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Boundary singularities of semilinear elliptic
equations with Leray-Hardy potential
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Abstract

We study existence and uniqueness of solutions of (Fy) —Au + #u +g(u) =vin Q,

u = X on 0f), where Q C Rf is a bounded smooth domain such that 0 € 99, u > —NTz is
a constant, g a continuous nondecreasing function satisfying some integral growth condition
and v and A two Radon measures respectively in € and on 9€2. We show that the situation
differs considerably according the measure is concentrated at 0 or not. When g is a power
we introduce a capacity framework which provides necessary and sufficient conditions for the
solvability of problem (E}).
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1 Introduction

If o is a real number and N > 2, the Schrédinger operator £, defined in a domain (any
connected open subset) Q C RV by
Lyu:=—Au+ Lu, (1.1)
|z
plays a fundamental role in analysis, because of Hardy’s inequality, and in theoretical physics

in connexion with uncertainty principle (see e.g. [18], [19]). When the singular point 0 belongs
to €2, there exists a critical value
N —2\?
Ho = — <T> . (1.2)

It is wellknown that when p > p the operator £, is positive because of Hardy’s inequality

2
/\ng[zdx + 1o %dz >0 forall ¢ € C5°(0). (1.3)
Q QT
Under the condition p > g, the study of semilinear problems associated to the operator u —
L,u+ g(u) has been initiated in [21]. When g(r) ~ [r[P~1r (p > 1) the authors provided therein
necessary and sufficient conditions on p in order the no solution of equation

Lyu+g(u)=0 (1.4)

in RV \ {0} could have a singularity at = = 0. When this condition is not satisfied they obtained
a description of the possible behaviour of singular solutions of (1.4) in the neighborhood of 0.
When ¢ is merely a continuous nondecreasing function they found a necessary and sufficient
condition on g expressed under an integral formulation ensuring the existence of a positive
solution u(zx) of (1.4) satisfying

u(z) ~ a]a;\_(¥+”‘_”°) when = — 0, a > 0. (1.5)

Note that z |$|_(¥+V“+“°) is the solution of £,u = 0 in RY \ {0} with the strongest
singularity. Thanks to a notion of weak solutions of £,u = 0 combined with a dual formulation
of the equation introduced in [14], we studied in [15] the equation

Lou+gu)=v in Q

1.
u =20 on 0f), (16)

in a bounded smooth domain €2, where g is a continuous nondecreasing function and v a Radon
measure which support may contain 0. In this framework, weak solutions to (1.6) with measures
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defined in a class of weighted measures are obtained provided that g satisfies some integrability
condition. When this integrability condition is not satisfied by g, i.e. in the supercritical case,
not all measures in the above class are suitable for solving (1.6). In the particular case where
g(r) = |r[P~tr (p > 1), we proved that a weighted measure is suitable for solving (1.6) if it is
absolutely continuous with respect to some specific Bessel capacity depending on p, N and p.

In this article we are interested in similar problems but in the configuration where the
singular point 0 of the Leray-Hardy potential lies on the boundary of the domain 2. Our aim is
to extend the approach developed in [21] and [15] for the problem with an internal singularity
to the study the following equation

in Q

Lou+g(u)=v
1.
U= A on 0f2, (L.7)

where v and X\ are bounded Radon measures respectively on €2 and 9. When p = 0 the first
study is due to Gmira and Véron [20] who proved the existence and uniqueness of a very weak
solution, a denomination due to Brezis in an unpublished note. Such a solution u is a function
belonging to L!(£2) such that pg(u) € L*(Q), where p(z) = dist (z, 99), satisfying

oc dv

o (1.8)

/ (—uAA¢ + g(u)() dz = —
Q

for all ¢ € CH(Q) such that A¢ € L>(Q) (in the sense of distributions in ). A sufficient
condition for the existence and uniqueness of a solution to (1.7) with v = 0 is

/100 (9(s) —g(—9)) sTN1ds < oo (1.9)

When g # 0, a model domain is Q@ = RY = {z = (2/,2n) = (21,...,2n) = 2x > 0}. The
operator L, is positive if

b= (1.10)
and 1 is the best constant of the Hardy inequality in Rf since there holds
2
/ |Vo|>dx + ,ul/ ¢—2d:17 >0 for all ¢ € C5°(RY). (1.11)
RY RY |z

If Rf is replaced by a bounded domain € satisfying the condition
(C1) 0€0Q, QCRY and (z,n) = O(|z|?) for all z € 9,

where n = n, is the outward normal vector at x, this inequality is never achieved and there
exists a remainder [10]: if we set R = max |z|, there holds
ze

¢? 1 ¢°
Vo|?de + pu | —=dx > —/ ——dz  for all ¢ € C°(Q). 1.12
IR A o (2 R, o
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Note that the last condition in (C1) holds if  is a C? domain. We put

N N2 N N2
ap=ap(p) =1—-5 +\lp+ - and a=a (u)=1-3 —\/p+ . (1.13)

If Q satisfies (C1) we define Ef} by

{3} := min {/Q <]Vv]2 + %v ) der:v € CCI(Q),/szdx = 1} . (1.14)

Then Ef} > 0. If 4 > py this first eigenvalue of £, is achieved in the closure H,(9) of C1(Q) for

the norm
v lolla, @) \// |Voul2 + —212> (1.15)

Note that H,(Q) = Hg(Q) if p > py, Hj(Q) & Hy, (Q) and the 1mbedding of H,, () in L*()
is compact. We proved in [16] that the posmve elgenfunctlon 7# € H,(R2) of L, associated to

the first eigenvalue EQ satisfies

Euvu = Euyu in

(1.16)
’Yu =0 on 00\ {0},
and there exist ¢; > co > 0 and & > 0 such that for all z € Q\ {0}

(i) eala|+p(a) < () < erla] ™+ p(a),

Q 1.17)
y (@) (
1 VAL (z)| < é-£ .
(i) Via)| < ek

As it is shown in [16], the function ’yf} plays the role of a weight function for expressing the
notion of weak solutions as it is also classical in problems with boundary singularities [27, 28].
Inequality (1.12) implies the existence of the Green kernel Gf} with corresponding Green operator
Gf}. The Poisson kernel K/? of £, in  x 9Q is constructed in [16], by a simple truncation as
in [34] if 4 > 0, and by a more elaborate approximation in the general case. When p > 0 the
Poisson kernel has the property that

0 _
K, (x,0)=0 forall z € Q\ {0}, (1.18)

by [34, Theorem A.1]. The singular kernel qﬁﬂ (see [16, Section 4] for the construction) is the
analogue in a bounded domain of the explicit singular solution z — ¢, (z) =| z |*~~! 2 defined
in RY. The main property of this singular kernel is that it satisfies for all € Q\ {0},

calz|*"p(x) < ¢ (x) < ealz|*"pla) if p >, (1.19)

and
cslz] ™% (|l + Dp(x) < 62 (@) < cslel ™= (o] + 1)p(a). (1.20)
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We assume in the sequel that €2 is a bounded smooth domain such that 0 € 92 and that the
normal vector to 02 at origin is ey = (0,---,0,1). We define the ’yf}—dual operator Ly, of £, by

2
Li¢=—A¢— Wwﬁ}, VC) +£¢ forall ¢ € CHH(Q).
12

It satisfies the following commutating property
ﬁu(’Yf}C) = ’Yf}ﬁZC-
We denote by (€, ’yf}) the set of Radon measures v in 2 such that

Sup{/QCd|y| :CeC(),0< (< 75}} = /Q’}//?d|l/| < 0.

Thus, if v € M4 (; ’yf}) the measure ’yf}y is a bounded measure in 2. We also set

o
53(;,;) - _a_ff L)Q'

The space of Radon measures A on 92\ {0} such that

dl| : C.(00\{0}),0< (< QL. 71\ ,
“p{émmf” ¢ € C(02\ {0}) <C<B“} Lémwf““<“)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

is denoted by (0 Bf}) The extension of A € M (9€2; Bf}) as a measure Bf})\ in 0F) is given

by
/ Cd(F2N) = sup {/ VAdA v € C(0Q\ {0}), 0 < v < g} for all ¢ € C(0Q), ¢ >0,
o0 o0

(1.26)

and by ﬁff)\ = 53)\+ — ﬁf})\_ if A is a signed measure in W(@Q;ﬁf}), and we use the same
notation Mt(08; ﬁf}) for the set of all such extensions. The Dirac mass at 0 does not belong to

M (09 53), but it is the limit of sequences of measures in this space. We proved in [16] that if

vE ier(Q;yf}), A€ M0 ﬁff) and k € R, the function
Q Q Q.
u=G,[v]+ K, + k¢, :=H,[(v, A + kdo)],
is the unique function belonging to L'((, p_ldqf}) satisfying
Jugicar = [ i)+ [ cdsEn + kaug(0)
uS@p 1 I 1 )
Q Q o0

for all ¢ € X,(Q) = {¢ € C(Q) st. 75}( € H,(Q) and pL;C € L>(Q)}, where

2V — m/SNlcb?dS if p>p,
+

(F-1) [, s i p=m
y

Cy =

(1.27)

(1.28)
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and where ¢; is the positive eigenfunction of Agn—1 (normalized by sup¢; = 0) in H&(Sﬂ\: -1
where S 7! i= {(2/,zn) €RY : |2 = 1, zy > 0}.

