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Abstract

The Riemannian product M (c1) XMz (cz2), where M (¢;) denotes the 2-dimensional
space form of constant sectional curvature ¢; € R, has two different Spin® struc-
tures carrying each a parallel spinor. The restriction of these two parallel spinor fields
to a 3-dimensional hypersurface M characterizes the isometric immersion of M into
M (e1) x Ma(cz2). As an application, we prove that totally umbilical hypersurfaces of
M (e1) X M (c1) and totally umbilical hypersurfaces of My (c1) X Ma(c2) (c1 # ¢2)
having a local structure product, are of constant mean curvature.
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1 Introduction

Over the past years, the real spinorial (Spin geometry) and the complex spinorial (Spin® ge-
ometry) approaches have been used fruitfully to characterize ([7, 22, 31, 1, 2, 3, 19, 26, 24]
and references therein) submanifolds of some special ambient manifolds. These approaches
allowed also to study the geometry and topology of submanifolds and solve naturally some
extrinsic problems. For instance, elementary proofs of the Alexandrov theorem in the Eu-
clidean space [13], in the hyperbolic space [11] and in the Minkowski spacetime [11] were
obtained (see also [8, 9]). In 2006, O. Hijazi, S. Montiel and F. Urbano [12] constructed
on Kihler-Einstein manifolds with positive scalar curvature, a Spin® structure carrying
Kéhlerian Killing spinors. The restriction of these spinors to minimal Lagrangian subman-
ifolds provides topological and geometric restrictions on these submanifolds. The authors
[24, 25, 26], and by restricting Spin® spinors, gave an elementary Spin® proof for a Lawson
type correspondence between constant mean curvature surfaces of 3-dimensional homoge-
neous manifolds with 4-dimensional isometry group [4]. Furthermore, they gave necessary
and sufficient geometric conditions to immerse a 3-dimensional Sasaki manifold and a
complex/Lagrangian surface into the complex projective space of complex dimension 2.

The main idea behind characterizing hypersurfaces of Spin or Spin® manifolds is the
restriction to the hypersurface of a special spinor field (parallel, real Killing, imaginary
Killing, Kihlerian Killing...). For example, the restriction ¢ of a parallel spinor field on
a Riemannian Spin or Spin® manifold to an oriented hypersurface M is a solution of the
generalized Killing equation

1
VX¢=—§7(HX)¢> )]



where v and V are respectively the Clifford multiplication and the Spin or Spin® connec-
tion on M, the tensor I is the Weingarten tensor of the immersion and X any vector field
on M. Conversely and in the two-dimensional case, the existence of a generalized Killing
Spin spinor field allows to immerse M in R3 [7]. This characterization has been extended
to surfaces of other 3-dimensonal (pseudo-) Riemannian manifolds [22, 31, 18]. More-
over, the existence of a generalized Killing Spin® spinor on a surface M allows to immerse
M in the 3-dimensional homogeneous manifolds with 4-dimensional isometry group [26].
All these previous results are the geometrical invariant versions of previous works on the
spinorial Weierstrass representation by R. Kusner and N. Schmidt, B. Konoplechenko, 1.
Taimanov and many others (see [15, 17, 32]).

In the three dimensional case, having a generalized Killing Spin or Spin® spinor is
not sufficient to characterize the immersion of M in the desired 4-dimensional manifold.
The problem is that unlike in the 2-dimensional case, the spinor bundle of a 3-dimensional
manifold does not decompose into subbundles of positive and negative half-spinors. In
fact, Morel [22] proved that the existence of a Codazzi generalized Killing Spin spinor
on a 3-dimensional manifold M is equivalent to immerse M in R*. But it was proved
in [3, 30] that restricting a Spin structure with a spinor field having non-vanishing posi-
tive and negative parts is required to get the integrability condition of an immersion in the
desired 4-dimensional target space. Hence, Morel’s result has been reformulated for hy-
persurfaces of R* [19] because R* has a Spin structure with positive and negative parallel
spinors. The restriction of both spinors to M gives two generalized Killing spinors which,
conversely, allow to characterize the immersion of M in R*. This result has been extended
to other 4-dimensional space forms and product spaces, that is S%, H4, S? x R and H? x R
[19]. In the Spin® setting, the existence of a Codazzi generalized Killing Spin® spinor
on a 3-dimensional manifold M is equivalent to immerse M in the 2-dimensional complex
space form M (k) of constant holomorphic sectional curvature 4k [26]. However here, the
condition “Codazzi” cannot be dropped as in the Spin case, because My (k) has only two
different Spin® structures (the canonical and the anti-canonical Spin® structures) carrying
each one parallel spinor lying in the positive half-part of the corresponding Spin® bundles.

The aim of the present article is to use Spin® geometry to characterize hypersurfaces of
the Riemannian product M (¢;) X M (c2), where M (¢;) denotes the 2-dimensional space
form of constant sectional curvature ¢; € R. The key starting point is that this product has
two different Spin® structures carrying each a non-vanishing parallel spinor. The first struc-
ture 57 is the product of the canonical Spin® structure on M (¢ ) with the canonical Spin®
structure on M (¢2) and it has a non-vanishing parallel spinor lying in the positive half-part
of the Spin® bundle. The second structure S5 is the product of the canonical Spin® structure
on Mj (¢1) with the anti-canonical Spin® structure on My (c2) and it has a non-vanishing
parallel spinor lying in the negative half-part of the Spin® bundle. Having said that one
could expect that restricting both structures S; and Sz, and hence both parallel spinors, to
a hypersurface M of M (¢;) x Ma(cg) could allow to characterize the immersion.

We denote by V7, v; and i€ respectively the Clifford multiplication, the Spin® con-
nection and the curvature of the auxiliary line bundle on the hypersurface M obtained after
restricting the Spin® structure S; on M (¢1) x Ma(¢2) (here j € {1,2}). The main theorem
of the paper is:

Theorem 1. Let (M 3.9 =(, )) be a simply connected oriented Riemannian manifold
endowed with an almost contact metric structure (X,€,n). Let E be a field of symmetric
endomorphisms on M, h a function on M and V' a vector field on M. Then, the following
statements are equivalent:

1. There exists an isometric immersion of (M3, g) into M (c1) x Ma(co) with shape
operator E and so that, over M, the complex structure of M1 (¢1) x Ma(c2) is given



by J = X+n(-)v, where v is the unit normal vector of the immersion and the product
structure is given by F = f + (V, -)v for some endomorphism f on M.

2. There exists two Spin® structures on M carrying each one a non-trivial spinor @1
and @9 satisfying

1 .
Vel = *?Yl(EX)SDl and v1(§)p1 = —ip1.

1 .
V2 = 572(EX)<P2 and y2(V)p2 = —iv2(§)p2 + hepa.

