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Active control of the axisymmetric vibration modes of a tom-tom drum

Marc Wijnand, Brigitte d’ Andréa-Novel, Benoit Fabre, Thomas Hélie, Lionel Rosier, and David Roze

Abstract— This paper deals with an application of active
control of percussion instruments. Our setup consists of a
tom-tom drum with a circular membrane, a cylindrical cavity
and a circular rigid wall on which a loudspeaker is mounted.
The current applied to the loudspeaker is controlled in order
to modify the frequencies of the drum membrane modes.
First, a PDE model of the axisymmetric transverse vibration
of the tom-tom membrane is developed. Subsequently, the
equation is recast as an infinite-dimensional port-Hamiltonian
system. The port-Hamiltonian framework enables us to develop
a numerical scheme that preserves the power balance and
guarantees a stable simulation. Finally, a control law for the
loudspeaker current is designed to modify the frequency of
the first axisymmetric vibration mode of the drum membrane,
using finite-time and passivity-based methods.

[. INTRODUCTION
A. Active control of musical instruments

Active control of musical instruments consists in adding
a control loop to an existing acoustic musical instrument
that is being played by a musician. It is an example of
active vibration control [[1]], [2] that enables the musician
to enlarge his sound palette while keeping the ergonomics
of the original instrument. In addition, it can be used to study
the acoustics of the original instrument.

One can distinguish two classes of active control of
musical instruments [3], [4], [5], [6], [7]. In acoustical
active control, the control acts on a fluid medium. An
example is the use of a loudspeaker to create destructive
interference in order to cancel sound. In structural acoustical
control, the control acts on a solid. Examples include the
use of piezoelectric actuators placed on a violin, guitar or
percussion instrument.

B. The tom-tom drum

The tom-tom drum is an unpitched directly struck mem-
brane instrument. It consists of a cylindrical body with a top
and bottom membrane and is a standard part of a drum kit.
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In the field of acoustics of percussion instruments with
an air-membrane coupling, instruments such as the tom-tom
drum and snare drum [8] and Indian tabla [9]], [10] have
been considered. Most research is devoted to the timpani or
kettledrum [11], [12].

C. Control type

The drum membrane is modeled as a partial differen-
tial equation (PDE) and the loudspeaker as an ordinary
differential equation (ODE). The drum membrane and the
loudspeaker are coupled by the air in the cavity volume. We
can make following remarks about the control.

1) Distributed (modal) control of a PDE: Depending on
the positioning of actuators and sensors, two types of control
of PDEs can be defined [[13]]. In in-domain control, actuators
and sensors are located inside the domain. In the case of a lot
of distributed actuators and sensors, it is called distributed
control. In the alternative case of boundary control, actuators
and sensors are located at the boundary of the PDE. In
our coupled PDE-ODE system, the PDE is submitted to a
distributed pressure that varies as function of a control loop
in the ODE.

Furthermore, we opted for a modal control of the PDE.
The PDE is projected on eigenfunctions. In the current work,
only the first mode is considered.

2) Finite-time control of an ODE: We use finite-time
control, a nonlinear control type where the equilibrium point
is reached in a finite time [14], which is useful for time-
constrained and robust control [15]], [16]].

II. PHYSICAL MODELLING
A. Layout

The tom-tom drum coupled to the cavity and loudspeaker
is depicted in Figure [T}

B. Hypotheses

The following hypotheses are made in our model.
(H1a) The membrane executes small vertical displacements
and its tension is uniform.
(H1b) The vibration of the membrane contains only axisym-
metric modesﬂ We suppose that the musician excites the
membrane at its center.
(H1c) The sound radiation in air by the membrane is mod-
eled by adding 0.85ap,;, to the membrane’s areal density o
[L7], a being the membrane’s radius and p,;; the volumetric
density of air.
(H2a) The pressure inside the cavity is uniform (lumped

I'We do not consider modes with nodal lines here, for which there is no
influence of the cavity.
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Fig. 1. Geometry of the system

parameter acoustic model without propagation).

(H2b) The air inside the cavity behaves as an ideal gas that
is compressed adiabatically.

(H3a) The loudspeaker is modeled as a plane piston.
(H3b) The loudspeaker operates above its resonance fre-
quency.

