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Abstract. Micro metric channels are present in a wide range of applications. For instance, micro filters are used in high-tech indus-

try to detect biological or chemical entities as well as in daily-use objects. In order to describe the gas flows in the micro channels

involved in these tools, Bird’s DSMC method is frequently used. This method is efficient but it requires a large computation time

to obtain a flow description [1, 2]. Consequently, it is of main interest to develop alternative asymptotic models in order to predict

these flows more quickly. The purpose of this communication is to model the flow of a mixture of two compressible gases in

circular micro pipes with a wall temperature depending on the longitudinal space variable. This work deals with flows at low Mach

numbers and at low to moderate Knudsen numbers that correspond to the slip-flow regime. Under these assumptions, it is suitable

to use the usual macroscopic balance laws of mass, momentum and energy (Navier-Stokes-Fourier equations) with additional cou-

pling terms in the momentum and energy equations [3, 4, 5, 6]. The results of this asymptotic modeling are compared to DSMC

simulations in the same configuration. The effects of the molecular weights is investigated.

INTRODUCTION

Because of the increasing importance of sub-milimiter-sized devices in the every day life, a large number of works

are devoted to the analysis of micro channel flows. In particular, various studies of gazeous flows in micro channels

exist covering the theoretical, numerical and experimental aspects of these flows [1, 2, 7, 8, 9]. In a numerical point

of view, Bird’s DSMC is frequently used. This method is efficient but it requires a large computation time [1, 2]. As a

consequence, the development of asymptotic models describing these flows is an interesting alternative. This approach

has been used in the case of a single gas in [8, 10] for instance and for a gas mixture in plane [11, 6] or axisymmetrical

[12, 5] channels.
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FIGURE 1. Geometry of the channel

In this contribution, we consider a cylindrical micro pipe ; its geometry is shown in Fig. 1. Driven by both

temperature and pressure gradients, a mixture of two compressible gases flows in this micro channel. The temperature

of the channel wall depends on the longitudinal space variable z. The aim is to model these micro-flows with a

macroscopic approach and to obtain an asymptotic model for describing the main physical phenomena. We are

interested in flows at low Mach numbers and at low to moderate Knudsen numbers that corresponds to the slip-flow



regime. Consequently, the movement equations are the usual macroscopic balance laws of mass, momentum and

energy (Navier-Stokes-Fourier equations) with additional coupling terms in the momentum and energy equations

[3, 4, 12]. In this weakly rarefied regime, the usual no-slip wall boundary conditions are replaced with slip conditions.

In this paper, first order jump boundary conditions for the velocity and the temperature are written [8] at the walls.The

flow is assumed to be axisymmetric and steady. At the circular channel inlet, each gas has its own pressure and velocity.

In the next section we present the model equations. In the following sections, an asymptotic analysis is made on

the corresponding dimensionless equations. The small parameter is the aspect ratio of the channel. The solution at the

first order is investigated and compared to DSMC simulations in the same configuration. Then, the asymptotic model

is applied to analyze the effects of a wall constant temperature gradient and of the molecular masses on the flow. The

last section is devoted to a short conclusion.

MODEL EQUATIONS

The micro channel has the length L = 10 µm and the radius R = 1 µm (Fig. 1). The channel wall at r̄ = R is at rest and

has a temperature depending on the longitudinal coordinate T̄w (z̄). The movement equations are the Navier-Stokes-

Fourier equations for a mixture of two ideal gases denoted with ”a” and ”b”, with constant heat capacities cpa and cpb

at constant pressure and cva and cvb at constant volume. The shear viscosities µa and µb and thermal conductivities κa

and κb depend on the temperature only and are such as the Prandtl numbers are constant. The model equations are the

usual balance equations with additional coupling terms. The ”bars” are used for the quantities with dimension (except

when they are constant) and removed to denote the associated dimensionless quantities. For the species a, we have the

three following balance equations for the mass, the momentum and the energy:

∂ρ̄a

∂t̄
+ ∇̄ · (ρ̄aūa) = 0, (1)