The curvature 2-form i€ of the connection on the auxiliary bundle associated with
each Spin® structure is given by (j € {1,2})

V(e en) = (=1 er(h — 1) — Sealh + 1),
Qj(ehf) = % (_1)j_101 — C2 (617‘/)7
QI (e2,8) = % (=1)77 ey — ea ) (€2, V),

in the basis {e1, e = Xeq,e3 = £}

Again, these two Spin® structures (resp. two generalized Killing Spin® spinors) on M
comes from the restriction of the two Spin® structures S7 and Ss (resp. the two parallel
spinors) on M (¢1) x My(cz2). Needless to say, when ¢; = ¢ = 0, these two Spin® struc-
tures on M coincide and it is in fact the Spin structure coming from the restriction of the
unique Spin structure on R* having positive and negative parallel spinors. When ¢; # 0
or ca # 0, the two structures in M are different because they are the restriction of the two
different structures S; and S5 .

As an application of Theorem 1, we prove that totally umbilical hypersurfaces of M (¢1) X
M (¢1) and totally umbilical hypersurfaces of Ml (c1) x Ma(cg) (¢1 # c¢2) having a local
structure product are of constant mean curvature (see Proposition 5.2 and Proposition 5.3).

2 Preliminaries

In this section we briefly introduce basic facts about Spin® geometry of hypersurfaces (see
[20, 21, 6, 28, 27]). Then we describe hypersurfaces of the Riemannian product M (¢1) x
M (e2) [16, 5], where M (¢;) denotes the 2-dimensional space form of constant sectional
curvature ¢; € R.

2.1 Hypersurfaces and induced Spin° structures

Spin® structures on manifolds: Let (N"! j) be a Riemannian Spin® manifold of di-
mension n + 1 > 2 without boundary. On such a manifold, we have a Hermitian complex
vector bundle ¥ N endowed with a natural scalar product (.,.) and with a connection V¥
which parallelizes the metric. This complex vector bundle, called the Spin® bundle, is en-
dowed with a Clifford multiplication denoted by “ -7, - : TN — End¢(XN), such that
at every point z € N, defines an irreducible representation of the corresponding Clifford
algebra. Hence, the complex rank of ¥V is 2l"3*), Given a Spin® structure on (N1 g),
one can prove that the determinant line bundle det(X ) has a root of index 21" -1 We
denote by LY this root line bundle over N and call it the auxiliary line bundle associated
with the Spin® structure. Locally, a Spin structure always exists. We denote by ¥/ N the
(possibly globally non-existent) spinor bundle. Moreover, the square root of the auxiliary
line bundle LY always exists locally. But, SN = X'N @ (LV)z exists globally. This




essentially means that, while the spinor bundle and (LY )% may not exist globally, their
tensor product (the Spin® bundle) is defined globally. Thus, the connection V¥ on XN
is the twisted connection of the one on the spinor bundle (coming from the Levi-Civita
connection, also denoted by V) and a fixed connection on L% .

We may now define the Dirac operator DV acting on the space of smooth sections of
XN by the composition of the metric connection and the Clifford multiplication. In local
coordinates this reads as

n+1
N N
DT = Z € Ve,
j=1
where {e1,...,e,41} is a local oriented orthonormal tangent frame. It is a first order

elliptic operator, formally self-adjoint with respect to the L2-scalar product and satisfies,
for any spinor field ¢, the Schrodinger-Lichnerowicz formula

(DN = (W) TV + 186+ 20N -, @

where S is the scalar curvature of N, (VV)* is the adjoint of V¥ with respect to the L?
scalar product, iQ is the curvature of the fixed connection on the auxiliary line bundle
LN (QY is a real 2-form on N) and Q7 is the extension of the Clifford multiplication to
differential forms. For any X € T'(T'N), the Ricci identity is given by

n+1 1 .
;; en - RN (e, X)ip = 5RicN(X) - %(XJQN) -, 3)

where Ric” is the Ricci curvature of (N"*!,g) and RY is the curvature tensor of the
spinorial connection VY. In odd dimension, the volume form w¢ := i["TH]el et Bl
acts on XN as the identity, i.e., wc - ¢ = @ for any spinor ¢» € I'(XN). Besides, in
even dimension, we have w2 = 1. We denote by Y+ N the eigenbundles corresponding
to the eigenvalues +1, hence XN = "N @ X~ N and a spinor field ¢ can be written
) =+ + ). The conjugate v of v is defined by 1 = o)+ —1)~.

Every Spin manifold has a trivial Spin® structure [6]. In fact, we choose the trivial line
bundle with the trivial connection whose curvature is zero. Also every Kéhler manifold
(N, J,g) of complex dimension m (n + 1 = 2m) has a canonical Spin® structure coming
from the complex structure J. Let x be the Kéhler form defined by the complex structure
J,ie. x(X,Y) = g(JX,Y) for all vector fields X,Y € T'(TN). The complexified
tangent bundle TEN = TN @z C decomposes into

T°N =Ty oN @ Ty, N,

where T o N (resp. Tp,1N) is the i-eigenbundle (resp. —i-eigenbundle) of the complex
linear extension of the complex structure. Indeed,

TLQN = TO,IN = {X —1JX ‘X S F(TN)}
Thus, the spinor bundle of the canonical Spin® structure is given by
SN = AN = @A (T5,N),
r=0

where T N is the dual space of Tp,1N. The auxiliary bundle of this canonical Spin®
structure is given by LY = (Ky)~' = A™(T§,N), where Ky = A™(T}(N) is the



canonical bundle of N [6]. This line bundle L™ has a canonical holomorphic connection
induced from the Levi-Civita connection whose curvature form is given by iQ~ = —ip,
where p is the Ricci form given by p(X,Y) = Ric" (JX,Y) for all X,Y € I'(TN).
Hence, this Spin® structure carries parallel spinors (the constant complex functions) lying
in the set of complex functions AN C A%*N [23]. Of course, we can define another
Spin® structure for which the spinor bundle is given by A*°N = @ ) A" (T} (N) and the
auxiliary line bundle by K. This Spin® structure will be called the anti-canonical Spin®
structure [6] and it carries also parallel spinors (the constant complex functions) lying in

the set of complex functions A>°N c A%* N [23].

For any other Spin® structure on the Kihler manifold N, the spinorial bundle can be
written as [6, 12]:
YN=A""N®¢,

where £2 = Ky ® LY and L” is the auxiliary bundle associated with this Spin® structure.

In this case, the 2-form x can be considered as an endomorphism of XN via Clifford
multiplication and it acts on a spinor field 1 locally by [14, 6]:

m

1
X -’(ﬂz §Zej'J€j"¢.
Jj=1
Hence, we have the well-known orthogonal splitting
SN =PV, )

where X, N denotes the eigensubbundle corresponding to the eigenvalue i(m — 2r) of x,
with complex rank ( ) The bundle ¥,. N corresponds to A" N @ £. Moreover,
k

YN = QB ¥,N and ¥~ N = EB ¥, N.

T even r odd

For the canonical (resp. the anti-canonical) Spin® structure, the subbundle ¥y N (resp.
¥, N) is trivial, i.e., XgN = A%°N C BN (resp. ¥,,N = A®°N which is in X+ N if
m is even and in X~ N if m is odd).

