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Abstract: In this work we extend recently proposed observer designs based on high-gain to
a more general first order quasilinear hyperbolic system of balance laws. This class of systems
is written in an observable form with two states, two different characteristic velocities and
distributed measurement. The exponential stability of the related observation error is fully
established by means of Lyapunov-based analysis.

Keywords: high-gain observers, quasilinear hyperbolic systems of balance laws, Lyapunov

analysis, H' exponential stability.

1. INTRODUCTION

The classical high-gain observer design for finite-dimensional
nonlinear systems has gained great academic interest
through the last decades. They apply to a large class
of cases corresponding to wuniformly observable systems
Gauthier and Bornard [1981], Gauthier et al [1992]. It
has been extensively studied in the literature and remains
widely considered, see Khalil [2017] and references therein.
In the recent paper Kitsos et al [2018], we extended this
approach to a class of hyperbolic systems, for which first
results on high-gain observer design have been proposed
for a particular case of uniformly observable systems, writ-
ten as an n X n quasi-linear hyperbolic system of balance
laws and considering distributed measurements. In a more
recent work Kitsos et al [2019], we considered a more
general case, where a 2 X 2 system is written in an observ-
able form, differentiating from Kitsos et al [2018] where
we needed to consider identical chatacteristic velocities.
There exist some results on observer design for hyperbolic
systems in the literature, mainly considering the full state
vector on the boundaries as measurement. Amongst oth-
ers, one can refer to Di Meglio et al [2013] and Hasan et
al [2016] for the backstepping design, to Besangon et al
[2006] for a discretization approach, to Castillo et al [2013]
for direct infinite-dimension-based Lyapunov techniques
(see also Besangon et al [2013]) or to Nguyen et al [2016]
for optimization methods. For semigroup-based methods
see Curtain [1982], Christophides and Daoutidis [1996]
and Schaum et al [2015].

The present paper aims at providing sufficient conditions
for high-gain observer design for a class of quasilinear
hyperbolic systems of balance laws. The difficulty of the
present approach comes from the fact that the Lyapunov
stability analysis that we employ requires the existence of
a positive definite symmetric Lyapunov matrix involved in
the chosen Lyapunov functional, which has to additionally

commute with the matrix of the characteristic velocities.
For this reason, considering stability problems in Bastin
and Coron [2016], Coron and Bastin [2015] and in Prieur
et al [2014] (Proposition 2.1) and other approaches of
these authors, either such a commutativity property is
assumed to be satisfied, or a diagonal Lyapunov matrix is
chosen. In our case, the Lyapunov matrix cannot commute
with the matrix of the characteristic velocities, since it
is required to satisfy silmutaneously a matrix Lyapunov
equation and the involved stabilizable matrix, which de-
scribes the linear part of the balance laws, does not allow
diagonal stability to hold. Due to this technical limitation,
in the first approach Kitsos et al [2018], the characteristic
velocities were considered identical. In Kitsos et al [2019]
we considered a more general problem for a 2 x 2 system,
where space derivatives of the output were injected in the
observer’s equations as correction terms, in order to con-
front this difficulty. The contribution of the present paper
is twofold: First, by employing a triangular linear coor-
dinates transformation technique, we avoid the restrictive
injection of output’s space derivatives, in order to confront
the problem of distinct characteristic velocities. Second, we
prove a stronger result of H' exponential stability of the
observer error, contrary to the exponential stability result
in the supremum norm (Kitsos et al [2018]).

The problem is illustrated in details in Section 2. The
theoretical analysis and the full proofs for the observer
design that we develop are presented in Section 3, where
Theorem 2 constitutes the main result. In addition, an
example illustrates the nature of our methodology. Some
conclusions and perspectives are discussed in Section 4.

Notation: For a given x € R", |z| denotes its usual Eu-
clidean norm. For a given conbtant matrix A € R™*"
AT denotes its transpose, |A| := sup {|Ax|,|z| =1} is its

induced norm and Sym(A4) = A+A% gtands for its sym-

metric part. By eig(A) we denote the minimum eigenvalue



of a matrix A. For a function f(-), we use the difference

operator given by Aé [f]1(&) := f(é) — f(¢), parametrized

by & For f € C* by Df we denote its Jacobian. For
a continuous (CY) map [0,1] > = — £(x) € R™ we
adopt the notation ||€]|o = max{|{(x)|,z € [0,1]}. For
a continuously differentiable (C*) map [0,1] 3 z +— &(z) €
R™ we adopt the notation ||£|l1 = [|¢|lo + ||€z]lo- For
a function ¢ € H!'([0,1];R") the definition of the H'-

