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Abstract

This paper is devoted to an inverse Steklov problem for a particular class of n-dimensional
manifolds having the topology of a hollow sphere and equipped with a warped product metric.
We prove that the knowledge of the Steklov spectrum determines uniquely the associated
warping function up to a natural invariance.
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1 Introduction

1.1 The Calder6n and Steklov problems.

Let (M, g) be a smooth compact manifold of dimension n > 2 with smooth boundary M. We
consider the Dirichlet problem

—Aju=XMu in M
{ gU u in 1)

u =1 on OM,

where ¢ € H/2(OM) and X € R is assumed to lie outside the Dirichlet spectrum o(—A,) of the
Laplace-Beltrami operator —A,. In a local coordinate system (xi)izl,___n, —A, has the expression

1 ;
Ay =— > —=0:(lglg"9;),

1<i,j<n V |g|

where we have set |g| = det(g;;) and (¢%) = (g4;) .

If A ¢ o(—A,), the Dirichlet problem (1) has a unique solution v € H*(M), and we can define the
so-called Dirichlet-to-Neumann (DN) operator as the map

Ag(N) - HY?20OM) — H™Y2(0M)

ou
(@ = alaM ,

where 0, is the unit normal derivative with respect to the unit outer normal vector on OM. This
normal derivative has to be understood in the weak sense by :

Y(ih,¢) € HY2(OM)? : (Ag(N), ¢) = / (du, dv)y dVoly + A/ uv dVolg,
M M
where u is the unique weak solution of the Dirichlet problem (1), and where v is any element of
H*(M) such that vjgps = ¢. When ¢ is sufficiently smooth, this definition coincides with the usual
one in local coordinates, that is .
O,u = V' 0;u. (2)

The anisotropic Calderén problem can be initially stated as: does the knowledge of the DN map
Ag(N) at a fized frequency A determine uniquely the metric g ¢

Due to a number of gauge invariances, it is well-known that the answer to the above question is
negative in general. An observation made by Luc Tartar ([8], p.2) leads to the equality :

Ag(A) = Ay (M),

where ¢ : M — M is any smooth diffeomorphism which is equal to the identity on the boundary,
(here ¥*g is the pullback of g by ¥). Moreover, in dimension n = 2 and for A = 0, there is one more
gauge invariance. Indeed, thanks to the conformal invariance of the Laplacian, for every positive
function ¢, we have

1
Acg == EAg

Consequently, the solutions of the Dirichlet problem (1) associated to the metrics g and cg are the
same when A = 0. Moreover, if we assume that ¢ = 1 on the boundary, the unit outer normal
vectors on QM are also the same for both metrics. Therefore,

Acg(0) = Ag(0),

and it is not possible to determine uniquely the metric from the DN map.
Hence, the appropriate question to adress is :



Assumen >3 (resp. n=2 and A #0). If Ag(X) = Ag(N), is there a smooth diffeomorphism
Y M — M with Yloy = id and Y g =g7?

This problem is still largely open. Some special cases have been answered positively (see [16] and
[13] for a presentation of the latest developments) but the general case seems to be very difficult
to tackle. However, the question becomes simpler if we assume that (M, g) and (M, §) belong to
the same conformal class. Precisely :

For c € C*°(M), assume Ag(X) = Aeg(N). Then, is there a smooth diffeomorphism ¢ : M — M
such that Y|gp = id and P*(g) = cg?

Actually, we can precise the above question thanks to the following result due to Lionheart ([9]) :
any diffeomorphism ¢ : M — M which satisfies ¢¥*(cg) = g and ¥|sps = id must be the identity.
Then, the anisotropic Calderén inverse problem within the same conformal class can be replaced
by

If Ag(X) = Acg(N), is it true that c =17

Some deep results have been obtained in [4] for conformally transversally anisotropic manifolds
(M, g) of dimension n > 3, i.e for manifolds

MccRxK, g=c(z,yx)(de*+ gk)

where (K, gx ) is a smooth compact manifold of dimension n—1. Under some geometrical conditions
on K, such as simplicity (a compact manifold K is said simple if any two points of K are connected
by a unique geodesic and if its boundary is strictly convex) the conformal factor ¢ is entirely
determined by the DN map at frequency A = 0.

In the same way, for a class of manifolds M = [0,1] x K which have the topology of a cylinder,
various results of uniqueness (or non-uniqueness when the Dirichlet data and the Neumann data
are measured on disjoint sets) have been obtained in ([2, 3]). The proofs make use of separation
of variables and introduces a connection between the DN map and the Weyl-Titchmarsh functions
associated to a separated ordinary differential equation corresponding to the horizontal variable of
the cylinder. This connection allows to use some nice results from complex analysis.

In this paper, we are interested in a relative inverse problem within the conformal class of certain
warped product manifold M = [0,1] x S*~! (where R"~! is the (n — 1)-sphere) but under aweaker
assumption :

does the spectrum of the DN map characterize the conformal factor ?

We recall that A,()\) is a pseudodifferential operator of order 1 and is self-adjoint on L?(9M, dS,)
where dS, is the metric induced by g on the boundary M. Thus, the DN operator Ay(A) has a
discrete spectrum denoted o(A4())) accumulating at infinity

This spectrum is called the Steklov spectrum (see [7], p.2). In the particular case where A = 0,
using the Green’s formula, we see that the DN operator is positive and we have Ay = 0. The
properties of the Steklov spectrum are highy sensitive to the smoothness of the boundary oM.
For example (see [6]): if OM is smooth, the eigenvalues satisfy the Weyl formula for the Steklov

spectrum:
1

j w1
Aj = 2m (Vol(Bn—l)Vol(aM)> +0() ®)

A much more refined asymptotic holds if M is a smooth surface, involving the leights of the
connected components of M, with a rate of decay of O(j7°°) (see [5]), but this formula fails for
polygons ([6]). Moreover, no asymptotic is known yet for Lipschitz domains. It is also well-known
that some geometrical quantities of the boundary of a Riemannian manifold surface are Steklov
spectrum invariants. Let us mention for instance (see [5, 6] for details and reference therein):




a) the dimension of the manifold and the volume of its boundary.
b) When dim M > 3, the integral of the mean curvature on oM.
¢) When dim M = 2, the number and the leigths of the connected components of OM.

1.2 The main result

In this section, we give the main results of the paper. Let M = [0,1] xS"~! be a manifold equipped
with the metric

g = f(z)(da® + gs), (4)

where S”~! is the unit sphere in R”, gs is the metric induced by the euclidean metric on R”, and
where the conformal factor f is a smooth positive function of the variable x € [0, 1] only. Note that
the manifold M has two boundaries 'y = {0} x S"~! and I'; = {1} x S*~!. Thus, the DN map
will be shown to have the structure of a matrix operator defined on H'/2(S*~1) @ H/2(S*~1).