∂

∂t̄
(ρ̄aūa) + ∇̄ · (ρ̄aūaūa − σ̄a) = ν̄abρ̄a

(

ūa − ū∗a
)

, (2)

∂

∂t̄

(

1

2
ρ̄aū2

a + ρ̄aēa

)

+ ∇̄ ·
[

ρ̄a

(

1

2
ū2

a + ēa

)

ūa − σ̄a · ūa + q̄a

]

= S̄ E
a . (3)

The equations for the species b are obtained by replacing a with b and vice versa. We introduce the notation ”θ”

(θ = a, b) in order to denote one of the species. Because of the axisymmetry, the velocity field of the gas ”θ” (θ = a, b)

is: ūθ = ūθ(r̄, z̄) er + v̄θ(r̄, z̄) ez. As well, ρθ is the volumetric mass, σ̄θ is the Navier-Stokes stress tensor of the species

θ, q̄θ is the heat flux vector and ēθ is the specific internal energy. In addition to the usual equations, some coupling

terms appear in the previous equations. These terms are derived from a BGK-type model for binary gas mixture (see

for instance [4, 13, 6]). From this modeling we have:

ū∗a = ū∗b =
maūa + mbūb

ma + mb

, (4)
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
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




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, (6)

where mθ is the molecular mass of the species θ and where dθ, ν̄θ and n̄θ are respectively the molecular diameter,

the collision frequency and the numerical density of the species θ. With these definitions, νba is obtained from νab by

replacing ”a” with ”b”and the total number of collisions between species a and b is balanced:

n̄a ν̄ab = n̄b ν̄ba. (7)



As a consequence, the conservation of the global momentum is satisfied. Additionally:

ν̄θ =
p̄θ

µ̄θ
Ωθ with µ̄θ = µ

re f

θ


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ωθ

and Ωθ =
5(αθ + 1)(αθ + 2)

αθ(7 − 2ωθ)(5 − 2ωθ)
, (8)

where p̄θ is the pressure of the species θ, αθ is a constant depending on the collision potential model and where ωθ
is the power exponent of the viscosity law (see [1, 4]). In the energy balance equation the coupling term may be

expressed as:

S̄ E
a =

1

2
ρ̄aν̄ab

[

ū∗2a − ū2
a +

2 ra

γa − 1
(T̄ ∗a − T̄a)

]

, (9)

with ra = k/ma where k is the Boltzmann constant and where T̄a is the temperature of the species a. In this expression,

the temperature T̄ ∗a is given by a Morse formula [4] extended to polyatomic ideal gases:

T̄ ∗a = T̄a +
3

2
(γa − 1)

2mamb

(mamb)2

(

T̄b − T̄a +
mb

6k
(ūb − ūa)2

)

. (10)

According to this definition and equation (7): S̄ E
a + S̄ E

b
= 0 that coincides with total energy conservation. In addition,

we have the ideal gas equations:

p̄θ = rθρ̄θT̄θ, (11)

and the usual Fourier and Navier-Stokes constitutive laws. For the viscosity coefficients, we adopt the Stokes hypoth-

esis. The first order wall boundary conditions are [7, 8]:

v̄θ |r̄=R =

(

−
µ̄θ σθ p

p̄θ

√

2 rθ T̄θ
∂v̄θ

∂r̄
+
σθT rθ µ̄θ

p̄θ

∂T̄θ

∂z̄

)

r̄=R

, (12)

ūθ |r̄=R = 0, (13)

T̄θ|r̄=R = T̄w(z̄) −
(

ξθ T

√

2 rθ T̄θ
µ̄θ

p̄θ

∂T̄θ

∂r̄

)

r̄=R

, (14)

where the constant coefficients σθ p, σθ T and ξθ T characterize the viscous and thermal slip of the species θ on the

walls [14]. The upstream and downstream boundary conditions for the pressures will be specified further.

