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Abstract

We consider a viscous incompressible fluid governed by the Navier-Stokes system written in a
domain where a part of the boundary is moving as a damped beam under the action of the fluid. We
prove the existence and uniqueness of global strong solutions for the corresponding fluid-structure
interaction system in an LP-L9 setting. The main point in the proof consists in the study of a linear
parabolic system coupling the non stationary Stokes system and a damped beam. We show that
this linear system possesses the maximal regularity property by proving the R-sectoriality of the
corresponding operator.

Maximal LP regularity.
AMS subject classifications. 35Q35, 76D03, 76D05, 74F10.
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1 Introduction

In this work, we study the interaction between a viscous incompressible Newtonian fluid and an elastic
structure located on one part of the fluid domain boundary. More precisely, if there is no displacement
of the structure, the fluid occupies a smooth bounded domain F such that its boundary dF contains
a flat part T's. We can assume I's = (0,1) x {0} and we set T'g := 0F \ T's.

On I'g, we assume that there is a beam that can deform through the force exerted by the fluid onto
the structure, whereas I'g remains unchanged. We denote by 7(t, s) the displacement of the beam at
the position s € (0,1) and at time ¢. Thus I'g transforms into

Ls(n(®)) == {(s,n(t;5)) ; s € (0,1)} (1.1)
and the fluid domain F(n(t)) is the interior of I'o UT'g(n(t)). We assume that
n(t,0) =n(t, 1) = Osn(t,0) = dsn(t, 1) =0, (1.2)

and that
Lo NTs(n(t)) =0, (1.3)

so that I'o UT's(n(t)) is a closed, simple and regular curve (if (¢) is regular).
The fluid-structure system that we consider reads as follows

O+ (T- V)5 — divT(@,7) =0, t> 0,z € F(n(t)),
divi =0 t> 0,z € F(n(t)),

o(t, s,m(t,s)) = On(t, s)es t>0,s€(0,1), (1.4)
=0 t>0,z Ty, '
Oun + A2y — Adm = H(v,7,m) t>0,5¢€(0,1),

n=20m=0 t>0,s€{0,1},

where e = (0,1) " is the unit normal to I'g, exterior to F. The fluid stress tensor T (v, 7) is given by
~ ~ ~ Ll
T(5,7) = 2wD() — 7, D(F) = 3 (w + W) . (1.5)
We have set

Ay =05 and A2 =0,,.
The function H is defined by

H(’Ua T, 7]) =—y1+ (6877)2 (T(fﬁ, %)ﬁ) |Fs(n(t)) €2, (1'6)

where 1
= (-0m,1)",
1+ (9sm)?
is the unit normal to I'g(n(t)) outward F(n(t)). The above system is completed by the following initial
data

77(07 ) = n(l)a atﬁ((), ) = 778’ in (0’ 1)7 ’6(0) =7’ in ]:(77(1)) (17)



Due to the divergence free condition, the solution of the system (1.4)-(1.7) satisfies

1
0—/ diVUd:B—/ 5-ﬁdI‘:i n ds.
Fn(t) Ts(n(t)) dt Jo

Consequently, we look for solutions with constant mean value for the displacement 7. For simplicity,
we assume that

1
/ n(t,s) ds =0, for all t >0, (1.8)
0

and we thus consider the space

L%(0,1) = {feLq(O, 1) ; /OldeZO}, (1.9)

and the projection P, : L4(0,1) — L},(0,1) defined by

1
Pof=f- /0 fds  (f€L90,1). (1.10)

We project the beam equation in (1.4) on L, (0,1) and on L#,(0,1)*: this gives
Oun + PnAZn — MO = P, (H(0,7,m))  t>0,5€ (0,1), (1.11)

and

1 1 1
/%(t,s,n(t,s)) ds:/ A§n+2y/ JIF @2 (D)) (¢, 5,n(t, 5)) - €5 ds. (1.12)
0 0 0

This means that, at the contrary to the Navier-Stokes system without structure, the pressure is not
determined up to a constant. In what follows, we only consider the first equation and solve the system
up to constant for the pressure, and equation (1.12) will fix the constant at the end. We thus consider
the following system

v+ (v-V)o—divT(v,7) =0 t>0,z € F(n(t)),

divo =0 t>0,z € F(n(t)),
o(t,s,n(t,s)) = om(t,s)es t>0,s€(0,1),

v=0 t>0,z €T, (1.13)
Oun + PAZn — A0 = P, H(T, 7, 1) t>0,s€(0,1),

n=0n=0 t>0,s€{0,1},

(0,) = 0%, Bm(0,-) =n3, in (0,1), ¥(0) =7a" in F(n?).