In this setting, we want to answer the following question : does the Steklov spectrum determine
uniquely the warping function f(z)? This question has been answered positively in [1] when
K = (0,1] x S"7! equipped with the metric (4). The difference between this case and the one
we are studying here is that the boundary of K is connected whereas that of M is made of two
connected components. Due to a natural gauge invariance, we emphasize it is hopeless to recover
the metric from the spectrum data. Indeed, let ¥ : M — M be a smooth diffeomorphism. We
have ([7]):

Ayeg(X) = " 0 Ag(N) 01,
where ¢ := ¢|sp and where p* : C°°(IM) — C*°(0M) is the application defined by ¢*h := ho .
As a by-product, one has:
o(Ay=g(A) = a(Ag(N)).

Thus, if we can find a diffeomorphism 1 preserving the warped product structure of the manifold
M given by (4), we are able to find a counterexample to uniqueness from the knowledge of the
Steklov spectrum. For instance, consider the map

¥ (z,y) €0,1] xS" s (1 —x,y) €[0,1] x S"7L.

A straightforward calculus gives 1*g = f(1 — x)(dz? + gs). Thus, the above discussion shows that
Ag(A) and Ay+g(N) have the same Steklov spectrum. Now, we can reformulate more precisely our
initial question. Let g and § be two Riemannian metrics given by (4) with conformal factor f(x),
(resp. f(z)). Assume that A,()\) and Agz()\) are Steklov isospectral. Then, is it true that :

f(@) = f(x) or f(z) = f(1 - x)?

In what follows, we answer positively this question in dimension n = 2 with A # 0, and in dimension
n > 3 for any frequency A (with an additional hypothesis on the metrics on the boundary OM).
Our main result is the following:

Theorem 1.1. Let M = [0,1] x S"~1 be a smooth Riemanniann manifold equipped with the metric

g = f(@)(dz® +g5) , (resp. § = f(x)(da* + gs)),
and let X be a frequency not belonging to the Dirichlet spectrum of —Ay and —Ag on M. Then,
1. Forn=2 and X\ # 0,
(0(Ag(N) =a(Ag(N)) & (f=Ff or f=Ffon)
where n(x) =1—x for all x € [0, 1].



2. Forn > 3, and if moreover

f,feCy:= {f e C*([0,1]),

f’(k‘)‘ 1

< ,k()andl},
n—2

(0(Ag(\) =0(85(N)) & (f=F or f=Ffon)

Let us explain briefly the outline of the proof. In both cases n = 2 or n > 3, the proof consists in
four steps. We emphasize that in the first three steps, we do not use explicitly that the transversal
manifold is the unit sphere S*~1.

Step 1 : we follow the same approach as in [2]. Since the manifold M has the topology of a cylinder
and is equipped with a warped product metric, we can use separation of variables and write the
solution u of the Dirichlet problem (1) as

“+o0

w(ey) = 3 (@)Y (9),

m=0

reducing this problem to a countable family of Sturm-Liouville equations with boundary conditions

—U;—i— U = —UmUm, sur |0,1
{ I oo MO ] n7[2 ) Ym e N (5)
Um(0) = f 5 (0)tn,, vm(1) = f"5 (1)t
where
n=2\n s
qi(f;c”) —Af and v, =f 7 Uy, VmeN.

The sequence (Y;,,) refers to an orthonormal basis of eigenvectors of the Laplace-Beltrami operator
—Ay, on the unit sphere.

Step 2 : we use the above decomposition to write the DN operator as an infinite matrix which is
block diagonal. More precisely, let us introduce the basis B=({el,, €2 })men, where e}, = (Y, 0)
and e, = (0,Y;,). For each m € N, we denote A"()) the restricted operator of Ag(A) on the
subspace spanned by {e} ,e2 }. We can write A,()\) in the basis B as the infinite matrix:

ALV 0 0
0 AZ(N) 0
[Agls =
0 0 A3(\)

Each (2,2) matrix A7'(\) has a simple interpretation involving the so-called Weyl-Titchmarsh
theory associated to the Sturm-Liouville equation (5). More precisely, if we denote

0(—Ag) ={0=po <p1 < p2 < ... < pim < ... = oo},

the spectrum of —A,,, we shall see that :

_ Mpm) 1 R0 1 hYi) g
mey\) — F0)  44/f(0) 7(0) 7(0) M77(0) Alum)
AN = Vio
TR A (VN _ Nw) 1 KD

C/F) W) Alum) NaoEEN IO



where M (z), N(z) and A(z) are respectively the Weyl-Titchmarsh and the charateristic functions
associated to (5). In particular, the trace (respectively the determinant) of these operators A7 (\)
are meromorphic functions evaluated in i, .

Step 8 : we prove that the knowledge of the trace and the determinant of all restricted operators
A;”()\), for m large enough, characterizes f up to an involution: there is mg € N such that :

(Tr A*(A) = Tr AZ*()) and det~A;”()\) :~det A7 (X) for all m > my )
& (f=Forf=Ffon)

Note that the third step requires to know the asymptotic expansion of the Steklov spectrum.

Step 4 : in this step, we use explicitely that the transversal manifold is the unit sphere S"~!
equipped with the metric induced by the euclidean metric on R™. The equality between o (Ag ()\)) =
{d0 <A1 < Ao, ...} and O'(Ag()\)) = {5\0 <)\ < 5\2, ...} implies that for every m € N, thereisp € N
f'(k)
k)|~ n—2
m = p for m large enough. Then we prove that Tr AJ*(A) = Tr AZ*()\) and det A7*(\) = det A7'(\)
for all m large enough. This step leads to distinguish the cases f(0) = f(1) and f(0) # f(1).
Then, the result follows from the Step 3.

such that A\, = 5\p. The assumption

for k € {0,1} is used here to ensure that

2 Reduction to ordinary differential equations

2.1 The separation of variables

The boundary dM of the manifold M has two distinct connected components
Fo={0} x Kand Ty = {1} x K,
so we can decompose H!(OM) as the direct sum :

HY?(0M) = HY?(To) @ H'/*(T'y).

Each element v of H'/2(dM) can be written as

Y= , y%e€ HY*(y) and ¢' € HY/*(Iy).

The Laplacian —A,, is a self-adjoint operator on L?*(S"~!) and has pure point spectrum (p,),
with po =0 < p1 < p1 < ... iy, — +00. We denote (Y;,,)men the associated orthonormal Hilbert
basis of the eigenvectors.

Now, we decompose 1° and %' as:

O = Y, W=D L Yo

meZ mEeZ

Then, we are looking for the unique solution u(z,y) of the Dirichlet problem (1) in the form:

+oo

u(z,y) = Z U (2) Yo ()

m=0



Proposition 2.1. The equation (1) is equivalent to the following countable system of Sturm-
Liouville equations :

{ — U QU = — [, sur 0, 1] v e N ©)

vm(0) = £ (0090, vm(1) = f57 ()4,
where
_ =y
fT

—Af  and Um:fnTJum, vm € N.

