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LOWER SEMICONTINUITY OF INTEGRALS OF THE CALCULUS
OF VARIATIONS IN CHEEGER-SOBOLEV SPACES

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

Abstract. A necessary condition called H1,p
µ -quasiconvexity on p-coercive integrands

is introduced for the lower semicontinuity with respect to the strong convergence of
Lpµ pX;Rmq of integral functionals defined on Cheeger-Sobolev spaces. Under polynomial
growth conditions it turns out that this condition is necessary and sufficient.
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1. Introduction

Let pX, d, µq be a metric measure space with µ a nontrivial locally finite Borel regular
measure on X and pX, dq is a separable metric space. Let p Ps1,8r. We assume that µ is
doubling and pX, d, µq enjoys a p1, pq-Poincaré inequality (see §2), this allows us to define
integral functionals of the calculus of variations on Cheeger-Sobolev spaces H1,p

µ pX;Rmq

on X by

H1,p
µ pX;Rm

q Q u ÞÝÑ I puq “

ˆ
X

L px,∇µu pxqq dµ pxq . (1.1)

The Cheeger-Sobolev space on X was introduced by Cheeger [Che99] (see §2 for the
definition). The function L : X ˆMÝÑr0,8s is Borel measurable, M denotes the space
of m rows N columns with N,m ě 1 integers, and ∇µu is the µ-gradient of u.

In this paper, we consider the problem of finding necessary and sufficient conditions on
p-coercive integrands L (see (1.3)) for the lower semicontinuity of I with respect to the
strong convergence of Lpµ pX;Rmq (or equivalently with respect to the sequential weak con-
vergence in H1,p

µ pX;Rmq). In the setting of Euclidean space pX, d, µq “ pΩ, | ¨ ´ ¨ |,LN tΩq

where Ω Ă RN is a bounded open subset and LN tΩ is the Lebesgue measure on Ω,
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a necessary condition on finite integrands for the weak lower semicontinuity of (1.1)
is the quasiconvexity of L px, ¨q. This condition was introduced by Morrey [Mor52]
(see also [Dac08, AF84, Mar85]). Later a generalisation for not necessary finite inte-
grand, called W 1,p-quasiconvexity, was developped by Ball and Murat [BM84] (see also
[Man13, Syc15, Kri15]). In the setting of metric measure space we introduce the following
condition playing the role of W 1,p-quasiconvexity, by saying that L is H1,p

µ -quasiconvex
at ξ PM if for µ-a.e. x P X

L px, ξq ď lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕ pyqq dµ pyq . (1.2)

The formula on the right hand side of (1.2) already appears in relaxation and homog-
enization of integral functionals see [AHM15, AHM18, AHM17] (see also [Man05]). In
the setting of Euclidean space pX, d, µq “

`

RN , | ¨ ´ ¨ |, µ
˘

with a positive Radon measure
compactly supported in RN , necessary conditions for the weak lower semicontinuity was
studied in [Fra03, Theorem 4.1, pp. 114]. This was done under Lipschitz condition for
L px, ¨q and continuity for L p¨, ξq, and relies heavily on the use of the Euclidean struc-
ture of RN . Here, we establish the necessary condition (1.2) at every ξ P M satisfying
L p¨, ξq P L1

µ pXq for Borel measurable integrands which are p-coercive, see Theorem 2.
As already said, the p-coercivity assumption on the integrand L allows to use in a equiv-
alent way the strong convergence of Lpµ pX;Rmq or the sequential weak convergence in
H1,p
µ pX;Rmq, however, the p-coercivity condition is essential in our proof; it differs from

the Euclidean framework where the quasiconvexity is established as a necessary condition,
for the sequential weak convergence inW 1,p pΩ;Rmq, without requiring any coercivity con-
dition, see [AF84, Theorem [II.2], pp. 134]. The proof uses a Vitali covering of the set
where (1.2) does not hold. Then using the p-coercivity we are able to construct a sequence
of H1,p

µ pX;Rmq which strongly converges to 0 in Lpµ pX;Rmq. The last step consists in
using the lower semicontinuity of I and the finitness condition L p¨, ξq P L1

µ pXq to con-
clude that the set is necessarily of zero measure. We show that the condition (1.2) turns
out to be sufficient (see Theorems 6 and 7) when the integrand has p-polynomial growth,
is lower semicontinuous with respect the second (matrix) variable and that the metric
measure space is in addition satisfying the annular decay property and a property of
Alexandrov type (or Portmanteau type) for uniformly bounded sequence of nonnegative
Borel measures on X (see §4).

The plan of the paper is as follows. In §2 we provide the materials about metric
measure spaces and Cheeger-Sobolev spaces we need for our purposes. In §3 after intro-
ducing the definition and some properties of H1,p

µ -quasiconvex integrands, we prove that
H1,p
µ -quasiconvexity is a necessary condition for the lower semicontinuity with respect

to the strong convergence of Lpµ pX;Rmq. We also show, as an illustration, that convex
integrands are H1,p

µ -quasiconvex. In §3.3 we establish a generalisation of the necessary
condition for p-coercive and lower semicontinuous abstract functionals. The §4 is devoted
to the sufficiency of H1,p

µ -quasiconvexity for the sequential weak lower semicontinuity of
integrals of the calculus of variations, under p-polynomial growth. We deduce, in §4.2,
that H1,p

µ -quasiconvexity is a necessary and sufficient condition for the lower semicontinu-
ity with respect to the strong convergence of Lpµ pX;Rmq (when µ is finite see Theorem 6,
and when µ is not necessarily finite see Theorem 7). In §5 we provide and study a class of
nonconvex H1,p

µ -quasiconvex integrands which may not have polynomial growth, roughly,
they are composition of a convex and lower semicontinuous integrand with a finite family
of H1,p

µ -quasiconvex Carathéodory integrands having q-growth with q Ps1, pr. In §6 we
2



discuss the finiteness condition L p¨, ξq P L1
µ pXq by providing a result (Proposition 5)

which gives an indication for the case where L p¨, ξq R L1
µ pXq, and it is illustrated by

Corollary 3. The last section §7 is devoted to the proofs of Proposition 1 and Theorem 4.

Notation.
‚ We will denote by O pXq the set of all open subsets of pX, dq, and B pXq the Borel
σ-algebra of X.

‚ We will denote by Bρ pxq :“ ty P X : d px, yq ă ρu the open ball, and by Bρ pxq :“ ty P
X : d px, yq ď ρu the closed ball, centered at x with radius ρ ą 0.

‚ For every measurable set A Ă X with positive measure, and for every nonnegative
measurable or integrable function f on A, we set 

A

fdµ :“
1

µ pAq

ˆ
A

f pxq dµ pxq .

‚ The algebra of Lipschitz functions from X to R is denoted by Lip pXq.
‚ We will denote by L1

µ,loc˚
pXq the vector space of all measurable functions u : X ÝÑR

such that ˆ
B

|u|dµ ă 8 for all open ball B Ă X satisfying µ pBq ă 8.

‚ We say u P L1
µ,loc pXq if for every x P X there exists r ą 0 such that µ pBr pxqq ă 8

and u P L1
µ pBr pxqq. We have L1

µ,loc˚
pXq Ă L1

µ,loc pXq and when X is proper, i.e. the
closed balls of X are compact, L1

µ,loc˚
pXq “ L1

µ,loc pXq.
‚ Let L : X ˆM ÝÑ r0,8s (resp. L : X ˆ Rm ˆM ÝÑ r0,8s) be a function. We say
that L is p-coercive if there exists c ą 0 such that for µ-a.e. x P X it holds

c|ξ|p ď L px, ξq for all ξ PM
ˆ

resp. c|ξ|p ď L px, v, ξq for all pv, ξq P Rm
ˆM

˙

. (1.3)

‚ By QmN Ă M we denote the set of m rows N columns matrices with rational number
entries.

2. The Cheeger–Sobolev spaces

Let p ą 1 be a real number, let pX, d, µq be a metric measure space, where µ is a
nontrivial locally finite Borel regular measure on X and pX, dq is a separable metric
space. In what follows, we assume that µ is doubling, i.e. there exists a constant Cd
(called doubling constant) such that

@x P X @ρ ą 0 µ pBρ pxqq ď Cdµ
´

B ρ
2
pxq

¯

. (2.1)

We begin with the concept of upper gradient introduced by Heinonen and Koskela (see
[HK98]).

Definition 1. A Borel function g : X ÝÑ r0,8s is said to be an upper gradient for
f : X ÝÑ R if |f pc p1qq ´ f pc p0qq | ď

´ 1

0
g pc psqq ds for all continuous rectifiable curves

c : r0, 1s ÝÑX.

The concept of upper gradient has been generalized by Cheeger as follows (see [Che99,
Definition 2.8]).

Definition 2. A function g P Lpµ pXq is said to be a p-weak upper gradient for f P Lpµ pXq
if there exist tfnun Ă Lpµ pXq and tgnun Ă Lpµ pXq such that for each n ě 1, gn is an upper
gradient for fn, fn Ñ f in Lpµ pXq and gn Ñ g in Lpµ pXq.
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The metric measure space pX, d, µq enjoys a p1, pq-Poincaré inequality with p Ps1,8r if
there exist Cp ą 0 and σ ě 1 such that for every x P X and every ρ ą 0,

 
Bρpxq

ˇ

ˇ

ˇ

ˇ

ˇ

f pyq ´

 
Bρpxq

fdµ

ˇ

ˇ

ˇ

ˇ

ˇ

dµ pyq ď ρCp

˜ 
Bσρpxq

gpdµ

¸
1
p

(2.2)

for every f P Lpµ pXq and every p-weak upper gradient g P Lpµ pXq for f .
From Cheeger and Keith (see [Che99, Theorem 4.38] and [Kei04, Definition 2.1.1 and

Theorem 2.3.1]) we have

Theorem 1. If µ is doubling, i.e. (2.1) holds, and X enjoys a p1, pq-Poincaré inequality,
i.e. (2.2) holds, then there exist a countable family t

`

Xk, γ
k
˘

ukPN of µ-measurable disjoint

subsets Xk of X with µ pXz
Ť

kPNXkq “ 0 and of functions γk “
´

γk1 , ¨ ¨ ¨ , γ
k
Npkq

¯

:

X ÝÑRNpkq with γki P Lip pXq satisfying the following properties:
(i) there exists an integer N ě 1 such that N pkq P t1, ¨ ¨ ¨ , Nu for all k P N;
(ii) for every k P N and every f P Lip pXq there is a unique Dk

µf P L
8
µ

`

Xk;R
Npkq

˘

such that for µ-a.e. x P Xk,

lim
ρÑ0

1

ρ
}f ´ fx}L8µ pBρpxqq “ lim

ρÑ0
sup

yPBρpxq

ˇ

ˇf pyq ´ f pxq `Dk
µf pxq ¨

`

γk pyq ´ γk pxq
˘
ˇ

ˇ

ρ
“ 0,

where fx P Lip pXq is given by fx pyq :“ f pxq ` Dk
µf pxq ¨

`

γk pyq ´ γk pxq
˘

; in
particular

Dk
µfx pyq “ Dk

µf pxq for µ-a.a. y P Xk;

(iii) the operator Dµ : Lip pXq Ñ L8µ
`

X;RN
˘

given by

Dµf :“
ÿ

kPN

1XkD
k
µf,

where 1Xk denotes the characteristic function of Xk, is linear and, for each f, g P
Lip pXq, one has

Dµ pfgq “ fDµg ` gDµf ;

(iv) for every f P Lip pXq, Dµf “ 0 µ-a.e. on every µ-measurable set where f is
constant.