Let g : R — R be a continuous nondecreasing function satisfying rg(r) > 0. Thanks to this
result we can construct weak solutions to the problem
Lyu+g(u) =v in Q

1.29
u= A+ kdg on 0f). ( )

Definition 1.1 Let (v, \) € Dﬁ(Q;’yf}) x M (O Bf}) and k € R. A function u € LI(Q,p_ld’yf})
is a weak solution of (1.29) if g(u) € LI(Q,d’ny) and

| i+ g i = [ catm) + /a GBI + ke, (0) for any ¢ €K,(). (130)

We introduce two new specific exponents,

*_1_1_N+2+2\/,u—,u1 _1_1_N—|—2—2\/,u—,u1 (131)
Pu a_ N—2+2\/N_Nl a4 N—2—2\/,u—,u1’ .
Note that p,* is defined only if N' > 3 and —NT2 < p < 1— N. Furthermore pj = N+l and

e N-1
* +2
Puy = N—=2-

and py*

In the present article our first result deals with the existence of a solution with an isolated
singularity on boundary:

Theorem A Assume N > 3 and p > puy, or N = 2 and p > p1, and let g : R — R be a
continuous nondecreasing function such that rg(r) > 0. If there holds

/100 (9(s) = g(=s)) s~ "Pids < 00 if p> pua, (1.32)

or
/ (9(sIns) — g(—sIn|s|)) s Prds < oo if p= 1, (1.33)
1

then for any k € R there exists a unique weak solution ugs, to

L+ g(u) =0 in (1.34)
u = kg on 0f).
Furthermore,
k

z—0 (258 (a:) Cp

When the measures do not charge the point 0, we have a result which is similar as the one
proved in [20].



Leray-Hardy equations with absorption 7

Theorem B Assume N > 3 and p > p1, or N =2 and p > py, and let g : R — R be a
continuous nondecreasing function such that rg(r) > 0 satisfying

/100 (g(s) — g(—s)) s~ 7Pods < oo. (1.36)

Then for any (v,\) € 931(9;7{}) x M (08 53) there exists a unique weak solution u to

(1.37)

Finally we construct a solution to (1.29) without restriction on the measures by gluing
solutions corresponding to Theorems A and B provided g satisfies the weak As-condition, a
condition already introduced in [15]:

There exists a continuous nondecreasing positive function K : Ry — Ry such that

lg(s + 1) < K(|r|) (lg(s)| + |g(r)])  for all (s,7) €eRXR s.t. sr>0. (1.38)

Theorem C Assume N > 3 and pp > p1, or N = 2 and p > p1, and let g : R — R be a
continuous nondecreasing function such that rg(r) > 0 satisfying the weak As-condition and

/ (g(s) — g(—s)) s~1-mnlrir} ds < 4oo. (1.39)
1

Then for any (v, \) € m(Q;’yf}) x M08 Bf}) and k € R there exists a solution u to the problem
(1.29).

A nonlinearity g for which problem (1.29) admits a solution is called subcritical. A couple
of measures (v, \) for which problem (1.29) admits a solution is called g-good (see [8] in the
case ;1 = 0). In the supercritical case all the measures are not g-good. Besides the problem
at 0 where (1.32)-(1.33) may or may not be satisfied, the admissibility of a measure depends
on its concentration expressed in terms of Bessel capacities (see Adams-Hedberg book [1] for
a treatment of these notions). We denote these capacities by Capﬂsfq where d = N or N — 1.
In this framework we consider only the case where g(r) = g,(r) := |r[P~!r with p > 1. The
following theorem is proved.

Theorem D Assume p > puy and p > 1.
1- A measure v € m(Q;’yf}) is gp-good if and only if it is absolutely continuous with respect to
the Capgf;,—capacz’ty.
2- A measure A € M(0Q; 5{}) s gp-good if and only if it is absolutely continuous with respect to
the CapH;ijl -capacity.

=

Similarly we have a characterization of removable singularities.
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Theorem E Assume jn > ju1, p > 1 and K C Q is compact. Then any weak solution of

Lyu+ gp(u) =0 in QN K°

1.40
u=0 on 00N K¢, ( )

can be extended as a solution of the same equation in §) vanishing on 02 if and only if
(i) Capy,,(K) =0 if K C Q.
(ii) capﬂngjl (K) =0 if K C9Q\ {0}.
p7
(iii) Cap,(K) =0 and oapﬂ;f; K NON) if K cQ\{0}.
p7
(iv) Cap’' " (K) =0 and p > p;, if0€ K C0Q and K\ {0} # {0}.

2
;7;0
(v) Capgf;,(KﬂQ) =0, Cap (KN =0 andp>ph if 0e K CQ and K NQ # {0}.

RN—1
2
5710,

At end we characterize the behaviour of solutions of

Lyu+ gp(u) =0 in Q

1.41
u=h  on 00\ {0}, (1.41)
where h € C3(99). When p > pj, we prove that u is indeed the very weak solution of
L~ gp(u) =0 in (1.42)
u=nh on 0f2.

The techniques we use are generalization of the ones developed for description of internal sin-
gularities in [21], and for boundary singularities with x = 0 in [20]. For this task, we associate
a problem on Sf_lz

—Aw+ AN+ p)w+gpw)=0 in Sf_l
w=20 on 884]\_[_1,

2 2p

Let S,.p (resp. S;f,) denote the set of solutions (resp. positive solutions) of (1.43). We set

ﬁ*:1+i._N+2+2\/u—M2 3'2N+2—2\/,u—,u2 (145)
a ar  N-2-2/ii— i ‘

(1.43)

where

= d pi*=1
a_ N — 242/ — p2 e Pu +

where o = — (%)2 Note that p;* is defined only if N > 9 and —NTQ < pu < —2N. The role
of the numbers a4 and a_, will be explained in the proof of the theorem. Then we have
Theorem F Assume p > 1 and p > 1.

1- 8,p is not reduced to {0} if and only if Ay y +p+ N —1 <0, that is

(i) either 1 < p < pj,

(i)) or N >3, 11 <pu <1—N and p > py’.



Leray-Hardy equations with absorption 9

2- If S/Ip is non-empty, it is reduced to one element w,,.

3- All the elements of S, , have constant sign if Ap y +p+N —1 < Ap vy +p+2N <0, that is:
(i) when p > 1~ N and p;, < p < pj,,

(i4) when N >3, —2N < < 1— N and either p,, < p < pj, or p;* <p,

(i4i) when N > 9 and py < p < —2N and either p,, <p < pj, or p;* <p < p,*.

Since any solution of (1.41) satisfies

lu(z)| < cw(x)\x]_% for all x € QN By, (1.46)

for some ry > 0 and ¢; > 0 depending on N, p and 2, using a diffeomorphism, we flatten the
boundary as in [20], define the new function @(y) by this change of variable. We set v(t,0) =

2
rP=14(r,0) with ¢ = Inr and study the limit set &, of the new equation satisfied by v(¢,.) when
t — —oo. This limit set is a connected compact subset of £,. If u > 0, &, C 5: . Thus we prove
the following.

Theorem G Assume ji > uy, h € C3(9Q) and u € C*(Q)NC(Q\{0}) is a nonnegative solution
of (1.41). If 1 <p < p;, then
(i) either

lim \x!ﬁu(az) = wy(0), (1.47)

Q35z—0

. N-1
To] ﬁ0€s+

(ii) or there exists £ > 0 such that
u(z) = EK/?(x,O)(l +o(1)) as z€, x—0, (1.48)
and u 1s the weak solution of

Lyu+ gp(u) =0 in Q

1.49
u = h+ cldy on 0f2. ( )

When wu is a signed solution, the situation is more delicate and we obtain only partial results.

Theorem H Assume pu > py, h € C3(9Q) and u € C?(Q) N C(Q\ {0}) is a solution of (1.41).
If p, < p <pj,, then
(a) either
2
lim |z|rTu(z) = tw,u(o), (1.50)

Q3xz—0

= N-1
Bl *}O’GS+

(b) or

lim  |z|7iu(z) = 0. (1.51)
Q3xz—0

z N-1
m*}UES+

If we assume furthermore that pj, < p and (1.51) is verified, then there exists £ € R such that
(1.48) and (1.49) hold.
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In two cases the limit set is reduced to a single element of £,, whatever is the structure of
this set.
Theorem I Assume pu > 1, h € C3(0Q) and u € C%(Q) N C(Q\ {0}) is a solution of (1.41)).
I-If N+ 2/ — p1 <4 and p = 3, then there ewists w € S, , such that
lim ]w\ﬁu(x) = w(o). (1.52)

Q3z—0

T N-—-1
mﬁJESJr

2-IfN=2and 1 <p<1+ then

2
Vut+1’

lim ]w\ﬁu(x) = w(o), (1.53)
Q3> —0
o AJES#

[ ]

where w is a solution of

-+ (u — (%)2%} +gp(w) =0 on (0,7)

1 (1.54)
w(0) = w(m) =0.