Proof. The transformation law for the Laplacian operator under conformal change of metric gives

—Ay = T (g +a)f T

Py

where go = dz? + gs and g5 =: =
4

. Thus, we have :

n+2 62

g ( 922 — Agx +Qf)f 1 U(QU y) = du(z,y)
62

= ( 22 —Agy + Qf) (x,y) = A (x)v(z,y)

—Agu(r,y) = Iu(z,y) <

thanks to the change of variable v = f . Writing v as

+oo
v(@,y) = Y vm(@) YY),
m=0
we get :
—Agu(z,y) = du(z,y) < Z — DNy + qf)vm(x Z A (x
A Z = U (2) + O (2) + £ (2) Vi (z))Ym
+oo
= Z A (x)v
m=0
s VYmeN, —u, (2) + q(z)vm(2) = —fimm(z),
where ¢ =: gy — Af. Finally, vy, satisfies the above boundary conditions. O

It turns out that this family of Sturm-Liouville equations fits into the so-called Weyl-Titchmarsh
theory which we recall in the next section for the convenience of the reader.

2.2 The Weyl-Titchmarsh functions

Consider the differential equation:
—u" +qu=—zu, zeC. (7)

Let {co,s0} and {c1, 51} be the two fundamental systems of solutions of (7) with boundary condi-

tions
c0(0) =1, ¢4(0) =0 50(0) =0, s5(0) =1
{01(1) 1l =0 {51(1) —0, s)(1) = 1. ®

Since the wronskian W (f,g) = fg' — f’g of two solutions f and g of (7) depends only on the
parameter z, we can define the following holomorphic functions:



Definition 2.2. The characteristic function A(z) of the equation (7) is defined for every z € C
by :
A(z) := W (so, s1) = so(1) = —s1(0).

We also set D(z) := W(co, s1) = co(1) and E(z) := W (cy, so) = ¢1(0).

Now, we recall the three following results, (see for instance [2] and [10] for details).

Proposition 2.3. The functions A, D and E are analytic on C and have on IIT the following
asymptotics on C\R_ :

A(z) = % + o(&;)'), D(z) = cosh(v/z) + o(

E(z) = cosh(v/z) + O<

oI R(V2)]
)

where \/z is the principal square root of z. In particular, A(z2), D(z) and E(z) are entire functions

der —.
of or er 5

Proposition 2.4. The roots (o) of the function z — A(z) are real and simple. they are the
2

d
eigenvalues of the operator o +q=:H on L2((0, 1), dx) with Dirichlet boundary conditions.
x

Proposition 2.5. For all z € C, A(z) can be written as an infinite product. There is a constant
C € R such that :

A(z):Cﬁ <1aik)

k=0

Proof. As a consequence of Proposition 2.3 and Hadamard’s factorization theorem, we can write

A(z) as the infinite product :
b z
A(z) =C2P 1-——
@=co 1 (1- )

with p € {0,1}. In order to prove that z = 0 is not a root of A, we use the same argument as

in [2] (Remark 3.1 p.19). If A(0) = 0, it follows from Proposition 2.4, there is a eigenfunction wug
2

associated to the eigenvalue 0 for the operator H = ——— + ¢. But, from Proposition 2.1, the

function u := ugYp is then a nontrivial solution of the Dirichlet problem :
— Agu = Au dans M
u =0 sur OM,

which is not possible since A ¢ o(—Ay). O

Remark 1. As a by-product, we see that A(z) is uniquely determined by its (simple) roots (up to
a multiplicative constant).

Now, consider the Weyl-Titchmarsh solutions ¢ and ¢ of (7) having the form :
Y(x) = co(z) + M(2)s0(z), é(z) = c1(z) — N(2)s1(z)

and satisfying the Dirichlet boundary condition at 2 = 1 and 2 = 0 respectively. M(z), (resp.
N(z)) are called the Weyl-Titchmarsh functions associated to (7) and, using Wronskian identities,
we have:



Proposition 2.6. The Weyl-Titchmarsh functions M and N can be written as :
D(z)

B Ne=-29,
A(z) A(z)

VzeC, M(z)=—

Proof. Since ¥ (1) =0 and ¢(0) = 0, we have :

7760(1,2') 77D(Z) 2) = = —
M(z) = w2 AR N(z)

O

The four previous propositions are the key points to solve our uniqueness result. We will see
that the Steklov spectrum can be expressed in terms of the Weyl-Titchmarsh and characteristic
functions defined above. We will take advantage of the holomorphic properties of A(z), D(z) and
E(z) and we will use to the Nevanlinna theorem, (see the next section for details).

2.3 Link between the DN map and the Weyl-Titchmarsh functions

First, we remark that, thanks to separation of variables, A4(\) leaves invariant each subspace
spanned by {(Y;n,0),(0,Y:,)}. Indeed, if u is the solution of (1), we have for each 1) € H'/2(0M):

1/}0 (auu) r —— (azu)|m:0
Ag()‘)l/’ = Ag()‘) = " = 1o
1/11 (8uu)\F1 ;(1) (azu)|x:1
Consequently, for every m € N :
40, — A, (0)
Ag()‘) QRYm = ) R Y.

1 /

7/’71n mum(l)

[ts restriction on each space spanned by (1,0) ® Y;,, and (0,1) ® Y,,, is denoted A7'(A). We can
write A7*()\) the 2 x 2 matrix
Set :

L) Tr ()

7 (\)  B™(A)

and we have by definition:

L) T (e ] [~ ©)
o) Br0)) \eh) g

The full Steklow spectrum is then equal to the union of the eigenvalues of each operator A;”()\). In
the next Proposition, we express the restricted operator A;”()\) in terms of the Weyl-Titchmarsh
functions.

Proposition 2.7. For all m € N, we have :

M) WO 1 YY)
AT = VIO T 4/1(0) V1) h/4(0) Alpm)
1 hYY0) 1 _N@w) _ W'(h)@)

V@) RA) Alum) VI a/F)
where h =: fr2

10



Proof. Recall that v,, is the m-th Fourier coefficient of v = h'/%u with respect to Y;,. We have :

0 1 /
Agh(N) N

)\ )

__ v,(0 1 Rh'(0)
| mrevie T o ()

V(1) 1 h/(l)um(l)

hU/A(1)\/F(1)  4y/F(1) h(D)

U (O L MO0
_ | mrovior | | /o ko
O S 4 C PN
h/4(1)/F(1) ay/f (1) ) T

It remains to find a simple expression of the first term of the (RHS). Since v,, is a solution of (6),
it can be written as a linear combination of the fundamental solutions {co, so} or {cl, 51} defined
in (8), i.e there exists (, 3,7,6) € C* such that :
Um = o + B89 = ye1 + 051
Consequently:
vm (0) a ve1(0) + 051(0)

Um (1) ~y aco(1) + Bso(1)

The second equality can be rewritten as:

a —vc1(0) B d51(0)
v — aco(1) Bso(1) |
which is equivalent to :
L =) [« 651(0)
—co(1) 1 v Bso(1)
As
o hA/4(0)un (0) A (0)yy,
~ R B4 (1), (1) : R4 (L),
we obtain:
s e (0 o
gge ang Tl s

But § =v/,(1) and 8 = v],(0). Thus:

11



40 SN () 1 }2/((0))1#0
m m h1/4(0)4/f(0 4 0) h(0) ¥m
AN _ /() (O V/ £(0)
! v (1) 1 WUW
m R1/4(1)\/f(1) 4/f(1) R(Q) Tm
1 co(l) 1 n'/%(1) 0 1 K'(0)
_ 7o so(D) VI@ F@s®m | | Ym | [ 5w RO
1 h'/%(0) __ 1 a0 ! _ 1 k@)
VI kA (1)s1(0) V@) 510) m 4y/r() A T
1_coD) 4 1 r'(0) 1 R4 0
_ | Vs T ay/r0) 7O) V/£(0) h/%(0)s0(1) Um
1 ht/4(0) 1 a1 K@) bl
VF (1) h/4(1)s1(0) Vi) s10) 4 /) h(D) m
Recalling that:
Co(l) 01(0)
M (i) = — . N(um) = t A(u2) = —s1(0) = so(1),
(m) = =2y Nlm) =TG5 et AGE) = =1(0) = so(1)
we get finally:
_ M(pwm) 1 RO 1 RYA)
AT(N) = VFO)  4y/f(0) h(0) \/£(0) h74(0) Apm)
g

1 RYAO) 1 N(pm)

1
V() R Alem) VI 4/

h(1)
h(1)

3 A caracterization by the trace and the determinant

We have the following result:

Proposition 3.1. Assume that, for every m € N, we have :
det(Ag'(N)) = det(AZ'(N)) and Tr(Ag'(A))=Tr(A7'(N)).

Then : ~ }
f=Ff or f=fon
where, for all z € [0,1], n(z) =1 —z.

Remark 2. This Proposition is still true if the equalites about the trace and the determinant of

A7'(N) are satisified for m > mg, whith mg € N.

In order to prove this proposition, let us calculate the eigenvalues of the operator A;”()\) and their

asymptotics.

Lemma 3.2. A*(\) has two eigenvalues A~ (pm) and At () whose asymptotics are given by :

.  VEm W) 1

M) 2 ST 4 f(1)+0<\/_um)
Vi n(h)(0) |

Y im) 2 VIO 3O +O<w—m)'

12



Remark 3. It f(0) < f(1), we have A~ (tm) < AT (p4m). This assumption will be made, without
loss of generality, each time that f(0) # f(1). The notations A~ (i) and AT () refer to that
choice.

Remark 4. The Weyl’s law for the eigenvalues of the Laplace-Beltrami operator gives the following

asymptotic :
2

=
[, = 4T? (Vol(B"—l)Vol(S"—l)) ma=1 + O(1),
so, by replacing it in Lemma 3.2, one has :

o im
A (k) m:wo\/erO(l)

1

2 n—1 1
S <VO1(B"—1)VO1(S"—1)) m=1 + O(1).
f()
The boundary component I'y is the sphere equipped with the metric v; = f(1)gs. It follows that
ne1 1 Vol(Sr—1) =1
we have Vol(T'y) = / dVol,, = f(1)"= Vol(S™™!), hence —*° ( )1 . Consequently
r, f(1) Vol(I'y) =T

A ) = Qﬂ(Vol(]Bnl)Vol(Fl)) +OW).

In other words, an asymptotic of A~ (u.,) is exactly given by the Weyl’s law restricted to the
connected component boundary I'y. In the same way, one can prove :

m

A (km) = 27T<V01(B"—1)V01(F0)) +O().

We recognize again the Weyl’s law, restricted to the connected component boundary T'y.

Let us prove Lemma 3.2.

Proof. We distinguish two cases :
e Assume f(0) # f(1) (for instance f(0) < f(1)).

The characteristic polynomial P(X) of A7*()) is :

P(X) = X?—Tr(A7"(A\)X + det(A7'(N)).

To simplify the notation, we set :

o, = ) o n())
4/1(0) 4/ f(1)

Thanks to Propositions 2.3 and 2.7, for m large enough, Tr(A7*())) and det(A}'(A)) satisfy:

T =T T i @
e (M)  N(w) o

13



The asymptotics of the discriminant § of P(X) depending on M (p.,) and N(un,) can thus be
written :

6:(‘M%§+%_N%ﬁ_0014(‘M%3+GO(‘N%3_Q)

+ 0(6_2”’"')

(Ml NG Y o
= ( f(()) + Co + f(l) +C1> + O( ).

Now, let us recall the result obtained by Simon in [15] :

Theorem 3.3. M (2?) has the following asymptotic expansion :

i+l SA+1

A
VA e N, M(ZQ)Zﬂooszzﬂj(o)qLo( ! )
=0

ola) = 5a(z)

where, for every x € [0,1], B;(x) is defined by : 1 1J
Bjv1(x) = 55}(1”) t3 Zﬂl(x)ﬂj—z(z)-

=0

Of course, by symmetry, one has immediately:

Corollary 3.4. N(z?) has the following asymptotic expansion :

= 7,(0) 1
VAGN, 7N(2’2) Zjoo Z+Z Z]j-l‘l +0<m>

Jj=0

To(x) = 3a(1 )

where, for all z € [0,1], v, (x) is defined by : 1 1 J
Yj+1(z) = 57}(30) + B Z%(x)%‘—l@)-

1=0
We deduce from Theorem 3.3 and Corollary 3.4:

_Mwm+Nwm:( I ])WW+OCLQ'

0 VI \VI0) VIO Vim
>0
Thus, recalling that
o M(pm) N (pm) ’ o 2Mim
0= < f(()) + Co + f(l) +Cl> +O( )
we obtain:
_ (N(pm) _ M (pm) e~ 2Hm
\/5_( 70 f(O)+CO+Cl) HO( fim )
N () _ M (pm) e~ 2hm
- - raaro(S ),
Hence :

14



A‘(um)=%[( % ]\\;(;(_"f))+co—cl)—¢5+0(e—QMWL)]

=

A () = % K M(fng)) (J’f(’;) +Co — 01) +V6 + 0(62‘“")} ,

~—

and therefore, substituting C and Cy by their values and M (p,,) and N (i) by their asymptotics,
we get :

L VA W()Q) 1

M) =T A/ﬁﬁ”*o(vﬂ;)
Vi n(h)'(0) 1

S W) +0( =),

e Assume now f(0) = f(1). In this case, the restricted DN map

~ M(uw) | In(h)'(0) 1 1
MmNy VIO T 4/5(0) £(0) Alkm)
Ag ()‘) -

1 _N@w) _ In(h)’@)

1
£(0) Alpm) VA a/r@)

is a symmetric matrix and we can use the well-known result:

Lemma 3.5. Let H be a Hilbert space, A € L(H) be a selfadjoint operator. Let e > 0. Assume
there exists A\g € R and ug € H a unit vector such that ||[(A — AoId)ug|| < e. Then there exists an
element A in the spectrum of A such that |\ — Xo| < e.