The product N7 x N; of two Kéhler Spin® manifolds is again a Spin® manifold. We
denote by m; (resp. ms) the complex dimension of Nj (resp. IN2). The spinor bundle is
identified by

Y(N1 x Ng) ~ ¥N; ® ¥ No,

[TRLH

via the Clifford multiplication denoted also by

(X1 + X2) - (1 @1h2) = X1 - b1 @ g + 1y @ Xo - o,

where X1 € T'(TM;), X1 € T(TMs), v, € T(XM;) and ¢ € T'(XM>). We consider
the decomposition (4) of X N; and XN, with respect to their Kihler forms x Nt and x V2,
Then, the corresponding decomposition of £(N; x No) into eigenbundles of x V1> N2 —
x M N2 g
mi+mso
S(N1 x Na)~ P Sn(N1 x Ny),
k=0
with

Sr(N1 x Na) ~ @) BNy ® BNy,
k=0



since the Kihler form x N1 *N2 acts on a section of 1. N7 ® &, N> as

xNN2 (g @ 4hg) = 5Ny @by + by @ )NV hy = i(ma 4 My — 2r)1y ® .

Spin® hypersurfaces and the Gauss formula: Let /V be an oriented (n+1)-dimensional
Riemannian Spin® manifold and M C N be an oriented hypersurface. The manifold A
inherits a Spin® structure induced from the one on V, and we have [27]

YNy, if n is even,
YM ~
¥*N,, or XN, if nis odd.

Moreover the Clifford multiplication by a vector field X, tangent to M, is denoted by v
and given by

where ¢ € T'(XN) (or ¢p € T'(XTN) if n is odd), ¢ is the restriction of ¢ to M, “” is
the Clifford multiplication on N, ~ that on M and v is the unit inner normal vector. If
1 € I'(X~N) when n is odd, then we have

V(X))o =—(X-v-9),,. (6)

f}; defining the Spin® structure

on M is given by iQ2 = iQY |, . Forevery ¢ € IT(XN) (¢¥ € I(S1N) if n is odd), the real
2-forms 2 and QY are related by [27]:

The curvature 2-form €2 on the auxiliary line bundle L = L

QY ), =1 Q) — y(vaV)o. (7)
When ¢ € T'(X™N) if n is odd, we have
(Y-, =1 Q) + (v )o. (8)

We denote by V the spinorial Levi-Civita connection on X M. For all X € T'(T' M) and
1 € T(XTN), we have the Spin® Gauss formula [27]:

1
(VX" ) = Vxo+ 57(11X)4, ©)

where I denotes the Weingarten map of the hypersurface. If ¢) € T'(X~ N), we have

1
(VX") = Vxo — 57(I1X)9, (10)

forall X € I'(T'M).

2.2 Basic facts about M (¢;) x My(c2) and their real hypersurfaces

Let (M (¢1) XM (cz), g) be the Riemannian product of M (¢;) and M (cg), where M;(c;)
denotes the space form of constant sectional curvature c; and g denotes the product metric.
Consider (M3, g = (.,.)) an oriented real hypersurface of M (c1) x M(c2) endowed with
the metric g := (-,-) induced by g. The product structure of P := M;(c1) x May(c2) is
given by the map I : TP — TP defined, for X; € T'(TM;(c;1)) and X5 € T'(TMz(c2)),
by

F(X1 4 X3) = X1 — Xo. (11)

The map F satisfies F2 = Idyp, F # Idrp, where Idrp denotes the identity map on
TP. Denoting the Levi-Civita connection on P by V¥, we have VFF = 0 and for any



X,Y € I(TP), we have g(FX,Y) = g(X, FY). The product structure F induces the
existence on M of a vector V' € T'(T'M), a function h : M — R and an endomorphism
f:TM — TM such that, for all X € I'(T M),

FX=fX+(V,X)v and Fv=V +hy, (12)
where v is the unit normal vector of the immersion.

Lemma 2.1. The function f is symmetric. Moreover, for any X € T'(T M), we have

X+ (V,X)V =X, (13)
fV =-hV, (14)
RE+|V|? = 1. (15)

Proof. First of all, forany X, Y € T'(TM), we have
= X FY) =9(X, fY +(V.Y)v) = (X, fY).
Hence f is symmetric. For any X € I'(TM), F2X = X. This means that
(f + (V, X))’ (X) = X,

and hence

X+ (V,X)V =X,

(V. fX) +h(V,X) =0,
which are Equation (13) and Equation (14). We also have F?v = v. Thus,

V+V,Vv+hV +h2v =

This gives ||V||? + h? = 1 which is Equation (15). O

Moreover, the complex structure J = J; 4+ J2 on P (where J; denotes the complex
structure on M (¢;)) induces on M an almost contact metric structure (X,&,7,9 = (.,.)),
where X is the (1, 1)-tensor defined, for all X, Y € T'(T'M) by

(XX,Y)=9(JX,Y).
The tangent vector field £ and the 1-form 7 associated with & satisfy
527‘]1/ and n(X):(EaX)a

for all X € I'(T'M). Then, we can easily see that, for all X € I'(T'M), the following
holds:

JX =XX +n(X)v, (16)

XX =X +n(X), g(§¢) =1, and X{=0. a7
Here, we recall that given an almost contact metric structure (X, &, 7, g) one can define a
2-form © by O(X,Y) = g(X,XY) for all X,Y € I'(TM). Now, (X,&,7,g) is said to
satisfy the contact condition if —26 = dn and if it is the case, (X, £, ), g) is called a contact

metric structure on M. A contact metric structure (X, £, 7, g) is called a Sasakian structure
(and M a Sasaki manifold) if £ is a Killing vector field (or equivalently, X = V¢) and

(VxX)Y =n(Y)X — g(X,Y)E, forall X,V € I(TM).

For IP, one can choose a local orthonormal frame {e1,es = Xey,&, v} where {e1,e2 =
Xey, &} denotes a local orthonormal frame of M.



Lemma 2.2. We have
(i) X is antisymmetric on TM, i.e. (Xe1,e3) = —(e1,Xey) and X£ =0
(ii)) JoF=FolJ
(i) (V,XX) +n(X)h =n(fX)
(iv) XX +n(X)V =XfX = (V,X)¢
v) n(V) =0
(vi) fE=hE—-XV
(vii) n(fV) =0
(viii) (fe1,es) =0and (fer,e1) = (fes,e2) = —h
(ix) JV =XV

(x) F§€=f¢
Proof. For any X, Y € I'(TM), wer have (XX,XY) = (X,Y) — n(X)n(Y). Thus,
(Xer,ea) = (X2%e1, Xea) = —(e1, Xea). Itis evident that X¢ = 0. This proves (i). Now,
for any X; + X5 € I'(TP), we have
JOF(X1+X2) == J(Xl—Xg):Jle—JQXQ
= F(Jle + JQXQ) =Fo J(Xl + X2)
This proves (ii). From J o F' = F o J, and using that f is symmetric and (17), we have for
any X € I(TM),
{ fXX +n(X)V = XfX - (V,X)¢,
(V. XX) + hn(X) = n(fX).