Furthermore, if O is locally a straigh line near 0 and the limit in (1.54) is zero, there exists
¢ € R such that (1.48) holds.

We end this article with a removability result.

Theorem J Assume > p1, p > pj, h € C3(09Q) and u € C*(Q) N C(Q\ {0}) is a solution of
(1.41). Then w is actually the weak solution of (1.42).

The rest of this paper is organized as follows. In section 2, we recall Kato’s inequality and
prove the existence and uniqueness of solutions of semilinear elliptic equation with measures
sources when the nonlinearity is subcritical. Section 3 is devoted to the supercritical case by
connecting the measures to Bessel capacities. In section 4 we give an abridged proof of the
behaviour of solutions near the singular point 0.

2 The subcritical case

2.1 Kato inequality

Proposition 2.1 Let N > 2, p > py and g: Q2 x R+— R be a continuous function satisfying
g(s1,2) > g(sa,x) if x € Rf and s1 > so.

If w and v belong to C1(Q) N C(Q\ {0}) satisfy

Lyu+ g(x,u) > Lyv+ g(z,v) in Q

u>w on 0Q\ {0}, 21)
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and
el e Wl A

Uy 0, (2.2)
then v < wu in .

Proof. Set w = v — u, then £,w + h(x)w = 0 where

g(l‘,U) —g(m,u) .
h(zx) = ” if w#0
0 if w=0.

Hence h > 0. For ¢ > 0, we set We = v —u — equ}. Then W, € COH(Q\ {0}). There exists a
sequence {ry} tending to 0 such that

We(zx) <0 for |z| =1y,

and there holds

SAW PW +hW, 0.

Multiplying by (W,), := max{0, W.} and integrating yields, since (W,)4 € Co(€2\ {0})

/Q\Brn <‘ VW« [F + |M|12 (We)2+> dx < 0.

Hence (We); =0in Q\ B,,,, we get the result by letting 7, — 0 first and then e — 0. O

The following form of Kato’s inequality for Schrodinger operators with Hardy-Leray potential
with boundary singularity singularity is important in our approach of the concept of weak
solutions to (1.29).

Proposition 2.2 [16, Lemma 3.1] Assume N > 3 and p > p1, or N =2 and p > py. Then
for any (f,h) € LI(Q,d’yf}) X LI(GQ,dﬂS) there exists a unique function u € L'((, ]a:\_ld’yf})
satisfying

/QuEZC dvf} = /ng dvf} + /th dﬂf} for all ¢ € X,(2). (2.3)
Furthermore, for any ¢ € X:(Q) ={¢ € X,(Q2) : ( > 0}, there holds
[ ulticar@ < [ crsmtaarfie)+ [ picasia (2.4)

and

[uicn@ < [ ¢ i)+ [ GO 25)
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Let Uf} € H, () be the unique variational solution of

L0 = 7“

in Q 2 = Q 2.
b (e, ) in and o, =0 on 9, (2.6)

then Jf} belongs to C2(Q\ {0}) and satisfies (see [16, Appendix])

(4) 12 <ol < ey in Q, o
) VO'S(:E) ~ va}(x) as =z — 0. .
802 ) aff . .
Furthermore n < 0 on 90\ {0}. The function n = o which verifies
m
Lin = 1 in

plays an important role as a test function because of the following estimates that it satisfies

1<n<ec; and |Vy<crp' in Q. (2.9)

2.2 Proof of Theorem A
Assume Q C By and let k£ > 0. If 4 > pq, we have by (1.17) and (1.19)

R
/Qg(k%)d’m < 69/ g(eglz]|*)|z|*dr < 610/ g(egr®= ot TN =Ldy

Br 0
N - N * (2.10)
< Cll/l g(s)s - ds= 611/ g(s)s™17Pi < oo,
R o Rl/a,

where ¢, (z) = |z|*-"lzy > qu}(:E) in Q, and pj, is defined in (1.31). If y = p; we obtain
similarly

/g(k;gbm)d’yf}l < 011/ g(sln s)s_l\?—gds < 0.
Q Rl/a,

For 7 > 0 small enough set Q. = Q\ B,, 9Q, = 'y, Uy, where I'y, = Bf N oQ and
Iy, = 0B, N Q. We consider the problem

Lyv+g(v)=0 in Q,

2.11
v = kqﬁf} on Jf),. ( )

The associated functional where G(r) = / g(s)ds is expressed by
0

T o 1 2 M 2
J(v) = /Qr <2]Vv] + 2|x|2v +G(v)> dx
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and is defined over H, = {v € H(Q,) :

v = QSQ on 9Q,}. Any v € H, can be written as
v = k:gbf} + w where w € H}(€2,), then Ji(v) = J(

. k‘(ﬁu +w) = J;( w), where

. 1 k2
Jj(w) = /fh- <§\Vw\2 + #w + G(w —i—kqﬁf})) dx + 7/97- (!Vqﬁf}]z iz P(qﬁu) >

- T (<V¢8,Vw> TR )

_ 1 2 K2 Q k2 Q2 4 )2
_/QT <2|Vw| i +G(w—|—k¢u)>d$+ 2/(% <|v¢u| (o ))

¢Q
—I-/ nL,¢5dr + 8—wdS
Qr 09,

1 u)2 k2 "
>~ ———d — \V4 Q)2 M0 2> d
= 4/%‘%’21112(‘%’) T+ 3 /T <| Gy l” + |x|2(¢“) x

since w € H}(€,), (1.12) holds and G > 0. Hence j; and therefore Jj, is coercive and since it
is convex, it admits a unique minimum w,, which is the unique classical solution of (2.11) by
standard regularity and by Proposition 2.1 such that 0 < u, < gbf} in €,.

By monotonicity 0 < u, < u.r in Q. if r € (0, 7). Let up = lim,_0u,. Because of (2.10),
g(u,) — g(ug) in L' (€ dvf}). Let 7, 1= ~,~ be the first eigenfuntion of the operator

wr —Aw+ #w in H}(Q,)

with corresponding eigenvalue /¢, := Eﬁr. We normalize 7, by v,(xzg) = 1 for some fixed z in

Qi. Then ¢, > 68 and ¢, — 68 when r — 0. Furthermore ~, — ’yf} uniformly on €, for any
4

0 > 0, where yff(ajo) =1. If ( € X,,(Q), we have

0= / e (Lpur + gluy)) do
Q.

o, (2.12)

— [ (A= 2T V0 + 60w+ glan)) o~k [ CGTgfas

F27‘

Since

Or
$2dS = / 2 Ay, dS — / LAG2S = L, / #0dz,
FQ,T' 811 a Qe # /7 Qr’y a Qr/y .

then we obtain the following, by letting r — 0,

lim aa% $2dS = / 260da.

r—0 s,

Noting from (2.12) that

tim [ (98¢ 20930, 90 + )+ Crolm)) de = [ (i o+ Cooe))
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we infer
/Q (kL€ + Colur)) v = ek (0), (2.13)
with
CNu,Q = Ef}/vﬁqﬁudzn. (2.14)
Q
Since z — k:qbf}(x) satisfies (2.11) with g = 0, it satisfies also (2.13), always with g = 0.

Combining this result with the uniqueness and the estimates given in [16, Proposition 2.1], we
can compute the explicit value of cy .0 = c,. O

2.3 Proof of Theorem B

We first assume that (v,\) € DJ?JF(Q;’yf}) X 9)?+(8Q;ﬂ3). Since g satisfies (1.9) and L, is
uniformly elliptic in €2, it follows from [33, Section 3] that the problem

Lyu+ g(u) = ve in Q,
= Ae on I'y, :=00nNDBf (2.15)
0 on I'y, :=QNoBb,,

admits a unique weak solution u.,, where v. = v xpe, Ae = Acxpe and 0 <71 < €/2.
By the comparison principle, for 0 < € < ¢ and 0 < r’ < r there holds

(i) 0<uey <tep and (i) ue, <Grlvd + KA <GL]+ KN in Q. (2.16)

where Gf}r and Kf}r denote respectively the Green and the Poisson potentials of the operator
L, in ,. The mappings r + e, 7+ Gf}r and r — Kf}r are decreasing. We set u, = lin% Ue,r,
r—

then
Q Q Q Q
0<u < Gu [Ve] + Ku ] < Gu [v] + Ku (A (2.17)

If ¢ € X,,(€2) vanishes in some neighbourhood of 0, there holds for r > 0 small enough,

| ertic 4 gtuen)O) inf = [ caofu+ [ i) (2.18)
Qp Qr Fl,é
Letting » — 0, we obtain the identity
| i+ gtw)Q) anf = [ cdov+ [ casgn. (2.19)
Q Q 20
Because u, is £,-harmonic in 2 N B and vanishes on 99 N B, it satisfies uc(x) < clgfyf}(x) if

x € 2N Be for some ¢z > 0 depending also on €, and (’yf}(x))_lug(a:) — c13 > 0 when  — 0
by [16, Section 3]. Let ¢ € X,(£2) and

0 if |2 <2
ly(z) =4 3 — 3 cos (nm(jz] — 1)) if 1 <|zj<2 (2.20)
1 if 2| > 2.
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We set ¢, = £,(. Then

/Q (el + 9(u)Gn) i = /Q Cad(72) + /a Gud(B2A). (2.21)

Firstly we observe that

/QCnd(’yf}VE) + /aQCnd(ﬂfz)\e) — /QCd(’yszE) + /aQCd(Bf})\e) as m — oo.