/
(fol (|£|2 + ‘§w|2) dﬂ?)l 2. By B(d) we
denote the set B(8) := {& € C'([0,+00) x [0,1];R?) :
€, )|y < 6,9t >0}

norm is €]y =

2. CLASS OF SYSTEMS AND MAIN OBSERVER
RESULT

Let us consider the first-order quasilinear hyperbolic sys-
tem described by the following equations on a time and
space domain II := [0, +00) x [0, 1]:

&t w) + A& (t, ) Ee (b, x) = AS(L, ) + f(E(¢ 2)) (1a)

where [£, &7 = € : [0,+00) x [0,1] — R2 is the state.
Consider also distributed measurement y : [0, +00) x [0, 1]
that is available at the output, given by

y(t,x) = CE(t, x) (1b)
We assume that

A= [8 (1)],0_[1 0,

A(&r) = diag {M\1(£1), A2(62)}, f(§) = [fzfé(ﬁlﬁ)ﬁ]

with A1(&1),A2(&1) > 0,6 € R. We observe that the
system satisfies some triangular structure (as in Kitsos
et al [2018]), which illustrates an analogy to the finite-
dimensional case.

We consider initial and boundary conditions of the form
£(0,2) =: €%(x),z € [0,1] (2a)
£(t,0) =H (&(t,1)),t € [0, +00) (2b)

Considering system’s dynamics, we assume the following
regularity.

A0. The involved mappings A; € C! (R;R?),i = 1,2,
feCt(R%R?), H e C(R;R?), &0 € C ([0, 1];R?).

The following assumption is essential to assert the well-
posedeness of our system, along with the minimal observer
design requirement of ”forward completeness” and, fur-
thermore, it imposes boundedeness of the classical solu-
tions in the C'-norm, which is essential in the design of our
observer. For more detailed presentation, the reader can
refer to Bastin and Coron [2016], Li [1985] and references
therein, where sufficient conditions for the well-posedeness
of quasilinear hyperbolic systems of balance laws are given.

A1l. There exists nonempty compact set

M c C*([0,1];R?), such that, for any initial conditions
&Y € M, satisfying zero-order and one-order compatibility
conditions, problem (la), (2) admits a unique classical
solution in C* ([0, +00) x [0,1];R?). Moreover, for any £°
in the above-mentioned class, there exists § > 0, such that
|‘£((t)7)H1 < 67Vt € [07+OO) AISO7 )‘1(05) > >\2(C£)7v§ €
B(9).

The following global Lipschitzness assumption is crucial
for the stability analysis of the observer error equation.

A2. There exists Lipschitz constant L; > 0, such that for
all £ € R?, |Df(€)| < Ly. There exists Lipschitz constant
Ly >0, such that for all §,§ € R?, [Ag [Df] (§)] < Ly/|§—
€.

In order to be able to adopt a high-gain observer methodol-
ogy, we need to first perform the following invertible linear

transformation, in order to obtain a more appropriate
form:

(=T¢

10
ree LY

with as to be defined later.

(3a)
(3b)

Now system (1a), (1b), (2b) is rewritten as follows:
Gt @) + MG (8 2)Ce (8, 7) = AC(E, ) + M((t, @)
+TH(T7(t, @)
y(t,z) = C¢(t, )
¢(£,0) =TH (Gi(t 1))
defined on the domain II, where M is given by
Mo |8 6
and
A(G) = TCTC (A1 (G1) = A2 (1)) + A2 (C1) Iaxz2 (6)

Consider now K € R? and P a symmetric and positive
definite matrix satisfying

2Sym (P (A + KC)) = —I5xs (7)

which is always feasible, due to the observability of the
pair (A, C). Define also diagonal matrix ©, given by

© := diag {0,6°} (8)

where § > 1 is the candidate high-gain constant of the
observer, which will be selected later. Then, set

az = ago/aio (9a)
[“170} =0"leop~'CT (9b)
az.0
Notice that as is written in the form
ag — 9(_12 (10)

where a5 is independent of 6§ and depends only on compo-
nents of P.

