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CONVERGENCE AND STOCHASTIC HOMOGENIZATION OF A CLASS OF
NONLINEAR TIME DELAYS REACTION-DIFFUSION EQUATIONS

OMAR ANZA HAFSA, JEAN PHILIPPE MANDALLENA, AND GERARD MICHAILLE

ABSTRACT. Stability under a variational convergence of nonlinear time delays reaction-diffusion equa-
tions is discussed. Problems considered cover various models of population dynamics or diseases in
heterogeneous environments where delays terms may depend on the space variable. As a consequence
a stochastic homogenization theorem is established and applied to vector disease and logistic models.
The results illustrate the interplay between the growth rates and the time delays which are mixed in
the homogenized model.

CONTENTS

[1.__Introductionl 2
Notation] 3
2. The time-delays operator| 3
[2.1.  Integration with respect to vector measures| 3
[2:2. Time delays-operator associated with vector measures 4
2.3 Examples of time-delays operators| 5
3. Reaction diffusion problems associated with convex tunctionals of the calculus of variations |
L and DCP-structured reaction functionals| 8
3.1, The class of DCP-structured reaction functionals 9
13.2. Some examples of DCP-structured reaction functions coming from ecology and biology |
[ models 10
13.3.  Existence and uniqueness of bounded nonnegative solution| 12
4. General convergence theorems for a class of delays nonlinear reaction-diffusion problems| 17
4.1. Stability at the limit| 18
4.2. Non stability at the limit for the reaction functional: convergence with mixing effect |
between growth rates and time delays at the limit| 24

[5. Stochastic homogenization of distributed delays reaction diffusion problems| 25
p.1. The random diffusion part| 25
p.2. The random reaction part| 26
5.3.  Almost sure convergence to the homogenized reaction-ditfusion problem| 28
[Appendix A. Vector measures| 31
[Appendix B. Notion of CP-structured reaction functionals| 32
|Appendix C. Estimate of the right derivative| 33
|Appendix D. An alternative proof of Theorem }4.1]in the case of a single time delay | 34
|Appendix E.  Appplication of Theorem [5.1]to some examples| 36
|[E.1. Homogenization of vector disease models| 36
[E:27 Homogenization of delays logistic equations with immigration] 39
[References 40

(Omar Anza Hafsa, Jean Philippe Mandallena, Gérard Michaille) UNIVERSITE DE NIMES, LABORATOIRE MIPA,

SITE DES CARMES, PLACE GABRIEL PERI, 30021 NIMES, FRANCE.

E-mail addresses: (Omar Anza Hafsa, Jean Philippe Mandallena, Gérard Michaille) omar.anza-hafsaQunimes.fr,

jean-philippe.mandallena@unimes.fr, gerard.michaille@gmail.com.
2010 Mathematics Subject Classification. 35K57, 35B27, 49J45.

Key words and phrases. Convergence of time delays reaction-diffusion equations, Mosco-convergence, stochastic homog-

enization, vector disease and logistic models.



2 CONVERGENCE OF A CLASS OF NONLINEAR TIME DELAYS REACTION-DIFFUSION EQUATIONS

1. INTRODUCTION

In this paper we continue to investigate further the convergence of reaction-diffusion problems dis-
cussed in [2], extending it to the case when the reaction term includes single or infinite time delays
which may depend on the space variable. More precisely, we are concerned with the convergence and
the stochastic homogenization of sequences (P,,),,cy of reaction-diffusion equations of the type

du
d—tn (t) + 0P, (up, (t)) 2 Fy, (t, up (t) , 0, (t)) for ae. t € (0,T)
(Pn)

Up, (t) =1 (t) for all t € (—o0,,0],

where the function v, is connected to the function u,, € L? (0, T, L* (2)) via a family (m}'),-, of L*° (Q)-
valued Borel vector measures m} (see Definition [A.1)) according to the formula

t
0 ()= [ () ().
—o0
The function 7,, referred to as history function, is nonnegative, bounded, absolutely continuous in
C ((—00,0],L? (), and satisfies 7, (0) € dom (®,,). When m} = &,_,, where 7 > 0 does not depend
on the space variable, we recover the single time delay reaction-diffusion problems

dun (t) + 0Py, (up, (t)) 2 Fy (t, up () ,upn (t — 7)) for a.e. t € (0,7)

up (t) =1, (¢) for all t € [—7,0].

When mj = mét_m(,) where 7, : RV — [0, 4+00) is a Borel measurable function taking a finite
number of values, (P,) is a single delay times reaction diffusion problem whose delay times may vary
with respect to the space variable. When my = >, djd;—,, with d}} € L> (Q), the reaction term
of (Pp) includes a multiple time delays which depends of the space variable through the functions dj.
When m} = K,, (-,t —7) dr, the reaction term of (P,) is associated with diffuse delays, distributed
according to a kernel K, (see Examples and for the notation and further details). For a
general L™ (2)-valued Borel vector measure my, (P,,) is associated with potentially, a mixture of diffuse
and discrete time delays.

The diffusion term is the subdifferential of a convex integral functional ®,, : L? (Q) — R U {400},
whose domain contains the boundary conditions. For the reaction term, we introduce the notion of DCP-
structured reaction functionals. Roughly, the reaction functional F,, : [0, +00) x L? () x L% (Q) — R%
is such that for fixed v € L? (Q), (¢,u) — F, (t,u,v) is a CP-structured reaction functional as defined in
[2]. From condition (DCP), each (P,) satisfies a comparison principle with respect to the datas, hence
admits a nonnegative and bounded solution. To be self contained we summarize in Appendix [B| the
definition of CP-structured reaction functionals as well as the corresponding existence theorem to which
we refer.

Problems (P,,) model various situations involving for example reaction time, maturation period, re-
source regeneration time, time required for substance production, mating processes, or incubation period
in vector disease models; see Examples , , , and with the appropriate references.
Among the very large literature related to analysis of asymptotic behavior, boundedness, positiveness
and equilibrium of solutions of delay differential equation with diffusion, refer to [I3] 14} [I5] 18] and
references therein. For existence, comparison principle for semilinear reaction diffusions equations with
infinite delay refer to [23] [25].

In Section [3| we prove existence and uniqueness of bounded nonnegative strong solutions of problems
of the type (P,) which admit a right derivative at each ¢ € [0,7]. The proof is based on [2, Theorem
3.1] combined with a fixed point procedure. In Section |4 under the hypotheses of Mosco-convergence
of functionals ®,,, weak convergence of the vector measure m} for each fixed ¢ in [0,7], and a suitable
convergence of F,,, we establish a stability result (Theorem , i.e., the convergence of (P,) toward a
distributed time delays reaction-diffusion problem (P) of the same type. In a second theorem (Theorem
we establish the convergence toward a delay reaction-diffusion problem (P) where a mixing effect
appears in the limit reaction functional between the limit growth rates and the distributed time delays. In
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the case of single time delay, we also propose in Appendix[D]a constructive alternative proof, by applying
suitably a finite number of times the convergence result established in [2] to each (P, ;), i =1... E] +1

du,
(Pn,i) dt
up (i =) 7) =u ' (I = 1) 7)

where F. is the CP-structured functional defined by F}! (¢t,ul, (t)) := F, (t,u}, (t),u’! (t)), and ud :=n,
in [—7,0].

(t) 4+ 0%, (ul, () 3 F} (t,ul, (t)) for ae. t € ((i —1)T,iT)

Stochastic homogenization is addressed in Section [f] The main result, Theorem [5.1] based on Theo-
rems [4.2)), states that a mixing phenomena appears in the homogenized reaction functional between the
various growth rates and time delays. This phenomena occurs in the homogenization framework when
the time-delays are strongly oscillating with respect to the space variable. The result is illustrated in
Appendix [E] through the homogenization of a vector disease model and a delay logistic equation with
immigration. In the first example, the growth rate of the uninfected population and the time delays coeffi-
cients of the homogenized problem are mixed in such a way that the effective multiple delays is associated
with a measure incorporating the growth rate. In the second example, we can interpret the homogenized
problem as a delay logistic diffusion equation modeling the evolution of a density population spreading
in an homogeneous environment. The carrying capacity is now function of the growth rate and time
dependent. For diffusion in random media and homogenization refer to [2 8, [T11 10} 19} 20], for stochastic
homogenization of Hamilton Jacobi equations refer to [3], 16l [24] and for stochastic homogenization of
moving interfaces refer to [7) [9] and references therein.

Notation. We denote by £y the Lebesgue measure in RV, by Q a domain of RY of class C! with outer
unit normal n, and by I' a subset of its boundary 9 with positive H¥ ~!-Hausdorf measure. To shorten
the notation, we sometimes write X to denote the Hilbert space L? () equipped with its standard scalar
product and its associated norm, denoted by (-,-) and || - ||x respectively. All along the paper we use
the same notation | - | to denote the norms of the euclidean spaces R%, d > 1, and by ¢ - ¢ the standard
scalar product of two elements &, ¢’ in R%. We also denote by ¢ ® ¢ the Hadamard (or Schur) product
of two elements ¢ and ¢’ in RY. For any topological space T, we denote by B (T) its Borel field, and
by C. (T, X) the space of continuous function from T into X, with compact support. For any sequence

(®n),,en of functionals @, : X — RU {400}, we denote by &, M & the Mosco-convergence of ®,, to the
functional ® : X — R U {4o0}.

2. THE TIME-DELAYS OPERATOR

2.1. Integration with respect to vector measures. We use the notation and results of Appendix
with T =R, X = L?(Q), and Y = L*(2). Let m be a L* (Q)-valued Borel vector measure, i.e.,
a countably additive set function m : B(R) — L% (Q) that we assume to be of finite variation. Let
B : L>®(Q) x L?(Q) — L?(Q2) be the bilinear mapping defined by B (v,u) := vu. According to the
abstract scheme described in Appendix[A] we can define the integral with respect to m. Recall that we
can integrate with respect to m the step functions of the form S =", _; 1, S;, where I is any finite set,
B; € B(R), and S; € L? (2), according to the formula

/Sdm = ZB(m(Bi)aSi)

which defines an element of L? (). This integral can be extended to the space £ (R,L?(Q)) of
functions u : R — L? () which are uniform limit of step functions, thus defining an element of L? (Q)
(see Proposition [A.2). Moreover we have

H/udm

< / il 2yl
L2(Q)
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or, if we want to highlight the time variable,

/u (t) dm (t)

< /||u(t) | L2(d|/m]|| (t). Recall
L2(Q)
that C. (R, L2 (Q)) C £ (R, L?(2)).
2.2. Time delays-operator associated with vector measures. The distributed delays considered

in this chapter, are modeled by a family (m;),., of Borel vector measures m; : B(R) — L*> () as
defined above, whose total variation satisfies

(M1) sup;sg [[my || (R) < 1.

We assume that for all ¢t > 0, m, is positive in the following sense:
(Mz) Vt >0 VYue&™®(R,L*(Q)) uZO:>/udmt20.

From and we infer that for all ¢ > 0, m, takes its values in the subset of L (©2) made up of
functions v satisfying 0 < v < 1. Indeed, the claim follows from

0<my (B) =[my (B)| < [jmy (B) L= < [lm]| (B) < [jm[| (R) <1
for all B € B(R).

Denote by M{ (R, L> (Q)) the set of positive vector Borel measures m : B(R) — L> (Q) satisfying
|lm| (R) < 1. We assume furthermore that

(M3) the map
[0,+00) — M (R,L>(Q))
t — 1(_oo7t]mt

is measurable when M (R, L> (2)) is equipped with the o-algebra generated by the family of
evaluation maps (€),,cew (g, 12(0)) » Gu : M (R, L (Q)) — L? () defined by

&, (m) = /udm.
On other word, for all u € £ (R, L?(Q2)), the maps ¢ — fjoo udm are measurable from [0, +o00) into
L2(Q).

Definition 2.1. Let 7' > 0 be fixed. Let (m), be a family of vector measures in M (R, L> (2)) sat-
isfying [(My)}, |(M2)| and (M3)|. We call time-delays operator associated with (my),, the linear continuous
mapping 7/ defined by: B

T :C.((—00,T],L*(Q) — L*(0,T,L*(Q))
U —  Tu,

t
where for all  in [0, ], Tu (£) = / w(s) dmy (s) .

— 00

Note that for each ¢t € [0, T], Tu (t) is well defined. Indeed, let us extend the restriction to (—oo,t] of
u € C, ((—00,T), L* (Q)) by @ € C. (R, L? (Q2)) defined as follows

u(s) for s € (—oo,t],
Uy (5) = § S2u (t) + u(t) for s €]t,t+ ], (2.1)
0 for s €]t + 4, +00).

Then 1(_oo t = L(—oo U, L(—ooqtis € EX (]R, L? (Q)), and

Tu(t) = / 1o qiic () dmy ().

t
1In a standard way, we write / u dm; for /l(,oo,t]u dmy.
— 00
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Furthermore, the operator 7 takes its values in L? (0,7, L? (2)) and is continuous. Indeed ¢ — Tu (t) is
clearly measurable, ||u|c,® r2)) < 2[|ullc, ((—oo,7],22(0)), and

[Tw () [lL2@) < /Ilﬂt (8) 2@ dllmy || (s) < 2f|ullc,((—oo.11,L2(02)); (2.2)

1
1 Tullz20,7,22(0)) < 272 ||ullc, (=00, 1,2 (22))- (2.3)

For 7" > T let denote by 7" the time-delays operator associated with (my),., defined on the space
Ce ((—00,T"], L*(2)). Then, the restriction of 7" to C. ((—oo,T],L*(2)) is clearly the time-delays
operator 7. According to this remark, we do not indicate the dependance of T with respect to T'.

Lemma 2.1. Letu € C, ((—00,T), L*(Q)), u > 0. Assume that there existsu € Ry such that 0 < u < .
Then 0 < Tu <.

Proof. From |(Ms)| for all ¢ € [0,7], we have Tu(t) = /1(,Oo¢t]ﬂt (s)dmy (t) > 0. On the other hand,
for all t € [0, 77, since m; ((—o0,t]) < 1in L™ (), we infer that

t

u—Tu(t) >my ((—oo,t])u— Tul(t) :/

— 00

(ﬂ — ’lt) dmt = / ]]-(—oo,t] (ﬂ — ﬂt) dmt
with 1(_oo 4 (W —u¢) >0, so that Tu <u. W

In order that the solutions to problems of the type (P,,) admit a right derivative at each ¢t € [0, 7], we
assume that (my),, satisfies some regularity hypothesis through the operator 7, made precise in |(Ma)

below. Let n € C, ((foo, 0], L? (Q)), absolutely continuous, and satisfying
do < 4o00. (2.4)

N
oo L2(9)

do
We denote by C;, ((—o0,T], L* (2)) the subset of C ((—o0,T], L? (22)) made up of functions u which are
absolutely continuous, and whose restriction to (—oco, 0] is equal to 1. Then condition is expressed
as follows:
(M4) For all T > 0 and all function u in Cy, ((—oc0, T], L? (2)), there exists a locally integrable function
¢y 1 [0,T] = R4, such that

t

V(s,t) €[0,T) s<t = |Tu(t)—Tu(s)|r2q) < / oy (0) do.
S
We examine below three basic examples of vector measures in M| (R, L> (£2)) and time-delays operators.