We setM “ RmˆN where N is given by Theorem 1 (i). Let Lip pX;Rmq :“ rLip pXqsm

and let ∇µ : Lip pX;Rmq ÝÑ L8µ pX;Mq given by

∇µu :“

¨

˝

Dµu1
...

Dµum

˛

‚ with u “ pu1, ¨ ¨ ¨ , umq .

From Theorem 1 (iii) we see that for every u P Lip pX;Rmq and every f P Lip pXq, one
has

∇µ pfuq “ f∇µu`Dµf b u. (2.3)

Definition 3. The p-Cheeger–Sobolev space H1,p
µ pX;Rmq is defined as the completion of

the space of Lipschitz functions Lip pX;Rmq with respect to the norm

}u}H1,p
µ pX;Rmq :“ }u}LpµpX;Rmq ` }∇µu}LpµpX;Mq. (2.4)
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Taking Proposition 1 (ii) below into account, since }∇µu}LpµpX;Mq ď }u}H1,p
µ pX;Rmq for all

u P Lip pX;Rmq the linear map∇µ from Lip pX;Rmq to Lpµ pX;Mq has a unique extension
to H1,p

µ pX;Rmq which will still be denoted by ∇µ and will be called the µ-gradient.
For more details on the various possible extensions of the classical theory of the Sobolev

spaces to the setting of metric measure spaces, we refer to [Hei07, 10-14] (see also [Che99,
Sha00, GT01, Haj03]).

The following proposition (whose proof is partly given in [AHM15, Proposition 2.28],
nevertheless, for completeness we give a proof in §7) provides useful properties for dealing
with calculus of variations in the metric measure setting.

Proposition 1. Under the hypotheses of Theorem 1, we have:
(i) X satisfies the Vitali covering theorem, i.e. for every A Ă X and every family F

of closed balls in X, if inf
 

ρ ą 0 : Bρ pxq P F
(

“ 0 for all x P A (we say that F is
a fine cover of A) then there exists a countable disjoint subfamily G of F such that
µ
`

Az
Ť

BPG B
˘

“ 0; in other words, A Ă
`
Ť

BPG B
˘

YN with µ pNq “ 0;
(ii) the µ-gradient is closable in H1,p

µ pX;Rmq, i.e. for every u P H1,p
µ pX;Rmq and

every measurable set A Ă X, if u pxq “ 0 for µ-a.a. x P A then ∇µu pxq “ 0 for
µ-a.a. x P A;

(iii) the metric space X enjoys a p-Sobolev inequality, i.e. there exists CS ą 0 such that
˜ˆ

Bρpxq

|v|pdµ

¸
1
p

ď ρCS

˜ˆ
Bρpxq

|∇µv|
pdµ

¸
1
p

(2.5)

for all 0 ă ρ ď ρ0, with ρ0 ą 0, and all v P H1,p
µ,0 pBρ pxq ;Rmq, where, for each

O P O pXq, H1,p
µ,0 pO;Rmq is the closure of Lip0 pO;Rmq with respect to H1,p

µ -norm
defined in (2.4) with

Lip0 pO;Rm
q :“

"

u P Lip pX;Rm
q : u “ 0 on XzO

*

;

(iv) for every u P H1,p
µ pX;Rmq and µ-a.e. x P X there exists ux P H1,p

µ pX;Rmq given
by ux pyq :“ u pxq `∇µu pxq ¨

`

γk pyq ´ γk pxq
˘

such that

∇µux pyq “ ∇µu pxq for µ-a.a. y P X;

lim
ρÑ0

1

ρ

˜ 
Bρpxq

|u pyq ´ ux pyq|
p dµ pyq

¸
1
p

“ 0;

(v) for every x P X, every ρ ą 0 and every τ Ps0, 1r there exists a function ϕ P

Lip pX; r0, 1sq such that

ϕ pxq “ 0 for all x P XzBρ pxq , ϕ pxq “ 1 for all x P Bτρ pxq

and }Dµϕ}L8µ pX;RN q ď
C0

ρ p1´ τq
for some C0 ą 0.

Such a ϕ is called an Urysohn function for the pair
`

XzBρ pxq , Bτρ pxq
˘

.

3. H1,p
µ -quasiconvexity is a necessary condition for lower semicontinuity

3.1. H1,p
µ -quasiconvex integrands.

Definition 4. Let L : X ˆMÝÑs ´ 8,8s be a Borel measurable function. Let A be a
measurable subset of X.

5



(a) We say that L is H1,p
µ -quasiconvex on A at ξ PM if for µ-a.e. x P A it holds

L px, ξq ď lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ.

When L is H1,p
µ -quasiconvex on A at every ξ PM we say that L is H1,p

µ -quasiconvex
on A, and if A “ X we say that L is H1,p

µ -quasiconvex.
(b) We say that L is Lip-quasiconvex on A at ξ PM if for µ-a.e. x P A

L px, ξq ď lim
ρÑ0

inf
ϕPLip0pBρpxq;R

mq

 
Bρpxq

L py, ξ `∇µϕq dµ.

When L is Lip-quasiconvex on A at every ξ P M we say that L is Lip-quasiconvex
on A, and if A “ X we say that L is Lip-quasiconvex.

In the following, when we write L : XˆMÝÑs´8,8s is a Borel measurable integrand
or is an integrand, it simply means that L is a Borel measurable function.

Remarks 1.
(a) The sum and the max of two H1,p

µ -quasiconvex integrands is H1,p
µ -quasiconvex.

(b) In the Euclidean setting pX, d, µq “ pΩ, | ¨ ´ ¨ |,LN tΩq, by a change of variables, we
have

inf
ϕPW 1,p

0 pBρpxq;Rmq

 
Bρpxq

L pξ `∇ϕq dLN “ inf
ϕPW 1,p

0 pY ;Rmq

ˆ
Y

L pξ `∇ϕq dLN ,

for all px, ξq P ΩˆM and all ρ ą 0, where L : MÝÑ r0,8s is Borel measurable and
Y “ ty P RN : |y| ď 1u. It means that L is W 1,p-quasiconvex if and only if it is
H1,p

LN -quasiconvex.

The following lemma is a direct consequence of the Lebesgue differentiation theorem
and the definition of H1,p

µ -quasiconvexity.

Lemma 1. An integrand L : XˆMÝÑr0,8s is H1,p
µ -quasiconvex (resp. Lip-quasiconvex)

at ξ PM satisfying L p¨, ξq P L1
µ,loc pXq if and only if for µ-a.e. x P X

L px, ξq “ lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ.

˜

resp. L px, ξq “ lim
ρÑ0

inf
ϕPLip0pBρpxq;R

mq

 
Bρpxq

L py, ξ `∇µϕq dµ.

¸

The following result shows that for Carathéodory integrands with p-polynomial growth,
Lip-quasiconvexity is equivalent to H1,p

µ -quasiconvexity. We follow the proof of [BM84,
proposition 2.4 (i), pp. 229] with the necessary changes.

Lemma 2. Let L : X ˆM ÝÑ r0,8s be a Carathéodory integrand, i.e. L p¨, ξq is Borel
measurable for all ξ PM and L px, ¨q is continuous for all x P X. Assume that there exist
C ą 0 and A P L1

µ,loc pXq such that for µ-a.e. x P X

L px, ξq ď A pxq ` C p1` |ξ|pq for all ξ PM. (3.1)

Then L is Lip-quasiconvex at ξ PM if and only if L is H1,p
µ -quasiconvex at ξ.

Proof. Since Lip0 pB;Rmq Ă H1,p
µ,0 pB;Rmq for all ball B, H1,p

µ -quasiconvexity entails Lip-
quasiconvexity.

6



Now, assume that L is Lip-quasiconvex at ξ P M. Using the growth condition (3.1),
by Lemma 1 we have for µ-a.e. x P X

lim
ρÑ0

inf
ϕPLip0pBρpxq;R

mq

 
Bρpxq

L py, ξ `∇µϕq dµ “ L px, ξq . (3.2)

Fix x P X such that (3.2) holds. Let ε ą 0. There exists rε ą 0 such that for every
ρ Ps0, rεr we have

ε` inf
ϕPLip0pBρpxq;R

mq

 
Bρpxq

L py, ξ `∇µϕq dµ ě L px, ξq . (3.3)

Let ρ Ps0, rεr and let ϕ P H1,p
µ,0 pBρ pxq ;Rmq. By definition ofH1,p

µ,0 pBρ pxq ;Rmq (see Propo-
sition 1 (ii)), there exists a sequence tϕnunPN Ă Lip0 pBρ pxq ;Rmq such that ∇µϕn p¨qÝÑ
∇µϕ p¨q µ-a.e. in X and limnÑ8 }∇µϕn ´∇µϕ}LpµpBρpxq;Mq “ 0. By Fatou lemma we have

lim
nÑ8

 
Bρpxq

A pyq ` C p1` |ξ `∇µϕn|
p
q ´ L py, ξ `∇µϕnq dµ

ě

 
Bρpxq

A pyq ` C p1` |ξ `∇µϕ|
p
q ´ L py, ξ `∇µϕq dµ. (3.4)

On the other side, using (3.3) we have

lim
nÑ8

 
Bρpxq

A pyq ` C p1` |ξ `∇µϕn|
p
q ´ L py, ξ `∇µϕnq dµ

ď

 
Bρpxq

A pyq ` C p1` |ξ `∇µϕ|
p
q dµ´ inf

ϕPLip0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ

ď

 
Bρpxq

A pyq ` C p1` |ξ `∇µϕ|
p
q dµ´ L px, ξq ` ε. (3.5)

Collecting (3.4) and (3.5) we obtain

´ε` L px, ξq ď

 
Bρpxq

L py, ξ `∇µϕq dµ.

Taking the infimum over all ϕ P H1,p
µ,0 pBρ pxq ;Rmq and then over all ρ Ps0, rεr gives

´ε` L px, ξq ď lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ,

and the proof is finished by letting εÑ 0.�

3.2. Necessary condition for the lower semicontinuity. Here we show that H1,p
µ -

quasiconvexity is a necessary condition for the lower semicontinuity of the integrals (1.1)
with respect to the strong convergence of Lpµ pX;Rmq. The proof is inspired by the proof
of Cheeger [Che99, Theorem 3.7] that a Lipschitz function, defined on a metric measure
space with doubling measure and satisfying a p1, pq-Poincaré inequality, is asymptotically
generalized linear; this was a fundamental step towards setting up a differential structure
on metric measure spaces.

Theorem 2. Let L : X ˆM ÝÑ r0,8s be a p-coercive Borel measurable integrand, i.e.
satisfying for some c ą 0, for µ-a.e. x P X and for every ξ PM

L px, ξq ě c |ξ|p . (3.6)
7



Assume that for every u, tuεuεą0 Ă H1,p
µ pX;Rmq satisfying limεÑ0 }uε ´ u}LpµpX;Rmq “ 0,

it holds

lim
εÑ0

ˆ
X

L px,∇µuεq dµ ě

ˆ
X

L px,∇µuq dµ. (3.7)

Then L is H1,p
µ -quasiconvex at every ξ PM satisfying L p¨, ξq P L1

µ pXq.

Proof. Let ξ PM be such that L p¨, ξq P L1
µ pXq. By Lebesgue differentiation theorem we

have for µ-a.e. x P X

lim
ρÑ0

 
Bρpxq

L py, ξq dµ “ L px, ξq ă 8.

Let α ą 0. We have to show that µ pNαq “ 0 where

Nα :“

#

x P X : lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq ´ L py, ξq dµ ă ´α

+

.