In order to discuss the magnitude orders of the terms in the model equations, we write the corresponding di-

mensionless equations. We choose L as the longitudinal length scale and R as the radial length scale and we set

ǫ = R/L << 1. Additionally, the characteristic values of the radial and longitudinal velocities, the temperature, the

pressure and the volumetric mass are respectively: U and V , Tc (for the two species), pθc and ρθc (with pθc = rθρθcTc,

θ = a, b). With these characteristic scales, we built the following dimensionless numbers:

γa =
cpa

cva

, Pra =
µacpa

κa

, Rea =
ρacVL

µa

, Maa =
V

√
γaraTc

. (15)

Obviously, similar dimensionless numbers are built for the second species. Since Prθ is constant, µθ and κθ are both

proportional to T
ωθ
θ

. Now we are interested in the steady case. From the Principe of Least Degeneracy [15], we must

keep the two terms in the dimensionless mass laws. Consequently U = ǫV . In order to investigate the significative

degeneracies, we assume that the Reynolds number and that the Mach number are small or of order unity; we set

Rea = Raǫ
α and Maa = Maǫ

β where both Ra and Ma are of order of the unity. The analysis of the magnitudes of

the terms in the dimensionless balance laws derived from (1), (2) and (3) leads to a Mach number of order ǫ and to

a Reynolds number of order unity that is to α = 0 and β = 1 [13]. At the first approximation order, we have the

following dimensionless equations:
1

r

∂

∂r
(r ρa ua) +

∂

∂z
(ρa va) = 0, (16)

for the mass. For the longitudinal and radial balance of momentum, we have:

0 = −
1

γaM2
a

∂pa

∂z
+

1

Ra

1

r

∂

∂r

(

r µa

∂va

∂r

)

+ Fab

ρbc

ρac

(

µac

µbc

)
1
2 Ra

γaM2
a

pa pb

(vb − va)

T (z)1+
ωa+ω2

2

, (17)



0 = − 1

γaM2
a

∂pa

∂r
, (18)

with:

Fab =

(

mb

ma

)
1
4 ma√

2 mb(ma + mb)

(

da + db

2 da

)2
da

db

√

ΩaΩb. (19)

For the species a, the first order dimensionless energy balance equation is:

0 =
γa

Ra Pra

[

1

r

∂

∂r

(

r κa

∂Ta

∂r

)]

+ Gab

Ra

γaM2
a

ρb pa√
µa µb

√

Tb

Ta

(Tb − Ta) , (20)

with:

Gab =
3 ma (γa − 1)

ma + mb

ρbc

ρac

µac

µbc

Fab. (21)

For the sake of simplicity, we do not write here the dimensionless equations for the other species but they are easily

obtained by changing a in b and vice versa in the previous equations. First we consider the energy balance equation

(20) and we assume that the two gases are in thermal equilibrium. In that case, the equation (20) with the boundary

condition (14) admits a unique solution:

Ta (r, z) = Tw (z) = Tb (r, z) = T (z). (22)

Finally, the dimensionless wall boundary conditions for the velocities are:

vθ(r = 1, z) = −Kθ

[Tθ(z)]ωa+
1
2

pθ(z)

∂vθ

∂r
(r = 1, z) +

σθ T

Rθ

[Tθ(z)]ωa
dTθ

dz
(z), uθ(r = 1, z) = 0, (23)

with: Kθ = σθ p

√

2γθ
Mθ

Rθ

. At the first order, we obtain a set of six equations: the mass and the momentum equations

for the two species. In the next section we will investigate the solution of this set of equations.

FIRST ORDER SOLUTION

The radial momentum equations (18) for the two species lead to pressures depending only on the longitudinal space

variable z. If we use, in addition, the dimensionless ideal gas law, we have: pa(z) = ρa(z) T (z) and pb(z) = ρb(z) T (z).