2.3. Examples of time-delays operators.

Examples 2.1 (Multi-delays case). Consider (my),., given by m; = », -\ dxd;—r, where, for all
keN, 7 >0 d, e L®(Q),d >0, Y,y lldel=(@) = 1. Clearly m; belongs to M{ (R, L (2)).
For any u € £ (R, L?(Q2)), the map ¢ — fioo u (s) dmy is nothing but ¢ — >, - dpu (t — 1) so that
[(My)} [(M2)[ and |(Ms)| are fulfilled. The operator 7 is defined for every u € C. ((—o0,T], L?(Q2)) by
T’(L (t) = Z dku (t - Tk).

keN

Let (s,t) € [0,T]? be such that s < t. Using Fubini-Tonelli theorem, for all u € C;, ((—o0, T}, L? (Q))
we have

17w () = Tu(s) 2y < D ldellzoliu (t = 7) — (s = 7) [lr2(o

keN
=T || du
<Y il [ || do
keN S—Tk L2()
t
du

:/ <Z [kl Lo () o (0 — k) > do

5 \keN L2 (Q)
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so that, ¢, : [0,T] — Ry defined by

= |ldil (o)

keN

(J — Tk)

b

L2(Q)

is suitable for satisfying Note that ¢, is the discrete convolution

du
dO’ ( ) *Z”dk”LW(Q)(Sm'
L2(Q)  keN

Examples 2.2 (Single delay depending on the space variable). Given a measurable map 7 :
RY — [0, 4+00) with # (7 (RY)) < +o0 (i.e., with finite range), we set m; = mét*T(')' It is easily
seen that m; is a vector measure from B (R) into L™ () satisfying and Let us show that m,
satisfies Indeed, we have

[Jmy || (RY) = sup {Z

el

x5 07 () (Bi)

:B; € B(R), (B;),c; finite partition of R
(T(RN)) L () ®),( )61 }

= sl}p{# (7(_ (R))) Bi € B(R),(B;);c; finite partition of ]R}
where A := {z cel:77Y(t—B;) # (Z)}. For each fixed I, and for each i € A;, choose z; in RY such that
7 (x;) € t — B;, and consider the map I'; : Ay — 7 (R”) defined by I'; (i) = 7 (2;) . From the fact that
t — B; and t — B; are disjoint sets for i # j, we infer that I'; is an injection, thus # (A;) < # (7 (RY))
which proves the claim.

The operator 7 is then defined for all ¢ € [0,T] and all u € C (( 0o, T], L*(Q)) by Tu(t) =

mu (t—7()),ie., forae zeQ, Tu(t)(z)= #(T(RN)) ﬂ Let us show that is
satisfied. For all u € C, ((—o0,T], L* (Q)) we have
1
— = (u(—=7()) —u(s—7(
[y O )|
1 /t du
< —(c—1()) do
#(r(RN)) J ||d L2(Q)
1 ' 3 > \*
< 7/ / (o0 —7i,2)| dx| do
# (T (RN)) i ET(RN) Tl)mﬂ
/ Z —T7) do
5 rer(RN) L2(Q)
so that ¢, given by
1 du
Pu(0) = ==y (0 —7)
# (1 (RY)) ﬂg&w) do L2(Q)

is suitable to check Note that ¢, is the discrete convolution
du
| I

— ()
do L2 () T ET(RY)
Examples 2.3 (Delays distributed by a diffuse delays kernel). Consider (mt)tzo given by m; =
K¢ (-, 7) dT where
(i) VreR;, VE>0 Ki(-,m) =K(,t—71);

(i) Vo e R K(:,0) € L™ (Q);

+oo
(lll) / ||K:(,O‘) ||Loo(Q)d0' = 1;

2To shorten the notation, we sometimes write v (£, z) for v () (x) for the functions v € L2 (0,T,L? ().
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(iv) Vo € R K(z,0) >0 a.e. in £
(v) Vo € (—00,0) K (-,0)=0.
It is easy to show that my satisfies[(M1)|and[(Mz)] An example of kernel K is given by K (-,0) = d (-) K (o)
where d € L™ (Q2), ||d||p~(q) = 1, and K is the standard I';-distribution delays defined by
-1
yo'lexp (—y0) .
——— ifo>
K (0) = =1 ifeo>0
0 ifo <0
with ¢ € N* and v > 0.
For any u € £~ (R, L*(Q2)), the map ¢ — fjoo u(s)K(,t—s)ds= f0+oo u(t—s)K (-, s)ds is clearly
measurable so that ((Ms))) is satisfied. For all u € C. ((—o0,T], L? (©2)) we have

t

+o0
vt € [0,7), Tu(t):/ u(s)lC(-,t—s)dSZ/O Wt —5)K(s) ds = uxk () (0).

— 0o

An elementary calculation shows that ¢, = H% (-)HB(Q) * | (-, 7) || oo () dT is suitable to check |(Ma)
Indeed, for all u € Cy, ((—o0,T], L? () we have
“+o0 “+o0
‘ K(,m)u(t—71)dr — K(,mu(s—71)dr
0 0 L2(Q)
+oo
< [T sl =) = wls =) ey dr
+oo t—1 du
< / (1)l zee (o) </ 7 (o) do) dr
0 S—T g L2(Q)
t “+o0 du
-/ (/ I ) e || e o 7) dr> do.
s 0 o L2(Q)
ool du
and the claim follows by setting ¢, (o) = / — (o0 —1) 1K (-, 7) | oo () dT-
0 do L2(Q)

Remark 2.1. Denote by P (R) the set of all probability measures on R concentrated on R;. One can
express the functions ¢, obtained in Example and in an unified way: there exists u € Py (R)
such that

du

Pu = ‘ ) * M,
do L2(Q)
d
i.e., such that for all o € [0,T], ¢y (o) = / o (c—1) dp (7).
R dU Lz(ﬂ)

In Example p= 3 pen ldrllLe ()0r,, in Example = m > rier@n) Or;» and in Example
T

=K 7)o (@dT-
In Section [4 we strengthen condition by condition below:
(M’4) for all T > 0 there exists 1 € Py (R) such that all function w in C,, ((—o0, T, L? (2)),

du
7 )

V(s,t) €[0, T s<t = |Tu(t)—Tu(s)|r2q) < / (‘ *u) (o) do.

L2 (Q)
Note that the integral in the second member of if finite as stated in the lemma below.
Lemma 2.2. Assume |(M's)| Then for all T > 0 and all u € C, ((—o0,T],L*(2)), Tu is absolutely

continuous and
T 0 T
d
/ do < / do + / Y
0 L2(Q) —00 X 0

dTu
p °ov
do

W( ) do.

X

(@)

pa
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Proof. Fix T > 0 and u € C,, ((—o0,T], L? (Q2)). For any finite partition (s;,t;),c; of [0,T], from (M)
and Fubini-Tonelli theorem, we have

ST u(ts) = Tu(si) o) < Z/t (‘

i€l el vs

du <->HX o) (o) do

< [ (|50] on) e

- (/T &) def)du(T)

:/& (/T 7 Xda> 0

</ (/‘;\jg(a) Xda+/0T & o) Xd(f)dum
[ @] ot [ )] ao

which is finite since u € C, ((—00,T], L* (Q)) and because n satisfies (2.4). The claim follows by taking
the supremum on all the finite partitions of [0,7]. W

3. REACTION DIFFUSION PROBLEMS ASSOCIATED WITH CONVEX FUNCTIONALS OF THE CALCULUS OF
VARIATIONS AND DCP-STRUCTURED REACTION FUNCTIONALS

We are mainly concerned with sequences of delays reaction-diffusion problems of the form

du (t)+D® (u(t) =F (t,u(t),Tu(t)) for ae. t € (0,T)

(PT,W) dt
u(t) =n(t) for all t € (—o0,0]

where 7 is a time-delays operator as defined in Definition [2.1} associated with a family (my),, of
Borel vector measures satisfying |(Mi)| [(M2)} |(M3), We sometimes assume that (my),, fulfills one
of the additional conditions [(M4) or [(M’4)] with respect to the absolutely continuous function n €
Ce ((—00,0],L? (©2)). Furthermore we assume that n(0) € dom (0®), where 9@ is the subdifferential
of a standard convex functional ® : L? (Q) — R U {400} defined by

/ W (x,Vu (z)) dx + 1/ apu?dHy_1 — dudHy_1 ifue H' (Q),
P (u) =< Ja 2 Jog o0

+00 otherwise

(3.1)

ap >0 Hpy_i-a.e. in 02
where ag € L37 | (09) with

d0>0 ap>0 Hy_1-ae. inT CIN with Hy_1(T) >0,
and ¢ € L3, (09). The density W : RY x RN — R is a Borel measurable function which satisfies the
following conditions:

(D;) there exist a > 0 and 3 > 0 such that for a.e. z € RY and every ¢ € RY
alel® < W (z,6) < B (1+[€),

(D) for a.e. z € RN, £ W (,€) is a Gateaux differentiable and convex function (we denote by
D¢W (z,-) its Gateaux derivative), and

DgW (.T, 0) =0.

The Gateaux-differentiability assumption on the density W is made to simplify the notation in the
proofs. From the second estimate, we infer that if uw € H' (2), then the function DW (-, Vu) belongs to
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L2 (Q)N Furthermore it is easy to establish that there exists a constant C' (Ciee) > 0 which depends
on the constant Cy,.. of continuity of the trace operator from H' () into L? (9f2), such that

it @ () 2 =C (Cuuce) 1612z, (o0 (3.2)

For a proof refer to [I]. The subdifferential A = 9® of ® (actually its Gateaux derivative D®), whose
domain captures the boundary condition, is given by:

dom (A) = {v e H' (Q) : divD:W (-, Vv) € L* (), agv + D¢W (-, Vv) -n = ¢ on 00}
A () = —divDW (-, Vv) for v € dom (A)
where ogv + DeW (-, Vv) - n must be taken in the trace sense. For a proof, refer to [2, Lemma 3.1].

Assume that ¢ = 0. Let T" be a subset of 992 with positive H y_1-Hausdorff measure and define ag in
R4 U {400} in the following way:

ao(x){o if 2 € 90\ T,

400 ifzel.
Then, the integral f 20 apu?dH y_1 may be considered as a penalization which forces the function v to

belongs to HE: () = {u € H' () : u =0 on I'}. By convention used all along the paper, the functional
® becomes now
W (z,Vu(z))dx if ue HE(Q),
® (u) = /Q ' (3.3)
+00 otherwise.

For a justification of this convention, refer to [2, Remark 4.2]. The subdifferential A = 99 (= D®) of @
contains now the homogeneous Dirichlet-Neumann boundary conditions and is given by:

dom (A) = {v € H} (Q) : divDW (-, Vo) € L?(Q),DeW (-, Vv) -n =0 on 90Q\ T'}
A (v) = =divDW (-, Vo) for v € dom (A4).
3.1. The class of DCP-structured reaction functionals. The delays reaction-diffusion problems

modeling a wide class of applications with a potential mathematical tractability in the homogenization
framework (periodic or stochastic), involve a special class of reaction functionals that we define below.

Definition 3.1. A functional F : [0, +00) x L% (Q) x L? (Q) — R% is called a DCP-structured reaction
functional, if there exists a measurable function f : [0,+00) x RY x R x R — R such that for all
t € [0,4+00) and all (u,v) € L? () x L?(Q), F (t,u,v) (x) = f (t,z,u(x),v (x)), fulfilling the following
structure conditions:

fta,¢,¢) =rta)0h(¢) g(¢)+qtzf]
with the assumptions:

e g.h:R — R! are locally Lipschitz continuous functions;
o forall T >0,r € L*>® ([O,T] X RN,]RZ);

e forallT >0,qe L*(0,T,L}, (RY)).

Furthermore f must satisfy the following condition [(DCP)| (for Delays Comparison Principle):
(DCP) there exist f : [0,+00) x R — Ry and p € R% such that the ordinary differential equation

— 7 —
ODE{ y (1) 7;)" (t,y(t)) for a.e. t € [0, +00)
y(0)=p
admits at least a solution 7 such that for all T > 0, for a.e. (t,z) € (0,7) x RV and for all
¢"€[0,7(1)]
0<f(t2,0,) and f(t,2,7(t),¢)<[(t7{).

3Using the coordinates of r, g and h we have f (t,z,(, () = é:l ri (t, ) g; (C) hi (¢') + q (¢, ).
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The functional F is referred to as a DCP-structured reaction functional associated with (r,g,h,q) and
f as a DCP-structured reaction function associated with (r, g, h,q). If furthermore, for all T > 0, r €
wht (O,T, Ll20c (RN,RZ)) and ¢ € WH! (O,T, ngOC (RN)), the map F is referred to as a regular DCP-
structured reaction functional and f as a regular DCP-structured reaction function.

Remark 3.1. 1) Since ¥ is non decreasing, for any 7' > 0 we have 0 < 5 =75 (0) <7 (T).

2) The regularity of DCP-structured reaction functional is unnecessary to assert existence of a bounded
solution to our problems. It will be invoked for proving the following additional regularity: when
furthermore 7 satisfies and (my),., satisfies [(M4), the solution u of (Pr,) satisfies u(t) €
dom (D®) for all t € (0,T) and possesses a right derivative at each ¢ € [0, 7).

3) Tt is worth noting that for each fixed ¢’ in [0,7 (T)], the function ¢ — f (¢, z,(,¢’) is a CP-structured
reaction functional associated with (r © h({’), g, q) in the sense of [2, Definition 3.1] (see Definition

B.1), where p = 0 and f = 0.
4) According to|(DCP)| we show in Theorem that, if the history function 7 satisfies 0 < 1 <, then
(P:,,) admits a unique solution u satisfying 0 < u (¢t) <y (T for all t € [0, T].

3.2. Some examples of DCP-structured reaction functions coming from ecology and biology
models.

Examples 3.1. Example derived from vector disease model: the Cooke model.

f(taxa<7</) :a(t75€)<,(1—<) _b(tam)c
where a > 0, b > 0 belong to W (0,7, L2 (RY)) N L> ([0,T] x RY) for all T > 0. Clearly the

loc
function f satisfies the structure condition of regular DCP-structured reaction function with ! = 2 and

T(tvz) = (a(t’x)afb(tvx))a h(C/) - (Clvl)a g(C) = (174.74)

Let us show that is fulfilled. Take f = 0, and for p, any real number greater or equal to 1. We
have 7 = p and, for all ¢’ > 0,

Oga(tﬂx)cl:f(t7x707g/) and f(t7m7y(t)7<-/):f(t7x7p7<-l)SO:?(t7y(t))'
This example of reaction function corresponds to the diffusive vector disease model of Cooke (see [21], 22]
in the case of single delay):

du t

pn )+ DP(u(t)=a(t,z)(1—u (t))/ w(s)dmy (s) —b(t,-)u(t) for ae. t € (0,T)

— 00

u(t) =n(t) for all t € (—o0,0]
where

e u (t,z) denotes the density of the host (i.e. infected) population,
e 1 —u(t,x) the density of uninfected population,
e when m; = §;_,, then 7 denotes the incubation period before the disease agent can infect the host.

A choice of more general measures m; corresponds to more complex incubation processes. Then if the
history function 7 satisfies 0 < n < p for some positive real number p > 1, we prove in Theorem [3.1
that the problem admits a unique solution in C' ((—oo,T], L? (Q)) satisfying 0 < u < p. If moreover n
satisfies and (mt>t20 satisfies [(M4)| then w is regular in the sense of Remark

Examples 3.2. Example derived from food limited models: the delay logistic equation with
immigration (or stocking).

!

Pt =alta)¢ (1- £ ) +ao)

where 0 < a (t,z) <a, K >0, and 0 < ¢q(¢t,z) < g. Assume that for all T > 0, a, b and ¢ belong to

Wil (0, T,L? (RN )) Then the function f checks either of the two structures of regular DCP-structured

loc
reaction functions with [ = 1 or [ = 2. Indeed, with [ = 1 take

T(t,x):a(tvx)’ g(C):C’ h((:l) - (1_ I(Cc/aT) .

car




CONVERGENCE OF A CLASS OF NONLINEAR TIME DELAYS REACTION-DIFFUSION EQUATIONS 11

We can also write f (t,z,(, (") = a(t,z) (—a (¢, x) %Jrq (t,x), so that f satisfies the structure condition
with [ = 2 and 4
al(t,x
r(ta) = (at) =5 )R (@) = (16D, 960 = (6.0
Let us show that f fulfills Take f (t,¢) = @ + 7, and for p, take any positive real number. Then
g(t) = (p + ‘1) exp (at) — % for all ¢ € [0, 400). Thus for all ' € [0, (ﬁJr %) exp (@T') — % we have
0< f(t2,0,{")=q(t2)

and f (t;zvy(t)ac/) = a(t7x)y(t) - a(t7x)

g ¢
Kca’r
This regular DCP-structured reaction function corresponds to the diffusive delay logistic equation with
immigration, modeling the evolution of a population density with resource regeneration time, growth

rate a, and carrying capacity Keq, :

du
04D ) =) (1- 52

talt)<ag(t)+7=Ff(t7 ().