This proves (iii) and (iv). We also have J(Fv) = F(Jv). Thus,
XV +n(Viv—hE = —f6— (V&
This implies
{ fE€=hE— XV,
This proves (v) and (vi). From (V, XX) + hn(X) = n(fX) and for X =V, we get
n(fV) =hn(V) + (V,XV) =0,
=0
which is (vii). We calculate
(fer,e2) = —(fXez,e2) = (=Xfez+ (V,e2), e2)
= —(Xfez,e2) = (fe2,Xea) = —(fea, e1).
Since f symmetric, it implies that (fe;, e3) = 0. Moreover, we have
(fer,er) = —(fXez,e1) = (=Xfex + (Vie2)€, e1)
—(Xfez,e1) = (fea, Xer) = (fea, e2).
We know that tr(F") = 0. Thus,
0 = (F€1,€1)+(F€2,€2)+(F€,§)+(FV,Z/)
= (f€1,€1)+(f€2762)+(f€,§)+(v+hy,y)
—_—— —
—h h+0=h

(fei,e1) + (fea,ea).



Thus, (fe1,e1) = (fea,ez) = —h. This proves (viii). Since (V,¢£) = 0, it is clear that
F¢ = f¢and from J = X + n(-)v, we have JV = XV. This proves (ix) and (x). O

For all X,Y,Z € T'(TM), the Gauss equation for the hypersurface M of P can be
written as

RIXY)Z = F(X+ XA+ )+ 2 (X=X A = f7))
+g(ITY, 2)IIX — g(IIX, Z)IIY, (18)

where R denotes the Riemann curvature tensor. The Codazzi equation is

VIXY) = S (9(Y, 2)g(V.X) = g(£X, Z)g(V,Y)

+9(Y, 2)9(V. X) = g(X, 2)g(V.Y))

4 (Q(Yv Z)g(V,X) = g(Y, fZ)g(V, X)

~9(X. 2)g(Y.V) + g(X, f2)g(V.Y)) 19

Now, we ask if the Gauss equation (18) and the Codazzi equation (19) are sufficient to get
an isometric immersion of (M, g) into P = M (c1) x Ma(ca).

Definition 2.3 (Compatibility equations). Let (M?3,g) be a simply connected oriented
Riemannian manifold endowed with an almost contact metric structure (X,&,n) and E be
a field of symmetric endomorphisms on M. We say that (M, g, E) satisfies the compatibility
equations for M (c1) x May(c2) if and only if for any X, Y, Z € T(T M), we have

RIXY)Z = F(X+X)AY+ )+ 2 ((X = fX) A = f7))
+g(EY,Z)EX — g(EX, Z)EY, (20)
VE(XY) = T (aY. 2)a(V.X) ~ g(X. 2)g(V.Y)
+9(Y, Z)g(V, X) = g(X, Z)g(V,Y))
2

—2(g(v, 2)g(V, X) — g(Y, £ Z)g(V, X)

4
—9(X, 2)9(Y, V) + g(X, fZ)g(V, Y))7 1)

(Vx )Y =g(Y,V)EX + g(EX,Y)V, (22)
VxV = —f(EX) + hEX, (23)
Vf=—2EV. (24)

In [16, 5], Kowalczyk and De Lira-Tojeiro-Vitério proved independently that that the
Gauss equation (20) and the Codazzi equation (21) together with (13), (14), (15), (22),
(23), (24) and if % are of rank 2, where F'is given by F' = ‘J; Z
and sufficient for the existence of an isometric immersion from M into M (¢1) x Ma(cs)
such that the complex structure of M (¢1) x Mo (co) over M is givenby J = X+n(-)v, E
as second fundamental form and such that the product structure coincides with F' over M.
This immersion is global if M is simply connected. Note that this was previously proven
in a more abstract way by Piccione and Tausk [29].

, are necessary



3 Isometric immersions into M (c;) x My(c2) via spinors

In this section, we consider two different Spin® structures on P = M (¢1) x M (cz) car-
rying parallel spinor fields. For the first structure, the parallel spinor %) is lying in ¥TIP and
for the second Spin® structure the parallel spinor field ¥ is lying in X~ P. The restriction
of these two Spin® structures to any hypersurface M3 defines two Spin® structures on M,
each one with a generalized Killing spinor field. These spinor fields will characterize the
isometric immersion of M into P = M (¢1) x Ma(c2).

We denote by 7;(X) the projection of a vector X on TMj(c¢;). We have
—h)VH|V]?v
m (V) = 4=k 2+H Il

— 21_/
ra(V) = (VLY

m(§) = —m(Jv) = =J(m(v))
(25)

m2(§) = —me(Jv) = —J(m2(v))

ﬂ_l(y) _ (h+lgl/+v

T (V) _ (1—h%V—V

3.1 A first Spin°© structure on M (c;) x M (cy) and its restriction to
hypersurfaces

Assume that there exists an isometric immersion of (M3, g) into M (c;) x My(cz) with
shape operator 1. By Section 2.2, we know that M has an almost contact metric structure
(%,&,n) such that XX = JX — n(X)v for every X € T'(TM) and the product structure
F on Mj(c1) x Ma(eq) will be restricted via f,V and h. Consider the product of the
canonical Spin® structure on M (¢1) with the canonical one on My (cz) . It has a parallel
spinor ¢ = " ® 5 lying in Yo (M (c1) x Ma(c2)) = Lo(My(c1)) ® Xo(Ma(ca)) C
Y (M (1) x May(cg)). First of all, using (4), we have for any X € I'(T' M),

J(ma(X)) - mo(X) -9y = ima(X)[*y3 and J(mi(X)) - mi(X) - " = i|m (X)*1
Lemma 3.1. We have
—m(v) - @m(€) - +mi(E) - @ma(v) -3 =0
Proof. Using that imo(v) -5 = J(me(v)) 13 andimy(v) -3 = J(m1(v)) 15, we have
—mi(v) - @ma(§) -y + m(E) W @ma(v) -y

im (v) - @ma(v) - vy —im(v) - ¢V @ma(v) - ¢F
= 0.

O

Lemma 3.2. The restriction p; of the parallel spinor 1 on M (c1) x My(¢2) is a solution
of the generalized Killing equation

1
Vel + 5’71(UX)<P1 =0, (26)

where V1 (resp. ~y1) denotes the Spin® Levi-Civita connection (resp. the Clifford multi-
plication) on the induced Spin® bundle. Moreover, 1 satisfies v1(£)p1 = —ip1. The
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curvature 2-form iQ of the auxiliary line bundle associated with the induced Spin® struc-
ture is given in the basis {e1,ea = Xe1,&} by

Ql(er, e0) = %(hf 1) - S(h+1),

Ql(elag) = (elav)a

91(6276) = a- e (627‘/)'

Proof. By the Gauss formula (9), the restriction 1 of the parallel spinor 1 on [P satisfies

Vier = f%%(ﬂ)cm.