Then, for n large enough,

Jotwicart = [ g+ [ gtudg? = 4.+ B,

Qr QNBr
2 2

Because Gi} and Kf} are respectively equivalent to Gg and K(? in Q%, the condition (1.36), jointly

with (2.17), implies that A,, is bounded independently of n and converges to / g(uE)Cd’yf}. If
%

u>1—N, a; is nonnegative thus g(ue)Cnfyf} is bounded in Bg. Ifp <p<1—N,thenay <0

and we have

T 1 (e} N
|B,| < / g(clg)gndqf} < / g(crprot)ro+tN=lgr < — | | g(ci98)s°+ds < oo
ONBg 0 Q- Jrot
since % < —-1- 82 <« -1 & and (1.36) holds. Therefore,

: Q Q
lim Qg(us)Cnd’m = /Q g(ue)Cdy,, -

n—oo

Finally, we estimate the term
Q

with
% QO * Q Q
C, = /Qﬁnugliugd’yu , D, = /QCueﬁuﬁndfyu , By = 2/Que<VC, V€n>d’yu.

Since u, satisfies (2.17) it follows from [16, Theorem D] that it is bounded in L'(€, p_ldqf})
independently of €. Hence

. o * Q
nh_)n(f)locn = /Queﬁugdvu.

Using the fact that ue(x) ~ clgfyf}(x) and ((x) = ¢(0)(1 + o(1)) when & — 0 we obtain

/Q(ueﬁzgnd%? = ClgC(O)/Qﬂ(Bg\Bl) (_(’7,52)2A£n - 27§<v€m V’Vf}» dz +o(1) = o(1),
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since £/,(1) = ¢/(2) = 0 and yff vanishes on 9. Similarly

lim E,, =0.

n—o0

These facts imply that

| ki atwa0) i = [ citfug+ | caging oray cex0).  222)

Notice that from the above derivation, (2.22) holds true for ( = ), where 7 is defined in (2.22).
Hence u, is the weak solution of

L,u~+g(u) =v, in
2 g( ) € (223)
U= A¢ on 0.
Because of uniqueness, € +— u, is increasing and u := lin% ue satisfies
e—
0<u< G +K!\ in Q. (2.24)

If we take ( = 1 defined by (2.8) we deduce from (2.22)
Ue
/ <— +g(ue)77> dy;, = /nd(vffve) +/ nd(By Ae)- (2.25)
Q\p Q oQ

The right-hand side of the above identity converges to / nd(vf}u) + / nd(ﬁf}/\). Then by
Q o0

monotone convergence

/Q (% +g(u)n> dvy = /Q nd(y,'v) + /a Qnd(ﬁf}A),

This implies that u. — uin L(€, p_ldvff) and g(uc) — g(u) in LY(Q, dvf}) as € — 0%, Therefore,
since any ¢ € X,(§), satisfies |(| < ¢ for some ¢ > 0, we infer

* Q _ QI/ Q )
/Q (WLiC + gu)C) dr® = /Q Cd(v2v) + /8 (B, (2.26)

which completes the proof when the two measures are nonnegative.
In the general case we use the Jordan decomposition v = v —v~, A = AT — A\~ where v,
v~, AT and A~ are nonnegative. Let v and A\F be I/iXQE and AiX@ch respectively. We denote

by uf, the solution of (2.15) corresponding to the couple (v, \f) and by u_,. the solution of

Lu—g(u) =v_ in Q,
u=A on I'y, (2.27)
u=0 on I'p,.

Then —u,, < min{0,uc,} < max{0,uc,} < uf,. The mapping r — u}, (resp. r — u,) is

monotone increasing and we set ul = lin% ul . (resp. u = lir% U, ). The mapping r — u,, has
r— ’ r— ’ ’

no reason to be monotone, but by standard regularity theory there exists {r;} converging to 0
and uc € L} . (1 < ¢ < %) such that uc,, — ue in L (Q) and a.e. in Q. Hence u, satisfies

(2.19). Since (2.21) holds we derive that u. satisfies (2.23). We end the proof as in the first case,
using dominated convergence theorem. O
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2.4 Proof of Theorem C

We first assume that v, A and k are nonnegative. For 0 < r < €¢/4 we consider the problem

L+ g(u) = ve in Q,
U= A\ on I'y, (2.28)
u = k:gbf} on I'y,.

The solution is denoted by u.  , and we recall that uc, is the solution of (2.15). There holds
max{Uer, Uksy } < Uefr < Ue + ka}[éo] in Q,. (2.29)

Furthermore uc, < uep, if 0 < 7 < r. Since u. and k:Kf}[éo] belong to Ll(Q,p_ldqf}) it
implies that u, j , converges in L'(9Q, p_ldqf}) and almost everywhere to u. ; when r — 0. Since
7{} is a supersolution for the equation £,u + g(u) = 0 in Q,, for any 0 < €y < €/4 there exists
c14 > 0 depending on €y such that for 0 < r < ¢y/4,

Uer(z) < c14’y§(a:) for all « € B, N,

For any o > 0 there exists 7, > 0 such that for any r < r4, u, < U]Kff [0p] in B, NE,.. Therefore
ue + kKS2do] < (k + 0)K}[00] in By, N Q. This implies

9(ue k) < g((k+ U)Kf} [90]) in Q.NB,,. (2.30)

Then we obtain, with R =diam €2 and for some ¢ > 0,

R
/Q o((k + VK2 [o])? < /0 o(cll* ||+ de

1 o0 N+a+7o¢7 1 [e’s) )
= o | aglet)t o= dt < o L g(et)t™ e < oo
—|JR™- —IJR™-
This implies in particular that
1 & 1
/Q ., g((k + 0)K[%])d,! < W/ng(ct)t 1=pi, (2.31)
+NByy _ a_

In the set €2, , we have ka} [60] < crg~ for some ¢ > 0. By the local Aj-condition, we deduce
9(uerk) < glue + KK 80]) < K(erg™) (g(ue) + glerg™)). (2.32)

Because g(u.) is bounded in L(,., dvf}) independently of r by Theorem B, we infer from (2.30),
(2.31) and (2.32) that g(ue ) is bounded in Ll(Qr,dvﬁ) independently of r. Let ¢ € X,(Q)
vanishing near 0, then for r small enough,

* Q Q Q
/Q (e £5C + gt )C) dn? = /Q Cd(xPve) + /8 GA(B2A). (2.33)
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Using the mononoticity of r — u, ;. , and the dominated convergence theorem we get

* Q _ Q Q
/Q(ugkﬁug + g(uer)C) dv, = /di(yu ve) + /é)ﬂ{d(ﬁu Ae)- (2.34)

As we can notice it, the singular measure kdy cannot appear in this formulation. If ¢ € X,(2)
we set ¢, = ¢,( where ¢, is defined in (2.20). Then

. o A Q_ Q Q
/Q (UehL5C + 9t k)C) Lndl / ) e il /Q CLad(720e) + /8 COd(3N)

QN (B%\B%
(2.35)
where .
An = (Al + 2V, V) + 20V, 1)

Clearly we have that

nh—>H(;lo 0 (us,kﬁzg + g(ue,k)g) End’yﬁ = /Q (us,kﬁzg + g(ue,k)g) d'y;?a
and

. Q Q _ Q Q

it ([ et + [ caatsfag) = [ catfuy+ [ caisia
Next
2,2 _

A= cos (o (1= 1) )+ P20 i o (101 )] (€00 o) + O

Using (2.29) with ¢ = 0 and the fact that u, = O(KS [d0]) near 0, we obtain after a technical but
straightforward computation

lim Anue pdy S = ke, (0). 2.36
n—oo Qﬂ(Bg\Bl) K a ( ) ( )

By the normalization chosen it follows that u. j, satisfies

[ ki + atwen)O) ot = [ caofvd + [ cd@iag +kaco). (20
Hence u,, is the weak solution of

Lu+ g(u) = ve in

(2.38)
u = A + kdg on Of).

