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CONVERGENCE AND STOCHASTIC HOMOGENIZATION OF A CLASS OF TWO
COMPONENTS NONLINEAR REACTION-DIFFUSION SYSTEMS

OMAR ANZA HAFSA, JEAN PHILIPPE MANDALLENA AND GERARD MICHAILLE

ABSTRACT. We establish a convergence theorem for a class of two components nonlinear reaction-
diffusion systems. Each diffusion term is the subdifferential of a convex functional of the calculus of
variations whose class is equipped with the Mosco-convergence. The reaction terms are structured in
such a way that the systems admit bounded solutions, which are positive in the modeling of ecosystems.
As a consequence, under a stochastic homogenization framework, we prove two homogenization theorems
for this class. We illustrate the results with the stochastic homogenization of a prey-predator model
with saturation effect.
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2 CONVERGENCE OF TWO COMPONENTS NONLINEAR REACTION-DIFFUSION SYSTEMS

1. INTRODUCTION

Let T > 0 and € be a bounded domain in RY. The paper is concerned with the convergence of
sequences of reaction-diffusion systems in L2 (O7 T, L? (Q)) of the type

da%l (t) + 0Py, (un (1)) D Frp (t,un (£),v, (1)) for ae. t € (0,7)

(Sn) %" (t) + 0Bs, (V0 (1)) D Fo (ttn (), v (£)) for ace. t € (0,T)

Py, < Un (0) < P10 Loy < n (0) < P24y un (0) € dom (99 ), vy, (0) € dom (OP24,),

where, for ¢ = 1,2, Pin and p; , are suitable constants depending on the reaction functional F;,,.
Each diffusion term is the subdifferential of a convex integral functional of the calculus of variations
®; , : L? (Q) — RU{+0oc}, whose domain dom (9%, ,,) contains the boundary conditions. In their domain,
the diffusion terms are of divergence form —divD:W1 ., (x, Vu) and —divD:Ws ,, (x, Vv). The explicit
dependence on the spatial variable reflects the fact that the diffusion may take place in heterogeneous
media. More specifically, when we write n for ¢,, intended to tend toward 0, the system models among
other examples, ecosystems of two species in a spatial domain made up of small habitats with size ¢,.
The well-posedness nature of reaction-diffusion systems in the sense of existence of a strong solution has
been extensively studied. In this paper, the novelty is the special form of the reactions functionals: they
are structured in such a way that for fixed v € L? (Q), (t,u) — Fy1 (t,u,v), and for fixed u € L? (),
(t,v) = F, 2 (t,u,v) are SVR-structured reaction functionals as defined in [I]. As a consequence, (S,,)
admits a pair of bounded solutions according to the constants Pin and p,; , that govern the initial

conditions. Problems (S,) model various situations involving competition or symbiosis models, prey
predator models in ecology, as well as heat mass transfert in chemical reactors and combustion theory, or
gaz-liquid interactions problems, etc. They are illustrated through Examples 2.1} 2:2] 23] 24 It should
be noted that our study includes systems (S,,) coupling a reaction-diffusion equation (r.d.e.) and a non
diffusive reaction equation (n.d.r.e.), like the FitzHugh-Nagumo system in neurophysiology described in

Example

In Section [2| for any T > 0, we prove existence and uniqueness of bounded strong solutions in
C ([0,7], L2 () x C ([0,T], L? (€2)) for problems of the type (S,), when initial functions are bounded
according to the reaction functionals. The proof is based on [I, Theorem 3.1] combined with a suitable
fixed point procedure.

In Section |3, under the Mosco-convergence of functionals ®; ,, and a suitable convergence of F; ,, to
F;, i = 1,2, we establish the first main result of the paper, Theorem which states the convergence
of (S,) toward a reaction-diffusion system (S) of the same type. This can be seen as a compactness or
a stability result for the class of systems considered.

The convergence of systems (S,,) coupling a reaction-diffusion equation with a non diffusive reaction
equation or two non diffusive reaction equations is addressed in Section [4] and is discussed in Theorem
and Theorem [.2] Tt requires additional regularity conditions on the reaction functional associated
with the n.d.r.e..

As far as we know, the homogenization of reaction-diffusion systems was first addressed in [10} [14] by
means of the two scale convergence; see also [13] where the homogenization with evolving microstructure
is performed using the method of transformation to a periodic reference domain. In Section [b| we hope
to contribute to this research in the framework of stochastic homogenization described in [I]. The main
results, which are direct consequences of Theorems [3.I] [I.1] are stated in Theorems [5.1] (.2l They
are illustrated through the homogenization of a prey-predator model with a saturation effect which
is the randomization of Example The model involves two species spreading in an heterogeneous
environment whose small spatial heterogeneities are randomly distributed following a Poisson point
process. The homogenized problem illustrates the interplay between the growth rate of the prey and the
maximum carrying capacity of the environment when the size of the spatial heterogeneities is very small.
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2. TWO COMPONENTS REACTION DIFFUSION SYSTEM ASSOCIATED WITH CONVEX FUNCTIONALS OF
THE CALCULUS OF VARIATIONS AND TCCP-STRUCTURED REACTION FUNCTIONALS

We denote by £y the Lebesgue measure in RV, by Q a domain of RV of class C', and by I' a subset
of its boundary 9 with positive #~ ~!-Hausdorf measure. To shorten the notation, we sometimes write
X to denote the Hilbert space L? () equipped with its standard scalar product and its associated norm,
denoted by (, ) and || . ||x respectively. All along the paper we use the same notation |- | to denote the
norms of the euclidean spaces R?, d > 1, and by ¢ - ¢ the standard scalar product of two elements &, &’
in RY. We also denote by £ ® ¢’ the Hadamard (or Schur) product of two elements & and ¢’ in R?. For
any topological space T, we denote by B (T) its Borel field.

The paper is concerned with sequences of systems of reaction-diffusion Cauchy problems of the form

% (£) + 001 (u(t)) = Fy (0 (8) 0 (1)) for ae. t € (0,T)

(S) % (t) + 0%y (v (1) = Fy (tu () , v (t)) for ace. t € (0,7)

1 (0) € dom (0®1), v (0) € dom 0P,

where, for i = 1,2, 0®; denote the subdifferential of standard convex functionals ®; of the calculus of
variations. More precisely ®; : L% (Q) — R U {+oc} is defined by

1
/ Wi (z,Vu(z)) dr + 7/ a;u? dHy_1 —/ diu dHy_1  ifue H (Q),
_JJa 2 /oo o0

®; (u) (2.1)

+00 otherwise
a; >0 Hy_i-a.e. in 00
where a; € L3, (09Q) with and
Jo; >0 a; >0 Hy-1-ae inl; CON with Hy_1 () >0,
¢ € L, (09).
The density W; : RY x RY — R is a Borel measurable function which satisfies the following conditions:
(D1) there exist & > 0 and B > 0 such that for a.e. z € RV and every ¢ € RV

aléP < Wi (x, &) < B(1+1¢%),

(Do) for a.e. x € RN, &€ s W;(2,€) is a Gateaux differentiable E| convex function (we denote by
DeW; (z,-) its Gateaux derivative), with DeW; (z,0) = 0 for a.e. z € RY.

By using the subdifferential inequality together with the growth conditions fulfilled by the convex
function & — W; (z,€), it is easy to show that there exist nonnegative constants L (8) and C (8) such
that, for all (£,¢) € RN x RV,

(Wi (2,8) = Wi (2,§) | < L(B) €= &TA+[E[+€]),
[DeW (,6) [ < C(B) (1 +[¢]) -

From the second estimate, we infer that if u € H* (), then the function De¢W; (-, V) belongs to L2 ().

We recall (see [I, Lemma 1]) that the subdifferential of the functional ®; (actually its Gateau deriva-
tive), whose domain captures the boundary condition, is given by:

dom (8®;) = {v € H' (Q) : div DeW; (-, Vv) € L?(Q), a;v + DeW; (-, Vv) -n = ¢; on O}

0®; (v) = —div DeW (-, Vo) for v € dom (0®;)
where n denotes the outer unit normal to 02 and a;v+ D¢W; (-, Vv) - n must be taken in the trace sense.
In what follows, since 0®; are single valued, we denote them by D®;.

The pair (Fy, F3) of reaction functionals belongs to a suitable class for which a comparison principle
holds with respect to the initial and boundary data for lower and upper solutions. This class is defined
in the next section.

Under this hypothesis the subdifferential of ®; is single valued. We make this hypothesis to simplify the notation.
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2.1. The class of TCCP-structured reaction functionals. Reaction-diffusion systems which model
a wide class of applications in the domain of ecosystems, and which gives rise to bounded or positive
solutions, amenable to analytical calculation in homogenization (periodic or stochastic) involve a special
class of pairs of reaction functionals that we define below.

Definition 2.1. A pair (F}, Fy) of functionals F; : [0,4+00) x L?(Q) x L?(Q) — R% i = 1,2, is
called a TCCP-structured reaction functional, if there exists a pair of Borel measurable functions ( f1, f2),
fi:[0,+00) x RYN x R x R — R, i = 1,2, such that for all ¢ € [0, +00) and all (u,v) € L? (Q) x L? (),

{ F (t,u,v) () = f1 (t,z,u(z),v (),
Fy (t7uvv) (.’L‘) = f2 (t,m,u(m) 7'0(3:)),

which fulfill the following structure conditions:

{ fl (taxvgvcl) =n (t7x)®h1(
6, ¢

) () +aqu(t e
fg (t,:l? 3 /):’I"Q (t,l’)@hg( t,

Q) +ar
)92 (¢") + a2 (t,x

I Y
~——

K
@ where
e hi,g; : R —R! i =1,2, are locally Lipschitz continuous functions;

e forall T >0, r; € L™ ([O,T] XRN,RZ);
e forall T >0, ¢; € L? (O T,L7, (RN)).

Furthermore (f1, f2) must satisfy the Two Components Comparison Principle condition (T’CCP): for
i = 1,2, there exists a pair (L,ﬁ) of functions L,ﬁ : [0, 4+00) x R — R with f,£0< f;, and a pair

(Bi’pi) in R? with P, < Pis such that each of the two ordinary differential equations

opg 4 LW =1, (wi (t)) for a.e.t € (0, +00) ODE, { 7; (t) = f; (t,7; (1)) for a.e.t € (0,00)
|y, (0)=0p, ¥; (0) = p;

possesses at least one solution, such that for all T' > 0, for a.e. (t,7) € (0,T) x RY, we have:

{ fl <t7$7y1 (t)vcl) > il (
fl (t,$,y1 (t) s CI) < ?1 (t7
for all ¢’ € [y, (T), 7, (T)].

and
{ f2 (t,w,C,QQ (t)) >/, (t,yz (t))
J2 (62,075 (1) < fo (,72 (1))
for all ¢ € [y, (T),7, (T)].
The pair (Fy, Fy) is called a TCCP-structured reaction functional associated with (rhgi,hi,qi)i:m,
and (f1, f2) a TCCP-structured reaction function associated with (r;, gi, hi, Gi);— -

If furthermore, for all T > 0, and i = 1,2, r; € W (0,7, L (RY,R!)) and ¢; € Wh* (0, T, LE , (RY)),

the pair (F7, Fy) is referred to as a regular TCCP-structured reaction functional and (f1, f2) as a regular
TCCP-structured reaction function.

Remark 2.1. 1) Since y, Is nonincreasing, and y; is nondecreasing, for any T' > 0, and for ¢ = 1,2 we
have

y,(T) <y, (0)=p, <p; =7;(0) <7; (T).
the

(

2) It is worth noting that for each fixed ¢’ in [y, (7)) ¥ (7], function ¢ — fi (¢t,z,¢, (') is a SVR-
structured reaction function associated with (r; ® h1 (¢"),01,¢1) in the sense of [I, Definition 3.1].
Similarly for each fixed C in [y, (T') ¥y (T)], the function ¢" — f2 (¢, z,(, () is a SVR-structured reaction
function associated with (ro ® ha (¢), g2, ¢2)-

2Using the coordinates of r;, g; and h; we have fi (¢, 2,(,¢) = 22:1 ik ()b g (¢) g1,k (Q) + g1 (t,x) and
fo (t,2,¢,¢") = ki rok (£,2) ha (€) g2, (C) + a2 (t, @)
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2.2. Examples. In examples below, for any a : [0, +00) x RY — R we use the notation

a:= sup a(t,x), a:= inf al(t,x).
(t,)€[0,400) xRN (&) (t,x)€[0,+00) xRN (t,2)

The proofs of Propositions below are postponed to Appendix [A]

Examples 2.1. Ezample derived from competition models in ecology.

n_ ¢ /
fl (tv‘raC7C)_a1 (t,l’)((l K, (t,x‘) ai,2 1 )

AN ! C/ C
f2 (tvxaC7g)* (65 (tvx)c <1 - K2 (t,.’L’) 70‘2’1[(2 (t,x)) ’

where «; > 0 satisfies @; < +00, K; (t,2) >0, a; 2 > 0 and a1 > 0.

Proposition 2.1. The pair (f1, f2) is a TCCP-structured reaction function with fori=1,2,

p; is any positif real number, 7, (t) = p, exp (@;t) .

