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Robust Mismatched Filter for Off-Grid Target

Olivier Rabaste, Member, IEEE, and Jonathan Bosse

Abstract—In this letter, we consider the robustness of the
mismatched filter in presence of off-grid target. Since for an off-
grid target, the received sampled signal differs from the on-grid
signal, the mismatched filter as optimized in the literature is not
optimal anymore, and in particular may present a deteriorated
sidelobe level. We propose here a general optimization program
enabling to get an optimal mismatched filter - with respect to the
Integrated Sidelobe Level (ISL) - within the resolution cell. We
detail then the resulting solution in two particular radar cases,
namely a Doppler steering vector and a linear chirp signal. In
both cases, the proposed solution involves the Discrete Prolate
Spheroidal Sequences. Simulation results show that this solution
indeed provides the best ISL in the resolution cell.

Index Terms—Mismatched filter, Off-grid target, ISL

I. INTRODUCTION

HE matched filter is both the filter that maximizes the
Signal-to-Noise Ratio for a target buried in Gaussian
noise, and the Generalized Likelihood Ratio Test solution to
the detection problem involving a single target with unknown
amplitude and Gaussian noise [1]. In radar applications, it
consists in correlating the received signal with different copies
of the transmitted waveform, these copies differing from one
another by the value of a given target parameter that may be
for instance delay, Doppler shift or beam angle. However this
matched filter often presents high sidelobes that may prevent
weak target detection in the presence of strong targets or
clutter. A possible solution to this sidelobe problem consists
in replacing the matched filter by a different filter providing
lower sidelobes, at the expense of some loss in processing
gain, and possibly in some cases a wider mainlobe [2], [3].
This mismatched filter approach has been extensively stud-
ied in the literature [2], [4], [5]. When considering a sampled
waveform corresponding to a given target parameter, it has
been shown that the problem of optimizing the mismatched
filter with respect to the PSLR (Peak-to-Sidelobe Level Ratio)
or the ISL (Integrated Sidelobe Level) objectives can be cast
as a convex optimization problem under convex constraints
[6]-[9], so that an optimal solution can be retrieved using
interior point methods [10]. This solution is however optimal
only for the corresponding sampled waveform. As soon as
the target backscattered sampled waveform differs from the
considered signal vector, the optimized mismatched filter is
not optimal anymore and may on the contrary present higher
distorted sidelobes. This problem may arise as soon as the
target parameter does not belong to the sampled parameter
grid, which is generally provided by the parameter resolu-
tion: for instance, in radar applications, for delay processing,
waveforms are generally sampled at a sampling rate of the
order of the inverse of the transmitted bandwidth; for Doppler
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processing, the Doppler frequency shift is sampled at the
inverse of the integration time. This is known as the off-grid
target mismatch [11], [12].

Classic radar waveforms continuously depend on the delay
parameter. This is the case of the extensively used “chirp”
signal: sampling this chirp signal for two different delays
within the same resolution cell indeed leads to two different
sampled vectors. As for the Doppler shift, physical laws
provide a steering vector with linear phase that continuously
changes within the Doppler resolution cell. Off-grid target
parameters may thus lead to deteriorated sidelobes, as well
as extended targets composed of several unresolved reflectors
or diffuse clutter. This problem should thus been taken into
account when designing a mismatched filter. However, to our
knowledge, it has never been addressed in the literature, except
for a first attempt by the authors in [13] where the considered
mismatched filter optimization program was set as a min-
max optimization program on the sidelobe levels observed
on a given set of off-grid hypotheses within the resolution
cell, and the proposed - simple - solution was to reformulate
this optimization program by adding additional constraints
corresponding to these sampled values.

In the present article, we consider the more general problem
of an ISL-based mismatched filter optimization that is robust
to any off-grid mismatch or spread target/clutter within the
resolution cell, in the sense that any given off-grid point-
like target contribution will provide low ISL whatever its
location within the cell. After a brief general mathematical
presentation of the problem at hand and the proposed general
solution based on a point-like target model, we will derive the
corresponding optimal solution for two different waveforms,
first classic phase steering vector considered in several appli-
cations (spectral analysis, Doppler radar analysis) and second,
chirp signals. Interestingly, we show that the optimal solution
involves in both cases well-known Discrete Prolate Spheroidal
Sequences (DPSS) vectors [14] already encountered in many
applications [15]-[19] and in particular in radar applications
when dealing with off-grid/unresolved radar targets [11], [12].

This paper is organized as follows. In section II is presented
the proposed general optimization program for robust mis-
matched filter. Then in section III, we focus on the derivation
of the objective function in two particular cases. Finally in
section IV are provided some simulation results.

