
HAL Id: hal-02295808
https://hal.science/hal-02295808v1

Submitted on 22 Oct 2021

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY-NC 4.0 - Attribution - Non-commercial use - International
License

T-matrix methods for electromagnetic structured beams: A
commented reference database for the period 2014–2018

Gérard Gouesbet

To cite this version:
Gérard Gouesbet. T-matrix methods for electromagnetic structured beams: A commented reference database
for the period 2014–2018. Journal of Quantitative Spectroscopy and Radiative Transfer, 2019, 230, pp.247-281.
⟨10.1016/j.jqsrt.2019.04.004⟩. ⟨hal-02295808⟩

https://hal.science/hal-02295808v1
https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr


T-matrix methods for electromagnetic
structured beams: A commented reference

database for the period 2014-2018

Gérard Gouesbet1

1.CORIA-UMR 6614- Normandie Université
CNRS-Université et INSA de Rouen
Campus Universitaire du Madrillet

76800, Saint-Etienne-du Rouvray, France
Corresponding author :gouesbet@coria.fr

April 3, 2019

Abstract
T-matrix methods for electromagnetic structured beams mainly en-

compass Generalized Lorenz-Mie Theories (GLMTs) which form a set of
analytical approaches dealing with the interaction between electromag-
netic structured beams and a class of particles possessing enough symme-
tries to allow one to use the method of separation of variables, and Ex-
tended Boundary Condition Method (EBCM) which is a semi-analytical
method dealing in principle with arbitrary shaped particles. Both ap-
proaches, when dealing with structured beams (in principle in the case of
GLMTs and occasionally in the case of EBCM) rely on the description
of the illuminating beam in terms of Beam Shape Coeffi cients (BSCs).
The present paper provides a commented reference database concerning
GLMTs and EBCM for structured beams, and related topics for the pe-
riod 2014-2018.

Keywords : T-matrix methods, generalized Lorenz-Mie theories, Ex-
tended Boundary Condition Method, structured beams, mechanical effects of
light, optical particle characterization.

1 Introduction.

The main intended topics considered in this paper are Generalized Lorenz-
Mie theories (GLMTs) which deal with analytical solutions of scattering prob-
lems, e.g. [1], [2], [3] and references therein dating back to [4], and Extended
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Boundary Condition Method (EBCM) which deals with semi-analytical solu-
tions of scattering problems, e.g. [5], [6]. GLMTs deal with arbitrary shaped
beams (structured beams) but are limited to a class of particles which possess
enough degrees of symmetry to allow one to use the method of separation of
variables, while EBCM may deal with arbitrary shaped particles, although most
work concerning EBCM up-to-now concerned the case when the scatterers are
illuminated by plane waves. The GLMT stricto sensu concerns the case when
the scatterer is a homogeneous spherical particle defined by its diameter and its
(complex) refractive index, while "GLMTs" denotes a larger class of scatterers.
The EBCM, also denoted Null-Field Method (NFM), although tailored for ar-
bitrary shaped particles, is most often in practice better restricted to isotropic
and homogeneous particles, and becomes possibly ill-conditioned when dealing
with highly elongated or flattened particles, e.g. [7], [8], [9], [10].
In Gouesbet and Lock [11] devoted to a list of problems for future re-

search in generalized Lorenz-Mie theories and related topics, two problems con-
cerned EBCM, namely Problem 13 ("Implement a localized approximation in
the EBCM") and Problem 14 ("Extend the EBCM to arbitrary-shaped beams
with the use of Beam Shape Coeffi cients (BSCs)". The fact that these problems
indeed received solutions, i.e. that EBCM has indeed been used in the case of
structured beam illumination, is one motivation to explicitly incorporate it in
the present review, see subsection 8.1. Let us nevertheless note that EBCM has
originally been used by relying on an Angular Spectrum Decomposition (ASD),
i.e. on a decomposition in terms of plane waves, see [12] for a review devoted to
the electromagnetic scattering of arbitrary shaped beams by arbitrary shaped
particles and [13] for the relationship between BSCs and plane wave spectra.
Furthermore, although the expression "T-matrix method" has been recur-

rently used as synonymous with the EBCM (a traditional but nowadays confus-
ing practice, particularly unfortunate for newcomers), it happens that GLMTs
actually may be viewed as T-matrix methods as well [12], [14], according to the
following definition, slightly adapted from a series of T-matrix reference data-
bases, e.g. [15]: "in "a" T-matrix method, the incident and scattered fields are
expanded in terms of suitable vector spherical wave functions, VSWFs (or in
an equivalent formulation), and the relation between the columns of the respec-
tive expansion coeffi cients is established by means of a transition matrix (or
T-matrix)". The expression "or in an equivalent formulation" refers to the fact
that the formulation may be possibly described in such a way that the T-matrix
is not explicitly displayed, but can be made easily available. This is the case
in the GLMT expressed in terms of Bromwich or Hertz potentials instead of in
terms of VSWFs, in which the T-matrix occurs only in an implicit way, e.g. [16],
[17] for examples of conversions between Bromwich and VSWFs formulations.
As stated in [15], the definition above is more inclusive that the original too re-
stricted notion of the EBCM. The extended point of view so introduced is also
shared by Doicu et al. [9] stating that "the null-field method is only one among
many methods that can be used to compute the transition matrix", or by Niem-
inen et al. [10], [18]. Therefore, any scattering theory (approach) relying on "a"
T-matrix method (not only GLMTs or EBCM) may be said to pertain to "the"
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T-matrix formulation. Extended points of view may invoke vector spheroidal
wave functions [19], [20], vector cylindrical wave functions [18], or any kind of
vector wave functions [21], instead of solely VSWFs. Clearly, an expansion of
a given type of vector wave functions in terms of VSWFs can always be used
to meet the aforementioned restricted definition in which VSWFs only are con-
sidered (relationships between various kinds of vector wave functions will form
the basis of "extrinsic" methods for the evaluation of BSCs, to be discussed in
subsection 2.2).
The fact that "T-matrix" should not be considered any more as synonymous

with EBCM is illustrated by the following quote extracted from Alonso et al.
[22] who wrote : "Scattering of arbitrary fields is described using the generalized
Lorenz-Mie theory (GLMT) which relies on the decomposition of the incident
field in terms of vector multipoles and the fulfillment of boundary conditions
through the use of the appropriate T-matrix". Indeed the definition provided
above from [15] does not tell us anything on the way to be used to compute
the T-matrix and any method allowing one to do it is a T-matrix method, en-
tering in the framework of a T-matrix formulation of the scattering problem
under study. In other words, any scattering theory or approach relying on "a"
T-matrix method may be said to pertain to "the" T-matrix formulation. Beside
GLMTs and EBCM, other examples of T-matrix methods are the Discrete Di-
pole Approximation (DDA), also called the Coupled Dipole Method (CDM), the
Finite-Difference-Time-Domain method (FDTD), or the point-matching method
[10], among others. See subsection 8.5 for DDA and FDTD, the former method
representing the scatterer as a collection of interacting electric dipoles, the lat-
ter one relying on the discretization of time-dependent Maxwell’s equations on
a grid leading to a system of finite-difference equations which are solved us-
ing a "leapfrog procedure", similar to the use of finite-difference equations in
fluid mechanics when dealing with Navier-Stokes equations with a "marching
procedure" or an implicit scheme, e.g. [23] and references therein.
A typical statement concerning the interest of a T-matrix method is as fol-

lows : "The elements of the T-matrix are independent of the incident and scat-
tered fields and depend only on the shape, size parameter and refractive index
of the scattering particle and on its orientation with respect to the reference
frame, so that the T-matrix needs to be computed only once and then can be
used in computations for any directions of light incidence and scattering" ([7],
p.41).
An important common point between GLMTs and EBCM is that both of

them rely on the expansions of the incident wave and of the scattered wave in
terms of VSWFs, with the incident beam encoded in a set of coeffi cients named
expansion coeffi cients, or better BSCs, see [14] for the relationship between
expansion coeffi cients and BSCs. Therefore, in the present review, a particular
attention and insistence will be paid to the methods used to evaluate BSCs.
Various methods dealing with this issue of BSC evaluations will be discussed
when appropriate. Let us just recall that the most classical techniques for such
evaluations are by using quadratures, e.g. [24], localized approximations, e.g.
[25], [26] or finite series, e.g. [27].
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The present review pertains to a series of regular reviews commenting new
advances in GLMTs and applications, and follows previous reference databases
published in 1994 [28], 2000 [29], 2009 [30], [31] and 2014 [32]. To build the
bibliography quoted in this review, I used alerts from Google Scholar Citations
(GSC) and gathered the papers which quoted papers devoted to GLMTs and
related topics. This process ensures a very exhaustive character to this review
as far as GLMTs are concerned. It may happen that papers retrieved from
GSC were not always closely related to GLMTs. Some of them have therefore
been rejected while others have been preserved, allowing one to extend the
review, although much less exhaustively, to trends in light scattering theories
and applications. Other related papers may also be possibly quoted when they
came to my knowledge from other sources than GSC. Furthermore, papers prior
to the fiducial period 2014-2018 (named the fiducial period) may also be quoted
when they serve the purpose of enlightening the perspective of the comments
of the present database. However, as a consequence of the above strategy,
the articles cited in this review are not necessarily the first articles that were
published on each individual topic considered. Prior works may be reached from
the recent second edition of a textbook [3] and from previous reviews already
quoted above. With such a strategy, I believe that the present review may
be useful to experts in scattering, but provides as well a fairly comprehensive
inroad to be used by the newcomer.
The intention of this paper is not to provide an extended analysis of each

article quoted but it provides a coarse-grained map of the landscape, hopefully
suffi ciently accurate to help the reader to orient himself and access to the inroads
he needs. In other words, the paper may be used as a guide to fly over the
landscape before possibly land on and zoom on a particular location (a quoted
paper) if the reader is interested by it. Comments attached to a quoted paper are
not to be taken as clues to assess the quality of the paper. Rather, they provide
a testimony of the biases induced by the particular interest of the author, at the
moment of the writing. Sometimes, comments have been secured thanks to a
private communication with authors. In such cases, the private communication
is acknowledged and I take here the opportunity to kindly thank the authors
who replied to my inquiries.
It may furthermore happen that a given paper might deserve to be quoted

in several sections (or subsections) of this paper. In such a case, comments are
provided at a certain location of the paper from a certain point of view while it is
mentioned as well in the different sections (or subsections) in which it could have
been located from different points of view. This process, however, is not always
exhaustive particularly for spherical particles and Gaussian beams, because it
would require too many extra-mentions for the comfort of the reading. Most
of such papers can be obtained with a find button of a pdf.file and the use
of keywords such as "spheres", "spherical", "beads", "droplets", "bubbles" and
"Gaussian". Also, the process has not always been successfully implemented due
to possible absentmindedness of the author. However, as an example, Kiselev
and Plutenko [33] is mentioned in subsection 2.1 devoted to spherical particles
and to the use of spherical coordinates while it is commented in subsection 3.4
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devoted to helical beams.
The paper is organized as follows. Section 2 considers GLMTs for various

shapes and morphologies (discussing spheres and spherical coordinates, spher-
oids and spheroidal coordinates, cylinders and cylindrical coordinates, meta-
materials). Section 3 considers GLMTs for various beam shapes (Gaussian
beams, laser sheets, non-diffracting beams, helical beams, pulses and laser
pulses, acoustical beams, photonic nanojets, miscellaneous beams, with a sub-
section devoted to warnings concerning the use of localized approximations).
Section 4 deals with the mechanical effects of light, while section 5 deals with
internal fields (whispering-gallery modes and/or morphology-dependent reso-
nances). Section 6 discusses the optical theorem. Section 7 is devoted to the is-
sue of Optical Particle Characterization (OPC), discussing phase-Doppler tech-
nique, rainbow refractometry, holography, imaging and microscopy, as well as
miscellaneous measurement techniques. Section 8 is devoted to alternative light
scattering approaches (EBCM for structured beams, ray optics, Debye series,
dipole approximations, as well as numerical techniques such as based on surface
integrals, volume equations, or finite elements). Section 9 deals with miscella-
neous papers which, although relevant to the present review, did not find their
natural places in the table of contents above while section 10 deals with reviews
and tutorials. Section 11 is a conclusion.

2 Around generalized Lorenz-Mie theories for
various particle shapes and morphologies.

Let us note that although this section and the next one are in principle
devoted to GLMTs, I shall incorporate a few papers dealing with incident plane
waves (i) because of the strong similarity between plane wave and structured
beam scattering due to the fact that LMT is simply a special case of GLMT
obtained by using appropriate plane wave BSCs and (ii) because, in the general
case of oblique illumination, plane wave scattering must be treated in a GLMT
framework, with BSCs more complicated than the ones used in LMT e.g. [34]
for oblique illumination, and [4] for BSCs in the LMT framework.

2.1 Spheres and spherical coordinates.

Spherical particles, whether they are beads, bubbles or drops (when ten-
sion forces are dominant), possess the highest degree of symmetry possible and,
although many particles in nature are not spherical, dealing with spherical par-
ticles is one of the most common practice in light scattering. Let us however
note that spherical coordinates to be used for homogeneous spherical particles
defined by their diameter and their refractive index, e.g. in the framework of
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the GLMT stricto sensu, are relevant as well to the study of scattering by many
other kinds of particles, such as multilayered spheres, e.g. [35], [36], [37], spheres
with an eccentrically located spherical inclusion (sometimes referred to as the
eccentric stratified sphere model), e.g. [17], [38], [39], and assemblies of spheres
and aggregates, e.g. [16], [40].
Following a chronological order, we then have Wang et al. [41] who used an

eccentric stratified dielectric sphere model in a GLMT framework to study the
shaped beam scattering from a single nucleated lymphocyte cell illuminated by
an arbitrarily incident Gaussian beam. Zhang and Li [42] dealt with the elec-
tromagnetic scattering by a partially charged multilayered sphere, using what
can be viewed as a GLMT, without however carrying out numerical simula-
tions. Selmke [43] studied the electromagnetic scattering of plane waves by an
infinite Coulomb-like scatterer, i.e. in a special 1/r inhomogeneously refracting
but non-absorbing transparent medium. Divergences spoiling the classical scat-
tering approaches for unscreened Coulomb scattering were due to the infinite
range of the Coulomb interaction. The introduction of a shaped beam with a
finite lateral extent within the GLMT framework removed the divergence of the
cross-sections.
Tang and Lin [44] dealt with the scattering of randomly distributed spherical

particles illuminated with a Gaussian beam, in the framework of a GLMT for
assemblies of spheres. Lock [45] discussed the scattering of the evanescent com-
ponents in the angular spectrum of a tightly focused electromagnetic beam by
a spherical particle. The angular spectrum of a tightly focused beam in general
contains both oscillatory and evanescent components. This paper focused on the
contribution of the evanescent components to the scattering by a spherical par-
ticle placed in the beam. The contribution of these components was explicitly
calculated and the validity of their neglect in various situations was assessed.
When required, the BSCs of each plane wave component in the ASD were ana-
lytically used in closed-forms. The total BSCs of the incident beam could then
be evaluated from the BSCs of each plane wave component weighted by their
respective amplitude and phases, and then summed over all the components.
Shang et al. [46] dealt with the scattering from a multilayered chiral sphere

using an iterative method. Electromagnetic fields in each region were expanded
in terms of VSWFs, taking into account for the boundary conditions on each
layer. BSCs were obtained in a GLMT framework. Zambrana-Puyalto and
Bonod [47] investigated the interaction between a chiral dipolar emitter and a
spherical optical antenna, with a particular attention paid to spherical nanopar-
ticles since they can be fabricated at a large scale via colloidal synthesis or laser
ablation with excellent surface and optical properties. The addressed question
was whether individual spherical nanoparticles could be used to produce strong
chiral effects when interacting with chiral emitters. In other words, the aim was
to study how the antenna modified the chirality of the emitted field in the far-
field region. For this purpose, a simple formalism to analyze the chirality of the
scattered light was developed using the Mie theory in the helicity basis (which
can be used in a GLMT-framework as well, although it does not correspond to
the traditional formulation). The formalism was applied to plasmonic antennas
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composed of gold spherical nanoparticles and to dielectric spherical resonators
made of silicon. Höller et al. [48] dealt with a bottom-up protein-assisted as-
sembly of modular 3D plasmonic raspberry-like core/satellite nanoclusters, and
examined the correlations between structures and optical properties. GMM
(generalized multi-particle method) simulations were employed to describe the
optical responses of individual nanoparticles as well as assemblies of nanopar-
ticles, i.e. to examine the electromagnetic coupling within the nanoclusters.
Let us note that GMM is an extension of LMT to the multi-sphere case, and
may be viewed as a special case of the GLMT for assemblies of spheres and
aggregates [16] in the same way that LMT is a special case of GLMT. Frezza
and Mangini [49] studied the electromagnetic scattering of an inhomogeneous
elliptically polarized plane wave by a multilayered sphere, the solution of the
scattering problem being achieved using the Legendre functions generalized via
hypergeometric and gamma functions. Using this representation (allowing one
to deal with inhomogeneous waves), it has been possible to determine the ex-
pansion coeffi cients of the impinging electric field as a superposition of vector
spherical harmonics. Ding et al. [50] dealt with the scattering of a cylindrical
vector beam by a sphere within the framework of the GLMT, with the BSCs
being calculated using analytical expressions obtained by the Integral Localized
Approximation (ILA, e.g. [26]), with the scattering coeffi cients being expanded
using Debye series (DSE). There was an emphasis on the rainbows produced by
the interaction of cylindrical vector beams and spherical particles. Bai et al. [51]
dealt with the electromagnetic scattering for multilayered spheres illuminated by
laser sheets, in a GLMT framework. Comparisons among the scattering prop-
erties of laser sheets, Gaussian beams and plane waves are carried out. The
formalism relied on the use of an algorithm based on logarithmic derivatives of
the Riccati-Bessel functions. See also Jia [52] for a discussion of recursive loga-
rithmic derivative algorithms, together with the use of the Lentz algorithm for
the computations of Bessel functions by using a continuous fraction representa-
tion which was already effi cient to deal with homogeneous spheres, e.g. [53] and
[3], pp.249-250. For logarithmic derivative algorithms in a GLMT formulation,
see [37] and [35]. Logarithmic derivatives have also been used by Wang et al.
[54] in a study devoted to the scattering characteristics for metallic spheres at
terahertz frequencies, taking the frequency dispersion characteristics into ac-
count. See also Ladutenko et al. [55] who developed an algorithm to calculate
electric and magnetic fields inside and around a multilayered sphere.
Lock [56] discussed the electromagnetic scattering of a plane wave by a radi-

ally inhomogeneous sphere in the short wavelength limit, using a WKB solution
of the radial differential equation, and a Debye series decomposition of the scat-
tered wave, with some emphasis on two-rainbow coalescences and longitudinal
cusp caustics. Wang et al. [57] studied the internal field distribution of a radi-
ally inhomogeneous droplet illuminated by an arbitrary shaped beam within the
framework of GLMT, with particular attention paid to a new derivation associ-
ated with a numerically stable algorithm. The Modified Localized Approxima-
tion (MLA) method was applied to evaluate the BSCs of Gaussian beams due
to its well known high effi ciency in terms of computational times and accuracy.
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See [58] for the terminology "modified localized approximation", together with
the complementary terminology "Original Localized Approximation (OLA)" to
be used in the sequel. Frisvad [59] discussed the scattering of an inhomogeneous
electromagnetic plane wave by a spherical particle, in relevance with the sit-
uation when the scatterers are embedded in an absorbing host medium. The
author mentioned that his solution could possibly be combined with GLMT to
deal with arbitrary positions of the scattering sphere surrounded by an absorb-
ing host medium in an incident beam of arbitrary shape. Zambrana-Puyalto et
al. [60] experimentally studied the interaction of a micron-sized single sphere
with beams having a well-defined angular momentum and helicity, over a cer-
tain spectral range by using a tunable fiber diode laser, together with a spatial
light modulator to create a vortex beam. They overall demonstrated that the
helicity and angular momentum of light are two crucial properties in order to
understand, predict and control the light scattering of particles. Experimental
results were quantitatively discussed by relying on the properties of the Mie
multipolar decomposition of the incident beams.
For examples of other papers devoted to the issue of the present subsection,

see Mitri [61] in subsection 3.2 devoted to laser sheets, Chen et al. [62], Chen
et al. [63], Preston and Reid [64], Li et al. [65], Wen et al. [66], Wang et al.
[67], Qu et al. [68], Gong et al. [69] in subsection 3.3 devoted to non-diffracting
beams, Kiselev and Plutenko [33], Qu et al. [70], [71], Al-Jarro et al. [72] in
subsection 3.4 devoted to helical beams, Li et al. [73], Yu and She [74], Li et
al. [75], Leartprapun et al. [76], [77] in section 4 devoted to mechanical effects
of light, Li et al. [78] in subsection 8.3 devoted to Debye series, and Guo et al.
[79] in subsection 7.5 devoted to miscellaneous measurement techniques.

2.2 Spheroids and spheroidal coordinates.

Before entering the present subsection devoted to spheroids (and ellipsoids)
and spheroidal coordinates, we need to be aware of the distinction between in-
trinsic and extrinsic methods to the evaluation of BSCs. The dichotomy between
intrinsic and extrinsic methods may be defined as follows [11]: intrinsic meth-
ods evaluate BSCs of a GLMT posed in a certain coordinate system in terms of
quantities pertaining to the same coordinate system while, conversely, extrin-
sic methods evaluate BSCs of a GLMT posed in a certain coordinate system
in terms of BSCs in a different coordinate system. For example, the GLMT
stricto sensu evaluates the BSCs by an intrinsic method, the derivation of the
expressions of the BSCs being made by using spherical coordinates which are
used as well to derive the formalism of the GLMT. Conversely, the GLMT for
spheroids (which will be discussed in the present subsection) originally dealt
with an extrinsic method in which the spheroidal BSCs (BSCs in spheroidal
coordinates) were expressed in terms of spherical BSCs (BSCs in spherical co-
ordinates). The distinction between intrinsic and extrinsic methods is useful for
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both this section in spheroidal coordinates and the next one in cylindrical co-
ordinates. For a review on intrinsic and extrinsic methods, see the introduction
of [80]. The evaluation of spheroidal BSCs using either intrinsic or extrinsic
methods is discussed as well in [81].
The introduction of the extrinsic method is due to specific diffi culties en-

countered when dealing with spheroidal coordinates and spheroidal vector wave
functions, e.g. [82]. There exists however a (not yet fully achieved) line of
research to develop intrinsic techniques in spheroidal coordinates. A general
solution to the intrinsic method for the evaluation of BSCs in spheroidal co-
ordinates has been introduced in [83]. Numerical implementations have been
published in the case of an on-axis standard (parallel) configuration [84] and in
the case of an on-axis oblique illumination [80]. The case of off-axis configura-
tions is still to be implemented to complete this line of research.
Furthermore, there exist several variants of the GLMT for spheroids, with

different conventions and notations which may make diffi cult for the newcomer
to enter the field, but see review in [85] which compared different approaches
and stressed the ways with which one approach can be converted to the other.
This being introduced, we begin to review the fiducial period with Zhao et

al. [86] who dealt with the scattering of an oblique incident focused Gaussian
beam by a prolate spheroidal particle in the GLMT framework. Results from
GLMT were compared with those from the surface integral equation method
(SIEM), and very good agreements were observed. BSCs were evaluated by
using an extrinsic method which expresses the spheroidal BSCs in terms of the
spherical BSCs, the latter being evaluated using the MLA. For SIEM and more
papers on SIEM, see subsection 8.5.
Next, Sun and Wang [87] provided the general formulas that can be used

to compute the amplitude matrix for on-axis polarized Gaussian light beam
scattering by a spheroidal particle with an inclusion which can be spherical,
confocal spheroid or non-confocal spheroid, within the GLMT framework. An
extrinsic approach with spherical BSCs expressed by a localized approximation
has been used by Sun et al. [88] dealing with the scattering of polarized Gaussian
light by a spheroidal particle, in the GLMT framework.
Tang and Zheng [89] dealt with the scattering of spheroids within a Gaussian

beam, in a GLMT framework, and used the sphere of the same volume of
the spheroid for calculating the scattered intensity of the spheroid within the
Gaussian beam. For a comparison, the scattering intensity of the spheroid il-
luminated by a plane wave was also calculated. This paper may be completed
by Zheng and Tang [90] who dealt with the scattering cross-sections of mineral
aerosols illuminated by Gaussian beams. Spheroidal shapes were used to model
non-spherical mineral aerosol particles, and a model of equal surface area to
represent spheroids was discussed.
For other papers devoted to the issue of the present subsection, see Zhang

et al. [91], Yuan et al. [92] in the next subsection devoted to cylinders and
cylindrical coordinates, Mitri [93], [94] in subsection 3.2 devoted to laser sheets,
Chen et al. [95], Han et al. [96], [97], Han [98] in subsection 3.3 devoted to non-
diffracting beams, Gong et al. [99] in subsection 3.7 devoted to acoustical beams,
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Yang et al. [100], Arzola et al. [101], Liaw et al. [102], Li et al. [103], Simpson
et al. [104], Xu et al. [105], Mitri [106], [107] in section 4 devoted to mechanical
effects of light, Seo et al. [108] in subsection 7.3 devoted to holography, Yi et
al. [109] in subsection 7.5 devoted to miscellaneous measurement techniques,
Chang et al. [110] in subsection 8.2 devoted to ray optics, Lin et al. [111] in
subsection 8.3 devoted to Debye series, Brzobohaty et al. [112], Yang et al.
[113], Zhang [114], Gao and Zhang [115], Wang et al. [116], [117], Cui et al.
[118], Wu et al. [119], Chen et al. [120] in subsection 8.5 devoted to numerical
techniques, and Han et al. [121] in section 10 devoted to reviews and tutorials.