C. Physical model

The model of our system consists of three parts: the mem-
brane (PDE) and the loudspeaker (ODE), that are coupled by
the cavity (static relation), as depicted in Figure [T}

1) Membrane: Under hypotheses (Hla)-(H1b), one can
state the wave equation with a pressure source as [[18]

2

0 0
TAym(h t) + pc(t) = Om @ym(ﬂ t) + Uaym(rv t)a (1)

where A = % + 12 in polar coordinates, ym(r,t) is
the transverse displacement of the membrane, 7' is the
tension [N/m], o, = o + 0.85apa.; is the equivalent
areal density [kg/m?] according to (Hle), u is a friction
coefficient [kg/m?s| and p, is the net pressure [Pa] applied
to the membrane. The wave velocity in the membrane is
c=+/T/om.

The boundary condition is ym,(a,t) = 0 (membrane
clamped at rim). The initial condition representing a stroke
with a mallet is %(r, 0) = —Vpl.dp, with amplitude V;
[2], I.(r) a smooth function that varies between a value 1
for » = 0 and O for r > ¢, and §; the Dirac delta function
att = 0.

2) Cavity: Hypotheses (H2a)-(H2b) correspond to a con-
stant value of pV/7, with p the total pressure, V the total
volume and ~ the heat capacity ratio. We differentiate this
relation and approximate the differentials by differences,
using acoustical quantities p, and V. that are the deviation
values of the instantaneous pressure and volume with respect

to the values pg and Vj at rest,

Pc =P —DPo
Ve=V-"W.

One obtains the approximate relation (at order 1)

pe/Po = —YVe/Vo. 2

The two contributions to the volume change V, are hatched
in Figure [I] There is a volume change due to the transverse
movement of the upper membrane and a volume change
due to the position of the loudspeaker membrane, which is
modeled by a plane piston of vertical position ¢} and effective
surface S;. Therefore,

Vit) = [ umlr0dS() - S0, G
s
with dS(r) = 2mrdr, r € [0,a]. Substituting (3) in @)
yields

pc(t):ﬂ% { /S Y (1, )AS(r) — S| @

3) Loudspeaker: The loudspeaker is modeled as a rigid
disc of area S} (H3a). The force balance on this disc yields

mil\(t) + abi(t) + kib(t) = Sipe(t) + Blir(t).  (5)

The left-hand side represents the forces of a standard mass-
spring-damper system. The pressure in the cavity applies a
force Sip.(t) on the loudspeaker. The controlled current ¢ (t)
induces a Laplace force Bli(t), with B the magnetic field
[T] and ! [m] the length of the loudspeaker coil inside the
magnetic field.

D. Spatial eigenmodes

Substituting @) in (I) and setting © = 0 and £(t) = 0
yields a PDE for the movement of an undamped membrane
coupled to the cavity without the controlled loudspeaker:

Py (r,t) _ Ypo
2 o m\’> _
Ay (r,t) pYe Umvo/sym(r,t)dS(r). (6)

In [19], it is shown that for (6)), the displacement ¥y, (r,t)
can be written as ym (1, t) = > "% @ ()2, (t) with axisym-
metric (under Hypothesis (H1b)) eigenfunctions

on(r) = wy [Jo(Anr) — Jo(Ana)], @)

where Jy(+) is a Bessel function of the first kind and w,, an
arbitrary weight coefficient. It can be shown (see [19]) that
the wave number )\, satisfies the implicit condition

A2a2Jo(An) = —THI Jy(Na) £ ~Ba(Ana),  (8)

where the dimensionless group B can be interpreted as the
ratio of the restoring force applied by the air in the cavity
to the membrane tension [17].

III. PORT-HAMILTONIAN FORMULATION

In the Port-Hamiltonian System (PHS, [20], [21]]) frame-
work, a system is modeled as consisting of three types of
elementary components: energy-storing components, energy-
dissipating components and external components. A PHS
model satisfies the power balance. Within this framework,
stable simulation [22] and control [23] methods can be
developed.

In this section, we recast the system model (I)-@)-() as
a PHS.



A. Definitions

We use following definitions for (in)finite-dimensional
PHS:s.

Definition 1 (Finite-dimensional PHS): A classical for-
mulation of a PHS of dimension n > 1 and state & € R"
is

)

&= (J—RVH(z) +Gu
y=GTVH(z)

where

o u € RY is the input of dimension ¢ > 1,

e y € R? is the output associated with the input (in
general different from the measured output y™),

e H(x) > 0 is the Hamiltonian function that represents
the total stored energy E of the system as function of
its state,

e J = —JT is an skew-symmetric (n X n) matrix rep-
resenting the energy exchanges between energy-storing
components,

e R = RT > 0isasymmetric (n X n) matrix accounting
for the dissipation,

e G is an (n x ¢) matrix.