II. MISMATCHED FILTER

A. Classic optimal filter computation

Let us consider a general radar setting where the transmitted
signal is backscattered by the target with an unknown param-



eter 6 (for instance a delay, a Doppler shift or a beam angle).
This signal can be represented by the /N x 1 vector

s(0) = [51(0),52(0),...,s5(0)]",

where -7 denotes the matrix transpose, and where N may
correspond to the number of time samples, pulses or antennas,
according to the considered parameter.

Let us first assume that the target is located at the center
0o of one resolution cell. The optimal mismatched filter
for processing such a signal vector should provide the best
possible correlation output, i.e. maximum energy for the signal
vector s(fy) - namely the filter mainlobe -, while minimum
output for other hypotheses - namely the filter sidelobes.
The different hypotheses considered represent a grid in the
parameter space. They are generally sampled at the resolution
size A to limit computational cost and memory size, and
also to preserve orthogonality of the filter outputs. Stacking
all these different hypotheses into a single matrix A(6y), the
output of a mismatched filter q of length K can be written:

y(6o) = A(bo)q, (D

where ~ _
st (0y — QiA)

SH(90. - A)
s (6o)
st (90 + A)

_SH (90 + QT‘A)_
is of size () x K where K is the length of the mismatched filter
q and Q = @Q; + @, + 1 depends on the parameter involved,
since the structure of matrix A(fy) differs according to the
parameter. Note that replacing q in (1) by s(f) provides the
output of the filter matched to signal s(6).

The optimal filter for the ISL criteria can be obtained by
solving the following constrained optimization problem:

ming  [[Fy(6o)ll3 (Obj)
s.t. st (00)q =s(6)s(6py), (Cg) 2)
q’q < a s (0)s(6), (Crra)

where F is a diagonal matrix containing ones on the diagonal
except for zero values at entries corresponding to the mainlobe
[5], [9]. The objective (Obj) represents the integrated energy
of the sidelobes of y(fy), the first constraint (C'r) enables to
discard the trivial all-zero solution, and the second constraint
(CLpc) enables to ensure that the Loss-in-Processing-Gain
(LPG) is at most equal to —10log;y a dB [9].

When the second constraint is discarded, the optimal solu-
tion is expressed analytically as [5]

_ (6"(B0)s(0)) (AT (00)FACD)) " slbo) o
C sT(00) (AT (00)FA(%0) ' s(60)

On the contrary, no analytical solution exists when the second
constraint is considered, but the program is convex and can
be solved efficiently by a classic convex solver, such as
CVX, a MATLAB package for specifying and solving convex
programs [20].

B. Robust ISL optimal filter within the resolution cell

Solution to the optimization problem (2) provides the opti-
mal ISL when the received signal is exactly s(6y). However, in
practice, parameter ¢ is not known, and thus the mismatched
filter computed for specific value 6 is not optimal anymore for
any other value in the set O = [0 — A/2,00 + A/2]. The
difference between signals s(6p) and s(6) may be sufficiently
important to observe a dramatic deterioration of the sidelobe
level. The aim of this article is thus to develop a mismatched
filter that minimizes the overall sidelobe energy within the
resolution cell. This corresponds to finding the filter that
minimizes the ISL for a target or clutter uniformly extended
in the resolution cell, or that minimizes the mean ISL for
a point off-grid target with unknown parameter 6 uniformly
distributed in the resolution cell.

In order to obtain a filter robust on the resolution cell, the
proposed optimization program is:

ming [Eg [HFY(H)HQ
s.t. st (0g)q = s (6p)s(6p), (4)
qa”q < a s”(6)s(6o),

where the two constraints enable to discard the trivial solution
and to limit the LPG provided by the filter for parameter value
6. We consider here that 6 is uniformly distributed over O,
reflecting the lack of prior information on 6. Exploiting this
assumption and the linearity of the expectation provides:

B [IPYO)3] « [ IPy©)3d0 = a"Mo,,a

cell

with Mg =

cell

A (9)FA(6) df . Assuming that matrix

. J Ocell .- . .
Me,_,, is hermitian and positive definite, it can be expressed
by means of its square root Mgi” so that Mg

12 7 1/ . .
(M@w”) Mg ,,- In that case, the objective of the opti-
mization program (4) is convex and can be written

Eo [[IFy(0)II3] = IMg? all3,

so that (4) can be solved efficiently, either analytically if only
the first constraint is considered, in which case the solution is
provided by (3) where A (6y)FA(6)) is replaced by Mg __,,,
or by means of a convex solver if the LPG constraint is
also considered. Thus the optimal mismatched filter can be
obtained as soon as matrix Me_,,, is known, and the solution
complexity is similar to the classic on-grid mismatched filter.

cell

III. COMPUTATION OF Mg__,,

We detail here the computation of Mg__,, in two cases.

cell

A. Steering vector for spectral or Doppler analysis

We first consider the common pure phase steering vector
case encountered in several applications (spectral analysis,
Doppler radar analysis from pulse trains, phase arrays, ...).
In such a setting, assuming the considered vector is of length
N,, the resolution is given by A = 1/N,, and the steering
vector provided by a Doppler shift 6 is expressed as:

s(0) = |1, .. .,ejw(fvp—l)r. )



In such a setting, all possible steering vectors are defined by
parameter 6 € [0, 1]. Sampling the parameter 6 at period A,
it follows that only IV, steering vectors should be considered,
belonging to the grid G = {0, A, 2A, ..., (N, —1)A}. Then,
for a given off-grid shift 60 defined in interval [—A/2, A/2],
the n™ row A,,(00) of N, x N, matrix A(50) is:

Aa(80) =
= st (nA +69).