I 7) dmy ( )> +q(t,-) forae. te (0,T)

u(t) =n(t) for all t € (—o0,0].
We prove in Theorem that if the history function 7 satisfies 0 < n < p for some p > 0, then this
problem admits a unique solution u in C ((—oo,T],L? (Q)) with 0 < u < (ﬁ—i— %) exp(@l’) — L. If
moreover 7 satisfies (2.4) and (m,),-, satisfies then wu is regular in the sense of Remark

Examples 3.3. Example derived from haematopoiesis : the Wazewska-Czyziewska and La-
sota model.

f (t7 z, <> C/) = (t7 JJ) C + P (ta £L‘) €Xp <_’7</)
with ¢ > 0, P > 0, and v > 0. We assume that for all T > 0, 1 and P belong to W:! (0 T,L%, (]RN)) N

L*> ([0, T] x ). The function f clearly satisfies the structure condition of regular DCP-structured reac-
tion functions with [ = 2 and

r(ta) = (-p(t,z),P(t), h({)=(Lexp(—()), g(¢)=(C1).

Assume furthermore that sup ,)co,1o00)xr¥ T;L)) < +00. Therefore, noticing that f (¢,,0,¢") >

and that for all (" > 0, f(t,z,p,¢") < 0 for p > sup(; 1)e(0,400) xRN ((t $)), we can easily show that f
satisfies m Indeed, take f = 0 and, for p, any positive real number satisfying

5> sup P(t, x)
T (t2)€[0,400) xRN 4 (E,T)

(3.4)

Such a reaction function corresponds to the diffusive Wazewska-Czyziewska and Lasota model (see [21 22]
in the case of single delay)
du
dt

t

(1) + DO (u <))=—u(t,x>u<t>+P<t,->exp(—v/

— 00

u (s) dmy (s)) for a.e. t € (0,7T)

u(t) =n(t) for all t € (—o0,0]
where
e u (t,x) is the number of red-blood cell at time ¢ located at z,
e 1 (t,x) is the probability of death of red-blood cells,
e P and ~y are two coefficients related to the production of red-blood cells per unit time.
When 7 is the time required to produce a red-blood, we take m; = é;_.. A choice of more general
measures m; corresponds to more complex regeneration time. Then if the history function 7 satisfies
0 < 5 < p for some positive real number p satisfying (3.4), we prove in Theorem that the problem
admits a unique solution u in C ((—oo,T],L*(Q)) satisfying 0 < u < p, and if 7 satisfies (2.4) and
(my),~, satisfies then wu is regular in the sense of Remark
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Examples 3.4. Example derived from haematopoiesis: the Mackey-Glass model.
!
f (t’ €, C’ C/) =-a (t’ :L') C +b (t’ $) 1 —‘fclm
where @ > 0, b > 0, and m > 1. We assume that for all T > 0, a and b belong to W:! (O,T, L? (]RN)) N

loc
L> ([0,T] x RY). The function f satisfies the structure condition of regular DCP-structured reaction

functions with [ = 2 and

r@m—«w@w»uum»h@@—(l ¢ >,MO—@J%

Trom
Assume moreover that Sup( ,)c(0,400) xRN % < 400, and check that |(DCP)|is satisfied. We have
/
0 £ (6:2,0.0) = b(t.2) 15 g7

On the other hand, set f = 0 and take

1 w
p> sup b(t,z) ho () (3.5)
(t,2)€[0,+00) xRN @ (, ) m—1

) . Then

3=

for all ¢’ > 0, ¥ = p satisfies

where hs (¢') = ¢ . An elementary calculation shows that sup/>q ha (¢') = ha <(m1_1>

ftzg®),¢)=f(t2,p{)<0=f(t7(t).

This example of reaction function corresponds to the diffusive Mackey-Glass model whose reaction term
is proposed to model the production of white blood cells (see [B] 21, 22] in the case of a single delay):

u (s) dmy (s)
du (t)+D® (u(t)) = —a(t,z)u(t) +b(t-) /_OC

at 1+ ( [ ; u (s) dmy (5))

u(t) =n(t) for all t € (—o0, 0]

- for a.e. t € (0,7T)

where

e u (t,z) denotes the concentration of white-blood cells at time ¢ located at x in circulating blood,
e the term —a (¢, x) u (t,x) represents the reduction of white-blood cells at time ¢, located at z,
u(t—T)
1+u(t—7)™
T before the marrow releases further cells to replenish the deficiency.

e when m; = §;_,, the term b (¢, ") models the production of white-blood cells after a delay

As in the previous example, if the history function 7 satisfies 0 < n < p for some positive real number p
satisfying ([3.5)), then the problem admits a unique solution in C' ((foo, T, L? (Q)) satifying 0 < u < 7.
If 7 satisfies (2.4) and (my),, satisfies [(M4)} then w is regular in the sense of Remark

3.3. Existence and uniqueness of bounded nonnegative solution. Combining [2, Theorem 3.1]
with a suitable fixed point procedure, we establish the existence of a nonnegative bounded strong solution
to the Cauchy problem associated with DCP-structured reaction functionals. Recall that u is called strong
solution if it is absolutely continuous in time and satisfies a.e. the equation of (Pr ).

Theorem 3.1. Let F be a DCP-structured reaction functional associated with (r,g,h,q), with p and g
given by D given by , and assume that 0 < ¢ < agp. Let (mt)tzo be a family of vector measure
in M (R, L>(Q)) satisfying [(M1)], [(M2)], [(Ms)], and n € C. ((—00,0],L? (), absolutely continuous,
satisfying n (0) € dom (D®), and 0 < n < p. Then, for all T > 0, the time delays reaction-diffusion
problem

CU%L (t)+ DO (u(t)) = F (t,u(t),Tu(t)) for ae te (0,T)
(PT,U)
u(t) =n(t) for allt € (—oo,0]

admits a unique solution u € C ((—oo,T], L* (Q)) satisfying:
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(S1) u(t) € dom (D®) for a.e. t € (0,T),
d
(S2) u is almost everywhere derivable in (0,T) and v’ (t) = d—:: (t) for a.e. t € (0,T),
(S3) u(t) € [0,5(T)] for allt € [0,T].
If moreover F is a regular DCP-structured reaction functional, n satisfies (2.4) and (my), fulfills
condition then u satisfies

dut
(S4) u(t) € dom (D®) for all t €]0,T], u admits a right derivative % (t) at every t €]0,T] [ and

dut
B () + D (1)) = F (1, (1), Tu ().

Proof. Step 1 (local existence). We establish existence of a unique solution of (Pr ) satisfying

(S1)H(S4)| for T small enough. For all T' > 0, set
Xr:={veC((—00,T],X): 0<v<F(T) and v|(—oo0] =7} -

Choose M large enough such that Support () C [-M,0]. Clearly X1 is a closed subset of the Ba-
nach space C ([—M,T], X) equipped with the uniform norm, Therefore, X7 equipped with the distance
associated with the uniform norm, is a complete metric space. For each fixed u in Xp, consider the
reaction-diffusion problem with unknown Awu defined by

dhu )+ D® (Au(t)) = F (t,Au(t),Tu(t)) for ae. t e (0,T)

Au (t) =n(t) for all t € (=00, 0],

and first prove that (P,) admits a unique solution Au satisfying|(S1)} [(S2)|and |(Ss)l Note that it suffices
to prove existence of Au in C ([0,77], L? (€2)) which solves

dAu

— (t) + D® (Au(t)) = F (t,Au(t),Tu(t)) for ae. t e (0,T)

Au (0) =7 (0),

and to extend Au by 1 on (—o0,0]. Since F is a DCP-structured reaction functional, F' is associated with

feiven by f(t,z,¢, ) =r(t,x) ©h({')-g(C) +q(t ).

Set rr-(1,2) = 1 (t,2) © h(Tu () (2)), fr (t,,0) == r7 (t,2) - 9(O) + q(t,2) and, for u € L? (),
Fr(t,u) (z) :== fr (t,z,u(x)). We have
F(t,Au(t),Tu(®) (@) =r(tz) ©h(Tu(t)(z))- g (Au(t,x)) +q(t,x)
=TT (t7 J?) g (Au (ta 'T)) +4q (ta l‘)
= fr(t,z, Au(t,z)) == Fr(t, Au(t)) (z).
The functional F7r is a CP-structured reaction functional associated with (ry, g, q) as defined in [2] (See
Definition [B.1)). Condition (CP) holds because, from Lemma 0 < Tu<y(T), and f satisfies [(DCP)|

Therefore, existence and uniqueness of Au, which fulfills |(S1)} is ensured by [2, Theorem 3.1]
(see Theorem [B.1)).

Assume that F is regular, i.e., 7 € Wh! (O,T7 L? (Q,Rl)), g€ whl (O,T7 L? (Qﬁ)r all T > 0, that
n satisfies (2.4), and (my),., fulfills condition [My)] To show that Au satisfies [(Ss)] according to [2
Theorem 3.1], it remains to prove that ry : t — r7 (¢, ) is absolutely continuous from [0, 7] into L? (£2).
The claim follows from the absolute continuity of r, condition (note that u € C, ((—o0,T], L* (2))),

4The right derivative at T is the right derivative at T of the extension of u to [T, +00) (see Step 3 of the proof)
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and the following estimate for s and ¢ in [0, T
[P (8-) = r7 (8,) L2y =lr (8) © A (Tu(8)) =7 (s,) © h(Tu(s)) lL2r
<lr () O b (Tu(t)) —7(s,-) ©h(Tu®)) L2 @r)
+lr (s, ) ©h(Tu(t)) =r(s,) ©h(Tu(s)) L2 @ry
<|IPll 2o oz royllr (&) =7 (s, ) |2 (rY)
+ 17l oo (o0, 7yxmy ) L 1| T (8) = T () || L2 (0)

r
r

Sl o oz ey lm (8 ) = 7 (557) L2 (0,rY

t
+ ||7“HLOO([0,T]xRN,Rl)Lh,T/ @y (1) dr,

where Ly, 1 denotes the Lipschitz constant of the restriction of h to [0,7 (T)].

We are going to apply the Banach fixed point theorem to A : X7 — C ([-M, T], X). Clearly A (X1) C
X7. Indeed estimate 0 < Au < g (T') for all ¢ € (—o0,T] is due to hypothesis 0 < n < p < g (T), to
Au(t) = n(t) for t € (—o0,0], and to the fact that Au satisfies|(Ss)} To complete the proof, it remains
to establish that A : X7 — Xr is a contraction for T small enough.

Let (u,v) € X7 x Xr. Then, for a.e. t € (0,T) we have

dAu

— () D® (Au (1) = F (8, Au (1) Tu (1)),
C%U (t) + D® (Av (t)) = F (t,Av (t), Tv (t)).

Subtract these two equalities and take the scalar product with Awu (t) — Av () in X. This yields

dt
= (F(t,Au(t), Tu(t)) — F(t,Av(t), Tv(t)),Au(t) — Av(t)).
Then, using the fact that D® is a monotone operator, we infer that for a.e. t € (0,7)
1d
7 g I(Au — Av) D% < (F(tAu(t), Tu(t) = F(t, Av (1), To (), Au(t) — Av (1)) .
Thus, for a.e. t € (0,7,

<d (Au— Av) (t), (Au — Av) (t)> +(D® (Au(t)) — D® (Av (1)), Au(t) — Av (1))

%HAU () = Ao (1) % < 20|F (8, Au(t), Tu(t) = F (t,Av (1), To () |Ix[[Au (t) — Av (1) || x
S NF (@t Au(t), Tu(t) = F (8 Ao (t), To () 1% + [Au(t) = Av () [k (3.6)
According to the structure of the DCP-structured reaction functional F', from and the fact that
u = in (—o0,0], we have
IF (8, Au(t), Tu(t) — F(t, Ao (1), To (1) %
S CO(T,9,0) [Tu(t) = Tu () 1% +C'(T,g9,h) [|Au(t) — Av (1) 1%
<ATC (T, g,h) lu(t) = v (t) |x + C'(T,g,h) | Au(t) = Av (t) |5 (3.7)

where

C(T,g,h) =2 sup |g(Q) PlIrlF o @n pyLn (T)?,
Cel0.5(T)] )
C'(T.g.h) =2 sup |h(¢)PIrll7e @y rey Lo (T)
¢'el0,H(T)]
(recall that Ly and Lp o denote the Lipschitz constants of the restrictions of g and h on [0,7 (T)]
respectively). Combining (3.6 and (3.7) we infer that for a.e. t € (0,7T)

%IIAU () = Av (1) X <ATC(T,g.h) [[u(t) —v (@) |5 + 1+ C (T, g, 1)) [Au(t) — Av () [%. (3.8)

By integrating this inequality over (0,s) for s € (0,7) and noticing that Au (0) = Av(0) = 7 (0), we
obtain

1Au (s) = Ao (s) |5 < 4T2 C(T,g,h) u = 0|E(—oo17,x) + (1 +C' (T, g, 1)) / [Aw (t) — Av (t) |5 dt
0
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from which, according to Gronwall’s lemma, we deduce that for all s € (0,7T),
[Au(s) = Av () [IX < AT C(T,9,h) |lu = vl oo,zy.x) exP (1 +C' (T, 9,0)) T).-
Since Au = Av = n on (—o0, 0], this inequality holds for all s € (—oc0, T] so that
[Aw — Avle((—o0,r1,x) < K (T) [lu = vllc((—o0,11,%)

where K (T) := 2T (C(T,g, h))% exp ((1+C'(T,g,h)) L). We claim that limy_,g K (T') = 0. The proof
will be completed by choosing T* > 0 small enough so that K (T*) < 1. For this, note that the maps
Tw—7gy(T), T+ Lgp, and T — Lj 7 are non decreasing so that C (T, g, h) and C (T, g, h) decrease to
finite limits when 7" decreases to 0.

Step 2 (uniqueness). For T* obtained above, we establish the uniqueness of the solution of (Pr ).
Let u and v be two solutions, then, by taking u for Au and v for Av in (3.8), we infer that for a.e.
te(0,7%)

d " *
Spllu (@) —v(t) 1% < A+ (C(T*,g,h) +C" (T*, g, 1)) Ju(t) — v (t) %
Applying Gronwall’s Lemma after integrating over (0, s), we obtain
[ (8) = v (8) % < llu(0) = v (0) [[% exp (1 + (C(T*, g,h) + C' (T*, 9, h))) T*)

and the claim follows since u (0) = v (0) = 75 (0).

Step 3 (existence of a global solution). By Step 1 consider T* > 0 such that (Pr ) admits a
unique solution in C ([0, 7%], X). Under the initial condition « (0) = 1 (0) € dom (D®) we are not assured
that the derivative % of the solution belongs to L? (0, 7%, X). Nevertheless v/t%% € L*(0,7*, X) (see
[, Theorem 17.2.5] or [6, Theorem 3.6]). Hence, for 0 < § < T*, % belongs to L? (§,7*, X). Set

E:={T>¢:3ueC((—0,T],X), usolution of (Pr,)}.