M () In(h)(0 1
We apply this theorem with A = A7*()), Ao = — (tim) + n(h)(©) and Uy =
70 4/F0) .
We have :
0 _ 1 1
A(pm
A— )\0]2 = O (pem)
1 CNw) ')y
£(0) Alm) VA a/F)
Hence :
(4= Aol2) _ | = o
—Xol2)Ug = — = WmeV ™).
fO{
A(ﬂﬂt)

Theorem 3.5 gives A}, € o(A}*()\)) such that :

L M) W)
N ORENAD
CEe w1

70 4f@+0( )

+ O(\/ e~ VFEm™)

lim

15



from Theorem 3.3. The second eigenvalue A%, (which is distinct from \;,, otherwhise A7"()) would
be a homothety) can be deduced from the first one :

Ay, = Tr(A;”()\)) — )\TJTFL
_ N(pw)  n(h)'(1) ——
) ayrm O Wame )
_ VB Wm)() (1
ORENVON (w—m)

Lemma 3.6. Under the hypothesis of Proposition 3.1, we have the following alternative :

{f(O) = f(0) . {f(O) = f(1)
F1) = f(1)

Proof. We begin with:
Tr(AT (A Tr(AZ (A
(g())—— r(g()), vm € N.

Vim  Jim

Thus, it follows from Lemma 3.2 that

1 1 1 1

_l’_ = .
VIO VIO Ry R

In the same way, thanks to the relations:

det(A'(N))  det(AZ'(N))
i  im

Vm € N,

we get :

and the proof is complete. O

Case 1 : f(0) = f(0) et f(1) = f(1).

Lemma 3.7. Under the hypotheses of Proposition 3.1, we have:

A(z) = A(z), Vz € C. (9)

Proof. We write the equality Tr(Ay'(A))=Tr(A7*(A)) as follows : for all yi, € o(—=Ayy),

M) | YO L [ Nw)  WGW)N (M) | () (©0)
( x/—f(0)+4x/_f(0))+< o Wm) < ORE f(O))

o (- M) _ iiyayy

fFA) 4/ ()

Thus, using Theorem 3.3, one gets when m — o0,

- - . (10)



It follows that

M(:um) N(Mm) _ (Mm) (:um)
70 VI VIO Vi
or equivalently
X D(Nm) E(.Um) - D(Um) ~(/Lm)
M) (5t + 1) = ) (T + ) -
In the same way, using det(Ag'(A))=det(A7'())), we have:
M (pn) 1n'<h><o> N(umtln'(h)(n ) i
Jr
VIO /70 )\ T 8/Im ) V0T A )
:(M<um>+1n< ) (N(um)_ln(h)(l))_ L
Vi) T o)\ T wim ) T TR A )

Multiplying on both sides by A2 (jim,)A2 (i), we obtain :

A2(Mm)[(D(“m) +A(um)1n'(h)(0)) (E(um) _A(Mm)ln’(h)(l)) _ 1 ]

70) INGOPAWID) INGOPERVAONE "

a2 [(Plm) L 5y ROV (B A W)Y
= 82| (T A T ) (T~ A )~ ]

Now, let us show that the equalities (11) and (12) can be analytically extended with respect to g,
in the half-right complex plane. First, let us recall the definition of the so-called Nevanlinna class:

Definition 3.8. Set II™ = {z € C, R(z) > 0} the half-right plane of the complex plane. The
Nevanlinna class N(IT") is the set of analytic functions f on IIT such that

™ 1— 0
sup / In*t f(iw) ‘d@ < 00,
o<r<1lJ—x

1+re
In* (z) = Inz if In(z) >0
P70 () <o,

with:

We have the following result [11]:

Proposition 3.9. Let h € H(IT1) an analytic function on 11T, A and C two constants. Assume :
|h(z)] < CeA®E) | vz e TIT,

Then h € N(IT).

Thus, thanks to the asymptotics of Proposition 2.3, the holomorphic functions defined by § : z —
A(2?),d: 2+ D(2%) and e : z — E(2?) belong to N(IT7). Let us recall now a useful uniqueness
theorem involving functions in the Nevanlinna class (see [11] for instance):

Theorem 3.10. Let h € N(IIT) and £ C Ry be a countable set such that

neL

Then :
(h(p) =0,V € L) = h=0 surII.

17



Now, by the Weyl law, (cf [12]), we get:

Um = c(K)m%nLO(l)

m——+o0
V2
where ¢(K) = % and w; is the volume of the unit ball in R™~!. Thus, for a fixed
(wyvol (K)) ™

T € N, we have :

mil)n— 1

H(mT) - O()

c¢(K)T c¢(K)T
As a consequence, for m and T' large enough, the real numbers p(,,7y»-1 are always distinct. Now,
we set :

L ={/fmr)n—1, m € N}.
Using \/fi(mryn—1  ~ +/c(K)T'm, one has:

m—s+00
Z l = +o00.
neL H
Thus, thanks to Theorem 3.10, the relations (11) and (12) are still true if one replaces the integers
m by z € C.

Now, let us prove that A(z) = A(z) for any z € C. We recall that these functions are entire of
order — and their roots are simple. So, using Hadamard’s factorization theorem (see Proposition

2.5), we deduce that these functions are entirely described by their roots (up to a multiplicative
constant). Consequently, in order to prove that A = A, it is enough to show that their roots are
the same.
Set P = {a; € C, A(a;) = 0}. Let ag be in P and let us show that A(ay) = 0. By
2

definition, —ay, is an eigenvalue of the Sturm Liouville operator H = 2 + ¢ with Dirichlet
T

boundary conditions. Thus, from Proposition 2.4, aj is real and since the potential ¢ is real, the
quantities D(ay) and E(ay) are also real. Using (11) and (12) with u,, replaced with ay, we
obtain the following system:

(D(ak) E(CT))

VI0)  VE)

(D(ozk)E(ozk) -1
fO)f(1)

To finish the proof, we distinguish two cases:

)A(ak) =0
)A(ak)Q = 0.

o 20 E@H Lo Aay) = 0.

VI0) V)

e Otherwise =— . Then, substituting in the second equality, we have:

(D(Ozk)Q + 1
f(0) f0)f(1)
Since D(az) € R, we conclude that A(ax) = 0. By a standard symmetric argument, it follows A

and A have the same zeros. So, there exists C' such that A = CA. But, as A(z) and A(z) have
the same asymptotics :

)A(ak)Q =0

A2 &) ~ T,

we deduce that C = 1 and the proof is complete.

18



Remark 5. Tt is interesting to note that A(z) = A(z) for all z € C implies that (in fact is equivalent
to) ¢ and ¢ are isospectral.