The pair (f1, f2) is associated with the diffusive competition model between two species

% (t) + D®q (u (t)) = (t, ) U (t) (1 — qu Ei?) — a1, in Ei?)> for a.e. t € (O,T)

v (t) u (t)

K (t) 'Ryt )

(S)§ dv
dt

(t) + D®s (v (1)) = ag (t,-) v (1) (1 - ) for a.e. t € (0,T)

u (0) = ug € dom (D®;), v (0) = vy € dom DD,

where v and v denote the densities of two competing species having a logistic growth in the absence of
the other. The «; are the birth rates and the K; the carrying capacities. The dimensionless coefficients
a1,2 and a1 measure the competing effect of v to u and u to v respectively. In Theorem @ we prove

that for all 7 > 0, (S) admits a unique solution (u,v) € C ([0,7], L? (Q))2 Under the initial conditions
0 <wup <7y, 0<wy < Py, this solution fulfills for all ¢ € [0,7T] the bounds 0 < u (t) < by exp (@1t),

0 < v (t) < pyexp(aszt). Furthermore, if we assume that the functions a;, #-, and alm?(((tti)) belong

to Wt (O7 T,L? (RN)) N L ([O, T] x RN), then w and v fulfill the boundary conditions for all ¢ €]0, T

loc

and admit a right derivative at each ¢t €]0,T[.

Examples 2.2. Example derived from symbiosis models in ecology.

AN C CI
fi(t2,¢.¢) = ar ()¢ (1 T E () Thig (m))

¢ ¢
t N=ax(t,z)¢ [1- b
f2(7xa<7§) 042(7‘7:)4. < Kg(t,$)+ 271K2(t,.’17) )
where o; > 0, +00 > K; > K; (t,z) > K, > 0. We assume that
K K
0<bo<=Land0<by <=2 2.2
< 012 T, < b2 X, (2.2)

Proposition 2.2. The pair (f1, f2) is a TCCP-structured reaction function with fori=1,2,

p, =0,y =0;

K1F1 K2?2 > .

P1 = Py = max —, —
Pr=ra= <K1 —bi2K1 Ky, —b1K2

Yi = Py
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The pair (f1, f2) is associated with the diffusive symbiosis model between two species

du - u(t) v (t)
o (t)+ DPq (u(t)) = a1 (t) u(t) (1 e 0 + b1 e (t)) for a.e. t € (0,T)
(S)¢ dv v (t)

E (t) + D(I)g (’U (t)) = Qg (t) () (t) <1 — K2 (t) + bz)l;(g(z(:)i)) fora.e. t € (O,T)

u (0) = ug € dom (D®1), vy = vy € dom DPy,

where u and v denote the densities of two species having a logistic growth in the absence of the other.
Like in Example the a; denote the birth rates and the K; the carrying capacities. The dimensionless
coefficients b1 o and by ; measure the symbiosis effect of v to u and u to v respectively. By contrast with
the competition model of two species described in Example 2.1] the signs preceding the b’s are positive
and reflect the fact that the interaction between the two species is to the advantage of all. Conditions
(2.2) reflect the fact that symbiosis between both species must not be too large so that both populations
grow while being bounded. Indeed, from Proposition one can choose 0 < p; = py < 4o00. It should
be noted that the stability analysis of the system, for the model without diffusion and with constant
carrying capacities, provides the less restrictive condition by 2b21 < 1 (see [I1, Section 3.6]). In Theorem
we prove that under the initial conditions 0 < ug < py, 0 < vg < Py, for all T > 0, (S) admits

a unique solution (u,v) € C ([O,T},L2 (Q))2 which fulfills for all ¢ € [0,7] the bounds 0 < u (t) < py,

and 0 < v (t) < p,. Furthermore, if we assume that the functions o;, -, and b, ;75 ;((ttz)) belong to
Wbt (0,T, L%, (RN)) N L*> ([0,T] x RY), then u and v fulfill the boundary conditions for all ¢ €]0, T

and admit a right derivative at each ¢ €]0, T'.

Examples 2.3. Ezample derived from predator-prey models.

fi(t,z,(,¢") = (t,x)¢ (1 - Kcafm) —a(z,t)¢" (1 —exp (=bC))
f2 (t,JL‘,C,C/) = Q2 (t,’l}) CI <1 - ci) )

where g (t,2) > a3 > 0, 400 > @ > s (t,2) > ay > 0, Kegr (t,2) > K >0, 400 >a@ > a(t,z) > 0,

and b, c are positive constants. Furthermore setting pe,: 1= ¢ , we assume that e, > 4.

Proposition 2.3. The pair (f1, f2) is a TCCP-structured reaction function with

L= 1= 14 /1- 2
P €K 5 K 5 v Yy =Py
_ K 4 _ _ _
P = 9817 S [?Me;}ct <1 - é)] » U1 (t) = prexp (Qit); (2.3)
Py 8
Py =0, y,=0;
_ Q2 _ Py _ _
e |l—p, = 1-=11, = Dy.
P2 Lazpl I Py < K)] Y2 = P2
As a consequence of Theorem we obtain that under the initial conditions P, < ug <Py and

0 < wo < Py, where p , py and p, fulfill condition 1) the diffusive predator-prey system

du . u(t)
pn (t) + DPy (u(t)) = a1 (t,-) u(t) <1 - W) —a(t,)v(t) (1 —exp(—bu(t))) for ae. t €
(S){ dv v (t)

— )+ D2 (v(t) 3 as(t,-)v(¢) (1 - cu(t)) for a.e. t € (0,7T)

u(0) = ug € dom (D®4), v (0) =vg € dom DPs,

dt

admits for all T > 0 a unique solution (u,v) € C([0,7T],L? (Q))2 which satisfies for all ¢t € [0,77,
p, S u(t) < pyexp(ar) and 0 < v (t) < py. Furthermore, if we assume that the functions «;, i =



CONVERGENCE OF TWO COMPONENTS NONLINEAR REACTION-DIFFUSION SYSTEMS 7

1,2, 72— and a belong to W' (0,7, L7 (RY)) N L> ([0,7] x RY), then u and v fulfill the boundary
condltlons for all ¢ €]0,T] and admit a right derivative at each ¢ €]0,7[. The system models the
evolution of two species with density u and v of a prey and a predator, with birth growth rate «y
and «q respectively. The prey population satisfies a logistic growth with some time-space depending
maximum carrying capacity K.q- (the carrying capacity of the prey when the density of the predator is
equal to zero), perturbed by a “predator term” —a (¢,-) v (t) (1 — exp (—bu (t))) with a growth coefficient
a. This term involves a saturation effect, i.e. —a (t,-)v(¢) (1 —exp (—bu (t))) saturates to —aw (¢) for
u (t) large, which reflects the limited capability of the predator when the prey is abundant. There exits
many other choice of predator terms with saturation effects, and we refer the reader to [II, Section
3.3] for various examples in the context of o.d.e’s. The predator population satisfies a logistic growth
with a carrying capacity proportional to the prey density. The condition pe;+ > 4 on the dimensionless
coefficient .., prevents the extinction of the prey species since its guarantees existence of Py > 0, so

__4

1—
that w (t) > p, 2K — "<t The coefficient jic,; is referred to as the eatinction threshold.

Examples 2.4. Ezample derived from thermo-chimical models.

fi(tx,¢,¢) = —ay (t,2) ¢P fo (C)
f2 (t,ZL',C C/) ( )CpfO( )

where
Y

X —— ) if
fo(¢) = ep<7 <’> <=0

0 otherwise,
and a; > 0, &is < 400, p > 1, and ~y is a positive constant.

Proposition 2.4. The pair (f1, f2) is a TOCP-structured reaction unction with

BZ‘ = 0’ yz = 0;
{ p; is any positif real number, Y, = py, Yo (t) = aapltexp (v) + Py

The pair (f1, f2) is associated with the diffusive system

S0+ Dy (1 (1)) =~ (1) w (1) fo (0(1)) for ae. 1€ (0,7)
(19 200 + D% (0(9) 3 2 () w0 Jo (0 (1) for ae. £ € (0,7)

u (0) = up € dom (D®1), v (0) = v € dom Dy,

where © and v denote a chemical concentration and the temperature respectively, in a non isothermal
chemical reaction process; a; and af are called Thiele number and Prater number respectively (see
[12] and references therein). In Theorem [2.1] we prove that (S) admits a unique solution (u,v) €
C ([o,1],L? (Q)) under the initial condition 0 < uy < p;, 0 < vy < py, which satisfies the bounds
0 <wu(t) <py,and 0 < v(t) < agpitexp(y) + py for all ¢ € [0,7]. Furthermore, if we assume that
the functions «; belong to W1! (0 T, L? (RN)) N L> ([07 T] x RN), then v and v fulfill the boundary

loc

conditions for all ¢ €]0,T] and admit a right derivative at each ¢ €]0,T'.

Examples 2.5. Ezample derived from FitzHugh-Nagumo models.

fi(t,2, ¢, (') = a1 (t,x) ¢ ;
f2 (t,l‘,c,(:/) = Q2 (tvl‘)g _C(tvx) (:/

where oy (t,7) > a; > 0, +00 > @y > ag (t,7) > 0; +00 > b > b(t,z) > b > 0; c(t,r) > ¢ > 0; and
0<a<a(tz) <l
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Proposition 2.5. Set vy = b%. Then the pair (f1, f2) is a TCCP-structured reaction function with
£y

pl - 1?17
Py = 27y (2.4)
Py = %Bl’

f,=Fi=0i=12
The pair (f1, f2) is associated with the system
Z;L )+ DP(u(t)=car (t,)u®)(u(t)—a(t,) (1 —u®) =0, -)v(t) forae. t e (0,T)

(S) % (t)=ag (t,")u(t)—c(t,-)v(t) for ae. t € (0,T)

u (0) = up € dom (D®), v (0) = v,

coupling a reaction diffusion equation with a non diffusive reaction equation. This coupling generalizes
the FitzHugh-Nagumo model which describes the evolution of the electrical potential u across the axonal
membrane. The variable v is a recovery variable obtained in the simplification of the Hodgkin-Huxley
Theory of Nerve Membranes (see [11]). For a complete analysis of boundary value problems relating to
FitzHugh-Nagumo equations in one space dimension, we refer the reader to [7, [0, [I5]. When the initial
functions satisfy the bounds p, Sug < ppand p, < ug < py where p, and p; are given by (2.4 ., existence
and uniqueness of solutions fulﬁlhng the same boundb are obtained accordlng to Theorem [2.I]and Remark
If we assume that the functions a;, a, b, and ¢ belong to W' (0,7, L2 . (RV)) N L> ([0,T] x RY)
then u fulfills the boundary condition for all ¢ €]0,7] and u and v possess a right derivative at each
t €]0,T[. For bounds similar to those given by , in the case when the coeflicients of the reaction
functional are constants, we refer the reader to [I2, Chapter 12, Section 12.7].

2.3. Existence and uniqueness of a bounded solution. Combining [I Theorem 3.1] with a suitable
fixed point procedure, we establish the existence of a bounded unique solution to the Cauchy problem
associated with TCCP-structured reaction functionals.

Theorem 2.1. Let ®,;, i = 1,2, be standard functionals of the calculus of variations (2.1)) and (Fy, F3)
a TCCP-structured reaction functional with P Pis Y, and g, given by condition (TCCP). Assume that
aip, < i < aip; for i =1,2, then the two component reaction-diffusion system

i;(ﬂml( () = Fy (t,u(t),v(t) for ae te(0,T)
) CZ(HD%( (t) = Fz (t,u(t),v(t) for ae te(0,T)

Py Suo=u(0)<py, p,<v9=v(0) <Py, ug€dom(DP1), v € dom DDy,

admits a unique solution (u,v) € C ([0,T],L*(Q)) x C ([0,T],L*(Q)) satisfying:

(51) u(t) € dom (D®y) and v (t) € dom (D®3) for a.e. t € (0,T),
(S2) u and v are almost everywhere derivable in (0,T),

(S5) w(t) € |y, 1),7: ()] and v (@) € [, (1), 72 (8)] for attt € [0,7].

If moreover (Fy, Fy) is a reqular TCCP-structured reaction functional, then u and v satisfy
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(S4) u(t) € dom (D®4) and v (t) € dom (D®3) for all t €]0,T|, u and v possess a right derivative
‘%“ (t) and % (t) at every t €]0,T[, and

dtu
T 1)+ Doy (0 (1) = Fi (tut) 0 (1)
dtv
T (1) + Dy (0 (1) = By (tu (1), (1),

Proof. Step 1 (local existence). We prove that there exists a unique solution of (S) for 7' small
enough. For 7" > 0 set

X = {(u,v) € C([0,T],X) x C([0,T],X) : w and v fulfill condition (S3) }

which is clearly a closed subset of the space C ([0,T], X) x C ([0,T], X) equipped with the norm product
defined by || (u,v) [[exc = llullco,r),x) + [[vlleo,m,x)- Therefore X7 is a complete metric space when
equipped with the metric associated with the norm || - ||cxc-

For each (u,v) € Xr, we consider the two reaction-diffusion problems with unknown Ajv and Asu
respectively defined by

dg”’ (£) + DBy (Aro (1)) = Fy (1, Ayo (£) 0 (8)) for ae. £ € (0,T)
(P)g

Py <A (0) = ug <1y,

dfﬁf“ (£) + D®s (Aot (1)) = i (£, u(t) , Aou (£)) for ace. £ € (0,T)
(P2)

Py < Aou(0) = vo < py.

We first claim that (P;) and (Ps) possess a unique solution Ajv and Aqu satisfying (S7), (S2) and (Ss3)
where Ajv and Asu are substituted for u and v respectively. Indeed, for fixed (u,v) € X, set

Ty (tax) =T (tvx) © hl (U (t,.’t)) ’ fv (t,l’, C) =Ty (ta .’E) "1 (C) +q (ta CU) )
Ty (tw%') =T2 (t71‘) © hg (u (t,.’L‘)) ) fu (t,fL‘, CI) =Ty (t,fL‘) P (CI) + g2 (L:L‘) )

and, for (U, V) € L? (Q)xL? (Q), F, (t,U) (z) = f, (t,z,U (z)), F, (t,V) (z) = fu (t,2,V (z)). Therefore,
(P1) and (P2) may be written as

(P1)
Py < Mw(0) =uo <y,
dAzu (t) + D®s (Asu (t)) = F, (t, Asu (t)) for ae. t € (0,T)

Py < Aou(0) = vo < Py

The claim follows from [I, Theorem 3.1}, provided that we establish that F, and F, are SVR-structured
reaction functionals. For this, note that each function f, and f, satisfies the structure condition of SVR-
structured reaction functions, and that condition (C'P) is fulfilled because (f1, f2) satisfies (TCCP), and
v and u satisfy (S3).