Definition 2 (Infinite-dimensional PHS): An infinite-di-
mensional PHS is defined as [24]], [25]
Ox = (J — R)oH(x) + Gu (10)
y =G 0 H(x)

where

o X is the energy state space,

o u and y are the input and its associated output,

« a scalar product (-, -)x and norm ||-||x are defined,
« the Hamiltonian function is obtained as

1
() 2 a2,

« the operator J,, is the variational derivative [26]],

o the operator J is formally skew-symmetric and the
operator R is non-negative symmetric, w.r.t. the scalar
product,

e G is an operator and G* its adjoint operator.

B. PHS model
1) State space: Let Q = [0, a]. We define the state as

em(r1) n awl

whose components are respectively the areal momentum of
the membrane (= o0,,9) and its strain (= Vy,), the in-
cremental volume of the cavity, the loudspeaker membrane’s
momentum (= mlél) and its vertical position.

The state space is the Hilbert space

X = HJ(Q,R>0) x H'(Q,R>q) x R,

T = |mm(r,t) Ve(t)

endowed with a scalar product (x,y)x that is defined below
according to the total energy of the system.
2) Energy: The total energy of the system is the sum of
five contributions. )
a) The kinetic energy of the membrane: s Z; dS(r)

b) The elastic energy of the membrane:
3. s Tez, dS(r)
c) The compression energy of the air in the cavity:
Starting from F,;, = fov°(fpc) dV, and using the relation

2 2
. A
(), one obtains E,;, = L’g% (%) 2 5 (%)
17}

2 my

d) The kinetic energy of the loudspeaker:
e) The elastic energy of the loudspeaker spring: %kléf

3) Scalar product and Hamiltonian function: We define
the scalar product

@wx2 [ [00) 0] Zufne) wo)] s
+{x3 T4 :175} Lgi {1‘3 T4 175}T

with

1 Ey 1
L,, = diag (T) = 0, Log = diag (g, —, k1> = 0.
o V() m

m
With this scalar product, the Hamiltonian function

H(xz) = %<IB,{B>X

corresponds to the total energy of the system.

4) Derivative of the Hamiltonian: We are dealing with a
mixed PHS, i.e. a combination of a finite-dimensional and an
infinite-dimensional PHS. We define a derivative D H(x)
that contains both variational derivatives, for the infinite-
dimensional state variables, and gradients, for the finite-
dimensional state variables:

-
D H(x) = '"7(:2) = Lx.
Ve ()
Note that
T
Lo=|m Te|Bv, 2 kel

respectively the membrane velocity, the radial projection of
the membrane’s tension force (for small displacements), the
cavity energy density, the loudspeaker velocity and the elastic
force on the loudspeaker.

5) PHS: The first equation of the PHS model is (cf.
Equation (I0) where 6, is replaced by D) is shown in
Equation (LI) on the next page. Here, 1 represents the
identity operator.

We note that the operator 7 is formally skew—symmetricﬂ
and with domain D(J) = Hy(grad) x H(div) x R where
grad = % and div = (% + %) in polar coordinates.

The output equation of the PHS model corresponds to
y=G"Lx = Blél £ 4, the electromotive force. Note that
the product between input ¢; and output w; represents the
electrical power supplied to the loudspeaker of the system.
This output equation of the PHS will not be considered in
the remainder of the paper.



T 0 div|-1] o 0 p 0l0]o0 0 oy 0
5 | grad 0 0 0 0 o olo|lo o0 Te 0
Em - il
50 | Ve | = Js:dS 0o [0 |-S o0 |-|0 ofo0 0 vaVe | +]0 | an
M oS | o -1 0 0|0|ea O i Bl
m
0 oo 1 0 0 o|lo|o0o O | Kty 0
m 0 (Z+L)| —an| o 0 € 0/0]0 O Fm 0
Em 2 0 0 0 0 0 0|00 O €m 0
5| Vel = o f5-dS 0 0 |- 0 |—|0 ojo]o0o 0O Vo | + [o] @ (12)
7l 0 0 B1 0 —Bs 0 0[0|¢ O 7 1
A 0 0 0 Ba 0 0 olojo O A 0
% 0 % 0 0 0 0o 0 folo o]\ [&2X(1-%x?)a] o
L o -, 0 Mo Asign (Jo(h))| 0 0 0o 5 lojo o K20;:%) 0
%= 0 — 2 Nisign (JO(I\I)) 0 80 |-]o o]olo o V. + ol @ a3y
ol 0 0 B1 0 —fBs 0 0 |0|¢C O ) 1
4 0 0 0 B2 O 0 0 0|0 O 0 0
TABLE I . . . L -
(Nondimensionalization was done using ¢, = 2=, ¢, =
NONDIMENSIONALIZATION OF VARIABLES AND CONSTANTS a