2.3 Cylinders and cylindrical coordinates.

Wang et al. [122] studied the reflection and the transmission of Gaussian
beams by a uniaxial anisotropic slab. They expanded the incident Gaussian
beam in terms of cylindrical vector wave functions and used an extrinsic method
to express the cylindrical BSCs in terms of on-axis spherical BSCs gn in a local-
ized approximation. Chen et al. [123] dealt with the transmission of a Gaussian
beam through a gyrotropic cylinder, in the framework of a GLMT formulated
in terms of cylindrical vector wave functions, using an extrinsic method for the
evaluation of BSCs, with on-axis spherical BSCs gn expressed by using a local-
ized approximation. Yan et al. [124] dealt with the transmission of a Gaussian
beam through a coated chiral cylinder, in a GLMT-framework, using expansions
over cylindrical vector wave functions, and an extrinsic method in terms of on-
axis spherical BSCs gn expressed by using a localized approximation. Huang et
al. [125] dealt with the propagation (reflection and transmission) of Gaussian
beam through a uniaxial anisotropic slab, but using expansions of the incident
Gaussian beam in terms of a continuous spectrum of rectangular vector wave
functions. BSCs were expressed by using a localized approximation in terms of
the on-axis spherical BSCs gn.

Li et al. [126] investigated the characteristics of reflected and transmitted
fields of a vector Bessel vortex beam through multilayered isotropic media (layer
of slabs) on the basis of the vector angular spectrum expansion and presents
the effects of media on intensity, phase, and polarization. Li et al. [127] studied
the deformations of obliquely incident circularly polarized Bessel vortex beam
reflected and transmitted by a uniaxial anisotropic slab, by use of cylindrical
vector wave functions. For interaction with a slab, see also Li et al. [128] in
subsection 3.4 devoted to helical beams.
Zhang et al. [91] studied the Gaussian beam scattering by a particle above a

plane surface. BSCs were expressed from expansions in terms of vector cylindri-
cal wave functions and evaluated by using an extrinsic method in terms of on-
axis spherical BSCs gn of GLMT within the framework of the OLA. Numerical
simulations of differential scattering cross-sections were carried out for spheres,
prolate and oblate spheroidal particles, and also circular cylindrical particles.
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The proposed theory was to a certain extent verified by comparing the numer-
ical results yielded from the new formulae for the case of a polystyrene sphere
illuminated by a plane wave with those from the EBCM, see Yuan et al. [92]
for a similar report. Iqbal et al. [129] studied the scattering of plane waves by
elliptical/circular homogeneous, isotropic, and non-magnetic dielectric cylinders
coated with chiral medium and surrounded by a perfectly electrical conducting
sheath helix structure, allowing one to use the ASD method for studying the
scattering of Gaussian shaped beam. Mitri [130] aimed to a complete analyt-
ical modeling for the local scattering, absorption and extinction cross-sections
(or effi ciencies) for a circular electrically conducting cylinder in a homogeneous
non-magnetic medium, illuminated by plane waves of different polarizations and
arbitrary incidence angle located near a perfect-conducting corner space. The
analysis used the classical method of images, and the electromagnetic scatter-
ing from the cylindrical particle located near the corner could be formulated
as a multiple scattering phenomenon on four cylinders with four incident waves
based on the multipole expansion method in cylindrical coordinates as well as on
the translation addition theorem of cylindrical wave functions. Zhu et al. [131]
dealt with the transmission of arbitrary electromagnetic beam through uniaxial
anisotropic cylinder using surface integral equations and computed normalized
internal and near-surface field intensity distributions in the cases of on-axis
Gaussian beam and Hertzian electric dipole illuminations.
For other papers devoted to the issue of the present subsection, see Mitri

[132], [133], [134] in subsection 3.2 devoted to laser sheets, Kozlova et al. [135]
in subsection 3.6 devoted to pulses and laser pulses, Mitri [136], [137], Zhang
et al. [138], [139], Gong et al. [140] in subsection 3.7 devoted to acoustical
beams, Mitri [141], [142] in section 4 devoted to mechanical effects of light,
Gagnon and Dubé [143] in section 5 devoted to internal fields, Mitri [144] in
section 6 devoted to the optical theorem, Swirniak and Mroczska [145], [146],
Swirniak and Glomb [147], Duan et al. [148] in subsection 7.2 devoted to rainbow
refractometry, Laurendeau et al. [149] in subsection 7.4 devoted to imaging and
microscopy, Wang et al. [116], Yu et al. [150], Cui et al. [118], Zhu et al. [131]
in subsection 8.5 devoted to numerical techniques, Gagnon et al. [151], Shiloah
[152] in section 9 devoted to miscellaneous issues, and Han et al. [121] in section
10 devoted to reviews and tutorials.

2.4 Metamaterials.

Ambrosio [153] studied the extraction of metamaterial properties of negative-
index and plasmonic scatterers from the Mie scattering coeffi cients, breaking up
these coeffi cients into two terms, the first one representing the expected fields
of a corresponding positive-index sphere, and the second one emerging from the
intrinsic metamaterial nature of the scatterer. This work was devoted to the
task of providing a theoretical formalism for the understanding of the scatter-
ing properties of NRI (negative refractive index) spheres in terms of additional
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contributions which arose exclusively from the metamaterial nature of the scat-
terers. The results obtained are useful both in Lorenz-Mie Theory (LMT) and
GLMT insofar as Mie coeffi cients are shared by both theories (with, let us re-
call, LMT being a limit case of GLMT). On a similar issue, Ambrosio [154]
dealt with symmetry relations in the GLMT for lossless NRI spherical scat-
terers, particularly symmetries exhibited by NRI BSCs when compared to the
conventional PRI (positive refractive index) case, see [155] for PRI symmetries.
The theoretical analysis could be simplified for Rayleigh scatterers where only
the dipolar coeffi cients are retained, all other coeffi cients being discarded as long
as resonances were neglected. The knowledge of such symmetries allows one to
speed up numerical evaluation of physical parameters such as optical forces and
scattering intensities.
Wang et al. [156] analytically and numerically investigated the internal

optical forces exerted by an electromagnetic wave inside an amorphous meta-
material medium, in relation with stretching and deforming effects. The paper
also provided a comparison between the results obtained by using various ex-
pressions of the stress tensor, namely Helmholtz, Einstein-Laub and Minkowski
stress tensors. It was concluded that the use of the Helmholtz stress tensor
was appropriate in the framework of the study expounded in the paper. Some
comments concerned the use of GLMT and of the Maxwell stress tensor for the
evaluation of optical forces.

3 Around generalized Lorenz-Mie theories for
various beam shapes.

3.1 Gaussian beams.

Gaussian beams have been, for a long time, the most common kind of
beams considered in various fields, particularly OPC, and the first concrete
applications of the GLMT stricto sensu have indeed been devoted to Gaussian
beam applications, see the introduction to section 7 devoted to OPC. Gaussian
beams are still of current use and, accordingly, many papers in this review are
concerned with the use of Gaussian beams. In principle, they can be reached
by using the keyword "Gaussian" with the find button of a pdf.file. However,
for a few typical examples, see Chrissoulidis and Richalot [157] dealing with
Gaussian beam scattering by an off-axis sphere, relying on the decomposition
of the incident beam into the spectrum of plane waves (ASD), and also Li et
al. [73] in section 4 devoted to mechanical effects of light, Yu et al. [158] in
subsection 7.2 devoted to rainbow refractometry, Wu et al. [159] in subsection
7.3 devoted to holography, Selmke and Cichos [160] in subsection 7.4 devoted
to imaging and microscopy, Mackowski and Mischenko [161] in subsection 8.1
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devoted to EBCM for structured beams, and Li et al. [78] in subsection 8.3
devoted to Debye series.

3.2 Laser sheets.

After applications of the GLMT to the case of Gaussian beam illumination,
early applications of GLMT dealt with the case of laser sheet illumination as
well, e.g. [162], [163], [164], and [165]. During the fiducial period, the issue of
laser sheets has been vigorously investigated by Mitri in several papers which
have been devoted to various kinds of light sheets. I start with Mitri [133]
who dealt with cylindrical particle manipulation and negative spinning using a
nonparaxial Hermite-Gauss light-sheet beam, relying on the ASD, with BSCs
evaluated using numerical integration. The analysis was extended to evaluate
the longitudinal and transverse radiation forces as well as the spin torque on
an absorptive dielectric cylindrical particle in 2D. The dynamics of the cylin-
drical particle were examined as well based on Newton’s second law of motion.
Laguerre-Gauss light-sheet beams were also considered. Mitri [166] dealt with
nonparaxial fractional Bessel and Bessel-Gauss auto-focusing light-sheet pincers
and their higher-order spatial derivatives which are synthesized stemming from
the ASD. The analysis then presented a rigorous approach for the description
of a novel type of light-sheets having asymmetric tight bending and curving
characteristics in the form of pincers. Mitri [93] studied negative optical radi-
ation force and spin torques on subwavelength prolate and oblate spheroids in
fractional Bessel-Gauss pincers light-sheets, with arbitrary orientation in space,
using the ASD. Numerical results were obtained in the framework of the di-
pole approximation. Mitri [132] studied nonparaxial scalar Airy light-sheets
and their higher-order spatial derivatives, with BSCs being evaluated by using
standard numerical integration. He used the ASD as well as the multipole expan-
sion method in cylindrical coordinates. Mitri [61] studied pulling and spinning
reversal of a subwavelength absorptive sphere in adjustable vector Airy light-
sheets which have the property of being nondiffracting, self-accelerating and
self-healing, in the framework of the electric dipole approximation. Mitri [134]
studied radiation force and torque produced by light-sheets expressed using a
GLMT framework expansion in terms of BSCs which were derived using an
ASD. Numerical illustrative examples concerned dielectric absorptive cylinders
in different wavefronts, ranging from plane waves to nonparaxial scalar Airy and
Gaussian light-sheet beams. The general aim of this work was to provide a study
of mechanical effects of light produced by Airy light-sheet beams of arbitrary
character illuminating 2D objects of arbitrary cross section, using exact closed-
form partial wave series expansion in cylindrical coordinates. Mitri [167] dealt
with self-bending scalar and vector bottle sheets, demonstrating the generation
of auto-bending cylindrical/tubular Bessel-Gauss bottle beams in homogeneous
2D space. Mitri [94] dealt with the computation of negative radiation forces
on a subwavelength spheroid and spin torque reversal in adjustable vector Airy
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light-sheet single optical tweezers, using a dipole approximation. This is to be
completed by Li et al. [168] who used a GLMT-like approach for the scattering
of structured beams in terms of Taylor expansions, with the first term of the
expansion corresponding to a plane wave, with the formalism being applied to
the case of a particle in an elliptical (light-sheet) Gaussian beam and, with a
similar approach using Taylor series, by Li and Feng [169] who dealt with the
scattering of an electromagnetic wave propagating into an anisotropic medium.
For other papers devoted to the issue of the present subsection, see Bai et

al. [51] in subsection 2.1 devoted to spheres and spherical coordinates, Bai et
al. [170] in section 4 devoted to mechanical effects of light, Wu et al. [171]
in subsection 7.2 devoted to rainbow refractometry, Wu et al. [172], [173] in
subsection 7.3 devoted to holography, Meng et al. [174] in subsection 7.4 devoted
to imaging and microscopy, and Satinover et al. [175] in subsection 7.5 devoted
to miscellaneous measurement techniques.

3.3 Non-diffracting beams.

Non-diffracting beams have been introduced by Durnin et al. [176], Durnin
[177] and Mishra [178]. They may be defined as monochromatic beams preserv-
ing an unchanged transverse intensity profile during free-space propagation. In
other words, they are "tube-like" and do not exhibit any waist, in contrast with
the most familiar case of Gaussian beams. For reviews, the reader may refer to
Bouchal [179], to a book edited by Hernandez-Figueroa et al. [180], entitled "lo-
calized waves" (another terminology for non-diffracting waves), and to Recami
et al. [181] in a book edited again by Hernandez-Fugueroa et al. [182]. The
most famous example of non-diffracting beams is Bessel beams to which a huge
literature is already dedicated. Because their ASD is made of plane waves prop-
agating tilted with respect to the general direction of propagation of the beam
("direction of propagation" of the beam which is different from all directions of
propagation of the plane waves encompassed in the ASD), they are self-healing,
i.e. they effi ciently regenerate themselves after being obstructed by a scattering
particle, due to the replacement of plane wave disturbances by fresh elements of
plane waves which have not been disturbed. They are characterized in particu-
lar by a propagation term of the form exp(ikz cosα) in which α is the half-cone
angle (or axicon angle) which differs from the more usual propagation term of
the form exp(ikz) shared by many kinds of beams, such as Gaussian beams.
The existence of the axicon angle implies that the velocity of the beam along
its "direction of propagation" is ccosα, in which c is the speed of light, i.e. it
is smaller than the speed of light. Although this property of having an average
velocity smaller than the speed of light is well apparent for beams exhibiting an
axicon angle, it is actually a general property for all kinds of beams, excepted
for plane waves [183]. The existence of the axicon angle furthermore implies a
deleterious effect for the validity of localized approximations, see subsection 3.5
discussing warnings concerning the use of localized approximations.
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Chen et al. [62] dealt with the scattering of an on-axis zeroth-order Bessel
beam by a concentric sphere (i.e. a sphere with a concentric spherical inclusion)
in a GLMT framework. The BSCs were evaluated by using the ILA. GLMT
results were compared with those of SIEM (see subsection 8.5 for papers devoted
to SIEM) and good agreement was observed. Chen et al. again [95] dealt with
the scattering of an on-axis zeroth-order Bessel beam by a conducting spheroidal
particle with a dielectric coating, in a GLMT framework. They evaluated the
spheroidal BSCs by using an extrinsic method in terms of on-axis spherical
BSCs gn, quoting Chen et al. [62] which used the ILA to evaluate the spherical
BSCs. Han et al. [96] studied the expansion of a zeroth-order Bessel beam
in spheroidal coordinates in the GLMT framework, using an intrinsic method
to the evaluation of BSCs. From the same group [97], we also have a study
of the internal and near-surface electromagnetic fields for a dielectric spheroid
illuminated by an on-axis zeroth-order Bessel beam, in the framework of GLMT,
using an intrinsic method to the evaluation of BSCs.
Chen et al. [63] dealt with a scattering analysis of an on-axis zeroth-order

vector Bessel beam by a multilayered sphere, in a GLMT framework, with BSCs
evaluated by using a localized approximation, and validation by using the SIEM.
Preston and Reid [64] discussed the angular scattering of light by a homogeneous
spherical particle in a zeroth-order Bessel beam and its relationship to plane
wave scattering, in a GLMT framework. They investigated the dependence of
the angular scattering on the semi-apex angle of the Bessel beam and discussed
the major features of the resulting scattering plots. The BSCs were computed
by the double quadrature technique. Mitri et al.[184] provided a study of the
resonance scattering of a homogeneous dielectric sphere illuminated by elec-
tromagnetic Bessel beams with arbitrary incidence and selective polarizations,
in the context of a modified version of the GLMT. BSCs were derived using
the ILA and an addition theorem, while Debye series were used to deal with
the scattering coeffi cients, therefore separating diffraction from the reflection
and internal reflection terms (see subsection 8.3 for Debye series). The analysis
was furthermore extended to include rainbow formation in Bessel beams, and
a generalized formulation for the deviation angle of the two primary rainbows
was obtained with further extension to any high-order rainbows. Li et al. [65]
dealt with the scattering of a zeroth-order Bessel beam by uniaxial anisotropic
bispheres, relying on the GMM, with BSCs evaluated by using quadratures.
Chafiq and Belafhal [185] dealt with Mathieu beams which are non-diffracting

beams formed from a superposition of Bessel beams of various orders, and calcu-
lated radiation pressure cross sections exerted on homogeneous dielectric spheri-
cal particles by linearly polarized zeroth-order Mathieu beams (and zeroth-order
Bessel beams which are particular cases of Mathieu beams), in the framework
of GLMT, with BSCs computed by using ILA. The same authors, Chafiq and
Belafhal, [186] furthermore also dealt with the scattering of Lommel beams (an-
other variant of superposition of Bessel beams, relying on a discrete summation
of first-kind Bessel beams with various orders) by homogeneous spherical parti-
cles in the GLMT framework, using the ILA for the evaluation of BSCs. See also
Cui et al. [118] for another study of Lommel beams in subsection 8.5 devoted
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to numerical techniques.
A thorough analysis of Bessel beams has been carried by Wang et al. [187],

[188] and [189]. The first paper in this series [187] provided a general descrip-
tion of circularly symmetric Bessel beams of arbitrary order, bridging the gap
between different descriptions of Bessel beams and leading to a general descrip-
tion of circularly symmetric Bessel beams, in such a way that the Davis Bessel
beams and the aplanatic Bessel beams are merely the two simplest cases of an
infinite number of possible circularly symmetric Bessel beams. Additionally,
magnitude profiles of the electric and magnetic fields, the energy density and
the Poynting vector, were displayed for Bessel beams in both paraxial and non-
paraxial cases. Beside, various kinds of polarization were examined, which were
not circularly symmetric, namely linearly x-polarized Bessel beam, and linearly
y-polarized Bessel beam. Next, Wang et al. [188] provided a general description
of transverse mode Bessel beams and the construction of basis Bessel fields, as
a continuation and extension of the previous paper. A vector analysis of polar-
ized Bessel beams in a transverse mode was implemented using the Hertz vector
potentials and the ASD. Finally, Wang et al. [189] dealt with the multipole
expansion of circularly symmetric Bessel beams of arbitrary order for scattering
calculations, and provided analytical expressions of BSCs both for on-axis and
off-axis cases.
Briard et al. [190] dealt with the scattering of aggregated particles illu-

minated by a zeroth−order Bessel beam in a GLMT framework with BSCs
computed using analytical closed-form expressions. Wen et al. [66] studied
the scattering of a vector Bessel-Gauss beam by a sphere in the framework of
GLMT, using the ASD, and the analytic expressions of BSCs were derived uti-
lizing a multipole expansion method using vector spherical harmonics. Various
polarizations were considered. Wang et al. [67] studied the scattering of a
Bessel beam by a nucleated biological cell, using an eccentric sphere model in
the framework of GLMT. BSCs were evaluated in closed forms and compared
with BSCs evaluated using the ILA. Differential scattering cross sections were
calculated for on-axis and off-axis zeroth-order Bessel beams, with parallel and
oblique illuminations. Han [98] studied the scattering of a high-order Bessel
beam by a homogeneous spheroidal particle within the framework of GLMT.
The spheroidal BSCs were computed using an intrinsic method. Numerical
results concerning scattered field in the far zone were displayed for various pa-
rameters of the incident Bessel beam and of the scatterer. Qu et al. [68] studied
the interactions of high-order Bessel vortex beams with a multilayered chiral
sphere, focusing on scattering properties and on an orbital angular momentum
spectrum analysis. They used what they called the vector wave theory which is
actually a GLMT (private communication) with BSCs computed by using the
quadrature technique. Let us however note and insist on the fact that closed
form expressions were available to compute the BSCs of such beams, allowing
one to avoid the time-consuming quadrature method, e.g. [189], [191], [192].
Gong et al. [69] dealt with the scattering of a vector Bessel beam by a charged
sphere, with BSCs evaluated by using analytical expressions which were derived
using the ASD. Numerical results were displayed and discussed for scattering,
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extinction, and absorption effi ciencies. The framework was explicitly the one of
a GLMT for charged spheres, a fundamental difference with a classical GLMT
concerning the modification of boundary conditions on the surface of the scat-
terer due to the presence of charges.
We now deal with another class of non-diffracting beams formed by a super-

position of Bessel beams, denoted as frozen waves. Ambrosio [193] introduced
particular classes of vector waves for light scattering calculations, viz. struc-
tured light fields composed of specific superpositions of circularly symmetric
Bessel beams of arbitrary order. Also known as generalized frozen waves, such
beams carry all the non-diffracting properties of their constituent with the ad-
ditional feature of allowing for an arbitrary design of the longitudinal intensity
pattern. This feature makes the generalized frozen waves especially suitable for
optical confinements and manipulation and atom guiding and selection. The
BSCs were evaluated in exact and analytic form in a GLMT framework and opti-
cal forces were calculated for specific dielectric Rayleigh particles. Frozen waves,
specifically zeroth-order continuous vector frozen waves, were also considered by
Angelis and Ambrosio [194] to evaluate optical forces in the Rayleigh regime, en-
visioning applications in optical trapping and micromanipulation, atom guiding,
particle sorting and so on. Such microstructured light fields can be designed to
provide a wide variety of longitudinal intensity patterns along the optical (longi-
tudinal) axis and on the micrometer scale, being constructed from a continuous
superposition of Bessel beams. Also, Ambrosio and Zamboni-Rached [195] dealt
with an analytical approach of ordinary frozen waves for optical trapping and
micromanipulation. The optical properties of frozen waves were theoretically
and numerically investigated using the GLMT together with the ILA. Frozen
waves were constructed from a suitable superposition of equal-frequency ordi-
nary Bessel beams and were capable of providing almost any desired longitudinal
intensity profile along their optical axis, thus being of potential interest in ap-
plications in which intensity localization may be used advantageously, such as
in optical trapping and micromanipulating systems. Expressions for the BSCs
were provided in the framework of the GLMT which was used to reconstruct
the intensity profiles of the waves and to predict their optical properties for pos-
sible biomedical optics purposes. On a similar but extended issue, Ambrosio et
al. [196] dealt with discrete vector frozen waves in a GLMT framework, under
various polarizations (linear, azimuthal and radial polarizations).
A limit of Bessel beams is that they are not physical beams as far as they

convey an infinite amount of energy, although good enough approximations of
them can be constructed in the laboratory. In relation with this issue, Ambro-
sio [197] dealt with analytical descriptions of finite-energy Bessel beams, as a
first attempt to introduce physical or finite-energy axial symmetric fields, under
the paraxial approximation into the general framework of GLMT, relying on a
discrete superposition of Bessel-Gauss beams. As an example of application,
optical forces exerted on spherical nano and microparticles were calculated and
compared with those evaluated with ideal scalar Bessel beams.
For other papers devoted to the issue of the present subsection, see Li et al.