Since T* € E, we have E # (). Set Ty, := sup E in R. In the following we denote by u the maximal
solution of (Pr ) in C ([0, Thas), X) and argue by contradiction by assuming that Thy,, < +oc.

a) We first show that lim; 7, u(t) exists in X. Let T' € E, then for a.e. t € (0,7") we have
du du du du
(%05 O)+ (Do), 5 0) = (Feu®). Tu®). 5 ).

We know that for a.e. t € (5,T), £ (u(t)) = (DQu(t), % (t)) (see [4 Proposition 17.2.5]) so that by
integration over (d,7) we obtain

v dt dt
[ ( [ j(dt)é 59

Note that for all T € E, we have [0,7 (T)] C [0,7 (Thar)]- Thus, from estimates 0 < v < G (T) and
0 <Tu<7y(T), according to the structure of the DCP-structured reaction fuctionnal F, there exists a
constant

1
2
du

du
T (t)

T (t)

2 T
dE+® (u (1))~ @ (u (5)) < ( / IF (tu(t), Tut) %(dt)

X

c (”THLOO(]RN,Rl)a 191l 2o (10,5(Thsaa) ) HhHLOC([O,y(TMw)],R‘))
(that we write C' in short) such that

1F (tu(t), Tu) % < 2C°Ly () +2]lg (¢, ) [I%-
Therefore, since inf ® > —o0, and ¢ € L? (07 Trtas, L? (Q)), (13.9) yields

T 2 T 2 %
/ dt<C |1+ / dt
) X 1) X
2

where the new constant C' does not depend on T'. We infer that
dt < +o0. (3.10)

/' Thax d7u d7u
s dt at |

du

du
T (t)

T (t)

2

T
)| dt= sup/
b'e TeE J§

(t)
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From (3.10) we deduce that w : [§, Tha,) — X is uniformly continuous. Indeed, for s < ¢ in [d, Tha.) We

have
t 2 TMaz 2 %
||u(t)—u(s)HX§/ dr < (t—s) / dt] .
s X ) X

Since X is a Banach space, according to the continuous extension principle, u possesses a unique contin-
uous extension % in [§, Ty, i-e., limy_7,,  w (t) = @ (Tyas), which proves the claim.

du

du
E(T)

e (t)

[N

b) Contradiction: consider the distributed delays reaction-diffusion problem

dv t)+D®(v(t)) =F(t,v(t),Tv(t)) for a.e. t € (0,T)

(P'T,n’) dt

v(t)=n'(t) for t € (—o0,0],
where 7’ is defined by 7' (t) = @ (t + Thae). 1t is easily seen that 5’ € C, ((—00,0], L? (Q2)) and satisfies
(2.4). Note that ' (0) = @ (Tha) € dom (D®). Indeed, choose t,, — Th,, With ¢, outside the negligible
set in which u (t) ¢ dom (D®) and use the fact that @ (The,) = limy_7,,, u (). Moreover 0 < ' < 7'

where p' = ¥ (Twaz). Then according to Step 1, there exists T** > 0 small enough such that (P/T,n)
possesses a solution v € C ([0, T**], X). Set

() = u(t) if t € (=00, Thraq)
v (t = Tatan) if t € [Tatass Thtas + T
Then u € C ([0, Thar + T**], X) is a solution of (Pr ), a contradiction with the maximality of Th,,. W

By an easy adaptation of the proof above, we establish the same result in the context of the convention
above, i.e. when ag =0 on 2\ T, is extended by +oo on I', and ¢ = 0. More precisely,

Theorem 3.2. Let F' be a DCP-structured reaction functional associated with (r,g,h,q), with p and g

given by and © given by

B (u) = /QW(x,Vu(x))dx if ue HE (Q),
+00

otherwise.

Let T be any positive numbers, and n in C, ((—00,0], L? (Q)) satisfyingn (0) € dom (D®), and 0 < n < p.
Then the time delays reaction-diffusion problem

du (t) + D® (u(t)) = F (t,u(t),Tu(t)) for ae te(0,T)

(Pr.m) dt
u(t) =n(t) forallt € (—o0,0]

admits a unique solution u € C ((—oo,T],L? (Q)) satisfying |(S1)} |(S2)| and |(Ss)| If moreover r belongs

to Whi (O,T, L? (Q,Rl)), q belongs to W1 (0, T, L? (Q)), n satisfies (2.4) and (my),-, fulfills condition

then u satisfies [(S4)]

Remark 3.2. In the case of single time delay reaction-diffusion problems, for establishing existence and

uniqueness for (Pr,) we could develop the following alternative constructive proof: (Pr ;) is equivalent

to the finite recursive sequence (P;),i=1... [g] + 1 of reaction-diffusion Cauchy problem of the form
du’

ORI

W (i = 1)) =W (= 1) 7)

where u® := 7, and F; (t,u’ (t)) := F (t,u’ (t),u'"! (t)) is clearly a CP-structured reaction functional.

By applying [2, Theorem 3.1], we see that there exists a unique solution u’ of (P;). The function u

defined by u (t) = u’ (t) for t € [(i — 1) 7,47] is a solution of (Pr ). Uniqueness is a consequence of the
following remark: if u solves (P;,), then the restriction of w in [( — 1) 7,47] is the unique solution of

(Ps)-

(t) + D® (u' (t)) = F; (t,u’ (t)) for ae. t € ((i —1)T,iT)
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4. GENERAL CONVERGENCE THEOREMS FOR A CLASS OF DELAYS NONLINEAR REACTION-DIFFUSION
PROBLEMS

Consider a sequence (®,,),, oy of functionals of the calculus of variations ®, : L? (Q) — R U {+oc}
defined by

/ W, (z,Vu (z)) dx + 1/ aoyand’HN,l — / hou dHy—1  ifue€ H(Q)
D, (u) = Q 2 Joa 90

+o00 otherwise
where h,, € L%{N,l (09), aon € L3, (09), agn > 0 Hy_1-a.e. in 09, agn > 0, on I' C 0N with

Hy_1 (') > 0 for some o,, > 0, and W,, : RN x RY — R is a measurable function satisfying the following
conditions:

(D1,n) there exist {ay,}nen C RY and {Bn}nen C R such that for a.e. z € RY, all £ € RY, and all
neN

€ < W, (2,8) < Bn (14 €7),

(Dg,,) for ae. z € RY and every n € N, the function W, (z,-) is convex and differentiable with
DeW,, (2,0) = 0 a.e. in RY,
(D3,n) (W) ey is uniformly strongly convex, i.e., for some v > 0 it holds for all £ € RY,

ot inf DT R
inf inf DeWn (2,6) € 2 7l¢]

From now on, we fix T' > 0, and we assume the following Structural Conditions.

(SC1) We are given a sequence (F},), .y of regular DCP-structured reaction functionals, each F, is
associated with (7, gn, Pn, @n), 1€, Fp (tu,v) () = fn (t,2,u(z),v(z)) for all ¢ € [0,T], a.e.
z €, and all (u,v) € L2 ()%, where

Y (t,z,¢,¢) €[0,400) x RY x R x R fat,2, () =10 (,2) Ol () - gn (O) + qn (t,2) . (4.1)

For all n € N, h,, and g, are assumed to be locally Lipschitz functions, uniformly with respect
to n, i.e., for all interval I C R, there exist L; > 0 and L’I > 0 such that

V(¢ () eR? Sgglgn(ﬁ)—-gn(CU| < L¢—¢| and Sgglhn(C)—-hn(CU\ <Lpl¢= (') (42)

We assume that the absolute continuity of r,, and g, holds uniformly with respect to n, i.e.,

T dry,
sup
neNJO

dt
(SC2) We are given a sequence (1), of history functions in C; ((—o0,0], L? (Q)) satisfying n, (0) €
H'(Q), 0 < np <Py, and
0
sup/ dt < 400, (4.4)
neNJ —oo L2(9)

where p,, is given by the condition fulfilled by each F,.

(SC3) We are given a sequence (m}),. .y of vector measures in M (R,L> () such that each
(m?)tzo satisfies (M)} [(Mz)| and |(Ms)} The sequence of time-delays operator (Tn)nen associated
with (my),>¢ ey, is defined for each v in C, ((—o00,T],L? (), by

dgn

T
dt < 400 and sup/

L2(Q,RY) neN

(t,-) (t,-) dt < +oc. (4.3)

L2(9)

dnp,
gt (t,-)

Tov (t) = / v (s) dmf’ (s)

(see Definition [2.1)).

Furthermore we assume that each family of vector measure (mj),., fulfills condition
More precisely, there exists a sequence of probability measure (i), oy in Py (R), such that for all
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: 2
vm Cnn ((7003T]a L (Q))a

dl
do

t
V(s t) €[0,T] s<t = |Tav(t) — Tav (s) | 12() < / (‘ *un> (o) do.
s L*(Q)
(SC4) Finally, we assume that
p=supy, (T) < +oo,
neN
and

Vn € N 0 < ¢p < agnp, on 0N

(4.5)

(4.6)

(4.7)

where 7, is given by the condition fulfilled by each F,. Note that when considering the

case

(@) 0 ifx € 0Q\T,
agn (x) =
0 400 ifzel,

and ¢, = 0, for all n € N, then condition (4.7 is automatically satisfied.

4.1. Stability at the limit. According to the structure of the reaction functional F,, the time delays
term, and a suitable notion of weak convergence relating to (my),.,, in theorem below we show that
the limit of the time delays problems (P,,) associated with above datas, keeps the same structure.

Theorem 4.1 (No mixing effect). Assume that the sequence (W), oy satisfies conditions|(D1 ),

(D2, )} [(Ds,n)}

and that the sequence of DCP-structured reaction functionals (Fy,),, oy satisfies|(SC1),[(SC2)],[(SC3)

and|(SC4)|

Let u,, be the unique solution of the time delays problem

du,,

Up, (t) =1y, () for allt € (—o0,0].

(t) + DD, (un, () = Fy, (t, un (t), Tnun (t)) for a.e. t € (0,T),

Assume that

M
(H1) @5 = @ and sup [|$nllrz,  (a0) < +00;
neN N-1

(H2) sup @, (1, (0)) < +o0;
neN

(Hs) there ezists n € C. ((—00,0], L2 (Q)) such that n, — 1 in C ((—o0, 0], L* (2));

(Ha) there exists a family of L> (Q)-valued measures (my),, with finite variation, such that for all

t € [0,T], My | (—oo,yj— M¢|(—oo | for the weak convergence of measures, in L? (Q) strong, i.e.,

for ally € C, (R, L? (Q)), li_)m I(—oo,¥dmy = / 1(—o,q¥ dmy strongly in L?(Q);

(Hs) gn and h,, pointwise converge to g and h respectively;

(He) 7 := sup |rpl Loo (0,1 xr™ r1y < +00 and ry — 7 in L? (0,7, L* (,R")) wherer € L™ ([0,
neN

(Hr) for all't € [0,T], sup, ey |lqn (¢, ) |2(0) < +00 and g, — q in L? (0,T, L* ().

T] x RV, RY);

Then u,, uniformly converges in C ([0,T], L? (Q)) to some function u whose eztension by 1 in (—oo, 0],

is the unique solution of the time delays problem

% )+ 02 (u(t) > F(t,u(t),Tu(t)) forae. te(0,T)
(P)

u(t)=n(t), 0<n<p:=supy, (T) for allt € (—0,0], n(0) € dom (P).
neN

5 For any Borel vector measure p, and Borel set B, we denote by p| g the restriction of u to the o-algebra restriction

of B(R) to B
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The reaction functional F : [0, +00)x L2 (Q) x L2 (Q) — R? is defined for allt € [0,T], all (u,v) € L (Q)?
and for a.e. x € Q, by

F(tu,0) (x) = f(t2,u(@),v (@),

ftz¢ ) =rtx)on(l) g(Q)+qt ).
The operator T : C. ((—o0, T}, L* () — L* (0, T, L* (2)) is defined by

t

Vi e [0,T] Tu(t) = / u(s)dmy (s).

—0o0

Moreover ddltn — CC% weakly in L? (0,T,L*(Q)), and 0 < u < p :=sup,en Y, (T).

Proof. We follow the outlines of the proof of [2 Theorem 4.1]. The additional difficulty is the presence
of the delay term in the reaction functional. In the statement of Theorem from [(SC2)| we assume
that u2 =7, (0) € H' (Q) = dom (®,,). But dom (®,,) C dom (®,,) = dom (D®,,) (for this last point we
refer to [4, Lemma 17.4.1]), hence u® € dom (D®,,). Therefore, according to Theorem (Pr) possesses
a unique solution w, which satisfies Note that, from Lemma we have 0 < Thu, <7, (T).

Step 1. We establish

0<n<p; (4.8)
1_
sup [unllcorx) < Ly ()2 5; (4.9)
ne
gi=  sup |gn(Q)| <+o0, hi= sup  |hy ()] < +o0; (4.10)
(¢,n)€[0,p]xN (¢,n)€[0,p] XN
duy,
sup n < 400. (4.11)
neN dt L2(0,T,X)

(recall that p := sup, ey ¥, (T') which belong to R from (4.6)). Inequality (4.8) follows directly from
0<n, <p, <7, (T) <p given by [(SC2), and |(H3)| Inequality (4.9) follows from 0 < u,, <7, (T) < p.
We easily deduce ([4.10)) from (4.2), hypothesis |(Hs)| and estimate |gy, ()| < |gn (0) | + Lio.5)|¢|, idem for
hyp,.

Let us establish (4.11]). In what follows the letter C' denotes various constants which can vary from
line to line. By using the structure of the DCP-structured reaction functional F,,, and from (4.10) and

hypothesis we infer that
o2
[F (twn (1), Toun (0)) 15 < 2£(Q) I 25°0° + 2llan (¢, ) 1%
<C(1+lgn (8, ) %) - (4.12)
Thus, according to hypothesis we deduce

T
sup/ 1B (£t (£) Tt (8)) |2t < +o0. (4.13)
neNJo

On the other hand, since u,, solves (P,,) we have for a.e. t € (0,7,

% 0

it r <Dq>n (un (1)), Lm <t>> - <F (8t (1), Tattn (1)) dst (t)>’

dt

and, by integrating this equality over (0,7,

2

T T T
[ @ e [ (Dot @), G @) de= [ (Fa o (0 T (0. 52 ) d. (410
Since u = 1, (0) € dom (®,,), we infer that %% belongs to L? (0,7, X) and ¢ — ®,, (u, (t)) is absolutely

continuous (see [6, Theorem 3.6]). Therefore for a.e. t € (0,T), L& (uy, (t)) = (DPuy, (t), L= (t)) (see
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[4, Proposition 17.2.5]). From (3.2)), (4.14) yields

T duy, 2 0 T du,,
/ Din )\ dt = — B, (un (T)) + B (u2) + / By (b (8) , Tt (8)) 242 (1)) dt (4.15)
< — inf @, sup ®,, (12
- veLQI(ISlz),neN (U)+ZI§I\)I (un)
T % T d . 2 %
+ ( [ 18 e 0, o <t>>|§(> ( | o )
0 0 X
S C (Ctrace) Sup ||¢TL||%${ (39) + Sup q)n (u%)
neN N-1 neN
T % T d . 2 %
- ( |1t ). T <t>>|§> ( | |Gw
0 0 X

Hence, from (4.13)), [(Hy)l and |(Hs2), we infer that there exists a positive constant C' such that

T 2 T 2 3
/ dt<C |1+ / dt ,
0 X 0 X

from which we deduce (4.11)).

Step 2. We prove that there exist u € C ([0,T], X), and a subsequence of (uy), .y not relabeled,
satisfying u,, — u in C ([0, 7], X) equipped with its uniform norm.