To show (S4), it remains to prove that t + 7, (t,-) and t ~— 7, (t,-) from [0,7] into L? () are
absolutely continuous. For ¢ — 7, (¢,-) the claim follows from the absolute continuity of r; and v, and
the following estimate

lro () =70 (5:) 2y < llr(t ) © ha (0 (t) =71 (s,7) © b (v (1) [l 2 mr)
+lr1 (s,+) © by (v (t) =71 (8,+) © b1 (v(3)) |2 ,rr)
< th”L’x([gQ(T)@?(T)],Rl) 71 (£,) =71 (s,°) 2o me)

HIr1ll Lo 0,7y xrN &) Ly ||V (£) — v (8) [ 22(0)

where Ly, denotes the Lipschitz constant of hy in [y, (T), 7, (T)]. For ¢ — ry (2, ) the proof is similar.
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Let us consider the operator A : Xp — C ([0,T],X) x C ([0, T], X) defined by A (u,v) = (Arv, Aqu).
We are going to establish existence of a fixed point of A for T" > 0 small enough. Such a fixed point
clearly furnishes a solution of (S) fulfilling (S1) — (Sy).

We claim that A (X7) € Xp. Let (u,v) € Xp, then A (u,v) = (Ajv, Asu). According to the consid-
erations above, as Ajv and Asu solve (P;) and (P2) respectively, we have (Av, Asu) € C([0,T],X) x
C([0,T],X), and y, (t) <A (t) <7y (1), y, (1) < Asu(t) <Y, (¢). Therefore (Av, Aou) belongs to Xr.
We claim that A is a contraction for 7 > 0 small enough. Let (uj,v;) and (uz,v2) in X7. We first
estimate
A (u1,v1) = A (u2,v2) loxe = || (Arvr — Ayva) ||x + || (Agur — Agus) [ x-
From (P;), subtract the equation related to Ajv; from the equation related to Ajve and take the scalar
product in X with Ajv; — Ajvs. Using the fact that D®; is a monotone operator, we obtain that for a.e.
te(0,T)
1d
Sl
Thus, for a.e. t € (0,7T),

A1U1 — A1U2) (t) ||§< S <F1 (t, A1U1 (t) , U1 (t)) — F1 (t,Ava (t) , U2 (t)) ,Aﬂ}l (t) — A11}2 (t)>

d
Sl (Arvr = Agws) (2) 1% < 2[1F1 (8, Avor ()01 (£) — Fi (8, Ao () 02 (1)) [[x[|Aror () = Avwz (1) || x
< Fu (, Avor ()01 (8) = Fu (8 Aoz (1) 02 (8)) 1% + [[Aavn (8) = Avos (8) (1% -
(2.5)
According to the structure of the functional £}, we have
| (t, Avor ()01 (1) = Fr (8 Avos (8) 02 (1) (1%
< C(Tyg1, ) lon (8) = w2 () 15 + C" (T, g1, ha) [ Avwn (8) — Avwz (1) |5 (2.6)

with

C(T,g1,h) =2 sup 191 (€) |2||7"1H%oo(RN,Rl)Lh1,T7
Cely, (1),5: ()]

C' (T, g1,h1) =2 sup |h1 (¢") |2||T1||%°°(RN,R1)L917T7
¢'€ly, (T),y2(T)]

where Lg, 7, Ly, denote the Lipschitz constants of the restrictions of g; and hy on [y, (T), ¥, (T')] and
[y, (T) .Y (T)] respectively. Combining (2.5) and (2.6) we infer that for a.e. £ € (0,7)
(Aror () = Aroa () 1% < O (T, g1, ha) [lon (8) — 02 () 1%

+ (1+Cl (T,gl,hl)) ||A11)1 (t) —Al’UQ (t) ||§( (27)

By integrating this inequality over (0, s) for s € [0,T] and noticing that Ajv; (0) = Ajvs (0) = wug, we
obtain

<
dt

[Avv1 (s) = Aqws () X < O(T, gl,hl)/ lvr () = v (t) |5 dt
0

+ (1 + Cl (T7 g1, hl))/os ||A1’U1 (t) — A1U2 (t) ||§(dt (28)

from which, according to Gronwall’s lemma, we deduce that for all s € [0, 7],

[ (Aror (s) = Aywa () % < T C (T, g1, ha) llor = vallZ 0,77, x) &P (1 + C' (T, 91, 11)) T) .
Proceeding similarly, we obtain, with suitable adapted notation,

| (Aguy (s) = Agug (5)) |5 < T C (T, g2, h2) ur = ua||Eypo,77,x) exp (1 + C' (T, g2, h2)) T) .
Consequently

IA (w1, v1) — A (u2,v2) loxe < C(T) || (u1,v1) — (ug, v2) lexc
where

C(T) = T'max (c (T, g1, h)* exp ((1 + O (T g1, ) Z) (C(T, g2, ha)? exp ((1 + O (T, g2, h2) Z))
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For ¢ = 1,2, the nonnegative constants C (T, g;, h;) and C’ (T, g;, h;) are clearly nondecreasing so that
limp_,o C (T') = 0. Consequently A is a contraction for 7' small enough and admits a fixed point (u,v),
ie. (Ajv,Asu) = (u,v) so that Ajv = u and Asu = v. This proves that (u,v) solves (S).

Step 2 (uniqueness). Let (u1,v1) and (uz,vs) be two solutions of (S), then taking Ajv; = u; and
Ajvs = ug in (2.8), we infer that for all s € [0, 7]

lu () = uz () [IX < C(T, g1, ) /O lvr (8) = v2 (8) |3t + (1 + C" (T, g1, ha)) /0 lus (£) = uz (t) % dt,

similarly

lon (s) — vz (5) % < C (T, g2, ha) / s (6) — s (8) [t + (1 + C' (T, g2, ha) / lon (8) — v (8) 3.

By summing these two inequalities, we obtain for a.e. s € [0, T,

lus (s) = uz (s) % + llvi (s) —v2 (s) |% < C /0 (lhua (8) = w2 () 15 + llon (8) — vz (8) %) dt
for some nonnegative constant C. Hence, according to Gronwall’s Lemma, for all s € [0, T,

lus (s) = uz () 1% + o1 (s) — w2 () [IX =0,

which proves uniqueness.

Step 3 (existence of a global solution). Denote by T* > 0 a small enough number obtained in
Step 1 so that (S) admits a unique solution in C ([0,7%], X) x C ([0,T*], X) El By [4, Theorem 17.2.5]
or [5, Theorem 3.6]), we have v/t9% € L?(0,7*, X). Hence, for 0 < § < T*, % belongs to L? (§,T*, X).
Set

E:={T>¢:3(u,v) € C([0,T],X) x C([0,T],X) solution of (S)}.
Since T* € E, we have E # (). Set Thrq, := sup E in Ry and denote by (u,v) the maximal solution of
(8) in C ([0, Thraz), X) X C ([0, Taraz), X). We argue by contradiction assuming that Ty, < +o0.

a) We first prove the existence of the two limits . liTm u (t) and , lifm v (t) in X.
— I Maz — L Maz
Let T € E, then for a.e. t € (0,T) we have
du du du du
(G 0.5 O)+ (Do), G 0) = (A o). 5 0). (2.9
dv dv dv dv
(G 0.5 0)+ (Do, 5 0) = (REuw.om). 5 0). (2.10)
From (2.9)), we infer that
T du 2
[5G o] avewe-awe)
1) X
T % T d 2 %
9 u
<( [ imcuwomniza) ([ G0 a) . (211
0 F) dt X

For all T € E, we have [ﬂl (T),7, (1)) [ﬂl (Trmaz) > J1 (Tinae)], and [E2 (T),75, (1)) C [y2 (Trmaz) > U2 (Tmaa)]-
Thus, according to the structure of Fy, there exists a constant
O = C (IIrallzoe e 20y 191 | o 1y, (T 72 (T 1) ”hl”Lw([gz(Tmm<T,,mw>LRl))

such that
17y (u(t),0 () 5 < 2C°Ln () + 2l (1) 1%
Therefore, since

Ctr(
inf @ (w) > — 22|y ]2
veL2(Q) (w) 2 2v I ||LHN—1(BQ)
3 Recall that under the initial condition ug € dom (D®1) we are not assured that the derivative % of the solution

belongs to L2 (0, T*, X).
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(for a proof refer to [2]), and q1 € L? (0, Tyae, L? (2)), inequality (2.11)) yields

T T 2 3
/ dt<C |1+ / dt
5 3 X

where the new constant C' does not depend on T. We infer that
dt < 400,

/TMam du 2 it /T
= sup
) X TeE Js§

— (2
dt *)
from which we deduce that u : [0, Taraz) — X is uniformly continuous. Indeed, for s < t in [, Thraz) We

have 1
2 TJ\/Iaa: 2 2
dr < (t—s) ( / dt)
X 5 b'e

and wu is more precisely %—Holder continuous. Since X is a complete normed space, according to the contin-
uous extension principle, u possesses a unique continuous extension @ in [0, Thsay) i-€. lims 7, . u (t) =
T (Thfaz). Similarly, from , we deduce that v possesses a unique continuous extension v in [§, Thsqx]
ie. limep,,,. v (t) =0 (Thrraz), which proves the claim.

du

2
du

— (@)

dt <

T (t)

du 2
— (t)
dt ¥

du

du
ar (1)

e (t)

Nl

l[u(®) —u(s)llx <

b) Contradiction: For T' > 0, consider the two component reaction-diffusion system

dU
o O

dv
(8H< at

+D®; (U (t)) = F1(t,U(t),V (¢)) for ae. t € (0,T)

(t) + D®y (V (1)) = F> (t,U (t),V (t)) for a.e. t € (0,T)

U (0) = E(Tmaw) ) Vv (O) =7 (Tmaw)

Py <U(0) <7y, p), <V (0) <7
where p' =y (Timaz), P1 = Uy (Timaz), and p), = y, (Tinaz), Po = Uz (Tinaz). Note that U (0) €

dom (D®,) and V (0) € dom (D®;). Then according to step 1, there exists 7** > 0 small enough
such that (S’) possesses a solution (U, V) € C ([0,7**], X) x C ([0, T**], X). Set

a(t) _Ju (t) ift e [O,TMaﬁ]
B U(t*TM(LT) lftE [TMarvTMam“i’T**}v

and
. t) if t € [0, Thaz
v (t) ( ) 1 € [ . M ]
(t TMLL.L) ifte [TMalaTMaL+T**]
Then (u,v) € C([0,Trazx +T7*],X) x C ([0, Taraz + T**], X) is a solution of (S), which leads to a
contradiction with the maximality of Th;qz. |

Remark 2.2. By using [I, Corollary 3.2], and arguing as in the proof above, the conclusion of Theorem
still holds if for ¢ = 1 or ¢ = 2, the functional ®; is of the form

/ Wi (z,Vu(z)) de if ue H (Q),
Q
otherwise,

and p, < 0 < p; (recall that Hp () = {ve Hi (Q):u=0onT;}. The domain of d®; contains the
Dirichlet-Neumann boundary conditions as stated in [I, Lemma 3.2]:

dom (99;) = {w € H(Q): div D¢W; (-, Vw) € L*(Q),w =0 on T';, DeW; (-, Vw) -7 =0o0ndQ\T;}.

Remark 2.3. A careful analysis of the proof of [I, Corollary 3.1] shows that its conclusion still holds when
®; =0 fori=1ori=2 (in the sense W; = a; = ¢; = 0). Indeed the lower condition «a|¢|? < W; (z,&)
with o > 0, only serves to ensure that inf,cz2(q) ®; (v) > —oo. Therefore Theorem remains valid
for systems (S) coupling a reaction-diffusion equation (r.d.e.) with a non diffusive reaction equation
(n.d.r..e.) (see Example[2.5), or two non diffusive reaction equations (n.d.r.e..).
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3. GENERAL CONVERGENCE THEOREM FOR A CLASS OF TWO COMPONENTS REACTION-DIFFUSION
SYSTEMS

For each i = 1,2, let (®; ),y

L? (Q) — RU {400} is defined by

be a sequence of functional of the calculus of variations where ®; ,, :

/ W, (z,Vu (z)) dz + = / ainu? dHN_1 — inudHy_1 ifue H(Q),
o0 o0
otherwise.