The end of the proof in the nonnegative case is standard: we observe that the mapping € — . j
is nondecreasing. We denote by wuy, its limit when € — 0. If ¢ € X,(£2), the right-hand side of
(2.37) converges to

/Qg“d(’yle/) + /aQCd(Bf})\) +kc,((0) ase—0.
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If we take ¢ =, by property (2.9), (2.36) becomes

lim sup/ Anue,kd’yf} < ke, sup, (2.39)
n— 00 QN (Bg\Bl) Q
and when ¢ — 0,
u
(% atwn) ot < [ dofv + [ nd(52a0 + heusupn. (2.40)
Q\P Q o0 Q

Thus, by the monotone convergence theorem we have that u.j — uy in L'(, p‘l)d’yl?) and

g(uer) — glug) in LH(Q, d’yf}) as € = 0. Therefore, by the dominated convergence theorem we
conclude that for any ¢ € X,(£2) there holds

/Q (L€ + glur)C) dn® = /Q Cd(x2v) + /6 CA(BEN) + ke C(0), (2.41)

Hence uy, is the weak solution of (1.29). When v and X are signed measures and k is a real
number, we use the Jordan decomposition of v = v* — v~ and A = AT — A~ and assume for
example that k is nonnegative and we construct the solutions u:k . of

Lou+g(u) =v in Q,

u=\" on I'y, (2.42)
U = Ups, on I'p,,
and u_gz of
7 Lyu—g(u) =v, in Q,
U=\ on I'y, (2.43)
u=0 on I'p,.

Then the function uc - of (2.28) satisfies —u_, < min{0, uc,} < max{0, v} < ujk .- Since

_l’_

U is monotone with respect to r with limit ujk, we obtain, as in the proof of Theorem B,

(), and w, j, satisfies (2.31) for

ek,r
the existence of a limit u. j of a sequence Ue o,y B and in L?OC
any ¢ € X,(92) which vanishes near 0.

Since u,,. is £,-harmonic in QN B, u_, = 0 on (02N Bc) \ {0} and charges no Dirac mass
at origin in the weak sense, then

_ue,r

> —01573 on QN aBg,

for some c15 > 0 dependent of e. Thus, there exists c¢16 > 0 such that
Ue o = Uksy — 01673 =w for all x € QN B%.

Combining these estimates with (2.29) (applied to u:ﬁ ;) we obtain

Uksy — Clﬁ’yfz S Ue o < u;’:r + kKS [(50] < uj + kKS [(50] in QN Bg, (2.44)
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where uf, and uf are the solutions of (2.23) with 7 > 0 and r = 0 respectively with v, and Ac
replaced by v and A\}. Thanks to estimate (2.44) we infer as in the case where v, and ). are
nonnegative that u. j, satisfies (2.37). We also have

_uE— < min{O,uE,k} < maX{O,uE,k} < u:k’

and
g9(—ug) < min{0, g(ue )} < max{0, g(ucr)} < glul,).

q
loc

(Q) (1 < ¢ < 5%) and a sequence {¢;} converging to 0
() and a.e. in Q. Since g(u:k) and g(—u_) converge in Ll(Q,dyff)

Then there exist a function uy € L
such that ue; p — ug L?OC
and ujk and u_ in L'(9, p‘ld’yf}), it follows that g(ue ) and uej endow the same properties.

This is sufficient to see that (2.37) implies (2.40), which ends the proof. O

3 The supercritical case

3.1 Reduced measures

We present here the notion of reduced measure which has been introduced by Brezis, Marcus and
Ponce [8] when p = 0. This notion turned out to be a very useful tool for analyzing supercritical
problems. Since part of the results are simple adaptations to our framework of similar ones
used in [15], we will state them without detailled proofs, although the transcription to the
types of measures used therein needs some precaution. We assume here that g is a continuous
nondecreasing function vanishing at 0. For £ > 0 we set

min{g(r), g(€)} if >0
ge(r) = . (3.1)
max{g(—¢), g(r)}  if r <O0.
If ke Ry, and (v, \) € M4 (Y ’yf}) X M (08 ﬁf}) we denote by wuy the solution of
Lou+ge(u) =v in Q (3.2)

u= A+ kd on Of).
Existence of uy comes from Theorem C.

Proposition 3.1 Letk € Ry, and (v,\) € 9ﬁ+(Q;7§) X M4 (09 53), then € — wuy is monotone
decreasing and converges to some function u* when £ — oo and there exists a real number
E* € [0,k] and two measures (v*,\*) € E)J?JF(Q;’yf}) X 9ﬁ+(8§2;5f}) satisfying 0 < v* < v and
0 < \* < X such that u* is a weak solution of

Lu+ go(u) =v* in Q

3.3
u= N+ k*d on 0f). (3:3)

Furthermore the correspondence (v, A\, k) — (v*, \*, k*) is nondecreasing.
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lim wu, satisfies

Proof. The monotonicity is clear. By Fatou’s lemma u* := ;
— 00

/ (u*L5¢ + g(u*)C) dvf} < /Cd(vf}u) + Cd(ﬁf})\) + ke, C(0)  for all ¢ € X,(Q2), ¢ > 0.
Q Q o0
The function u* is the largest subsolution of problem (1.29). Since the mapping

¢ /Q (u*ﬁZC + g(u*)¢) d’yfz for all ¢ € C°(Q2)

is a positive distribution, it is a positive measure denoted by v*. It is smaller than v, hence it
belongs to My (€ ’yf}) Similarly the function v* admits a boundary trace A* on 9\ {0} which
is a positive Radon measure smaller than A\. Hence \* € 9, (0Q*; Bf}) By using (1.3), it is
extended as a measure on 0f), still denoted by A*. If ¢ € X,(€2) vanishes near 0, there holds

u* * ’LL* Q _ Ql/* QN * ) ‘
/Q( L¢+9( )C) vy, /QCd(Vp )+/89Cd(5“)\) (3.4)

Let v be the solution of
Lw+gw)=v" in Q

v = \* on 0f). (3:5)

Existence is standard since u* exists. Furthermore v is a subsolution of problem (1.29) hence it
is smaller than uv*. Therefore w = u* — v is nonnegative and it satisfies

Low+g(u*)—gv)=0 in Q

w=0 on 0N\ {0} (3.6)

Let v € H,, be the solution of

Ly =gu)—gv) in Q

=0 on 012, (37)

then w + 1) is a nonnegative £,-harmonic function vanishing on 92\ {0}. By [16, Theorem A]
there exists k* > 0 such that
L w ) )

= k*
z—0 7{} (x) ’

and
/ (w+ ) LiCdy,) =k e, ((0)  for all ¢ € X,(Q).
Q
It follows from (3.7) that this implies

ow(r)
in_% Pt (x) =k

and

/Q (w/JZC + C(g(u*) — g(v))) d’yf} = k*c,((0) for all ¢ € X,(9).
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Since u* = w + v and
/Q (vLiC + Cg(v)) dvit = /Q Cd(viiv*) + /a di(ﬁf})\*) for all ¢ € X,(Q),
we infer

/Q (wLh¢ + g(u)C) dryit = /Q (i) + /a di(ﬁsz*) + k*e,C(0)  for all ¢ € X,(Q).

(3.8)
The last assertion is obvious. O

Definition 3.1 The triplet of measures (v*,\*,k*do) is called the reduced triplet associated to
(v, A, kdo). If (v*, N*k*00) = (v, A\, kdp) the triplet is called g-good.

Lemma 3.2 Let (v, A\, k) and (', X, K') in 9y (,0) x My (9 B) x Ry If/ < X N <A
and k' <k and (v, \, k) = (v*, \*, k"), then (V' N k') = (V" \*, k™).

Proof. For £ >0, let ug = ug,,  be the solution of (3.2). We define similarly u) = uj , / /-

* Ik

Then u; < wy for any ¢ > 0. Then uy | v* and w), | v as £ — oo where u*u* are the
solution of (1.29) with sources (v*, \*,k*), (v/*, N*, k’*) respectively, and these convergences
hold in L(€2, p‘ld’yf}) by the previous proposition. Since (v, A, k) = (v*, \*, k*), then

Ly (ug —u*) + ge(ue) — ge(u®) = g(u”) — ge(u®),

and we deduce from Proposition 2.2 that

=+ [ lortun) = et nar? < [ (o)~ gt
Because [gg(ue) — go(u®)| < |ge(ur) = g(u”)| + g(u®) — ge(u”) we get

/Q\gz(w) — ge(u*)|ndvi} < Q/Q(Q(u*) — ge(u*))ndy;! =0 as € — .

