector generated with r =1
independent white noise v, (%), i.e.,

t
w(t) = ui (1) _
Uy (1)

Ni1(2)
v1(1)
N> (2)

where Ny (z) = z72 and Ny (z) = ---

-0.4z7140.95272-0.61z73+0.17z7*
1-1.1271-0.22272 +0.412-3 — 0.0082~4 — 0.034z 5

In this case, the condition of Lemma 21 is respected.
We therefore verify the rank of the corresponding matrix
% and we obtain rank(%#) = 11 = u. Consequently, this
input vector will yield informative data.

Case 5: Let us now consider an input vector u with r =
n, =2 and where N(z) = L(z)/w(z) is characterized by
w(z) =1-0.5z"1 +0.627% and

-0.5+0.15z7!
0.6272+0.18z73

-z 1402272

L(z) =
2-0.4z71

We are here in the situation of Lemma 23 and we can
easily verify that the frequency response N(e/®) of N(z)
is full-row rank for all w €] — &, 7].

9.4 Monte-Carlo simulations

In order to confirm that the input choice in Cases
2, 3, 4 and 5 vyield informative data, we have applied
each of these input vectors to the true system in 1000
identification experiments (with different realizations
of the white noise e¢) and we have identified the esti-
mate Oy (see (8)) for each experiment. For each input
vector, we have computed the mean of these 1000 es-
timates and we have in each case observed that this
mean is almost equal to the true parameter vector 6.
For example, the observed mean obtained in Case 3 is
(0.3402, —0.5298, 1.0000, —0.8000,0.15000) " that must be
compared to 0y = (0.34,-0.53,1, —0.8,0.15)T. The discrep-
ancy between the observed mean and 6, is in fact the
largest in Case 3 (this can be explained by the fact that
the three frequencies of the multisine are chosen in a
small interval of [0, 7] inducing a larger variance for ] N).



10 Conclusion

In this paper, we have derived a condition that allows
one to check whether a given input vector will yield infor-
mative data to identify a model of a MIMO/MISO system
in open loop in a given model structure. We have done
that for the classical model structures used in prediction-
error identification and for both multisine and filtered
white noise input vectors. We have seen that this condi-
tion can be easily checked a-posteriori based on the in-
put vector parametrization. We have also given hints on
how to construct an input vector that will yield informa-
tive data. In the future, we wish to extend our results to
the closed-loop case.
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A Proof of Theorem 2

To prove Theorem 2, we will need the following lemma.

Lemma 25 Consider a quasi-stationary input vector u of
the type (2) or (3). Consider also a stable and inversely
stable matrix V(z) of transfer functions (V(z) # 0) and
another stable matrix W (z) of transfer functions such that
V(2)W(z) and V (z) W (2) u(t) are valid operations yielding,
respectively, a matrix of transfer functions and a vector of
signals. Then, we have the following equivalences

E[IIlVRW@u®I?] =0 <= E[IIW@u®I*] =0

Vio)W(z)=0<—= W(z)=0

PROOE Let us begin by the first equivalence. Since V(z)
is inversely stable, E ||V (2)W (2)u(?)||*] = 0 implies that
E(IV'@V@W@unIP] = EIIW(2u)]* = 0. Now,
since V(z) is stable, E[|[W(2)u(|?] = 0 implies that
E[IIV(@W(2)u(n|*] = 0. This completes the proof of
the first equivalence. We can follow a similar reason-
ing for the second equivalence, i.e., V(2)W(z) = 0 =
V3@ V)W) =W(z)=0= V(z)W(z) =0. |

Let us now prove Theorem 2. By using (1) and (4),
AW (z)s(t) can be rewritten as

AW (2)s(t)
= (AW (2) + AW, (2)Go(2)) u(t) + AW, (2) Hy(2)e(t)

where AW, (z) and AW, (z) are defined similarly as AW (z).

_ Since u(#) and e(#) are assumed independent,
E[IIAW (2)s(9)1I?] =0 is equivalent to

E[II(AW,(2) + AW, (2)Go () u(D1*] =0
E[IIAW, (2)Ho(2)e(D)]|*] =0

Observe that, due to the whiteness of the vector
e and the invertibility of Hy(z), the spectrum ®;(w)
of #(t) = Hy(z)e(t) has the property that ®;(w) > 0 at
all frequencies w. Consequently, we can also say that
E[IIAW (2)s(9)1[?] =0 is equivalent to the combination of
the following two conditions:

(A.1)
(A.2)

E[lIAW,(2u(®*] =0
AWyEO



Due to the expression of Wy(z) in (6), (A.2) yields
H(z,0') = H(z,0"). Consequently, AW,(z) (see (5)) can
be rewritten as AW, (z) = Y(z,n’)_lAX(z) with AX as
defined in the statement of the theorem for the differ-
ent model structures and with Y (z,7') = I,,, for ARX/FIR
model structures and Y (z,n') = H(z,n') for BJ/OE model
structures.