Let us now introduce our candidate observer dynamics
defined on the domain IT and its boundary conditions for
system (4), as follows:

Gt w) + Ay(t 2))o = AL(t @) + ML(t, )
- (@K - [ZC%‘A’D (y(t.2) = Cl(t,)) + THT (1))
(11a)
(

é(t,O) =TH (y(ta 1)) 620 11b)

The following lemma guarantees the existence of unique
global classical solutions for our candidate observer. We

invoke Kmit [2008], where an analogous result is proven
under Lipschitzness properties of the dynamics. It is easy



to check that our candidate observer under the transfor-
mation ¢ := T~ is written in a well-posed characteristic
form and satisfies semilinear hyperbolic laws. Assumptions
A0 - A2 in conjunction with the previously mentioned com-
ments (details are left to the reader) are compatible with
the sufficient conditions of Theorem 2.1 in Kmit [2008]
and, thereby similar global existence result is established
for our observer system, as given in the following result.
Lemma 1. Under Assumptions A0, A2 and considering
y € C* ([0, +00) x [0,1];R), with y globally bounded in the
C'-norm, the problem described by (11) on domain I and
initial conditions (0 := é(O,x),Va: € [0, 1], satisfying zero-
order and one-order compatibility conditions (see Bastin
and Coron [2016] for details on compatibility conditions)
admits a unique classical solution on II, i.e., there exists a
unique solution ¢ € C* ([O, +00) x [0, 1];]R2).

We are now in a position to present our main result on the
observer design.

Theorem 2. Consider system (la) - (2), defined on II
with output (1b) and suppose that Assumptions A0, Al
and A2 hold. Let also P € R?*2 be a positive definite
symmetric matrix and K a vector both satisfying (7).
Then, for § > 1, system (11) with initial condition (° €
C1(]0,1]; R?), with ((0,2) = (°(z), satisfying zero-order
and one-order compatibility conditions, is a well-posed
high-gain observer for ( = T¢, in the sense that it admits
a unique classical solution in II on the one hand, providing
an estimate for the state of system (1a) - (2) for choice of
0 large enough on the other hand. More precisely, for any
Kk > 0, there exist # > 1, such that the following estimate
is satisfied:

I€(t,-) — T, ) < le™ €0 — T710 g, t 282

for some [ > 0 depending on 6.

This theorem states that for system (la) - (2) we have a
systematic high-gain observer design providing an estimate
of its full state, with a convergence rate adjustable via the
high gain 6.

3. OBSERVER CONVERGENCE PROOF

This section is dedicated to the proof of Theorem 2.

We define the linearly transformed error by
e:=0"1 (é — C)
and we obtain the following equations defined on II:
et + A (y)e, =0(A+ KC)e
+age + O TAL ¢ [f1(T71C)
€(t,0) =0
where

Ai(y) = %P_lcTC (M1 (y) = A2(y)) + A2(y)laxa (15)

Observe from (15) that PA;(y) is symmetric for any
symmetric matrix P, a fact that will allow an integration
by parts that we will perform later.

At this point, let us introduce the operator
K:C* ([0,4+00) x [0,1];R?) = C° ([0, 400) x [0, 1]; R**?)

defined by
0
Kl := AL(COAH(CEOF¢ (16)
Define also A
/C% :
C' ([0,400) x [0, 1];R*) = C° ([0, 400) x [0, 1]; R**?)
/Cg :

C' ([0,400) x [0,1];R?) — C° ([0, +00) x [0,1]; R?)
(parametrized by ¢ and acting on & = T71¢) by

/c§[q = K[e] + 0 ' TDA(T )T 16 (172)
Ks[€] = —KIEJO™ ' TA, ¢ [f1 (T7Y)
+@*1TAT,16 [Df](T7'¢) %5 (17b)

Next by temporarily assuming that e is of class C?, we
derive the following hyperbolic equations for €;:

€1t + Al(y)etx - K%[{]et + Qéget

+0(A+ KC)e, — OK[E](A+ KC)e + K5[¢]  (18)

Gt(t, 0) =0 (19)

Remark 3. Notice that whenever £ € B(¢), due to conti-

nuity and positiveness of \;,7 = 1,2 and furthermore the

fact that [[£(t,-)llo < 6,V > 0, 0 < supgesp sy (Ai(CE)),

infeepis)) (Mi(CE)) < +o0,i = 1,2. In addition, whenever

& € B(9), as a result of the hyperbolic dynamics (1a), we
easily calculate constant §; > 0, such that

1€t Mo = 1T G (t,)lo < 61,V >0 (20)

By virtue of the above arguments, the fact that 6 > 1,
(20), continuity and global Lipschitzness (Assumptions
A0, A2) of the involved mappings, we can easily calculate
positive constants ~;,¢ = 1,...,6, such that whenever
& € B(d), the following inequalities are satisfied for all

¢ € CO([0,+00) x [0,1];R?), t >0,z € [0,1]:
©'TDH(T{(t,2))T 'O <m (21a)

O TAL 6 (Tt 2)) | < elet, )] (21D)

07 TAL ¢ [DFI(T7H¢(tx)) | < yale(t,z)]  (21c)
(21d)

(A (6 (t @) <

Y5 < A (&t @) < v (21e)