We assume that ¢, € LHN (09), ain € Ly, | (09) with a;n, >0 Hy 1 a.e. in 9, and a;n > 04

- N -

on I'; C 9Q with Hy_1 (T;) > 0 for some ;,, > 0 and that W, : RY x RN — R is a Borel measurable
function which fulfills the following conditions:

(D1,,) there exist {a;,} C R% and {8;,} C R}, such that for a.e. € RV and all £ € RY and all
n €N,

ai,n‘ﬂz S Wim (CIJ,&) S ﬁi,n (1 + |£‘2) )
(Da,) for a.e. x € RN, & W, (,€) is a differentiable and convex function, and DeW;  (2,0) = 0,
(D3n) 37 >0, s. t. forall € € RN inf inf D W, (,€) € > |¢[%
neEN zeRN

In the following we fix 7' > 0 and consider a sequence ((Fi n, F2.5)), ey of TCSVR-functionals, each
of them being associated with (i, gin, Rin, Gin), 1-€. Fin (tu,v)(x) = fin(tz,u(r)v(zr)) for all
t€[0,7], ae. z € Q, and all (u,v) € L2 (Q)°, where

fl,n (ta &€, C? Cl) = rl,n (t7 1’) © hi,n (C/) : gl,n (C) + Q1,n (ta $) fOI‘ au (t7 xZ, C) S [07 +OO) X RN X Rv
f2,n (ta xZ, Ca Cl) = r2,n (t7 I) © hZ,n (C) : gQ,n (CI) + q2,n (t, ‘T) fOI' all (t7 xZ, C) S [07 +OO) X RN X R
(3.1)
We assume that for all n € N, h;,, and g;,, are locally Lipschitz functions, uniformly with respect to n,
i.e. for all interval I C R, there exists Ly > 0 and L'I > 0 such that

SUPpeN |gl7’ﬂ (C) - gi,n ( ) | < LI‘C C | Cv CI € RQ»

3.2
supn i (O) — o (¢)] < LY — ¢ ¥ (G0 € B2, (32)
The functions r; ,, and g; ,, are uniformly absolutely continuous, i.e.
T
d ,n
sup/ i (t,-) dt < +o0,
n 0 dt L2(Q,RY) (3 3)
d ,mn ’
sup H e (t,-) dt < +o0.
L2(Q)
We finally assume that
p,==infy. (T)> —oco and p; :=sup¥y, , (T) < +o0, (3.4)
and, for all n € N,
Ainp; < Gin < @i Dy, 00 O (3.5)

where for i = 1,2, y. .Y, , p,  and p; ,, are given by condition (I'CCP) fulfilled by (F1,,, F2,,). Recall
that y. ~and y;,, are solution of ODE; and ODE; with f. | ?m and initial condition p, —and p;
respectively.

Recall that a sequence (@), of lower semicontinuous convex proper functionals ®, : L* () —
R U {+00} Mosco-converges to a functional ® if (®,,), .y I'-converges to ® when the I'-convergence is

associated both with the strong and the weak topology of L?(Q). We write D0 M ®,. For details
consult Appendix [C] and references therein.

Theorem 3.1 (General convergence theorem). Assume that for i = 1,2, the sequence (Win), o sat-
isfies conditions (D1, )} [(D2.5)} [(Ds.n), and that the sequence of TCCP-structured reaction functionals
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(Fins Fon),en satisfies conditions , , . Let (un,v,) be the unique solution of the

system

d;t” (£) 4 DDy, (n (1)) = Fom (t10m (£) 00 (£)) for a.e. t € (0,T)

(Sn) d;f (£) & DDop (v (£)) = Fan (£t (£) ,0m (1)) for ace. ¢ € (0,T)

0 =05 (0) < Py, ulh € dom (D1,,), v € dom (Pa,y,) .

Assume that

M
(Hs1) @, — ®; and sup,,cy ||¢i,n||L?HN71(8Q) < +o00;

(Hs2) sup,en P1,n (ug) < 400 and sup, ey P2,n (vg) < +o00;
(Hsz) u® — u® and v0 — v° strongly in L? (Q);

(Hsa) gi.n and h; , pointwise converge to g; and h; respectively;
(Hss)

Hss) sup,, [|7inll Lo (0,1 xRN r) < +00 and ri, — 1 in L? (O,T, L? (Q,Rl))
where r; € L™ ([O,T] X RN,]RZ);

(Hse) For allt € [0,T), sup,, ||gin (t,) |20 < +00 and i, — ¢; in L? (0,T, L? (Q)).
Then (un,vy) uniformly converges in C ([0,T], L* (Q)) x C ([0,T], L*(2)) to the unique solution (u,v)
of the system
du

T () + 0% (u(t)) > Fy (t,u(t),v(t) for ae te(0,T)

1) Z0+02:00)3 B (Lu(®) 0 (1) for we. € O.T)

P, <u® =u(0) <py, Py <09 =v(0) <Py, u’ € dom (P1), v° € dom (®2).

The reaction functionals F; : [0, +00) x L% () x L2 () — R, i = 1,2, are defined for all t € [0,T), all
(U, V) e L?(Q) x L?(Q) and for a.e. x € Q, by

Fl(taUav) x):fl(t,x,U(x),V(x)),
fr(ta, ¢, ¢) =ri(tx) ©hi (¢)- 91 (O +aqu(t,7),
fa (2,6, (") = o (8,2) © ha (C) - g2 (') + g2 (¢, ).
< Py, and (e, W) (D dv) yeqkly in L2 (0,7, L2 (Q)) x

Moreover pp S u < pr,op, S0
12 (0,7, 12 (2).

Furthermore, if (<I>1,n (ug) , @1y (vg)) — (<I> (uo) , P (’UO)), Tin — T strongly in L? (O,T, L? (QJRZ)),
and ¢;., — qi strongly in L> (07T7 L? (Q)) then (d“t”, d:jt") — (%7 %) strongly in L? (O,T7 L? (Q)) X
L? (O, T, L? (Q))

Proof. Since dom (®;,,) C dom (D®;,,), we have (u),v9) € (dom (D®1,,,),dom (D<I>27n)), so that,
accordlng to Theorem 2.1} (P,,) admits a unique solution (u,,v,) which satisfies (S2) — (S4) of Theorem
We follow the strategy of the proof of [Il Theorem 4.1].

Step 1. We establish

Py Sun <Py and Py < Un < D (3.6)
o= s GOl <400 him s [hia(Q)] < +oo; (37)
((a")e[ﬁivﬁi]XN (Cvn)e[ﬁivﬁi]XN
duy, dvy,
sup dn < 400 and sup Y < 4o0. (3.8)
nen || dt L2(0,T,X) neN dt L2(0,T,X)
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From Theorem the solution (uy,vn) of (S,) satisfies y, (T) < up <Yy, (T) and y,, (T) < vp <
Yo, (T), so that inequalities (3.6]) follow directly from (3.4). We deduce (3.7) from (3.2), hypothesis
W and estimate |g; », ()| < |gin (0)] + L[g.@]m; idem for h; .

Let us establish (3.8)). In what follows the letter C' denotes various constants which can vary from
line to line. By using the structure of the TCCP-structured reaction functional F,,, and from (3.7) and

hypothesis we easily infer that
[En (8 un (8) 0 () 5 < 2L5 () |73, 7l||oogz R+ 2llin (8,) 1%

Thus, according to we deduce
T
sup/ 1 Eim (8w (t) 05 (1)) |3 dt < +o0. (3.10)
0

On the other hand, from Sn) we infer that for a.e. t € (0,7,

’ —i— <D<I>1 n (un (8)), = (t)> = <F1,n (t, up (t), 05 (1)), 5 (t)>
d’l}n dvn

’ <D<I>2n un (1))~ (t)> = <F2,n (t,un (), vp (t)),CZ"(t)>-

By integrating over (0, T), we obtain

2

T T T
dun dun dun
@)l at DOy, (un (1)), —2 () ) dt = Fin (tun (8) 00 (£), —2 (£) ) dt,
LG o] e [ (v o) Gro) d= [ (o0 G o)
T 2 T T
dl}n d'Un dvn
| at D®y . (v (1)), —= (¢) ) dt = Fyn (tun (£) 00 (1), —= (£) ) dt.
LGeo] e [ (oo Gro) d= [ (B 000, 52 0)
(3.11)
Since (u9,v9) € (dom (®1,,,) , dom (P3,,)), we deduce that (e, L=) helongs to L2 (0,T, X)x L? (0, T, X)

and t — Dy, (un (t)), t = P2, (v(t)) are absolutely continuous (see [5, Theorem 3.6]). Therefore for

ace. t € (0,T), LBy, (un (1)) = (DO (uy (£)), Ln (t)ﬁd LBy, (v (1) = (DDy (vs (1)), 2n (1))
3.11)

(see [4, Proposition 17.2.5]). From the first equality in (3.11) we have

r

2
duy,

T
dt = =®1 4, (up (T)) + @1y (uh) +/0 <F17n (t, un (1), v (t)),dt(t)> dt  (3.12)

<— inf @, oy, (W0
<7 gy Tom () s P (1)

T % T
+</ Fl,n<t,un(t>,vn<t>>||§(> (/

inf By, (w) > —
1)6114%(9) L ('UJ)_ 2v

From |(Hs1)}, [(Hs2), and (3.10), (3.12) yields that there exists a constant C' > 0 such that
2

T T 2
/ dt<C |1+ / dt
0 X 0 X

Reasoning similarly with the second equality in (3.11]), we obtain
) 1
dt ,
X

du,,
T (t)

X

where

lo1allis, (o0

Nl=

dun
dt

dun

(t) o

(t)

=

2

T
d<C|1+ /
X 0

dv,

a (t)

dv,

s (t)

’

from which we deduce (3.8).
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Step 2. We prove that there exist (u,v) € C([0,T],X) x C([0,T],X), and a subsequence of
((n,vn)),en not relabeled, satisfying (un,v,) = (u,v) in C([0,T],X) x C([0,T],X) equipped with
the norm || - [[oxc-

Basically we apply the Ascoli-Arzela compactness theorem for (uy,),y and (vn), oy We reason for
(tn),cn the same reasoning holds for (v,),, oy From (3.6)), (uy,),, ¢y is bounded in C ([0, T7, X'). Moreover
for (s,t) € [0,T)? with s < ¢, we have

du,,

dt

dun

dt

< (t—s)? sup
L2(0,T,X)

(1)

llwn () — un (s) ||x <

X L2(0,T,X)

which, from 7 yields the equicontinuity of the sequence (uy),cy. It remains to establish for each
t € [0, 77, the relative compactness in X of the set F; := {u, (t) : n € N}. For ¢ = 0 there is nothing to
prove because of hypothesis on the initial condition. It remains to establish the relative compactness
of E, for t €]0,T]. In what follows ¢ is fixed in ]0,T].

According to Theorem uy, satisfies (S4), then possesses a right derivative at ¢ (at t = T, this is
due to the fact that wu,, exists in C ([0, +00), X) so that the right derivative of u,, at t = T' is nothing but
the right derivative of the restriction of u,, to [0,7]). Moreover

+
du}

7 (t) + Dy p (un (£)) = Frp (tun (1), 0 (1)) .

Taking wu, (t) as a test function, we infer that

du’
<d; (1) <t>> DBy (i (6) st (5) = (Fr (bt (£) 0 (£)) 0 (1))

hence, from the Green formula and the fact that u,, (t) € dom D® ,,,

DWWy (33, Vuy, (t)) -Vuy, (t) dx
Q

dut
= DeWy 4 (2, V uy, (8) - nuy, (8) dHy—1 — dtn (t) uy, (t) dz+ / Fip (tun (1) v, (1)) do
0 Q
dut
= /89 (Pin — @1nUn () un (t) dHN_1 —/Q pm (t) up (t) da:—l—/ Fip (tun (t) 0, (1) do
dut
< o Gintn (1) dHN-1 — /Q TS () uy, (t) do+ /Q Fip (tun ()0, (1) da.

is the positive constant of the uniform strong convexity condition |(Ds )

D3,n)

—

and Cirgce 18 the constant of continuity of the trace operator. Set b := max (|B1" \p1|). From

(3.6) and (3.9), we deduce that

3 [ v P e < ool O, o
1 (|| dut
+ 0Ly ()2 (| @O+ [ (G un (), vn () [l
X
Ctrace Ctracel/ 2
< ||¢1n||L§_¢N o) T T [[un (£) 11 ()
1 (|| dut
+ LN (O || O+ [ (G un (8) 00 (1)) [lx
X
Ora('p Cracey
< Sl omt S5 ([ Fu 0P dot Ly @)
1 dun
+ 0Ly ()2 (= O+ Fun (tua (€), 00 (1)) llx ) -
X
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Hence

C ’I”G,CEV C race C ’I"G,CEV
y— e [V, (1) Pde < =25 pl\(blnlle ooy TV 55 Ly ()
2 o 2 _, (09 2

+

1 d
FhLy ()7 sup (‘ 2

neN dtn (t)HX

From (3.10)), estimates (3.13) and (3.6) yield that (u, (t)),cy is bounded in H' () provided that we
establish

+ [ F1n (8, up (£) v, (2)) ||X> .(3.13)

sup t)H < +o00. (3.14)
n b'e
Then from the compact embedding H! (2) < L?(Q) we will conclude to the compactness of the set
E,. Therefore, to end Step 2, it remains to establish (3.14)). This estimate requires the sharp result of
Lemma [B11
Set Gy, (t) := Fipn (t,un (t),v, (). In order to apply Lemma we start by establishing the
following estimate on the total variation Var (G,,[0,T]) of G,, in [0,T]:
duy,
“ H dt) (3.15)

G, T dv,
— (¢ t < 1 — (t t
dt()de—C< +/0 dt”HXCH/o

where C' is a nonnegative constant which does not depend on n. To shorten the notation, we omit the
index ¢ = 1. According to the structure of Fi 5, to (3.7), (3.3), and hypothesis |(Hse)}, we have

T
Var (Gy, [0,T]) = /O

1Gn (t) = G (8) lx < ghllrn () =70 (5) L2ty + g0 (1) — gn (5) || x
+:‘é§”rn”oo lgn (un () - "y (V5 (£)) = gn (tn (8)) = P (Vi (8))”X
—— ("] drs " dgn
. %(t,.) L2(Q,RY) dt+/s dt(t’.)Hx

U [ oo llgn (n (£)) - n (0 (8)) = gn (ten (5)) - Pon (0 (5)) 1 - (3-16)

On the other hand, from (3.2)) and (3.7)), we infer that

gn (un () - B (V5 (£)) = g (Un (8)) = I (Vn (5))”)(
<GLY, 7 1on () = vn () x + hLip 5,1 lun () = un (5)ll

| dw — du
/ n n
Estimate (3.15) is then obtained by combining (3.16)),(3.17)), (3.8)), and (3.3)).
Hence, applying Lemma m from (3.15)), we deduce that
d + | dv, 1\ (7 duy,
Un <c+o/ Dl at+(c+ = / | dt
o Il dt t) o | dt V|«

and (3.14)) follows from . This completes Step 2.