[126], [127] in subsection 2.3 devoted to cylinders and cylindrical coordinates,
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Mitri [61] in subsection 3.2 devoted to laser sheets, Mitri and Silva [198], Gong
et al. [99], Leao-Neto et al. [199], Jiang et al. [200], Gong et al. [140], Mitri
[201] in subsection 3.7 devoted to acoustical beams, Ruffner and Grier [202],
Song et al. [203], Preston et al. [204], Wang et al. [205], Ambrosio and Ferreira
[206], Ambrosio and Zamboni-Rached [207], Mitri et al. [208], Yang et al. [209],
Mitri et al. [210], Mitri [106], [107], Li et al. [75], [211], Lu et al. [212], Chen et
al. [213], Mckell and Bonin [214], Bai et al. [215], [216], Li et al. [217] in section
4 devoted to mechanical effects of light, Chen et al. [218] in section 5 devoted
to internal fields, Rondo-Ojeda and Soto-Eguibar [219] in section 6 devoted to
the optical theorem, Li et al. [78], Qin et al. [220] in subsection 8.3 devoted
to Debye series, and Cui et al. [221], [222], Sundaram and Wen [223], Yang et
al. [224], [225], Zhang [114], Wang et al. [116], Yu et al. [150], Wu et al. [119],
[226], Chen et al. [120] in subsection 8.5 devoted to numerical techniques. For
a warning concerning the use of localized approximations, including ILA, in the
case of non-diffracting beams, see subsection 3.5 below.

3.4 Helical beams.

Fields of helical beams possess a term reading as exp(iνϕ) in which ϕ is
an azimuthal angle and ν is best called the topological charge (or sometimes
the order of the beam). Helical beams may possess as well an axicon angle
term such as higher-order Bessel beams and higher-order beams based on the
superposition of higher-order Bessel beams. Such "axiconic"-helical beams have
been considered in the previous subsection. Let us consider them again for a
while in the present paragraph to explain why such helical beams are also (most
usually) named vortex beams. The total phase of the field is then φ = (kz cosα+
νϕ). The wavefront is a surface of constant phase. Therefore, as the beam evolves
toward positive z’s, the angle ϕ has to simultaneously decrease to keep the total
phase constant. As a result, the wavefront has a helical structure. Furthermore,
the phase is indeterminate on the beam axis producing a phase singularity,
which can be physically accommodated only if the amplitude (intensity) on
the beam axis is zero, i.e. the beam is dark on the beam axis, exhibiting a
central dark core. There is however a subtlety that is hidden behind the above
argument, namely that a helical beam is not necessarily a vortex beam. This
happens for example for higher-order Bessel beams having a topological charge
equal to ±2 in which all components contain optical vortex contributions with
zero magnitude on the beam axis; while some components furthermore contain
J0-contributions which are not optical vortices, see a detail discussion in [227],
and also [228] for a complementary discussion concerning the introduction of
the darkness theorem. Other examples are obtained from localized models of
Laguerre-Gauss beams freely propagating for topological charges equal to ±2.
The paraxial approximations of such beams are vortex beams but they are not
Maxwellian (they do not satisfy Maxwell’s equations). Conversely, their localized
models are Maxwellian but are no more vortex beams [229]. For these reasons,
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due to the existence of counter-examples, beams considered in this subsection
are named helical beams rather than vortex beams. Furthermore, higher-order
Bessel beams and superpositions of such beams are no more considered, insofar
as they have already been discussed in the previous subsection. We therefore
now deal with helical beams without any axicon angle. The best example is
formed by Laguerre-Gauss beams which carry angular momentum of two kinds,
a spin angular momentum associated with the polarization state of the beam
and an orbital angular momentum related to the spatial variations of the field.
We may now proceed with a review concerning the fiducial period, starting

with Kiselev and Plutenko [33] who discussed the scattering of Laguerre-Gauss
beams by spheres, with an emphasis on photonic nanojets (see subsection 3.8)
and near-field optical vortices, with BSCs expressed from double quadratures
quite similar to the ones used in the GLMT framework. Qu et al. [70] dealt
with the analysis of the radiation force of a Laguerre-Gauss beam exerted on
an uniaxial anisotropic sphere. Based on the expansion of Hermite-Gauss (HG)
beam in terms of VSWFs and on the relation between Hermite-Gauss beams and
Laguerre-Gauss modes, they derived the expansion of Laguerre-Gauss beams in
terms of VSWFs. The radiation force exerted on a uniaxial anisotropic sphere
by a Laguerre-Gauss beam was then calculated in a GLMT framework. Qu et
al. [71] similarly dealt with the light scattering of a Laguerre-Gauss beam by
a chiral sphere in a GLMT framework, with the BSCs evaluated by expressing
the Laguerre-Gauss beam as a superposition of Hermite-Gauss modes, similarly
as in [70].
Al-Jarro et al. [72] carried out the analysis of the resonant intermixing be-

tween optical orbital and spin angular momentum of Laguerre-Gauss beams,
mediated by chiral clusters made of silicon nanospheres. They provided a com-
prehensive description of the scattering of Laguerre-Gauss beams from clusters
of spherical nanoparticles with specific rotational symmetry properties, by ana-
lyzing both the physical properties of the scattered field as well as the nature of
the near-field. They focused their study on LG0l beams (p = 0 being the radial
index and l the topological charge). Scattering was analyzed using a multiple-
scattering matrix method in which fields were expanded over VSWFs and the
T-matrix was evaluated in a GLMT-like method. Mitri [230] developed the
most general solution corresponding to a transition from a vortex to a nonvor-
tex higher quasi-Gaussian beam. It was indeed shown that it is possible to create
a coherent superposition of two propagating high-order quasi-Gaussian vortex
beams of opposite handedness (i.e. opposite helicity or topological charge) and
different amplitudes. Depending on the amplitude difference between the two
beams, the resulting field could carry a total angular momentum (i.e. beam of
vortex nature), or not (i.e. beam of nonvortex type). See also Mitri [231] for
another paper dealing with vector spherical quasi-Gaussian beams.
Li et al. [128] dealt with the reflection and transmission of Laguerre-Gauss

beams in a dielectric homogeneous slab, relying on a decomposition of the in-
cident fields using an ASD. The interaction of each individual plane wave in
the spectrum with the slab is a fairly classical problem, and the interaction
produced by the Laguerre-Gauss beam was viewed as the combination of the
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interaction of the elementary plane wave components of the ASD. Analytical
expressions of total reflected and transmitted field intensities were simulated. A
particular attention was paid to the effects of the beam waist radius and of the
topological charge of the beam.
For other papers devoted to the issue of the present subsection, see Arzola

et al. [101], Yu and She [74], Zhang and Yang [232] in section 4 devoted to
mechanical effects of light, Guo et al. [79], [233] in subsection 7.5 devoted to
miscellaneous measurement techniques, and Yu et al. [234] in the subsection 8.5
devoted to numerical techniques. For a warning concerning the use of localized
approximations, including ILA, in the case of helical beams, see next subsection
below.

3.5 Localized approximations and warnings for the
use of localized approximations.

Among the various methods used to evaluate BSCs, localized approxima-
tions (including variants) have been the most popular and, in particular, allowed
one to deal effi ciently with the GLMT for Gaussian beams and laser sheets, see
[235] for a review and [58], [236], [237] for complements. This issue of localized
approximation was extensively investigated by Jia et al. [238] who provided a
very comprehensive study devoted to GLMT-computations based on localized
beam models, taking account the most recent remarks concerning the status of
the art in this topic [58], in particular the recommendation to use a new ter-
minology, carefully distinguishing between what is called the Original Localized
Approximation (OLA) and what is called the Modified Localized Approxima-
tion (MLA). In both cases, they provided an improved algorithm of GLMT
calculations based on localized beam models, in order to overcome the diffi cul-
ties which may be due, in certain cases, to the limit of computer resources. The
essence of the algorithm was to calculate BSCs and involved angular functions
by multiplying them with pre-factors so as to keep their values in a reasonable
range, leading to an algorithm which is effi cient, reliable and robust. They also
compared the relative merits of OLA and MLA and, although MLA is in prin-
ciple more accurate, they convincingly pointed out that OLA is more practical
because it considerably simplifies and speeds up numerical calculations with
respect to MLA. Whether an user would prefer to use OLA or MLA is still a
matter of choice but the very detailed paper by Jia et al. is an irreplaceable
source of information to help making one choice. There is only one quite extra-
minor remark that I would like to do. The last sentence of Section 4 in [238]
concerning the use of higher-order approximations of Gaussian beams should
be read while having in mind the remarks made below concerning the use of
higher-order Davis-Barton beams in relationship with the use of localized ap-
proximations, and the fact that localized approximations applied to first-order
Davis beams anticipate the behavior of higher-order beams.
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This issue of anticipation may be discussed as follows: we can indeed intro-
duce a localized operator in higher-order Davis-Barton beams and this indeed
provides genuine beams, but it is erroneous to believe that applying a localized
approximation to higher-order beams provides better results than applying it to
first-order beams. On the contrary, it deteriorates the situation. This happens
indeed because applying a localized approximation to first-order Davis beams
anticipates the behavior of higher-order beams. For more details, the reader
may refer to [239], 12 lines below Eq.(75), in a sentence containing "anticipates
the form", and 3 lines below Eq.(84), in a sentence containing "so closely re-
lated", and also Fig 1. See also [240], page 2139, bottom of column 1, [241],
page 38, [242] applying a localization operator to higher-order beams, partic-
ularly conclusions page 2704, column 2, stating that such a process does not
improve the quality of the Gaussian beam, and p. 2705, column 1, [243], p.
23, column 2 and quoted references (25), (27), (33), (36), and.[244], section 4,
pp.516-518, for a similar discussion in cylindrical coordinates.
A compact formulation of the BSCs for elliptical Gaussian beams (also called

laser sheets) based on a localized approximation is discussed by Shen et al.
[245], including a comparison with the ILA, to be completed by Wang and
Shen [246] dealing again with BSCs for an elliptical Gaussian beam using a 1D
quadrature and localized approximation methods, and by Shen et al. [247] who
dealt again with elliptical Gaussian beams and evaluated BSCs by comparing
the quadrature method, a localized approximation, and the implementation of
a method based on an ASD leading to 1D-quadratures. The three methods
were compared in terms of computing time effi ciency and of accuracy They
confirmed that a localized approximation is the most effi cient and that the
original quadrature technique is the most time consuming. For the quadrature
technique to the evaluation of BSCs, return to [24] and references therein. For
laser sheets, return to [163], [164] and references therein. See also Qiu and Shen
[248] in section 10 devoted to reviews and tutorials.
I end this subsection with a story (which has not yet reached its end) which

deserves to be told in its own right. This story concerns the domains of va-
lidity of localized approximations in spherical coordinates (and could certainly
be extended to the use of other kinds of coordinates, if only by relying on the
use of extrinsic methods). After a justification of a localized approximation for
Gaussian beams in 1994 [239], [249], which can however be extended to all exist-
ing variants including the variant known as ILA, a justification for "arbitrary"
shaped beams was produced in 1999 using what is known as a N-procedure
[250]. The definition of "arbitrary" shaped beams, fairly reasonable at this
time, particularly in the field of OPC, assumed that the fields were expressed
by a propagation factor of the form exp(±ikz), for a propagation along the axis
z, multiplied by a non singular function expressed in terms of a triply infinite
multivariate polynomial involving powers of the Cartesian coordinates x, y and
z. However, as seen in subsections 3.3 (non-diffracting beams) and 3.4 (helical
beams), several papers used beams which exhibit a propagation factor of the
form exp(±ikz cosα) in which α is the axicon angle. In the case of such beams
(even with a topological charge equal to zero), it has recently been shown that
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the N-procedure fails to justify the use of localized approximations [251], ad-
dressing the question to know to which extent localized approximations can be
used for "axiconic" beams, in particular, in the case of Bessel beams.
There are some examples quoted above of papers having indeed used a local-

ized approximation, more specifically ILA, for the evaluation of BSCs of beams
exhibiting an axicon angle, although I have not necessarily pointed them out.
Examples are now to be given in the framework of a fruitful and effi cient collabo-
ration between Rouen (France) and São Paulo (Brazil). In particular, Ambrosio
and Hernandez-Figueroa described zeroth-order [252] and higher-order Bessel
beams [253] by using ILA with applications to optical trapping. The same is-
sue is to be stressed on the case of beams formed by a superposition of Bessel
beams, e.g. frozen waves [195], [207]. By comparing BSCs of zeroth-order Bessel
beams evaluated either by a localized approximation or by a rigorous quadrature
method amenable to closed forms, Gouesbet et al. [254] confirmed that there is
indeed a limited domain of validity of localized approximations for Bessel beams,
although they perform well when the axicon angle is small enough (typically less
than 10◦). Calculations of radiation forces under Bessel beam illumination, pre-
viously reported by Ambrosio and co-workers, were thereafter revisited [255].
It was concluded that localized approximations, in particular ILA, provide ade-
quate BSCs for Bessel beams up to certain limits and that, even when they fail
to do so, reliable information on physical optical properties of interest can still
be inferred, depending on specific geometries and electromagnetic aspects of the
scatterer. For instance, the determination of optical forces and torques is fairly
immune to the limitations of localized approximations in the case of Rayleigh
particles, even for axicon angles as large as 20◦ and even more. Another paper
by Ambrosio et al. [256] discussed the validity of localized approximations for
discrete superposition of Bessel beams. Similar considerations hold for Mathieu
beams which are built from Bessel beams as well [185], [257].
Other cases when the assumptions used in [250] are not satisfied are the ones

of helical beams (having a topological charge), possibly exhibiting singularities,
such as discussed in [229], [258] and, worst, the one when both axicon angles
and topological charges are present on the stage [259]. There may be a moral
to this story, namely that a theoretical method (here localized approximation,
including variants) may have been so successful that it presents the risk of being
used outside of its original domain of validity, a case of undue generalization.
Ideally, when using a theory, we should always carefully return to its domain
of validity before applying it to what could unfortunately become, otherwise,
undue situations.

3.6 Pulses and laser pulses.

GLMTs under laser pulse illuminations have been discussed by Gouesbet
and Gréhan [260], Méès et al. [261], [262], [263], [264], [265], Han et al. [266],
and Méès et al. [267]. Returning to the fiducial period, we have Li et al.
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[268] who dealt with the scattering and propagation of plane wave/Gaussian
terahertz pulses in random soot aggregate systems by using the GMM. Next,
Li et al. [269] studied the scattering and propagation of a UV pulse in soot
aerosols using again the GMM. Soot aerosols were generated by the diffusion-
limited aggregation model. Scattering intensities versus scattering angles were
provided and discussed.
Kozlova et al. [135] modeled the resonance focusing of a picosecond laser

pulse using a dielectric microcylinder. Based on the FDTD, they studied tem-
poral variations of focal spot parameters when focusing a plane wave by use
of a dielectric microcylinder. It was shown that as a picosecond pulse travels
through the microcylinder, the focal spot gets tighter, whereas its intensity and
the mode energy stored in the microcylinder grow. Du Preez-Wilkinson et
al. [270] presented a method for the precise calculation of optical forces due
to a tightly-focused pulsed laser beam using GLMT. They calculated forces for
femtosecond pulses of various widths, and compared with forces due to a contin-
uous wave beam. They assumed that the pulse had a Gaussian envelope, with
a specified full-width half-maximum (FWHM). The beam was focused with a
convergence angle of 50◦ (which corresponds to an optimally-filled objective
of numerical aperture 1.02), and trapping took place in water. Shakov et al.
[271] dealt with femtosecond optical trap-assisted nanopatterning through mi-
crospheres by a single Ti: Sapphire oscillator. Experimental results were "said
to be" reasonably matched by GLMT in which BSCs were calculated by a
quadrature method.
Devi and De [272] used GLMT, with BSCs evaluated by using a localized

approximation, for a study of optical Kerr effect in femtosecond laser trapping
of dielectric nanoparticles, calculating trapping optical forces and potentials.
Results obtained by GLMT were compared with those of a dipole approxima-
tion. They concluded that there was a quantitative disagreement between the
results obtained using either GLMT and dipole approximation, although the
qualitative nature of the force (or potential) curves remained the same. The
quantitative disagreement was attributed to the obvious fact that calculations
were carried out under a tight focusing condition for which the beam shape fac-
tor s was quite high (0.179). See [3], Chapter 4 for a discussion concerning the
beam shape factor and implications. Another paper by Devi and De [273] dealt
with the theoretical estimation of nonlinear optical forces on dielectric spherical
particles of arbitrary size under femtosecond pulsed excitation, using on-axis
GLMT and a localized approximation to evaluate the BSCs, with a comparison
between GLMT results and results obtained by using a dipole approximation.
Experimental evidence indicated that high-repetition ultrafast pulsed excitation
is more effi cient in optical trapping of dielectric nanoparticles as compared with
continuous-wave excitation at the same average power.
Zensen et al. [274] dealt with a femtosecond resolved measurement of optical

scattering forces. They demonstrated how the scattering force acting on a single
gold nanoparticle in solution could be measured. An optically trapped 80 nm
particle was repetitively pushed from the side with laser light resonant to the
particle plasmon frequency. A lock-in analysis of the particle movement provided
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a measured value for the scattering force. The authors obtained a resolution of
less than 3 femtonewtons (fN) which is an order of magnitude smaller than any
measurement of switchable forces performed on nanoparticles in solution with
single beam optical tweezers to date. They compared the results of the force
measurement with LMT simulations of the optical scattering force on a gold
nanoparticle and found good agreement between experiment and theory within
a few fN.
Dealing with laser pulses, we now come to a series of 3 papers by Lock

and Laven [275], [276], [277], with laser pulses being explicitly considered in
the last paper of the series. These papers discussed co-polarized and cross-
polarized scattering of an off-axis focused Gaussian beam by a spherical particle
in a GLMT framework. The issue discussed in this series relied on the fact
that, in static and dynamic light scattering, it has frequently been claimed that
cross-polarized scattering cannot occur for single-scattering by a homogeneous
sphere, a statement which is true for both plane wave and on-axis Gaussian
beam incidence but which, as discussed in the present series, is not correct
when the beam is translated off-axis perpendicularly to the scattering plane.
The first installment of the series [275] was devoted to the main features of
GLMT relevant to the issue to be discussed, using a localized beam model,
particularly concerning the evaluation of scattering quantities requiring sums
over both partial waves (usually denoted by a subscript n) and azimuthal modes
(usually denoted by a subscript m) to be analytically or numerically performed.
It was demonstrated that cross-polarized intensities are indeed nonzero when
the beam is displaced off-axis perpendicularly to the scattering plane. Examples
were provided, the issue was discussed in the framework of ray optics, and
it was emphasized that nonzero cross-polarized scattering is a consequence of
wave theory via a symmetry breaking process. In Part II [276], the GLMT
angular functions were accurately approximated for large partial waves, weakly
focused Gaussian beams, and specific ranges of values of the scattering angle
θ, namely both for θ ≈ 0◦ and θ ≈ 180◦, as well as for 0◦ � θ � 180◦. This
allowed the sum over azimuthal modes to be evaluated analytically, leaving only
the sum over partial waves to be evaluated numerically, and therefore greatly
decreasing the computer run time required for off-axis GLMT computations for
particles having a large enough size parameter. The approximation provided
a close fit to the exact GLMT polarization-resolved intensity for a number of
off-axis locations of the incident beam. Part III [277] focused on a study of
diffraction in the near-forward direction for the localized model of an off-axis
focused Gaussian beam scattered by a sphere when the beam was translated
off-axis either in the scattering plane or perpendicular to it, in the framework
of the Fraunhofer diffraction approximation. Various Debye contributions to
scattering amplitudes were obtained, and time-domain scattering was discussed
in the case of pulsed illumination, both for exact GLMT scattering amplitudes
and as well for the approximation in which the sum over azimuthal modes was
evaluated analytically.
For other papers devoted to the issue of the present subsection (or to low-

coherence scattering sharing with laser pulses the property of exhibiting an
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extended spectral range), see Minin and Minin [278] in subsection 3.8 devoted
to photonic nanojets, Swirniak [279] in subsection 7.2 devoted to rainbow refrac-
tometry, and Lock and Laven [280] in subsection 8.3 devoted to Debye series.