Now, for any X, Y € T'(T M), we have
Ql(X,Y) = QM) (x y)

= —Rid™©)(Jm X, mY) — Ric"2() (Jr, X, m,Y)

- —%g(xx (X + XX +n(fX)w — (V,X)EY + fY + (V, Y)y)

~2g(XX +0(X)w = XFX —n(f X+ (V,X)EY = [Y = (V,Y)v).
Using Lemma 2.2, we have
Qer,e2) = S (h—1) = Z(h+1),

€1 —C2

Ql(elag) = 2
C1 — C2

Q' (e2,) = =—5— (V. ea).

(V,e1),

Now, we have

71(§) (1)

§'V'(¢f®¢;)w
= [Wl(f)'ﬁl(’/)'¢f—®¢§r*Wl(V)'l//T@Wz(f)'i/J;hM
Hmi(€) - @ ma(v) - ¥y + 9 @ma(E) - ma(v) Y3,

Thus,

HWOp) = & v,
= [~ilm@)P —ilm@)Pler — [m@) - ¢ @ ma(€) - ¢3 +m(€) - ¢ @ ma(v) - 3y]
= —ip1+ [-m@) P @ ma(€) -y + m(€) - ¢f @ ma(v) '¢;]\M

=0 byLemma 3.1

| ar

= —ip1
O

3.2 A second Spin® structure on M (¢;) X My(c,) and its restriction to
hypersurfaces

One can also endow M (c1) x Ma(cg) with another Spin® structure. Mainly, the one
coming from the product of the anticanonical Spin® on M (¢;) with the canonical Spin®
structure on M (c2) which carries also a parallel spinor ¥ = 1;” ®1)5 . The parallel spinor
U lies in 31 (M1 (c1)) ® o(Mz(c2)) € £~ (My(c1) x Ma(cz2)). Using (4), we have for
any X € I'(T'M)

J(m2(X) - ma(X) -9y = ilma(X)[Py and J(m1 (X)) - mi(X) -4y = —|m (X) iy -
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Lemma 3.3. We have
m1(v) Yy @ (ma(V) +ima(€)) - ¥y — (mu(V) +imi(8)) -y @ ma(v) -5 =0
Proof. Using that imo(v) - 95 = J(ma(v)) - ¢35 and imy (v) - by = —J(m1(v)) -9, we

have
m () Y7 @ (ma(V) +ima(€)) - ¥3 — (m(V) +im(€)) - ¥y @ ma(v) - ¢5
= 2m(v) ¢y @m(v) ¥y +m(v) Y7 @ma(V) - v3 —m (V) - Y7 @ma(v) -5
A B C

Let’s calculate each term of the last identity. First we have

A = 2m@) YT @ m(v) U

_ 1—2h2(y.w;®u-w;>—h‘gl(v-wl‘@‘/-w;)
+%(V~¢f®u-w§r)—%(V-¢I®V'¢§)-
Next, we have
B = m) ¥] @m(V)-¥f
_ (hzl)Q(V_wl—®V.¢2+)_%Hv\\?(u-w;@uw;)
HES W ur oV ) = JIVIPV b o),
and
C = m(V) ¥y @mv) o
_ (1—4h)2(v,¢1—®,,.¢;)_%(vw;@%w;)
HIVIEW -5 @ v of) - JIVIP6 - vr @V )
It’s clear that A + B + C = 0. -

Lemma 3.4. The restriction po of the parallel spinor U (for the Spin® structure described
above) on M (c1) x Ma(c2) is a solution of the generalized Killing equation

1
Vips = 5’72(HX)802, 27

where V? (resp. o) denotes the Spin® connection (resp. the Clifford multiplication) on
the induced Spin® bundle. Moreover, oy satisfies vo(V)pa = —iva(€)pa + hps. The
curvature 2-form of the auxiliary line bundle associated with the induced Spin® structure
is given in the basis {e1, ea = Xe1, £} by

C1

Per,e2) = =5 (h—1) = G (h+1),

Moreover, we have

0= (72 (V)%O27 4102)a (28)



g(V,e1) = —i(v2(e2)p2;, p2), (29)
g(V,e2) = i(v2(e1)p2, v2), (30)

h=i(72(8)p2, 2)- 31

Proof. By the Gauss formula (9), the restriction (o of the parallel spinor ¥ on M (¢1) x
Mo (c2) satisfies

Vs = %“MUX)@Q-

Now, for any X,Y € I'(T M), we have
QX,Y) = QMiler)xMalea)(y vy

= Ric™©)(Jr X, mY) — Ric"2() (Jr, X, 1Y)

= OEX 4 n(X)v+ XX A (X = (V. X)EY + Y + (V.Y ))

~9(XX +n(X)y = XX —n(fX)r + (V. X)EY = fY = (V.Y )).
In the basis {e1, e2 = Xeq, £}, we have
Qer,e0) = =S (h=1) = Z(h+1),

c1+ o

Q(ehf) = 9 (‘/7 61)7
9(6275) = _a —;CQ (‘/7 32)-

Now, let’s calculate

—12(&)(p2) = [£-v- (W1 @¢3)]),,
[m1(8) - mi(v) -y @93 +m(v) -y @m(€) 93],
—[m1(€) -y ®ma(v) - i +r © () ma(v) - 4], -

Thus, we get
72 (p2) = [§-v (Y1 ®¢§r)]|M
= i(m W)~ Ima() P + [m () - ¥ @ 7€) - vF — m(€) -y © ma(v) - v ]
= ihps + [ (v) -y @m2(E) ¥y —m(€) Yy @ma(v) -], -
In a similar way, we have
—72(V)(2) Vv (Yr @93))),,
= [m(V) m@) ¢y @y +m) ¢y @m(V) 93],
—[m (V) - 4r @ ma(v) - ¢y + 41 @ ma(V) - m2(v) - ¢5]
= [m@) ¥y @m(V) ¢y —m(V) - ¢y @ m(v) ;]

|M

[

[nre

Now, we have
[=72(V) —i72(§)](w2)
= [m@) -y @m(V) -y —m(V) -4y @mv) -5,
—hgs +[im(v) -y @m2(€) -3 —im(§) - Yy @ ma(v) - ¥3 ]|,
= —hpy
Hmi(v) -y @ (m(V) +ima(€)) -ty — (m(V) +imi(€)) -y @ ma(v) - 9y]|,

=0 byLemma 3.3

= —thQ.
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Taking the scalar product of the last identity with (-, then the real part of the scalar product
with y2(e1) a2, then with 5 (eg) w2, we get (28), (29), (30) and (31). O

4 Generalized Killing Spin® spinors and isometric immer-
sions

Lemma 4.1. [26] Let E be a field of symmetric endomorphisms on a Spin® manifold M
of dimension 3, then

V(E(e:)v(E(e;)) —v(E(e;)v(E(e;) = 2(ajzai — ajpaiz)er
+2(aizaj1 — airagz)es
+2(ai1a2 — ai2a;41)es, 32)

where (a;;); ; is the matrix of E written in any local orthonormal frame of T M.