We apply the Ascoli-Arzela compactness theorem. From (4.9), (un), oy is bounded in C ([0, 7], X).
Moreover, for s < t, (s,t) € [0,T], we have

i (£) = (5) | x < /

dun
dt

dun
dt

(t)

(t)

< (t- s)% sup
L2%2(0,T,X) neN

dun
dt

dun
dt

duy,
dt (1)

N|=

dr < (t —s)
X

L2(0,T,X)

which, according to , provides the equicontinuity of the sequence (uy,), . It remains to establish
for each ¢ € [0,T7], the relative compactness in X of the set E; := {u, (t) : n € N}. For ¢ = 0 there is
nothing to prove because of hypothesis on the initial condition. We are going to prove the relative
compactness of E, for ¢ €]0,T].

From Theorem u,, satisfies then possesses a right derivative at each ¢ €]0, 7] (at t = T, this
is due to the fact that w, exists in C ([0, 4+00), X) so that the right derivative of w,, at t = T is nothing
but the right derivative of the restriction of w,, to [0,T]). Moreover

du;

— (t) + D, (up, (t)) = Fy, (£, up (t), Touy (t)) for all ¢ €]0,T].

Taking u, (t) as a test function, we infer that for all ¢ €]0, T

dut
<dtn (), un (t)> +(DPy (un (1), un (1)) = (Fn (¢, un (t), Tntn (), un (8)),

hence, according to the Green formula and to the fact that u,, (t) € dom D®,, for all ¢ €]0, T], we deduce

/Q DeW,, (&, Vi (£)) - Vg () da

du,t
= DW, (2, V up (1) -1 up (t) dHn_1 — /

5 [ Oua O dat [ (b (0. T (0) 0, (0)do

Q
dut

_ /(9 (6 =0t () 0, (0 AP = /Q (1) (1) e+ / By (t i () Tt (£))  (£) d

Q

+

du;;
< . Onty, (t) dHN_1 — /Q TS (t) up, (t) dx + /Q F, (t,un (t), Toun (t)) uy, (¢) de.

Take v € R such that 0 < v < Cflf where «y is the constant in [(Ds ), and Cirece the constant of

continuity of the trace operator. From the uniform strong convexity condition |(Ds )| and (4.9)), we
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deduce that for all ¢ €]0, T,

1 [ 90 ) P <loullis,, omllun (123, o0

1 d +
+ LN () <’ “n

H+wwwm>7wowg

C'face
||¢n||L L09) T t2 l[n () 372 ()

wdf@H*ﬁﬂ“wﬂ%%wumm)
9, qony + ( [ 1V (0o + 72y (@ ))

4chmﬁ(ﬁﬁuwXHMﬁmamnw@mu)

[N

+pLN ()

Ct'race

We infer that

Ctracey Ctrace Ctmceyf N
(7= Do) [ 190, 0 Pao < S suplfonlty | omy + 525" @)

dut
)

From [4.12] |(H7)| and |(H,)| estimate ) and ([L.9) yield that (u, (t)),,cy is bounded in H' () provided
that we establish

+LN (Q)2 (‘

= sup P (1 (). T () ). (416

X neN

dut
sup ”W () |x < +oc. (4.17)
n

Then, assuming ([4.17]), we conclude to the compactness of the set F; from the compact embedding
H' () — L? (Q). To prove ([4.17) set G, (t) := F,, (t,u, (t), Tnun (t)). In order to apply Lemma of
the Appendix, we start by establishing the following estimate on the total variation Var (G, [0,T]) of

G, in [0,T7]:
T
dt<C |1 +/ dt (4.18)
L2(Q) 0 L2(Q)

where C' is a nonnegative constant which does not depend on n. According to the structure of F;,, from
(4.10) and and noticing that from Lemma[2.1] 0 < T,u, <7, (T) < p, we have

G () = G (5) |lx <Ghllrn (t) = rn (5) | 20,m0) + ln (8) = an (5) | 22(0)
+ bup ||Tn||oo ||gn (un ( )) “hy, (Eun (t)) —Gn (un (8)) “hy, (ﬁzun (S))HL2(Q)

Gn

du,,
= @

Var (Gn, 0,T]) = /0 Mo )

t
drn () dr + / dgn (r,") dr
L2(,RY) s Il dt L2(Q)
+ Sgg ||Tn||oo llgn (un (2)) * hey (Tntin () = gn (un (5)) * A (Tntis, (5)>HL2(Q) :
(4.19)
On the other hand, from (4.2), (4.5) and (4.10))), we infer that
gn (un (8) = B (Ton (8)) = gn (un (8)) = b (Tnus, (5))HL2(Q)
< GLio 7 [ Tattn (8) = Tun (8)ll 12y + hLjo,z lun () — tin (5) L2
L du, duy,
< gLEOﬁJ/ ‘ e D) * pin | (o) do + hLy, p]/ 4 (o) do. (4.20)
s do L2(Q) L2(Q)
Combining (4.19)) with ( - from (4.3) we deduce that
T T
/ G (o) do<C|1 +/ ‘ dun D) * L (U)d0+/ dun (o) do|. (4.21)
o |l do 12(9) 0 do L2() o Il do L2(Q)
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Since u,, € Cy, ((—00,T], L? (£2)), according to Lemma we have

T T
duy, dny, du,
/ ‘u ) * i H ! da+/ Ein do
0 do L2(Q) L2(Q) 0 do L2(Q)
so that, from (4.4])),
T T
duy, duy,
/ ’u ) *pin | (0) do < C 1+/ ™ () do | . (4.22)
0 do L2(Q) 0 do L2(Q)

Estimate is obtained by Collectlng and (| -
Applying Lemmam from (4.18 , we deduce that

d + 1\ [
i ol ( o))

t) Jo
and (4.17) follows from (4.11)).

Step 3. We assert that d;‘t“ — % weakly in L2 (0,7, X) for a non relabeled subsequence, and that

0 < u < p. The first claim is a straightforward consequence of (4.11) and Step 2. The second one
follows easily from inequality 0 < u,, <p and w,, = w in C ([0, T], X).

du,
dun ) HX dt)

Step 4. We prove that u, extended by n in (—o0, 0], is the unique solution of (P). The proof of
du
)

mimics that of [2) Theorem 3.1] so that we give a sketch of the proof. The only trickier result is the
following version of [2, Lemmad4.2] whose proof is postponed to the last step.

+0 (u(t) 3 F (t,u(t), Tu(t) for ae. t e (0,T)

Lemma 4.1. The functional G,, = Fy, (-, Uy, Tptn) weakly converges in L? (O, T, L? (Q)) to the functional
G defined by G (t) = F (t,u (t), Tu(t)) where F (t,u(t),Tu(t))=7r#) ©h(Tu(t)) g () +q(t).

From Step 2, there exists u € C'([0,7],X) and a (non relabeled) subsequence such that w, — u
in C([0,T],X). According to the Fenchel extremality condition (see [4, Proposition 9.5.1]) (P,) is
equivalent to

o an (0) + 5 (G (0= 2 ) + (2 (0= G (0., (0 =0

for a.e. ¢t € (0,T) which, from the Legendre-Fenchel inequality, is equivalent to

[ [t @0 oz (G 0= B 0)] s g (oo 01 = ) = [ @ 0,0 =00

(4.23)
From we have
12l = Ielx (4.24)
.. 0 dun duy, du . 2 .
Combining u, (T') = u,, + (t)dt with — — — in L? (0,7, X), we infer that
o dt dt dt
- 2 2
tm of [ (T) [ > [l (T) | (4.25)
From Lemma
G, — G weakly in L? (0, T, X). (4.26)
From |(Hy)| the integral functionals Iy, and Ig- respectively defined in L? (0,%, X) by Is, (v) =
fOT @, (v (t))dt and Ig: (v fo or ( ( )) dt Mosco—converge to the integrals functionals Iy and Ig-
respectively defined by Iq> fo dt and Ip (v dt (for a proof consult [2]

Lemma 4.1]). Hence, passing to the hmlt in , from 14 24) 14 25 (4 26) and Step 3 we obtain

[ oo (a0~ ‘f;j(wﬂ a3 (@ P~ 1) - [ @) ar<o
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or equivalently

/OT 2o (60 -G o)+ (GFo-c0un)]aso e

But from the Legendre-Fenchel inequality we have ® (u (t))+®* (G (t) — %% () + (% (¢) — G (t) ,u (t)
0, so that yields that for a.e. t € (0,T), ® (u(t)) +®* (G (t) — & (1)) + (& (1) — G () ,u(t))
which is, according to [4, Proposition 9.5.1], equivalent to
du
dt

We have already proved that 0 < n < p in Step 1. It remains to establish that 7 (0) € dom (®). From
[(H,)] [(H2)] and [(H3)| we infer that

® (1(0)) < lim inf & (110, (0) < sup @ (10 (0)) < +00,

(t)+0® (u(t)) 3 G(t) for ae. t € (0,T).

which prove the thesis.
Step 5.

Proof of Lemmal[{.1l The fact that T is well defined follows straightforwardly from the pointwise limit

Tou(t) — Tu(t) in L?(Q) ensured by [( indeed write Tpu (t) = [3 1(—oo,qedm} and Tu(t) =
Jz L(—oo,qUrdm; where u; defined by (2.1) belongs to C. (R, L? (Q))

Recall that G, (t) = Hy, (t) + gn (t) where
Hy, (1) () =10 (£,2) © hyy (Toun (8,2)) - gn (un (¢, 7)) = 10 (8, 2) - by (Tt (£,2)) © gn (un (8, 7)),
Since g, — ¢ in L? (0,7, X), we are reduced to prove that H, — H in L? (0,7, X) where
H@)(x)=rt,z) Oh(Tu(t,z)) gu(t,zx)=rtz) -h(Tu(t,z)) ©g(ut,z)).
Hence, since r,, — r in L? (0,7, X), it suffices to establish that
iy (Tatin) © gn (un) — b (Tou) © g (u) strongly in L (0,7, X")
where X! denotes the space L? (Q, Rl). We haveﬂ
[n (Tntin (£) © gn (un (1)) = A (Tu(t)) © g (u(t)) || x
<[[hn (Taun () © gn (Un (t) = hn (Taua (1) © g (u () [ x1
+ [y (Taun (8)) © g (w(t)) = h (Tu(t) © g (u(t)) || x:
<hllgn (un (t)) = g (u () [ xt +Gllhn (Toun () = b (Tu () | x:
<hLizllun (t) = u ()| x + Pllgn (u(t) — g (u(t)) | x:
+ Lo 5[ Toun () = Tu (t) [x +Gllhn (Tu () = h (Tu(t)) I x:-

Hence, to prove the claim we need to establish that

/0 gn (u(t)) — g (u (1)) |5edt — 0, /0 [ (T (t)) = b (Tu(t)) || 3:dt — 0 (4.28)
/O un (£) — 1 () |2t — 0 (4.29)
/T | Trtin (8) — Tu () ||%dt — 0. (4.30)

0

The two convergences in (4.28)) follow easily from and the Lebesgue dominated convergence theorem.
Convergence (4.29)) is straitghforward. We establish (4.30]). From ([2.3]), we have

1 Tatn — Tullz200,1,x) < 1 Tn (un — ) | 2200,7,x) + | Tntt = Tl L2¢0,7,x)

1
<277 |Jup — ullc(o,r,x) + [ Tate — TullL2(0,7,x)-

6To simplify the notation we write g (v (t)) for the function = — g (v (¢, z)), idem for h (v (£)), gn (v (t)) and hy, (v (1)).
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Hence it remains to prove that || 7,u — Tullz2(0,7,x) — 0. The claim follows from the pointwise con-
vergence T,u (t) — Tu(t) in L? (Q) for a.e. t € (0,7), (2.2), and the Lebesgue dominated convergence

theorem. This ends the proof of Lemma [ |
This completes the proof of Theoram [ |

Remark 4.1. Tt is easy to check that holds for the measures described in the three examples
and [2.3] in the following situations
1) my = Z dpd; 7, ,, with 74, — 7 in Ry; then my = 7, dids—ry;

kEN
1

#7
in Q; then m; = #5,5_7(‘);

3) m} =K, (-,t — o) do where K,, (-,0) = K (-,0) in L? (), with the domination property: there exists
J € L' (0,+00) such that ||Ky, (-,0) ||2() < T (0) a.e.. Then my = K (-, — o) do.

2) m} = O¢—r, () where # (7, (R)) is assumed to be a constant, denoted by #7, and 7,, — 7 pointwise

4.2. Non stability at the limit for the reaction functional: convergence with mixing effect
between growth rates and time delays at the limit. We substitute for a global weak con-
vergence of the product of the growth rate r,, with the time delays term h,, (7). The structure
of the reaction functional is then no longer preserved at the limit. This phenomena occurs in stochas-
tic homogenization when the time-delays are strongly oscillating through the space variable. It will be
illustrated in Section Bl

Theorem 4.2 (Mixing effect). Assume that (W), oy satisfies conditions (D1, )} (D2,n), [(D3.n), and
that the sequence of DCP-structured reaction functionals (Iy,),, oy satisfies|(SC1)} |(SC2)}, |(SC3)[ and|(SC4)}
Let u,, be the unique solution of the delays problem

dun
Py
Up, (t) =1y, (t) for allt € (—o0,0].

(t) + DD, (uy, (1)) = F,, (t,up (t), Toun () for a.e. t € (0,T),

Assume hypotheses [(Hy)), [(H2)|, [(Hs)], [(H7)| and
(Hy) there exists a function r1 : C. ((—o0, T, L* () — L2 (0,T, L*(Q)) such that r, ® hy, (Toth)
) E| weakly in L* (0, T, L* (Q;RY)) for all ¢ € C. ((—o0,T],L* () satisfying 0 < ¢ < p

and support (¢[(—oo,0]) C support(n);

AN

(H5) gn pointwise converges to g and sup,,cy |hn (0) | < 400;

(HE) T = sup,en ||7"nHLoo([07+oo)xRN7Rl) < +00;

Then u,, uniformly converges in C ([O,T], L? (Q)) to some function u whose extension by n in (—o0, 0],
is the unique solution of the problem

W)+ 0% (u (1)) 5 rr () (1) 9 (u(®) +a(t) Jor ace. t € (0,T)

(P)
wlt)=n(t), 0<5(t) <pi=supg, (T) for all t € (00,0, (0) € dom ().
neN
du,, du 5 9 _ _
Moreover, —* — — weakly in L? (0,T,L*()), and 0 < u < p := sup,,en Yy, (T).

dt dt

Proof. All the proof of Theorem remains valid, excepted Step 4, Lemma We only have to
substitute Lemma .2 below for Lemma £ N

Lemma 4.2. The functional Gy, = F,, (-, un, Toun) weakly converges in L* (0, T, X) to the functional G
defined for allt € [0,T] by G (t) =r7 (u) (¢) - g (u(t)) + q(t).

"We write 7, ® hn (Tnt)) to denote the function defined in L2 (0,7,L2 (Q)) by (t,x) = rn (t,2) © hn (Tatp (¢, ).
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Proof of Lemma[{.2 Recall that Gy, (t) = H, (t) + qn (t) where H, (t) () = ry, (t,2) © hy, (Touy, (¢, 2)) -
gn (up, (t,z)). Since qn - q in L2 (O,T,X) 1t remains to prove that H, — H in L? (0,7, X) where
H@)=rr ) () g(u From [(H})] (4.2) , and according to Step 2 in the proof of Theorem

it is easy to show that gn (un) — g u) strongly in L? (O,T7 L? (Q,Rl)). To conclude, we prove that
Tn @ hy (Toun) = 77 (u) weakly in L? (0,7, L? (;R")). We have

Tr © hy (Tptn) = 10 © by (Tow) 4+ 1 (8) © (b (Trtn) — hy (Tow)) (4.31)
From 4.2)), (2.3), and the fact that 0 < T,u, <p, 0 < T,u < p, we have

1 1
77 (1) © (B (Tntin) — hn (Tru)) HLZ(O,T,Xl) <TT2LN (Q)2 io,ﬁ]”un - “HC’((—oo,T],X)a

hence 7y, () ® (hy (Tptin) — hy (Tou)) strongly converges to 0 in L? (0,7, L? (2;R")). The conclusion
then follows from (4.31)) and hypothesis by taking ¢ = u as a test function. W

Remark 4.2. In practice, the difficulty is to establish the convergence in hypothesis We will
obtain in the context of stochastic homogenization with certain functions h, then illustrating the
interplay at the limit, between the growth rate r,, and the time delays modeled by A (T,%).