3.7 Acoustical beams.

Although the present paper is essentially devoted to electromagnetic beams,
it is worth devoting a subsection to acoustical beams due to the many analo-
gies relating electromagnetic and acoustical scattering (more generally scalar
scattering, including quantum scattering, e.g. [281], [282]). Such analogies are
exhibited in a review by Thomas et al. [283] who very comprehensively dis-
cussed acoustical and optical radiation pressures and the development of single
beam acoustical tweezers, with a strong emphasis on the mutual enrichment
which arose from a long common history between electromagnetic and acousti-
cal scattering. Differences have been pointed out such as the fact that acoustical
tweezers overcome a limitation of optical tweezers which is the weak force that
can be applied without thermal damage due to optical absorption, while ul-
trasounds are proven to be innocuous for living cells and propagate without
significant attenuation in many materials. Conversely, analogies occurred from
both experimental (existence of an acoustic equivalent of the "all-optical light
trap", use of acoustical and optical vortex beams) and theoretical (Maxwell’s
stress tensor versus Brillouin’s stress tensor, use of the GLMT in optics ver-
sus its acoustical counterpart, and evaluations of electromagnetic or acoustical
BSCs, long-wavelength simplified expressions in optics and acoustics) points of
view. A prospective section was devoted to the future of the field of acoustical
tweezers. Another review by Thomas et al. [284] discussed the similarities and
differences between optical and acoustical radiation pressure, and reviewed the
different experimental schemes available to generate acoustical tweezers. It was
stressed that the optical GLMT was recently adapted to acoustics, leading to a
general expression of the acoustical radiation pressure exerted by an arbitrary
beam on an elastic sphere and to the notice that the expressions of the optical or
acoustical radiation pressures acting on a particle were remarkably very similar.
In particular, both can be derived from the flux of pseudo-momentum on a far
field closed surface.
Mitri and Silva [198] proposed a generalization of the extended optical the-

orem for scalar arbitrary shape acoustical beams of arbitrary character with
any angle of incidence interacting with an object of arbitrary geometric shape
and size, and placed randomly in the beam’s path with any scattering angle
(see section 6 for a discussion of the optical theorem). Analytical expressions
for the extinction, absorption and scattering cross sections were derived, and
the connection with the axial (e.g. along the direction of wave propagation)
torque and radiation force calculations was discussed. As examples to illustrate
the analysis for a viscoelastic object, the extinction, absorption, and scattering
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cross sections were provided for an infinite plane progressive wave, infinite non-
diffracting Bessel beams, a zeroth-order spherical quasi-Gaussian beam, and a
Bessel-Gauss vortex beam emanating from a finite circular aperture (which re-
duces to a finite high-order Bessel beam), a finite zeroth-order Bessel beam, and
a finite piston radiator vibrating uniformly with appropriate selection of beam
parameters. A similarity with asymptotic quantum inelastic cross sections was
also mentioned, e.g. [285] and references therein. Still on the optical theorem,
Mitri [137] proposed a generalization in cylindrical coordinates for on-axis and
off-axis scalar monochromatic acoustical beams of arbitrary wavefront interact-
ing with a scatterer of arbitrary geometry and size, located arbitrarily in space.
Silva et al. [286] calculated the acoustic radiation force produced by an

arbitrary shaped beam exerted on a sphere suspended in an inviscid fluid, us-
ing the translational addition theorem for spherical functions and the partial-
wave expansion method ("acoustical GLMT"). BSCs were first evaluated for an
acoustic beam relative to a reference frame, and the translational addition the-
orem could afterward be used to obtain them relative to the sphere positioned
anywhere in the medium. Mitri [136] dealt with the interaction of an acoustical
2D arbitrarily-shaped beam with an elastic cylinder with arbitrary location that
is immersed in a non-viscous fluid, generalizing the classical Resonance Scatter-
ing Theory (RST) for plane wave in acoustics. The analysis relied on the use of
partial wave series expansion method in cylindrical coordinates which would be
akin again to an "acoustical GLMT". Zhang et al. [138] studied the interaction
between an acoustical Gaussian beam and cylindrical particles in water. Based
on a finite series method (similar to the one used for vector beams, e.g. [27]),
the Gaussian beam was expanded as cylindrical functions and the acoustical
BSCs of the Gaussian beam was obtained. An expression for the acoustic ra-
diation force function that is the radiation force per unit energy density and
unit cross-sectional surface area for a cylindrical particle placed along the axis
of a Gaussian beam and immersed in an ideal fluid was presented. Numerical
results for the radiation force function of a Gaussian beam were presented for
rigid cylinders, liquid cylinders, elastic cylinders, and viscoelastic cylinders to
illustrate the theory. This paper is to be completed by Zhang et al. [139] who
computed the acoustic radiation force exerted on a rigid cylinder in off-axial
Gaussian beam using the translational addition theorem, still relying on a fi-
nite series method for the evaluation of BSCs. Gong et al. [99] dealt with the
acoustical scattering of an acoustical Bessel beam by a rigid spheroid.
Leao-Neto et al. [199] dealt with the scattering of a longitudinal Bessel beam

of arbitrary order by a spherical inclusion embedded in an isotropic elastic solid
matrix. Absorbing, scattering and extinction effi ciency factors were obtained
and an extended optical theorem was derived. Several features of zeroth- and
first-order Bessel beams scattering were illustrated. Beam shape coeffi cients
were evaluated in closed forms. Jiang et al. [200] provided a general expres-
sion for the acoustic radiation force on a sphere immersed in a non-viscous fluid,
placed in a progressive and standing zeroth-order quasi-Bessel-Gauss beam. Let
us note that the quasi-Bessel-Gauss wave possesses the non-diffracting proper-
ties of the Bessel wave and the energy-focusing properties of the Gauss wave.
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BSCs were evaluated using finite series expansions which were originally used
to calculate the coeffi cients of Gauss beams in electromagnetic fields. Gong
et al. [140] dealt with a "T-matrix" method for acoustical Bessel beam scat-
tering from a rigid finite cylinder with sheroidal endcaps. Mitri [201] used a
GLMT-equivalent approach using the ASD to investigate scattering, radiation
force and torque of fractional Bessel beams and Airy beams. Wang et al. [287]
studied the modulation of acoustic radiation forces on three-layered nucleate
cells in a focused Gaussian beam, in an acoustical GLMT framework with BSCs
evaluated by using finite series.

3.8 Photonic nanojets.

While the subsections above in this section were concerned with various in-
cident beam shapes, we here consider a specific class of scattered beam shapes,
namely photonic jets (or nanojets) which may be defined as narrow, high-
intensity, beams emerging from the shadow-side of an illuminated particle and
which propagate over a distance longer than the wavelength, simultaneously
maintaining a sub-wavelength FWHM.
Han et al. [288] discussed photonic jets generated by spheroidal particles

under Gaussian beam illumination, in the framework of a GLMT. Simulations
demonstrated that, by simply varying the ellipticity of the spheroid, it is pos-
sible to obtain localized photon fluxes having different power characteristics
and spatial dimensions. This paper is to be completed by Han et al. [289] who
studied controllable and enhanced photonic jets generated by an optical fiber
combined with dielectric spheroidal particles, achieving strong intensity confine-
ment below the standard diffraction limit. This study was again carried out in
a GLMT framework. Neves [290] studied photonic nanojets generated by mi-
crospheres in trapping equilibrium employing double optical tweezers involving
two collinear and co-propagating beams. Optical forces were evaluated in the
framework of GLMT, under an on-axis situation which simplifies the evaluation
of the BSCs, under plane-wave incidence and highly focused Gaussian beam
incidences. Mao et al. [291] studied a tunable photonic nanojet formed by a
generalized Luneberg lens, using both ray optics and FDTD.
FDTD was also used by Liu and Lin [292] in relationship with an experimen-

tal study of geometric effect on photonic nanojet generated by dielectric micro-
cylinders with non-cylindrical cross-sections, the non-cylindrical cross-sections
cylinders including truncated microcylinders and elliptical microcylinders. In-
stead of FDTD, Degtyarev et al. [293] used a FEM (finite-element-method, see
subsection 8.5) to demonstrate the possibility of generating a photonic nano-
jet with a helix shape, named a photonic nanohelix, with the diffraction of a
Gaussian beam on a spiral axicon. Darafsheh and Bollinger [294] carried out a
systematic study of the characteristics of photonic nanojets formed by dielectric
microcylinders, in the visible spectrum, in terms of different tuning parameters,
such as refractive index and index contrast, size and shape of the particle, state
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of polarization and wavelength of the incident plane-wave light. Another study
of photonic nanojet involving FEM has been carried out by Xing et al. [295]
who studied side lobes controlling of photonic nanojets using a graded-index
microcylinder which was divided by multilayers parallel to the direction of light
propagation. They achieved super narrow photonic nanojets with FWHM of
approximately 120 nm with a 500 nm excitation wavelength. Kozlov et al. [296]
dealt with the analysis of dielectric circular cylinder light narrowing by WGMs
and influence of material absorption, under plane wave illumination, relying on
a numerical analysis. They observed two near-surface maxima of intensity gen-
erated at the cylinder output, one focus being formed by one of the WGM lobes
with an intensity being 50 times the incident light intensity and a FWHM equal
to 0.155 of the incident wavelength, the second focus being a photonic nanojet
stretched toward the optical axis with a width equal to 0.44 of the wavelength
and a length equal to two wavelengths. It is furthermore interesting to note
that we can face acoustical jets similar to photonic jets, as discussed by Mitri
[297].
For other papers devoted to the issue of the present subsection, see Kiselev

and Plutenko [33] in subsection 3.4 devoted to helical beams, Sentis et al. [298]
in subsection 7.3 devoted to holography, Nayak et al. [299], Patel et al. [300]
in subsection 8.5 devoted to numerical techniques, Luk’yanchuk et al. [301]
in section 10 devoted to reviews and tutorials. For a review, see Minin and
Minin [278] discussing the formation of photonic nanojets by nonspherical axi-
ally and spatially asymmetric 3D dielectric particles, including cuboid dielectric
particles, mesoscale regular hexaedron-aided terajets, curved photonic jet for-
mation (photonic hook) with a cuboid with a triangle bar, dielectric particles
of arbitrary 3D shapes, not forgetting the more classical case of spherical-based
dielectric particles, and the less classical case of femtosecond pulse illumination.

4 Mechanical effects of light.

A thorough review on GLMTs and mechanical effects of laser light, for the
period 1985-2018 has been provided in [81], on the occasion of Arthur Ashkin’s
receipt of the 2018 Nobel prize in physics for his pioneering work in optical
levitation and manipulation. For the sake of completeness, the present section
deals with the same issue, but is restricted to the fiducial period. We may
then start with Li et al. [73] who studied radiation torques exerted on uniaxial
anisotropic spheres in a GLMT-like framework. Incident fields were expressed
using the BSCs of an off-axis Gaussian beam, together with the rotation theorem
of the VSWFs. Song et al. [203] studied the optical forces on a large sphere
illuminated by Bessel beams, and compared the results obtained by using either
ray optics or GLMT. Particles with positive and negative refractive indices
were examined. BSCs were computed in closed forms using the method given
in Chen et al. [191], [192]. An interesting by-product of this work was that,
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for Bessel beams, optical forces can be decomposed into gradient and scattering
forces irrespective of the particle size, then providing a partial solution and
a clue to the general solution of Problem 23 in [11], namely: "Derive various
physically motivated contributions to radiation forces and torques for arbitrary-
shaped beams", a definition which should be completed by mentioning that, in
the mind of the authors, these derivations should be explained and obtained in
terms of BSCs. Other insights into Problem 23 may be obtained from Wang et
al. [302] who dealt with gradient and scattering forces of anti-reflection-coated
spheres in an aplanatic beam using GLMT, with some focus on the backward
scattering intensity, and from Zheng et al. [303] who explicitly dealt with the
issue of decomposition of optical forces into gradient and scattering parts. See
also Wang et al. [287] for a discussion of gradient and scattering forces in an
acoustical context.
Preston et al. [204] achieved an experimental and theoretical study on the

equilibrium position of an aerosol droplet trapped in a counter-propagating
Bessel beam and experiencing a gas flow, providing an aerosol analogue to
the separation of particles of different size and refractive index in counter-
propagating laser beam and liquid flow, referred as to optical chromatography.
The position of the droplet was greatly affected by the excitation of whispering
gallery modes, leading to sharp peaks in the equilibrium position curve. Cal-
culations of optical forces were carried out in a GLMT framework (Barton’s
version) using the double quadrature method to evaluate the BSCs. Wang et
al. [205] dealt with a tractor effect for core-shell nanoparticles using the GLMT
and Maxwell stress tensor formulation. They demonstrated how optical pulling
forces can be induced and optimized by using first-order Bessel beams with ap-
propriate polarization. The transverse stability of the core-shell nanoparticle
under ambient damping was also verified by linear stability analysis and dy-
namical simulation. BSCs were derived using an analytical approach provided
by Chen et al. [191]. Tractor effects were also considered by Mitri et al. [208]
who dealt with optical pulling force on a magneto-dielectric Rayleigh sphere in
zeroth- and first-order Bessel tractor polarized beams, with particular empha-
sis on the beam polarization and topological charge. The analysis was focused
on identifying the regions and some of the conditions allowing one to achieve
retrograde motion of the sphere centered on the axis of propagation of the inci-
dent beam or shifted off-axially. Yang et al. [100] dealt with the computation
of stress on the surface of a soft homogeneous arbitrarily shaped particle, us-
ing a numerical technique based on SIEM. The comparison of the computed
stress profile with that predicted by the GLMT for a water droplet of diameter
equal to 51 times the wavelength in a focused Gaussian beam demonstrated
that the precision of the numerical technique used was very good. Stress pro-
files on spheroids with different aspect ratios were afterward computed, with
illumination by a Gaussian beam of different waist radii at different incidences.
Physical analysis of the mechanism of optical stress was given with the help of
a recently developed Vectorial Complex Ray Model (VCRM). Computational
study of stress on surface of a bi-concave cell-like particle, which is a typical
application in life science, was also undertaken. Phillips et al. [304] dealt with
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shape-induced force fields on extended dielectric particles of general shape in
optical trapping, using 3D T-matrix calculations (presumably EBCM). To il-
lustrate the approach used, the authors described the design and fabrication of
a passive force clamp based on a tapered cylinder and capable of applying a
constant force displacement of several micrometers. They demonstrated its use
in an optically controlled scanning probe microscope for ultralow force imaging.
Potential future applications of this device may include the imaging of sensitive
biological membranes. They calculated optical forces via surface integrals of
the Minkowski stress-energy tensor, and showed the effect of particle shape on
optical force in a Gaussian beam. With the sake of an experimental verification,
they measured force-displacement profiles of horizontally trapped cylinders and
tapers. Tapp et al. [305] proposed a theoretical framework to predict the 3D
steady-state shapes of optically deformed micron-sized emulsion droplets with
ultra-low interfacial tension, under the influence of one or more optical traps.
The resulting shape and size of the droplet arose out from a balance between
the interfacial tension and optical forces. Using an approximation of the laser
field as a Gaussian beam, working with the Rayleigh-Gans regime and assum-
ing isotropic surface energy at the oil-water interface, the authors numerically
solved the resulting shape equations to elucidate the 3D droplet geometry. They
used both a localized ray-optics and FDTD simulations. Pan et al. [306] dealt
with the prediction of radiation pressure force exerted by structured beams (in
the present case Gaussian beams) on moving particles by using a fast full-wave
method in which the problem of evaluating optical forces exerted on a mov-
ing particle by a single-excitation beam was converted into that of computing
optical forces exerted on a static particle by multiple beams. In other words,
from the simulation point of view, the authors could either simulate the mov-
ing particle in the fixed optical tweezers directly or changed the state of the
optical tweezers by varying parameters of the light beam while assuming the
particle is static. To ease the implementation, the latter was employed in their
study. Surface integral equation method (SIEM) was used. Li et al. [307]
dealt with ultrasensitive size-selection (sorting) of plasmonic nanoparticles by
Fano interference optical forces under a Gaussian beam excitation (plane wave
illumination was considered as well), relying on the fact that the scattering of
a plasmonic nanoparticle at its Fano resonance becomes strongly asymmetric
in the lateral direction and consequently results in a net transverse scattering
force, that is, Fano interference-induced force. The magnitude of this trans-
verse scattering force was comparable with the gradient force in conventional
optical manipulation experiments. More interestingly, the Fano scattering force
was ultrasensitive to the particle size and excitation frequency due to phase
sensitivity of the interference between adjacent plasmon modes in the particle.
Computations of optical forces used a GLMT-like method with Gaussian beam
BSCs evaluated in this framework. Gloppe et al. [308] dealt with bidimensional
nano-optomechanics and topological backaction in a non-conservative radiation
force field. This study was in the filiation of works devoted to cavity optome-
chanics which successfully addressed the experimental challenge of coupling a
mechanical oscillator to a high-finesse optical cavity, which serves as a noise-free
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optical amplifier that enables quantum-limited optomechanical interaction. The
authors then presented a versatile optomechanical approach that goes beyond
the standard scalar description of cavity optomechanics. Its principle relied on
coupling a suspended subwavelength-sized crystalline nanowire to a strongly fo-
cused beam. This cavity-free and optically broadband approach gave rise to
large optomechanical coupling in both axial and transverse vibration directions,
enabling an ultrasensitive readout of the nanomechanical motion for incident
optical power in the 100 µW range only. Burgin et al. [309] reported exper-
imentally and theoretically on the significant exaltation of optical forces on
microparticles when they are partially coated by metallic nanodots, silica-gold
raspberry-like particles, flowing in a microfluidic channel, and shined with laser
light within a surface plasmon resonance. For pure silica particles, calculations
were performed with LMT and ray optics calculations. For metal-dielectric
particles, calculations were carried out using a Matlab code implemented for
spherical core-shell particles. As the metal nanodots adsorbed on the silica mi-
croparticle surface were very small compared to the optical wavelength and since
they were isotropically distributed onto this surface with a volume fraction φ
around the percent, the authors confidently assumed a description of the shell as
a continuous composite medium and use the Maxwell-Garnett approach to de-
termine its dielectric constant. Measurements were carried out using an optical
chromatography setup. Arzola et al. [101] experimentally studied the rotation,
oscillation and hydrodynamic synchronization of optically trapped oblate spher-
oidal microparticles, in focused elliptically polarized vortex beams, generating
several optical traps with independently controlled parameters using a spatial
light modulator. They demonstrated that such particles can be trapped in 3D,
with the minor axis oriented perpendicular to the (linear) beam polarization
and the beam propagation, can spin in a circularly polarized beam and an optical
vortex beam around the axis parallel with the beam propagation, and can ex-
hibit a periodic motion in the plane transversal to the beam propagation. They
measured that the transfer of the orbital angular momentum from the vortex
beam to the spheroid gave rise to torques one order of magnitude stronger com-
pared to that of the circularly polarized Gaussian beam. Cao et al. [310] dealt
with the optical collection of multiple spheres in single tightly focused beams,
and proposed a model of optical trapping of multiple spheres and multiple trap-
ping in a single beam based on optical forces. They dynamically simulated
the process of self-arrangements. Ruffner and Grier [202] dealt with universal,
strong and long-ranged trapping by optical conveyors which are active tractor
beams that selectively transport illuminated objects either upstream or down-
stream along their axes. Formed by the coherent superposition of coaxial Bessel
beams, an optical conveyor featured an axial array of equally spaced intensity
maxima that acted as optical traps for small objects. The authors demonstrated
through measurements on colloidal spheres and numerical calculations based on
the GLMT that optical conveyors interferometric structure endows them with
trapping characteristics far superior to those of conventional optical tweezers,
and that optical conveyors form substantially stiffer traps and can transport a
wider variety of materials over a much longer axial range. Wang et al. [311]
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dealt with laser induced surface stress on water droplets under plane wave or
Gaussian beam illumination. Siler and Zemanek [312] considered that the high
intensity focal area of a focused laser beam is accompanied by several secondary
maxima on the optical axis as well as by a structure of rings away of the optical
axis and accordingly dealt with optical trapping in secondary maxima of focused
laser beam, using GLMT (in Barton’s approach).
Dutra et al. [313] gives me the opportunity to comment of a frequently

made mistake concerning GLMT. The authors provided a study allowing one to
proceed to an absolute calibration in optical tweezers. In particular, they inves-
tigated in detail the effects of all primary aberrations on the optical trapping
force. They developed a model that takes into account the presence of primary
aberrations on the focused trapping beam in addition to the interface spherical
aberration. They demonstrated that one additional optical aberration, namely
astigmatism, is the main effect responsible for the transverse stiffness degrada-
tion in the range a - λ/2 (with a being the radius of the trapped particle).
They found an agreement with the experimental data within error bars with
no fitting procedure. They could then demonstrate that absolute calibration
of the trap stiffness could be achieved, provided that all relevant experimental
parameters, including astigmatism were carefully characterized. Apart of the
scientific interest of this paper, I indeed have now to mention an "epistemo-
logical" interest, namely that it conveys a common mistake according to which
the GLMT would be restricted to the use of paraxial Gaussian model which
provides an incorrect representation of a strongly focused beam. This mistake
is already present in a synthetic account of Ashkin’s works concerning optical
trapping and manipulations of neutral particles using lasers, including a collec-
tion of reprints [314]. In this last reference, GLMT was discussed on pp.196-198
with indeed a misleading statement according to which GLMT would not be
valid for the high numerical aperture incident beams typically used for tweezer
traps. The misunderstanding likely arises from the initial focus to OPC-issues
in the earlier developments of GLMT. In particular, in the "pivot"-paper of [1],
some emphasis was put on the case of a Gaussian beam described by using a
first-order Davis approximation [315] which indeed is inadequate for the case of
optical tweezers using highly focused beams. However, GLMT is not restricted
to such first-order Davis beams. It is actually a genuine Arbitrary Beam Theory
(ABT) as already mentioned in the conclusion of [316], reiterated page 1430 of
[1], concisely exposed in another 1988-paper [317], and later more extensively
discussed in a synthetic paper devoted to GLMT and applications to optical siz-
ing [2]. Implementation of a given arbitrary shaped beam in GLMT "simply"
requires the evaluation of the BSCs which encode the properties of the beam.
Indeed, in a two-part paper [318], [319], Lock calculated radiation trapping
forces in the GLMT framework for a beam tightly focused and truncated by a
high-numerical aperture, furthermore aberrated by its transmission through the
wall of a sample cell. The first part was devoted to the calculations of BSCs
achieved by using a localized beam model while Part II was devoted to the use of
the localized beam model to calculate the on-axis trapping force on a spherical
particle whose size could range from the Rayleigh scattering regime to the ray
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optics regime. Radiation trapping forces were calculated for two different beam
profiles, experimental data were provided and discussed, and it was concluded
that GLMT wave theory bridges the gap between the small (Rayleigh) and the
large (geometrical optics) size parameter regimes. See also Lock et al. [320] for
the same issue (scattering of a tightly focused beam in a GLMT framework),
and [81] for another common mistake according to which GLMT would not be
able to deal with internal fields.
Next, Yu and She [74] computed the radiation force exerted on a sphere by

focused Laguerre-Gauss beams, in a GLMT framework. BSCs were evaluated
from an ASD in terms of some auxiliary coeffi cients for which recurrence for-
mulas were provided. Bai and Suo [321] dealt with the optomechanics of soft
materials, deriving a dimensionless number to estimate when light can induce
large deformation, for a structure made of soft dielectrics with size compara-
ble to the wavelength of light. They studied the two-way interaction between
light and structure by combining the electrodynamics of light and the nonlinear
mechanics of elasticity, using a Maxwell stress tensor analysis. It was noticed
that the Maxwell stress due to a laser can cause small strains in stiff materi-
als, but large strains in soft materials. Datsyuk and Pavlyniuk [322] compared
and discussed the validity of various stress tensors to evaluate induced normal
pressure and tangential stress at the surface of a small dielectric sphere (or cav-
ity) in the framework of an associated controversial issue, namely Minkowski,
Einstein-Laub, Abraham, and Lorentz forms of the Maxwell stress tensor. The
aim of the paper was to compare predictions of these different forms of the stress
tensor with experiments. Ranjit et al. [323] dealt with attonewton force detec-
tion using laser-cooled silica microspheres in a dual-beam optical trap in high
vacuum. They demonstrated trap lifetimes exceeding several days, attonewton
force detection capability, and wide tunability in trapping and cooling parame-
ters. Measurements have been performed with charged and neutral beads to
calibrate the sensitivity of the detector. The theoretical analysis relied on a full
wave analysis (LMT or GLMT). Zhang and Yang [232] dealt theoretically and
experimentally with radiation forces on Rayleigh particles using a focused anom-
alous vortex beam under paraxial approximation in the framework of Rayleigh
scattering theory. Chvatal et al. [324] theoretically studied the binding of a
pair of Au nanoparticles in a wide Gaussian standing wave, in the framework of
GLMT for assemblies of spherical particles with BSCs evaluated by using a local-
ized approximation. Binding may be defined as a self-arrangement of particles
based upon the equilibrium between the optical forces resulting both from the
incident beam illumination and from the illumination by the light re-scattered
by other objects. Brzobohaty et al [325] dealt with non-spherical gold nanopar-
ticles trapped in optical tweezers, and compared theoretical results based on
the coupled-dipole method with published theoretical and experimental data.
Ambrosio and Ferreira [206] studied time-average forces exerted over dielectric,
magnetodielectric and negative-index Rayleigh particles by frozen waves (let us
recall: superposition of equal-frequency arbitrary-order Bessel beams which are
capable of providing virtually any desired longitudinal intensity pattern, serv-
ing as potential beams in optical trapping, atom guiding, optical bistouries,
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and so on). Analytical expressions for gradient and scattering forces experi-
enced by very small particles were deduced. A related work is by Ambrosio and
Zamboni-Rached [207] who dealt with optical forces experienced by arbitrary-
sized spherical scatterers exerted by frozen waves, in the framework of GLMT
with BSCs computed with the aid of ILA. Brzobohaty et al. [112] studied
the complex rotational dynamics of multiple spheroidal particles in a circularly
polarized dual beam trap comprising counter-propagating Gaussian beams of
opposing helicity. Isolated spheroids underwent continuous rotation with fre-
quencies determined by their size and aspect ratio, whilst pairs of spheroids
displayed phase locking behavior. The introduction of additional particles has
been leading to yet more complex behavior. Experimental results were supported
by numerical calculations using a T-matrix theory (actually EBCM, with BSCs
evaluated by using a localized approximation, as checked by a private communi-
cation) and numerical simulations based on finite element method. De Coster et
al. [326] dealt with a mass-manufacturable polymer microfluidic device for dual
fiber optical trapping, and calculated the optical forces that acted on particles
flowing in the microchannel using wave optics in combination with ray tracing.
Ray tracing results were compared with the results obtained with the T-matrix
method (actually a GLMT, as confirmed by a private communication). BSCs
were calculated analytically around the beam waist using a localized approxi-
mation method. Let us remark that the exact meaning of T-matrix in [112] and
[326] were secured by private communications, illustrating the confusing effect
of the traditional use of T-matrix as synonymous with EBCM. But it happens
that the exact meaning of the expression "T-matrix" cannot always be secured.
Finally, as a final paper for the year 2015, let us quote Lee et al. [327]

who studied the particle size dependence of axial trapping effi ciency. An op-
tical tweezers system using laser beams with a Gaussian intensity profile and
doughnut intensity profiles made by hollow core optical fiber and axicon lenses,
respectively, was constructed. The axial trapping effi ciencies for three intensity
profiles were measured and compared with each other. Theoretical analysis was
carried out by using a modified ray optics model.
Yang et al. [209] studied the direction reversal of the optical spin torque