Straightforward calculation enables to show that the (k,n)
entry My, ,,(66) of matrix M(60) = AH(50)FA(50) then
writes

[17 gI2m(nA+80) =2 (Ny—1)(nA+60)

M (660) = My, , (0)e? 27 (k=98

where matrix M(0) = A (0)FA(0). Then it directly comes
that matrix Me_,,, is equal to

Me,,, = M(0) ® P(N,), ©6)

where notation © stands for the component-wise multiplica-
tion while the (k,n) entry Py, ,,(z) of matrix P(z) is

Pin(z) = /A ei2n (=180 450 — L e <k - ") )

x T
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Interestingly, this matrix is well known in signal processing
because its eigenvectors correspond to the Discrete Prolate
Spheroidal Sequences (DPSS) vectors [14].

Note that a consequence of (6) is that, when q is computed
for a given 6, then the solution q’ of (4) when the constraints
are defined for ) # 6, is given by @' = q © s(6, — 6p).

B. Chirp signal

Let us now consider the case of a delayed chirp signal, that
can be described as the (centered) baseband continuous signal

. B 42
e(t) = ™I I, (1),

where B is the chirp bandwidth, T}, the pulse duration and
II7, (t) the application equal to 1 if ¢ €]0, T}, and 0 otherwise.
In that case, the parameter of interest is the delay, and it is
possible to chose a mismatched filter of length /K longer than
the number of signal samples N. Considering that the received
signal is sampled at the sampling period A = 1/B, the corre-
lation matrix to consider for a given off-grid delay §6 defined
in the interval [-A/2, A/2] is then of size (K+ N —1) x K
and can be expressed as

red) 0 0 7
c(t¥)
c(t3?) 0
c(t9’)  e(t3?) c(ty) 0 0
Ao O ) D)
’ et 0
0 0 c(ty’) c(t3”) c(t¥)
0 c(t]’) '
' c(t3?)
L 0 0 ()]

where 5 = A /2 +nA — 66 corresponding to the time of the
n'™ sample and we have chosen here, for simplicity of compu-
tation but without lack of generality, that for 660 = 0, samples
are taken at time samples ¢ = {A/2,2A/2 ... NA/2}.
Entries of A*(66) are complex conjugates entries of A(d6).

Calculating matrix M(60) = AH (60)FA(560) leads to the
fact that its (k,n) entry My, ,,(00) is given by

M, (6) = M, (0)e7 27 =00/ T
where again M(0) = A® (0)FA(0). Thus it follows that
Me,,,, = M(0) © T,P(BT,), )

where the (k,n) entry of matrix P(O.¢;) is defined in (7).
Again matrix Mg__,, can be expressed by means of the DPSS
vectors.
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IV. SIMULATION RESULTS

In this section, we will present simulation results in order to
compare the performance of the proposed filter with existing
solutions from the literature. We compare the proposed off-
grid robust mismatched filter, denoted “OG-RMMF”, with
the classic matched filter (“MF”), the Hamming window
(“Hamming”) and the mismatched filter proposed by the
authors in [13] that deals with the off-grid problem in a
suboptimal manner by adding off-grid constraints. This last
filter, denoted “OG-MMF Ls”, is computed here for 5 off-
grid constraints uniformly spread on O..;;. Both mismatched
filters are computed with a constraint on the LPG equal to the
LPG provided by the Hamming window (provided in Table I).

We first consider the case of steering vectors for spectral
analysis. The processing filter q (that can be any of the
previously considered filters) is computed for a given on-grid
0o. We present in Figure 1 its response when the received
sampled signal is of the form s(fy + 06) where 6, belongs
to the grid, i.e. 6y € G = {0,A,2A,..., (N, — 1)A} and
where the target may be either “on-grid” (case 66 = 0) or
“off-grid” (target located near the edge of the resolution cell,
case 06 = 0.45A). The output of filter g for such a target
is provided by the different inner products ||s (6 + 66)q||?
where parameter 6 takes all possible values in the grid G.