Since X is a countable union of balls with finite measure (see [HKST15, Lemma 3.3.28,
pp. 62]), we can write

Nα “

8
ď

s“0

Bs XNα where Bs is an open ball and µ pBsq ă 8,

so it is enough to prove that µ pN s
αq “ 0 where N s

α :“ Bs XNα for all s P N.
Fix s P N. For each x P N s

α there exists ρx Ps0, 1r such that Bρx pxq Ă Bs. Fix
pk, nq P N˚ ˆ N˚. For each x P N s

α there exist ρxk,n P
ı

0,min
´

`

1
k2n

˘
1
p , ρx

¯”

and ϕxk,n P

H1,p
µ,0

´

Bρxk,n
pxq ;Rm

¯

such that
 
Bρx

k,n
pxq

L
`

y, ξ `∇µϕ
x
k,n

˘

´ L py, ξq dµ ă ´α `
1

kµ pBsq
. (3.8)

The family of closed balls
!

Bρxk,n
pxq

)

xPNs
α,nPN

˚
is a fine cover of N s

α, so by Vitali covering

theorem there exists a countable family of mutually disjoint closed balls
!

Bρ
xi
k,ni

pxiq
)

iPN
such that

µ

˜

N s
αz

8
ď

i“0

Bρ
xi
k,ni

pxiq

¸

“ 0 and
8
ď

i“0

Bρ
xi
k,ni

pxiq Ă Bs. (3.9)

We set ϕik :“ ϕxik,ni , B
i
k :“ Bρ

xi
k,ni

pxiq, ρik :“ ρxik,ni for all i P N. Moreover, for each l P N

we set ϕk,l :“
řl
i“0 ϕ

i
k1Bik P H

1,p
µ,0 pBs;R

mq. Assume for the moment that

lim
kÑ8

}ϕk,l}LpµpX;Rmq “ 0 for all l P N.

Fix l P N. Set F l
k :“

Ťl
i“0B

i
k Ă Bs. Let ε ą 0. Using (3.9) we can assert that there

exists lε P N such that µ
`

N s
αzF

lε
k

˘

ă ε
α
. Now, we take the sum over the finite family of

closed balls tBi
ku
lε
i“0 in (3.8)ˆ

F lεk

L py, ξ `∇µϕk,lεq ´ L py, ξq dµ ď
1

k
´ αµ

`

F lε
k

˘

.
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For each i P N we have ϕik “ 0 µ-a.e. in XzBρ
xi
k,ni

pxiq and thus ϕik “ 0 µ-a.e. in XzBi
k

where Bi
k “ Bρ

xi
k,ni

pxiq. It follows from Proposition 1 (ii) that L p¨, ξ `∇µϕk,lεq´L p¨, ξq “

0 µ-a.e. in XzF lε
k , and taking account of L p¨, ξq P L1

µ pXq we have
ˆ
X

L py, ξ `∇µϕk,lεq´L py, ξq dµ “

ˆ
F lεk

L py, ξ `∇µϕk,lεq´L py, ξq dµ ď
1

k
´αµ pN s

αq`ε.

(3.10)
Using lower semicontinuity of the integral (3.7) and letting k Ñ 8 in (3.10) we have

0 ď lim
kÑ8

ˆ
X

L py, ξ `∇µϕk,lεq ´ L py, ξq dµ ď ´αµ pN
s
αq ` ε.

Letting εÑ 0, we deduce µ pN s
αq “ 0 which completes the proof.

It remains to show that the sequence tϕk,luk is converging to 0 in Lpµ pX;Rmq. Using
the Sobolev inequality (2.5), the coercivity condition (3.6) and inequality (3.8) we have

ˆ
X

|ϕk,l pyq|
p dµ “

l
ÿ

i“0

ˆ
Bik

ˇ

ˇϕik pyq
ˇ

ˇ

p
dµ

ď

8
ÿ

i“0

`

ρik
˘p
Cp
S

ˆ
Bik

ˇ

ˇ∇µϕ
i
k pyq

ˇ

ˇ

p
dµ

ď
2p´1Cp

S

c

8
ÿ

i“0

`

ρik
˘p
ˆ
Bik

L
`

y, ξ `∇µϕ
i
k pyq

˘

` L py, ξq dµ

ď
2p´1Cp

S

c

8
ÿ

i“0

`

ρik
˘p
ˆ
Bik

´α `
1

kµ pBsq
` 2L py, ξq dµ

ď

ˆ

2p´1Cp
S

c

ˆ
Bs

´α `
1

kµ pBsq
` 2L py, ξq dµ

˙

2

k
.

Since L p¨, ξq P L1
µ pBsq, by passing to the limit k Ñ 8 we obtain ϕk,lÝÑ0 in Lpµ pX;Rmq.�

Remark 1. In the proof of Theorem 2 the finitness of
´
X
L py, ξq dµ is used only in the

last step of the proof of Theorem 2, before that, it is sufficient to assume thatˆ
B

L py, ξq dµ ă 8 for all open ball B Ă X with µ pBq ă 8.

In fact, if we replace (3.10) withˆ
Bs

L py, ξ `∇µϕk,lεq´L py, ξq dµ “

ˆ
F lεk

L py, ξ `∇µϕk,lεq´L py, ξq dµ ď
1

k
´αµ pN s

αq`ε

and if we assume that the lower semicontinuity of the integrals holds for every open set
with finite measure, then we can conclude that L is H1,p

µ -quasiconvex at every ξ P M

satisfying
´
B
L py, ξq dµ ă 8 for every open ball B with finite measure.

Denote by L1
µ,loc˚

pXq the space of all measurable functions u : X ÝÑR such that
ˆ
B

|u|dµ ă 8 for all open ball B Ă X satisfying µ pBq ă 8.

Remark 1 leads to a "local version" of Theorem 2.
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Theorem 3. Let L : XˆMÝÑr0,8s be a p-coercive Borel measurable integrand. Assume
that for every u, tuεuεą0 Ă H1,p

µ pX;Rmq satisfying limεÑ0 }uε ´ u}LpµpX;Rmq “ 0, it holds

lim
εÑ0

ˆ
O

L px,∇µuεq dµ ě

ˆ
O

L px,∇µuq dµ (3.11)

for all open set O P O pXq with µ pOq ă 8.
Then L is H1,p

µ -quasiconvex on X at every ξ PM satisfying L p¨, ξq P L1
µ,loc˚

pXq.

For a Borel measurable integrand L : X ˆMÝÑs ´ 8,8s, we say that L is convex
and lower semicontinuous if for µ-a.e. x P X the integrand L px, ¨q : MÝÑs ´ 8,8s is
convex and lower semicontinuous. We show in Proposition 2 below that a convex and
lower semicontinuous integrand is H1,p

µ -quasiconvex. The proof is indirect, we deduce
the H1,p

µ -quasiconvexity from the lower semicontinuity of the convex integral functional
associated with L. If L does not depend on x, it is direct to see that a convex and lower
semicontinuous integrand L is H1,p

µ -quasiconvex; see §5 for related discussion.

Proposition 2. Let L : X ˆMÝÑs ´8,8s be a p-coercive, convex and lower semicon-
tinuous (Borel measurable) integrand. Then L is H1,p

µ -quasiconvex on X at every ξ PM
satisfying L p¨, ξq P L1

µ,loc˚
pXq.

Proof. Define the integral functional I : H1,p
µ pX;Rmq ˆO pXq ÝÑ r0,8s by

I pu;Oq :“

ˆ
O

L px,∇µuq dµ.

Let u, tununPN Ă H1,p
µ pX;Rmq satisfying unÝÑu in Lpµ pX;Rmq as nÑ 8. Let O P O pXq

be an open set. If limnÑ8 I pun;Oq ă 8 then for a subsequence (not relabelled) of
tununPN we have supnPN I pun;Oq ă 8 and limnÑ8 I pun;Oq “ limnÑ8 I pun;Oq. Hence
supnPN }∇µun}LpµpO;Mq ă 8 since L is p-coercive. By the reflexivity of H1,p

µ pO;Rmq,
there exists a subsequence tununPN such that ∇µuná∇µu in Lpµ pO;Mq as n Ñ 8. The
integral I p¨;Oq is convex since L is a convex integrand. Moreover, I p¨;Oq is lower semi-
continuous with respect to the strong convergence of H1,p

µ pO;Rmq by using Fatou lemma
and lower semicontinuity of L. So, I p¨;Oq is sequentially weakly lower semicontinuous
on H1,p

µ pO;Rmq, that is limnÑ8 I pun;Oq ě I pu;Oq . The proof is finished by applying
Theorem 3.�

3.3. Abstract version of Theorem 3. Let us denote by B pXq the family of Borel sets
of X. For a functional I : H1,p

µ pX;Rmq ˆ B pXq ÝÑ r0,8s we consider the following
conditions:
(C1) for each u P H1,p

µ pX;Rmq the set function I pu; ¨q is a Borel measure absolutely
continuous with respect to µ;

(C2) there exists c ą 0 such that I pv;Bq ě c}∇µv}
p
LpµpB;Mq

for all v P H1,p
µ pX;Rmq and

all closed balls B with µ pBq ă 8; (I p¨;Bq is a p-coercive functional)
(C3) for every closed ball B and every pu, vq P H1,p

µ pX;Rmq
2 if u “ v µ-a.e. in B then

I pu;Bq “ I pv;Bq; (I is a local functional on closed balls)
(C4) for every open set O P O pXq with µ pOq ă 8 and every pu, vq P H1,p

µ pX;Rmq
2 if

u “ v µ-a.e. in O then I pu;Oq “ I pv;Oq. (I is a local functional on open sets)
For each u P H1,p

µ pX;Rmq we consider the assertion:
(Cu) for every O P O pXq with µ pOq ă 8 the functional I p¨;Oq is Lpµ-lower semicontin-

uous at u, i.e. for every tuεuεą0 Ă H1,p
µ pX;Rmq with limεÑ0 }uε ´ u}LpµpX;Rmq “ 0 it

10



holds
lim
εÑ0

I puε;Oq ě I pu;Oq .

Using arguments similar to those of the proof of Theorem 2 we can write an abstract
version of Theorem 3; for completeness the proof is given in §7.

Theorem 4. Assume that (C1), (C2), (C3), and (C4) hold. Let u P H1,p
µ pX;Rmq be such

that (Cu) holds. If

I pu;Bq ă 8 for all open ball B Ă X with µ pBq ă 8, (3.12)

then for µ-a.e. x P X

dI pu; ¨q

dµ
pxq “ lim

ρÑ0

I
`

u;Bρ pxq
˘

µ
`

Bρ pxq
˘ “ lim

ρÑ0
inf

ϕPH1,p
µ,0pBρpxq;R

mq

I
`

u` ϕ;Bρ pxq
˘

µ
`

Bρ pxq
˘ .

The following consequence justifies the introduction of the condition (QL) below (see
§4.1), which will play the role of H1,p

µ -quasiconvexity for integrands depending on the
triple px, v, ξq.

Corollary 1. Let L : X ˆRmˆMÝÑr0,8s be a p-coercive Borel measurable integrand.
Assume that for every u, tuεuεą0 Ă H1,p

µ pX;Rmq satisfying limεÑ0 }uε ´ u}LpµpX;Rmq “ 0,
it holds

lim
εÑ0

ˆ
O

L px, uε,∇µuεq dµ ě

ˆ
O

L px, u,∇µuq dµ (3.13)

for all open set O P O pXq satisfying µ pOq ă 8.
Let u P H1,p

µ pX;Rmq be such that L p¨, u p¨q ,∇µu p¨qq P L
1
µ,loc˚

pXq. Then for µ-a.e.
x P X

L px, u pxq ,∇µu pxqq “ lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, u` ϕ,∇µu`∇µϕq dµ. (3.14)

Proof. Define I : H1,p
µ pX;Rmq ˆ B pXq ÝÑ r0,8s by

I pw;Aq :“

ˆ
A

L py, w,∇µwq dµ.