(OST) on a Rayleigh absorptive sphere in vector Bessel polarized beams, using
the dipole approximation method, with a particular emphasis on the polariza-
tion of the plane wave components forming the beam, and on the sensitivity of
vortex-like behaviors and negative spin torque generation with respect to the
polarization type, topological charge and half-cone angle of the Bessel beams.
Liaw et al. [102] theoretically examined a spinning gold nanoparticle (sphere,
prolate and oblate spheroids) driven by circularly polarized plane waves. Li et
al. [103] investigated the spatial orientation dependence of optical trapping force
and intrinsic torques exerted on spheroidal Rayleigh particles under irradiation
of highly focused linearly and circularly polarized beams. Zemanek et al. [328]
proposed a feasible experimental set-up for a proof-of-principle experiment that
uses methods of optical trapping in shaped laser beams which provide cubic and
quadratic potentials, in order to study noise-to-signal transition of a Brownian
particle, considering nanoparticles of sizes close to the Rayleigh scattering limit,
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in the potential of an optical trap that uses two pairs of counter-propagating
Gaussian beams. Theoretical estimates and results from the numerical sim-
ulations indicated that the noise-to-signal transition could be observed under
realistic experimental conditions. Li et al. [329] theoretically established an
optical trap force model and calculated the optical trap force of trapped mi-
crospheres whose size is in the beam wavelength scale, based on ray optics and
T-matrix method, under Gaussian beam illumination. Calculations results of
axial and transverse trapping effi ciencies based on the two models used agreed
qualitatively, but differed quantitatively. Simulation results showed that best
agreement between ray optics model and T-matrix calculation method was met
when a strongly focused laser beam traps a large microsphere in and near the
beam waist plane. Girot et al. [330] reported experimental observation concern-
ing the motion of a light-absorbing particle heated by a vertical laser beam at
the water-air interface. They have shown that, at small laser power, the parti-
cle is trapped in on-axis configuration, similarly to 2-dimensional trapping of a
transparent sphere by optical forces. Conversely, on-axis trapping became un-
stable at higher power. The particle then escaped off the laser axis and started
orbiting around the axis. It was found that the laser-heated particle behaved as
a microswimmer with velocities on the order of several 100µm/s with just a few
milliwatts of laser power. Radii of the orbits were stable and reproducible, but
orbital velocities seemed random. It was not rare that a particle orbit would
reverse in direction in the course of a single experiment. Although a theory
of the observed phenomena is still lacking, optical forces were evaluated using
a GLMT based on the core-shell model. Zhou et al. [331] theoretically and
experimentally studied optical trapping using radially polarized beams, using a
ray optics model and taking into account for the pupil apodization functions on
trapping effi ciencies. Pilat et al. [332] remarked that it was recently suggested
that the electrostatic double-layer force between colloidal particles might weaken
at high hydrostatic pressure encountered, for example, in deep sea or during oil
recovery. They addressed this issue by means of a specially designed optical
trapping setup that allowed one to explore the interaction of a micrometer-sized
glass bead and a solid glass wall in water at hydrostatic pressures of up to 1
kbar. They then reported on the measurements of surface forces in aqueous
electrolytes under such a configuration and concluded that, within the statis-
tical error, the force curve at high pressures showed no difference compared to
those forces recorded at ambient pressure. The experimental configuration has
been designed by using GLMT calculations. Chen et al. [333] dealt with chiral-
ity sorting of nanoparticles immersed in a two-plane-wave-interference system
which induced lateral optical forces. Calculations were carried out by using the
GLMT although the particles were illuminated by plane waves. This is an op-
portunity to recall that the scattering by tilted (obliquely incident) plane waves
must be handled indeed in a GLMT framework, not simply in the LMT one,
e.g. [34]. Simpson et al. [104] presented and analyzed a mechanism for the
synchronization at low Reynolds number of colloidal rotors (oblate spheroids)
through angular optical binding generated by optical coupling torques in coun-
terpropagating polarized Gaussian beams of opposite helicity. The effect was
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qualitatively captured by a coupled dipole model and quantitatively reproduced
by T-matrix calculations, specifically EBCM with BSCs evaluated by using a
localized approximation.
Yu et al. [334] proposed a simple recurrence algorithm for partial wave ex-

pansion of plasmonic and evanescent fields which was effi cient up to arbitrary
order of expansion of VSWFs, allowing one to bypass the limitations of the time-
consuming traditional quadrature method. The algorithm was applied to the
calculation of optical forces and torques acting on a spherical particle immersed
in a plasmonic field, up to particle having a size parameter of about 200 and a
cut-off order of VSWFs close to 500. Mitri et al. [210] theoretically investigated
axial and transverse radiation force cross-sections of optical tractor Bessel po-
larized beams illuminating dielectric spheres, with particular emphasis on the
influence of the topological charge, axicon angle and polarization, using a mul-
tipole expansion method in terms of VSWFs with an evaluation of BSCs in the
framework of an ASD. Numerical computations were carried out in the case of
zeroth-order and first-order (with positive or negative helicity) beams. The aim
of the study has been to identify some of the tractor beam conditions allowing
one to achieve retrograde motion (tractor motion) of a dielectric sphere arbi-
trarily located in space. Xu et al. [105] proposed a fast and accurate algorithm
for repeated optical trapping simulations on arbitrarily shaped particles using
SIEM. A motivation behind this numerical work was the requirement, in optical
trapping applications, of investigating optical forces over a wide range of para-
meters in the configuration space modeling the experimental set-up, a process
which is time costing because it involves many repetitions of extensive computa-
tions. The algorithm proposed exploited a previously developed skeletonization
framework which succeeds in reducing the number of repetitions. Numerical re-
sults were obtained under Gaussian beam illumination using Davis-Barton fifth
order approximation. Particles considered were an oil spheroidal droplet in air,
an Au sphere between two identical Au five-pointed star shaped Au particles in
air, and a red blood cell in water. Li et al. [211] studied the optical torque ex-
erted on an absorptive magneto-dielectric sphere by an axicon-generated vector
Bessel (vortex) beam with selected polarizations in the framework of the dipole
approximation. The total optical torque was expressed as the sum of orbital
and spin torques. Herranen et al. [335] established a theoretical framework for
solving the equations of motion, both for translational and rotational dynamics,
for an arbitrarily shaped, inhomogeneous dust particle in the presence of radia-
tion pressure, under plane wave illumination. The repeated scattering problem
involved was solved using a state-of-the-art volume integral equation based on
T-matrix method. Mitri [106] studied the optical radiation forces, spin and
orbital torques exerted on a subwavelength prolate gold spheroid coated by a
layer of plasmonic material with negative permittivity and illuminated by either
a zeroth-order (non vortex) or a first-order vector Bessel (vortex) beam, in the
framework of the electric dipole approximation method. Li et al. [75] studied
the optical spin torque (OST) induced by vector Bessel beams with selective po-
larizations on a light-absorptive sphere of arbitrary size, in a GLMT framework,
with particular emphasis on the topological charge, the polarization of the plane
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wave components forming the beam, and the half-cone angle. BSCs were cal-
culated using the ASD. Lu et al. [212] dealt with rigorous full-wave calculation
of optical forces on dielectric and metallic spherical microparticles immersed in
a vector Airy beam beyond the paraxial approximation, based on the GLMT
and the Maxwell stress tensor. Dielectric and gold microparticles were shown
to be trapped within the main lobe or the nearby side-lobes of the beam mostly
by the transverse gradient optical force while driven forward along the par-
abolic trajectory of the Airy beam by the longitudinal scattering force. It was
thus demonstrated theoretically that the vector Airy beam has the capability of
precisely transporting both dielectric and metallic microparticles along prespec-
ified curved paths. The non-diffracting Airy beams discussed in the paper were
introduced by using phase-modulation of Gaussian beams. Mitri [107] dealt
with reverse orbiting and spinning of Rayleigh dielectric lossless subwavelength
particles (prolate and oblate spheroids, spheres) with arbitrary orientation in
a zeroth-order Bessel optical beam, relying on the electric dipole approxima-
tion. Chen et al. [213] derived an analytic expression of the optical torque
on chiral particles in generic monochromatic optical fields within the dipole
approximation. The analysis incorporated recoil terms which have a significant
contribution to the optical torque in many situations. It was furthermore proven
that the net optical torque vanished for a lossless isotropic chiral particle of any
size illuminated by arbitrary monochromatic optical fields. The special case of
a zeroth-order vector Bessel beam was considered as an example with results
corroborated by the precise full wave simulations based on the GLMT. Gargiulo
et al. [336] studied the accuracy and mechanistic details of optical printing of
single Au and Ag nanoparticles, using different laser powers and wavelengths.
For quantitative comparisons to the experiments, GLMT was employed to deal
with optical forces on spherical nanoparticles illuminated by Gaussian beams.
Yu et al. [334] discussed a simple algorithm for partial wave expansion of plas-
monic and evanescent fields. More specifically, they dealt with the evaluation
of BSCs (or PWECs, partial wave expansion coeffi cients, using the terminol-
ogy of the paper) for general incident fields which are generally computed by
taking the inner product of the incident field with the VSWFs, termed pro-
jection method (i.e. quadrature method in a more traditional language) which
requires numerically computing integrals of various oscillating functions. They
then presented a recurrence algorithm to evaluate the PWECs numerically up
to arbitrary order of expansion in VSWFs. The approach is especially useful
for large particles where numerical integration in the conventional projection
method becomes more and more numerically challenging and time consuming.
As applications to their approach, they calculated the optical force and torque
acting on a spherical particle immersed in the plasmonic field, up to particle
radius as large as over 30 times of the incident wavelength and with the cut-off
order of VSWF expansions close to 500. This approach remained stable while
the conventional projection method was challenged due to the numerical integra-
tion of highly oscillating integrands. The recurrence algorithm was corroborated
by comparisons with the previous conventional, but more cumbersome, method,
and was proven to be effi cient and powerful for the scattering of optical fields
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that can be modeled by a class of fields which includes evanescent waves and
simple plasmonic fields as two special cases.
McKell and Bonin [214] used standing Bessel beam waves to form traps in

1D (along the optical axis) and corals in 2D, that is to say in planes perpen-
dicular to the optical axis at the antinodal region of the standing waves. They
therefore created optical conditions allowing particles to freely move within a
limited range in a planar region perpendicular to the optical axis, justifying the
name of "corrals" assigned to such traps. The interest of using Bessel beams
to build such traps was emphasized. The aim of building them was to investi-
gate Brownian motion of microparticles in order to measure particle diffusion
coeffi cients in semi-dilute polymer solutions of both spheres and asymmetric
particles. Experimental results were favorably compared with theoretical inves-
tigations carried out by calculating optical forces in the framework of GLMT,
with the BSCs evaluated by using closed form expressions published by Wang
et al. [189]. Bai et al. [215] dealt with an analysis of lateral binding forces ex-
erted on multilayered spheres induced by high-order Bessel beams with arbitrary
polarization angles. The analysis was carried out using an analytical method,
namely GMM (akin to GLMT for assemblies of spheres and aggregates [16] as
acknowledged by the authors). In such a framework, the description of the il-
luminating beam is a key fundamental topic which amounts to the evaluation
of BSCs encoding the properties of the illuminating structured beam. In the
present paper, BSCs were evaluated by using closed form expressions previously
published by Wang et al. [189]. Extensive numerical results were given in the
case of the assembly of spheres being made of only two particles which is suffi -
cient to demonstrate the binding effect. Discussions incorporated both particle
parameters (number, geometrical properties, and refractive indices of the lay-
ers) and beam parameters (axicon angle, polarization state, wavelength). Mitri
[141] discussed pushing, pulling and electromagnetic radiation force cloaking by
a pair of conducting cylindrical particles, showing that two conducting cylindri-
cal particles illuminated by an axially-polarized electric field of plane progressive
waves at arbitrary incidence will attract, repel or become totally cloaked (i.e.
invisible to the transfer of linear momentum carried by the incident waves), de-
pending on their sizes, the interparticle distance as well as the angle of incidence
of the incident field. Based on the rigorous multipole expansion method and the
translational addition theorem of cylindrical wave functions, the electromagnetic
radiation forces arising from multiple scattering effects between a pair of per-
fectly conducting cylindrical particles of circular cross-sections were derived and
computed. On the same issue, the one of cloaking, see also Mitri [142] dealing
with active electromagnetic invisibility cloaking and radiation force cancellation
and showing that an active emitting electromagnetic Dirichlet source, i.e. with
axial polarization of the electric field, in a homogeneous non-dissipative/non-
absorptive medium placed near a perfectly conducting boundary can render
total invisibility (i.e. zero extinction cross-section or effi ciency) in addition to a
radiation force cancellation on its surface. The analysis used the partial-wave
series expansion method in cylindrical coordinates. Leartprapun et al. [76]
presented a method for continuous measurements of axial radiation-pressure
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forces from a weakly focused beam on polystyrene micro-beads suspended in
viscous fluids over a depth range of 400 µm, based on real-time monitoring
of particle dynamics. Experimental results were compared to theoretical pre-
dictions of radiation-pressure forces based on GLMT, and it was found that
measurements were consistent with theoretical trends. Also, Leartprapun et al.
[77] relied on modulated radiation pressure forces from a low numerical aper-
ture optical beam to track sub-nanometre oscillations of beads embedded in
viscoelastic hydrogels. Evaluations of radiation pressure forces under focused
Gaussian beam illumination were carried out by using a Matlab implementa-
tion of GLMT. Ge et al. [337] studied the effect of nanoscale surface roughness
on the optical trapping properties of nanoparticles in a vicinity of a composite
gold film with periodic structures, using a numerical method, namely FDTD
associated with the Maxwell stress tensor equation. Periodic structures were
made of circular holes and a Monte-Carlo method was used to implement the
surface roughness characteristics. The scatterer was illuminated by a Gaussian
beam described in the well established Davis scheme of approximation at first
order [315]. Accuracy of the model was verified by comparing numerical results
concerning optical trapping forces with results obtained by using GLMT in the
case of single nanoparticles. It was demonstrated that trapping can be robust
even in the presence of roughness although, depending on the parameters of the
roughness (correlation length and RMS height), the optical trapping forces may
be mitigated. Li et al. [217] dealt with optical Bessel tractor polarized beams
on a charged sphere of arbitrary size. The axial and the transverse radiation
pressure cross-sections for a charged sphere illuminated by a vector Bessel beam
were computed in the framework of GLMT, with BSCs provided in closed forms.
Bai et al. [170] dealt with the analysis of lateral binding force exerted on a bi-
sphere induced by an elliptic Gaussian beam. The analysis relied on the use
of GLMT, with BSCs evaluated by using a localized approximation, including
a multiple scattering theory approach to deal with the interactional scattering
between two isotropic spheres induced by an elliptic Gaussian beam. A similar
study by Bai et al. [216] was again devoted to the analytical description of
lateral binding force exerted on bi-sphere but under higher-order Bessel beam
illumination. The authors used GMM which is actually, again as acknowledged
by the authors, a special case of the GLMT for assemblies of spheres and ag-
gregates [16], with closed form expressions for the BSCs following the work by
Wang et al. [189]. Rafferty and Preston [338] described a dual-beam optical
trap that can simultaneously determine n and k (for a complex refractive index
written as m = n + ik) and the radius s of weakly absorbing aerosol particles.
They used a cavity-enhanced Raman scattering which monitors the positions of
WGM resonances to determine n and s and electromagnetic heating from the
trapping laser itself to determine k. The size and the real part of the refractive
index could be extracted with an accuracy of up to 1 nm and 10−4, respectively.
GLMT was used for the evaluation of absorption cross-sections Cabs using the
BSCs of a Gaussian beam.
For reviews devoted to mechanical effects of light, particularly to optical

tweezers, see Nieminen et al. [339] and Ciminelli et al. [340]. For other papers
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devoted to the issue of the present section, see Wang et al. [156] in subsection
2.4 devoted to metamaterials, Mitri [61], [93], [94], [133], [134] in subsection 3.2
devoted to laser sheets, Ambrosio and Zamboni-Rached [195], Chafiq and Be-
lafhal [185], Ambrosio [193], [197], Angelis and Ambrosio [194] in subsection 3.3
devoted to non-diffracting beams, Qu et al. [70], [71] in subsection 3.4 devoted
to helical beams, Ambrosio and Hernandez-Figueroa [252], [253], Ambrosio et
al. [255], [256] in subsection 3.5 devoted to localized approximations, Shakov
et al. [271], Zensen et al. [274], Devi and De [273] in subsection 3.6 devoted
to pulses and laser pulses, Bain et al. [341] in subsection 7.5 devoted to mis-
cellaneous measurement techniques, Loudet et al. [342], Chang et al. [110],
Haghshenas-Jaryani et al. [343], Delabre et al. [344] in subsection 8.2 devoted
to ray optics, Li et al. [78] in subsection 8.3 devoted to Debye series, Yang et
al. [113], [224], Pan et al. [345], Reid and Johnson [346], Yang et al. [225]
in subsection 8.5 devoted to numerical techniques, Kalume et al. [347], Alonso
et al. [22], Gutiérrez-Cuevas et al. [348] in section 9 devoted to miscellaneous
issues, Simpson [349], Stangner et al. [350], Conteduca et al. [351], Bui et al.
[352], Sukhov and Dogariu [353], Gong et al. [354], Polimeno et al. [355] in
section 10 devoted to reviews and tutorials.

5 Internal fields, resonances andWGMs/MDRS.

Usually Whispering-Gallery Modes (WGMs) and Morphology-Dependent
Resonances (MDRs) are taken as synonymous and denote modes which are
creeping below the surface of a scatterer and produce high intensity modes
by satisfying a phase matching condition. Let us however note that there are
cases in which WGMs and MDRs must be distinguished, for instance in the
case of a spherical particle hosting an internal spherical particle. We must
then distinguish between modes below the surface of the host sphere which
may be viewed both as WGMs and MDRs, and modes which interact with the
internal sphere which then are MDRs without being WGMs. This case has been
investigated both in the framework of Hamiltonian chaotic phenomena using ray
optics [356], [357] and within the framework of a GLMT [38], [39].
With this warning in mind, let us return to the fiducial period and start with

Gagnon and Dubé [143] who used a 2D GLMT for a study of 2D scattering
with arrays of cylindrical scatterers and resonance calculations, involving an
addition theorem for cylindrical functions, with an emphasis being placed on the
derivation of BSCs. The authors insisted on the fact that their 2D-GLMT is not
restricted to disconnected cylinders embedded in an infinite medium, and that
cylinders embedded in other cylinders are also within the reach of the method.
Chen et al. [218] dealt with Fano resonance-induced negative optical scattering
force on plasmonic nanoparticles, and demonstrated theoretically that Fano
resonances can induce a negative optical scattering force acting on plasmonic
nanoparticles in the visible light spectrum when an appropriate manipulating
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laser beam is adopted. Specifically, under the illumination of a zeroth-order
Bessel beam, the plasmonic nanoparticle at its Fano resonance exhibits a much
stronger forward scattering than backward scattering, and consequently leads
to a net longitudinal backward optical scattering force, termed Fano resonance-
induced negative optical scattering force. The analysis was carried out in a
GLMT framework with BSCs evaluated using closed-forms. The plasmonic
particles considered could be core-shell, homogeneous, or hollow nanoparticles.
Buker [358] carried out an analysis of the ability of colloidal silver to act as

a biosensor for the steroid testosterone by observing changes in the properties
of localized surface plasmon, i.e. collective
oscillation of electrons along the surface of the metal, particularly those of

resonances. Such an analysis relied on the fact that silver nanomaterials scat-
ter light within the visible spectrum allowing scientists to measure their optical
characteristics using standard UV-visible light spectroscopy, which can be pre-
dicted using GLMT. Experimental results presented in the paper demonstrated
the ability of colloidal silver to act as a biosensor for the concentration of steroid
testosterone, by relating resonance shifts with the aggregation of silver nanopar-
ticles due to host-guest chemistry. Hoang et al. [359] dealt with Fano resonances
from coupled WGMs in photonic molecules (optically coupled microspheres in
which a single sphere is called an atom), and presented a rigorous investigation
of resonant coupling between microspheres whose diameters are in the range
of several micrometers, based on multipole expansion. The microspheres could
be used to realize various photonic molecule configurations. The interaction be-
tween the WGMs inside individual microspheres and the propagation modes of
the entire photonic molecule structure was quantified. Suryadharma et al. [360]
studied plasmonic resonance modes of hierarchical self-assembled meta-atoms
(made from a large number of suitably arranged metallic nanoparticles) based
on their transfer matrix, either in a global coordinate system expressing the
response of the entire meta-atom or in a local coordinate system expressing the
response of each individual metallic nanoparticle that makes up the meta-atom.
It was shown that the diagonalization of the transfer matrix is a convenient tool
to study the modes of isolated and coupled meta-atoms.
Foreman et al. [361] provided a review concerning whispering gallery mode

sensors. For other papers devoted to the issue of the present section, see Mitri et
al. [184] in subsection 3.3 devoted to non-diffracting beams, Al-Jarro et al. [72]
in subsection 3.4 devoted to helical beams, Kozlova et al. [135] in subsection 3.6
devoted to pulses and laser pulses, Kozlov et al. [296] in subsection 3.8 devoted
to photonic jets, Preston et al. [204], Rafferty and Preston [338] in section 4
devoted to mechanical effects of light, Murib et al. [362], Bain et al. [341] in
subsection 7.5 devoted to miscellaneous measurement techniques, Kalume et al.
[347], Luo et al. [363] in section 9 devoted to miscellaneous issues, Santos et al.
[364] and Conteduca et al. [351] in section 10 devoted to reviews and tutorials.
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6 Optical theorem.