Note that all the above constants 71, ...,7 depend only

on the Lipschitz constants of Assumption A2, constants

0,01, elements of matrices P and A and are independent

of the high gain 6, due to the triangular structures of

the nonlinear mappings. We can similarly obtain constants
~7,7s > 0, such that for all (¢,z) € II, we get

S [€)(t, )| < 7= + 6174/,

KS[E](t )] < sle(t, 2)|s7s = 17a72/75 + 9301 (22)
To prove the error exponential stability, let us define
functional W : C1([0,1]; R?) — R by

1
Wle] := / e Hbaze (¢" Pe + poe/ Pe;) dx (23)
0

where pg € (0,1] is a constant (to be chosen appropri-
ately), P € R?*2 is a positive definite symmetric matrix
satisfying (7) for appropriate K and p > 0 will be chosen
appropriately later.



By invoking Lemma 1 and Assumption A1, which establish
global unique classical solutions for observer system (11)
and system (la), (2) respectively, we are now in a position
to define W : [0,+00) — R by W(t) := WIe|](t),t > 0
(where we use the notation e(t) := e(t,z),Vz € [0,1]).
Calculating the time-derivative W along the classical so-
lutions of (13) - (14), (18) - (19), we get

1
W:/ e~ Hbazw
0

X (E;FPE + €T Pe; + pge;l;Pet + poe;rPett) dz (24)
In the following, we omit the arguments (¢,z) of the
mappings inside the integrals.

After substituting the dynamical equations (13) and (18)
into the above equation and applying integration by parts,
W can be written in the following form:

W =T 4T+ T3+ Ty (25)
where
Ty := —e 9% (e(1)TPA; (y(1))e(1)
+poer(1)TPAL(y(1))er(1)) (26a)

1
Ty = / e 00T (—pbage” PAy(y)e — pbazpoe PA1(y)e;
0

+e" PN (y)yae + poei PAY(y)yaer) da (26D)

1
Ts ;:2/0 e Hbazw (eTPG)’lTAT_IE [F1(T7¢)

+poei PKSIE] + poet Sym(PKS[€])e;
+0as (eTPe + poetTPet)) dx

1
T4 = 0/ (27#962$
0

X (ZETSym(P(A + KC))e + 2poe; Sym(P(A + KC))e;
—poe; PKIEJ(A+ KC)e — poe (A+ KC)'KT[¢]Pe;) da
(26d)

(26¢)

It turns out from the above equations that
7 <0 (27)
Next, observe that the term 715 can be bounded as follows:
Ty < (a— pbag inf Xo(CE))W
< (a—p 2 b 2(C¢))

_u&ag/o e 1927 (1 (y) — Na(y)) (€2 + po(Drer)?) da

1,0
(28)
| P|6y4

cg(p) and by virtue of Assumption Al, we
finally obtain

To < (a—phay inf X (CE))W
2 < (o= pbap inf A2(C))

where o :=

(29)

By exploiting (21e), (22), T5 can be bounded as follows:

1
T3 < / e—pﬂ@gl‘
0

X (2|P| (’}/2|6|2 + ,00’}/8|6H6t| + p(]’77‘6t‘2)) dx + 200_[2W

S ((’78 + 2max(y2,77)) ei|gl(i|0) + 29@2) W (30)

The term Ty can be rewritten in the following form:

T = —9/016—“%36 ([eT 2l {;D dz  (31)

where, after utilizing (7), ¥ : B(9)

— C° ([0, +00) x [0, 1]; R***) is given by

—po(A+ KC)TKT[¢]P
polzx2

Iz

e = | Prle)(A + KO)
(32)

We can easily verify that X[¢] = 0 (by solving a simple
LMI) for every & € B(9) if

2
< 5
T 1 |PRIA+ KCP?
It turns out that for every choice of matrices P and K sat-
isfying equation (7), there always exists a po (sufficiently
small), such that the above inequality is satisfied and this
fact renders X[¢] positive. Consequently, for appropriate
choice of pg, there exists o > 0, such that

p (33)

Ty < —G%W (34)
Now, choose p, such that
2
p>—— (35)
infeep(s) A2(C€)

with the right-hand side being well-defined by Remark 3.1.
Combining equations (27), (29), (30), (34), (35) with (25),
we deduce

W < (—0wy + w)W (36)
where wq = I%I’ wy = a+ (73.4— 2max(ya, 7)) %ﬁl,). We
obtained the estimate (36) of W, for € of class C?, but the
proof so far implies that the result does not depend on the
C?-norms. Therefore, by invoking density arguments, the
results remain valid with € only of class C*.