F=L i=<t S=5
a a a

Tm

a=1V/omypoVo

Em V.=Ye
a=1\/3poVoT—1 ¢ Vo

4 H

Tm= Em=

~ 7Tl rt
=t =t =Tt
v miyproVo /kflvpoVo vpoVo
g _ i) __ac 5_ na
1= @B -1 Vo ° em ~com
c(aBl) m1ypo Vo
2
—a* [ apa_ —aS [ po _a [k
o= om Vo pr= c m1 Vo '627(: my

C. Dimensionless PHS model

We nondimensionalize the PHS model in order to simplify
subsequent calculations, using the transformations shown in
Table [I

We thus obtain the dimensionless PHS shown in Eq.
above with dS = 277 d7, 7 € Q = [0, 1].

IV. MODEL ORDER REDUCTION
A. Modal projection

We now project the infinite-dimensional part of the (di-
mensionless) PHS (I2) on a spatial basis and truncate at N
modesﬂ in order to obtain a finite-dimensional approximative
(dimensionless) PHS.

The position of the membrane ¢, is thus approximated as
a finite sum

N
i (7. 8) > @n(7)zn ()

where @, (7) are the spatial eigenfunctions of the membrane
coupled to the cavity that form an orthonormal basiﬂ
and Z,(t) are the corresponding temporal evolutions.

2This can be shown by integration by parts.

3Note that the lowest-order modes are most important for the produced
sound [17]. Furthermore, these modes are influenced the most by the
coupling with the cavity [[19].

4After definition of a scalar product (@;, @;)p = JsPip; dS(7) used
for the projection, one can prove orthogonality and normalization (given a
suited choice of the weights w;).

= 1
on and Z, = +25.)

B. Port-Hamiltonian approximated model

The result of this projection is shown in (I3) above
for the case of N = 1 mode. (In this formulation, x =

3 32
ar/T(ypoVo)~L and x; £ \/ - 2’\71_3 +1+ 3.

A
1B?

V. PASSIVE FINITE-TIME CONTROL OF THE

UNIMODAL MODEL

A. Control goal and design of the method

Our control goal is to modify the frequency of the first
axisymmetric vibration mode (Z;) of the tom-tom membrane.
To this means, we develop a control loop that controls
the loudspeaker current ¢, based on a measurement of the
pressure p. inside the cavity and Zj, the temporal evolution
of the first modeﬂ By changing the vertical position of the
loudspeaker, the volume and thus pressure inside the cavity
are changed. This pressure acts on the tom-tom membrane
and influences its vibrational behavior.

The synthesis of this controller for the loudspeaker current
is based on the projected SHP model for N = 1 mode (I3)
and consists of 3 steps.

1) The membrane is controlled by a pole placement, the
cavity pressure p. being viewed as an intermediate
control input.

The cavity couples the three subsystems: the temporal
evolution Z; of the first membrane mode, the pressure
in the cavity p. and the loudspeaker position {; are
related.

The loudspeaker membrane position is controlled in
finite time by the current ; in order to achieve the
desired pressure p} ensuring the pole placement of the
upper membrane.

2)

3)

SIna practical implementation, Z; is deduced from a measurement of the
amplitude of the upper membrane, obtained through a laser or piezoelectric
Sensor.



B. Control of the membrane by pole placement

The first two equations of the PHS (I3) represent the
vibration of the first axisymmetric mode of the circular
membrane subjected to a distributed pressure p. (£ pe /po =
*7‘75)- If we are able to control this pressure by a pole
placement, i.e.,

5t (1) =~k (B) ~ kot (D).
with k; and k5 parameters that have been chosen accordingly,
we obtain a desired frequency and damping of the first mode.
This is possible because the subsystem of the first mode of
the membrane controlled by the pressure satisfies the Kalman
controllability condition (see e.g. [27]).

(14)

C. Coupling between the three subsystems

The third equation of the PHS (I3) provides a relation
between the temporal evolution z; of the first membrane
mode, the pressure in the cavity p. and the loudspeaker
position 0. 1t corresponds to

Lje () = 5= isign (o (M) ) 21 () + 24 (7). (15)

If we substitute an amplitude measurement 27" (ﬂ and a pres-
sure measurement p (i) in this unimodal relation, we ob-
tain an (implicit) measurement for the loudspeaker position
0 (7). If we use a pressure reference j; (f) corresponding
to the pole placement (I4) instead, we obtain a reference for
the loudspeaker position Zf (f)

D. Finite-time control of the loudspeaker

We recall some elements before stating the obtained con-
trol law.