Remark 4.3. Theorems [4.1] and [£.2] can be generalized without difficulty to differential inclusions (P,,)
under minor additional conditions (see [2, Remark 4.1]). Due to the fact that the graph limit of a sequence
of single valued maximal monotone operator may be multivalued, the limit problem in Theorems
and is a differential inclusion. In some cases the diffusion term of the limit problem is a single
valued subdifferential as seen in Section [p| in the framework of homogenization (see condition on
the Fenchel conjugate of W (z,-)).

5. STOCHASTIC HOMOGENIZATION OF DISTRIBUTED DELAYS REACTION DIFFUSION PROBLEMS

We place this section within the framework of stochastic homogenization introduced in [2] (see also
[, Section 17.4.5]). Recall that the triple (3, A, P, (1%),.;~) is a discrete dynamical system made up
of a probabilistic space (¥, A, P) equipped with a group (7%),.,~ of P-preserving transformations. We
denote by Z the o-algebra of invariant sets of A by (T.),.,~ and, for every h in the space Lp (X) of
P-integrable functions, by EZh the conditional expectation of h with respect to Z. Theorem n states
that a mixing phenomena appears for the homogenized reaction functional between the various growths
rate and time delays entering the structure of the random reaction functional. This result is illustrated
in Appendix [E] through the homogenization of a vector disease model and a delay logistic equation with
immigration. In the first example, the growth rate of the uninfected population and the time delays
coeflicients of the homogenized problem are mixed in such a way that the effective distributed delays
are associated with a measure incorporating the growth rate. In the second example, the homogenized
problem may be interpreted as a diffuse delay logistic equation modeling the evolution of a density
population spreading in an homogeneous environment, whose carrying capacity is function of the growth
rate and time dependent.

5.1. The random diffusion part. The diffusion part, is that of Section 3| with random coefficients (see
[2]). Just recall that the diffusion operator is the subdifferential of the random energy functional

D, (wm)—i—%/ apt dHn_1 — dudHy_1 ifue H (Q)
D, (w,u) = o0 o9

400 otherwise,

where

_ /QW(w,g,Vu)dx if uc H' (Q)

+00 otherwise.

and W is a random convex integrand W : ¥ x RY x RV — R, covariant with respect to the dynamical
system (3, A, P, (T%),cz~ ). More precisely W is a (A® B (RY) @ B (RY), B (R))-measurable function
such that for every w € ¥, W (w, -, -), belongs to the class of functions mapping RY x RY to R satisfying
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conditions [(Dy ,,)} [(D2 )l and |(Dg., )| for fixed w. The covariance property is stated as follows: for all
zeZN

W (Tow, x,&) = W (w,x + z,£) for ae. z € RV, for all £ € RY, and for P-a.e. w € X.

We also recall that for P a.e. w € 3, the functional ®, (w,-) Mosco-converges to the functional

~ 1
(I)hom (w, u) + 5/ aou dHN_1 — ¢’U, dHyn_1 ifue H! (Q)

(I)hom (w7 u) — o0 o0

+00 otherwise.

where

N / Whom (w, Vu)de  ifu e H (Q)
oM (w,u) = @

+o00 otherwise,

and Whe™ is given by

1
W (e6) = tim BTt {2 [ W g Vu) dy s ()}

n——+oo

. 7z . 1 . 1
:nlélmf]*E 1nf{nN nyW(w,y@—i—Vu(y))dy.ueHo (nY) ;.

If (E, AP, (TZ)zEZN) is ergodic, then W"°™ is deterministic and given for P-a.s. w € ¥ by

whor () = tim Bint { = [ W @6+ Tul)dys e i om) ]

n—4o0o

= niéll\fl* Einf{nlN/nY W (w,y, &+ Vu(y))dy : u € Hy (nY)} .

We can not guarantee a priori that W™ (w,-) is Gateaux-differentiable. Hence d¢Whe™ (w,-) is
possibly multivalued. Nevertheless, to shorten the notation, we write indifferently 9:Whe™ (w,-) to
denote the subdiffrential ¢ W"°™ (w,-) or any of its elements. Under the following additional condition
on the Fenchel conjugate of ¢ = W (w, z, &), the density W™ (w,.) is Gateaux differentiable for P a.e.
w € X, so that 85Whom (w, -) is univalent and reduced to a pointwise limit:

(GD) there exists v* > 0 such that <§f —&5,6 — £2> > ¥ — &% for P ae. we X, for ae. z € RY,
for all (&1,&2) € RY x RN and all (&,£3) € W™ (w,z,&1) X OeW* (w, z, &2).

For a proof, we refer the reader to [4, Proposition 17.4.6].

5.2. The random reaction part. Consider a random DCP-structured reaction functional, namely, a
functional

F: % x[0,+00) x L? (Q) x L? () — R%
defined by F (w,t,u,v) (z) = f (w,t,x,u(x),v (z)) where
f:Yx[0,400) xRY xRxR =R

is A® B(R) ® B(RY) ® B(R)-B(R) measurable and such that for P-a.s. w € %, f(w,-,-,,-) is a
DCP-structured reaction function associated with (r (w,-), g, h, ¢ (w,")).

We assume that r € W2 (0,7, L2 (RN, RY)), ¢ € W2 (0,7, L . (RY)), and that for all bounded

loc loc

Borel sets B of RY, the real valued functions below belong to L} (2):

w | (w, t,-) ||iz(B’Rl) forallt € [0,7T], wr |l¢(w,t,-) H%2(B) for all ¢ € [0, T7,

0

T 2
dr, wr> /
L2(B,Rl) 0

dr.

d
7q (w’ Ty )
dt L2(B)

dr
E (wv 7, )




CONVERGENCE OF A CLASS OF NONLINEAR TIME DELAYS REACTION-DIFFUSION EQUATIONS 27

Furthermore r and ¢, satisfy the covariance property with respect to the dynamical system (E, AP (T,
for all z € ZN all t € [0, +0), a.e. € RY and P-a.s. w € %,
r(w’t?$+z) = T.(Tzw7t’x),
q(w, t,x+2) =q(Tow, t,x).
Set f. (w,t,2,(, (") = f (w, t,£,¢, ("), we define the functional F, by setting F; (w,t,u,v) (z) = f (w, t,Z,
i

Note that in the expression of the functions f, 7, and p may depend on w (we sometimes omit
it to shorten the notation), and that F. (w,-,-,-) is a DCP-structured reaction functional whose |[(DCP)

condition is exactly that of F' (w,-,-, ), i.e. with f, 7, and p. Since 7 does not depend on ¢, condition (4.6)
is automatically satisfied. Condition (4.3]) holds for P-a.s. w € X. Indeed, according to [2, Lemma 5.1],
the following estimates hold for P-a.s. w € X:

T 2 2
d .
hmsup/ @& (w,t, 7) dr| ,
e—=0 Jo dt € L2(Y,R)

T 2 2
hmsup/ @ (w,t, 7> dr| .
e—0 0 dt 3 L2(Y)

The sequence of random history function, is defined by considering a sequence (7. ),y of measurable
maps w — 7. (w) from ¥ into C, ((—o0, 0], L? (Q)) satisfying 7. (w) (0) € H* (2), 0 < 1. (w) < 5 (w), and

sl [5

e>0J -0

dt <
L2(Q,RY)

TLy (Q)ET / '
0

@ <w7 T, )

dt <
- dt

L2(Q)

TLy (Q)E? /0 !

dt < +o0.
L2(Q)

for P-a.s. w € ¥. We sometimes write 7. (w, ) for n. (w).
Finally, we assume that condition (4.7)) is satisfied, more precisely, for P-a.s. w € X,
0 < ¢ < agp(w) on Q.

We restrict the asymptotic analysis to sequences (mj),~, . of random vector measures i.e., measurable
maps w — m$ (w) from ¥ into M (R, L> (Q)), satisfying one of the two structures described below.

5.2.1. First structure. Let 7 : ¥ — [0,—|—oo)RN be a measurable map such that for P-as w € X,
#7 (w) (RY) is a constant denoted by #7 (recall that # (E) denotes the cardinal of the set E). We
assume that 7 satisfies the covariance property 7 (w) (z + 2) = 7 (Tow) (z) for all z € ZV, a.e. x € RY,
and for P a.e. w € X. According to Example for each w € ¥, and ¢ > 0, we consider the vector
measure m$ (w) € M (R, L™= (2)) defined by

1
= Frlerle)
Foreachw € ¥, (mj (w)),> is clearly a family of vector measures in M (R, L= (Q)) satisfying
and |(Ms)| For all v € C, ((—oo, T, L? (Q2)) we set

o= [ v @)= o (t-r(.2)),

m; (w)

i.e., for almost all x € ),
1
To@)v(0) @) = o (t-7 (7)) @),
which defines a Time delays-operator Tz (w) : C. ((—oo, T], L? (2)) — L* (0, T, L* (2)) associated with
(m§ (w))tZO‘ Condition (4.5)) is almost surely satisfied. Indeed, from Example and Remark for

all T > 0, the probability measure . (w) = m Znef(w)(RN) d-,, which, in this case, does not depend
on ¢, satisfies for all v € C,_(,) ((—o0, T], L* (Q))

dv

V(s 0P s<t = T~ T @)oo < [ ( e

* e (w)) (0)do.

L2 ()

)zEZN):

u(m),v(m))
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5.2.2. Second structure. For each k € N, consider a A-B (L* (£2)) measurable map w +— dj, (w, -), with
dj > 0, such that for P-as w € X, >,y lldk (w,-) [z () = 1. Set d (w,-) = (di (w, ) pen, df, (W, ) =
di (w, %), and d° (w,-) = (d§ (w,")),cy- On the other hand, we consider a family (V)50 of measures
Vi = (Vk.t)eny Where v ¢ is a probability measure of P, (R). We assume that the maps ¢ — 1(_ oo V.t
are measurable and define the sequence (mg),., of random measures

wrmj (w) =d° (w,) - 1.

It is easily seen that for each w € ¥ and £ > 0, (mf),, is a family of vector measures in M (R, L* ()
which satisfies [(M;)] [[M2)} and [[(M3)} The vector measures considered in Example and Example |2.3]
with the I'j-distribution delays, fulfill this particular structure. Indeed, with the notation of these
examples, take vy ; = &;_,, for Example Vet = K(t—7) dr and df (w,z) = d(w, %) if k = 0,
df (w,z) =0 if k € N* for Example

For all w € X, and all v in C ((—oo, T], L (2)), set

¢
T @)= [ o) dm @) (),

which defines a Time delays-operator 7; (w) : C.. ((—o0,T],L? (Q)) — L? (0, T, L* (Q)) associated with

(mj (w));>o- We assume that (mj),. is such that each operator 7. satisfies almost surely (4.5). This

is the case for the previous two examples, with . (w) = >, o [|dk (W, *) || Loe ()07, for Example and

te (w) = K (o) do for Example .

5.3. Almost sure convergence to the homogenized reaction-diffusion problem. Under above
conditions, by combining Theorem with the variational convergence of the sequence of random ener-
gies @, we intend to analyze the asymptotic behavior in C (0,7, L? (©2)) when & — 0 of u. (w,-), solution
of the random delays reaction-diffusion problem:

% (w,t) —divD:W (w, é, Vue (w,t)) =F. (w,t,ue (w,t),Te (W) ue (w,t)) for ae. t € (0,7)
Ue (W, ) =N (w, 1), 0 <N (w,t) < p(w) for all t € (—o0,0]

e (w,t) € H' (), divDeW (w, £, Vue (w,t)) € L (Q) for all ¢ €]0,T],

aopte (w,t) + DeW (w =, Ve (w,t)) -n = ¢ on 0N for all t € [0,T].

e

We restrict our analysis to the case when h = (h;),_, , is given by h; (') = ¢’ where o; € {0,1}.
This is the case of Examples [3:1] and [3:2 Recall that to shorten the notation, we write indifferently
DeWho™ (w,-) to denote the subdifferential of W"°™ (w,-) or any of its elements.

Theorem 5.1. For eachw € %, let denote by u. (w, ) the unique solution in C ([0, T, L? () of the (ran-
dom) reaction-diffusion problem (P. (w)). Assume that for P-a.s. w € X, sup,-, ®. (w,n: (w,0)) < 400,
and that there exists 0 (w) € Ce ((—00,0], L? (2)) such that n. (w) converges ton (w) in C ((—o0,0], L? (Q)).
Furthermore, in the case when F satisfies the first structure, assume that the support of n(w) is include
in a fized compact set [-M,0], M > 0. Then, for P-a.s. w € X, u.(w,-) uniformly converges in
C ([0,T], L2 (2)) to u(w) whose extension by n(w) in (—o0,0] is the unique solution of the reaction-
diffusion problem

du

o (w, ) — divOe W™ (w, Vu (w, 1)) 3 r7 (w,u) () - g (u(w,t) + G (w,t) for a.e. t € (0,T)

(Phom (0)) u(w,t) =n(w,t), 0<n(w,t) <Y (w) for all t € (—00,0]

u(w,t) € H (Q), divoeWho™ (w, Vu (w,t)) € L2 (Q) for all t €]0,T),

aou (w,t) + OeWo™ (W, Vu (w,t)) -1 3> ¢ on 9Q for all t € [0,T],
where, for all ¢ € C, ((—o0, T, L? (2))
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e First structure case:
r) O =B | [ rltayon(v-rem)) ar] @
Y #T
7 =57 | [ a0 dn| ).

e Second structure case:

o= [ (st | _eirancr) ]
[ fanenao

due (w)  du(w)

o I weakly in L* (0,T,L? () and 0 < u (w) < F(w,T).

Moreover, for P-a.e. w € %,

When the dynamical system (Z AP, (T, )ZGZN) is ergodic, the historic function n. is deterministic,
i.e., N (w) =N for P-a.e. w € X, together with p, and f, then (Phom (w)) is deterministic and is given
by

T (t) — divOeWhe™ (Vu (t)) = v (u) (t) - g (u (t)) + G (t) for a.e. t € (0,T)

(Phom)
u(t) € H' (Q), divoeWhom (Vu(t)) € L2 (Q) for all t €]0,T),

aou (t) + OeWho™ (Vu (t)) -n > ¢ on 0Q for all t € [0,T],

where, for all ¥ € C, ((—oo,T},L2 (Q)), r7 (w, ) is defined as above with the conditional expectation
d d
operator replaced by the mathematical expectation operator. Moreover, for P-a.s. w € ¥, CZ: — d—?

weakly in L? (0, T, L? (Q)) and 0 <u <y (T).

If in addition W satisfies |(GD), then O¢W"™ (w, Vu (t)) or O W™ (Vu (t)) are univalent equal to
DeWhem (w, Vu (t)) or DeWhe™ (Vu (t)), and the differential inclusions are equalities.

Proof. All conditions of Theorem are easy to check for P-a.s. w € X, except condition (for the
proof of |(Hr)| see [Proof of in [2, Theorem 5.1]). Then, to conclude we have to establish that for
all ¥ € C; ((—o0,T], L* (Q)) satisfying 0 < ¢ < ¥ (w,T), support (1| (—co,0]) C support (n (w)), and for
P-as. we X,

r(w s 2) OR(T @) ¥) = rr (@)
weakly in L? (0,7, L* ().

Proof for the first structure. Recall that from hypothesis, we have support (n (w)) C [-M,0]. The
proof proceeds in two steps.