The optical theorem considered in this section (not to be confused with the
Schelkunoff optical/equivalence theorem used in EBCM) relates the forward
scattering amplitude to the total extinction cross section of the scatterer. It
soon appeared, at the end of the 1970’s already, that the classical version of
the electromagnetic optical theorem was not valid in the GLMT framework.
Nevertheless, a big number of years has been necessary before the publication
of reports devoted to this issue in the archival literature, namely by Lock et
al. [365] who announced the failure of the optical theorem for Gaussian beam
scattering by a spherical particle and by Gouesbet et al. [366] who proposed a
generalized optical theorem for on-axis Gaussian beams. These papers relied on
analytical derivations without however explaining the essence of the issue which
remained misunderstood. Another big number of years has been necessary, after
a story which I hope will be told elsewhere, to understand the gist of it. As
published in 2016 [183], the explanation of the failure of the optical theorem
for structured beams relies in a very simple way on the ASD which decomposes
a structured beam into a set of plane waves. The optical theorem is valid for
each plane wave in the spectrum, but is not valid for the whole beam because
the forward directions of the plane wave components do not correspond to the
forward direction of the beam. By the way, the same argument allows one to
understand that the average velocity of a structured beam is smaller, even in
vacuum, than the speed of light. It is again the same argument which allows
one to understand the self-healing (self-reconstruction) character of a family of
structured beams, such as Bessel, Mathieu, Lommel beams and frozen waves,
e.g. [367]. Such a failure of the optical theorem is not restricted to vectorial
beams such as electromagnetic beams, but occurs as well for scalar beams, e.g.
[282] in a quantum mechanical context and Mitri and Silva [198], Mitri [137],
Leao-Neto et al. [199] in an acoustical context.
Next, we have Mitri [144] providing a generalization of the optical theorem

for monochromatic electromagnetic beams of arbitrary wavefront in cylindrical
coordinates, Eremin [368] dealing with the generalization of the optical theorem
for an arbitrary multipole in the presence of a local inhomogeneity introduced
in a transparent half-space, Eremin and Sveshnikov [369] dealing with a general-
ized optical theorem for the case of a penetrable obstacle excited by a multipole
of arbitrary order in the presence of a transparent substrate, Rondo-Ojeda and
Soto-Eguibar [219] which derived an expression for the optical theorem based on
electromagnetic theory, for probe sources given in terms of propagation invari-
ant beams (also known as non-diffracting beams) with an example for Rayleigh
scattering, and Krasavin et al. [370] who experimentally demonstrated a com-
plete violation of the commonly used form of the optical theorem for radially
polarized beams at both visible and microwave frequencies, showing that a plas-
monic particle illuminated by such a beam exhibits strong extinction, while the
scattering in the forward direction is zero. A numerical analysis was performed
using a finite element software.
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7 Optical Particle Characterization.

Optical particle characterization has been the original motivation to build
the original GLMT stricto sensu, as described in [3], see also [371]. It has been
as well the motivation for the creation of the OPS (Optical Particle Sizing)
conference in Rouen, France in 1987, e.g. [372], thereafter reformatted to OPC
(Optical Particle Characterization) and eventually to LIP (Laser-light and In-
teractions with Particles) as an OPC follow-up, again in Rouen, France in 2012,
e.g. [373] afterward in Marseille, France, in 2014 [374], Xi’An, China, in 2016
[375], College Station, U.S.A. in 2018 [376]. See [377] for a review devoted to the
state-of-the-art in optical particle velocimetry and sizing before the completion
of GLMT and also [378] for a recent review. For other reviews on OPC, see Xu
[379], Barbosa et al. [380], Tu et al. [381] and Gong et al. [354] in section 10
devoted to reviews and tutorials.

7.1 Phase-Doppler technique.

More specifically, the first genuine applications of GLMT have been devoted
to the phase-Doppler technique [36], [382], [383], [384], [385]. The issue is less
prolific today insofar as the phase-Doppler technique became very mature, but
see Yokoi and Aizu [386] who dealt with the measurement of size and absorption
coeffi cient of a single moving particle by using dual burst Doppler signal, e.g.
[384], and Xie et al. [387] who dealt with the sizing of charged particles by
phase-Doppler anemometry, with a theoretical analysis which can be carried out
in a LMT, or in a GLMT framework. The Mie coeffi cients contained a surface
conductivity which was a phenomenological description of the net surface charge
carried by the particle. See also Verdier et al. [388] in next subsection devoted
to rainbow refractometry, and Wu et al. [389] in subsection 7.3 devoted to
holography.

7.2 Rainbow and rainbow refractometry.

Swirniak and Mroczska [145] dealt with an approximate solution for optical
measurements of the diameter and refractive index of a small and transparent
axisymmetric and dielectric fiber under plane wave illumination, in the frame-
work of a wave theory (LMT-like) for cylinders, relying on some rainbow fea-
tures and using a beam of light exhibiting low temporal coherence enabling to
reduce the detrimental sensitivity of the rainbow features to variations of the
fiber properties, therefore allowing high-precision estimates. See Swirniak and
Mrosczka [146], Swirniak and Glomb [147], as well for a similar issue. Also,
Swirniak and Glomb [390] reported on the application of a rainbow technique
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to characterize both the core and cladding diameter of a single, silica-based,
step-index optical fiber, with numerical predictions carried out in the LMT
framework, using an incident beam of low temporal coherence. Rosebrock et
al. [391] dealt with time-resolved detection of diffusion limited temperature
gradients inside single isolated burning droplets using rainbow refractometry.
They used different droplet heating models, in particular a model incorporat-
ing diffusion limited heat transport, and a theoretical analysis which relied on
scattering by a "LMT" for multilayered spheres. There was a good agreement
between theoretical approaches and experimental results.
Duan et al. [148] dealt with a study devoted to the influence of spatial

curvature of a liquid jet on the rainbow position, in contrast with more usual
studies in which liquid jets are viewed as cylinders with a constant section.
More specifically, the paper reported experimental measurements of the shifts
of the rainbow position in the horizontal and vertical directions of a liquid jet
whose section depends on the distance from the exit, illuminated by a laser
diode beam whose coherence length is at least of the order of the diameter of
the jet. It was demonstrated that the shifts of the rainbow position were very
sensitive to the optical curvature of the jets. Also, rainbows of different orders
of the liquid jet were well separated when the jet was illuminated by a thin laser
sheet. Experimental results were supplemented with a theoretical approach
by an improved ray tracing method, known as Vectorial Complex Ray Model
(VCRM), in which the wavefront curvature becomes an intrinsic property of
the rays and is governed by a wavefront equation. One of the interests of this
work concerned the characterization of the structure of jets in relationship with
the development of instabilities, for instance in liquid atomization, as already
approached in a study devoted to the investigation of initial disturbances in a
liquid jet by rainbow sizing [392].
Promvongsa et al. [393] dealt with an innovative optical technique, namely

One-Dimensional Global Rainbow Technique (1D-GRT), to characterize locally
the evaporation of gasoline droplets by measuring the droplet evaporation rate
and refractive index (i.e. temperature and composition). The information on
the refractive index and the droplet evaporation rate was extracted from the rip-
ple structure angular shift. LMT was used to numerically investigate rainbow
behavior, particularly to determine the correlation between the ripple-phase
change and the changes in droplet size and refractive index. By processing
recorded rainbow signals with a numerical code based on Nussenzveig’s theory,
the refractive index and particle size were instantaneously extracted, enabling
the quantification of the droplet size change at a nanometric scale. Verdier et
al. [388] used GRT again, in association with Phase Doppler Anemometry, to
carry out an experimental study of local flame structures and fuel droplet prop-
erties of an n-heptane spray jet flame. Li et al. [394] reported on the use of
rainbow refractometry to investigate temperature distributions inside burning
single-component n-alkane droplets, together with the measurement of droplet
diameters using ILIDS interferometric laser imaging (which takes advantage of
the interference pattern of light scattered in the forward direction), relevant to
the investigation of spray combustion. Droplets with different initial diameters
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were investigated during a combustion process, and the effect of initial diame-
ter on rainbow position and temperature distribution of the droplets has been
investigated. Experimental and calculated rainbow and interference patterns
(from LMT), used to calibrate the scattering angle ranges of two CCD cameras
recording the fringe patterns, were in good agreement. ILIDS was selected for
droplet diameter measurements to get rid of the sensitivity of rainbow droplet
sizing to refractive index (temperature) variations inside the burning droplet.
A droplet combustion model, relying on a time-varying heat conduction equa-
tion of a sphere having a time-varying radius, was applied to describe the heat
conduction process, and to obtain temperature distributions inside the burning
droplet depending on the evolution of the combustion process. The simulated
temperature distributions were in very high agreement with the experimen-
tal ones obtained from rainbow refractometry. Ouattara et al. [395] dealt with
large droplet sizing and mixture fraction measurement in liquid-liquid flows with
rainbow-angle diffractometry. A particular feature was that, for the droplets in-
volved in this study, essentially characterized by a low relative refractive index,
the first-order rainbow was localized in the near-forward to sideways regions.
Luo et al. [396] applied global rainbow refractometry to the measurement of
temperature and size of cryogenic propellants spray droplets (i.e. liquid oxy-
gen and liquid methane). The refractive index and the probability distribution
of the droplet sizes were retrieved from the global rainbow pattern with an
inversion method using the complex angular momentum (CAM) scattering the-
ory. Swirniak [279] dealt with a numerical analysis of elastic light scattering
for refractive-index detection of liquids in a microcapillary with low-coherence
rainbow diffractometry, for the purpose of capillary electrophoresis. The paper
offered both an explanation of the scattering mechanisms contributing to the
far-field intensity pattern based on numerical simulations as well as an analysis
of the sensitivity of the measurement data to changes in the refractive index.
Simulations were made by using LMT, and the time-domain results reported
in this paper allowed to distinguish various scattering mechanisms that are not
detectable in the scattering-angle domain, this separation of various scattering
mechanisms being similar to what is obtained by using laser pulses, e.g. papers
in subsection 7.6 devoted to pulses and laser pulses. Li et al. [397] dealt with
the application of rainbow refractometry to the measurement of droplets with
solid inclusions, identifying the effect of solid inclusions on the rainbow signal
and on the measured parameters.
Yu et al. [158] dealt with the measurement of refractive index and size of a

spherical drop from Gaussian beam scattering in the primary rainbow region.
The scattering was computed using GLMT and Debye series decomposition of
the Gaussian beam scattering. Size and refractive index were retrieved using a
GLMT inversion of the primary rainbow pattern. The results of these simu-
lations demonstrated that the measurement accuracy was dependent on both
the beam waist radius and on the position of the drop in the beam waist. Wu
et al. [171] carried out simultaneous measurement of monocomponent droplet
temperature/refractive index, size and evaporation rate with phase rainbow re-
fractometry. Spherical and homogeneous droplets were investigated, and the
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light scattering of droplets under laser sheet illumination was rigorously mod-
eled with GLMT. Experiments were carried out on single droplets and on droplet
streams. Simulations were in agreement with the theoretical predictions.

7.3 Holography.

Seo et al. [108] dealt with the measurement of the light scattering
properties and orientation of a spheroidal particle using digital in-line holog-
raphy, under laser illumination. As a feasibility test, the 3D orientation of a
transparent spheroidal particle suspended in a microscale pipe flow was suc-
cessfully reconstructed. The hologram image was numerically reconstructed by
using an angular spectrum algorithm. Consecutive holograms of the spheroidal
particle suspended in the microscale pipe flow were recorded and analyzed to
investigate the motions of particles in a flow. It was concluded that, using
the proposed technique, it was effectively possible to investigate the dynamic
behavior of spheroidal particles in complex flows. Coetmellec et al. [398] pro-
posed to describe a particle transmission function in a digital holography setup,
allowing both opaque and phase particles to be determined. They then demon-
strated that it is possible to estimate the digital in-line hologram produced by
a spherical particle. The experimental intensity distribution due to an opaque
micro-inclusion was compared to the theoretical one obtained by the proposed
transmission model whose results were furthermore compared with the results
obtained by simulating holograms by LMT. See also Coetmellec et al. [399]
for digital in-line holography in a droplet with cavitation air bubbles. They
elaborated a model in which the inclusion of an air bubble in a droplet was
treated from a scalar theory point of view in the Fresnel’s theory framework.
The elaborated model was compared with rigorous near-field Lorenz-Mie scat-
tering theory and with experimental results. Latychevskaia and Fink [400] dealt
with holographic particle image velocimetry allowing one to track particle tra-
jectories in time and space. They demonstrated a three-dimensional volumetric
deconvolution applied to reconstructed wavefront which resulted in resolving all
particles simultaneously in three-dimension. They applied the 3D volumetric
deconvolution to the reconstruction of a time-dependent sequence of holograms
of an ensemble of polystyrene spheres moving in water. From each hologram,
they simultaneously resolved all particles in the ensemble in 3D and from the
sequence of holograms they obtained the time-resolved trajectories of individual
polystyrene spheres. Marie et al. [401] dealt with Lagrangian measurements of
the fast evaporation of falling diethyl ether droplets using in-line digital holog-
raphy and a high-speed camera, with the evaporation of falling droplets being
measured by following them along their trajectories. It happens that, once
evaporation starts, the interfaces of the droplets were surrounded by air/vapor
mixtures with refractive index gradients that modify the holograms. In partic-
ular, the central part of the droplet holograms was unusually bright compared
to what was expected and observed for non-evaporating droplets. Simulations
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using GLMT for a multilayered sphere were found to reproduce well the bright-
ness excess of the experimental holograms. Ling and Katz [402] dealt with the
location of the center of a microparticle in dense suspensions using correlations
among reconstructed fields of two parallel holograms. They then provided an
application of digital holographic microscopy for measuring the spatial distrib-
ution of particles in a dense suspension.
Wu et al. [389] dealt with the measurement of slurry droplets (micro-sized

particles in the range 1-5 µm) by Digital Holographic Microscopy (DHM), to-
gether with phase-Doppler anemometry for the measurement of concentration.
A numerical simulation of DHM capabilities was carried out by using LMT.
Hattay et al. [403] dealt with a new wavelet-based reconstruction algorithm for
twin image removal in digital in-line holography, see also Hattay et al. [404].
Yao et al. [405] dealt with the characterization of atomization and breakup of
acoustically levitated drops with digital holography while Yao et al. [406], rely-
ing on a numerical study, proposed a method for simultaneous 3D temperature
and velocity field measurements of micro-flow with laser-induced fluorescence
and micro-digital holographic particle tracking velocimetry. The 3D tempera-
ture field was characterized with two-color laser-induced fluorescence particles
which were tracked with micro-digital holographic particle tracking velocimetry.
GLMT was used to compute holograms.
Wu et al. [172] aimed to explain some typical features related to the char-

acterization of transparent spherical particles (droplets and bubbles) in both
in-line and off-axis holography in near-field, under elliptical Gaussian (light
sheet) illumination, using a LMT (possibly a GLMT) framework and Debye
series. Wang et al. [407] dealt with in-line holographic characterization of col-
loidal micrometer-scale fractal aggregates. They used an effective sphere model
to obtain each aggregate’s size and the population-averaged fractal dimension,
and demonstrated this technique experimentally using model fractal clusters of
polystyrene nanoparticles and fractal protein aggregates. In the effective sphere
model, each irregularly-shaped-protein was treated as an effective sphere com-
posed of the aggregate itself and of the fluid medium filling its pores. From
the theoretical point of view, they developed an effective- sphere formalism
for Lorenz-Mie microscopy of fractal aggregates and demonstrated its effi ciency
through measurement on model systems.
Wu et al. [159] were concerned with the 3D characterization of inclusions

in a host droplet. In the framework of the generalized Huygens-Fresnel integral
using a tensor ABCD matrix, a model was therefore proposed to describe in-line
holography using a Gaussian beam on inclusion inside a host droplet with mis-
aligment caused by a tilt incidence of a laser beam. This model took account
of droplet morphology, inclusion position, as well as refractive index difference
between a droplet and the surrounding medium. Sentis et al. [298] proposed a
new computationally effi cient approach for determining the refractive index of
spherical transparent particles, in addition to their size and 3D position, using
digital in-line holography. The method was based on the localization of the max-
imum intensity position of the photonic jet with respect to the particle center
retrieved from the back propagation of recorded holograms. Rigorous electro-
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magnetic calculations (actually using an Opaque and Phase Disk models) and
experimental results demonstrated that, for liquid-liquid systems and droplets
with radius > 30µm, a refractive index measurement with a resolution inferior
to 4.10−3 is achievable. Wu et al. [173] dealt with simultaneous amplitude and
phase contrast imaging of burning fuel particle and flame with digital in-line
holography model and verification, aiming to the investigation of the formation
of holograms of composite burning gas-fuel particles as well as to the charac-
teristics of their reconstructed images, relying in particular on a GLMT-based
model, on Debye series, and on diffraction-based model, under illumination by
an elliptical Gaussian beam (laser sheet). Burning fuel particles were viewed as
spherical particles concentrically located in a spherical flame i.e. as multilay-
ered particles. Jolivet et al. [408] dealt with a regularized reconstruction, as an
inverse problem, of absorbing and phase objects from a single in-line hologram,
with applications to fluid mechanics and micro-biology.

7.4 Imaging and microscopy.

Selmke and Cichos [160] dealt with energy-redistribution signatures in trans-
mission microscopy of Rayleigh and Mie particles. They described the transmis-
sion characteristics associated with the interaction of a structured beam with
spherical particles, possibly multilayered, of arbitrary size and electric perme-
ability in the framework of GLMT. They evaluated on-axis spherical BSCs gn us-
ing a localized approximation for on-axis Gaussian beams, and also general BSCs
gmn for off-axis situations. De Cock et al. [409] dealt with the measurements
of reference ISO nozzles (droplet sizes and velocities) by high-speed imaging
with a digital acquisition technique, viewed as an alternative to well-established
techniques such as the phase Doppler particle analyzer or laser diffraction spec-
trometry. The analysis was performed by an algorithm which required double
exposed shadow images acquired in a back-lighted arrangement with a Parti-
cle Image Velocimetry (PIV) camera and a pulsed light emitting diode (LED).
Klaiber et al. [410] used a real-time process analysis system of imaging for the
simultaneous acquisition of spray characteristics, providing reliable measure-
ment results for properties not only of (almost) spherical but also of arbitrarily
shaped objects in spray and atomization processes. The proposed real-time
process analysis system evaluated a spray or atomization process for arbitrary
time period by processing each image frame in real time and transmitting the
extracted measurement data to a PC.
Waduge et al. [411] dealt with the prediction of concentration of fine parti-

cles in enclosed vessels using a camera based system and CFD (Computational
Fluid Dynamics) simulations, aiming to the exploration of the possibility of
verifying and validating CFD models using a bench scale dustiness tester and
a single camera system with a laser source to illuminate particles. This study
was relevant to the issue of dust explosions during the handling and storing
of biomass such as wood pellets presenting a high risk to plant operators and
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possibly causing serious structural damages. Berisha et al. [412] dealt with an
interactive simulation of broadband imaging using Mie theory, allowing one
to obtain a framework for interactively computing and visualizing electromag-
netic fields scattered by micro- and nano-particles. Fields could be evaluated
both inside and outside of the particles. Monte-Carlo sampling was used to
reconstruct and visualize the three-dimensional structure of fields, spectral pro-
files at individual points, structure of fields at the surface of the particle, and
the resulting image produced by an optical system. The incident focused field
was represented as a superposition of plane waves. Laurendeau et al. [149]
dealt with particle image velocimetry (PIV) experiment analysis using large-
eddy simulation, with application to plasma actuators. Let us recall that, in
PIV, particles are illuminated by a laser sheet. A DELPI software (applica-
tion with Windows interface calculating scattering diagrams and extinction of
homogeneous spheres and cylinders, as well as multilayered particles, accord-
ing to a private communication) was used to carry out required calculations.
Zhou et al. [413] dealt with super-resolution, i.e. with contrast enhancement of
microsphere-assisted super-resolution imaging in dark-field microscopy, achiev-
ing subwavelength imaging at visible frequencies. They achieved experiments
which demonstrated in particular that fused silica microspheres of ∼ 10 µm di-
ameter under no and partial immersion in ethyl alcohol are effective in achieving
subwavelength imaging with a minimum discernible feature size of ∼ λ/5. The
imaging property of microsphere-assisted subwavelength microscopy was stud-
ied using FDTD numerical simulations, with a linearly polarized propagating
plane wave as a light source. The authors noticed that it has been suggested
that the super-resolution capability of microspheres was linked to the develop-
ment of the "photonic nanojet" which is emitted from such microparticles and
can enable sharp focus, see subsection 3.8 on photonic nanojets.
Meng et al. [174] dealt with the determination of the refractive index of

particles using glare-point Interferometric Particle Imaging (IPI) technique, in
which the refractive index of a particle could be extracted from the glare point
separation, having to account for the influence of the particle diameter on the
separation. The method could be applied to simultaneously measure the parti-
cle size and refractive index when combined with an extended IPI system with
opposite two-sheet illumination at a 90◦ scattering angle. Hollerbach et al.
[414] dealt with super-resolution imaging for sizing sub-diffraction limit electro-
sprayed droplets by structured illumination microscopy. In contrast with usual
methods which fail to measure droplets smaller than about 400 nm in diameter
due to constraints imposed by the diffraction limit of light, the authors used
a super-resolution fluorescence microscopy based method for determining the
sizes of electrosprayed droplets. The smallest detectable droplets confidently
measured with the described method were 200 nm in diameter. Kang et al.
[415] dealt with the measurement of dispersity of fine dusts by using an in-situ
and noninvasive shadowgraph method with an image analysis processing tech-
nique. Gragston et al. [416] dealt with the characterization of spray flames by
using shadowgraph imaging for analysis of spray geometry and droplet levels in
cold-flow and ignited sprays, quoting Gouesbet and Gréhan [372], i.e. the Pro-
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ceedings of the first OPS conference in Rouen, 1987, to which the reader might
like to refer for an overview with a historical flavour. To end this subsection,
see Luk’yanchuk et al. [301] in section10 devoted to reviews and tutorials.