Since we restrict attention to 6’ = 0'T,n'")T € @,
Y (2,m') is a (non-zero) stable and inversely-stable matrix
of transfer functions in both situations. Consequently,
by Lemma 25, E[|[AW,(2)u(9|’] = 0 is equivalent to
E[IIAX (2 u)]?] = 0.

From the reasoning above, for all AW (z) € Aw, the left-
hand side of (8) is equivalent to E[[|AX(2)u(n)|?] = 0.
From the reasoning above, we can also conclude that, for
all AW (z) € Ay, the left-hand side of (8) always implies
AWy (z) = 0. Consequently, the right-hand side (8) can be
restricted to AW, (z) = 0 or, equivalently, via Lemma 25, to
AX(z) = 0. In other words, the condition (13) in Theorem 2
(for all AX(z) € Ax) is equivalent to the condition (8) (for
all AW (z) € Aw) in the definition of the data informativity.
This completes thus the proof. |

B Proof of Theorem 3

We will prove that the condition (13) for AX(z) € Ax is
equivalent to the fact that the condition (14) holds for all
AX;.€Axjand foral i=1,---,n,.

Let us first observe that AX(z) = 0 is equivalent to
AXi(z) =0 (i = 1,---,ny). Secondly, let us prove that
E[lIIAX(2)u(®)|1?] = 0is equivalent to E [[|AX;. (2)u(D)|?] =
0 (i =1,---,ny). For this purpose, let us rewrite the term
E[lIIAX(2)u(®)|1?] as follows:

_ n'y —
E[IAX(@u)]*] = Y E[lIAX;: (2 u®]?]
i=1

with AX;.(z) as defined in the theorem. Since the
term E[||AX;:(2)u(n)]|?] is positive (i = 1,---,ny), we
have indeed that E[|[AX(2)u(?)||?] = 0 is equivalent to
E[IAX:.(2Qu(nI*] =0 (i=1,---,ny).

We have thus proven that the condition (13) for AX(z) €
Ax is equivalent to

E|lIAX; (QuI?| =0 =1,-,n)) = AX;:(2) =0 (i =1,--,ny)

for AX;. € Ax; (i =1,---,ny). Noting that there are no
common parameters in AX;.(z) and AX;.(z) (j # i), the
latter is equivalent to the fact that the condition (14) holds
for all AX;. € Ax;j and for all i = 1,---, ny,. This completes
thus the proof. ]
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C Proof of Theorem 7

First note that Theorem 2 also applies to the case n, = 1
and let us distinguish the ARX/FIR case and the BJ/OE
case in the sequel.

Let us first consider ARX/FIR model structures and
let us first observe that, using (17) and the fact that
6 = 6],0;,---,6] ), we have that Bi(z,0)ur(t) =
$u (OT0x and B(z,0)u(r) = pL (10 with ¢y, (1) and ¢, (1)
as defined in (19). Let us now rewrite the left-hand
side of condition (13), i.e., E[I[AB(2)u(?)|1*] = 0 where
AB(z) is a row vector of transfer functions of dimen-
sion k whose entries ABy(z) are polynomials defined as
ABy(z) = z Pk (ﬁk(z,ék) - ék(z,ég)). We have thus that

AB(2)uk(D) = by (0T @~ 0})

. (C.1)
AB(2)u(t) = ¢y ()" (@' - 6"

Consequently, E [[[AB(z)u(1)][?] =0 is equivalent to

@' -0")" E[pu(0u(DT](6'-0")=0  (C2)

Let us now observe that the right-hand side of (13) is
here equivalent to 8’ = 0" (see (17)). Recall also that D5 =
RH (see Section 5.1 and recall that, here, the dimension 7
of 0 is equal to the dimension u of ¢,). Using the above
reasoning and Theorem 2, we will thus have informativity
if and only if, for any 8’ and 6" in R¥, (C.2) implies 6’ = 6"
This latter condition is equivalent to E ¢, (£)p,(H)T] >0
or that ¢,(¢) is PE (Lemma 5). This completes thus the
proof for the ARX/FIR model structures.