The conditions (C3) and (C4) are satisfied since (ii) of Theorem 1. It is clear that (C1)
holds. Since L p¨, u p¨q ,∇µu p¨qq P L1

µ,loc˚
pXq we have I pu;Bq ă 8 for all open ball

B Ă X with µ pBq ă 8, so (3.12) holds with u “ u. We see that (C2) holds since L is
p-coercive. The condition (Cu) is satisfied with u “ u since (3.13). Therefore applying
Theorem 4 we obtain (3.14).�

4. H1,p
µ -quasiconvexity is a necessary and sufficient condition for lower

semicontinuity under polynomial growth

We say that the metric measure space pX, d, µq satisfies the annular decay property
(which was introduced independently by [Buc99, pp. 521 and §2 pp. 524] and [CM98]) if
(ADX) there exist η ą 0 and K ě 1 such that for every x P X, every ρ ą 0 and every

τ Ps0, 1r,
µ pBρ pxq zBτρ pxqq ď K p1´ τqη µ pBρ pxqq .

The annular decay property holds, for instance, when the metric space is a length space,
i.e. metric space in which the distance between points is the infimum of lenghts of
rectifiable paths joining those points, see [Buc99, Corollary 2.2], [CM98, Lemma 3.3],
[Che99, Proposition 6.12] and [HKST15, Proposition 11.5.3, pp. 328]). We can remark
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that, when the annular decay property holds, the boundary of balls is of zero measure,
indeed, if x P X, ρ ą 0 and τ Ps1

2
, 1r, we have

µ pBBρ pxqq ď µ
´

B ρ
τ
pxq zBρ pxq

¯

ď K

ˆ

1´
1

τ

˙η

µ
´

B ρ
τ
pxq

¯

ď K

ˆ

1´
1

τ

˙η

µ pB2ρ pxqq ,

letting τ Ñ 1 we obtain that µ pBBρ pxqq “ 0.
To prove the sufficiency of H1,p

µ -quasiconvexity for the lower semicontinuity, we need
the following property of Alexandrov type (or of Portmanteau type)
(ALX) for every open set O P O pXq and for every sequence tmnunPN of nonnegative Borel

regular measures on O satisfying supnPNmn pOq ă 8 there exist a subsequence
(not relabelled) tmnunPN and m a locally finite Borel regular measure on O such
that

lim
nÑ8

mn pV q ě m pV q for all open set V Ă O.

lim
nÑ8

mn pBq ď m pBq for all closed ball B Ă O.

For instance, if X is compact or locally compact then the property (ALX) holds.

4.1. Sufficiency of H1,p
µ -quasiconvexity under polynomial growth conditions.

In this subsection we prove the sequential weak lower semicontinuity on H1,p
µ pX;Rmq of

integral functionals under polynomial growth conditions and condition (QL) below.
If ξ PM, v P Rm and x P Xk are given with k P N, we can find Λk

x,v,ξ P Lip pX;Rmq such
that ∇µΛk

x,v,ξ “ ξ µ-a.e. in X and Λk
x,v,ξ pxq “ v. Indeed, we set Λk

x,v,ξ “
`

Λk
x,v,ξ,i

˘

i“1,¨¨¨ ,m

with
Λk
x,v,ξ,i pyq :“ vi ` ξi‚ ¨

`

γk pyq ´ γk pxq
˘

for y P Xk, (4.1)
where ξi‚ P RN is the ith row of ξ and where

`

Xk, γ
k
˘

are given by Theorem 1. Note
that ux “ Λk

x,upxq,∇µupxq where ux is given by Proposition 1 (iv).
The following condition will play the role of H1,p

µ -quasiconvexity for integrands depend-
ing on the tripe px, v, ξq:
(QL) for every pv, ξq P Rm ˆM, for every k P N and for µ-a.e. x P Xk

L px, v, ξq ď lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L
`

y,Λk
x,v,ξ ` ϕ, ξ `∇µϕ

˘

dµ.

Remark 2. If L does not depend on v then (QL) is nothing but the H1,p
µ -quasiconvexity

of L at every ξ PM. We also see that (QL) implies that for µ-a.e. x P Xk and for every
pv, ξq P Qm ˆQmN

L px, v, ξq ď lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L
`

y,Λk
x,v,ξ ` ϕ, ξ `∇µϕ

˘

dµ

where Qm Ă Rm (resp. QmN Ă M) is the m rows vectors set (resp. the m rows N
columns matrices set) with rational number entries.

For a Borel measurable integrand L : X ˆ Rm ˆ M ÝÑ r0,8s, we denote by I :
H1,p
µ pX;Rmq ˆO pXq ÝÑ r0,8s the associated integral functional which is given by

I pu;Oq :“

ˆ
O

L px, u,∇µuq dµ.

Theorem 5. Assume that pX, d, µq satisfies (ADX) and (ALX). Let L : XˆRmˆMÝÑ

r0,8s be a Borel measurable integrand. Assume that
12



(i) L satisfies (QL);
(ii) L has p-polynomial growth, i.e. there exist c, C ą 0 and A P L1

µ,loc pXq such that
for µ-a.e. x P X

L px, v, ξq ď A pxq ` C p1` |v|p ` |ξ|pq for all pv, ξq P Rm
ˆM; (4.2)

(iii) for µ-a.e. x P X the function Rm ˆM Q pv, ξq ÞÝÑ L px, v, ξq is lower semicontinu-
ous.

Then for all open sets O P O pXq the integral functional I p¨;Oq is sequentially weakly
lower semicontinuous on H1,p

µ pX;Rmq, i.e. for every u P H1,p
µ pX;Rmq and every sequence

tuεuεą0 Ă H1,p
µ pX;Rmq satisfying limεÑ0 }uε´u}LpµpX;Rmq “ 0 and supεą0 }∇µuε}

p
LpµpX;Mq

ă

8, we have

lim
εÑ0

I puε;Oq ě I pu;Oq for all open set O P O pXq .

Proof. Let O P O pXq be an open set. Let u, tuεuεą0 Ă H1,p
µ pX;Rmq be such that

limεÑ0 }uε ´ u}LpµpX;Rmq “ 0 in Lpµ pX;Rmq and supεą0 }∇µuε}
p
LpµpX;Mq

ă 8. Consider
a sequence tεnunPN Ăs0, 1r satisfying limnÑ8 εn “ 0, limnÑ8 }un ´ u}LpµpX;Rmq “ 0 and
supnPN }∇µun}

p
LpµpX;Mq

ă 8 where un :“ uεn for all n P N. Without loss of generality we
can assume, up to a subsequence (not relabelled), that

sup
nPN

I pun;Oq ă 8, lim
nÑ8

I pun;Oq ă 8, sup
nPN

ˆ
O

|∇µun|
pdµ ă 8

and lim
nÑ8

}un ´ u}LpµpX;Rmq “ 0. (4.3)

For each n P N we set

νn :“ L p¨,∇µun p¨qqµtO and λn :“ |∇µun|
p µtO

which are nonnegative Borel regular measures on O. Apply (ALX) by using the bound-
edness conditions in (4.3), there exist subsequences (not relabelled) tνnunPN, tλnunPN and
locally finite Borel regular measures ν, λ such that

lim
nÑ8

νn pV q ě ν pV q and lim
nÑ8

λn pV q ě λ pV q for all open set V Ă O (4.4)

lim
nÑ8

νn pBq ď ν pBq and lim
nÑ8

λn pBq ď λ pBq for all closed ball B Ă O. (4.5)

Step1: localization. By the Lebesgue decomposition theorem and the Radon-Nikodym
theorem there exist νs, which is mutually singular with respect to µtO, and Φ P L1

µ pOq
such that

ν “ ΦµtO`ν
s and Φ pxq “ lim

ρÑ0

ν pBρ pxqq

µ pBρ pxqq
µ-a.e. in O. (4.6)

Similarly, there exist λs, which is mutually singular with respect to µ, and dλ
dµ
P L1

µ pOq
such that

λ “
dλ

dµ
µtO`λ

s and
dλ

dµ
pxq “ lim

ρÑ0

λ pBρ pxqq

µ pBρ pxqq
µ-a.e. in O. (4.7)

(Note that because of the doubling property of µ, we can replace closed balls by open
balls in the differentiation formula above, see [HKST15, Remark 3.4.29, pp. 86].)
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Let t Ps0, 1r. By (4.5), (4.6) and the annular decay property (ADX), we have for µ-a.e.
x P O

Φ pxq ě lim
ρÑ0

lim
nÑ8

νn
`

Btρ pxq
˘

µ pBρ pxqq
ě lim

ρÑ0
lim
nÑ8

νn pBtρ pxqq

µ pBtρ pxqq

µ pBtρ pxqq

µ pBρ pxqq

ě

´

1´K p1´ tqδ
¯

lim
ρÑ0

lim
nÑ8

νn pBtρ pxqq

µ pBtρ pxqq
,

letting tÑ 1 we have

Φ pxq ě lim
tÑ1

lim
ρÑ0

lim
nÑ8

 
Btρpxq

L py, un,∇µunq dµ.

Let k P N and fix x P O XXk, where
`

Xk, γ
k
˘

is given by Theorem 1, satisfying

Rm
ˆM Q pv, ξq ÞÝÑ L px, v, ξq is lower semicontinuous; (4.8)

8 ą Φ pxq “ lim
ρÑ0

ν pBρ pxqq

µ pBρ pxqq
; (4.9)

Φ pxq ě lim
tÑ1

lim
ρÑ0

lim
nÑ8

 
Btρpxq

L py, un,∇µunq dµ; (4.10)

8 ą A pxq “ lim
ρÑ0

 
Bρpxq

A pyq dµ pyq ; (4.11)

8 ą |u pxq |p “ lim
ρÑ0

 
Bρpxq

|u pyq |pdµ pyq ; (4.12)

8 ą
dλ

dµ
pxq :“ lim

ρÑ0

λ pBρ pxqq

µ pBρ pxqq
; (4.13)

8 ą |∇µu pxq |
p; (4.14)

0 “ lim
ρÑ0

1

ρp

 
Bρpxq

|u pyq ´ ux pyq |
pdµ pyq . (4.15)

The equalities and inequalities above are fullfilled µ-a.e. in X because of the assumptions
of Theorem 5 and Proposition 1 (iv).

For each δ ą 0, there exist vxδ P Qm and F x
δ P Q

mN (that is with rational numbers
entries) such that |vxδ ´u pxq | ă δ and |F x

δ ´∇µu pxq | ă δ. We set ux,δ p¨q :“ Λk
x,vxδ ,F

x
δ
p¨q “

vxδ ` F
x
δ ¨

`

γk p¨q ´ γk pxq
˘

. By Remark 2 we have

L px, vxδ , F
x
δ q ď lim

ρÑ0
inf

ϕPH1,p
µ,0pBρpxq;R

mq

 
Bρpxq

L py, ux,δ ` ϕ, F
x
δ `∇µϕq dµ. (4.16)

Step 2: cut-off technique. Fix ρ Ps0, 1r satisfying Bρ pxq Ă O. By Proposition 1 (v), we
consider an Urysohn function ϕ P Lip0 pBρ pxqq for the pair

`

XzBtρ pxq , Bt2ρ pxq
˘

which
means that ϕ P Lip pX; r0, 1sq with ϕ ” 0 on XzBtρ pxq and ϕ ” 1 on Bt2ρ pxq (note that
t2 ă t since t Ps0, 1r). Moreover, there exists C0 ą 0 such that }Dµϕ}L8µ pX;RN q ď

C0

tp1´tqρ
.