Note here that since the grid G is sampled at the resolution
cell, in the case of the matched filter, the different vectors
s(f) correspond to the Fourier basis and are thus perfectly
orthogonal to s(6y), except for § = 6y. As a well-known
result, we thus observe a delta Dirac in 66 = 0 for the MF in
Figure 1. This perfect peak is strongly degraded in the case
060 = 0.45. It appears on that figure that the two mismatched
filters considered provide nearly similar performance, with
the proposed “OG-RMMEF” filter being slightly better because
it is optimized on the whole resolution cell while the “OG
MMF Ly” is optimized only on a finite discrete set of off-grid
locations. Overall these two filters provide better sidelobe level
than the Hamming window except in the on-grid case.

Considering the ISL itself, we compute by numerical simu-
lation (on a thin grid) the mean ISL over the whole resolution
cell, which is provided by

Ey [ISL] = /

Ocell

IEy (©)]3 de.
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Fig. 1. Output ||s™ (6 + §6)q||? for different filters q (matched or mis-
matched) versus 0 € G = {0, A, 2A, ..., (Np —1)A}. The target is located
in cell fp = 50, and is either “on-grid” (case 66 = 0, represented in straight
line *-”) or “off-grid” (case 66 = 0.45A, represented in dashed line ’- -’).
Np = 100. Case of a steering vector for spectral or radar Doppler analysis.
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Fig. 2. ISL performance versus N, for different reception filters. Case of a
steering vector for spectral or radar Doppler analysis.

Results presented in Figure 2 that represents the ISL evolution
with respect to the number of pulses NN,, corroborates the
previous observations, i.e. the proposed robust mismatched
filter outperforms classic filters such as the matched filter or
the Hamming window filter. Note that the mismatched filter
performance is obtained for a mainlobe slightly smaller than
the one of the Hamming window, and for an LPG slightly
smaller also: the LPG is equal to 1.35 for the Hamming
window and is equal to 1.10 dB for the “OG-RMMF” filter;
thus interestingly here, also the LPG is constrained to be equal
to the LPG of the Hamming window, the optimal solution
provides still a smaller LPG.

A similar comparison study is performed in the case of
a chirp signal. In that case, the length of the mismatched
filter can be chosen to be greater than the length of the
signal, and thus we set it here to K = 3N. In addition

10
:"K\s*‘L
5»;\_ ®—6—6—6—6—6—c—0—0——c—6—0
F\ —e—MF
& —+—Hamming
2 Of MMFL,
S - - ~OG-MMFL,
2 .| —=—0G-RMMF
-5 w OG-RMMF+ LPG
-10+
_15 1 1 1 1
0 200 400 600 800
BTp product

Fig. 3. ISL performance versus BT}, product for different reception filters.
Pulse duration: T, = 50 ps. Chirp signal case.

BT, 50 100 200 500 800
Hamming 1.282 | 1.313 | 1.329 | 1.338 | 1.341
MMF Loy 1.282 | 1.313 | 1.329 | 1.338 | 1.341

OG-MMF Lo 1.282 | 1.313 | 1.329 | 1.338 | 1.341

OG-RMMF 1.649 | 1.764 | 1.863 | 1.968 | 2.008

OG-RMMF + LPG | 1.281 | 1.313 | 1.329 | 1.335 | 1.340
TABLE I

LPG (INDB) VERSUS BT} PRODUCT FOR DIFFERENT RECEPTION
FILTERS. PULSE DURATION: T), = 50 pS. CHIRP SIGNAL CASE.

to the same filters considered for the Doppler case, we also
consider here the classic mismatched filter optimized for the
“on-grid” signal (denoted as “MMF Ly”) [9], and the proposed
robust mismatched filter is either computed without the LPG
constraint (“OG-RMMEF”) or with the LPG constraint (“OG-
RMMF + LPG”). We present in Figure 3 the evolution of
the ISL with respect to the BT, product, for a fixed pulse
duration 7}, = 50 pus, and the evolution of the LPG in Table I.
The best filter with respect to the ISL performance is the
“OG-RMMF” without LPG constraint, but it also provides the
strongest LPG. The “OG-RMMF + LPG” filter provides very
close ISL performance with a perfectly controlled LPG. In
particular its performance is much better than the Hamming
window one, for the same LPG and a slightly smaller mainlobe
width. Thus the proposed method indeed enables to provide a
more robust filter over the resolution cell.

V. CONCLUSION

In this article, we have proposed an optimization program
that enables to obtain a mismatched filter robust to off-grid
target mismatch. The resulting objective function, defined for
optimizing the ISL, has been detailed for two particular cases,
a Doppler steering vector and a linear chirp. Interestingly, in
both cases, the robust mismatched filter involves the DPSS
vectors. Note that we used here for simplicity a grid sampled
at the resolution cell. However even for an oversampled grid,
the mismatch problem may occur, and the proposed solution
may be computed for the corresponding grid.
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