Applying the comparison lemma to (36), we get

W(t) < e”Owr=w2)tyy () vt > 0 (37)
Now, one can select the high-gain 6, such that
0 > max(1,6p);0p := wa/wq (38)

and, therefore, for sufficiently large # we achieve to obtain
fwi — ws > 0. In order to derive an estimation of the H'-
norm, we can observe that a relationship of the following
form can be deduced from the dynamics (13):

Vsll€x(t, )2 < llee(t, )l 22
< vell€x(t, )Lz + (0]A + KC| + 0laz| + v2)[le(t, )| 2
(39)
Performing trivial inequalities and using the above-
mentioned relation, we can derive a constant ¢ > 0 de-
pendent on @, such that for all ¢ > 0,

12 | |P|
t,- <
et )l < eny* [ oo

where €%(z) := €(0, ) is the initial condition of the error.

e F OOy (40)

In the above derivations we have used the inequality
poeig(P)le(t, )| F: < W(t) < e |P|[le(t, )|}, t > 0
(41)
Now, it is clear that for any x > 0, one can choose
0= w%n + 6, so as to get an estimation error as in (12),
with [ being dependent on 6.

Hence, we designed an exponential in the H'-norm high-
gain observer which convergences to zero after an initial
time tg and with tunable convergence rate k, dependent



on the selection of 8. The higher the values 6 attains, the
faster the observation error converges to zero.

Remark 4. Let us remark here, that in (12), constant I
depends exponentially on 6, contrary to the classical high-
gain observer design results, where it should only have
polynomial dependence. In different formulation, we can
rewrite (12) as

I€(t,) = T~ ) < Te™ 0|0 — 7710 g, t > 0
(42)

where, as we showed in the proof, [ depends polynomially
on # and y
paz

to ’ w1 (0 — 90) (43>
denotes the time from which the exponential converges
starts and, by definition, it depends only on the minimum
value of Az(+). It is worthwile to remark that, the previous
limitation leads to a slightly weaker result, compared to
our previous approaches Kitsos et al [2018], Kitsos et
al [2019], although here, we confronted the problem with
distinct characteristic velocities by avoiding the restrictive
limitation of injecting output’s spatial derivatives, as in
Kitsos et al [2019]. Future studies will be dedicated to
this.

To better illustrate the nature of the high-gain observer
design, we use an example.

Ezxample 1. Consider system

0:&1 + 0.1(2 + cos(&1)) 0,61 = & + sin(&7), (44a)
8t§2 + 01(2 + Sin(fl))awfg = Sil’l(gg - 51)7 (44b)
Y(t,z) € II, with distributed measurement
y==4& (44c)
and boundary conditions of the form
£(t,0)=0,t>0 (444d)
Consider initial conditions £?(x) = 22, £(x) = —2%/2,x €

[0,1]. System (44) is of the form (la) with boundary
conditions described by (2). More particularly, A(&;) =

diag (2 + cos(&1),2 +sin(&1)), f(§) = {sins(ig(é_l)gl)} )

H(-) = 0. All Assumptions AQ - A2 that we have assumed
for system (la) are satisfied for the choice of these initial
conditions. We choose vector gain K = (—2,—1)T and
after calculating all the essential constants that are used
in Theorem 2, we can proceed to the observer design. We
appropriately choose the high gain constant 6 being equal
to 50. We also calculate az by (9) in order to perform
the transformation T as in (3) into the system ¢ and
we can, therefore, obtain the high-gain observer dynamics
for ¢ as in (11). Finally, we choose arbitrary observer
initial conditions (in accordance with the compatibility

conditions) ¢%(z) = (9(x) = 0,z € [0,1].

In Figure 1 the solution &; is shown and in Figures 2
and 3 we illustrate the estimation error functions for both
states, which exhibit exponential convergence to zero, as
predicted by Theorem 2.

4. CONCLUSION

In this paper we designed a high-gain observer for a class of
observable hyperbolic systems with distributed measure-
ment. This result constitutes an extension of the high-gain

Fig. 1. Time and Space Evolution of Solution & (system’s
output)
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Fig. 2. Time and Space Evolution of Observer Error
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Fig. 3. Time and Space Evolution of Observer Error
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observer design for finite-dimensional systems to a class of
hyperbolic systems and, also, an extension of our previous
works towards this direction, as we considered here distinct
characteristic velocities. We proved the exponential decay
of the observer error in the H'- norm step by step by
first choosing an appropriate Lyapunov functional. The
extension of this methodology to more general cases of hy-
perbolic systems and weakening some of our assumptions,
in order this methodology to apply to real systems, like
chemical reactors, is subject to our future approaches.
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