Fix n P N and ε Ps0, 1r. We set δ “ δ pε, t, ρq :“ t p1´ tq ρε and

ru :“ ϕun ` p1´ ϕqux,δ “ ϕ pun ´ ux,δq ` ux,δ
14



where ux,δ p¨q “ Λk
x,vxδ ,F

x
δ
p¨q “ vxδpε,t,ρq ` F x

δpε,t,ρq ¨
`

γk p¨q ´ γk pxq
˘

, and which satisfies for
µ-a.e. y P Bρ pxq

∇µru “

$

’

’

’

’

&

’

’

’

’

%

∇µun on Bt2ρ pxq

ϕ∇µun ` p1´ ϕqF
x
δ `Dµϕb pun ´ ux,δq on Btρ pxq zBt2ρ pxq

F x
δ on Bρ pxq zBtρ pxq .

We see that ru P ux,δ `H1,p
µ,0 pBρ pxq ;Rmq, and we have

I pru;Bρ pxqq

µ pBρ pxqq
ď
I pun;Btρ pxqq

µ pBtρ pxqq
`

1

µ pBρ pxqq

ˆ

I
`

ru;Btρ pxq zBt2ρ pxq
˘

Ì pux,δ;Bρ pxq zBtρ pxqq

˙

.

(4.17)
We estimate the last two terms on the right hand side of (4.17) by using the growth
condition (4.2). We have

I
`

ru;Btρ pxq zBt2ρ pxq
˘

` I pux,δ;Bρ pxq zBtρ pxqq

ď

ˆ
BtρpxqzBt2ρpxq

A pyq ` C p1` |ru|p ` |∇µru|
p
q dµ

`

ˆ
BρpxqzBtρpxq

A pyq ` C p1` |ux,δ|
p
` |F x

δ |
p
q dµ

ď

ˆ
BρpxqzBt2ρpxq

pA pyq ` Cq dµ` C2p´1

ˆ
BtρpxqzBt2ρpxq

|un|
pdµ

` C
`

2p´1
` 1

˘

ˆ
BρpxqzBtρpxq

|ux,δ|
pdµ` C|F x

δ |
pµ pBρ pxq zBtρ pxqq

` C22p´2

ˆ
BtρpxqzBt2ρpxq

|∇µun|
p
` |F x

δ |
p
` }Dµϕ}

p
L8µ pX;RN q

|un ´ ux,δ|
pdµ

ď

ˆ
BρpxqzBt2ρpxq

pA pyq ` Cq dµ` C
`

22p´2
` 1

˘

|F x
δ |
pµ pBρ pxq zBt2ρ pxqq

` C22p´2

˜ˆ
BtρpxqzBt2ρpxq

|un ´ u|
pdµ`

ˆ
BρpxqzBt2ρpxq

|u|pdµ

`

ˆ
BρpxqzBtρpxq

|ux,δ ´ u|
pdµ

¸

` C22p´2

ˆ
BtρpxqzBt2ρpxq

|∇µun|
p
`

Cp
0

tp p1´ tqp ρp
p|un ´ u|

p
` |u´ ux,δ|

p
q dµ.

15



Set C 1 :“ C p22p´2 ` 1q. Using the estimate above in (4.17), we have

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ux,δ ` ϕ, F
x
δ `∇µϕq dµ

ď
I pru;Bρ pxqq

µ pBρ pxqq

ď
I pun;Btρ pxqq

µ pBtρ pxqq
`

1

µ pBρ pxqq

ˆ
BρpxqzBt2ρpxq

pA pyq ` Cq dµ

` C 1|F x
δ |
pµ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq
`

C 1

µ pBρ pxqq

ˆ
BtρpxqzBt2ρpxq

|∇µun|
pdµ

`
C 1

µ pBρ pxqq

˜ˆ
Bρpxq

|un ´ u|
pdµ`

ˆ
BρpxqzBt2ρpxq

|u|pdµ

`

ˆ
BρpxqzBtρpxq

|ux,δ ´ u|
pdµ

¸

` C 1
 
Bρpxq

Cp
0

tp p1´ tqp ρp
p|un ´ u|

p
` |u´ ux,δ|

p
q dµ.

Step 3: estimates and passing to the limit. We set

∆1
x,t,ρ :“

1

µ pBρ pxqq

ˆ
BρpxqzBt2ρpxq

pA pyq ` Cq dµ

∆2
x,t,ρ :“ C 1|F x

δ |
pµ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq

∆3
x,t,ρ,n :“

C 1

µ pBρ pxqq

ˆ
BtρpxqzBt2ρpxq

|∇µun|
pdµ

∆4
x,t,ρ,n :“

ˆ

C 1Cp
0

tp p1´ tqp ρp
` C 1

˙ 
Bρpxq

|un ´ u|
pdµ

∆5
x,t,ρ :“

ˆ

C 1Cp
0

tp p1´ tqp
` ρpC 1

˙

1

ρp

 
Bρpxq

|u´ ux,δ|
pdµ

∆6
x,t,ρ,ε :“

C 1

µ pBρ pxqq

ˆ
BρpxqzBt2ρpxq

|u|pdµ

Since limnÑ8 }un ´ u}LpµpX;Rmq “ 0 in Lpµ pX;Rmq we have

lim
nÑ8

∆4
x,t,ρ,n “ 0. (4.18)

Set C2 :“ 2pC 1 max p1, Cp
0 q. We have

∆5
x,t,ρ,ε

ď C2
`

pt p1´ tqq´p ` ρp
˘

˜

1

ρp

 
Bρpxq

|u´ ux|
p dµ`

1

ρp

 
Bρpxq

|ux ´ ux,δ|
p dµ

¸

ď 2pC2
`

pt p1´ tqq´p ` 1
˘

˜

1

ρp

 
Bρpxq

|u´ ux|
p dµ`

1

ρp

 
Bρpxq

pt p1´ tq ρqp εp p1` Cp
kρ

p
q dµ

¸

,

16



where Ck is the Lipschitz constant of the Lipschitz function γk, i.e.
ˇ

ˇγk pyq ´ γk pzq
ˇ

ˇ ď Ckd pz, yq for all py, zq P X2.

On one hand, using (4.15) we have

lim
ρÑ0

2pC2
`

pt p1´ tqq´p ` 1
˘ 1

ρp

 
Bρpxq

|u´ ux|
p dµ “ 0.

On the other hand, if we set C3 :“ 2p`1C2 p1` Cp
kq we have

2pC2
`

pt p1´ tqq´p ` 1
˘ 1

ρp

 
Bρpxq

pt p1´ tq ρqp εp p1` Cp
kρ

p
q dµ ď C3εp.

It follows that

lim
εÑ0

lim
tÑ1

lim
ρÑ0

∆5
x,t,ρ,ε “ 0. (4.19)

By the annular decay property (ADX) and (4.14) we have ∆2
x,t,ρ ď C 1|F x

δ |
pK p1´ t2q

η
,

so letting ρÑ 0 and tÑ 1 we obtain

lim
tÑ1

lim
ρÑ0

∆2
x,t,ρ “ 0. (4.20)

We have

1

C 1
∆3
x,t,ρ,n “

1

µ pBρ pxqq

`

λn pBtρ pxqq ´ λn
`

Bt2ρ pxq
˘˘

ď
λn

`

Btρ pxq
˘

µ pBρ pxqq
´
λn pBt2ρ pxqq

µ pBρ pxqq
.

Passing to limit nÑ 8 and using (4.5), we have by the annular decay property

lim
nÑ8

1

C 1
∆3
x,t,ρ,n ď

λ
`

Btρ pxq
˘

µ pBρ pxqq
´
λ pBt2ρ pxqq

µ pBρ pxqq

“
λ
`

Btρ pxq
˘

µ
`

Btρ pxq
˘

µ
`

Btρ pxq
˘

µ pBρ pxqq
´
λ pBt2ρ pxqq

µ pBt2ρ pxqq

µ pBt2ρ pxqq

µ pBρ pxqq

ď
λ
`

Btρ pxq
˘

µ
`

Btρ pxq
˘ ´

λ pBt2ρ pxqq

µ pBt2ρ pxqq

µ pBt2ρ pxqq

µ pBρ pxqq

“
λ
`

Btρ pxq
˘

µ
`

Btρ pxq
˘ `

λ pBt2ρ pxqq

µ pBt2ρ pxqq

ˆ

µ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq
´ 1

˙

ď
λ
`

Btρ pxq
˘

µ
`

Btρ pxq
˘ `

λ pBt2ρ pxqq

µ pBt2ρ pxqq

`

K
`

1´ t2
˘η
´ 1

˘

.

Now, on taking account of (4.13) we have

lim
ρÑ0

lim
nÑ8

∆3
x,t,ρ,n ď C 1K

`

1´ t2
˘η dλ

dµ
pxq ,

it follows by letting tÑ 1 that

lim
tÑ1

lim
ρÑ0

lim
nÑ8

∆3
x,t,ρ,n “ 0. (4.21)
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We have

∆1
x,t,ρ “

 
Bρpxq

A pyq dµ pyq ´
µ pBt2ρ pxqq

µ pBρ pxqq

 
Bt2ρpxq

A pyq dµ pyq ` C
µ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq

“

 
Bρpxq

A pyq dµ pyq `

ˆ

µ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq
´ 1

˙  
Bt2ρpxq

A pyq dµ pyq

` C
µ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq

ď

 
Bρpxq

A pyq dµ pyq `
`

K
`

1´ t2
˘η
´ 1

˘

 
Bt2ρpxq

A pyq dµ pyq ` C
`

K
`

1´ t2
˘η˘

.

Taking (4.11) into account and passing to the limit ρÑ 0 we have

lim
ρÑ0

∆1
x,t,ρ ď pA pxq ` Cq

`

K
`

1´ t2
˘η˘

,

and letting tÑ 1 we obtain
lim
tÑ1

lim
ρÑ0

∆1
x,t,ρ “ 0. (4.22)

For ∆6
x,t,ρ we proceed similarly, i.e.

1

C 1
∆6
x,t,ρ “

 
Bρpxq

|u|pdµ´
µ pBt2ρ pxqq

µ pBρ pxqq

 
Bt2ρpxq

|u|pdµ

“

 
Bρpxq

|u|pdµ`

ˆ

µ pBρ pxq zBt2ρ pxqq

µ pBρ pxqq
´ 1

˙ 
Bt2ρpxq

|u|pdµ

ď

 
Bρpxq

|u|pdµ`
`

K
`

1´ t2
˘η
´ 1

˘

 
Bt2ρpxq

|u|pdµ.

Using (4.12) and letting ρÑ 0 we have

lim
ρÑ0

∆6
x,t,ρ ď K

`

1´ t2
˘η
C 1|u pxq |p,

and by passing to the limit tÑ 1 we obtain

lim
tÑ1

lim
ρÑ0

∆6
x,t,ρ “ 0. (4.23)

Step 4: end of the proof. Collecting (4.18), (4.19), (4.20), (4.21), (4.22) and (4.23) we
have by (4.8), (4.16) and (4.10)

L px, u pxq ,∇µu pxqq ď lim
εÑ0

lim
tÑ1

lim
ρÑ0

L px, vxδ , F
x
δ q

ď lim
εÑ0

lim
tÑ1

lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ux,δ ` ϕ, F
x
δ `∇µϕq dµ

ď lim
tÑ1

lim
ρÑ0

lim
nÑ8

 
Btρpxq

L py, un,∇µunq dµ ď Φ pxq .