Proposition 4.2. Let (M3, g) be a Riemannian Spin® manifold endowed with an almost
contact metric structure (X,£,m). Assume that there exists a vector V and a function h and
a Spin® structure with non-trivial spinor o1 satisfying

1 .
Vi1 = —571(EX)901 and  v1(§)p1 = —ip1,

where E is a field of symmetric endomorphisms on M. Moreover, we suppose that the
curvature 2-form of the connection on the auxiliary line bundle associated with the Spin°©
structure is given by
Q(er,e0) = S (h—1) = Z(h+1),
2 2
C1 — C2
2

€1 —C2
Ql(GQag) = 9 (‘/7 62)7
in the basis {e1,es = Xey,es = £}. Hence, the Gauss equation is satisfied for M (c1) x
Mo (¢2) if and only if the Codazzi equation for M (c1) x Ma(co) is satisfied.

Ql(elaf) = (Vvel);

Proof. We compute the spinorial curvature R' on 1, we get

Ry o1 = ~ g (VB Y))or + 1 (n(BYM(EX) — n(EX ) (BY)) g

In the basis {e1, ea = Xey, e5 = £}, the Ricci identity (3) gives that

Yi(er) (N (EX)7i(Eex) — y(Bep)ni(EX)) o1

Ry
B

1 i
5 (Ric(X))pr - 571()@91)% =

™~
Il

1

Yi(er)n(dY Eer, X))er.

|
N =
[

k=1

By Lemma 4.1 and for X = ey, the last identity becomes
¢

5 (=1 = F(h+ Dmle)e

(Rig21 + Riss1 — a11ass — a1a2e + afs + aiy +
+(Risza — a12as3 + asaaiz)yi(e2)e1
+(R1223 — ag2a13 + 032012)’71(63)901

c1 — ¢C
S (Vea (33)

= —m(e2)n(dVE(es,e1))e1 — viles)yi(dY E(es, er))epr.
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Since || is constant (J¢| = 1), the set {¢1, 71 (e1)e1, 71 (e2)e1, 71 (e3)¢1} is an orthonor-
mal frame of XM with respect to the real scalar product Re(.,.). Hence, from Equation
(35) we deduce

C2

c
Ri221 + Rizz1 — (a11a33 + a11a22 — 0%3 - a%z) + E(h -1) - é(h +1)

= g(dVE(e1,€2),e3) — g(dV E(e1, e3), €2)

Riszz — (auasg - CL32@13) = g(dvE(elv 63)» 61)
Rigos — (a22a13 - 032012) = *g(dvE(el, 62)7 61)
c1—c
_(1272)(‘/, e1) = g(dVE(ez,e1),e2) + g(d¥ E(es, e1),e3)

The same computation holds for the unit vector fields e; and es and we get

Ross1 — (a12as3 — aizazs) = —g(d¥ E(ez,e3),e2)
c c
Rasso + Ro112 — (a22a33 + aseain — a%g — a%z) Jrgl(h -1)— ;(h +1)
g(dVE(ez, e3),e1) + g(d¥ E(e1, €2), e3)
Roi13 — (a23a11 - a12a13) = —g(dvE(el, 62)7 62)
c1—c
_(1%(‘/’ e2) = g(dVE(e1,e2),e1) + g(d¥ E(es, e2),e3)
c1—c¢
Rag221 — (a13a22 - a23a21) - (1272)(‘/7 62) = —g(dvE(em 63)7 63)
c1—¢
Rs112 — (az2a11 — agia12) + %(V, e1) = g(dVE(er,e3),e3)
Rs113 + Raaes — (ag2a3s — arazs + ajs +a3;) = g(dv E(ez, e3),e1) — g(d¥ E(er,e3), e2)
g(dvE(e%e?))ae?) = _g(dvE(ehe?))vel)

The last twelve equations will be called System 1 and it is clear that the Gauss equation for
M (¢1) x Ma(es) is satisfied if and only if the Codazzi equation for M (¢1) x Ma(ca) is
satisfied. O

Lemma 4.3. Under the same condition as Proposition 4.2, we have V x§ = XEX.

Proof. In fact, we simply compute the derivative of ;1 (§)¢1 = —ip; in the direction of
X eT(TM) to get

1 1
N1 (Vx&e = 571(EX)</71 + 571(5)71(EX)<P1
Using that —iy; (e2)¢1 = 71 (e1)p1, the last equation reduces to

11(Vx&p1 — g(EX, er)ni(e2)p1 + g(EX, e2)v1(e1)p1 = 0.
Finally Vx¢ = XEX. O

Proposition 4.4. Let (M3, g) be a Riemannian Spin® manifold endowed with an almost
contact metric structure (X,&,n). Assume that there exist a nonzero vector field V and a
Sfunction h such that there exists a Spin® structure with non-trivial spinor o satisfying

1 .
Vie=5n(EX)p and 5 (V)es = —in2(€)p2 + heps,
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where E is a field of symmetric endomorphisms on M. Moreover, we suppose that the
curvature 2-form of the connection on the auxiliary line bundle associated with the Spin°©
structure is given by

Per,e2) = =S (h=1) = Z(h+1)
Q%(e1,8) = —@(el’v)
02(es,€) =~ 2T D e, )

in the basis {e1, ea = Xeq, es = £}. The Gauss equation for M1 (c1) x Ma(co) is satisfied
if and only if the Codazzi equation for M (c1) x My (co) is satisfied.

Proof. First, from v2(V)ps = —iva(£)pa + hps, we have that (28), (29), (30) and (31)
are satisfied. We compute the spinorial curvature R? on g9, we get

R yr = 52(d7 B(X, Y))gz + § (o(EY)32(BX) ~ 12(EX)0(EY) o,

In the basis {e1, ea = Xey, e5 = £}, the Ricci identity (3) gives that

. 3
%’Yz(RiC(X))% - %Vz(XJQQ)% = iZW(ek)(Vz(EX)W(E@k) —Y2(Eer)v2(EX)) g2
k=1

3
1
+ 3 ;W’z(ek)’h(dvE(ek, X))pa.

By Lemma 4.1 and for X = ey, the last identity becomes

(Ri221 + Riss1 — aiiass — arnage + a%g + 0%2)72(61)902 (34)

5 (1 + ea)(Vien)ra()pz + 5len(h = 1) + o+ ]alen) o

2
+(R1332 — Q12033 + a32a13)72(€2)§02
+(R1223 — ag2a13 + a32a12)'72(63)<p2
= 7a(e2)v2(dY E(ea, e1))pa + y2(e3)72(dY E(es, €1))p2.