Since g¢(u}) < ge(ue), it follows by Vitali’s theorem that g,(u}) converges to g(u*) in L'(£2, dvf}).
Letting ¢ — oo in the weak formulation of the equation satisfied by uj, we conclude that u'*
verifies

/Q (u*Li¢ + g(u™)C) dv) = /Q Cd(vi) + /6 Q(d(ﬂf}X) + K¢, (0) forall ¢ € X,(Q).

This implies the claim. U

As a consequence we have

Proposition 3.3 The triplet (v*, \*,k*do) is the largest g-good triplet smaller than (v, A, kdp).
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Lemma 3.4 Let (v, \, k) in EDLF(Q;%{}) X §m+(8§2;5§) x Ry. The two next statements are
equivalent:

(i) The triplet (v, \, k) is g-good.

(ii) For any € >0, 0 <k <k, (Ve, A, k') is g-good.

Proof. We recall that ve = x, v and A, A
(i) implies (ii) by Lemma 3.2.

Conversely, if (ve, Ae, k') is g-good for any € > 0 and k" € [0, k], let u, i be the solution of

= XBQnt

Lu+g(u) =ve in Q

3.9
u =\ + koo on 0N. (39)

Then map (€, k") — u, jr is nonincreasing in € and nondecreasing in &’. There holds

/Q (e £5C + glue)C) dy? = /Q Cd(x0ve) + /a CA(BEA) + e, C(0) for all € €%, (9).

From (2.40) we have that

/ (us,k’p_l + Q(Us,k’)??) d’}’fz < /nd(’YﬁVE) +/ nd(/ﬁfz)‘e) + k/cu sup 1.
Q Q o0 Q

Put u=  lim  wu.x. By the monotone convergence theorem,
(ek)—=(0.k)

[+ gtwm) i = [ ndoft)+ [ nd5EN) + keuno)

Therefore u, i — u in LI(Q,p_ld’yf}) and g(uer) — g(u) in LI(Q,d’yf}) as ¢ — 0%. Going to
the limit in (3.9) yields the claim. O
Remark. The previous result is a particular case of the following result: If {(v,, An, kn)} C
M (92 75}) x4 (09 ﬁf}) xR, is an increasing sequence of g-good triplet converging to (v, A, k) €
Em+(Q;7§) X 9ﬁ+(8§2;ﬁf}) x Ry, then (v, A\, k) is g-good.

3.2 Capacitary framework, good measures and removable sets

In the sequel, we set g(r) = g,(r) := |r|P~!r with p > 1. The following a priori estimate of
Keller-Osserman type is by now standard (see e.g. [21], [26]).

Lemma 3.5 Let p > 1, p € R, G C RY be a domain such that 0 ¢ G. There exist constants
A >0, B> 0 depending on N, p, u such that any compact subset F' of OG, possibly empty, and
any solution v of

L+ gp(v) =0 in G

v=0 on G\ ({0} UF), (3.10)

there holds

_ 2 _ 2
lv(x)| < Amax {\x! p=1 (dist (x, F) P*l)} + B  forall z €. (3.11)
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Proof of Theorem D. Since g, satisfies the uniform As-condition, i.e. K(|r|) is constant in
inequality (1.38), if (,0,0), (0,,0) and (0,0, kdg) are g,-good, then (v, A, kdy) is also g,-good,
and conversely. Assume now that (v, \,0) is g,-good, or, equivalently, for any € > 0, (v, A, 0),
is gp-good. Let u, be the solution of (3.9) with & = 0. Let Q. be a smooth domain such that
Q. cQ. C Q;. Then u, 1= u, LQ€ satisfies

Lt + gp(te) = ve in Q.
G =\ on 90NN, (3.12)
Ue = U on 9 N

Furthermore # is bounded in €. Hence the Green operator G=2+1l17? relative to Q. is

equivalent of the one relative to —A and ve € M4 (Q;p). Let Qer = {z € Qc : p(x) > t} and
Vet = Xg_, Ve The bounded measure v, ; is g,-good in €. From [3], this holds if and only if for

)

any Borel set K C (., N
Cap§p/(K) =0= v+(K)=0.

Assume now F C € is a compact set such that C’ap]gz,(E) = 0. Then C’ap]gz,(E NQs) =0 and
thus v (E N Qgt) = 0. By the monotone convergence theorem, it implies

lim lim v (E N Q) = lir% v (ENQ) =v(E)=0.
e—

e—0t—0

Similarly, using Marcus-Véron results on the boundary trace (see e.g. [26]) X is gp-good if and
only if A vanishes on compact sets E C 9€, such that Capﬂgj\;jl(E) = 0. Clearly A shares this
property. v

Conversely, if v (resp. A) vanishes on compact sets £ C Q (resp. E C 0Q) such that
C’apgg’z,(E) = 0 (resp. C’apﬂgj;,(E) = 0), then v4 (resp. A;) has the same property. Hence we
can assume that v (resp. S\) is nonnegative. Clearly v, (resp. A¢) shares also this property.
If 0 < t < e we denote by Qf a smooth domain such that Q. C QF C Q and Qf N B% =0
there exists an increasing sequence {v.,} (resp. {A¢n}) of positive bounded measures belong
to W=2P(Q) (resp. W_%’p(E?Q)) converging to v, (resp. A¢). The measures v, (resp. Acp)

are gp-good relatively to the open set Qf. Therefore there exists a sequence of solutions {ae ¢}
satisfying weakly

ﬁlﬂlﬁvtn + gp(ae,tn) = Ven in Qr
ﬂe,tn = Ae,n on 0N 89: (313)
Uetn =0 on 9QF N Q.

Letting n — oo, we infer that . s, increases and converges to the solution . s of

Lylics + gpl(ties) =ve  in Qf
Uep = Ae on 09N oY (3.14)
Uey =0 on 09 N
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For 0 <t <t, @ey > ey, hence t := lim+ e, satisfies
t—0

/Q (L3¢ + gple)C) dy? = /Q Cd(Pve) + /8 (). (3.15)

for all ¢ € XQ which vanishes in a neigborhood of 0. We end the proof as in Theorem B. We
first obtain that U, satisfies (3.15) for all ¢ € X , and then we let ¢ — 0 and conclude that

u := lim 4, satisfies
e—0

L+ gp(u) =v in Q
U=\ on 012,

hence (v, ) is g, good. O

(3.16)

Proof of Theorem E. A particular case of Theorem FE that we will prove in Theorem J is
that 0 is a non-removable singularity if and only if 1 < p < pj, for any u > py and N > 2, or
p>p, with N >3and p<1-N.

(i) Assume K C Q is compact. It follows from [3, Theorem 3.1] that Caplsg,(K ) =01is a

N

necessary and sufficient condition for K to be removable for the operator £, (and p > §=

otherwise K is empty).
(ii) Let K C 0\ {0} be compact and, for € > 0, K, = {x € Q : dist (z, K) < €}. Assume u is a
function belonging to L'(Q\ K, p‘ld’yf}) NLP(Q\ K, d’yf}) for any e > 0 satisfying

/Q (ulC + gp(u)C) dyu(z) =0, (3.17)

for any ¢ € X,(f2) vanishing in a neighborhood of K. Taking a test function ( € C?(Q)
vanishing on 02 and in a neighborhood of K we infer by standard regularity theory that u €
C%(Q2\ (K U{0}) is a strong solution of £,u+ g,(u) = 0 in © which vanishes on 9Q\ (K U{0}).
Let G C 2 be a smooth domain such that K is interior to 0G N 9N relatively to the induced
topology on 9 and such that 0 ¢ G. Then p|z|~2 is bounded in G. Then there exists a > 0
and b € R such that

gp(u) + plz|2u > aul —b.

Set m = max{uy(xz) : x € 0G N Q}. Then implies that v = <u—m—

/N

1
b—) v > satisfies

a

—Av 4+ avP? <0 in G and vanishes on 0G \ K. Since C’apﬂgj\;:l(K) =0 (and p > {+1 otherwise
p?
1

K is empty), v = 0 by [24, Theorem 3.3], which implies u < m + (bf " in G. Similarly u is
bounded from below in G and it follows that (3.17) holds for all ¢ € X,(€2). Hence v = 0 by
uniqueness.

Conversely, if Capﬁgg];:l(K ) > 0, then there exists a capacitary measure A\x belonging to

p’

2 —
W™ »P(9Q) with support in K (see [1, Chapter 1]). Since A\ vanishes on Borel set with Cap[gj\;, .
p ’.
capacity 0, it is gp-good and there exists a solution u to

Lyu+ gp(u) =0 in Q

3.18
U= \g on Of). ( )
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Hence u satisfies (3.17) for all ¢ € X,(€) vanishing in a neighborhood of K. Hence K is not
removable.

(iii) If K € Q\ {0} is such that Cap2 o (K NOQ) > 0 then K NN is not removable by (ii).

If C27p,(K N Q) > 0, then there exists an increasing sequence of compact sets K,, C K N Q such

that cgz,(Kn) > 0. Hence K,, is not removable, and clearly K inherits the same property as it

contains K.