Step 1. Let denote by & ([—M,T], L* (Q2)) the space of step functions v : [-M,T] — L? (Q). Since
L? () is separable, it is easy to show that there exists a countable subset D C & ([—M, T}, L? (€2)) which
is dense in C ([—M, T], L* (2)) for the uniform convergence. In this step, we establish the claim for any

Y eD.
Let ¢ € D then for all s € [-M,T], ¥ (s) = >_,c; 1B, (5)1; where B; € B(R), are mutually disjoint
and ¢; € L*(Q). For j € {1,...,1} and fixed t € [0,T], we have (recall that h = (hj)j=y,, with

hj (¢') = ¢, a5 €{0,1}),

(o) omiran) = () S (o) o0 v
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As a consequence of the additive ergodic theorem, (see [4, Theorem 12.4.1] and [2, Lemma 5.2]), there
exists ¥y € A which does not depend on ¢, with P (£4) = 1 such that, for all w € X,

1\ . .
() 1o (r (o) (o)
converges for the weak o (L> (€2), L' (Q)) topology toward

<#Zr)aj B [/Y Ip, (t=7(y)r; (1Y) dy} (w).

Since for any ¢ € L? (0,7, L* (2, R")) the function 9] ¢; (t,-) belongs to L' (€2), we infer that for all
w € Xy, and for almost all ¢ € [0, 7]

<(r (D) 00T () st ->>

converges to

i€l

which is nothing but

<(#) [/Yr(-,t,y)@hwt—T(-,y)))dyL(wm<t,-)>.

Therefore, for all ¢ € L? (0, T, L* (Q,R")), almost every ¢ € [0,7], and for all w € ¥ = (e p Ly,

(r(wt2) (T @) %) @ () = (7 @, %) 0 (t))

The claim follows by applying the Lebesgue dominated convergence theorem. The domination property
is indeed a straightforward consequence of 0 < 7¢ (w) ¥ < 7 (w,T) obtained from 0 < ¢ < F(w,T) and
Lemma 211

Step 2.(General case) Let o € C ([—M,T],L?(£2)). Then there exists a sequence (¢, of D
such that 1, — t uniformly in C ([-M,T],L? (2)). From Step 1, there exists a set 3/ € A of full
probability such that for all w € ¥/,

r(w e 2) O (T (@) ) = 77 (w ) (5.1)

weakly in L? (O,T, L? (Q)) when ¢ — 0. By using the conditional Lebesgue dominated convergence
theorem, it is easily seen that for all w € ¥/,

r7 (W, ¥n) = r7 (W, 9) (5-2)
strongly in L? (0,7, L* (2)) when n — +o0. Write
r (w,~, g) ©h(Te (w) )
= (r (@ 2) ORT @) = (Wi 2) OB @) ) +7 (w0 2) QAT @)Wa) . (5.3)

Let denote by L/[O,y(w 7y the Lipschitz constant of & on [0,7 (w,T)]. The claim follows easily by letting
first € — 0, then n — 4o0 in (5.3)) thank’s to (5.1)), (5.2) and estimate

7 (et 2) @R (T @0 ) =7 (w.t,2) O (Te (@) in (1))

)

/ S g, (-7 ( >>n-<-,t,y>>dy] (@) ¥y (t,) do
EI

L2(Q4RY)

(ot (e2) (o (- ()]
o (t=r(e2)) (- (e0))

< Lio g, 1T @) Lo (0,71~ &) 180 = Yl (—ooy,12(0)) -

< r (W)l poe (0,77 xRN -1

L2(Q,RY)

< L[o 7(w,T)] [[r (w )||Loo( [0,T]xRN R!)

L2 ()
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Proof for the second structure. Fix t € [0,T] and let i € {1,. l} be such that o; = 1. Then

( )@h(T¢()) —7“2 wt / P (s ;)'Mt)(s)

:rz(wtf / ¥ (s) dp (s)
—Zﬁ(‘ﬂt*dk / ¥ (s) dpg,e (s) -

Hence, for all ¢ € L? (0,T, L? (2)),
(r(wt2)oh(Tv@), . ¢(t.)
(

(et D) (w0 / 6 (5) dpins (5) <,->>
= <ri(w,t, dk(“’g/ Y (s)dugs (s) 5 ¢ (,)>
=S (ot ) a ) o ) [ 66 9). (5.

We have used the domination property:
l —
< Ly ()2 [Ir (W) | Lo o, 1) xry &)Y (w0, T) [|dk (w, ) [0 (02),

(ot ) () [ v
(5.5)

combined with ), _[|dx (w, ) ||Loc(Q) = 1 to permut the sum and the scalar product in the second
equality, and the fact that ¢ (¢ f ¥ (s) dpk,¢ (s) belongs to L? (Q) in the last equality (note that

f_oo ¥ (s) dug,t (s) takes its values in [0,7 (w,T)]. As a consequence of the additive ergodic theorem, [4
Theorem 12.4.1] and [2] Lemma 5.2], there exists ¥’ € A which does not depend on ¢, with P (¥') = 1
such that, for all w € ¥,

() (o 2) B[ [ nCn o dit) ) @ (5:5)

weakly in L? (Q). Combining (5.4), (5.6, and the domination property (5.5), we deduce that for all
weY,

(r(wt ) oo e ) =+ (] [ ntaae) a] @ [ 06 durt o).

According to the Lebesgue dominated convergence theorem, we infer that

{t>—>r(w,t, g) @h(TEw(t))i} ~ {tn—>EI Uyn(-,t,y)d(y) dy} (w)-/_;w(s) dut(s)}

weakly in L2 (O,T7 L? (Q)) By using the same arguments with a; = 0, we obtain that there exists
¥ € A with P (£”) = 1, such that for all w € ¥,

{tr—>r (w,t, g) © h (T (t))i} N {tHEI [/Y ri (1Y) dy} (w)}

weakly in L? (0,7, L*(2)). ®

APPENDIX A. VECTOR MEASURES

We give a brief summary on the concept of vector measure used to define the time-delays operators
in Section [21

Definition A.1. Let T be a locally compact space and denote by B(T) its Borel o-algebra. Given a
Banach space Y, we call }-valued Borel vector measure, any countably additive set function m : B(T) —

V.



32 CONVERGENCE OF A CLASS OF NONLINEAR TIME DELAYS REACTION-DIFFUSION EQUATIONS

Let X be another Banach space. We denote by & (T, X) the space of step functions from T into X,
i.e. the space of functions S : T — X of the form S = 3", ; 1p,S; where I is any finite set, B; € B(T),
and S; € X. Assume that there exists a continuous bilinear mapping B: ¥ x X 3 (u,v) — B (u,v) € X,
it follows that we can integrate with respect to m, step functions S € £ (T, X ), and define an element of
X, according to the formula

/Sdm =Y B(m(B),S;) € X.
il
The definition of f Sdm depends only on S and is independent of the particular way in which S is written
(see [12, Chapter II, 7, 1, Proposition 1]). We set

B(T) > B~ p(B) =sup {Z lm (B;) ||y : I finite, {B;}ier € B(T) pairwise disjoint, B = UieIBl} .
icl

Definition A.2. The set function p : B(T) — [0, +00] is called the variation of m and is denoted by

|lm]|. The vector measure m has finite variation if |m| (T) < +oo.

The following proposition is an easy consequence of the definitions above.

Proposition A.1. Let m be a Y-valued Borel measure with finite variation. Then |ml| is a (scalar)
nonnegative Borel measure and, for all S € £ (T, X), we have

Sdm| < Cgsup|[S (t) || x| ml| (T) (A1)
/ X teT

where Cg is the norm of the bilinear mapping B.

Let denote by £ (T, X) the space of functions from 7" into X which are uniform limit of step functions.
Then we have

Proposition A.2 (Extension of the integral). Let m be a Y-valued Borel measure with finite variation.
Then, the integral [ Sdm, defined for all S € € (T, X), can be extended in a standard way to the space
E>* (T, X), and for allu € £ (T, X), we have

H / “deX < [ 1l xdjm]. A2

Sketch of the proof. First recall the standard extension process. Let u € £ (T, X), u = lim,— 400 Sn
for the uniform norm, where S,, € £ (T, X) for all n € N. Since (S,),,cy is a Cauchy sequence for the
uniform norm, from (A.1)), ( Ik Sndm)n ey s a Cauchy sequence in X, thus converges to some element U
in X. Let us show that U does not depend on the choice of (S,),,cy. Let (T,), cy be any sequence in
& (T, X) uniformly converging to u. Then, from (A.1]

H/ T = 5) deX < sup | (T = 8u) (1)l jn (T)

eT

so that lim,, 4o [ Thdm = lim, 4o [ Spdm = U. Inequality (A.2) is easy to establish for functions
in £ (T, X) (see [12, Chapter II, 7, 2, Proposition 2]). For the general case, argue by density. |

Proposition justiﬁes the notation [udm for all u € £ (T, X). It is well known that £> (T, X)
contains the space C. (T, X) of continuous functions from T into X with compact support (see [12]
Chapter III, 14, 5, Corollary 2]). Therefore, [ dm, which is sometimes written [, u (t)dm (t), has
a meaning for any v € C. (T, X), and defines an element of X. Note also that for B € B(T), and
u € C, (T, X), 1pu is uniform limit of step functions so that [ 1pu dm, written [, udm, has a meaning
and defines an element of X. We refer the reader to [12] for a comprehensive review on vector measures.

APPENDIX B. NOTION OF CP-STRUCTURED REACTION FUNCTIONALS

The definition and the theorem below are extracted from [2].

Definition B.1. Let denote by R the set of all the maps from € into R. A map F : [0,400) x
L2 (Q) — R is called a CP-structured reaction functional, if there exists a Borel measurable function
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f:]0,+00) x RN x R — R such that for all t € [0,+00) and all v € L% (Q), F (¢t,v) (z) = f (t,z,v (z)),
which fulfills the following structure conditions:

ftw, Q) =r(t,z)-g(0)+q(tz)
with
e g:R — Rl is a locally Lipschitz continuous function;
e for all T > 0, r belongs to L>™ ([O,T] X RNJRZ);
e for all T > 0, ¢ belongs to L? (0,7, L . (RY)).

Furthermore f must satisfy the following condition:

(CP) there exist a pair (i, f) of functions i,f 0, 4+00) x R = R with f <0 < f and a pair (B, ﬁ) in
R? with p < p, such that each of the two following ordinary differential equations

ODE{ y' (t) = f(t,y(t)) for ae. t € [0, +00) ODE{ 7 (t) = f (t,7(t)) for a.e. t € [0, +00)
Qoeq 0 J

y(0) = y(0)=p
admits at least a solution denoted by y for Ope and by 7 for Opr satisfying for a.e. (t,z) €
(0,400) xR

fty@) <f(tzy®) and f(t2,7(t) <[f(EY{).

The map F is referred to as a CP-structured reaction functional associated with (r,g,q), and f as a CP-
structured reaction function associated with (r,g,q). The map F is referred to as a regular CP-structured
reaction functional and f as a regular CP-structured reaction function if furthermore, for all 7' > 0,
re W (0,T, L, (RY,RY)) and ¢ € WhE (0,7, L2, (RY)).

loc

Theorem B.1. Let F' be a CP-structured reaction functional, with p, p and y, 7 given by and let
® be a functional of the calculus of variations (3.1)). Assume that agp < h < agp on 0. Then for any
T > 0, the Cauchy problem

du

pn )+ D (u(t)) =F (t,u(t)) for a.e te(0,T)

(P)
w(0) =up, p<ug<p u€dom(DP)
admits a unique solution u € C ([O,T],L2 (Q)) satisfying the following bounds in [0,T]: y(T) <y (t) <

u(t) <y(t) <y(T). If furthermore F is a regular CP-structured reaction functional, then u admits a
right derivative for all t € [0,T[ which satisfies (P) for all t € [0,T7.

APPENDIX C. ESTIMATE OF THE RIGHT DERIVATIVE

Lemma C.1. Let X be a Hilbert space, T >0, G € WH1 (0, T, X) and ® : X — RU {+oc} be a convex
proper lower semicontinuous functional. Let u satisfy

du

dt()+8<1>( u(t)) > G(t) forae te(0,T),

(C.1)
u (0) € dom (0P).

Then the right derivative of u satisfies for all t €]0,T] the following estimate
dtu

1
(t)H < -
‘ dt vt

For a proof consult [2, Lemma 3.3]

du

dG
it (s)

— (s)|| ds.
dt X

t
ds +
0
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APPENDIX D. AN ALTERNATIVE PROOF OF THEOREM [£.I] IN THE CASE OF A SINGLE TIME DELAY

We put yourself under the hypotheses of Theorem when pp = 0;—,, and 7 > 0 does not depend
on the space variable. We develop an alternative shorter proof of Theorem based on the following
remark: splitting [0, 7] into sub-intervals of size 7, solving the problem

dun (t) + DO, (uy, () = F,, (t,up () ,upn (t — 7)) for a.e. t € (0,7)

(P)g
U, (t) = np, (t) for all t € [—7,0],

is equivalent to solving each reaction-diffusion problem

du? ‘ , ,

Zn (1) 4 D, (ul, (1)) = F (£, 0, (1)) for ace. t € ((i — 1) 7,i7)
(Pui) dt

up, (L= 1) 7) =up (i —1)7),
for i = 1...[Z] + 1, where F} is defined by F}. (¢, uf, (t)) := F, (t,u’, (t),u (t)), and u := 7, in
[—7,0].

Set p!, = ¥, (i7), with the initialization p2 = p,,. It is worth noting that for all n € N, (ﬁ;)z is
non decreasing with respect to i. In particular condition (4.7) yields that 0 < ¢, < aoﬁnﬁ; on 0 for
i = 0...[L] + 1. Furthermore, since ¥, is non decreasing, we infer that [0,7%] C [0,7, (T)] for all
i=0,...[Lf]+1.

By using an inductive procedure for i = 1. .. [%] + 1, we are going to establish that (P, ;) possesses
a unique solution u’, satisfying

0 < uj, <P
sup @, (ul, (it)) < +oo0,
neN
ul, —» o' in C ([(i — 1) 7,47], L* (),
duﬁL . du®
dt dt
where u? is the unique solution of
du’
Py @
w (-1 71)=u"1 (i —-1)7),
which satisfies 0 < u® < sup,,cy P4 ' The reaction functional F¥ will be specified at each step. We will

conclude by noting that the function u defined by u = u’ on [(i — 1) 7,i7] for i = 1... [L] + 1, fulfills the
conditions of Theorem 1]

(t) 4+ 0® (u' (t)) 2 F' (t,u’ (t)) for ae. t € ((i —1)T,iT)

Step i =1 (initialization). Since u? =7, in [—7,0], (P,,1) may be written
d 1
il (t) + D, (u,, (t)) = F} (t,u,, (t)) for ae. t € (0,7)
dt
(Pn,l)
u71L (0) =, (0),
with 0 < 7, (0) < p,, from |(SC2)[, and where F} (t,ul, (t)) := F, (t,ul (t),n, (t — 7)). Set f} (¢, x,¢) ==
rl(t,2) - gn (C) + qn (t,x) where v} (t,2) := r, (t,2) ® hy (9, (t — 7,2)). According to (4.2),
and we easily deduce that r) — r! weakly in L? (0,7, L% (Q,R")) where r! (t,z) = r(t,z) ®
h(n(t —7,2)). Finally we check that all the conditions of [2 Theorem 4.1] are fulfilled with the time
interval (0, 7) substitute for (0,T). Therefore u;, converges in C ([0, 7], L? (2)) to the unique solution u*
of the problem
d 1
% () + 0% (u! (1)) 3 F* (t,u' (1)) for ae. t € (0,7),
(P1)

ut (0) =n(0), 0<n(0) <supy, (1),
neN
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where F! (t,v) ()
dul  du'

and —2 — —— in L?

i.e., 0<ut <suppn, 7t 7t

sup (0,7,L7 ().