Since || is constant (J¢| = 1), the set {2, v2(e1)v2, Y2(e2)p2, v2(e3)¢p2} is an orthonor-
mal frame of XM with respect to the real scalar product Re(.,.). Hence, from Equation
(35) we deduce

2 2
Ri221 + Ris31 — (a11a33 + aj1a22 —ajs — a12)

- %(cl +eo)(V,er)? — %h(cl(h ~ 1)t es(ht 1))

= g(dvE(€2,€1),€3) —g(dvE(€3,€1)762)

1
Rizs2 — (a12a33 — asza13) — 5(01 +e2)(Vier)(Vies) = —g(dVE(er,e3),e1)
1
Ri223 — (a22a13 — as2a12) + 3 (01(h —1)+cao(h+ 1))(V, e2) = —g(dVE(ez,e1),e1)
1 1
st eh(Vie) =5 (ahi=1+eh+ ) (Vie) = —g(d”Eleser).e)

—g(dvE(€3,€1), 63)
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The same computation holds for the unit vector fields e; and es and we get

1
Ross1 — (a12a33 — ar3a3) — =(c1 + c2)(V,e2)(V,e1) = g(d¥ E(ez,e3), e2)
2

2 2
Ra332 + Ro112 — (&22%3 + agsa11 —ajz — a12)

- %(cl +eo)(ea, V)2 — %h(cl(h 1) +eolh+ 1))

= —g(dVE(ez,e3),e1) — g(dY E(eq, e2), €3)

Ra113 — (azsa11 — aizaiz) — %(Cl(h — 1) +ca(h+ 1))(V, e1) = g(dVE(e1 e2), e2)
—% (ah=1) +ea(h+ 1)) (Vies) + %(c1 +e)h(Vies) = —g(dVE(er,e0),e1)
—g(dV E(es, e2), e3)

Ra201 — (a13a22 — agzaz) + %(01 +e)h(Viea) = g(d¥ E(es,es),e3)
R3112 — (a32a11 — azia12) — %(01 +e)h(Vier) = —g(dYE(e, e3),es)

Ri113 + Razes — (a20a33 — ar1ass + aiy + a3;)
1 1

— 5(61 + c2)(e1, V)? — 5(01 +c2)(V, e2)?

= —g(dVE(ez,e3),e1) + g(dY E(ey, e3), e2)

2 (en, V) (nler)pr, 02) — 2 (Viea)alea)pn @) = —gld¥ Bles,es).e2) — g(d7 Bler, es), 1)

(v2(V)p2,02)=0

The last twelve equations will be called System 2 and it is clear that the Gauss equation for
M (¢1) x Ma(es) is satisfied if and only if the Codazzi equation for M (¢1) x Ma(ca) is
satisfied. O

4.1 Spinorial characterization of hypersurfaces of M; (c;) x My (cs)
The main goal of this section is to prove Theorem 1.

Proof of Theorem 1. 1t is clear from the previous section that Assesrtion 1 implies Asser-
tion 2. Now, Assume that Assertion 2 holds. We have to establish the compatibility equa-
tion (20), (21), (13), (14), (15), (22), (23) and (24). First we define f : TM — T M by
(fer,e1) = (fea,e2) = —h,(fer,e2) = 0and (f§ e1) = (Vi e2), (f§,e2) = —(Viex).
Since Y2 (V) s = —iv2(£)pa + hes. Itis clear that

R+ V|2 =1

(V,e1) = —i(72(e2)p2, p2)

(V. e2) = i(y2(e1)p2, p2)

(V.§) =0

fV=-hV

fP=1d— (V. )V

So Equations (13), (14), (15) are satisfied. Moreover, by Lemma 4.3, we have

(v€1‘/7£) = (Vvv 61)(V61617f) + (‘/7 62)(v6162a£)
= —(Vier)(erXEer) — (V,e2)(e2, XFey)
= (V,e1)E12 — (V,e2)E11 + E11(V,e1) — E12(V, e2).
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By a similar computation, we get that Equation (23) is satisfied. Now, Equation (24) is also
satisfied because
i

D) (Wz(EX)’Yz(f)@m ©2)

X(h) = (W(Z}fﬁ)%, pa2) + %(72(5)72(EX)¢27<P2) -
—XEX

= iE(Xael)(V2(€2)¢27¢2) —iB(X, ?2)(72(61)%,@2)
SE(X, e2) (2()2(e1) 2, 02) — 5E(X.e1)(a(e1) (e, 2)
+5 (X e2) (2(€)r2(e2)pa, 02) — 5 B(X, e2) (ra(e2)r2(€) 2, ¢2)
2 E(X, Ol + L B(X,6)leal?

= —(V, el)E(X, 61) — E(X, 62)’(‘/, 62)
SE(X,e1)(a(ea)pa. 02) + 5 E(X, e1) (a(e2)2, ¢2)

—%E(X, e2)(y2(e1)pa, p2) — %E(X, e2)(12(e1)p2, ¢2)
= —2E(X,€2)(V,e2> _QE(X761)(‘/’61)

= —-2(EV,X).
Now, we have

(Ve, fer,en) = ei(fer,er) + (fer,§)(Ve, & e1)
e1(=h)+ (V,e2)(XEey, e1)
2(EV,e1) — (V,e2)Ern

= 2E11(e1,V) — (e2,V)En2,

and

(f(vmel)ael) = (Velelyfel)
= (f€1362)(ve161762)+(fehf)(vmelag)
= —(Ve,&e1)(Vier) = —(XEer, e1)(V, e2) = Erz(V, e2)

Thus, ((Ve, f)e1,e1) = 2E11(e1, V). By a similar computation, one can get (22). Solving
System 1 and System 2 simultaneously gives the Gauss and the Codazzi equations. Fi-
nally, we have to check that % and % are of rank 2. In fact, in the basis {e1,es =
Xey, &, v}, the matrix % can be written as

—h+1 0 (Viea) (V,e1)
0 —h+1 (Vier) (Viea)

21 (Vies) —(Vier) h+1 0
(‘/, 61) (Vv, 62) 0 h+1

—_

Using that % + ||V||? = 1, one can check that it is of rank 2. Same holds for £514. [

Remark 1. Before giving some applications, we want to mention that both equivalent
assertions of Theorem 1 are also equivalent to a third one described in terms of the Dirac
operators D' and D?, and the energy-momentum tensors associated to o1 and p,. We
recall that the energy-momentum tensors Q;, j = 1,2, associated to the spinors field ¢;
are the (2, 0)-tensors respectively defined by

1 ) .
Quy(X,Y) = 5Re((X) - Vi +2(V) - Vo 1 5).
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This third assertion can be written as:

3. There exists 2 Spin® structures on M carrying each one a non-trivial spinor p1 and
2 of constant norms and satisfying

3 .
Do) = FHer and y1(Qpr = —ipr,

3 .
D*py = —oHep2 and Y2 (V)p2 = —iv2(§)pa + hea,

so that their energy-momentum tensors @, and Q. are the same. Moreover, the curvature
2-form of the connection on the auxiliary bundle associated with these two Spin® structure
are given by (j € {1,2})

Qj(€1,62) = %(—1)j7161(h — 1) — %Cg(h + ].),
V(e &) = 3 ((=1) e —ea)(er, V),

1
2
Qj(e27£) = %

in the basis {e1,es = Xeq,e3 = £}

Indeed, clearly, the second assertion of Theorem 1 implies assertion 3.. Reciprocally,
as proven in [19], D'p, = %Hg@l with 1 of constant norm implies that V}(gol =
—%’yl(ElX)gol with By = Q,. Similarly, we also get Vps = %yl(EgX)goQ with
Eoy = Qy,. Now, since Qu, = Q,, this gives assertion 2 of Theorem 1.