(iv) If 0 € K € 992 and K \ {0} # () and assume that any solution of (1.40) is identically 0, in

particular any solution which vanishes on 9\ {0} is zero. By Theorem J this is ensured only if

p>p,. If Cap]%]\;l (K) > 0, then either p < {+1, thus K \ {0} contains at least one point which
p7

is not removable, or p > Y+, and since C’ap2 . KN\ {0}) = C’apRN "(K) > 0> 0, there exists

a compact subset K’ C K \ {0} such that C’apgp, "(K') > 0. Hence K’ and therefore K, is not

removable. This implies that if K is removable one must have p > p,, and Cap%ZTI(K ) =0.
p7

Conversely, if p > p;,, we will see at Theorem J that there exists no nonzero solution u €
C(Q\ {0}) of L,u+ gp(u) = 0 vanishing on 92\ {0}. For 0 < t < e we set K; = {x € Q:
dist (z, K) < t}, K5 = K; N BS, and Q. = Q\ K. We denote by v, the maximal solution of
Lyu+ gp(u) =0 in Q;  which vanishes on 99 \ K ; hence it blows-up on 0K, and it can be
easily constructed by Lemma 3.5 by approximation with solutions with finite boundary value
on 0K;.. We also denote by w, the maximal solution of the same equation in Q. := QN EE
which vanishes on 9 \ B.. It blows up on 9B, N Q. If u is a solution of (1.40), it is dominated
in Q\ (Ft,e U B.) by the supersolution Ve +we. When t — 0, v converges to the function vg ¢
which satisfies the equation in € and vanishes on 02 \ K. Since 0[51;71(1( ) = 0, there holds

o
c§N71 (K N Bs,) =0. Therefore vy = 0. When € — 0, w, decreases and converges to a solution

P ).
of the equation in 2 which vanishes on 99\ {0}, hence this limit is zero and consequently u = 0.

(v) If0 € K € Q and K \ {0} # 0 and any solution of (1.40) is identically 0. Then p > pj, as
in (iv). Since K N Q # () then any point in K N Q is a removable singularity, hence p > %
(which implies p > ). If CIEZ,(K N Q) > 0, there exists a compact set K’ C K N such
that c]gzl(K 'Y > 0. Then K’ is not removable by Theorem D, hence K is not removable too. If

RNl

cs 2, (K No) > 0, then K is not removable as in (iv).

Conversely assume that p > py, c2p (KNQ)=0, CRN "(K N oY) =0 and u satisfies (1.40).

For 0 < t < ¢, we define K; = {x € Q : dist (z, KHGQ) < t}, Kye = K; N B§, as in (iv) and
Kie={zxcQ:dist(z, KNQ) <t}n{z € Q:dist(z,00) > 2¢}. The functions vy, and w,
are defined as in (iv). We also denote by @ the maximal solution of £,, + g,(u) = 0 in Q\ K;
which vanlshes on 9. Then u < vy + U + we in Q\(KtEUKtEUB When ¢t = 0, v, — 0

since cz o (KNBENON) =0 and Up,e — 0 since 62 (KN {z e Q: dist (z,00) > 2¢}) = 0.

Hence u < w, and we conclude as in (iv) by letting € — 0. 0
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4 Isolated boundary singularities

The study of boundary isolated singularities is based upon a technical framework which has
been introduced by [20] in the case u = 0. For the sake of completeness we recall this formalism,
adapting it to our framework. Up to a rotation we assume that the inward normal direction to
N at 0is ey = (0/,1) € RV~! xR and that the tangent hyperplane to 9 at 0 is ORY = RN 1.
For R > 0 set B, = {2/ € RV~ : |2/| < R} and Dr = Bj x (—R, R). Then there exist R > 0
and a C? function 0 : B}y — R such that 90N Dg = {z = (2/,zy) : xy = 0(2) for 2’ € By}
and QN Dr = {z = (¢/,2n) : 0(2') < xy < R}. Furthermore VA(0) = 0. Define the function
O =(01,...0y)on Drpby y; =0j(z) =2;if 1 <j < N—1and yy = On(x) = zny — 0(2').
Since DO(0) = Id we can assume that O is a diffecomorphism from Dp onto O(Dpg). Let z be
the harmonic extension of h in Br N €2 vanishing on 2 N dBr and set

u(z) — z(z) = aly), z(z) = Z(y) for all z € D}, = B x [0, R). (4.1)

Denote by (r,0) € (0,7) x S¥=1 the spherical coordinates in RV and set

2
u(y) =a(r,o) =r"%(t,o), 2(y) = 2(r,o) =r *Z(t,0), t=Inr, a = pRE (4.2)
Then v is bounded and satisfies the following asymptotically autonomous equation in (—oo, ¢] X
sy
(1 +e(t, )y +(N—-2—-2a+e(t,) v+ (ala+2—N) —pu+es(t,)) v+ Av
+ (Vv ea(t, ) + (Vv es(t, ) + (V' (Vv en))s e6(t, ) + u2 — o+ 2P~ (v + 2) = 0,

(4.3)
where A’ is the Laplace-Beltrami operator on S™V~! and the €; satisfy the estimates
l€(t, )] 4 [Dhe (8, )| + Ve (8, )] < eare’ (4.4)
As for Z it verifies
|IZ(t, )| + 0 Z(t, )| + V' 2(t, )| < cr7e™. (4.5)

This is due to the fact that |#(2")| = O(|2’|?) near 0. Furthermore, standard elliptic equations

theory implies that there holds, if &+ ¢ < 3,

AAVASY
otk

(t,')‘ <cpg in (—oo,mo] x SY . (4.6)

Proof of Theorem F. We denote by S, , the set of functions satisfying

~Aw+ (a(N—-2—a)+p)w+gyw)=0 in SH!

4.7
w=20 on 8Sf_1, 4.7
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_ 2
where a = =

(i) If w is a solution it satisfies

0= /N1 (|V'w* + (a(N — 2 — a) + p) w? + [w[PTh) dS
o (4.8)
>/N 1 (N =1+ (a(N—2-a)+ p)w?+ |wPth)ds.
Sk

If N—1+a(N—-2—a)+p >0, then necessarily w = 0. Next we have the following equivalences

N—-14a(N-2-a)+p>0<= —ar <a<—a_
e
{ (i) either p>1— -2 =D (4.9)

(ii) or 1<p§1—%:pz* provided N >3 and pu; <pu<1-—N.

(ii) By minimization S, is not empty if the conditions (i) or (i) of Theorem F are fulfilled,
in which case S, ;, has a unique positive element (see [20] for a similar situation). This unique
positive element is denoted w,.
(iii) The last statement follows an idea introduced in [31]. The hupper hemisphere admits the
following representation

Sﬂ\:_l = {x = ((sin@)o’,cos @) : 0’ € SN2 p € (0, g)} .

SV=1 can be decomposed as

dS(o) = (sin )N 2dS' (0" )d¢
where dS’ is the surface measure on SV =2, If h(c) = h(o’, ¢) is defined on SV, we put
1
"(¢) = e (o', ¢)dS'(o").

SN-2

The surface measure dS on

h
Let w be an element of S, ,,, then, by averaging (4.7),

—_—

/SN1 (—A’(w — @)+ (N = 2= a) + 1) (w = 7) + (gp(w) — g (@] ) ) (w — &)dS = 0.
By monotonicity

/Swl (99() = 97 ) (0~ )i = /S oo () = (@) (o = S

+

> 9l /S w—wras.

+

The function w — @' is orthogonal to the first eigenspace of —A’ in HO1 ’2(81}: ~1). Since the second
eigenvalue of —A’ in Hé’z(Si\_f_l) in 2N, we have

—I\ A —/ —/\2
_/SN1(w—w)A(w—w)d522N/Sf1(w—w) ds.

+
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Hence
/N 1 ((a(N —2—a)4+p+2N) (w—-)°+21P|w - w’|p+1> ds <.
N

+
Hence, if a(N —2 —a) + p+ 2N > 0 it follows that w — @’ = 0. The polynomial

Py(X):=X*+(2-N)X —pu—2N

admits two real roots provided p > —(%)2 = uo, which are expressed by

N N
a—:§_1+M7 a+:§_1_M7

and

2 2
P|— | <0<« < —F<a_.
2(!)—1)_ R

Note that ara_ > 0 if and only if —2N > p. Furthermore P(—a_) < 0 and Py(—a4) < 0.
Then there holds

(1)) fu>1—-N then ay < —ay <0< —a- <a- = p;, <p},
(i) it N>3& —2N <pu<1—N then ar <0< —ay <—a- <a- = p, <p, <p,,

(4i1) f N >9 & g < p < —2N then 0 <ay < —ay < —a- <a- = p, <p, <p,; <D,
where, we recall it,

£ 2 ~k 2 ~kXk 2 Kok 2
p“:]*_a__7 p/»‘:1+a__7 plu,zl—'_Z? pu:]*__

Therefore w — @’ = 0 if the following conditions are satisfied
(i) when p>1-N and p; <p<pj,
(49) when N >3, —2N <p <1— N and eitherp;, < p < pj, or p;* <p, (4.10)
(¢i1) when N >9 and p; < p < —2N and either pj, < p < py, or p;* <p <p,".