Consequently, the problem equations are reduced to:

1

r

∂

∂r
(r pa ua) +

∂

∂z
(pava) = 0, (24)

1

r

∂

∂r
(r pb ub) +

∂

∂z
(pbvb) = 0, (25)

1

r

∂

∂r

(

r
∂va

∂r

)

−
Ba

Aa

pa pb(va − vb) =
1

Aa

dpa

dz
, (26)

1

r

∂

∂r

(

r
∂vb

∂r

)

+
Bb

Ab

pa pb(va − vb) =
1

Ab

dpb

dz
, (27)

with:

Aθ =
γθ M2

θ

Rθ

[Tθ(z)]ωθ , θ = a, b, (28)

and:

Ba = Ra

ρbc

ρac

Fab

(

µac

µbc

)
1
2

[Ta(z)]−(1+
ωa+ωb

2
) , Bb = Rb

ρac

ρbc

Fba

(

µbc

µac

)
1
2

[Tb(z)]−(1+
ωa+ωb

2
) . (29)

In the expressions (28) and (29), Aa, Ab, Ba and Bb are functions depending on z. The longitudinal momentum

equations (26) and (27) are solved to obtain the longitudinal velocities. They are the solutions of zero order modified



Bessel equations. Since the longitudinal velocities of the two gases must be finite at the channel axis (r = 0), the

Bessel function of the second kind vanishes in the solutions. With the wall boundary conditions (23), these velocities

can be expressed in terms of the pressures, of first kind modified Bessel function of order zero and one and in terms

of non linear functions depending on z. Their detailed expressions are given in [5].

As a consequence of the mass balance equations, the pressure of each gas is given by an ordinary differential

equation. In order to obtain these equations, we integrate the mass balance equations of each species (24) and (25)

from r = 0 to r = 1. We use the wall boundary conditions for the transversal velocities and we obtain:

∫ 1

0

ρa(z) va(r, z) r dr =
Qma

2
, (30)

∫ 1

0

ρb(z) vb(r, z) r dr =
Qmb

2
, (31)

where Qma and Qmb are the constant dimensionless mass flow rate of each species (Qmθ = Q̄mθ/(ρθc πR2 V), θ = a, b).

The equations (30) and (31) are integrated in r to obtain two ordinary differential equations for the two pressures pa(z)

and pb(z). For the sake of brevity, the detailed equations are not given here but they can be found in [5].

TABLE 1. Physical properties of the gases [1],

Argon Neon Xenon

molecular mass (kg) 66.3 10−27 33.5 10−27 218 10−27

molecular diameter (m) 4.11 10−10 2.72 10−10 5.65 10−10

γ 5/3 5/3 5/3

µVS S (Pa.s) 2.117 10−5 2.975 10−5 2.107 10−5

α 1.40 1.31 1.44

ω 0.81 0.66 0.85

NUMERICAL SOLUTION

In order to solve the two pressure equations, the wall temperature and four boundary conditions are required: the

inlet pressures pa and pb and the mass flow rates Q̄ma and Q̄mb for instance. In order to compare the asymptotic

and DSMC approaches, we set the boundary conditions of the asymptotic model from a DSMC simulation. We set:

p̄a(−L/2) = 2.33 104 Pa, p̄b(−L/2) = 2.64 104 Pa, Q̄ma = 1.57 10−13 kg.s−1 and Q̄mb = 8, 21 10−14 kg.s−1. We

consider the case of an isothermal flow (T = 300 K) of a mixing of Argon (a) and Neon (b). The physical properties

of the gases are given in Tab. 1. These values are used in DSMC simulations with Bird’s DS2V [16] as well as in the

numerical integration of the asymptotic model. For the DSMC simulation, we set a diffuse boundary condition with

full accommodation to the wall temperature and the VSS collision model is used [1].
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FIGURE 4. Axial velocities along the channel axis (r =0) for Tin = 300 K and different values of Tout

The pressure equations are solved with MATLAB ; a fourth order Runge-Kutta method with variable stepsizes

is used. With the pressures resulting from this short computation, the axial velocity of each species is calculated

from their expression obtained from the momentum equations (26) and (27). The solution of the asymptotic model is

compared to DSMC in Fig. 2a.

While DS2V needs a few days to produce a solution, only a few seconds are required for the asymptotic model.