1) Definition and finite-time control of a double inte-
grator: A system controlled in finite time will reach an
equilibrium point in a finite time. A more formal definition
of finite-time stability is given below.

Definition 3 (Finite-time stability [[I5]): Let € = F(x)
represent a closed-loop system, with F'(x) continuous and
F(0) = 0. Let ®'(x) be the time evolution of the state for
a given initial state xg.

The origin is a finite-time stable equilibrium if there
exists an open neighborhood U C R"™ of the origin, where
following statements hold:

1) Finite-time convergence. There exists a settling-time
function 7" : U\{0} — R such that for each x( €
U\{0}, the evolution ®!(x,) is defined and unique on
t € [0,T(xo)[ and lim;_,7(g,) ®*(x0) = 0.

2) Lyapunov stability. There exists a monotonically in-
creasing function 6(-), §(0) = 0, such that for each
xo €U, | ®(x0)|| < &(||ao]|) for each ¢ > 0.

Furthermore, if U = R", the origin is globally finite-time
stable.

Lemma 1 (Finite-time control of a double integrator [|16]]):

Consider the double integrator 2; = 22, 2o = v. The origin
is a finite-time stable equilibrium point of this system when
it is controlled by the input v = —ky|21]7% — ko|2]é,
with ki, ke > 0, £ €]0,1[ and |2]¢ £ sgn(x)|x|¢.

2) Finite-time control law for the loudspeaker current:
The finite-time control law of Lemma [I] was applied to a
mass-spring-damper system in [28]]. A passive version of the
controller was proposed, in the sense that it can be reinter-
preted as a PHS and as such provides robustness against bad
parameter estimation. In [29], these considerations were used
to formulate a passive law that controls the position 0 (ﬂ of
a loudspeaker to a reference trajectory ENT (f) in finite time.

The last equation of the model (T3) represents the (dimen-
sionless) loudspeaker ODE (5)) and can be rewritten as

é@?él + é@g& + Bty = —%f)c + 7.
By identification, one finds that the corresponding finite-time
passive law is

= DG Bl O s (B — B ) K (060" — 047 )
-1 (151 U“ - zﬂ T 1k {at-e{“ - afeﬂ ) . (16)
with control parameters ki,ky > 0, & € 10,11, ks > Ba,
ka > ﬁc We substitute the signals Km and ¢} (and their time
derivatives) as explained below Eq. (|
Stability: The global system of the membrane and loud-
speaker can be viewed in a singular perturbation way. More
precisely, the membrane controlled by the pressure can be
interpreted as a slow subsystem, exponentially stabilized,
whereas the loudspeaker can be interpreted as a fast sub-
system, controlled in finite-time through the current. The

whole system is then exponentially stabilized according to
Tikhonov’s theorem (see e.g. [30, Thm. A.11]).

VI. SIMULATION
A. Energy-preserving discretization

We simulate the controlled PHS model (I3) using a
method [31]], [22] that ensures stability by preserving the
power balance after time discretization by jointly replacing
the time derivative of the state by a finite difference and the
gradient of the Hamiltonian by a so-called discrete gradient.

B. Simulation

We simulate the unimodal PHS tom-tom model (T3] for
which the control law (T6) is activated at £ = 15.

Model parameters: initial state {0 -1 0 0 0} B =

5.54, A1 = 3.08, k = 0.171, v = 1.4, o = 1.33, B =
0.768, B2 = 0.353, ¢ = .0923, ¢ = 0.1. Control parameters:
ki = 0.1,ky = 0.0005,&@ = 0.8,k; = 10,ky = 10,k3 =
28s, kg = 2¢/B2. Simulation parameter: ¢ = 0.01.

The resulting time evolution of the state is shown in
Figure 2] and the periodogram of Z; for the (un)controlled
cases is shown in Figure [3] The simulation confirms that the
controller is able to modify the frequency of z;.

Note that the membrane movement exhibits a second,
lower frequency in the non-controlled case, due to the
coupling with the cavity.

%Note that the practical implementation of this control law based on the
measurement of pc and Z; involves additional numerical derivation.
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VII. CONCLUSION AND FUTURE WORKS

We have designed a controller for a unimodal model of the
membrane. The next step is to extend this result to the mul-
timodal case, considering spill-over, mode interaction and
stability of the controller. Furthermore, we wish to implement
the controller on a testbench that is under construction.
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