S Totally geodesic and totally umbilical hypersurfaces of
Ml(cl) X MQ(CQ)

In this section, we use our main result, Theorem 1, to give some geometric results on totally
geodesic and umbilical hypersurfaces of M (c1) x May(c2).

Lemma 5.1. Let (M3, g=(, )) be a totally umbilical hypersurface of M (¢1) x Ma(c2).
Then,

[VIller = co| = 4[|dH | 35)

Proof. From Theorem 1, we know that there exists 2 Spin® structures on M carrying
each one a non-trivial spinor ¢; and 9 satisfying

1 H .
Vi = —571(EX)<P1 = —571()()301 and v1(§)p1 = —ipr.

1 H .
Ve = 572(EX)<P2 = 5’72(X)<P2 and Yo (V)p2 = —iv2(&)p2 + hepa.

The curvature 2-form of the connection on the auxiliary bundle associated with these two
Spin® structure are given by (j € {1,2})

@ (er,ez) = 3(—17ex(h— 1) - gealh+ 1), (6)
Qier, €) = %((—w‘*lcl - CQ)(el, V), 37)
Qj(627§) = %((_1)3'—101 - 02)(627 V)7 (38)
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in the basis {e1, e2 = Xeq,e3 = £}

For the second Spin® structure: The Ricci identity for M can be written as

1 Y 7 1 3
572(RICM(X))902 - 572(XJ92)<P2 = §Wz(dH)72(X)902 + §dH(X)<P2 + H?72(X)po.

For X = &, the of the scalar product of the previous identity with o5 gives

SR e)mle)ene) — SOE ) nle)en )

= %%6(’72(61-[{)72(5)@27 p2) + gdH(f)

Using that —y2(e1)y2(e2)y2(£)p2 = pa, we get

— 2026 1) (aler)r, 02) — 5O e2)ralea)nn 02) = AH(E)

Finally, using (29), (30), (37) and (38), we obtain dH (£) = 0. In a similar way, for X = ¢;
the real part of the scalar product with 5 of the Ricci identity gives

S0 e)(nlea)en vr) — 3P, €)1 2 02)

1 3
= 5%6(72@]1)72(61)@2, p2) + gdH(el)-
Using that —y2(e1)va(e2)v2(€) w2 = w2 and dH (§) = 0, we get

— 2 0%(en, ) (alen)ga, 92) — 5921, €) (12, 02) = dH (en).

Finally, using (29), (30), (37) and (36), we obtain dH (e1) = 922g(V,e1). In a similar
1

way we can get dH (ez) = 5%2g(V, e2). Hence, we have ||dH ||* = %HVH? For

consistency, one can also take the first Spin® structure and check that a similar identity can
be obtained.

Proposition 5.2. Let M be a totally umbilical hypersurface of in M (c1) x M (¢1). Then
M is totally geodesic or an extrinsic hypersphere. Moreover, if c; # 0, the universal cover
of M is a Non-Einstein Sasaki manifold or a product of a Kdhler manifold (of complex
dimension 1) with R. If ¢y = 0, then M is a Spin manifold with a parallel or Killing spin
spinor.

Proof. Let M be a totally umbilical hypersurface of M (c1) x M (c1). We have from (35)
that dH = 0, so H is constant. Assume that ¢; # 0. If this constant H is 0, M has a parallel
Spin® spinor and if H # 0, then M has a Killing Spin© spinor. Form the classification of
parallel and Killing Spin© spinors [23], we get the desired result. If ¢; = 0, then the
curvature of the auxiliary line bundle defining the Spin® structure is zero and hence M is a
Spin manifold with parallel or Killing spin spinor. O

Proposition 5.3. Ler M be a totally umbilical hypersurface of in M (c1) x Ma(cg) (¢1 #
c2) having a local product structure. Then M is totally geodesic or an extrinsic hyper-
sphere. If ¢y # co # 0. the universal cover of M is a non-Einstein Sasaki manifold or a
product of a Kihler manifold (of complex dimension 1) with R

Proof. Let M be a totally umbilical hypersurface of M (¢1) x Ma(cz). Since V = 0, we
have from (35) that dH = 0, so H is constant. If this constant is 0, M has a parallel Spin®
spinor and if H # 0, then M has a Killing Spin® spinor. From the classification of parallel
and Killing Spin® spinors [23], we get the desired result. O
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Using also Theorem 1, one can also prove the following:

Proposition 5.4. Simply connected 3-dimensional homogeneous manifolds E(k,T) (T #
0), with 4-dimensional isometry group cannot be immersed in M (c1) x M (c1) as totally
umbilical hypersurfaces.

Proof. For ¢c; = 0, this has been proved by Lawn and Roth [19], even without assuming
the umbilicity. Assume that ¢; # 0 and E(k, 7) can be immersed in a totally umbilical way
in M (c1) x My (eq). By Proposition 5.2, we have that H is constant and by Theorm 1,
E(k, 7) has two Spin® structures carrying each one a non-trivial spinor ¢ and ¢4 satisfying

H .
V}(@l = *571()()901 and 71(5)801 = —1p1.

H .
Vips = 572()()802 and 72 (V)2 = —iv2(&)p2 + hea.

The curvature 2-form of the connection on the auxiliary bundle associated with these two
Spin® structure are given by (5 € {1,2})
1

V(er,ez) = 3 (<1 ealh— 1) - %@(h +1),

1

Q(er,8) = 5((*1)%101 - C2>(€1, V),

0 (e2,6) = %((—1)%101 - 62)(62, V),

in the basis {e1,es = Xej,e3 = £}. We will call the first one Spin® structure ¢; and the
second one to. Since H is constant, these two spinors are in fact real Killing spinors. But,
it is known [26] that the manifold E(x, 7) has only two Spin® structures carrying Killing
spinors. The first one (call it ¢3) carries a Killing spinor ¢ with Killing constant 7 and for
which y3(£) = —ip, 23(e1,e2) = —(k — 472) and .03 = 0, where we denote by 3
and Q23 the Clifford multiplication and the curvature 2-form of the auxiliary line bundle
associated to the structure ¢3. The second one (let’s call it ¢4) also carries a Killing spinor
¢ with Killing constant Z for which v4(§)p = i@, Q*(e1, e2) = (k — 472) and £2Q* = 0,
where we denote by v, and iQ2* the Clifford multiplication and the curvature 2-form of
the auxiliary line bundle associated to the structure ¢4. By comparison, we must have that
ty = ts and to = t4. Thus we get

Y2(V)p2 = —i72() @2 + hpz = (b + 1) 2.
Hence V' = 0. This means that E(x, 7) has a local product, which is a contradiction. [
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