7.5 Miscellaneous measurement techniques.

Xu et al. [417] proposed a robust modified Landweber algorithm to re-
trieve the particle size distributions from Fraunhofer diffraction. Satinover et
al. [175] dealt with single-particle optical sizing of microbubbles by using two
techniques, namely light obscuration and flow cytometry, in order to determine
the size distributions of microbubble ultrasound contrast agents and to study
the dynamics of individual microbubbles during ultrasound stimulation. Experi-
mental data were compared with predictions from GLMT, with BSCs computed
using a localized approximation under laser sheet illumination. It was in par-
ticular found that GLMT accurately predicts the characteristic Lissajous-like
serpentine scattering plot measured by flow cytometry for microbubbles. It was
concluded that GLMT calculations can be combined with optical forward and
side scatter measurements to accurately determine microbubble sizes. Murib
et al. [362] discussed an optical biosensor concept, based on elastic light scat-
tering from sapphire microspheres, in which transmitted and elastic scattering
intensity of a microsphere (radius 500 µm) on an optical fiber half coupler was
analyzed at 1510 nm. Shift of WGMs, after an add-on poly-dopamine layer to
the sphere, was performed and the system was modeled using GLMT.
Bosch and Sancho-Parramon [418] numerically investigated procedures for

the measurement of the extinction cross section of one spherical particle (in
particular 50 nm radius gold particle, 50 nm radius water particle, and 500 nm
radius gold and also water particle), using a linearly polarized slightly focused
Gaussian beam (divergence angles up to a maximum of 10◦ ). El Bassri et al.
[419] dealt with nanosecond coherent anti-Stokes Raman scattering (CARS) for
particle size characterization, by measuring the macroscopic Raman spectral
response of the whole set of particles excited by a laser beam. Using samples
of latex beads in water with different diameters, the authors experimentally
and theoretically demonstrated the ability of their device to discriminate ob-
jects having the size from micrometric to nanometric dimensions by using the
change of Raman spectra versus particle size. Rosenkranz et al. [420] dealt
with the modeling of photon transport in turbid media for measuring colloidal
concentration in drops, as well as sizes and velocities, using the time-shift tech-
nique relying on a ray tracing model, incorporating interactions with randomly
placed monodispersed scattering centers within the spherical drop. The model
created a random walk propagation trajectory, known from radiative transfer
problems. The model approximated Mie scattering from each internal particle
with a Gaussian distribution. Experiments were performed using a conventional
instrument, first with water as a reference and for validation, and then with dif-
ferent concentrations of a milk/water emulsion. Comparisons of the modeled
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and received signals exhibited very good agreement, confirming the possibility
of measuring the colloidal concentration in drops using the time-shift technique.
Huang et al. [421] dealt with the scattering properties and polarization of

aerosol particles, in different humidity conditions, by a Hermite-Gauss beam
in marine atmosphere, relying on the complex-source-point method and on the
GLMT and aiming to applications in the fields of remote sensing, atmospheric
sounding, and environmental monitoring. It was concluded that Hermite-Gauss
beams have better capability of detecting the changes in relative humidity than
the plane wave and the Gaussian beam. Wang and Muth [422] described an
optical-fiber-based airborne particle counter where the air flow with particles
was guided through the coupling region between two single mode fibers. They
avoided to use particle light scattering as a method since the desire was to min-
imize the volume of the sensor package and the amount of energy consumed
by the light source. The resulting sensor measured the drop in intensity as the
particle disrupts the electromagnetic mode of the light beam. The implemen-
tation described was best suited for measuring the coarse fraction since it has
the best performance for particles in the 1 to 10µm size range. Rather than
simple geometric occlusion of light passing through the beam, the passing par-
ticles disrupted the electromagnetic mode, changing the coupling between the
two fibers. This disruption caused a drop in transmission that could be used
to count particles. D’Amore et al. [423] performed a glass particle size analysis
using a laser granulometer in the context of a study devoted to an innovative
thermal and acoustical insulation foam from recycled waste glass powder, with
data processing using LMT. Guo et al. [233] dealt theoretically with the remote
sensing of aerosol particles in marine atmosphere using the scattering of optical
vortex Laguerre-Gauss beams. Relying on GLMT to study the relationship be-
tween relative humidity and aerosol scattering properties, it was found that the
scattering properties of aerosol particles by Laguerre-Gauss beam were more
sensitive to the change of relative humidity, compared to those of a plane wave
and Gaussian beam.
Xie et al. [424] dealt with particle sizing from Fraunhofer diffraction pattern

using a digital micro-mirror device used to reflect the intensity at different an-
gles to a single photodiode detector, therefore capturing the scattered intensity
at different angles. Songfang and Jianqi [425] (in Chinese) experimentally and
theoretically dealt with particle size analysis based on backward-scattered light,
relying on the computations of the angular distribution of backward-scattered
light with different particle sizes and refractive indices based on GLMT. Bain
et al. [341] dealt with the determination of size and refractive index of single
aerosol particles using angular light scattering and Mie resonances. Particles
were investigated in an optical trapping set-up made from two focused counter-
propagating beams, within a relative humidity-controlled cell. Both one- and
two- dimensional phase functions were recorded and Mie resonances were charac-
terized using cavity-enhanced Raman scattering. The accuracy of the methods
used, relying on best-fits, were discussed and compared. Theoretical evaluations
were carried out using LMT rather than GLMT. The authors, relying on the
comparisons of 1D phase functions using either LMT or GLMT, commented
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that the plane wave approximation they used was satisfactory to their purpose,
although the comparisons were made for a particle having a radius of 3 µm
in a beam waist radius of 4.3 µm, i.e. for a tightly focused situation. That
the plane wave approximation was satisfactory relied on the fact that only the
shape of the angular scattering spectrum mattered in the analysis. Another
comment is that location of resonances is insensitive to the degree of focus of
the Gaussian beam (private communication and see [426]). Yi et al. [109] stud-
ied the influence of spheroidal particle shape on particle size characterization by
multi-wavelength light extinction method. Extinction coeffi cient and extinction
spectrum were calculated under the configuration of the GLMT. Guo et al. [79]
numerically dealt with the backscattering remote sensing for aerosol particles,
regarded as coated-spherical particle, illuminated by a Laguerre-Gauss vortex
beam, in different atmosphere environment, relying on GLMT. De Rond et al.
[427] described a protocol to derive the size of extracellular vesicles (which can
be biomarkers of disease) and other nanoparticles from the scatter intensities
measured by a flow cytometer, using a scatter intensity-to-size relationship, rely-
ing on Mie theory although, as noticed by the authors, GLMT may be required
for highly focused beams.
For other papers devoted to the issue of the present subsection, see Hanske

et al. [428] in section 9 devoted to miscellaneous issues, and Simpson [349] in
section 10 devoted to reviews and tutorials.

8 Alternative light scattering approaches.

8.1 Extended Boundary Condition Method for struc-
tured beams.

As well apparent from the discussion on EBCM in the introduction of the
present paper, EBCM for structured beams deserves a special mention. This
issue was mentioned in Problems 13 and 14 of [11] in 2013: "Implement a
localized approximation in the EBCM" and "Extend the EBCM to arbitrary-
shaped beams with the use of BSCs". The key to solve these problems is that
EBCM relies on exactly the same description of incident beam than the one
used in GLMT, relying on expansions over VSWFs, and therefore requiring the
evaluation of BSCs. See sections 3 and 4 of the supplemental materials for the
second edition of [3]. Outside of the fiducial period here considered, we may then
mention Mackowski and Mischenko [161] who carried out EBCM calculations
for discrete random media illuminated by an on-axis Gaussian beam, using a
localized approximation to the evaluation of BSCs.
Returning to the fiducial period, we have Chen et al. [429] dealing with the

scattering of on-axis Gaussian beams by uniaxial anisotropic objects (spheres,
prolate and oblate spheroids, circular cylinders of finite length) based on EBCM,
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with on-axis spherical BSCs gn evaluated by using a localized approximation,
and EBCM for spheroids being compared with the ones obtained by using the
GLMT for spheroids. Next, Wang et al. [430] studied light scattering from
an optically anisotropic particle illuminated by an arbitrary shaped beam, in
practice a Gaussian beam. Zheng et al. [431] studied the scattering of on-axis
Gaussian beam by an arbitrarily shaped chiral object and viewed the method
used as a combination of the EBCM and of the GLMT. Zheng et al. again [432]
dealt with an object with a chiral inclusion (spheroid with a chiral spheroid
inclusion, spheroid with a dielectric spheroid inclusion, spheroid with a chiral
cylinder inclusion), with BSCs evaluated by using a localized approximation.
Briard et al. [40] dealt with shaped beam scattering by an aggregate of parti-
cles using both the GLMT for assemblies of spheres and aggregates [16] and a
publicly available "T-matrix" code. Chen et al. [433] studied on-axis Gaussian
beam scattering by gyrotropic anisotropic objects (spheres, spheroids, circu-
lar cylinders) relying on a localized approximation for the evaluation of BSCs.
Mishchenko and Dlugach [434] dealt with the scattering of Gaussian beams by
disordered particulate media using the superposition "T-matrix" method.
For EBCM in which the incident field is expressed in terms of plane wave

spectra, see [12]. For EBCM under plane wave illumination, see Bi et al. [435] in
Section 9 devoted to miscellaneous issues. For structured beams, see also Phillips
[304], Brzobohaty et al. [112], Simpson et al. [104], Li et al. [329] in section
4 devoted to mechanical effects of light. I end this subsection with a paper
by Wu et al. [436] who studied plasmon-induced strong interaction between
chiral molecules in a cluster of nanoparticles and orbital angular momentum of
light, using a T-matrix approach. This paper, beside its scientific interest, is
interesting as well from the point of view of the issue of terminology addressed in
the present review concerning the meaning of "T-matrix". From the contents of
the paper, I inferred that, in the present case, "T-matrix" was to be understood
as "GLMT" not as "EBCM". Indeed, as confirmed by a private communication,
"all the T-matrices are indeed evaluated by the GLMT approach". "However, it
is worth to mention that the present theory can be easily extended to deal with
systems consisting of nanoparticles with arbitrary shapes by using the EBCM".

8.2 Ray optics.

Ray optics is valid when the size(s) parameter(s) of the scatterer is large
enough. For a discussion on this issue, the reader may refer to Ungut et al.
[437] dealing with a quantitative comparison between geometrical (ray) optics
and wave optics. Returning to the fiducial period, we have Haghshenas-Jaryani
et al. [343] who presented new experimental observations and numerical sim-
ulations to study the dynamic behavior of micro-nano-sized objects under the
influence of optical tweezers. They carried out an experimental determination
of underdamped regime and a numerical simulation using a multiscale analysis.
The motion of three polystyrene microspheres of different diameters (1950, 990
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and 500 nm) were examined. The results showed a transition from the over-
damped motion of the largest bead to the underdamped motion of the smallest
bead. The experiments were verified using a dynamical model of a microbead
under the influence of Gaussian beam in an optical tweezers with a ray optics
model. Chang et al. [110] studied the behavior of an ellipsoidal particle sub-
jected to a vertical force by a loosely focused laser beam in a uniform flow, in
the configuration of a continuous separation set-up based on cross-type opti-
cal separation. Optical force calculations were conducted using the ray optics
method. Loudet al. [342] dealt with a study of optically driven oscillations of
ellipsoidal particles using ray optics calculations.
Delabre et al. [344] investigated the deformation of phospholipid vesicles

in a dual-beam laser trap, also called an optical stretcher. They computed
the optical stress using ray optics. Yang et al. [438] carried out a comparison
of scattering diagrams of large non-spherical particles (triaxial ellipsoid, prolate
and oblate spheroids) calculated either by VCRM or SIEM. Yu et al. [439] dealt
with the application of the ray tracing to the computation of Möbius shifts (from
spherical to spheroidal shapes) for the primary and secondary rainbows.
Stegmann et al. [440] dealt with a comparison of measured and computed

phase functions of individual tropospheric ice crystals. Experiments were car-
ried out by using a Particle Habit Imaging and Polar Scattering system which is
capable of simultaneously measuring the polar phase function and capturing the
generating particle shape via stereoscopic imaging. Calculations were carried
out by using a geometrical optics code. Haussmann [441] dealt with polarization-
resolved simulations of multiple-order (primary-quinary) rainbows from realistic
size-dependent shape falling raindrops, taking into account that the drops’bot-
tom part is flattened to higher degree than the dome-like top part. Theoretical
approaches relied on geometrical optics and on Debye-Möbius-Können method,
including Möbius-like shifts.
See also Haussmann [442] for another study on a similar issue, dealing not

only on theoretical approaches but on experiments as well using (i) sessile, i.e.
sitting, drops on ultrahydrophobic surfaces and (ii) glass beads in the shape of
falling raindrops. Experimental results were compared to polarization-resolved
Monte-Carlo ray-tracing simulations. Lock and Können [443] relied on ray the-
ory to study the Möbius shift for higher-order rainbows, particularly the Möbius
shift of the (p − 1)-order rainbow angle for a particle having an elliptical cross
section, in a situation which is adapted to the geometry of scattering of light
rays from the sun by a falling water drop as a function of sun height angle. Sun
et al. [444] dealt with physical-geometric optics method for large size faceted
particles.
For other papers devoted to the issue of the present subsection, see Yang

et al. [100], Tapp et al. [305], Burgin et al. [309] Lee et al. [327] in section 4
devoted to mechanical effects of light, Duan et al. [148] in subsection 7.2 devoted
to rainbow refractometry, Rosenkranz et al. [420] in subsection 7.5 devoted to
miscellaneous measurement techniques, Bui et al. [352], Polimeno et al. [355]
in section10 devoted to reviews and tutorials.
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8.3 Debye series.

Ray optics acts by relying on the use of various ray paths from a geometrical
point of view. The Debye series method relies on wave optics but succeeds to
select different waves corresponding to various ray paths. In other words, Debye
series is the wavy analog of the geometrical ray optics. It has been introduced
in the GLMT context in [445].
Bi et al. [446] dealt with optical tunneling by arbitrary macroscopic three-

dimensional objects (e.g. spheres, incomplete spheres, spheroids, faceted hexag-
onal particles), using the invariant embedding principle and the Debye series
expansion technique. Li et al. [447] used a laser source to measure the refrac-
tive index of glass beads relying on a Debye theory analysis and on the analysis
of rainbows. Li et al. [78] provided a Debye series analysis of optical forces
induced by an axicon-generated Bessel beam exerted on a spherical particle.
The BSCs for Bessel beams were calculated in closed forms using the ILA.
Qin et al. [220] dealt with a Debye series analysis of internal and near-surface

fields for a homogeneous sphere illuminated by an axicon-generated vector Bessel
beam, in the framework of GLMT. An analytical expression of BSCs was derived
using the ASD method, and the scattering coeffi cients were expanded using
Debye series in order to isolate the contribution of single scattering processes.
Debye series were used by Lin et al. [111] to determine the optimal edge-

effect terms for computing the extinction effi ciencies of spheroids, invoking the
use of Debye series to improve the accuracy of high-frequency extinction formu-
las for spheroids in the context of Complex Angular Momentum (CAM) theory
and of the extension of Debye series to non-spherical particles.
Chou [448] dealt with coherent backscatter enhancement in single scatter-

ing, by relying on an expansion into iterative series in an order-of-scattering
form, where the interference between conjugate terms representing reversible
sequences of elementary scatterers is constructive at the backscattering direc-
tion, resulting in a coherent backscatter enhancement (CBE). Such CBE is
reminiscent of a process similar to what is known as coherent backscattering for
disordered media. It is found that CBE applies to a wide range of particles,
including non-absorptive spheres, spheroids, smooth hexagonal particles, and
roughened hexagonal particles. The author convincingly expected that Debye
series should be useful for future studies, due to its ability to identify conjugate
surface paths of spheres and its applicability to non-spherical particles. Bi et al.
[449] used Debye series to study the depolarization of nearly spherical particles.
For a review devoted to Debye series and its use in time-domain scatter-

ing, see Lock and Laven [280]. For other papers devoted to the issue of the
present subsection, see Ding et al. [50], Lock [56] in subsection 2.1 devoted to
spheres and spherical coordinates, Mitri et al. [184] in subsection 3.3 devoted
to non-diffracting beams, Yu et al. [158] in subsection 7.2 devoted to rainbow
refractometry, Wu et al. [172], [173] in subsection 7.3 devoted to holography.
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8.4 Dipole approximation and DDA.

While ray optics is valid in the case of large particles (with respect to the
wavelength), the dipole approximation is conversely valid for small particles
(with respect to the wavelength), also named Rayleigh particles viewed as el-
ementary dipoles. DDA is a numerical technique in which large particles are
viewed as a collection of elementary particles. For the dipole approximation, we
may quote Li et al. [450] who calculated the intrinsic optical torque of cylin-
drical vector beams (focused radially polarized beams) on Rayleigh absorptive
spherical particles via a corrected dipole approximation. For DDA, we may
quote Skorupski [451] who used it to determine the extinction cross section of
black carbon. The GMM was used as a reference algorithm, and Li and Feng
[452], after a discussion of the limitations of DDA, dealt with the modeling
of electric multipole moment in target scattering in the framework of a study
devoted to spherical targets and ballistic missile flat-bottomed warheads.
For other papers devoted to the issue of the present subsection, see Mitri

[61], [93], [94] in subsection 3.2 devoted to laser sheets, Devi and De [273]
in subsection 3.6 devoted to pulses and laser pulses, Zhang and Yang [232],
Ambrosio and Ferreira [206] Li et al. [103], Zemanek et al. [328], Simpson et al.
[104], Li et al. [211], Mitri [106], [107], Chen et al. [213] in section 4 devoted
to mechanical effects of light, Rondo-Ojeda and Soto-Eguibar [219] in section 6
devoted to optical theorem, Khlebtsov and Khlebtsov [453] in section 9 devoted
to miscellaneous issues, and Bui et al. [352], Polimeno et al. [355] in section 10
devoted to reviews and tutorials.

8.5 Other numerical techniques.

For a general introduction to the issue, the reader might refer to Cui and
Han [454] for a review. In this subsection, we are mainly concerned with Surface
Integral Equation Methods (SIEM) in which the unknowns are defined only on
the surface(s) of the particle(s) leading to surface integral equations and Finite
Element Methods (FEM) in which the surface of the scatterer is discretized, e.g.
with triangular patches, or the whole volume of the scatterer is discretized, e.g.
with tetrahedral elements. These numerical methods can in principle handle ar-
bitrary shaped particles and do not require the expansion of the incident beam
in terms of vector wave functions, although such expansions may indeed be used.
Let us note that there is a common point between SIEM and EBCM, namely
the use of the Schelkunoff optical/equivalence theorem which establishes a re-
lationship of equivalence between scattered fields and electromagnetic surface
currents.
For SIEM, let us begin with Cui et al. [221] who studied the scattering of

zeroth-order Bessel beam by arbitrary shaped composite with core-shell struc-
ture. Validations were carried out by comparing the obtained results with the
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already investigated cases of concentric and eccentric spheres. On-axis normally
incident beam scattered by a composite spheroid with an eccentrically located
spheroidal inclusion, off-axis normally incident beam scattered by a composite
hexagonal prism with a spherical air bubble at the center, and off-axis obliquely
incident beam scattered by a rough spherical particle with a spheroidal inclu-
sion at the center were considered. Yang et al. [113] used SIEM to carry out
a computational study of radiation torque on arbitrary shaped homogeneous
particles, specifically triaxial ellipsoids, prolate particles, prolate and oblate
spheroids, and bi-concave cell-like particles.
This is to be completed by Yang et al. [225] who computed radiation pressure

forces exerted on arbitrary shaped homogeneous particles by high-order Bessel
vortex beams using SIEM. The arbitrarily shaped particles were modeled by
using surface triangular patches and the SIEMs were discretized by following
the procedure of the method of moments (MoM). The MLFMA (multilevel fast
multipole algorithm) was utilized to speed up matrix-vector multiplication in the
iterative solution step of the final matrix equation system. See also Yang et al.
[224] for a similar study in which the SIEM code was validated against GLMT
comparisons for spherical particles. Zhang [114] used SIEM to study the shaped
beam scattering by a spheroidal object. For oblique incidence of a Gaussian
beam and of a zeroth-order Bessel beam, numerical results of the normalized
differential cross section were presented. In the case of spheroids, comparisons
with those obtained by using a GLMT for spheroids were carried out, leading
to an excellent agreement. See also Gao and Zhang [115], Wang et al. [117]
using SIEM as well in a similar study but in the case of the scattering by chiral
spheroids and Chen et al. [455] dealing similarly with a shaped beam scattering
by an anisotropic particle. Wang et al. [116] presented a SIEM procedure
concerning the scattering of an arbitrary shaped beam by a dielectric particle,
applied to the calculation of normalized differential scattering cross sections in
the cases of a spheroid and of a circular cylinder of finite length illuminated
by a Gaussian beam, a zeroth-order Bessel beam and a Hertzian electric dipole
radiation. The Gaussian beam was described by using the Davis-Barton first-
order approximate expressions. SIEM was compared with GLMT for spheroids,
in which the expansion coeffi cients of the Gaussian beam were evaluated by
using an extrinsic method with a localized approximation. Although there was
in general a good agreement between the results, differences became obvious
for very focused beams when the beam waist radius approaches its theoretical
largest bound λ. Yu et al. [150] dealt with the electromagnetic scattering by
multiple particles under the illumination of (non-diffracting) high-order Bessel
beams, using SIEM. Numerical results were presented in terms of differential
scattering cross sections in the far-field region. The following configurations have
been studied: interaction with two homogeneous dielectric spherical particles
(with validations of the results by using the GLMT for assemblies of spheres
and aggregates [16]), four dielectric cylinders arranged in three different ways,
and a 5x5x5 array of homogeneous dielectric spherical particles. Effects of the
beam order and of its half-cone angle were investigated.
SIEM is used as well by Cui et al. [118] who dealt with the scattering
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of polarized non-diffracting Lommel beams with different polarizations by non-
spherical homogeneous particles (homogeneous spheroids, cylinders, cones, and
hexagonal prisms). Results were provided in the form of differential scattering
cross section and validated by using GLMT computations in the case of prolate
spheroids. Liu et al. [456] dealt with the transmission of a shaped beam through
a rotationally uniaxial anisotropic sphere using SIEM. Numerical results were
given for the normalized internal and near-surface field intensity distributions
for incidence of a Gaussian beam, zeroth-order Bessel beam and Hertzian elec-
tric dipole radiation. When the relations among the expansion coeffi cients of
the incident beam, scattered and internal fields, were obtained, the approach
used is equivalent to the exact analytical solution based on the GLMT. Yu et al.
[234] dealt with the scattering of a Laguerre-Gauss beam by complicated shaped
biological cells such as fusiform cells, using SIEM. To verify the correctness of
the theoretical treatment and of the computation codes, numerical results in
the case of homogeneous dielectric spherical particles were calculated using the
GLMT leading to very good coincidences.
After SIEM, we now turn to FEM, starting with Mangini et al. [457] who

studied the interaction of an electromagnetic field with a composite core-shell
structure, made of a sphere eccentrically located inside a host sphere, and looked
for an effective-medium analysis in order to deduce the properties of the scat-
terer as a homogeneized sphere. A quasi-static analysis allowed to obtain an
analytic expression for the polarizability and for the effective permittivity of
the scatterer. Quasi-static results were validated through comparisons with a
FEM based on a commercial software. Cui et al. [222] dealt with a numeri-
cal investigation of scattering of an arbitrarily incident Bessel beam by fractal
soot aggregates, using a hybrid vector finite element-boundary integral-domain
decomposition method. Sundaram and Wen [223] examined the light scattering
from nonspherical symmetric pure dielectric structures, by using a finite element
full-wave analysis. The goal of this study was to find the geometry of dielec-
tric scatterers that can provide nanoscale forward scattering with high focusing
intensity that is comparable with standard spherical metallic scatterers. Four
cases were considered, namely scattering of radially polarized Bessel beams by
(i) dielectric nanospheres, (ii) snowman scatterers, (iii) teardrop scatterers and
(iv) combination of a teardrop scatterer and a far-field microlens.
Pan et al. [345] dealt with the prediction of metallic nano-optical trapping

forces by finite-element-boundary integral method. Reid and Johnson [346]
used a boundary-element-method for effi cient computation of power, force, and
torque in scattering calculations. The approach computed the quantities of in-
terest directly from surface currents with no need ever to compute the scattered
electromagnetic fields.
Patel et al. [300] dealt with the generation of highly confined photonic

nanojets using crescent-shape refractive index profile (CSRP) in microspheres
(Crescent shapes may be defined as multilayered spheres which are nonconcen-
tric with a common point of attach on the external surface). The results showed
that photonic nanojets with FWHM down to ∼ λ/4.5 can be achieved in free
space with multilayer CSRP lossless dielectric microspheres of 3 µm diameter.
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In the presence of commonly used substrates with higher refractive index this
would enable writing features as small as ∼ λ/6 or even ∼ λ/6.7. Theoretical
simulations were carried out by FEM.
Next, Yu et al. [458] used a Volume Integral Equation Method (VIEM) to

propose a numerical scheme to deal with complex metallic nanostructures in
the context of thermoplasmonics which leads to enhanced heat generation due
to the localized surface plasmon resonances. The use of VIEM is accompanied
by the steady-state heat diffusion equation. The authors concluded that their
simulations showed that VIEM is more effi cient than the approach based on
SIEM under comparable accuracy.
Related to volume integral equations, Mishchenko and Yurkin [459] dealt

with impressed sources and fields in the volume-integral-equation formulation of
electromagnetic scattering by a finite object. They provided a tutorial discussing
how to account for the actual existence of impressed source currents rather than
impressed incident fields. Specifically, they outlined a self-consistent theoretical
formalism describing electromagnetic scattering by an arbitrary finite object in
the presence of arbitrarily distributed impressed currents, some of which can be
far removed from the object and some can reside in its vicinity, including inside
the object. Here, the term "impressed" means that primary source currents are
unaffected by (independent of) the total electromagnetic field existing in the
presence of a scattering object. This is the point of view taken when speak-
ing of an "incident" field which is not disturbed by the forthcoming interaction
with a scatterer (although the paper deals with impressed currents rather than
with impressed fields). The study is carried out in the volume integral equa-
tion formulation of electromagnetic scattering to make the resulting formalism
applicable to a wide range of scattering-object morphologies.
For FDTD, we have Nayak et al. [299] who carried out a theoretical inves-

tigation on the tuning of a photonic jet through varying the salt concentration
in a propagating medium made from a NaCl aqueous solution. It was found
from simulations that the behavior of photonic jet varies with the different con-
centration of aqueous solution. Wu et al. [119] dealt with the generation of
Bessel beam sources in FDTD. The incident Bessel beam was described as a
superposition of plane waves whose wavevectors covered a conical surface. This
decomposition of Bessel beam was then approximated by a finite collection of
plane waves which were injected in FDTD simulations. The correctness and
accuracy of the present method were verified by comparing the reconstructed
field in FDTD with the original intended field. Far-fied scattered diagrams of
a dielectric sphere and a spheroid particle illuminated by a zeroth-order or a
higher-order Bessel beam were calculated. The results were compared with those
calculated using the GLMT and SIEM. In a similar study, Chen et al. [120] in-
vestigated the scattering of complex particles illuminated by Bessel beams using
FDTD. As an example, differential scattering cross sections for the scattering
of a spheroid illuminated by a zeroth-order Bessel beam were calculated and
FDTD results were compared with those of a GLMT. In the same series, we
have Wu et al. [226] who used the ASD and 3D FDTD to generate Bessel beam
sources. The correctness and accuracy of the method were verified by comparing
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the reconstructed field in the FDTD framework with the original field. Other
validations came from the comparisons of scattering diagrams calculated by us-
ing either FDTD and GLMT in the case of a dielectric sphere illuminated by a
Bessel beam.
Finally, Salgado-Remacha et al. [460] studied the diffraction of a focused

Gaussian beam by a microrefractive cylinder in order to carry out the position-
ing of the beam inside the cylinder, with the aim of achieving laser microma-
chining of optic fibers for optical sensor manufactoring, specifically producing
a novel technique for ablation of optical fibers. They relied on a numerical
analysis using a Fourier transform propagator performed in Matlab, simulating
the propagation of an electromagnetic field under a scalar approach so that the
field is obtained at any point of a propagation map. Numerical results were
experimentally validated.
For other papers devoted to the issue of the present subsection, see Zhu

et al. [131] in subsection 2.3 devoted to cylinders and cylindrical coordinates,
Kozlova et al. [135] in subsection 3.6 devoted to pulses and laser pulses, Tapp
et al. [305], Pan et al. [306], Yang et al. [100], [209], Brzobohaty et al. [112],
[325], Xu et al. [105], Ge et al. [337] in section 4 devoted to mechanical effects
of light, Krasavin et al. [370] in section 6 devoted to the optical theorem, Zhou
et al. [413] in subsection 7.4 devoted to imaging and microscopy, Yang et al.
[438] in subsection 8.2 devoted to ray optics, Khlebtsov and Khlebtsov [453] in
section 9 devoted to miscellaneous issues, Han et al. [121], Polimeno et al. [355]
in section 10 devoted to reviews and tutorials.