As a consequence, we can simplify (12) (with u,, replaced by z), and we get on C :

( M(z) n 1n/(h)(0)) N ( N(z) 1n/(h)(1)) _ ( M (z) n 1n(h)’(0))
V) 44/ f(0) f) 4yf) VI0)  4/£(0)
N(z) ln/(ﬁ)(l))
u

f1)  4/f(1)
( M(z) 1n’(h)(0)>< N(z) ln'(h)(1)> _ < M(z) | 1n(iz)’(0)>
VIO 4/F0) VD) 4/F0) VI0)  4V/f(0)

N(z) ln’(ﬁ)(1)>

f 4/ f@)

Thus, for each z € C, we have the following alternative:

M(z) | W(R)©0)  M(z)  In(h)(0)
VIO 4/F0) V) 4/F0)

N(z) W(h)(1)  N(z) W'(h)(1)

OBV O ORENO)

ME) WO SE) W)
VIO W0 T VIO /70

N(z) ~W(h)(1)  M(z)  In(h)'(0)

OOV OMENIO)

e As a first step, assume that the first system is satisfied for all z in C. Then, using the asymptotics
of M(z), (resp. M(z)), we get:

or

In’(h)(0)  In(h)'(0)

4/F0)  4/F(0)

M (z) = M(z) for all € C\R.

and therefore :

Thus, thanks to the Borg-Marchenko’s theorem (see [15] for instance), we deduce:

g=4¢q sur [0,1]. (13)
Recall that :

(h1/4)//
1= T M

where we have set h = 72 (rfzspectively q and h = f”_Q). In particular, in the 2 dimensional
case, we get immediateley f = f since A # 0. In dimension n > 3, we see that f and f same verify
the same ODE with f(0) = f(0). Moreover, the relation

'(h)(0) _ In(h)'(0)

WIO afio)

implies : R
f1(0) = f7(0).
Thus, the Cauchy-Lipschitz’s theorem says that f = f .
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e Secondly, assume there exists zy € C satisfying :

M(z) , In'(n)(0) L Ni(z) | Inh)'(0)
NORENAOREV ORI

By a standard continuity argument, there is a ball B of center zy such that :

M(z) W'(R)0) , M(z) In(h)(0)

, VzeB.
VIO IO T VIO i
Then, necessarily, we have:
ME)  WOO) NG WA, )

70 W0 VIO /)

Then, using the analytic continuation principle, the previous equality is true for every C\P, where
P is the set of roots of A(z). Thanks to the asymptotics of M(z) and N(z), one gets :

In’(R)(0) _In(h)'(1)

VGO

f(0)=f(1) (=f(1)) and

Hence, simplifying in (14), we obtain
M(z) = N(z) for all € C\R.

By symmetry, N has the same role as M for the potential z — G(1 —x). Now, it follows, from the
Borg-Marchenko’s theorem that:

q(z) =q(1 —x) vz e [0,1],

and as previously, one gets:

f=1Feon

Case 2 : f(0) = f(1) and f(1) = £(0).

The proof is identical interchanging the roles of M and N.

4 Uniqueness results on the trace and the determinant
In this section, we assume that K = S?~!, and our main result is the following:
Proposition 4.1. Assume that o(Ag(N)) = o(Az(N)). Then, there is mo € N such that :

Vm € N, m > mg = det(Ag*(\)) = det(AZ*(N)) and Tr(Ag*(N)) =Tr(AT(N)).
Before giving the proof of this proposition, let us begin by the following lemma:

Lemma 4.2. Under the hypothesis 0(Ag(N)) = 0(Ag(N)), we have the alternative :

{fm)f‘m) . {f(O)f(l)
F) = f(1) F(1) = f(0).
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Proof. First, let us define the set:
2(Ay(N) = (A E(km), meN}

where k,, is the m—th eigenvalue of the usual Laplace-Beltrami operator on the sphere S*~! and
counted without multiplicity. Thanks to our hypothesis, one has obviously

B(A,(0) = (A5(0).
When K = S""!, we have an explicit formula for r,, (see for instance [14]) :

KEm =m(m+n—2), VYmeN.

The proof involves two steps :

e First we have :

~ n—1

FO)T + F()"F = f0)" 7 + f)"7. (15)

Indeed, it is known that the Steklov spectrum determines the volume of the boundary of M :
this is an immediate consequence of the Weyl’s law (3) for Steklov eigenvalues (see [6]). We have
OM =T UT; where, for i € {0,1}, I; is the sphere S"~! equipped with the metric v; = f(i)gs.
Hence :

Vol(M) = Vol(8M) = | dvol,, + /F dVol,, = /F dVols, + /F dVols,
0 1 0 1

n— n—1

& (7077 4 10 Vo) = (£10)°F + 7)™ )vols),

and this proves the claim.

e Now, we show that : f(0) € {f(0), f(1)}.

Assume this statement is false. Without loss of generality, assume that f(0) < min{f (0), F(1)}.
Then the equality (15) implies : f(1) > max{f(0), f(1)}.

Our strategy is the following : we prove that one of the elements of $(A4(A)) is not in X(Az(A))
and this shall give a contradiction.

Let € and A two positive numbers. Set :

ax = inf{{AT(kn) = A" (km)| | m,n > A}.

We claim that a4 <

+ ¢ for a sufficiently large A.

1
2\/f(1)

Indeed, let n € N and set

m = max{j eN ‘ A (k5j) < AT (k) —

1 €
2%5}
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1

By definition of m, A\™ (Kmy1) = AT (k) — m —¢. But:
e o)
5+ oy rofd)
< At (kn) NI 5T e +0{ —

1 1
< AT (k) + +5+O(—
270 2 \m
Hence
1
as <A (kn) = A (Kma1)| < NI +¢e, for m,n > A sufficiently large.

From the above, we can now choose (m,n) € N2 such that :

! —e <A (kn) = A (km) < !
2\/f(1) 2/ f(1)
The equality of the sets $(A4(A)) and X(Az(\)) gives two elements A1 and Ay of 2(Az(A)) such
that {A\"(km), AT (kn)} = {M1, X2}. Remark that if A~ (k,,) # A (k,) then the elements A; and
A2 can not both belong to the same sequence (A~ (x¢)) or (At (k,)) because, for indexes m and n
large enough, one would get :

+e. (16)

~ ~ 1 1
A1 = A2| > miﬂ{fv f} —€
VI0) /f(1)
and, by choosing ¢ small enough, this would contradict (16). Consequently, we have the existence
of (¢,p) € N? such that, for example :

{/\(Hm) = A" (k)

A () = X (). 1

x Case 1: A\ (km) < AT (kp). Then A~ (Km+1) is not equal to any element of 33(\). Ideed we
have on one hand :

Hence, for m and ¢ large enough : A7 (k¢) < A7 (Km+1) < A7 (Ke+1). On the other hand :
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g
=
3
+
I
>
=
g
_|_
—_
_|_
Q
—
3=
N

< A (k) + ;(1) +O(%)

= AT (kp) + ;(1) +O<%>

= A (k1) + [ ;(1) - ;(1)] +O<i) +O<1>.
—_—

Moreover, from (16) and (17) :

AT (Bmt1) = A7 (km) +

,_.
_|_
Q

PR

S
~—

f(1)
- 1 1 1
=\ “’"”27W+”O(E) +2 o) —€
2X+(np)+%f(1)—2g

As a result, for m and p large enough : A\*(k,) < A (Kmi1) < A (Kpr1)
The sequences (A~ (k) and (AT (k,,)) being strictly increasing (at least for m large enough),

none of the elements of ¥5(\) can be equal to A~ (ky,+1). This refutes Xz(A) = X, (N).

x Case 2 : A7 (Km) > AT (k). With similar arguments, one can prove :

max (5\7/1@,1, 5\+pr1) <A (Km—1) < min (5\7/1@, S\Jrnp).