Step 3. We assert that (d“—t", dst") (‘f#, ‘fl;’) weakly in L2 (0, T, X) x L? (0, T, X) for a non relabeled

subsequence, and that I3 <u < py, Py < u < py. The first claim is a straightforward consequence of
lb and Step 2. The second follows from inequality P S Un S P Py, < Un < Doy, 1} and
(Un,vn) = (u,v) in C ([0, T], X).

Step 4. We prove that (u,v) is the unique solution of (S). The proof mimics that of [I, Theorem
4.1]. We give a sketch of the proof. According to the Fenchel extremality condition (see [4, Proposition
9.5.1]), the fact that (uy,,v,) solves (S,), is equivalent to

/OT [@Ln (un (1)) + @7, (Gm () — % (t))] »

+%(Hun )II* — H OH ) /T (Gin (t),un () dt =0,
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/OT [@2,71 (un (1)) + @3, (Gz,n (t) — dstn (t))] dt

1
2 (a1 = 0817) = [ (G 0) (=0,
0
where G, (t) = F;  (, un (t) , 0, (t)). Observe that the functionals defined in L2 (0,7, L? (2)) by

w»—)/ in ) dt, w»—>/0 o7, (w(t))dt
w»—>/ t, wH/Tq)f(w(t))dt

respectively (refer to [I, Lemma 4.1]). Thus going to the limit in two previous equalities, from Step 2,
Step 3, and Lemma [3.1] below, we obtaln

/OT {@1 (u(t)) + @7 <01 (t) — (jl—l; (t))] dt

T
5 (@ = 10F) - [ @ .uwa-o

Mosco-converge to

T
+ % (Ilv (1)1 - HUOH2> _/0 (G (t),u(t))dt =0,

where G; (t) = F; (t,u(t),v (t)). Observe that we applied the Legendre-Fenchel inequality in order to
obtain equality above. This proves that (u,v) solves (S).

Lemma 3.1. Fori = 1,2, the functional G;, = F;,, (-, un,vy,) weakly converges in L? (0, T, X) to the
functional G; defined by G; (t) = F; (t,u (t),v (t)) where Fy (t,u (t),v (t)) =11 () Ohy (v (£)) g1 (u(t))+
@ (t), and Fy (t,u(t),v (1) =r2(t) © ha (v (1)) - g2 (u (1)) + g2 (£).

Proof of Lemma[3.1. We only prove the weak convergence of G; and omit index 1. The weak convergence
of Gy is similar. Recall that G,, (t) = H,, (t) + ¢n (t) where

H, @) (x) =1, (t,2) ® hp (v (6,2)) - gn (un (8,2)) = 10 (8, 2) - By (0, (8, 2)) © gn (un, (E,2)) .
Since g, — ¢ in L? (0,7, X), we are reduced to prove that H, — H in L? (0,7, X) where
H(t)(x) =rtz)0h(v(tz) gutz)=rz) h(tz)og ().
Hence, since r,, — r in L? (0, T, X), it suffices to establish that
i (Un) © gn (un) = b (v) © g (u) (3.18)
strongly in L? (Q, Xl) where X! denotes the space L? (Q Rl) We haveﬁ
[ (v (£)) © gn (un (£)) — b (v ()) g (u(t))llx:
< 7 (vn (£) © gn (un () = ha (vn (£)) © g (u (8)) || xt
g

+ i (0n (£) © g (u(t) = h (v (E) © g (u(t) | x
< hllgn (un (1)) = g (w (t)) | xt +Gllhn (va (1)) = (v (1)) | x:
< hLjp pllun (8) = (t) | x + hllgn (u(t) = g (w (1)) | x:
+ 9L, pollon () =0 (@) lx + gl (v (£)) =2 (v () I x-
Hence, to prove , it remains to establish that
T T
/0 lgn (u(t)) = g (u(®)) % dt — 0, /O 1hn (v () =R (v (£)) |50 dt — 0 (3.19)

4To simplify the notation we write g (v (¢)) for the function = — g (v (¢, z)), idem for h (v (£)), gn (v (t)) and hy, (v (1)).
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T
/ i (8) — w (8) % dt — 0 (3.20)
0

T
/0 llvn (t) — v (t)||% dt — 0. (3.21)

The two convergences in (3.19) are a straightforward consequence of hypothesis and the Lebesgue
dominated convergence theorem. Convergences (3.20) and (3.21]) follow from Step 2., this completes
the proof of Lemma (3.1 [ |

Step 4 completes the proof of Theorem [ |

4. CONVERGENCE THEOREM FOR PROBLEMS COUPLING R.D.E. AND N.D.R.E.

We keep the notation of the previous section and assume that ®,,, = 0. For obtaining the compactness
of (vn),ey in C([0,T],L?(Q)) (Step 2 in the proof of Theorem , we can no longer invoke the
strict convexity of W5 ,, ensured by To overcome the difficulty, we assume additional regularity
conditions on the reaction functional and the initial condition for the non diffusive equation. To shorten
the notation we denote by ®,, the functional ®;, and by W, the density W;,. The theorem below
provides a convergence result for FitzHugh-Nagumo like models (see Example .

In the following, we equip the spaces C! ([Bi,ﬁi], Rl), i = 1,2, with their uniform norms defined by

llelllip, 7.1 7= sup [@(C)[+ sup
CElp, Pl CElp, il

fl“(?(c)‘.

The spaces C* ([Bl,ﬁl],Rl) x C* ([BQ,EQ],RZ) and C* ([&,@],RQ x C* ([Bl,ﬁl],Rl) are endowed
with their product norm.

Theorem 4.1. Assume that the sequence of densities (W), oy satisfies conditions|(D1,, )|, [(D2,n)} [(D3,5)}
and that the sequence of TCCP-structured reaction functionals (F1 n, Fay), oy satisfies conditions ,

, , and . Assume furthermore that g, and hs,, belong to C}_ (R,R"), and that 12, and

ga2,n do not depend on the spatial variable. Let (un,vy,) be the unique solution of the system

dditn (t) + DPy, (un (t)) = Fin (tun (t) ;00 (t) for a.e. t € (0,T)

(S)q on

e (t) = Fop (t,up (t), v, (£) for a.e. t €(0,T)

Lin < =uy, (0) < P1n> Lo <op =0, (0) < P2, up, € dom (@), vy € H' (Q).

Assume [(Hsy)], [(Hs2)l, [(Hss)|, [(Hse)| for i =1 and
(Hs}) u® — u strongly in L? (Q) and v0 — v° weakly in H* (Q2);

)

(Hs}) (91,1, h1.n) pointwise converges to (g1, h1), and (ga,n, ho,n) converges to (g2, ha) in C* ([Bz,ﬁg], ]Rl> X
Cl ([Bla ﬁl]a Rl) .

Then the solution (uy,vy,) uniformly converges in C ([0,T],L? () x C ([0,T],L?(Q)) to the unique
solution (u,v) of the system

% (t)+ 0% (u(t)) > Fy (t,u(t),v (t)) for a.e. t € (0,T)
(S) %(t) = Fy (t,u(t),v(t)) for ace. t € (0,T)

Blguozu(O)gﬁl, £2§v0:v(0)§52, u® € dom (@), vg € H' ().

The reaction functionals F; : [0, +00) x L2 () x L2(2) — R, i = 1,2, are defined for all t € [0,T)], all
(U, V) e L?(Q) x L2 () and for a.e. x € Q, by
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E (U, V) (2) = fi(t,2,U (2),V (),
fl(tax,c C/ =T (t x)th(CI)gl(C)+ql(t7x)a
fa(t,¢,¢) =r2(t) ©ha (C) - 92 (¢') + g2 (t) -

Moreover P, < u < py, Py <
L? (O T, L? (Q))

Furthermore, if ®, (u%) — o (uo), Tin — T; strongly in L? (O,T, L? (Q,Rl)), and G;.n — q; strongly
in L2 (0,T, L* (), then (%, Dn) — (du dv) gpropgly in L? (0,T, L* () x L? (0, T, L* (2)).

< Py, and (e, W) o (dudv) yeqkly in L2 (0,7, L2 (Q)) x

dt 7 dt dt’ dt

Proof. The arguments of the proof of Theorem remain valid, except those of Step 2. Therefore, we
only have to modify the proof of Step 2. Because of the non strict convexity of ®3, = 0, the proof of the
relative compactness of Fy = {v, (t) : n € N} in L? (Q) for ¢ €]0,T] cannot be obtained by following the
same arguments. The proof of the relative compactness of E; = {u,, (t) : n € N} in L? (Q) for t € (0, 7]
remains the same. We are going to estimate sup,,cy || Vv, (t) || 12() by using Grénwall’s lemma, and will
conclude to the compactness of F, according to the compact embedding H' () < L?(Q). Take the
distributional derivative of Fy with respect to the space variable. We obtain

Vs (t,up (t),v, (t) = [7“2’7, t)© d};zn (un, (t) - g2,n (vn (t))} Vi, (t)
# [ran (00 B (0 () - 22 (0, ()] 70, 0.

In the following, we set for all ¢ € [0,T] and for a.e. x € €2

dzzn (Un (ta x)) *92,n (Un (t’ x)) = An (t’ {E) ’

Tam (£) ® ham (un (£,7)) - 492. (vn (£, 7)) := Bn (t,2).

dc’
From ({3.6),(Hs}) and we deduce that

sup |An (t,x)|:= A< +o0
(t,2,n)€[0,T]x 2N

T2,n (t) ®

and

sup |B,, (t,x) | := B < +0o0.
(t,z,n)€[0,T]xQ2xN

Set V,, (t) := Vo, (t). Take the distributional derivative with respect to the space variable of each term of
the second equation of (S,,). From the previous calculation, we infer that V,, solves the Cauchy problem

dd% (8) = An (£) Van (£) + Bn (1) Vi (1) for ae. ¢ € (0,7),

Vo (O) = V'U?L,

and belongs to C ([0, 7], X)) where X := L? (Q,RY) (see for instance [I, Theorem 2.3] with F (¢, V) =
A, (t) Vuy, (t) + B, (t) V, and XV substitute for X). Hence, for all ¢ € (0,T],

t
Vi (8) = Vi (0) + / (An (5) Vun (5) + By (£) Vi (5)) ds,
0
from which we deduce
t t
Vi (6) s < 198l + 7 [ [V (5) e ds+ B [ Vi (5) s d.
0 0

According to Gronwall’s lemma, we infer that for all ¢ € (0,77] (note that s — ||V, (s) || x~ is continuous
in [0,7))

T
Vi () [ x~ < (IVU2|XN +A/ IVun (s) | x~ d8> exp (BT) .
0

From (Hsj) and the fact that (u, (t)),,cy is bounded in H* (Q) for all ¢ € (0,7] (see Step 2 in the proof
of Theorem , we infer from the estimate above, that (Vv,, (t)),,cy is bounded in X~. Therefore u,, (t)
is bounded in H! (2) for all ¢ € [0, T], which completes the proof. [ |
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In the specific case of a coupling between two non diffusive reaction equations, we have the following
convergence of (Sy,) to (S). The proof is an easy adaptation of the proof above.

Theorem 4.2 (Convergence theorem for problems coupling two n.d.r.e.). Assume that for i = 1,2, the
sequence of TCCP-structured reaction functionals (Fim)neN satisfies conditions , , , that
g; and h; belong to Clloc (RRZ), and that r; , and q; n, do not depend on the spatial variable. Let (up, vy,)
be the unique solution of the system of n.d.r.e.

du,,
- (t) = Fip (tup (1), v, (8)) for a.e. t € (0,T)

(Sn) dditn (t) = Fop (t,up (t), v, (t) for ae. t €(0,T)

BLn S u’l(')L = Un (0) S pl,n’ BQ,n S ’U?L = Un (O) S ﬁQ,Tw uO € Hl (Q> ’ UO € Hl (Q) .

Assume and

(Hs"3) u2 — u® and v0 — v° weakly in H* (Q);

(Hs”4) fori=1,2, (gin,hin) converges to (gi,h;) in C* ([Bpﬁﬂle) x C1 ([82752]’Rl) (i =1), and
* (Ipy el RY) % € (o7, R) (i = 2).

Then the solution (un,vy,) uniformly converges in C ([0,T],L*(Q)) x C ([0,T],L*()) to the unique

solution (u,v) of the system

du
I (t) =F1 (t,u(t),v(t)) for ae te(0,T)
()] dv

o (t) = Fs (t,u(t),v(t)) forae te(0,T)

Blgu‘):u(o)gpl, BQSUOZU(O)SEQ, u? e HY (Q), v € H' (Q).

The reaction functionals Fy : [0,4+00) x L? (Q) x L?(Q) — R, i = 1,2, are defined for all t € [0,T],
all (U, V) € L?(Q) x L?(Q) and for a.e. x € Q, by

F; (tvU’V) (.’E) = fi (t,x,U(x),V(x)),

G =) 0h(¢)-91(¢) +aq(x),

f2 (6,6, ¢) =72 (t) © ha (€) - g2 (¢') + a2 ().
Moreover p, < u < py, p, < v < py, and (dgt",%) — (%,%) weakly in L? (O,T,L2 (Q)) X
12 (0,T, L% ().

Furthermore, ifr; ,, = r; strongly in L? (O, T, ]Rl), and q; n, — q; strongly in L?(0,T), then (d“—" d“—") —

dt 7 dt
(42, 82) strongly in L? (0.7, L7 (@)  L? (0.7, L* ().