Even though latest DSMC programs are expected to be more efficient than Bird’s DS2V, the computation time is

strongly decreased for the asymptotic model. Figure 2a shows the evolution of the pressure along the channel axis

for each gas. We have a good agreement between the DSMC simulation and the asymptotic solution. At the channel

outlet, for instance, the difference between the pressures from the asymptotical appproach and the DSMC simulation

is about 1% for both gases. Since the pressure difference between the inlet and the outlet of the channel, for the two

species, is weak, the pressures, in both calculations, seem to be quasi linear in z.

The difference between the asymptotical appproach and the DSMC simulation is a consequence of the strong

non linearity of the pressure equations: They are very sensitive to the boundary conditions. As a consequence, a

small variation in the inlet pressure and in the mass flow rate leads to a great variation of the solution. In addition,

these boundary conditions are obtained from DSMC simulations. Consequently, because of the numerical noise in

the DSMC results, it is not easy to set the boundary conditions of the analytical set of equations at a convenient

level of accuracy. Moreover, the statistical error for the velocities in DSMC computations is inversely proportional

to the Mach number [17] which is of order 3. 10−3 in the present case. The result is an important DSMC error on

the velocities (around 6%) and, consequently, on the mass flow rates. The evolution of the longitudinal velocities is

plotted on Fig. 2b. In the case of two gases with identical molecular mass, the axial velocities of each species were

very close [5]. In the present case, as a result of the molecular mass difference, the axial velocities of each species are

very different. With the chosen boundary conditions, the two gases are accelerated along the channel and the axial
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velocity of Argon is greater than the axial velocity of Neon.

For the same gases, we focus on the effect of the constant gradient of temperature. The inlet temperature is still

300 K and we set different values of the outlet temperature. The inlet pressures and the mass flow rates are unchanged:

p̄a(−L/2) = 2.33 104 Pa, p̄b(−L/2) = 2.64 104 Pa, Q̄ma = 1.57 10−13 kg.s−1 and Q̄mb = 8, 21 10−14 kg.s−1. Figure

3 shows the evolution of the pressure of each species for three different outlet temperatures. The pressures decrease

with z. For a given value of z, the pressures increase with the outlet temperature. This result is in agreement with the

observations in the plane case [11] and in the case of gases with identical molecular mass [5]. The axial velocities

along the channel axis (r=0) are plotted in Fig. 4. In the isothermal case (Tout = 300 K), as expected [12, 5], the

longitudinal velocity increases along the channel as the pressure decreases. In the non isothermal cases, the effect

of the thermal creep is observed. It induces a movement of the gases from the cold end of the channel to the hot

one: when the inlet temperature is greater than the outlet temperature (case Tout = 280 K), the effects of the pressure

gradient and of the temperature gradient are opposite and, as a consequence, we observe that the velocity decreases

along the channel. When the inlet temperature is lower than the outlet temperature, (case Tout = 320 K), both the

pressure and temperature gradients accelerate the gases along the channel.

Now we consider two different gas mixing: Ar/Ne and Ne/Xe. We set the following boundary conditions:

p̄a(−L/2) = p̄b(−L/2) = 2, 5 104 Pa and Q̄ma = Q̄mb = 5 10−13 kg.s−1. The channel wall are isothermal (300 K).

The physical properties of the gases are given in Tab. 1. The numerical results are given in Fig. 5 and Fig. 6. In the two

cases, the pressure of the heaviest species increases along the channel ; as a consequence, its axial velocity decreases

along the channel. In contrast, the pressure of the lightest species decreases and, consequently, the gas is accelerated

along the channel. The axial velocity of the heaviest species, because of a greater inertia, is less modified than the

axial velocity of the lightest gas.



CONCLUSION

In this contribution, we present an original asymptotic study to analyze the flow of a gaseous mixture in a micro-

channel. The model is obtained from Navier-Stokes-Fourier equations with additional coupling terms. The longitu-

dinal velocities are given explicitly in term of the pressures that are computed from a first order set of differential

equations. The main advantage of this method, compared to DSMC simulations, is a very shorter computation time.

As a consequence, the parametric studies are made easier.

The results have been compared to DSMC simulations and the two methods are in good agreement. The effect

of a constant wall temperature gradient has been investigated: We observed the thermal creep. The case of gases with

different molecular masses has been studied.
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