9 Miscellaneous issues.

Bressel and Reich [461] dealt with the theoretical and experimental study
of the diffuse transmission of light through highly concentrated absorbing and
scattering materials relying on monte-Carlo simulations. Hanske et al. [428]
dealt with the creation of assemblies of plasmonic nanoparticles that are both
strongly coupling and at the same time homogeneous in their optical proper-
ties on macroscopic areas. They demonstrated that, utilizing purely bottom-
up, template-assisted approach, highly ordered, linear arrangements of closely
spaced plasmonic nanoparticles could be fabricated with unprecedented unifor-
mity over centimeter-squared areas, then allowing the emergence of strongly
coupled plasmonic modes on macroscopic areas via template-assisted colloidal
self-assembly. Comparisons between experimentally determined extinction spec-
tra of single particles, dimer, and tetramer chain ensembles were compared to
simulation data modeled for ideal chains via GMM. Gagnon et al. [151] investi-
gated lasing thresholds in a representative photonic molecule (PM) composed of
two coupled active cylinders of slightly different radii. They used a 2D-GLMT
to compute the eigenstates of the PM. This kind of theory can also be used
for the computation of the scattering of arbitrary beams by a complex arrange-
ment of dielectric cylinders. The approach used in this paper is not limited to
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diatomic PMs. For instance, it could readily be applied to the computation of
modes of random lasers for an arbitrary number of active scattering centers.
Ramm and Andriychuk [462] studied the electromagnetic wave scattering

on a set of small particles and dealt with the creation of materials with de-
sired refraction coeffi cient and magnetic permeability, obtained by embedding
many small particles into a given material. The opportunity of this study was
taken to overview author’s results related to electromagnetic wave scattering by
many small particles, embedded in a homogeneous medium. Thin (nano) per-
fectly conducting scattering wires have been considered , and the results were
given under the form of explicit analytical formulas for the refraction coeffi cient
and magnetic permeability of the resulting media. Khlebtsov and Khlebtsov
[453] dealt with Raman molecules which were trapped in a nanometer-sized in-
terior gap between the metallic core and the shell of a multilayered particle,
and considered hollow gaps as well. Extinction spectra of such structures were
measured and simulations were carried out using a multilayered Mie solution, a
dipole approximation, and also a FDTD-solver. This paper is to be completed
with Khlebtsov and Khlebtsov [463] who furthermore derived explicit analytical
expressions for surface and volume averaged intensities of local field within a
multilayered sphere or of near field around the sphere surface. The expansion
coeffi cients of the analytical solutions were calculated through effi cient recurrent
schemes.
Kalume et al. [347] dealt with the detection and characterization of the

presence of chemical agent aerosols in various complex atmospheric environ-
ments in the context of a defense mission, relying on Raman spectroscopy. The
authors reported on a single-particle Raman spectrometer system that can mea-
sure strong spontaneous, stimulated and resonance Raman spectral peaks from
a single laser-trapped chemical aerosol particle. Using this system, time-resolved
Raman spectra and elastic scattered intensities were recorded to monitor the
chemical properties and the variation of the trapped particle. In addition to
the spontaneous Raman peaks reported in bulk liquid, the microdroplet Raman
spectrum exhibited additional features, namely stimulated Raman scattering
(SRS) and MDRs/WGMs leading to noticeable WGM resonance frequencies of
Raman peaks. In parallel to the chemical composition characterization, the au-
thors were able to determine the particle size of the trapped microdroplet by
profiling the intensity of the elastic scattered light as a function of time. Buccini
et al. [464] dealt with the issue of inversion of light scattering data, for inverse
problems taking the form of a Fredholm integral equation, with the goal to
accurately and fastly recover sample particle-size distributions over the largest
possible range of particle radii. Luo et al. [363] proposed and demonstrated a
manipulative dual-microsphere lasing based on nanosilica waveguide integrated
in a simplified hollow-core microstructured optical fiber, including a discussion
of in-cavity WGMS distributions. Steiner et al. [465] investigated the forma-
tion of chains of few plasmonic nanoparticles —known as plasmonic oligomers
—by strain-induced fragmentation of linear particle assemblies. Experimental
observations were quantitatively explained by using GMM.
Bi et al. [435] discussed the depolarization capabilities of nonspherical par-
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ticles in a super-ellipsoidal shape space allowing one to describe salient char-
acteristics of most atmospheric particles such as aspect ratio, roundness and
concavity, using both EBCM and invariant imbedding T-matrix method. To
be precise enough, the equation of a superellipsoid relies on the usual three
semi-axes of ellipsoids, together with two roundness parameters to specify the
morphology variation of the particle. Kiani et al. [466] dealt with an analytical
method for analysis of electromagnetic plane wave scattering from inhomoge-
neous spherical structures using duality principles. In contrast with the usual
approach which would be a "multilayer model", the inhomogeneous radial struc-
ture is embedded in an 1D integral radiation in the radial direction. A duality
principle then was used to relate this 1D structure to the simpler study of a dual
structure which is an inhomogeneous planar layer obliquely illuminated. It is
worth mentioning that the proposed duality operates between each harmonic of
spherical wave (in which the incident plane wave is expanded) and each angle of
the incident plane wave in the dual planar structure. The proposed method then
substitutes a complex problem in spherical geometry that has a large computa-
tional load, with a simple, well-posed problem, in planar geometry having less
time cost. Shiloah [152] dealt with an algorithmic issue, namely with canonical
scattering coeffi cients upward recursion algorithm for Bessel or Riccati-Bessel
functions, for multilayered sphere or long cylinder with large size parameters.
Canonical recommendations prescribed using both upward and downward re-
cursions for different types of functions, making the computational algorithm
rather cumbersome. The authors justified the procedure using the upward re-
cursion only, whose results are as stable as the canonical recommendations. It
was shown that by modifying basic relations, one can use only the upward re-
cursion without losing the stability of the process. The necessary modification
involved the ratios of the different type Riccati-Bessel (or Bessel for the cylin-
der case) functions. By excluding the downward recursions, the authors found
that the calculation algorithm was more compact. Lamprianidis and Mirosh-
nichenko [467] dealt with the excitation of nonradiating magnetic anapole states
with azimuthally polarized vector beams. The authors noticed that, in quantum
mechanics, it was postulated that electrons live at certain orbits, which do not
radiate. They then consider classical analogs which may be viewed in confined
classical trajectories of charged particles that do not produce far-field radia-
tion, the key ingredient for such occurrences being destructive interferences in
the far-field. It then happens that nonradiating sources have attracted a great
deal of attention in various nanoscale structures. Recently, it was suggested that
silicon nanodisks can support a nonradiating excitation known as anapole. In
this context, the authors discussed in detail the possibility of magnetic ana-
pole excitation under various configurations and suggested how they could be
tested experimentally. The theoretical analysis relied on a multipolar decompo-
sition of focused beams and on EBCM T-matrix method for far-field scattering
calculations. Téllez-Quinones et al. [468] discussed the retarded potential of
a non-homogeneous wave equation and the Green function in the language of
distributions. The authors expected at least to motivate the reader on the im-
portance of considering sequences of approximating functions (which are inroads

62



to distributions) in the framework of electromagnetism. By the way, the concept
of distributions has been invaluable for the development of GLMTs for cylinders
(with circular or elliptical cross sections), see [469], [470] for examples and [471]
for an easy introduction. Cheng et al. [472] dealt with the average intensity
and spreading of a radially polarized multi-Gaussian beam in anisotropic tur-
bulence. Yu and Sun [473] dealt with the visibility reduction due to the spray
created by water film on pavement and caused by high-speed vehicles, relying
on Mie scattering and Monte-Carlo simulations. Alonso et al. [22] expressed the
GLMT in the case of a wide class of focused electromagnetic fields, known as
"complex focus fields", allowing one to obtain closed-form expressions for their
multipolar expansions and to compute the field scattered by a spherical parti-
cle and the resulting forces and torques exerted on it, for any relative position
between the field’s focus and the particle. The authors claim that the fields
considered are elements of complete bases, and therefore can be superposed to
describe arbitrary incident fields. However, from a private communication, the
authors "did not claim to have obtained analytical expressions for the shape co-
effi cients of any electromagnetic beam". They mentioned that "for some beams,
particularly those mimicking experimental scenarios, numerical calculations are
unavoidable". The author of the present review did not examine in all details
the content of this paper by Alonso et al. (a task which would be in practice im-
possible considering the comprehensiveness of the present review), but believes
that the contents of the quoted paper is very rich. It would deserve a more
precise and accurate examination which is postponed to a future work. See also
Gutiérrez-Cuevas et al. [348] on the same issue.
I end this section with a paper by Dominguez-Juarez et al. [474] who studied

the influence of solvent polarity on light-induced thermal cycles in plasmonic
nanofluids, and in particular dealt with an oscillatory behavior caused by light
grazing a nanofluid meniscus. This paper, which is quoting GLMT, has however
little relevance with GLMT. The author of the present review confess that he
did not resist to the pleasure of quoting it because it dealt with a phenomenon
elsewhere named "thermal lensing" (a particular case of local heating below an
interface) to which he devoted a significant amount of time, e.g. [475], [476].

10 Reviews and tutorials.

Gogoi et al. [477] described Webscat, an online web application to simu-
late and display electromagnetic wave scattering from small particles, having
spherical, spheroidal and cylindrical shapes. Simpson [349] reviewed experi-
mental and theoretical work on the relationship between particle geometry and
composition (particularly inhomogeneous and anisotropic particles) and optical
trapping, focusing on the physical behavior of trapping setups and applications.
A comprehensive range of associated metrological techniques was discussed as
well. Cui and Han [454] provided a very comprehensive review devoted to the
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numerical investigation on the scattering of Gaussian beam by complex parti-
cles with arbitrary shape and structure, including arbitrarily shaped conducting
particles, dielectric particles, composite particles, as well as random discrete par-
ticles and fractal soot aggregates, when one has to resort to numerical methods.
The numerical techniques used are SIEM for conducting particles, homogeneous
dielectric particles, composite particles with conducting or dielectric inclusions,
and FEM (under a hybrid form) to effi ciently characterize the scattering by
multiple randomly distributed particles, and soot aggregates. GLMT is used to
provide reference data when usable.
Santos et al. [364] extensively provided a description of the origin of local-

ized surface plasmon resonance through the works developed by Mie, Maxwell
and Maxcwell-Garnett and a description of many examples of applications of
plasmonic nanoparticles on biosensors and solar cells, detailing the contribution
of these plasmonic nanoparticles on the performance of these devices. Stangner
et al. [350] published a book chapter which has the flavour of a review devoted
primarily to the biophysical investigation of receptor-ligand interactions on a
single molecule level, focusing on optical tweezers-assisted dynamic force spec-
troscopy. Let us precise that dynamic force spectroscopy is the investigation of a
force-induced dissociation of a single bond and provide information about kinetic
parameters as well as parameters that characterize the energy landscape of the
binding from the distribution of rupture forces. By using this technique it was
possible to investigate receptor-ligand interactions on a single-molecule level,
and to extract specific binding parameters. Haussman [478] reviewed recent
advances in observation and theory concerning the rainbow in nature, specifi-
cally rainbows in natural rainfall including the effects of natural non-spherical
raindrops, as well as natural broad polydisperse raindrop distributions into the
classical rainbow theory of Lorenz-Mie and Debye scattering. The description
of the classical history of rainbow theories up to Lorenz-Mie and Debye scat-
tering was followed by theoretical consideration towards natural non-spherical
drop shapes and broad drop-size distributions. Barbosa et al. [380] provided an
introduction to light scattering extinction spectrometry (LES) as a diagnostic
for dust particle characterization in dusty plasmas, under the form of a review.
LES allows the direct in situ measurement of the particle size distribution and
absolute concentration of dust clouds levitating in plasmas. Using a relatively
simple and compact experimental set-up, the dust cloud parameters can be re-
covered with a good accuracy making minimal assumptions on their physical
properties. Special emphasis was given to the inversion procedure of light ex-
tinction spectra. Two exemplifying measurements were discussed. Calculation
of extinction matrix was reviewed as well as required theoretical approaches,
including GLMT and EBCM.
Sazhin [479] provided a review on the modelling of fuel droplet heating and

evaporation, dealing with recent results and unsolved problems. GLMTs were
mentioned in connection with the issue of radiative heating of droplets, mak-
ing a connection with one of the original motivation of GLMT, namely the
development of optical particle characterization techniques for multiphase flows
issues, such as in spray combustion or plasma spraying. In a similar network
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of motivation, Fuqiang et al. [480] provided a comprehensive review of radia-
tive heat transfer in particle solar thermochemical reactor. Tu et al. [381]
dealt with a review of experimental techniques for measuring micro- and nano-
particle-laden gas flows, in particular optical particle characterization, including
phase-Doppler anemometry with a discussion of the use of GLMTs and of par-
ticle trajectory effects, particle image velocimetry, scattering intensity measure-
ments, laser-induced fluorescence techniques for temperature and composition
measurements, among others. Conteduca et al. [351] reviewed photonic and
plasmonic resonant technologies for biomolecule trapping, manipulation, and
sensing at the nanoscale, with a special emphasis on hybrid photonic/plasmonic
nanodevices allowing a very strong light-matter interaction. The state-of-the-
art of competing technologies, e.g. electronic, magnetic, acoustic and carbon
nanotube-based nanotweezers, and a description of their applications were also
included. More specifically, the following issues were considered: non-optical
trapping techniques, optical trapping techniques (ray optics regime, Rayleigh
regime, LMT and GLMT regimes), photonic and plasmonic nanotweezers config-
urations (optical waveguides and nanowires, optical dielectric resonators, plas-
monic resonators, hybrid photonic/plasmonic cavities). They concluded that
optically based techniques have demonstrated high effi ciency and very stable
trapping conditions over a long trapping time, as well as low power consumption,
making it possible to manipulate nanoparticles down to single molecules. The
performance reached by the state-of-the-art optical nanotweezers highlighted the
advantage of optically based techniques compared to other trapping approaches,
making integrated optical nanotweezers a suitable tool for several applications
in medicine, biology, and chemistry. Luk’yanchuk et al. [301] reviewed some of
the phenomena and possible applications arising from the interaction of light
with particles having a refractive index less than 2, encompassing a historical
background, the basic properties of photonic nanojets, and other issues such
as concerning caustic structures, shape effects, microscopic dielectric particles,
with an extended focus on the issue of super-resolution imaging and the possi-
bility of achieving optical resolutions on the level of λ/10 or even better. Zhang
and Xuab [481] published a book chapter to review the issue of nanophotonics,
i.e. of light scattering by small metallic particles. Han et al. [121] reviewed the
issue of light wave propagation and scattering through particles illuminated by
Gaussian beams, dealing with spheres, spheroids, and circular cylindrical par-
ticles in the framework of GLMTs, SIEM and FEM. Sukhov and Dogariu [353]
acknowledged that laser tweezers are the most recognized application of opti-
cally induced mechanical action, and that their operation is usually described
in terms of conservative forces originating from intensity gradients. They af-
terward noticed that the fundamental optical action on matter is however non-
conservative and therefore reviewed different manifestations of non-conservative
optical forces, discussing their dependence on the specific spatial properties of
optical fields that generate them. From the point of view of terminology, "non-
conservative", in the context of radiation fields, means that part of the energy
is dissipated (absorbed or scattered) to produce mechanical action. Different
approaches for describing optical forces (and torques) under plane waves or
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structured field illuminations were considered.
Bui et al. [352] very comprehensively reviewed the theory and practice of

simulation of optical tweezers. The paper is easy-reading, avoiding complicated
equations to get the gist of the involved phenomena to be considered, and allows
the reader to optimize his/her strategy to enter the field. In general, trapping
simulation requires to deal not only with optical forces (and torques) but also
with forces which are exerted on the particle in the trap due to its interaction
with the surrounding environment, mainly Brownian motion and viscous drag,
but also weight, buoyancy, and others (such as adhesion forces, electrostatic
forces, magnetic forces). Computing times, even limited to force maps, may be
prohibitive, ranging from less than 1 minute for the simplest cases to 30 years
in the most complicated case dealing with mapping force for a non-spherical
particle lacking rotational symmetry in a trap lacking rotational symmetry, or
if the trapping beam varies in time, or even more when several particles are
simultaneously present in the trap. This was a motivation for the development
of a skeletonization process discussed in [105]. Optical forces and torques were
discussed using a T-matrix formalism (such as with GLMTs or EBCM, among
others), finite element and finite difference methods, and approximate meth-
ods, notably Rayleigh scattering and ray optics. Qiu and Shen [248] provided a
review on the calculation of BSCs for a Gaussian beam using localized approx-
imations, quadratures and ASD. In particular, the formulations of the BSCs
of the TEM00 Gaussian beam in the quadrature and the ASD methods were
simplified into one-dimensional integrations (the finite series technique is how-
ever not considered). Gong et al. [354] dealt with the issue of optical trapping
and manipulation of single particles in air, specifically with principles, tech-
nical details, and applications. They reviewed recently demonstrated optical
configuration for trapping and manipulating single airborne particles. Based on
different trapping principles, they tentatively categorized them into radiation-
pressure traps, photophoretic traps, and universal optical traps. The last ones
can trap a variety of different types of particles, including transparent or absorb-
ing, spherically or irregularly shaped, and liquid or solid particles. Furthermore,
recent updates on optical methods for characterizing and monitoring single par-
ticles in air were discussed, such as light scattering, Raman spectroscopy, and
cavity ringdown spectroscopy. Polimeno et al. [355] discussed optical tweezers
and their applications. From a theoretical point of view, the paper discussed ray
optics, dipole approximation and electromagnetic theory and modeling to deal
with various kinds of particles using analytical or semi-analytical, e.g. EBCM,
as well as numerical methods. A whole section was devoted to the experimental
practice of optical tweezers with a comprehensive focus on various calibration
methods for spheres, while applications were compiled in another section, deal-
ing with mechanical properties of red blood cells, microbubbles, chiral optical
forces, nanotechnology applications, optical binding, optical force positioning,
aggregation, spectroscopy, optical Casimir forces, stochastic thermodynamics,
and active matter.
For other reviews already quoted in previous sections, see Gouesbet et al.

[12] in the Introduction (section 1) to discuss the electromagnetic scattering
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of arbitrary shaped beams by arbitrary shaped particles, Han et al. [80] for a
review on intrinsic and extrinsic methods in subsection 2.2 on spheroids and
spheroidal coordinates, Gouesbet et al. [85] to discuss and compare differ-
ent versions of GLMTs for spheroids again in subsection 2.2 on spheroids and
spheroidal coordinates, Bouchal [179] and Recami et al. [181] reviewing non-
diffracting beams in subsection 3.3 on non-diffracting beams, Gouesbet et al.
[235] reviewing localized approximations in subsection 3.5 on localized approx-
imations and associated warnings, Thomas et al. [283], [284] for analogies and
differences between optical and acoustical scatterings in subsection 3.7 devoted
to acoustical beams, Gouesbet [81] for GLMTs and mechanical effects of laser-
light in section 4 on mechanical effects of light, Foreman et al. [361] reviewing
whispering-gallery modes in section 5 on internal fields, Gouesbet [377] for a
review on optical particle sizing and velocimetry before the advent of GLMTs
and Gouesbet and Gréhan [378] for a recent review on OPC at the beginning of
section 7 on OPC, Lock and Laven [280] reviewing Debye series in subsection
8.3 on Debye series, and Cui and Han [454] reviewing numerical techniques at
the beginning of section 8 devoted to different to alternative light scattering
approaches.

11 Conclusion.

Pursuing what can now be viewed as a tradition, the present paper presents
a review concerning laser-light scattering for structured beams both from a
fundamental theoretical point of view (GLMTs, EBCM, ray optics, Rayleigh
scattering, numerical techniques) and from the point of view of applications, i.e.
encompassing the theory and the practice of light scattering, however restricted
to the period 2014-2018. A particular attention is paid as well to the issues of
mechanical effects of light, internal fields and resonances, optical theorem while
applications were mainly devoted to the field of optical particle characterization
which has been the original motivation for the development of GLMTs. I hope
that this review can be useful for the confirmed scatterist as well as for the
newcomer which, expectedly, will find in this review a general overview of a rich
landscape explored by using a bit less than 500 references.
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