Sketch of the proof. We follow again the proof of Theorem and we only have to modify the proof of
Step 2. The proof of the relative compactness of E; = {u, (t) : n € N} and F; = {v, (t): n € N} in
L?(Q) for t € (0,T], is established following the strategy of the proof of Theorem Set U, (t) =
Vuy, (t) and V,, (t) :== Vo, (t). We are reduced to prove that

sup ||U,, () ||x~ < 400 and sup ||V, (¢) || x~ < +o0.
neN neN
Take the distributional derivative with respect to the space variable of each term of two equations of
(Sn). We infer that (Up,, V) solves the Cauchy system
dU,
e (t) =Ch )V, (t) + Dy (1) Uy, (t) for ae. t € (0,T),

% (t) = A () Un (8) + By (1) Vi (1) for ace. ¢ € (0,7),

Un (0) = vu?w Vo (0) = VUPL,
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in C ([0, 7], XN) x C ([O, T, XN), where C,, and D,, are defined as A,, and B,, in the proof of Theorem
with an obvious adaptation. From ({3.6]), and we deduce that

sup |Cp (t,2) | := C < +00
(t,z,n)€[0,T]xQ2xN

and

sup |Dy, (t,z) | := D < +o0.
(t,x,n)€[0,T]x QXN

Hence, for all ¢t € (0,71,

Un (t) = Un (0) + /O (Cn () Vi () + Dy (t) Uy (3)) ds,

Vo (t) = Vo (0) + /0 (An (5) Un (5) + Bn (t) Vi (5)) ds,
from which we deduce

t t
1Un () x5 < [V llx +C/O Vi () [l x ds+D/0 [Un () llxn~ ds,

t t
IV (8) v < V0l xw +A/ 1Un (8) || x~ d8+B/ Vi (s) [l x~ ds.
0 0

From Grénwall’s lemma and the first equation, we infer that for all ¢ € (0, T

t
[Un (1) [l x~ < (IIVU%lxw +C/ Vi () [l x dS) exp (DT),
0

so that the second equation gives

t s
IV (6) e < IVl +7 [ (||Vu2||XN+c [ V@ s da) exp (DT) ds
0 0
t
B [ V) o ds
0

t
< ||Vl |lx~x + AT exp (DT) |Vul||x~ + (T'exp (DT) AC + B) / IV (s) ||x~ ds.
0

By applying again Gronwall’s lemma, we finally obtain that for all ¢ € [0, T1,
Vi ) lxn < (IV0 || xn + AT exp (DT) ||Vud || x~) exp (T (T exp (DT) AC + B)).

From (Hs”) we infer that sup,,cy ||Vi (t) [[x~ < 400. Switching the role of V;, and U,,, we obtain that
sup,en [|Un (8) [|xn < +o00. u

5. STOCHASTIC HOMOGENIZATION OF TWO COMPONENTS REACTION DIFFUSION SYSTEMS

We place this section within the framework of stochastic homogenization introduced in [I]. In all
what follows, (X, 4, P, (T%.),c;v) is a discrete dynamical system, F denotes the o-algebra of invariant
sets of A by the group (7%),.,~ and, for every h in the space Lp (X) of P-integrable functions, E-h
denotes the conditional expectation of h with respect to F (for the relevant definitions, we refer to [6]
or [4, Section 12.4] and references therein). We first specify the random diffusion part by recalling some
results obtained in [I, Section 5].

5.1. The random diffusion part. Given o > 0 and § > 0, denote by Conv, g the class of functions
g :RY xRN 5 R, (z,€) = g (,&), satisfying conditions (D;), (D2), (D3), and (D4). We equip Conv, s
with the o-algebra denoted by Tconv, 4, trace of the product o-algebra of RRNXRN, i.e. the smallest
o-algebra on Conv, g such that all the evaluation maps

e 8 8(x,8), (z,§) e RN xRY
are measurable when R is endowed with its Borel o-algebra.

For i = 1,2, we are given a random convex integrand W; : ¥ x RY x RN — R, that is to say, a
(A® B (RY) @ B(RY),B(R)) measurable function such that for every w € %, the function W; (w, ., ),
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belongs to the class Conv, . Since for all (z,&) € RN x RN, w — W; (w, z,€) is (A, B(R)) measurable,
the map Wi : ¥ — Convyg, w— W (w,.,-), is (A, 7'com,aﬁ) measurable, and we denote by P its law,
that is P = W#P.

We assume that W; fulfills the following covariance property with respect to the dynamical system
(2, A,P,(T.),cpn): forall z € ZN

Wi (Tow, z.,€) = W (w,x + z,£) for a.e. z € RN, for all € € RY, and for P a.e. w € X.

For all g in Conv, s and all z € ZV, let us set T.g (z, ) = g(x + z,-). This defines a group (fz) .

_ z€

acting on the class Conv,, g, and clearly, for all z € ZN, T, : Conv, g — Convy g is Tcony, ;-measurable.

Then it is easy to show that the covariance property implies that the law f’l of W; is invariant under the

group (Tz) o that is Tvz#f’l = f’z for all z € Z~. Each random function W; is said to be periodic in
ZEZL

law.

We write € to denote a sequence (e,,),,cy of positive numbers &, going to zero when n — +o0, and we
briefly write £ — 0 instead of lim,,—, 1 oo £, = 0. For i = 1,2, we consider ®; . : £ x L? () — RTU{+o00}
defined by

1
/ W; (w7£7Vu) dm—&—f/ a;u® dHn_1 — diu dHy_1 ifue HH(Q),
Q € 2 Joa 00
+o0 otherwise

where ¢; € LE{Z\P1 (09), a; € L3, (09Q) with a; > 0 Hy—1 a.e. in 99Q, and a; > o; on I'; C 9N with
Hy_1(T;) > 0 for some o; > 0. These functionals model random energies concerning various steady-
states situations, where the small parameter € accounts for the size of small and randomly distributed
heterogeneities in the context of a statistically homogeneous media.

D, . (w,u) =

Under above hypotheses on Wl with respect to the discrete dynamical system (E, AP (T, Z)ZGZN)7 using
the subadditive ergodic theorem ([4, Theorem 12.4.3]), together with [Il Proposition 4.2] we establish
that P-almost surely, the sequence of functional ®; . (w, -)., Mosco-converges to the integral functional
hom (w,.), dhom . 3 x L2 (Q) — RT U {+o0} where

hom / Wihom (w, Vu) dx + 1/ a;u? dHn_1 — diu dHy_1 ifue HY(Q),
;™ (w,u) = < Jo 2 Joq 00

400 otherwise.

The density W/*™ is given, for P a.s. w € 3, and for every ( € RV, by

W w8 =t it { [ Tu) dysue 00}

n—+oo ny

1
= niéll\il‘* E}-inf{nN/nY Wi (w,y,€&+ Vu(y) dy:u € Hy (Y)} ,
where Y denotes the unit cell (0,1)". If (8, A,P,(T.),cpn) is ergodic, then W™ is deterministic and

given for P a.s. w € ¥ by

_— 1
W) =t it { [ W e V) drwe )
. . 1 ] 1
= nlé’ll\f;*Elnf{’rﬂv/nwa (w,y, €+ Vu(y)) dy:u € Hy (Y)}

For a proof we refer the reader to [4, Proposition 12.4.3, Theorem 12.4.7].

For P ass. w € %, the subdifferential of @, . (w,-) (actually its Gateaux-derivative) is the operator
Aie (w): L2 (Q) — 2L%(Q) defined for every w € ¥ by

dom A; . (w) = {v € H'(Q) : divD:W; (w, = W) € L2(Q), a;v + DeW; (w, = Vv) ‘n=¢; on aQ}

and, for all v € dom 4; . (w),
Ao (w)v = —divDW; (w, o Vv) .
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Similarly the subdifferential of ®2°™ (w, -) is the multivalued operator A°™ (w) : L? (Q) — 2L*(®) defined
for every w € X by

dom Ah™ (w) = {ve H' (Q): divD W™ (w, Vo) € L2 (Q), a;v + DeW™ (w, Vv) -n = ¢; on o0}
and, for all v € dom A*™ (w),
Arom (W) v = —divOW*™ (w, Vv) .

To shorten the notation, we write indifferently 9¢W"°™ (w, ) to denote the subdifferential of W™ (w, -)
or any of its elements. When W; is ergodic, then A#°™ is deterministic and

Alemy = —divD W™ (Vo) .

Recall that from [4, Proposition 17.4.6], A®™ (w) is the P-almost sure graph limit of the operator
A; ¢ (w). Furthermore, under the following condition on the Fenchel conjugate of & — W, (w, z,§):
(D*3) there exists v* > 0 such that <§>f — &8 - §2> > v¥|€L — &% for P as. w e X, for ae. x € RV,
for all (£1,&2) € RY x RY and all (£7,€3) € 0:W) (w,2,&1) x OcW; (w, 2, &),

the density VVih"m (w,-) is Gateaux-differentiable for P a.s. w € X, and is the pointwise limit of
DeWin (w, -) where Wiy (w,€) = inf {5 [,y Wi (w,y,£ + Vu(y)) dy:ue Hg (Y)}.

5.2. The random reaction parts. We are given a random TCCP-structured reaction functional, i.e.
a pair (Fy, Fy) with F; : ¥ x [0,+00) x L?(Q) x L?(Q) — R%, i = 1,2 defined by F; (w,t,u,v) (z) =
fi(w,t,z,u(x),v(x)) where

fi : 2 x[0,400) xRN xR xR = R
isa (A®B(R)®B(RY) @B (R)®B(R),B(R)) measurable function such that for P as. w € X,

(fr(w, ), fa(w,- -, -)) is a TCSVR-function associated with (r; (w, ), ¢s, hi, ¢ (w,-)). We assume
that r; € W12 (O, T, L120c (RN, Rl)), g € W2 (O, T, L%OC (RN)), and for all bounded Borel sets B of RY,

the real valued functions

w7 (w, 8, ) H%Q(B’RL) for all ¢ € [0, T,
w g (w, t, ) HZLQ(B) for all ¢ € [0, T7,

/T dTi 2
W —

T
w/

0

belong to Lj (). We also assume that 7; and g;, satisfy the covariance property with respect to the
dynamical system (Z,A, P, (Tz)zezj\,)7 ie. forall z € ZV, allt € [0,+00),ae. € RN and P as. w € X,

dr,
L2(B,R!)
2

(vav )

dr

dg;
') (w,T,°)
dt 12(B)

ri(w, t, x4+ 2) =1 (Tow, t,x),
gi (w,t,x 4+ 2) = ¢; (Tow, t,x).

We set fi o (w,t,z,(,¢) = f; (w, t, 2,¢, C’), and define the reaction functional F; . by setting

Fic(w,t,u,v)(x) = f; (w,t, %,u (z),v (x)) .

Observe that in the expression of condition (T'CCP) for (fi (w,-, ), fo (w,+, -, ), the functions
?i, Y;, P;, and L_, Y, p; may depend on w (we sometimes omit it to shorten the notation), and
that (F1 ¢ (w,-, ), Fore (w,-,-,-)) is a TCSVR-functional whose condition (I'CCP) is exactly that of
(Fy (w, ), By (w,-,-,-)), i.e. with f,, ;, p;, and L, Y P Since y, and ¥ do not depend on ¢, condi-
tion is automatically satisfied. Condition holds for P-a.s. w € ¥. More precisely, in Lemma
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[1l Lemma 5.1] we obtained the following estimates for P-a.s. w € ¥, and for i = 1, 2:

T 2 2
dr )
limsup/ i (w,t, 7> dr|
e=0 Jo || dt € L2(Y,R!)

T 2 2
dq; .
limsup/ Hq (w,t, 7) dr| .
e—0 0 dt £ L2(Y)

Finally we assume that (3.5)) holds for P-a.e. w € ¥, i.e.

aip, (@) < ¢ < aip; (@)

dt <

T
TLy (Q)E* /
L2(Q,RY) 0

dt <
L2(©)

TLy (Q)EF / '
0

5.3. Almost sure convergence to the homogenized system. Under above conditions, by combining
Theorem together with the variational convergence of the sequence of random energies ®; . specified
above, we intend to analyze the asymptotic behavior in C (O, T,L? (Q)) x C ((), T, L? (Q)) of the solution
(ue (), ve (w)) of the random reaction-diffusion system when ¢ — 0:

d“fbf”) () + Are (@) (e (W, 1) = Fre (w, b ue (w,t),ve (w, ) for ae. t € (0,T),
d”iliw) (1) + Ag.e (W) (e (W, 1)) = Fare (w,t,ue (w,t) ,ve (w, 1)) for ae. t € (0,T),

te (w,0) = ud (W), ve (w,0) =12 (W), p; (W) Sue (W) <Py (W), p, (W) < ve (W) <Py (W),

arue (w,t) + divDe Wy (w, 2, Ve (w,t)) -n = ¢y on 99 for all ¢ € 0,77,

azve (w,t) + divDeWs (w, =, Vo (w,t)) -1 = ¢ on 9 for all ¢ € [0, 7],

where we have expressed the domain of the subdifferential of each functional ®; (w).