If one of the above conditions is fulfilled, w depends only on the variable ¢ € [0, 7]. It satisfies

—%_qu (wosin¥=2 )+ (a(N =2 —a) + p)w + gp(w) =0 in (0,5)

sin (4.11)

we(0) =0, w(F) = 0.
Define the operator

Sin

B(w) = _%2(25 (SinN_2 ¢¢¢)¢ )

among functions 1 in the space Hg C C%([0, Z]) satisfying ¢4(0) = 0 and ¢(%) = 0. The first
eigenvalue of B in Hp is N — 1 and the second in 2/N. Since g, is nonnecreasing, it is known
(see e.g. [5]) that the constant sign solutions w, and —w, lie on a branch of bifurcation issued
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from N — 1 and there exists no other bifurcation when the parameter a(N — 2 — a) + u belongs
to (N — 1,2N]. This implies S, = {wp, —wp, 0} and ends the proof. O

For proving Theorems G, H, I, J we recall here the following technical results [20, Theorem
5.1] related to the solutions of (1.41) satisfying

lim || 7 Tu(z) = 0. (4.12)

x—0

The statement is easily adapted from the one of the above mentioned theorem. We denote by
A = {k(k+ N —2: k € N*} the set of eigenvalues of —A’ in H"0(SY™!). Any separable
L,-harmonic function in RY vanishing on 9RY \ {0} endows the form

x = u(z) =ulr,o) = r**og(o) (r,o) € Ry x Sf_l, (4.13)
where ¢ € ker(A’ + A1) and ap= ap_ or ag, the smallest and the largest root of
&+ (N=2a—-X\,—pu=0, (4.14)

which exist for some k£ > 1 if and only if p > pp := pu1 + N — 1 — Ai. Note that oy < 0 for all
k € N* and ag4 < 0 if and only if g > —Ag (which imposes N > 8k(k + /2k(k — 1))).

Theorem 4.1 Assume pp > p1, 1 < p < pj, and h € C3(09Q). If u e C(Q\{0}) NC%(Q) is a
solution of (1.41) satisfying (4.12) and

(A) either u_(z) = O(|x|_P%1+5) near x =0, for some 6 > 0,

(B) or N =2 and Q is locally a straight line near x =0,

(B) or —p%l is not equal to some ay_ for some k € N*.

Then

(i) either u is the weak solution of (1.42),
(ii) or there exist an integer k € N* such that —ag_ < p%l and a nonzero spherical harmonic
Y of degree k such that

lim r**=a(r,o) = ¥i(0). (4.15)

z—0

4.1 Proof of Theorems G, H, I and J

Because of (4.6) the negative trajectory of v in C&(Sﬂ\: ~1) which is defined by

T-(v)= |J {vt)}, (4.16)

t<rg—1
is relatively compact in the CQ(SJJ\: ~H-topology. The limit set &, of 7_(v) at —co defined by
casy™h

&= 1 U} , (4.17)

T<rog—1t<r
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is non-empty. Since 1 < p < p;, and p > pq, there holds

N +2

Thus the coefficient of v; in (4.3) is not zero (asymptotically, when ¢t — —oo0). Then energy
damping holds and, in the same way as in [20] up to a shift of x in the coefficient of v in (4.3),

we obtain !
ro—
/ / vZdodt < co. (4.19)
—00 Sif*l

Combining this estimate with (4.6) and some standard manipulations (see [20]) implies that
et Mg g, + et M s, >0 as ¢ = —oc.

Hence &, is a compact connected component of S, .

Proof of Theorem G. If w is nonnegative, either &, = {w,} and (1.47) holds or

lim _{[o(#,.)]]

t——00 cxsih

—0 ast— —oo. (4.20)

If this holds, it follows by Theorem 4.1-A that either u = 0 or (4.15) is verified for some k > 1.
Since any spherical harmonics of degree at least two changes sign k& must be equal to 1. Then

w(x) =L, (x)(1+0(1)) asx —0,
which is (1.48). O

Corollary 4.2 Let iy < p and 1 < p < p;. Then for any h € C3(Q0), h > 0 there exists only
one solution of (1.41) with a strong singularity at x = 0, that is satisfying (1.47).

Proof. It is a consequence of Theorem G that the limit of ugs, , of the solution of (1.49) when
¢ — o is a solution which satisfies (1.47). The method of proof of uniqueness is due to Marcus
and Véron [23]. The minimal solution of (1.49) with a strong singularity at x = 0 is defined by

Uso = lim s, p-
/—00
For constructing the maximal solution we define the sequence %, j, of solutions of

L, 5+ 9p(Tnp) =0 in QNBL
Upp = h on 02N BS (4.21)
ﬂn,h:cnﬁ on Q\ 0B,

where ¢ > 0 is some constant large enough. Then ws, ;, < Uy . By convexity there holds

Up,h — Upsg,h < Un,0 — Ugso,0-
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By monotonicity {@y, 5} decreases and converges to the maximum solution s j of (1.47) and
there holds

Uoo,h — U h < Uoo,0 — Uoo,0-

Furthermore, by (1.47), there exists K = K(p, u, ) > 1 such that
EOO,O < KQOO,O' (422)
then, again by convexity, the function

1
U= ﬂoo,O - ? (goo,(] - ﬂoo,O)

If we assume that Us 0 > Uy

is a supersolution for problem (1.41) smaller than u, o. The function

is a supersolution of the same problem (1.41) smaller than U. By a classical result valid for a
wide class of quasilinear equations there exists V' solution of the problem such that U* <V < U.
In particular V' has a strong blow-up at z = 0 and it is smaller than the minimal solution u_,
contradiction. g

Proof of Theorem H. Since &, is a connected subset of the discrete set S, ;, which has three
connected components ({wp}, {—wp}, {0}) by Theorem F-(1) either (1.50) or (4.12) holds. Since
P> P —I% which necessarily larger a;_ satisfies either 1% < ag_ or, if 1% > a4 in the
case N > 9 and p < —2N and p%l is not equal to any ay_ or ag4 for k > 2 by the equation.
Hence, by Theorem 4.1, (1.48) holds. O

Remark. If p = py, or p = p;* the method shows that either (1.50) or (4.12) holds. Since it is
the spectral case always difficult to handle we cannot prove that (1.48) also holds, a fact that
we conjecture.

Proof of Theorem I. The two statements obey a totaly different approach.

Statement 1- is a consequence of the theory of analytic functionals developped by in [29], [30]
and applied to Emden-Fowler equations in [6]. The key point is to consider the equation (4.3)
satisfied by v(t,.) = T‘_P%l’fb(r, o) in (—o00,m0) x SY ! and to verify that, as a function of v, it is
real analytic. Hence p must be an odd integer. If 1 < p < pj, the only possibility is p = 3 which
is in the range if N +4./p— p1. If p <1— N and p > p;;* there are infinitely many possibilities
for p.

Statement 2- The convergence to one element of S, , follows from the fact that this set of
solutions of (1.54) is discrete. If 9 is locally a close graph near 0 the paper [13] which use
Sturmian arguments and the Jordan closed curve theorem. If w = 0, as quoted in [20, Theorem
5.1-C2] we perform a reflexion through 92 near 0 and apply the result of [13, Lemma 2.1], the
shift of the coefficient by u playing no role. O

Proof of Theorem J. Since p > 1, any solution u of (1.41) satisfies the estimate of Lemma 3.5
under the following form

lu(z)| < Alz| 71 forall z € O\ {0). (4.23)
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If p > pj,, then —p%l > a_, therefore u(x) = o(¢,(x)) near x = 0. Let uy be the solution of

L+ gp(u) =0 in Q

(4.24)
u=hy on Of).

For any € > 0, uy + €¢, is a supersolution of £,u + g,(u) = 0, larger than u near x = 0. Then
that v < uy + €9, and, letting € — 0 then u < wy. Similarly u is larger than —u_ — e¢,,, where
u_ is the solution of (4.24) with h4 replaced by h_. Letting ¢ — 0 yields —u_ < u < uy. It
follows by the method of Theorem B that w is the weak solution of (1.42).

If p=pj, and p = pq, then similarly u(z) = o(¢,(r)) near x = 0 and the result follows by the
same method.

Finally, if p = pj, and p > pg, then (4.18) holds. Using the variable t = Inr and v(t,.) =

2
rr=14(r,.) we obtain from the previous energy method that

&y CSup ={0}.

Hence u satisfies (4.12). Since p = pj,, p%l = —a_. Hence u = o(¢,) near 0 and the conclusion
follows as in the previous cases. O
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