Now, to finish the proof we use (4.4) and (4.6)

I pu;Oq “

ˆ
O

L px, u pxq ,∇µu pxqq dµ pxq

ď

ˆ
O

Φ pxq dµ pxq ď ν pOq ď lim
nÑ8

νn pOq “ lim
nÑ8

I pun;Oq .�
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4.2. Necessary and sufficient condition for lower semicontinuity. Consider the
integral functional I : H1,p

µ pX;RmqˆO pXqÝÑr0,8s associated with a Borel measurable
integrand L : X ˆMÝÑ r0,8s, defined by

I pu;Oq :“

ˆ
O

L px,∇µuq dµ.

When X “ O we write I puq in place of I pu;Xq for all u P H1,p
µ pX;Rmq.

If µ is finite and L is p-coercive and has p-polynomial growth, by using Theorem 5, The-
orem 2 and Lemma 2, we have the following characterization of the lower semicontinuity
of I.

Theorem 6. Assume that pX, d, µq satisfies (ADX), (ALX) and µ is finite.
Let L : X ˆM ÝÑ r0,8s be a Borel measurable (resp. Carathéodory) integrand such

that for µ-a.e. x P X the function L px, ¨q is lower semicontinuous. Assume that there
exist c, C ą 0 and A P L1

µ pXq such that for µ-a.e. x P X

c|ξ|p ď L px, ξq ď A pxq ` C p1` |ξ|pq for all ξ PM.

Then L is H1,p
µ -quasiconvex (resp. Lip-quasiconvex) if and only if I p¨q is lower semicon-

tinuous with respect to the strong convergence of Lpµ pX;Rmq.

In case µ not necessarily finite, by using Theorem 5, Theorem 3 and Lemma 2, we
have:

Theorem 7. Assume that pX, d, µq satisfies (ADX) and (ALX).
Let L : X ˆM ÝÑ r0,8s be a Borel measurable (resp. Carathéodory) integrand such

that for µ-a.e. x P X the function L px, ¨q is lower semicontinuous. Assume that there
exist c, C ą 0 and A P L1

µ,loc˚
pXq such that for µ-a.e. x P X

c|ξ|p ď L px, ξq ď A pxq ` C p1` |ξ|pq for all ξ PM.

Then L is H1,p
µ -quasiconvex (resp. Lip-quasiconvex) if and only if I p¨;Oq is lower semi-

continuous with respect to the strong convergence of Lpµ pX;Rmq for all O P O pXq with
µ pOq ă 8.

5. A class of nonconvex integrands without p-growth

In the spirit of the class of polyconvex integrands, see for instance [BM84], we provide a
class of H1,p

µ -quasiconvex integrands which are nonconvex and that may not have polyno-
mial growth. These are composition of convex functions and H1,p

µ -quasiconvex integrands.
In the Euclidean setting with the Lebesgue measure pX, d, µq “ pΩ, | ¨ ´ ¨ |,LN tΩq, it is
direct to see that if g p¨q is convex and nondecreasing with respect to each of its variables
then the composite integrand L p¨q “ g pf1 p¨q , ¨ ¨ ¨ , fi p¨q , ¨ ¨ ¨ , fs p¨qq with each fi p¨q qua-
siconvex, is quasiconvex because of the Jensen inequality. In the metric measure space
setting, we can also use the Jensen inequality to have a similar result.

Proposition 3. Let g : Rs Ñ r0,8s be a convex and lower semicontinuous function
which is nondecreasing with respect to each of its variables, i.e. for every i P t1, ¨ ¨ ¨ , su
and every tj P R with j ­“ i the function

R Q ti ÞÝÑ g pt1, ¨ ¨ ¨ , ti, ¨ ¨ ¨ , tsq is nondecreasing.

Let tfiusi“1, fi : X ˆMÝÑ r0,8s be a finite family of H1,p
µ -quasiconvex integrands. The

composite integrand L “ g ˝ F where F px, ξq “ pf1 px, ξq , ¨ ¨ ¨ , fi px, ξq , ¨ ¨ ¨ , fs px, ξqq for
all px, ξq P X ˆM is H1,p

µ -quasiconvex.
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Proof. Let ξ PM. By Jensen inequality and the properties of g, we have for µ-a.e. x P X

lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ

ě lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

g

˜ 
Bρpxq

f1 py, ξ `∇µϕq dµ, ¨ ¨ ¨ ,

 
Bρpxq

fs py, ξ `∇µϕq dµ

¸

ě lim
ρÑ0

g

˜

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

f1 py, ξ `∇µϕq dµ

, ¨ ¨ ¨ , inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

fs py, ξ `∇µϕq dµ

¸

ě g

˜

lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

f1 py, ξ `∇µϕq dµ

, ¨ ¨ ¨ , lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

fs py, ξ `∇µϕq dµ

¸

ě g pF px, ξqq “ L px, ξq .�

In Corollary 2 below we extend Proposition 3 for convex function g depending on px, ξq.
To achieve this task we first show a lower semicontinuous result for such g.

Lemma 3. Assume that pX, d, µq satisfies (ADX) and (ALX). Let L : X ˆMÝÑ r0,8s
be a H1,p

µ -quasiconvex Carathéodory integrand. Assume that L has q-polynomial growth
with q Ps1, pr, i.e. there exist C ą 0 and A P L1

µ,loc pXq such that for µ-a.e. x P X

L px, ξq ď A pxq ` C p1` |ξ|qq for all ξ PM. (5.1)

Then for every u, tuεuεą0 Ă H1,p
µ pX;Rmq satisfying

lim
εÑ0

}uε ´ u}LpµpX;Rmq “ 0 and sup
εą0
}∇µuε}

p
LpµpX;Mq

ă 8,

we have

lim
εÑ0

ˆ
X

Ψ pxqL px,∇µuεq dµ ě

ˆ
X

Ψ pxqL px,∇µuq dµ

for all nonnegative measurable function Ψ : X ÝÑ r0,8s.

We consider the following structure condition on L : X ˆ MÝÑs ´ 8,8s a Borel
measurable integrand:
(Comp) there exist s P N˚, a finite family tfiusi“1, fi : XˆMÝÑr0,8s ofH1,p

µ -quasiconvex
Carathéodory integrands, and a convex and lower semicontinuous function g :
X ˆRsÝÑs ´8,8s such that for every px, ξq P X ˆM

L px, ξq “ g px, f1 px, ξq , ¨ ¨ ¨ , fi px, ξq , ¨ ¨ ¨ , fs px, ξqq ,

Bg px, tq “
 

σ P Rs : @τ P Rs g px, τq ě g px, tq ` xσ, τ ´ ty
(

Ă Rs
` for all t P Rs.

The condition on the subdifferential Bg px, ¨q of g px, ¨q means that the convex function
g px, ¨q is nondecreasing with respect to each of its variables.

Theorem 8. Assume that pX, d, µq satisfies (ADX) and (ALX). Let L : X ˆMÝÑs ´

8,8s be a Borel measurable function satisfying (Comp). Moreover, we assume that each
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fi satisfies q-polynomial growth with q Ps1, pr, i.e. there exist Ci ą 0 and Ai P L1
µ,loc˚

pXq
be such that for µ-a.e. x P X

0 ď fi px, ξq ď Ai pxq ` Ci p1` |ξ|
q
q for all ξ PM.

Then for every u, tuεuεą0 Ă H1,p
µ pX;Rmq satisfying

lim
εÑ0

}uε ´ u}LpµpX;Rmq “ 0 and sup
εą0
}∇µuε}

p
LpµpX;Mq

ă 8,

we have

lim
εÑ0

ˆ
O

L px,∇µuεq dµ ě

ˆ
O

L px,∇µuq dµ.

for all open set O P O pXq.

Proof. Set F px, ξq :“ pf1 px, ξq , ¨ ¨ ¨ , fs px, ξqq P R
s
` for all px, ξq P X ˆ M. Let u P

H1,p
µ pX;Rmq and tununPN Ă H1,p

µ pX;Rmq satisfying

lim
nÑ8

}un ´ u}LpµpX;Rmq “ 0 and sup
nPN

}∇µun}
p
LpµpX;Mq

ă 8.

By [Roc69, Corollary 4.6.], the multifunction X Q x ÞÝÑ Bg px, F px,∇µu pxqqq is mea-
surable. By measurable selection theorem (see [CV77, Chap. III]) there exists a mea-
surable function σ p¨q “ pσ1 p¨q , ¨ ¨ ¨ , σs p¨qq such that σi ě 0 for all i P t1, ¨ ¨ ¨ , su and
σ pxq P Bg px, F px,∇µu pxqqq for all x P X. It follows that for µ-a.e. x P X and for every
n P N we have

L px,∇µun pxqq “ g px, F px,∇µun pxqqq

ě g px, F px,∇µu pxqqq ` xσ pxq , F px,∇µun pxqq ´ F px,∇µu pxqqy

“ L px,∇µu pxqq `
s
ÿ

i“1

σi pxq pfi px,∇µun pxqq ´ fi px,∇µu pxqqq . (5.2)

Apply Proposition 3 with Ψ “ σi, we have for every i P t1, ¨ ¨ ¨ , su

lim
nÑ8

ˆ
O

σi pxq pfi px,∇µunq ´ fi px,∇µuqq dµ ě 0.

Hence

lim
nÑ8

ˆ
O

L px,∇µunq dµě

ˆ
O

L px,∇µuq dµ`
s
ÿ

i“1

lim
nÑ8

ˆ
O

σi pxq pfi px,∇µunq´fi px,∇µuqq dµ

ě

ˆ
O

L px,∇µuq dµ.�

As a consequence of Theorem 8, we obtain an extension for x-dependent convex function
g of Proposition 3.

Corollary 2. We assume that the integrand

X ˆM Q px, ξq ÞÝÑ L px, ξq “ g px, f1 px, ξq , ¨ ¨ ¨ , fi px, ξq , ¨ ¨ ¨ , fs px, ξqq P r0,8s

is p-coercive and that the hypotheses of Theorem 8 hold. Then L is H1,p
µ -quasiconvex at

every ξ PM satisfying L p¨, ξq P L1
µ,loc˚

pXq.
21



Proof of Lemma 3. Let u P H1,p
µ pX;Rmq and let tuεuεą0 Ă H1,p

µ pX;Rmq be a sequence
such that limεÑ0 }uε´u}LpµpX;Rmq“ 0 and supεą0 }∇µuε}

p
LpµpX;Mq

ă 8. Let Ψ : XÝÑr0,8s

be a nonnegative measurable function.
Assume first that Ψ “ 1M with M Ă X a measurable set with finite measure. Let

δ ą 0. Since µ is Borel regular, there exists an open set Oδ P O pXq such that Oδ Ą M
and µ pOδzMq `

´
OδzM

Adµ ă δ. Since q Ps1, pr, for µ-a.e. x P X we have L px, ξq ď
A pxq ` 2C p1` |ξ|pq for all ξ PM. Applying Theorem 5 we have

lim
εÑ0

ˆ
M

L py,∇µuεq dµ “ lim
εÑ0

ˆˆ
Oδ

L py,∇µuεq dµ´

ˆ
OδzM

L py,∇µuεq dµ

˙

ě

ˆ
Oδ

L py,∇µuq dµ´ lim
εÑ0

ˆ
OδzM

L py,∇µuεq dµ

ě

ˆ
M

L py,∇µuq dµ´ lim
εÑ0

ˆ
OδzM

L py,∇µuεq dµ.