Thus f(0) € {£(0), f(1)}. Associated to the equality (15), this gives the wanted conclusion.
O

From now on, we assume that f(0) = £(0) and f() = fQ), since the case f(0) = f(1) and
f(1) = f(0) is obtained by substituting the roles of A~ (k,,) and At (k,,). First, let us begin by a
simple case:

4.1 The case f(0) =f(1)

Without loss of generality, we can assume that f(0) = f(1) = 1. Thanks to Lemma 3.2, AJ*())
has two eigenvalues A~ (i, ) and A™(u,,) whose asymptotics are given by :

A(Mm)\/Mm(h)'u)ﬂ)( 1 >

44/ f(1) VHm
n _ In(h)'(0) 1
A (,um)—\/lm-i‘ 1T 0) —i—O(\/m).

We recall that :

n—2 1
VEm =m+ 5 +O(E)’
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!
l

and for m € N, we set V,;, = {)\(nm), A*(nm)} and V,, := {S\(Hm), )\Jr(nm)}.

e The two dimensional case

In this case, the eigenvalues A* (Km) have the following asymptotics :
_ 1
A (km) = m—l—O(—)
m
N 1
AT (Em) =m+ 0| — |.

m

~ 1 1
For m large enough, the sets V,, and V,,, are both included in the interval [m —pm + Z} In

particular V,, NV, = 0 if m # m’. The equality S(Ag(N)) = 2(Ag(N)) leads to the equalities
Vin = ~m if m is greater than some index mg. Consequently, there is mg such that, for m > my :

{)‘_ (”m) + )‘+("€m) =\~ (”m) + 5‘+(Hm)
A (KA (Fm) = X (Km) AT ().

Of course, the previous equalities are still true when &, is replaced by p,,. Thus, we have proved:

Vm e N, m >mgo = Tr(Ay') = Tr(A7") and det(A}') = det(A7").

e The n > 3 dimensional case

In this case, we use the following asymptotics of the eigenvalues )\i(lim)Z

N () = m+ =2 UAS) +O(%)

2 4
n B n—2 Rh(0) 1
A (nm)7m+—2 + 1 +0 — -

Contrary to the two dimensional case, we can not conclude that the sets V,, and V,, are equal.
This is due to the presence of the constants h'(0) and h’(1) in these asymptotics. We have the
following Proposition:

1
Proposition 4.3. There is L C N such that g — = +00 satisfying :
m
meL

{A(’im) A () = A7 (Fm) + AT (5m)
vm € L, - -
A (KA (Bm) = A7 (B )AT (Kim)

Proof. We start with the following Lemma:

1
Lemma 4.4. There is £1 C N such that E — = 400 satisfying :
m
meLy

()\_(Hm) = A" (Km), Vm € cl) or ()\_(mm) = A (km), V¥m € cl)
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Proof. Since X(Ag4(N)) = X(Aj())), we have the inclusion :
{A" (Em), m € N} € {\" (km), m € N}U{A " (k,n), m € N}.

1
Thus, there exists a sequence of integers (a,,) such that Z — = +oo and :

Q.
meN "

(A (Ka,,), mEN}YC{N (km), m €N} or  {A\ (ka, ), m € N} C {AT(km), m € N}.

For instance, let us study the first case (since the second case is similar). We can find another
sequence of integers (a,,) such that :

A (Ka,,) = A~ (ka,, ), VmeN.

Thanks to Lemma 3.2, one obtains :

= M) (1)

am

Therefore, the sequence of integers (a,, — a.,) converges to the integer Y = —

4 4 f(1)
n—2f(1)
T )
Recalling that f, f € C, = {f € C*([0,1)]), ‘J}((Z)) < niQ’ i€ {0,1}}, we get:

n2f’(1)n2f"(1)‘<1
4 /) 4 fayl T2

As this quantity must be an integer, we have proved that, for m > myg :

A = Q-

We conclude the proof of the Lemma setting £1 = {am, m > mq}.

Now, we can finish the proof of the Proposition. For instance, assume that:
A (Km) = A (km), Ym € L;.
Repeating the previous argument with A*(k,,), m € L1, we have the inclusion:
M (km), m € L1} C{N (Fm), m € N}U{A (km), m € N}

1
There is a sequence of integers, denoted (b,,) € L1, such that Z b= +00 and :

meN "

{X (K, ), meN} C{A (km), me N} or {At(kp, ), meN}C{A(km), m e N}

e In the second case, there is a sequence (b,,) such that :

A (kp,,) = At (k)

m

which implies as previously that by, = by,. Then, setting Lo = {bm, m € N} we have for all

m e Ly : ~
{/\(“m) = Ai(“m)
AT (K

I
r

+
=S
2

(
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e In the first case, we still show that :

At (kb,) = A (b,,) (=27 (ks,,))
Additionally, using the same arguments with
(M (kp,), m € N} C{A (km), m € N}U{A (km), m € N},

1
we prove that there is a subsequence (b, (,,)) such that Z 5
(m)

meN ¥

, Vm € N). But as A\™(kp, (m)) =

= 400 and : (:\Jr (’fbg,(m)> =

)‘+("€b¢,<m))a Vm € N) or ()\+(f<ab¢(m)) = )\_(Iibw(m))

At (Kb, (m)), the conclusion follows on L3 = {by(m), m € N}.

1
To sum up, we have proved there exists a set £ := L3 C N such that Z — = 400 and for all
m

meL
me L :

{)\_(Hm) + X"(mm) = X‘(Fam) + 5\+(f<am)
A (KA (B ) = A (Km) AT ().
O

Now, let us denote k. = z(z + n — 2). For every z € IT™, we set B(k.) := A\~ (k.) + AT (k) and
C(kz) := A~ (kz)AT (k). One has:

D(k.) + E(k.)