Theorem 5.1. For each w € %, let denote by (us (w) , ve (w)) the unique solution in C ([0,T], L? (Q2)) x

C ([0,T], L2 (2)) of the reaction-diffusion system (S (w)). Assume that for P-a.s. w € ¥, (u? (w),v? (w))

strongly converges to (u°® (w),v° (w)) in L? () and that sup, ®; . (- (w,0)) < +oo. Then, for P-a.s.

w € X, (us (W), ve (w)) uniformly converges in C ([0, T], L? (2)) x C ([0,T], L? () to the unique solution

of the reaction-diffusion system

du (w)
dt

(t) + APo™ (W) (u (w, 1)) 3 F™ (w,t,u (w,t),v (w,t)) for a.e. t € (0,T)

dv (w)
dt

u(w,0) =u’ (W), v(w0) =" (W), p, (W) Suw) <P (W), p, (W) <vw) <Py (W),

(t) + Abom (W) (v (w, 1)) D Fre™ (w, t,u (w,t) ,v (w,t)) for a.e. t € (0,T)
(Shom (w))

aru (w,t) + divDWhem (w, Vu (w,t)) -1 2> ¢y on 9Q for all t € [0,T),

asv (w, t) + divDe W™ (w, Vo (w,t)) - n 3 ¢2 on O for all t € [0,T],
where F'™ is given by FI'™ (w,t,u,v) (z) = fiom (w, t,2,u(z),v (z)) with

PO (w,,¢,¢) = (w, 1) © ha (¢1) - g1 (C) + ™ (w, ),

FEom (@, ¢, ¢) = RO (@,) @ By (O) - g2 (¢) + b (w, 1)
Phom (o, 1) = B / ri(wrtyy) dy ) |
(0,1)N

g (w,t) = BF / G (W t,y) dy
(o,n)N
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Moreover, forP-a.e. w € X, (duzg“’), d”zgw)) — (d"d(:’), d“d(:))> weakly in L* (0, T, L* (Q))xL? (0,T, L* (Q))
and y, (w,T) < u(w) <7, (w,T), y, (w,T) <v (W) <Y (W, 7).

When the the dynamical system (Z, AP, (Tz)zeZN) 18 ergodic, the initial conditions are deterministic,
ie. ul(w) = u and o0 (W) = v for P-a.s. w € ¥, together with Py Pis [ and fi, then (S"om) is
deterministic and the expectation operator must be replaced by the mathematical expectation operator in

formulas expressing T; and g;.

If in addition W; satisfies then divOg W™ (w, Vu (t)) or divOeWhom (Vu(t)) are univalent
equal to AivDeW o™ (w, Vu (t)) or divDeWhom (Vu (t)), and the differential inclusions are equalities.

Proof. The proof is a straightforward consequence of Theorem and [, Lemma 5.1, Lemma 5.2]. W

5.4. The case of a coupling between a random r.d.e. and a random n.d.r.e. We place ourselves
within the framework of Section We assume that the random reaction functional F; fulfills the
conditions of Section [5.2| and that fs does not depend on the space variable. Note that under these
conditions, Fy. (w,-,-,) = Fz(w,-,-, ). Theorem below whose proof is a direct consequence of
Theorem and [I, Lemma 5.1, Lemma 5.2], expresses the homogenized problem of the following
random system:

du;igw) (t) + Ae () (ue (w, 1)) = F1 ¢ (w, 8, ue (w,t) ,ve (w,t)) for ae. t € (0,T),
dve (w) _
(S: (w)) dt (t) = Fs (w, t,ue (w,t), v (w,t)) for a.e. t € (0,T),

te (w,0) = ud (W), ve (,0) =02 (W), p, (W) S e (W) <Py (W), p, (W) S e (W) <Py (W),

arue (w,t) + divDe Wy (w, £, Ve (w,t)) - n = ¢ on 9Q for all ¢ € [0,T].

s g

Theorem 5.2. For each w € %, let denote by (u. (w) , ve (w)) the unique solution in C ([0,T], L? (Q2)) x
C ([0,T],L? () of the system (S.(w)). Assume that for P-a.s. w € %, (ul(w),v?(w)) strongly
converges to (u® (w), v (w)) in L?(Q) and that sup, ®. (n: (w,0)) < +oo. Then, for P-a.s. w € %,
(ue (w) , ve (w)) uniformly converges in C ([0,T], L* (Q2)) x C ([0, T], L? (2)) to the unique solution of the
system

dud(tw) (t) + A™™ (W) (u (w, 1)) 3 F™ (w,t,u (w,t),v (w,t)) for a.e. t € (0,T)
dUd(tW) (t) =F (wvtau (wvt) , U (w,t)) fO’f' a.e te (O,T)

(Shom (w))
u(w,0) =u’ (), v(w0) =" (W), p, (W) Su(w) <7 (W), p, (W) <v(w) <Py W),

aru (w,t) + div DeWhem (w, Vu (w,t)) -1 > ¢1 on 9 for all t € [0,T),

where FPo™ s given by FI°™ (w,t,u,v) (z) = fom (w,t,x,u (z),v (z)) with
PO (w,,¢,¢) = (w, 1) © ha (¢) - g1 (C) + 4 (w, ),
" (w,t) = E7 / 1w ty) dy |
o~

¢ (w,t) = EF / ¢ (w,t,y) dy
(0,1~

Moreover, for P-a.e. w € 3, (duégw), dvziw)) — (dud(:)), dud(:’)) weakly in L? (O,T7 L? (Q)) x L? (O,T, L? (Q))
and Ql (W7T) S u (W) S ?1 (waT)7 QQ (wa T) S v (w) S yQ (va)'
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When the the dynamical system (E, AP, (TZ)ZEZN) is ergodic, the initial conditions are deterministic,
ie. (U (w),v? (w)) = (u2,v?) for P-a.e. w € B, Fy is deterministic together with P, Pis [, and fi, then

g »Ye
(Shom) s deterministic and the expectation operator must be replaced by the mathematical expectation

operator in formulas expressing F}fom and q

If in addition W satisfies [(D*3)|, then d:Whe™ (w, Vu (t)) or :Whe™ (Vu (t)) are univalent equal to
DeWhem (w, Vu (t)) or DeWhem (Vu (t)), and the differential inclusions are equalities.

hom
1 .

Remark 5.1. By applying Theorem and [I, Lemma 5.1, Lemma 5.2], one can easily express the ho-
mogenized problem of a random system of two non diffusive reaction equations with obvious adaptations.

5.5. Application to stochastic homogenization of a prey-predator random model with sat-
uration effect. For the notation refer to Example For each ¢ = 1,2, we are given two func-
tions Wii in Convy g, where W, W;" do not depend on x, and satisfy |(D*;)} and two functions
o 1 [0,T] — (0,+00) in W2 (0,T) for which there exist positive real numbers af, i, and @ such
that

af (t) > of > 0;

ar >af(t)>af >0.
We also consider two functions K* : [0,7] — (0,+00) in W2 (0,T) satisfying K (t)= > KT > 0 for
some positive real numbers K+, and two functions a* : [0,T] — (0, +00) in W2 (0,T) for which there
exist a constant @* > 0 such that a* > a* (t) > 0.

We now consider the random environment described in [I, Appendix Bs] with N = 2. Recall that the
spherical heterogeneities of size of order € have centers independently randomly distributed with a given
frequency A, following a Poisson point process with intensity A. This random environment is modeled
by an ergodic dynamical system (E, APy, (T,) xeRQ) where T,w = w — z, and, for every bounded Borel
set B, and every k € N,

k exp (—ALy (B))
k!

so that Ey [#X N B] = ALy (B). Given R > 0, define the random density W; associated with the random
diffusion part, by

P, (# (SN B) = k) = \Ls(B)

W) it e | Br(w),
Wi (w7x7§) = 1€N
W (€) otherwise.

Similarly we set

a; (t) if z € | ) Br(w;),
a; (w, t,x) = jEN
+

a; (t) otherwise.

K_(t) ifz € UBR((U]‘),
Kcar (Wutvx) = JEN
K™ (t) otherwise.

a” (t) ifze U Bp (wj),
a(w,t,x) = jEN
a™ (t) otherwise.

We define the following constants

_ (e + 1 9.
Q; te[(l]r,l—{oo) min (az (t) ) QY (t)) yi=1,2
;= sup max (a; (t),0d (t);
te[0,400)
a= sup max(a (t),a" (1));
te[0,4+00)

K= inf in (K~ (), KT @)).
- te[(l)]fl+oo)mm( () ())
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Let b and ¢ be two positive constants and assume that the the extinction threshold satisfies peyt =
c222 > 4. Then, choosing pys P1 and py fulfilling (2.3]), we consider the following system stemming

ace

from Ezample (2.3

du,
dt

—a (w, t, g) Ve (w, t) (1 — exp (—bue (w, t)))
for a.e. t € (0,T),

(S, (@) dvgdiw) (t) — divD:Ws (W, é, Ve (w,t)) = Qg9 (w,t, g) Ve (w, t) (1 _ C%E“’v?)

Ue (W, )
for a.e. t € (0,T),

we (w,0) = ul () € HY (Q), v (,0) = 0? (W) € H (), p, < (w) <71, 0< 00 (@) < o,

ue (w,t) =0on Ty, DWW, (w, =, Vu, (w,t)) ‘n=0 ondN\Ty,

Ve (w,t) =0 on I'y, DeWs (w, =, Vu, (w,t)) ‘n=0 on 0N\ Ts.
According to Proposition and Theorem 2.1, (S: (w)) admits a unique solution (ue (w,-),ve (w,-))
in the space C([O,T},LQ(% x C([0,T],L*(Q)), which satisifies Py < ue(w,t) < pyexp(ait) and
0 < v (w,t) < py for allt € [0,T]. Furthermore, u. (w,-) and v (w,-) admit a right derivative at each
t € (0,T). The system models the evolution of two species with density ue (w,-) and ve (w,-) of a prey
and a predator respectively, whose birth growth rate, maximum carrying capacity, and saturation effect,
take two values at random depending on whether the species reside in the environment made up of the
union of small balls of size € or not (refer to the comments of Example . The homogenized system is
expressed in the Proposition below. It is interesting to note that the effective growth rate a?"m of each two
species is the mean value of oy with respect to the product probability measure Lo] (0, 1)2 ® Py, while the
effective mazimum carrying capacity K"o™ is now a function of the growth rate oy and Kooy, illustrating
the interplay between the growth rate of the prey and the maximum carrying capacity of the environment
when the size of the spatial heterogeneities, with a constant frequency A, is very small compared with the

size of the domain [

Proposition 5.1. Assume that the initial conditions are deterministic, that (ug,vg) strongly converges
to (uo,vo) in L? () and that sup, ®1 . (ug) < 400, sup, ®1 ¢ (ug) < +oo. Then, for P-a.s. w € X,
(ue,ve) uniformly converges in C ([0,T], L* (Q)) x C ([0,T], L* (2)) to the unique solution (u,v) of the
deterministic reaction-diffusion system

du

: om _ om U (t)
T )= D" (Tu(0) =™ (o) (1~ i)

dv

&) @ (t) — divDeWao™ (Vo (1)) = oo™ (t) v (t) < — CZ()> for a.e. t€(0,T),

u(0) =u’ € H' (Q), v(0) =0 € H' (), py <u’ <Py, 0<% <y,

u(t)=0on Ty, D™ (Vu(t)) -n=0 on dQ\Ty,

v(t) =0 on Iy, DeWo™ (Vo (t)) -n=0 on 9\ T2

5To shorten the notation, for ¢ = 1,2, we assume that Wii satisfy (D*g) so that Wih"m is Gateaux differentiable.
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af™ (t)=E / a; (- t,y) dy
(0,1)2

oy () + (o (1) —a; () exp (—MR?) i=1,2;

?

am(t) = E a(ty) d
(1) ( [, oGt y>

a” (t)+ (aJr (t)—a~ (t)) exp (—>\7TR2) ;

E (/ a (- t,y) dy)
Khom (0’1)2

car (t) =
a1 ('vt7y)
E / by g
( (0,1)2 Kear (atvy) )

where

_ay (H)+ (af (t) — a7 (t)) exp (—A7R?)
T oar (b at ) ol () )

Furthermore p. < u < pyexp (1) and 0 < v < p,.

Proof. Apply Theorem with

fl (wvt7x7<7<,) = o (thaﬂf)c (1_ M) _a(wat7$) C/ (l—exp(—bC))
= ai(w,t,z)(— m@ —a(w,x,t) (1 —exp(=b0)),

12

T

. N ey du) e L (hby) ) 2
fl (t;CaC ) E (/(0,1)2 g ( 7t;y) y) C E </(0’1)2 Kcar (’t,y) Yy C

-E ([0,1)2 a ("t7y) dy) CI (1 — €xXp (7bC))

which can be written, according to the structure of the reaction function of the system (S.),

E f ) a1 (,t,y) dy
om (0,1)? Kear(-t,y)
flh (t7C7CI) = E<‘/( ) al('7t7y) d?J)C(l_ ( = ><
0,1)2

E (f(0,1)2 a1 (ty) dy)

-E </(0’1)2 a ('atay) dy> C/ (1 — exXp (7b<))

car

as (w,t, 1) (" — cag (w, t,x)

f2 (w,t@, Ca CI)

Then

Similarly we have

CIQ

2 (6 C) = aé“’m(lﬁ)é/*co/zwm(t)C

29
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It remains to compute ahom hom and Kh™m  QObserve the equivalence
car

Jwers t.ye|Brw) < #(ENBr(y) > 1L
ieN
Then using Fubini’s theorem, we infer that

a?om

=a (t)/ / Lig(snBr(y)=0] (W,y) dy dP (w) + oy (t)/ / L (=nBr(y)>1] (W, y) dy dP (w)
> J(0,1)2 = J(0,1)2

= (t)/ / Lenpr)=0) (@y) dP (@) dy+a; (t)/ / lgnBa)z1 (@ y) dP (W) dy
(0,1)* /3 012 /s

= af (t)exp (—AwR?) + a5 (1) (1 — exp (—A7R?)))

=a; (t)+ (o (t) —a; (1)) exp (—A7R?).