Let us now consider BJ/OE model structures and let us
here also rewrite the left-hand side of condition (13), i.e.,
E[IIAG(2)u(9)]I?] = 0. For this purpose, let us observe that
the transfer functions AGy(z) in the row vector AG(z) =
(AGk(Z))ke[[l,nu]] are given by

AG(2) Z_pk(ék(z,é;c) ék(z,ég))
k_ =

Fi(2,0))  Fi(z,0])

Using obvious short-hand notations, the latter equation
is rewritten as:

B é/l
AGi(2) = 2P ( < —’“)
Fk Fk
Let us now put all entries of AG(z) on the same denomina-

tor which will be denoted by N(z), i.e., N(z) = H,’C’il ﬁ,’clz",’c’.
M(z)

Consequently, we have that AG(z) = T where M(z) =
(Mk)ke[[l,nu]] is a vector of polynomials My (z) having the




following expression:

ny

[1

m=1,m#k

My(2) = 2 P¥(BLE} - Bl F)) BBl (C3)

Each Mj(z) is thus a polynomial of delay p; and of de-
gree py + 1N (with ni as defined in the statement of the
theorem) and can thus be rewritten as follows:

Nk+Pk
Mi@)= Y, 8"z"

m=pi

(C.4)

where the coefficients 6 5:”) are a known function of 8’ and

6". Combining the above elements successively yields:

1 ny NiktPk )
AG@)u(t) = NG k; m;pk 8 u(t—m)
AG(2)u(t) = (pu(D70)

N2

=x(t)
with 6 the vector made up of the concatenation of all & Ecm)
and ¢, as given in the statement of the theorem.

Since 6’ and 8" are in Dy = 10 | G(z,0) is stable}, N(z)
is a stable and inversely stable filter. Consequently, via
Lemma 25 in Appendix A, the left-hand side of (13) (i.e.
E[IIAG(2)u(n)]1?] = 0) is equivalent to

E[x*(0] =6"E[pu(Dpu()T]5=0 (C.5)

When ¢, is PE, i.e., when E[(pu(t)(p,f(t)] >0 (Lemma 5),
we have that, for any & generated as above with 6’ and
0" € 2, (C.5) implies § = 0 which in turn implies that
M(z) =0 and thus that AG(z) =0 (i.e. the right-hand side
of (13)). The sufficient condition for the BJ/OE case in this
theorem is then a consequence of Theorem 2. Note that
this condition is not necessary in the BJ/OE case since the
vectors § that are generated by all 6’ and 6" € 2 will not
cover the whole vectorial space R*. Observe indeed that
the dimension p of § is (much) larger than the dimension
of 6" and 6".

D Proof of Lemma 19

Let us consider Theorem 2 for the MISO case (ny, =1)
and let us define, for each k=1,---, n,, the set

Xy = {A X = Xi(2,0}) - Xe(2,0}) with 8}, and 8 e 7;, |
with 25 = {0x | Xi(2,04) is stable} and Xi(z,0;) =

Bi(z,0r) (ARX/FIR case) or Xi(z,0k) = Gr(z,0;) (BJ/OE
case).
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Now, because of condition (ii), let us observe that the
scalar inputs uy are all mutually uncorrelated. Conse-
quently, the condition (13) can be successively rewritten
as:

ny
Y E[AXp(2ur(0]*=0=>AX; =0 Vke[1,n,]

k=1
(D.1)
EIAX;(2)urp(D)? =0 ke [1,n,] = AXp =0 Vke [1,n,]
(D.2)

Since they are no common parameters in AX; and
AX,, (m# k), we have that (D.2) is also equivalent to
the fact that the following condition holds for each k =
1, s, Ayt

EIAX (@ up(D])?=0= AX; =0 (D.3)

From the above reasoning and Theorem 2, u yields
informative data with respect to ./ if and only if, for each
k=1,---,ny, (D.3) holds for all AX} € AXy.

By Theorem 2 applied to the SISO case (1, =1,n,=1)
for each individual k, that (D.3) holds for all AXj € AXy
is equivalent to the fact that u; yields informative data
for a SISO model structure desc~1ribed4 by Bi(z,0%) (in
the ARX/FIR case) and by Gi(z,0;) (in the BJ/OE case).
Lemma 19 then follows from the classical necessary and
sufficient conditions for data informativity in the SISO
case [8]. |

4 The matrices A and H do not play any role for data infor-
mativity (Theorem 2).