We are reduced to show that limδÑ0 limεÑ0 I puε;OδzMq “ 0. By (5.1) and Hölder in-
equality, we have for every ε ą 0 and δ ą 0ˆ

OδzM

L py,∇µuεq dµ ď

ˆ
OδzM

Adµ` Cµ pOδzMq `

ˆ
OδzM

|∇µuε|
qdµ

ď max p1, Cq δ ` }∇µuε}
q
LpµpX;Mq

µ pOδzMq
1´ q

p

ď max p1, Cq δ `

ˆ

sup
εą0
}∇µuε}LpµpX;Mq

˙q

δ1´ q
p .

Therefore limδÑ0 supεą0 I puε;OδzMq “ 0. Now, if M Ă X has not necessary finite
measure, since X can be written as a nondecreasing union of open sets with finite measure
X “

Ť

sPNOs, we apply the previous argument toMXOs which has finite measure and is
contained in M . Letting sÑ 8 and using the monotone convergence theorem we obtain

lim
εÑ0

ˆ
X

1M pyqL py,∇µuεq dµ ě

ˆ
X

1M pyqL py,∇µuq dµ. (5.3)

Now, assume that Ψ is a nonnegative simple function, i.e. Ψ :“
ř

iPI ai1Mi
for some

finite family of nonnegative real numbers taiuiPI Ă R` and some finite family of mutually
disjoints measurable sets tMiuiPI of X. Using (5.3) we have

lim
εÑ0

ˆ
X

Ψ pxqL px,∇µuεq dµ “ lim
εÑ0

ÿ

iPI

ˆ
Mi

aiL px,∇µuεq dµ

ě
ÿ

iPI

ai lim
εÑ0

ˆ
Mi

L px,∇µuεq dµ

ě
ÿ

iPI

ai

ˆ
Mi

L px,∇µuq dµ “

ˆ
X

Ψ pxqL px,∇µuq dµ.

If Ψ is a nonnegative bounded measurable function, there exists a sequence of non-
negative simple functions tΨkukPN such that limkÑ8 }Ψk ´ Ψ}L8µ pXq “ 0. Consider a
nondecreasing union of open sets with finite measure such that X “

Ť

sPNOs. Since the
growth condition (5.1) we have for every s P N

lim
kÑ8

sup
εą0

ˆ
Os

|Ψ pxq ´Ψk pxq |L px,∇µuεq dµ “ 0.
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Now, for every k, s P N we have

lim
εÑ0

ˆ
X

Ψ pxqL px,∇µuεq dµ

ě ´ sup
εą0

ˆ
Os

|Ψ pxq ´Ψk pxq |L px,∇µuεq dµ`

ˆ
Os

Ψk pxqL px,∇µuq dµ.

Letting k Ñ 8 and using Fatou Lemma we obtain

lim
εÑ0

ˆ
X

Ψ pxqL px,∇µuεq dµ ě lim
kÑ8

ˆ
Os

Ψk pxqL px,∇µuq dµ ě

ˆ
Os

Ψ pxqL px,∇µuq dµ,

letting sÑ 8 we have by the monotone convergence theorem

lim
εÑ0

ˆ
X

Ψ pxqL px,∇µuεq dµ ě

ˆ
X

Ψ pxqL px,∇µuq dµ. (5.4)

In case Ψ not bounded, set Ψn :“ min pΨ, nq for all n P N. Using (5.4) we have for every
n P N

lim
εÑ0

ˆ
X

Ψ pxqL px,∇µuεq dµ ě lim
εÑ0

ˆ
X

Ψn pxqL px,∇µuεq dµ ě

ˆ
X

Ψn pxqL px,∇µuq dµ,

letting nÑ 8 and using Fatou lemma we obtain the desired result.�

Remark 3 (Quasiaffine integrands). It can be interesting to extend, in the setting of
metric measure spaces, some notions of the calculus of variations. For instance, the
concept of quasiaffine integrands can be stated as follows: we say that a real valued Borel
measurable integrand L : X ˆM ÝÑ R is H1,p

µ -quasiaffine at ξ P M if L and ´L are
H1,p
µ -quasiconvex at ξ, i.e if for µ-a.e. x P X we have

L px, ξq ď lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ

L px, ξq ě lim
ρÑ0

sup
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ.

That means

L px, ξq “ lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ

“ lim
ρÑ0

sup
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ. (5.5)

We say that L is H1,p
µ -quasiaffine if it is H1,p

µ -quasiaffine at every ξ PM.
It is well known that, in the Euclidean setting, a necessary condition for the weak

continuity of the integral associated with L (not depending on x) is that L is quasiaffine,
i.e. L and ´L are quasiconvex, see for instance [Dac08, Theorem 8.19, pp. 393]. We do
not know how to prove a similar result in the setting of metric measure spaces. However,
for the sufficiency of the condition we have:

Proposition 4. Assume that µ is finite and L is a Carathéodory integrand which is H1,p
µ -

quasiaffine. Assume that |L| has q-polynomial growth with q Ps1, pr, i.e. for some C ą 0 it
holds |L px, ξq | ď C p1` |ξ|qq for all px, ξq P XˆM. Then for every u P H1,p

µ pX;Rmq and
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every sequence tuεuεą0 Ă H1,p
µ pX;Rmq satisfying supεą0 }∇µuε}Lpµ ă 8 and limεÑ0 }uε ´

u}Lpµ “ 0 we have

lim
εÑ0

ˆ
O

L px,∇µuεq dµ “

ˆ
O

L px,∇µuq dµ for all O P O pXq . (5.6)

Proof. Let u P H1,p
µ pX;Rmq and tuεuεą0 Ă H1,p

µ pX;Rmq be such that supεą0 }∇µuε}Lpµ ă
8 and limεÑ0 }uε ´ u}Lpµ “ 0. Following one approximation argument of [BZ90, pp.
371], we set Lk px, ξq :“ k ` max pL px, ξq ,´kq for all k P N, x P X and ξ P M. By
Remarks 1 (a) the Carathéodory integrands Lk are H1,p

µ -quasiconvex and it is easy to
check that 0 ď Lk px, ξq ď k ` 2C p1` |ξ|pq for all k P N, x P X and ξ P M. Apply
Theorem 5 to each Lk we get for every k ě C ` 1

lim
εÑ0

ˆ
O

L px,∇µuεq dµ ě lim
εÑ0

ˆ
O

Lk px,∇µuεq dµ` lim
εÑ0

ˆ
O

pL´ Lkq px,∇µuεq dµ

ě

ˆ
O

Lk px,∇µuq dµ` lim
εÑ0

ˆ
OXrLp¨,∇µuεp¨qq`kď0s

L px,∇µuε pxqq ` k dµ.

Noticing that Lk ě L and using the q-growth we have

lim
εÑ0

ˆ
O

L px,∇µuεq dµ ě

ˆ
O

L px,∇µuq dµ´∆u,

where

∆u :“ lim
kÑ8

sup
εą0

ˆ
r|∇µuε|qě k´C

C s
k ` C p1` |∇µuε|

q
q dµ.

We have ∆u “ 0 since q ă p and supεą0 }∇µuε}Lpµ ă 8. Now, apply the previous
arguments with ´L in place of L we get (5.6).�

6. On the finiteness condition L p¨, ξq P L1
µ pXq

When for instance X is compact, in Theorem 2 and Theorem 3, the finiteness condition
L p¨, ξq P L1

µ pXq is needed to conclude that H1,p
µ -quasiconvexity of L at ξ is necessary for

the lower semicontinuity. Proposition 5 below gives an indication when L p¨, ξq P L1
µ pXq

is not satisfied.
For each ξ P M and l P N Y t8u, we set, for a Borel measurable integrand L :

X ˆMÝÑ r0,8s,

V l
ξ :“

“

L p¨, ξq ă l
‰

where L px, ξq :“ lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

 
Bρpxq

L py, ξ `∇µϕq dµ.

It is easy to see that the family
 

V l
ξ

(

lPN
is nondecreasing and

Ť

lPN V
l
ξ “ V 8ξ .

Proposition 5. Assume that µ is finite and X is proper. Let L : X ˆMÝÑ r0,8s be a
p-coercive Borel measurable integrand. Assume that for every u, tuεuεą0 Ă H1,p

µ pX;Rmq

satisfying limεÑ0 }uε ´ u}LpµpX;Rmq “ 0, it holds

lim
εÑ0

ˆ
O

L px,∇µuεq dµ ě

ˆ
O

L px,∇µuq dµ for all open set O P O pXq . (6.1)

Let ξ P M be such that L p¨, ξq is upper semicontinuous. Then L p¨, ξq P L1
µ,loc

`

V 8ξ
˘

whenever µ
`

V 8ξ
˘

ą 0.
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Proof. Let ξ PM be such that L p¨, ξq is upper semicontinuous. Assume that µ
`

V 8ξ
˘

ą 0.
There is l0 P N such that µ

`

V l
ξ

˘

ą 0 for all l ě l0, note that V l
ξ is open since L p¨, ξq is

upper semicontinuous. Assume for the moment that we have proved that
´
V lξ
L py, ξq dµ ď

l for all l ě l0, then since every compact subset T Ă V 8ξ satisfies T Ă V l
ξ for some l ě l0,

we have L p¨, ξq P L1
µ pT q.

Let l ě l0. Let us show that
´
V lξ
L py, ξq dµ ď l. Fix pn, kq P N˚ ˆN˚. For each x P V l

ξ

there exist ρxk,n P
ı

0, pk2nq´
1
p

”

and ϕxk,n P H
1,p
µ,0

´

Bρxk,n
pxq ;Rm

¯

such that Bρxk,n
pxq Ă V l

ξ

and
1

kµ pXq
` l ě

 
Bρx

k,n
pxq

L
`

y, ξ `∇µϕ
x
k,n

˘

dµ ě c

 
Bρx

k,n
pxq

ˇ

ˇξ `∇µϕ
x
k,n

ˇ

ˇ

p
dµ (6.2)

where we have used the p-coercivity assumption. The family
!

Bρxk,n
pxq

)

xPV lξ ,nPN
˚
of closed

balls is a fine cover of V l
ξ , so by Vitali covering theorem there exists a countable family

of mutually disjoint closed balls
!

Bρ
xi
k,ni

pxiq
)

iPN
such that µ

´

V l
ξ z

Ť8

i“0Bρ
xi
k,ni

pxiq
¯

“ 0.

We set ϕik :“ ϕxik,ni , B
i
k :“ Bρ

xi
k,ni

pxiq, ρik :“ ρxik,ni for all i P N, and ϕk :“
ř

iPN ϕ
i
k1Bik P

H1,p
µ,0 pX;Rmq. Assume for the moment that the sequence tϕkukPN˚ Ă H1,p

µ,0 pX;Rmq is
converging to 0 in Lpµ pX;Rmq, i.e. limkÑ8 }ϕk}Lpµ “ 0. Set Fk :“

Ť

iPNB
i
k and F8 :“

Ş

kPN˚ Fk P B pXq. We see that µ
`

V l
ξ

˘

“ µ
`

F8 X V
l
ξ

˘

. Take the sum over all closed balls
Bi
k in (6.2), we obtain

1

k
` l ě

ˆ
Fk

L py, ξ `∇µϕkq dµ ě

ˆ
F8

L py, ξ `∇µϕkq dµ “

ˆ
V lξ

L py, ξ `∇µϕkq dµ.

letting k Ñ 8 and using (6.1) we find that
´
V lξ
L py, ξq dµ ď l.