We express "™ and K™ by a similar calculation. ]

APPENDIX A. PROOFS OF PROPOSITIONS [2.TH2.5I

A.1. Proof of Proposition Clearly the functions f; satisfy the structure condition of TCCP-
structured reaction functions with | = 3 and

ri(t,x)=<ozi(t,x), ;((i )) aﬂ}@{%ﬂ;))) <+1E2ZZ>

hi(¢) = (1,1,¢), ha () = (1,1,0),
g1 (C) = (Ca Cza C) (C/) (Cla C/27 Cl) .

Let us show that condition (TCCP) is fulfilled. Take S, =0, and p. = 0. Then y, = 0 and
fi (t,x,gl (t),(’) =0=f, (t,gl( )) for all ¢ € R. Similarly fo (t x, C, y2 ) f (t y, (t )) for
all ¢ € R.

On the other hand take f, (t,() = a1, where p;, > 0 is any real number. Similarly f, (t,(") =
az(’, where py > 0 is any real number. Then T, (t) = p; exp (@;t) and f1 (t, 2,7, (t),¢") < @y, (t) =
f1 (7, (1) for all ¢' > 0. Similarly fa (t,2,C, Yy (1) < Qaly (t) = fo (£, 75 (t)) for all ¢ > 0. This proves
the claim since [y, (T') ,y; (T)] = [0, p; exp (@ T)].

A.2. Proof of Proposition As in the previous erxample, the functions f; satisfy the structure
condition of TCCP-structured reaction functions with | = 3 and

_ a; (t,r) . a(t,T) , 7
ri(t,x) = (ai (t,:c),—Ki (t,x)’bivi“Ki (t,x)) (z—i—l € 2Z> ,
hl (C/) = (1’ 174/)3 h2 (C) = (]-> 17C) 5
g1 (C) = (C’C27C) , 92 (CI) - (§/,</2,</) .

Let us show that condition (ITCCP) is fulfilled. Take f, = 0, and p, = 0. Then y, = 0 and

f1 (t,x,yl (t),C') =0=f (t,yl (t)) for all ' € R. Similarly fo (t,w,(,yz (t)) =0>f, (t,yz (t)) for
all ¢ € R.

Because of the signs positive preceding the b’s, we cannot proceed as in the previous example for
completing the condition (TCCP). We take f; =0 and look for g, in the form of constants p; > 0. For
all ¢’ € [0,p5] we have

fl (t7x7ﬁ1acl):a1 (t?x)ﬁl (1_ pl +b172 C )

Kifta) R )
S a1 (t,.’L’) ﬁl (1 - ? + b1’ K ) (Al)
Take p, and py positive, satisfying
-2, P2 < (A.2)

Ky K,
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With this choice, from and [A-3), we infer that for all ¢’ € [0,p,)]
fl (tvxayl (t) ) C/) <0= ?1 (t7g1 (t)) .
Similarly, with p, and py positive, satisfying

1 % + b271£—12 <0, (A.3)
for all ¢ € [0,7,], we have

fo (t,2,¢,75) <0 = fy(t,7, (1))
Therefore, p; > 0, i = 1,2, satisfying the system of two inequalities @) and (@), i.e.

— Klfl
P1 2 5>
Ky —bi2K,
K, K
ﬁ2 Z %’
Ky — b1 Ko
are suitable for (TCCP) to be fulfilled. It is easy to see that p; = p, > max K\ Ky KK Y
- ’ ZL P1 P2 = K, —b12K1’ K,—by1K»
a solution provided that LB S0 gnd —£252_ S 0. These two conditions are ensured by .
K, —b12K1 Ky,—b21K2

A.3. Proof of Proposition Fix § := p, >0 satisfying 0 < p, < K, and chosen later. Set
f2 (taxa47c/) Zf< Z 0
fo (t,2,8,¢") if ¢ < 6.

At the end of the proof, we show that fas = fo for ¢ and (' in suitable intervals. We claim that the pair
(f1, fa,5) satisfies the structure condition of TCCP-structured reaction functions with | = 3: indeed take

f2,5 (t,$, Cv C/) = {

r(t,x) = <a1 (t,x), aaltm) —a(t,x)) ,

Kear (t,2)’
hy (C/) = (17 L, C) s
9N (C) = (Ca _427 1- exXp (_bg)) ;

and
T2 (t,l‘) = (a2 (t7$) , —CQ (t,’l}) 3 0) s
LLo0)irc>e
h2,5 (C) = %
17570 ZfC<57

g2 (¢') = (¢',¢”%,0) .
It remains to show that (fi, f2,5) fulfills condition (TCCP). First take p, =0, f, - =0, theny, = p,

and fa s (t,az,(,% (t)) =0> i2,5 (t,gQ (t)) for all ¢ € R. To complete condition (TCCP), we look for
P2 >0, 72,5 =0, Yy = ps;
Py Ly =0y =05

P1> Py J1(t,8) =&, 7y (t) = pyexp (aat).
We first look for py satisfying

f2,5 (tax7<’ﬁ2) S pZ (O{Q - Ca2p2>

P1
0= f2 (tvﬁ2)a

IN

for all ¢ > p,» which furnishes the first condition:

Qg _

—= 5. <D, A4
cgzm = P2 (A4)
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Secondly, we look for P, 0<p < K, satisfying

f1 <t,z,31,<’) = (t,x)gl (1 - Kplt,x)) —a(z,t)( (1 — exp (fbgl))

car (

> ap, (1—[;;) —a¢’' >0

for all ¢' € [0,5,], which requires the following second condition

- o3 2y
P2 < —p, ( - K) : (A.5)

Combining and , we infer that the choice of py, p; and p, is conditioned by the following

inequality
Qs _ oy Py
= < == 1—=
ca2p1_ap1< K)’

_ P
P1 S Mext Bl < - Ié) . (A6)

_ Q _ Q Bl
€ | —p;, — —- =L
e [ Ge (- 2)
which is the last condition in (2.3)).

K K
Set py = 0p, where 6 > — (recall that — > 1). Then and the previous condition on 0 are
a Py Py

K
:Segﬂewt (1_p1>7
Py K
so that the possible choice of 6 and 0 < Py < K is governed by

1) Py

=(1-= A.
Hext - K ( K> ( 7)

or equivalently

Hence, we can choose py with

equivalent to

—
N

1—,/1--2 14, /1— 4
Since pezt > 4, condition (A.7) is fulfilled by any p, € lK st K 5 ””t] which is the first

condition in (2.3)). The choice of 0 is then given by

6c [Z,um (1 - ;)] . (A.8)

which is the second condition in (2.3)).
1t is easily checked that py = 931 satisfies

fl (tvxvgl (t) 7<I) < a1?1 (t) = 71 (ta ?1 (t))
fO’f‘ all 5/ € [QQ (T) = 07ﬁ2 = y2 (T)} Note that f2,5 = f2 fOT (C»C/) € [Blapl exXp (alt)] X [Ovﬁﬂ This
ends the proof.

A.4. Proof of Proposition Clearly the pair (f1, f2) satisfies the structure condition of TCCP-
structured reaction functions with 1 = 1. Let us show that (f1, f2) fulfills condition (TCCP). From the
fact that f1(t,2,0,¢") = f2(t,2,(,0) = 0 we see that fi=f,=0andp =p,=0,y =y, =0 are
suitable. Take p; > 0 arbitrary and f; =0, 7§, = p,. We have

fl (taxayl (t) ’ C/) é 0= ?1 (tvyl (t))
for all ' > 0. Finally, from inequality

f2 (t7$»CaC/) = Qg (t,(E) Cpexp ('Y_ 2/,)
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fulfilled for all ¢ > 0 and all ¢ € 0,7, (T) = p,], the constant function f,(t,(') = @ap} exp (), and
the affine function Gy (t) = @apitexp () + Py, with py > 0 arbitrary, are suitable to complete condition
(TCCP).

A.5. Proof of Proposition The pair (f1, f2) satisfies the structure condition of TCCP-structured
reaction functions with | = 3: indeed, take
r1(t,x) = (a1 (t,2),—aq (6, x) a(t,z),—b(t ),
hq (C/) = (17 1, C/) )
g1 (Q)=(C1-0,¢(1-¢),1);
and
ra (t,x) = ( (t,z),—c(t,x),0),
ha (¢) = (¢,1,0),
92 (¢') = (1 C’ 0).
Let us show that (f1, f2) fulfills condition (TCCP) with p, p;, and [ £ given by . We take y. = p,,
Y; = p; and p, and p; must satisfy

fi(twp, ¢) 20, 9¢, p, < ¢ <7, (A.9)
fi(t,2,py,¢") <0, V¢, p, < ¢ <o, (A.10)
fo (.G, 2 0, %, p, <C <, (A11)
fo (t,2,¢,2) <0, ¥C, p, <C <y (A12)

We look for p. <0 fori=1,2,p; > 1, and p, > 0. For all { € [p,,p;]| we have
f2 (t7x7<-a£2) = OéQC - CBQ

> 0ap, = Cp,,
then, for obtaining , it suffices to set
[e2)
Py = Z&

Similarly, for all ¢ € [p,,py] we have
f2 (ta $7C752) = OZQC — P2
< a?ﬁl - Qp%
so that, for obtaining (A.12)), it suffices to set

_ Og_
P2 = QP1~

On the other hand, for all (" € [p,,py] = [%Bl, 227%,], we have (recall that p; > 1> a)
fi(t, 2,51, ¢) = cupy (pr —a) (1 = py) — b¢
[
<aipy (pr—a)(1—py) — Q?ZBI

so that, for obtaining , it suffices to take p, and py satisfying

p1(pr—a)(1—p1) <7 p,- (A.13)
By a similar calculation, for obtaining , it suffices to take P, and py satisfying
P, (pl —a) (1—31) > Py (A.14)

Set P, = —P1- Then (“) and (-) yield

(p1 —a) (py —1) 2%

(o) (o)

2R
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12 1=

IS]

. Hence

]
|2

The first inequality is fulfilled for p; > v+ 1, the second for ppSa— , i.e. forp; >
and are satisfied for p, satisfying the first condition in .

APPENDIX B. AN ESTIMATE FOR THE RIGHT DERIVATIVE
For a proof of the following Lemma, refer to [I, Lemma 3.3].

Lemma B.1. Let X be a Hilbert space, T >0, G € WH1 (0, T, X) and ® : X — RU {+oc} be a convex
proper lower semicontinuous functional. Let u satisfy

CO%L (t)+ 0P (u(t)) > G(t) fora.e te (0,T),
(B.1)
u (0) € dom (0P).

Then the right derivative of u satisfies for all t €]0,T] the following estimate

+ t t
e, <[l e ]2
dt x tJo X 0

— (s — (s ds.
7 (8 o )
APPENDIX C. BASIC NOTIONS ON VARIATIONAL CONVERGENCES

X

Let (T, ) be a topological space, (Fy, F'), cy @ sequence of functionals mapping T into RU{+oo}. The
following notion of convergence, equivalent to the convergence of the epigraph of F,, to the epigraph of F
in the Kuratowski-Painlevé sense, is of central importance in Calculus of Variations and Homogenization
theory.

Definition C.1. The sequence (F},)
hold:

(i) there exists a sequence (), cy of T, converging to x, such that

F (z) > limsup F), (z,,),

n——+00

nen (sequentially) I'-converges to F at x in T iff both assertions

converging to x in T,

(ii) for every sequence (yn)neNa

When (i) and (ii) hold for every x in T, we say that (F},), I'-converges to F in (T,7) and we write
F=T—lmF,.

The main interest of this concept is its variational nature made precise in the first item of the following
PTroposition.

Proposition C.1. Assume that (F},), I'-converges to F.
(i) Let x,, € T be such that F,, (x,,) < inf{ F,(z) : 2 € T } + &, where e, > 0, g, — 0. Assume
furthermore that {x,, n € N} is 7-relatively compact, then any cluster point T of {xz,, n € N}
18 a minimizer of F' and
lim inf{F, (z) ;2 €T} =F ().

n—-+oo
(it) If G : X — R is continuous, then (F, +G), T to F +G.
For a proof and more about T'-convergence, we refer the reader to Attouch [3] and Dal Maso [8]. We
now consider the case where (T,7) is a Banach space (V,|.||). Being endowed with strong and weak
topology, we have two notions of I'-convergence. Given a sequence (), oy of functionals &, : 'V —

RU{+o0}, according to Deﬁnition we denote by I'y, —lim ®,, and I's —lim ®,, the I'-limits associated
with the weak and the strong convergence in V respectively, when they exist.

Definition C.2 (Mosco convergence). Let (V,|.|) be a Banach space, a sequence (®,,),, .y of extended
real-valued functions ®,, : V' — R U {400}, and ® : V' — R U {+oc0}. The sequence (), .y Mosco-

converges to ® and we write ¢, Mg if

=T, &, =T, —d,.
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The argument which naturally led us to introduce the Mosco-convergence notion yields the bicontinuity
of the Fenchel duality transformation in the context of convex functions. More precisely

Theorem C.1. Let (V,||.||) be a reflexive Banach space and (®,), oy, ® a sequence of convex proper
lower semicontinuous functions from V into RU {4o00}. The following statements are equivalent:

(i) @, Mo on V;
(ii) &5 8 o* on V*.
For a proof, we refer the reader to [4, Theorem 17.4.3].

The following Proposition whose proof is straightforward, states an equivalent formulation interesting
from practical point of view.

Proposition C.2. Let (V,|.||) be a reflexive Banach space, and (), oy, ® a sequence of convex proper
lower semicontinuous functions from V into RU {4o00}. The following statements are equivalent:
(i) &, 2 ;
(i) Yv € V, Ju, — v such that @, (v,) = P (v);
Yo €V, Yu, = v, ®(v) <liminf,, o Py, (v,);
(i1i) Yv € V, Ju, — v such that @, (v,) = ® (v),
Yo* € V*, Juk — v* such that @} (v,) = ©* (v).
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