B(F&Z) = —T + Cl - CV2 (18)
D(KZ) E(’iz) 1
Olws) = <‘ Ar2) +01> < T A ) (R (19)

where C7 and Cy are suitable constants. We introduce two functions g; and g3 on IIT as follow:

A(HZ)A(HZ)(B(HZ) - E(mz))
A(k2)?A(k,)? (C(I{Z) — é(nz))

91(2)
92(2)

We claim that g1 and g5 are identically zero. Indeed :

® g1, g2 are holomorphic on ITt.
e g1,92 € N(ITT) thanks to the estimates of Proposition 2.3.

e We have g1(m) = go(m) = 0 for every m € L, which enable us to conclude, by Nevanlinna’s
theorem :
g1 =¢2 =0 sur I,

In particular, for every m € N :

{)\(nm) + AT (k) = A7 (km)AT (K

and, by replacing k., by p, we have for every m > my :

Tr(Ay) = Tr(A7') and det(Ay') = det(A7").
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4.2 The case f(0) # f(1)

Without loss of generality, assume that f(0) < f(1). Thanks to the asymptotics:

-2 1
Vi =m+ +0(—)

m
and Lemma 3.2, we have :

() = M n—2  In(h)'(1) 1
M) =S T i I +O(m)
T n—2  In(h)(0) 1
M) =70 T oo T o) +o(5)

Since f(0) # f(1), the proof is a little more delicate. As previously, we have to find a subset £ C N

such that Z 1o +00 and such that A~ (km) = A" (Km) or AT (k) = AT (k) for all m e L.
m

meL
We have the following Proposition:

1
Proposition 4.5. There is L C N satisfying E — = 400 and such that :
m
meL

(A (Km), me L} C{A\ (km), m €N}

Proof. If the subset of the elements of {\~(k.,), m € N} belonging to {\* (k,,), m € N} is finite,
the proposition is true. If not, there exist two strictly increasing sequences ¢, : N — N such that:

A (Fup(m)) = AT (g (m))- (20)

We emphasize that the functions ¢ and ¢ are built so that an integer m € N which is not in the
image of ¢ (respectively in that of ¢) satisfies A\~ (k) = A7 (ky) for some n € N (respectively
A (kn) = AT (k) for some n € N).

Replacing At (K (m)) and X‘(f%(m)) by their asymptotics in the equality (20), we have :

p(m)  P(m) 1
N Ol m+c+o(@(m)) (21)

In(h)'(1)  In(h)'(0) n—2 n—2

M N N ORE N OV

Now, we have the following Lemma:

Lemma 4.6. There exists mo € N such that for all m > mg, ¥(m+ 1) > p(m) + 2.

Proof. Set A= \/% >1and C' = —4/f(1)C. It follows from (21) that:
, 1
P(m) = Ap(m) +C' + O(W)

Assume tp(m + 1) = ¢(m) + 1. Then :
w(m)—i—lzw(m+1):A<p(m+1)+C/+O(ﬁ)
ZA(w(m)le)JrCurO(ﬁ)
A@(m)+0’+A+o<ﬁ>
1
=w<m>+A+o(m)_
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Thus, we get:

1za+0( )

which is clearly false for m large enough. O

Consequently, the range of ¢» doesn’t contain two consecutive integers. We deduce from this the
following Lemma :

Lemma 4.7. Denote a1, as, ... the sequence of all integers that are not in the range of . There
exists C' > 0 such that this sequence satisfies :

am < 2m + C. (22)

Proof. We set py = ¢(mg) and C := a,, — 2pg. Clearly, (22) true for m = py. Now, assume that
(22) is satisfied for a fixed m > po. Then :

e cither a,, + 1 is not in the range of ¢ and so : amy1 = ap + 1,

® Or a,, + 1 is in the range of 1. Then a,, + 2 is not in the image of 1 since it does not contain
consecutive integers and consequently a,,+1 = a,, + 2.

In both cases, we get a1 < 2(m + 1) + C. Then, the proof of the Lemma follows by a standard
induction argument. O

In particular, Lemma 4.7 shows that :

Thus, setting £ = {a,, n € N}, we have :

(A (Km), me L} C{A\ (km), m €N}
which concludes the proof of the Proposition. O
As previously, we have to treat differently the case of the dimension n = 2 and n > 3.
The two dimensional case:

Lemma 4.8. For all m € L, one has:
M (m) = X (m).
Proof. By construction, for each element m of L, there exists n(m) € N such that :

At (Hm) = S‘Jr (’in(m))

e so(2) 0{i)

which implies m = n(m). for m large enough. U

Using Lemma 3.2, we get:

Lemma 4.9. For every z € IIT large enough, we have the alternative :

A_(2) = A7 (2) or Ap(z) = AT(2).

Proof. Recall that we have set :
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B(km) = A" (m) + AT (5m), and C(km) = A" (Km) AT (Fm)-

For every m € N, the characteristic polynomial P(X) associated to the eigenvalues A\* (k,,) is given
by:

P(X) = X2 — B(tim)X + C(kim).
Setting R(km) = B(km)? — 4C (km), we get:
M (k) = %<B(Iim) + R(nm)>.

In the same way, we define B and R such that :

S () = %(B(:-am) + R(w))

For m € L, we begin with the equality :

One deduces :

and we have

For z € II'T, we set k. = z(z +n — 2), and we define:
92(2) = A(k:)Alr2) g1 (2).
Then g9 is identically zero. Indeed :

e g5 is holomorphic on II7.
e g € N(II'") thanks to the estimates of Proposition 2.3.

e We have ga(m) = 0 for every m € L, which enable us to conclude, by Nevanlinna’s theorem :
g2 =0=g; sur IIT".

In other words, we have obtained:

[CBE B(nz>>2 CR(e) - R(sn)| ARG R() =0

It easily follows that for z € II*, we have four alternatives:
A (k) = A (k2), A(k2) = A" (k2), A (k) =AT(k.) or AT(k.)=AT(k.).

If a sequence (z,) satisfies, for instance, AT (k. ) = A~ (k., ) with |2,| — +o0, then, using Lemma
3.2 we get f(0) = f(1), and that contradicts our hypothesis. We use the same argument to exclude
the third case. Finally, by replacing x. by z, we have for |z| large enough :

A(2)=A"(2) or AT(z)=AT(z).

29



Assume now there exists # € R large enough such that A~ (x) # A~ (z). By a standard continuity
argument, we can find an interval I centered in x such that :

VEe I, AT(t) # A (b),

which implies necessarily that Vt € I, AT (t) = AT (). Moreover, there is L > 0 such that the real
function ¢ — AT (t)— AT (t) is analytic on the interval [L, +oo[. Thus, V¢t > L, one has AT (¢) = AT (t)
by the analytic continuation principle. One deduces there exists mg € N such that, for m larger

than my :
’ M (k) = A (km) 3, A (Km) = A (Km)-

As a by product, one gets:
Vm € N, m >mo = Tr(A7") = Tr(A7") and det(Ay') = det(A7").

The case of the dimension n > 3.

The following arguments are more or less immediate adaptations of the two dimensional case. We
just refer to it for details.

1
Lemma 4.10. There exists L C N such that E — =400 and :
m
meL

A" (Bm) = A (km), Vme L.

Proof. By definition of the sequence (a,) defined in Lemma 4.7, there is another sequence of
integers (a,) such that : .

)\_ (K’an) = )\_ (K’dn)
As in the proof of Lemma 4.4, we show that a,, = G, and we set £ = {a,, m € L,}. O

We have the following Lemma (the proof is identical to the two dimensional case).

Lemma 4.11. For all z € C such that |z| is large enough, we have the alternative :

A (k2) = A (K1), M (k) = AT (k2).

We deduce then, for m > myg :
A () = A (k) and At (k) = A (k).
It follows that :
Vm €N, m >mo = Tr(Ay") = Tr(A7") and det(A7') = det(A7").
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