It remains to show that limkÑ8 }ϕk}Lpµ “ 0. By using the Sobolev inequality (2.5) and
the coercivity condition, we have

ˆ
X

|ϕk|
p dµ ď

8
ÿ

i“0

`

ρik
˘p
Cp
S

ˆ
Bik

ˇ

ˇ∇µϕ
i
k

ˇ

ˇ

p
dµ

ď

8
ÿ

i“0

`

ρik
˘p

2p´1Cp
S

˜ˆ
Bik

ˇ

ˇξ `∇µϕ
i
k

ˇ

ˇ

p
dµ`

ˆ
Bik

|ξ|pdµ

¸

ď

8
ÿ

i“0

`

ρik
˘p

2p´1Cp
S

˜ˆ
Bik

1

c
L
`

y, ξ `∇µϕ
i
k

˘

dµ`

ˆ
Bik

|ξ|pdµ

¸

ď 2p´1C
p
S

c

8
ÿ

i“0

`

ρik
˘p

˜ˆ
Bik

l `
1

kµ pXq
dµ` c|ξ|pµ

`

Bi
k

˘

¸

ď 2p´1C
p
S

c
plµ pXq ` 1` c|ξ|pµ pXqq

2

k
.

By passing to the limit k Ñ 8, we obtain that ϕk ÝÑ 0 in Lpµ pX;Rmq. �

As an illustration of Proposition 5 we have:

Corollary 3. Assume that X is compact. Let L : X ˆ M ÝÑ r0,8s be a p-coercive
Borel measurable integrand. Assume that for every u, tuεuεą0 Ă H1,p

µ pX;Rmq satisfying
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limεÑ0 }uε ´ u}LpµpX;Rmq “ 0, it holds

lim
εÑ0

ˆ
O

L px,∇µuεq dµ ě

ˆ
O

L px,∇µuq dµ (6.3)

for all open set O P O pXq.
Assume that L p¨, ξq is continuous for all ξ PM, and that there exists L0 : MÝÑr0,8s

a Borel measurable function such that for some α, β ą 0 we have for µ-a.e. x P X

αL0 pξq ď L px, ξq ď β p1` L0 pξqq for all ξ PM.

Then L is H1,p
µ -quasiconvex.

Proof. Let ξ P M. If L0 pξq ă 8 then µ
`

XzV 8ξ
˘

“ 0. By Proposition 5 we have
L p¨, ξq P L1

µ,loc

`

V 8ξ
˘

“ L1
µ,loc pXq “ L1

µ pXq since X is compact, and so Theorem 3 gives
that L is H1,p

µ -quasiconvex at ξ. Otherwise, L0 pξq “ 8 hence 8 “ L px, ξq ě L px, ξq for
µ-a.a. x P X.�

7. Proofs of Proposition 1 and Theorem 4

Proof of Proposition 1.
Proof of (i). Since µ is doubling, X satisfies the Vitali covering theorem see [HKST15,
Theorem 3.4.3, pp. 73].
Proof of (ii). The closability of the µ-gradient in Lip pX;Rmq, given by Theorem 1 (iv),
can be extended from Lip pX;Rmq to H1,p

µ pX;Rmq by using the closability theorem of
Franchi, Hajłasz and Koskela (see [FHK99, Theorem 10]).
Proof of (iii). According to [BB11, Corollary 4.24 pp. 93], since µ is doubling and X
supports a p1, pq-Poincaré inequality, we can assert that X supports a pp, pq-Poincaré
inequality, i.e. there exist Cp ą 0 and σ ě 1 such that for every x P X and every ρ ą 0,

˜ 
Bρpxq

ˇ

ˇ

ˇ

ˇ

ˇ

f pyq ´

 
Bρpxq

fdµ

ˇ

ˇ

ˇ

ˇ

ˇ

p

dµ pyq

¸
1
p

ď ρCp

˜ 
Bσρpxq

gpdµ

¸
1
p

(7.1)

for every f P Lpµ pXq and every p-weak upper gradient g P Lpµ pXq for f . Now, we can
use the Sobolev inequality in [BB11, Theorem 5.51, pp. 142] to assert that there exists
CS ą 0 such that

˜ 
Bρpxq

|w|pdµ

¸
1
p

ď ρCS

˜ 
Bρpxq

gpwdµ

¸
1
p

(7.2)

for all 0 ă ρ ď ρ0, with ρ0 ą 0, all w P H1,p
µ,0 pBρ pxqq, and where gw is the minimal p-weak

upper gradient for w. Moreover (see [Che99, §4] and also [BB11, §B.2, pp. 363], [Bjö00]
and [GH13, Remark 2.15]), there exists α ě 1 such that for every w P H1,p

µ pXq and µ-a.e.
x P X,

1

α
|gw pxq| ď |Dµw pxq| ď α |gw pxq| ,

where Dµ corresponds to ∇µ with m “ 1. As for v “ pviqi“1,¨¨¨ ,m P H
1,p
µ pX;Rmq we have

∇µv “ pDµviqi“1,¨¨¨ ,m, it follows that

1

α
|gv pxq| ď |∇µv pxq| ď α |gv pxq| (7.3)

for µ-a.a. x P X, where gv :“ pgviqi“1,¨¨¨ ,m is naturally called the minimal p-weak upper
gradient for v. Combining (7.2) with (7.3) we obtain (2.5).
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Proof of (iv). From Björn (see [Bjö00, Theorem 4.5 and Corollary 4.6] and also [GH13,
Theorem 2.12]) we see that for every k P N, every u P H1,p

µ pX;Rmq and µ-a.e. x P Xk,

∇µux pyq “ ∇µu pxq for µ-a.a. y P Xk,

where ux P H1,p
µ pX;Rmq is given by

ux pyq :“ u pxq `∇µu pxq ¨
`

γk pyq ´ γk pxq
˘

and u is Lpµ-differentiable at x, i.e.,

lim
ρÑ0

1

ρ
}u´ ux}LpµpBρpxq;Rmq “ 0.

Proof of (v). For every ρ ą 0, t Ps0, 1r and every x P X, there exists a function ϕ P
Lip pX; r0, 1sq such that

ϕ pxq “ 0 for all x P XzBρ pxq , ϕ pxq “ 1 for all x P Bτρ pxq

and }Lipϕ}L8µ pXq ď
1

ρ p1´ tq
where Lipϕ pyq :“ lim

dpy,zqÑ0

|ϕ pyq ´ ϕ pzq|

d py, zq
for all y P X.

But, since µ is doubling and X supports a p1, pq-Poincaré inequality, from Cheeger (see
[Che99, Theorem 6.1]) we have Lipϕ pyq “ gϕ pyq for µ-a.a. y P X, where gϕ is the
minimal p-weak upper gradient for ϕ. Hence

}Dµϕ}L8µ pX;RN q ď
α

ρ p1´ tq

because |Dµϕ pyq | ď α|gϕ pyq | for µ-a.a. y P X.�

Proof of Theorem 4. Let u P H1,p
µ pX;Rmq be such that (3.12) holds. By (C1)

and (3.12), the theorem of differentiation of measures (see [HKST15, pp. 82]) gives
for µ-a.e. x P X

dI pu; ¨q

dµ
pxq “ lim

ρÑ0

I
`

u;Bρ pxq
˘

µ
`

Bρ pxq
˘ ă 8.

Let α ą 0. We have to show that µ pNαq “ 0 where

Nα :“

#

x P X : lim
ρÑ0

inf
ϕPH1,p

µ,0pBρpxq;R
mq

I
`

u` ϕ;Bρ pxq
˘

µ
`

Bρ pxq
˘ ´

I
`

u;Bρ pxq
˘

µ
`

Bρ pxq
˘ ă ´α

+

.

Since X is a countable union of balls with finite measure, we can write Nα “
Ť8

s“0BsXNα

where Bs is an open ball and µ pBsq ă 8, so it is enough to prove that µ pN s
αq “ 0 with

N s
α :“ Bs XNα for all s P N.
Fix s P N. For each x P N s

α there exists ρx Ps0, 1r such that Bρx pxq Ă Bs. Fix
pk, nq P N˚ ˆ N˚. For each x P N s

α there exist ρxk,n P
ı

0,min
´

`

1
k2n

˘
1
p , ρx

¯”

and ϕxk,n P

H1,p
µ,0

´

Bρxk,n
pxq ;Rm

¯

such that

1

µ
´

Bρxk,n
pxq

¯

„

I
´

u` ϕxk,n;Bρxk,n
pxq

¯

´ I
´

u;Bρxk,n
pxq

¯



ă ´α `
1

kµ pBsq
. (7.4)

The family of closed balls
!

Bρxk,n
pxq

)

xPNs
α,nPN

˚
is a fine cover of N s

α, so by Vitali covering

theorem there exists a countable family of mutually disjoint closed balls
!

Bρ
xi
k,ni

pxiq
)

iPN
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such that

µ

˜

N s
αz

8
ď

i“0

Bρ
xi
k,ni

pxiq

¸

“ 0 and
8
ď

i“0

Bρ
xi
k,ni

pxiq Ă Bs. (7.5)

We set ϕik :“ ϕxik,ni , B
i
k :“ Bρ

xi
k,ni

pxiq, ρik :“ ρxik,ni for all i P N. Moreover, for each l P N

we set ϕk,l :“
řl
i“0 ϕ

i
k1Bik P H

1,p
µ,0 pBs;R

mq.
Fix l P N. We have by using the Sobolev inequality (2.5) and the coercivity condi-

tion (C2)ˆ
X

|ϕk,l pyq|
p dµ ď

8
ÿ

i“0

ˆ
Bik

ˇ

ˇϕik pyq
ˇ

ˇ

p
dµ ď

8
ÿ

i“0

`

ρik
˘p
Cp
S

ˆ
Bik

ˇ

ˇ∇µϕ
i
k pyq

ˇ

ˇ

p
dµ

ď
2p´1Cp

S

c

8
ÿ

i“0

`

ρik
˘p
I
`

u` ϕik;B
i
k

˘

` I
`

u;Bi
k

˘

ď

ˆ

2p´1Cp
S

c

ˆ
Bs

´α `
1

kµ pBsq
dµ` 2I pu;Bsq

˙

2

k
.

Since I pu;Bsq ă 8, by passing to the limit k Ñ 8 we find that ϕk,l Ñ 0 in Lpµ pX;Rmq.
We set F l

k :“
Ťl
i“0B

i
k Ă O for all l P N. Let ε ą 0. Because of (7.5) there exists lε P N

such that µ
`

N s
αzF

lε
k

˘

ă ε
α
.Take the sum over the finite family of mutually closed balls

tBi
ku
lε
i“0 in (7.4), we obtain

lε
ÿ

i“0

I
`

u` ϕik;B
i
k

˘

´ I
`

u;Bi
k

˘

ď
1

k
´ αµ

`

F lε
k

˘

.

By (C1) and the locality condition (C3) we have

I
`

u` ϕk,lε ;F
lε
k

˘

´ I
`

u;F lε
k

˘

ď
1

k
´ αµ pN s

αq ` ε.

since ϕik “ ϕk,lε µ-a.e. in Bi
k. But, by (C4) we have I

`

u` ϕk,lε ;BszF
lε
k

˘

´I
`

u;BszF
lε
k

˘

“

0 and then

I pu` ϕk,lε ;Bsq ´ I pu;Bsq “ I
`

u` ϕk,lε ;F
lε
k

˘

´ I
`

u;F lε
k

˘

ď
1

k
´ αµ pN s

αq ` ε. (7.6)

Letting k Ñ 8 in (7.6) and using the lower semicontinuity assumption (Cu) we have

0 ď lim
kÑ8

I pu` ϕk,lε ;Bsq ´ I pu;Bsq ď ´αµ pN
s
αq ` ε.

Letting εÑ 0 we obtain µ pN s
αq “ 0 which finishes the proof.�
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