It remains to establish that sup,,cy @y, (
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= f! (t,z,v (2)) and f* (t,2, ) =" (t,2)-g (()+q (¢ x). Moreover 0 < u' < sup(r),

neN

up (T)) < +00. As we usually do to shorten the notation, we

denote by X the space L? (). According to the proof of Theorem Step 1, we have
1
sup dur, < 400, (D.1)
nen || dt L2(0,7,X)
sup/ | Fy (t,up (8)) 5 dt < 4oo. (D.2)
Taking < dfl (t) as a test function, from (P, 1) we obtain
du} 2 du} du},
—(t Ve, (ul (b)), —2(t) )= ( F} (t,ul (t)), =2 (t) ).
[ 0]+ (o). G o) = (£ o @) G o
Thus (see Proposition [4, Proposition 17.2.5])
d du} dul |°
— &, (up (t)) = ( Er (t,ul (¢ )y — =2 @) -
0 () = (P (k). 2 0) - |G ]|
Integrating this equality over (0, 7) yields
T d 1 T d 1 2
®, (uh (7)) = @0 (ad (0)) + [ (B2 ek ), 2 0 par— [T o) ar
i dul ™|l dul 2
_», <nn<o>>+/ (R ) G2 @ Y- [7] %2 0 a
0 X
1 2 3 2
du} ™| dul
<® Fp (¢, dt —2 ()| dt — ()| dt
o)+ ([ 1 e 0) 13ar) < o) ) [ %]

L (7)) < 400 follows from hypothesis and (D.I), (D-2).

and sup,,cy Pn (u

Step i starting from step i — 1, i > 2. We assume that (P, ;_1) possesses a unique solution u’~

satisfying
0<u, ' <7y
sup @, (ul ' ((i—1) 7)) < +o0,
neN
u;_l — v lin C ([(z -2)7, (i —1)7], L? (Q)) ,
dut=t dut~t 9 ) 9
e in L? ((i —2)7, (i — 1)7,L* (),
where u'~! is the unique solution of (P;_1).

Consider the problem
du!

_n [0
o (t) + DP, (u

up, (i =1)7) =

where F} (t,uf, (t)) = F, (¢,
ri (t, x) =1y (6,2) @ hy (u?

L)) = FC(t,ul (t)) for ae. t € ((i
- ) = Fu ( )

wi (- 1)7)
ul (t),ult(t— 7')) Set fi(t,z,() =

Y(t —7,2)). According to (4.2), (D.4), @

ri (t,x) -

1

(D.3)

(D.4)

—1)7,i7)

gn (C) + qn (t, ) where

and we easily deduce that
ri — 1t weakly in L* ((i — 1) 7,i7, L* (0, R")) where r' (t,x) = 7 (t,z) © h (u'~"

(t —7,x)). Finally we

check that all the conditions of [2l Theorem 4.1] are fulfilled where the time interval (0,T") is substitute
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for ((i — 1) 7,47). Therefore u}, converges in C ([(i — 1) 7,i7],,L? (Q2)) to the unique solution u’ of the
problem
du’
dt

u' (i =1)7) =u"" (i =1)7), infy (ir) <u' ™' (i - 1)7) < ilégy(iT) ,

where F'(t,v) (z) = f'(t,x,v(z)) and f'(t,2,¢) = r'(t,z) - ()Jr (t,z). Moreover 0 < u® <
SUp,en Y (i7), that is 0 < u® < sup,,cypl,. The proof of sup, ® (u;( )) < +oo is similar to that
of step i=1, by using estimates

(t) + 0@ (u' (t)) 2 F' (t,u’ (t)) for ae. t € ((i — 1) 7,iT),
(Pi)

du,
dt

sup
neN

< H00,
L2((i—1)T1,i7,X)

iT
sup [ (10, 0) et < o,
neNJ(i—1)r

together with (D.3)).

Last step. By finite induction we construct a function u defined by u = u® on [(i — 1) 7,i7] for
i=1... [%} + 1. By construction u fulfills all the conditions of the limit solution in Theorem This
completes the proof. W

APPENDIX E. APPPLICATION OF THEOREM [5.1] TO SOME EXAMPLES

E.1. Homogenization of vector disease models. In the context of vector disease models illustrated
in Example we consider the delays reaction-diffusion problem modeling the evolution of the density
ue (w,+) of some infected population during a time T' > 0, in a Cl-regular domain Q. We assume
that  is included in a e-random checkerboard-like environment, or in an environment made up of
spherical heterogeneities of size €, independently randomly distributed with a given frequency following
a Poisson point process (see [2, Appendix B] for a complete description). Recall that the dynamical
system (E AP (T )ZGZN) modeling these two situations is ergodic. We assume that each two functions
a(w,-,-) and b (w,,-) belong to W12 (O T,L% . (RN)) NL> ([0, T] x RN). When no infected population
is located at the boundary, and the history function 7). is deterministic and satisfies 0 < . < p for some
P > 1, the density u. (w,-) is the unique solution of

due
dt

t

(w,t) —divDeW <w, g, Ve (w, t)) =a (w,t, g) (1 — e (w, t))/ Ue (w, 8) dmjg (s)

— 00

—b (w,t, g) ue (w,t)  for ae. t € (0,T),

te (w,t) =n (t), 0<n.(t) <pforallte (—o0,0],

Uue (w,t) € H' (), divDeW (w, £, Vue (w,t)) € L2 (Q) for all ¢ €]0,T7,

ue (w,t) = 0 on 99, for all ¢ € [0, T,
and satisfies 0 < u, (w) < p. We are in the context of Theorem with | = 2 and
T(w,t,l‘) = (a(w,t,x),—b(w,t,x)), h(C/) = (C171)7 g(Q)=(1 _CaC)'

In all examples below, to shorten the notation, we assume that W+ satisfy ?? so that W"°™ is Gateaux
differentiable.
a) The case of random single delay which depends on the space variable. Concerning the distributed de-
lays, we first consider the family of random measures associated with the random single delay of the first
structure described in Section [5.2.1] These measures models a disease whose incubation period varies
according to the spatial heterogeneities: we have m (w) = 24 (w,2) and the reaction functional is

H#HTt—T

a (w,t, g) (1 —ue (w,t)) #ug (w,t -7 (w, g)> -b (w,t, g) ue (w, ).

given by
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Then, assuming that for P a.s. w € ¥ it hold sup, @, (1. (0)) < 400 and that n. converges to 5 in
C. ((—=00,0], L? (€2)) whose support is included in [—M, 0] for some M > 0, according to Theorem
we can say that when ¢ is very small compared to the size of the domain, a deterministic model, well
aware with the evolution of the infected population, is given by the homogenized problem

% (t) — dingVVhom (Vu (t)) = Flhom (t,u(t)) for a.e. t € (0,T)
u(t)=n(t), 0<n() <pforallte (—oo,0],

hom
(P™™)§ 0<u(t)<pforall t € (—o0,0],

w(t) € H'(Q), divDWhom (Vu (t)) € L2 (Q) for all £ € [0, T,

u(t) =0on 0N for all t € [0,T7,
where,

Fontu(0) = B | [attmut- e 0 -u@) -2 | [ b6 alue.

We see that the growth rate of the uninfected population and the time delay have been mixed and
averaged. Let us look at two types of spatial environments.

The e-random checkerboard-like environment. Assume that the spread of the disease occurs in
a e-random checkerboard-like environment modeling a mosaic of two kinds of small habitats, with two
virus strains: the growth rate of the uninfected and infected population, the diffusion density, together
with the time delay (incubation period), take two values at random on the lattice spanned by the cell
Y = (0,1)" at scale 1, say a=,a™, b=, bT, W=, W, and 7, 7+ respectively, with a probability p > 0 and
1 —p in each cell. The e-random checkerboard-like environment is then modeled by a ergodic dynamical
system (Z, APy, (TZ)ZEZN) where (3, A,P,) is a Bernoulli product probability space, and T, the shift
operator In this specific case we have

Fhom (t u(t)) = % pau(t—7 )+ (1 —patu(t—7")] 1 —u()—[pb~+1—p)btT]u(®).

The Poisson point process environment. We now consider the Poisson point environment with
N = 2, a little more realistic, where spherical heterogeneities with radius ¢, are independently randomly
distributed with a given frequency A following a Poisson point process with intensity A. Recall that this
random environment is modeled by an ergodic dynamical system (Z, APy, (T), €R2) where T,w =w—2z
E| , and, for every bounded Borel set B, and every k € N,

k exp (—ALq (B))

Py (# (XN B) =k) = \"Ls (B) 7l

so that Ey [#X N B] = ALs (B).

Assume that the disease consists of two virus strains, one of these being concentrated in the environ-
ment, at scale 1, made up of all the balls with radius R centered at the points of the Poisson process.
Then, given R > 0, we define the random density W associated with the random diffusion part, by

W= () ifx e | Br(w),
w (UJ7 x, 6) = 1€EN
W (&) otherwise.

8Here we could take the group (T%) Trw = w — x, without changing the results.

z€ER2>
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Similarly we set

a” (t) ifx e U Bpg (w;),
a(w,t,z) = ieN
a™ (t) otherwise.

b= (t) if x € | ) Br(wi),
b (UJ, ta JT) = ieN
bT (t) otherwise.

T ifxe UBR(%‘),
T(w,t,x) = i€N
71 otherwise.

Noticing that

Jwes, yelJBr(w) < #(ENBr(y) >1,
i€N
and using Fubini’s theorem, we can express

P () = 5B | [ aCtmute=r e a| (0= u) - Ba | [ b0 ay] o).
Indeed
B | [ attute -7 Caar] 0 ue)
=at (t) U (t — T+) (1 — U (t)) /E /(;) " ]]'[#(EQBR(Z/)):O] (w, y) dy dP (w)
+a~ (Hu(t—77) (1 —u(t)) /2 /(0?1)2 Lig(=nBry)>1) (W, y) dy dP (w)
=at (t) U (t — 7'+) (1 —u (t)) /(071)2 /2 ]1[#(EQBR(Z/)):O] (w,y) dP (w) dy

+a” (Hult—77) 1 —u(t) /(071)2 /z Lig(snBr(y)>1] (W, y) dP (w) dy
=atWu(t—7") 1 —u®)exp(-ArR*) +a” (t)u(t—77) (1 —u(t)) (1 —exp (—A7R?))
=fla@Wu(t—7)+ (@ Out—7")—a ()u(t—77))exp (=ArR*)] (1 —u(t))
and, from a similar calculation
E\ U B(ty) dy] w(t)=[b" @)+ (b" (t) = b~ (t)) exp (—ATR?)] u(t).
Y
Consequently, the homogenized reaction functional is given by

Fhom (tu(t)) = l[a@ut—7")+ (et Ou(t—7")—a” ®)u(t—77))exp (=ArR*)] (1 —u(t))

N = o —

+= [ @)+ (b (t) — B (1) exp (—ATR*)] u (t).

b) The case of a random multiple delays. We consider now the case when the family of random mea-
sures corresponds to the second structure of Section derived from Example that is m§ (w) =
ZiGN dyg (w, g) 0t—r,. Then, under the same hypotheses, the limit second member becomes

P ) = (-0 @) SB[ attn o) do]ute—n)—u@E[ [ b(.t)

keN

which can be expressed in the two previous probabilistic cases by reproducing the calculations of a). We
see that the growth rate of the uninfected population and the time delays coefficients have been mixed and
averaged in such a way that the limit delays reaction-diffusion problem is a reaction diffusion equation
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with a multiple delays associated with the measure ), . E UY a(y)dg () dy} Ot—r, incorporating
the growth rate.

E.2. Homogenization of delays logistic equations with immigration. We consider the food lim-
ited model with time delays corresponding to Example[3.2] which describes the evolution of the population
density of some specie at time ¢ located at , during a time T > 0, in a C'-regular domain . We as-
sume, as in the previous example, that € is included in a e-random checkerboard-like environment, or in
an environment whose spherical heterogeneities of size €, are independently randomly distributed with
a given frequency following a Poisson point process. When no population is located at the boundary,
when the history function 7. is deterministic and satisfies 0 < 1. < p for some p > 0, and each two
functions a and ¢ belongs to W2 (O,T, Lo, (]RN)) N L>® ([O,T] X ]RN), with 0 < a (w,t,2) < @, and

0 < q(w,t,z) <7, then, the density u. (w,-) is the unique solution of

(,6) = divDeW (w, = Vu (@,0) =a(wt, g) ue (w, ) <1 - Kiar t

—q(w,t) for a.e. t € (0,7),

du,

dt

e ) ()

—0o0

Ue (W, t) = (), 0<m:(t) <pforallte (—o0,0],

us (w,t) € H' (), divDeW (w, 2, Vue (w,t)) € L2 (Q) for all ¢ €]0,T],

ue (w,t) =0 on 9Q, for all ¢ € [0,T7,

and satisfies 0 < u (w,+) < (p + q) exp (aT) — = = 5 (T). Recall that a (w,t,z) is the growth rate of
a

ISIEESY

the population at time ¢, located at x in the %Q domain, and K4 > 0 is the carrying capacity, i.e.,
the capacity of the environment to sustain the population. To shorten the calculations, we assume that

K qr is independent on the time variable.
. 1 . t
Writing the reaction functional as a (w, t, 7> Ue (w,t) — ——a (w, t, 7) ue (w, t)/ ue (w, 8) dmj (s),
€ Kear 3 oo

we see that we are in the context of Theorem [5.1] with [ = 2 and

r(w ) = (a<w,t,x>, a(w,t,m), () = (LC), 9(0) = (6,0)-

car

To model the time delays, let us take the random measure derived from Example associated with a
diffuse distributed delays m§ (w) = d (w, 2) K (t — s) ds where d > 0, ||d (w, ") | () = 1, and K is the
I';-distributed delays. Note that everything happens as if in the model the carrying capacity is random,

depends on the spatial variable, given by Keqr e (w,z) = dl(ij”;), with a I'j-distributed delays. Then,

assuming that for P-a.s. w € ¥, sup, ®. (1. (0)) < 400 and that 7. converges to n in C.. ((—o0,0], L? (2)),
according to Theorem [5.1] we can say that when e is very small compared to the size of the domain, a
deterministic model, well aware with the evolution of the density population, is given by

% (t) — divDW"o™ (u (t)) = F"™ (t,u (t)) for ae. t € (0,T)

u(t)y=n(), 0<n(t)<p, forall t € (—o0,0],

hom q q
(P"m) 0<u(t) < <p+q) exp(ET)—g for all t € [0, 7],
a a

u(t) € HY (Q), divDeWhem (Vu (t)) € L?(Q) for all t € [0,T],

u(t) =0 on 0N for all t € [0, T,
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where,

P (@) =B | [ o) ay]u) -0 28| [ atanataa /_;K@—s)u(s)ds

-E Uyq(-,t»y)dy}

By reproducing the calculations of Subsection it is easy to express F™ for each of the two proba-
bilistic environments. Writing F**™ of the form

w(t) 1—E[/Ya("t’y)d("y)dy} UK s)u(s)ds
Kew® | [ att) ] -

P () =B | [ atot)

—E[/Yq(-,t’y)dy],

we can interpret the homogenized problem as a diffuse delays logistic equation, modeling the evolution
of a density population spreading in an homogeneous environment, with a I'j-distributed delays. The
growth and the immigration rates are given by E [fy a(ty) dy] and E [fy q(-t,y) dy] respectively.
The effective carrying capacity, given by

Koo B :
B - Kear Ua(,tyy) dy]
Fer0 E [/Ya(;y)d(»y) dy]

is now deterministic, constant with respect to the spatial variable, but time dependent and bigger than
the carrying capacity K.q,. Note that, if the growth rate a (-, -, -) is constant, then the carrying capacity
is time-space constant and given by

)

_ 1
Kcar = Becar )
E [/ d(ny)dy}
Y

which is not the almost sure weak limit of Ko (w, ) given by

Keor E {/Y d(iy)dy] ;

obtained by applying the additive ergodic theorem.
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