To state our main result, we need to introduce some notations. Firstly W*4(Q), with s > 0 and
q > 1, denotes the usual Sobolev space. Let k,m € N, k < m. For 1 < p < o0, 1 < ¢ < o0, we consider
the standard definition of the Besov spaces by real interpolation of Sobolev spaces

B (F) = (W"“"q(}"), Wm’q(}‘)) where s = (1 — )k + 0m, 0 € (0,1).

0,p



We refer to [1] and [36] for a detailed presentation of the Besov spaces. We also need to introduce
function spaces for the fluid velocity and pressure depending on the displacement 7 of the structure.
Let 1 < p,q < oo and n € LP(0,00; W*4(0,1)) N W?2P(0,00; L(0, 1)) satisfying (1.2) and (1.3). We
show in Section 2 that there exists a mapping X = X,, such that X(¢,-) is a C'-diffeomorphism from
F onto F(n(t)) and such that X € LP(0, 00; W24(F)) N W2P(0, 00; LY(F)). Then for T € (0, 00], we
define

LP(0, T; LY (F(n(- )))) = {UOX_1 ; v e LP(0,T5 LU(F))},

LP(0, T; W24 F(n())) :== {vo X' ; v e LP(0,T; W>9(F))},

WYP(0,T; LYF(n(-))) == {vo X' ; v e W'P(0,T; LY(F))},

(o, T]'Wl’q(f(n(' ) = {vo X ve (0, T WH(F))},

C((0, 7 BV (F@() = {vo X5 v e C0, 1) B I(F) )

where we have set (vo X 1)(¢,2) := v(t, (X(t,-))"!(x)) for simplicity.
Finally, let us give the conditions we need on the initial conditions for the system (1.13): we assume

m € ByGtP(0,1), 3 e BILTYP(0,1), e BITYP(FGR)) (1.14)

with the compatibility conditions

1 1
W=am) =0 at{0,1}, TonTs(?) =0, /n? ds = 0, /nS ds=0, divi®=0 inF(0),
0 0

(1.15)
and
~ ~ ~ 1 1
P>s,nl(s)) -7’ =n9(s)ex - n° s€(0,1), ¥-n°=0 onTy it -4+ —>1,
P 2
- (1.16)
P>s,nl(s)) =nd(s)ea s€(0,1), ?°=0 onTy, n =0 at{0,1} if » + % < 1.

Here 72° is the unit normal to 'g(ny) outward F(n?).
We are now in a position to state our main results. The first one is the local in time existence and
uniqueness of strong solutions for (1.13).
Theorem 1.1. Let p,q € (1,00) such that
1 1 1 1 3
-4+ —#1 and —+-<=. (1.17)
P 2q poq 2

Let us assume that n) = 0 and (n9,7°) satisfies (1.14), (1.15), (1.16). Then there exists T > 0,
depending only on (n9,7Y), such that the system (1.13) admits a unique strong solution (U, 7,n) in the
class of functions satisfying
e LP(0, T W24(F(n(-))) N WHP(0,T5 LUF (n())) N L&(0, T3 By~ VP (F(n (),
T € LP(0, T; W (F(n(-)))),
n € LP(0,00; WH9(0,1)) N W2P(0, 00; LI(0,1)).

Moreover, To N Tg(n(t)) =0 for all t € [0,T].



Our second main result asserts the global existence and uniqueness of strong solution for (1.13)
under a smallness condition on the initial data.

Theorem 1.2. Let p,q € (1,00) such that
1

1 1
-+ —#1 and —+-<
P 2q D

—_
N | W

(1.18)

L=}

Then there exists By > 0 such that, for all B € (0,pp) there exist ey and C' > 0, such that for any
(n9,19,2°) satisfying (1.14), (1.15), (1.16) and

~0 0 0
”U ||B§’<;*1/P)(J_—( (1))) + HT/lHB;(S*l/P)(O’l) + ||n2”B§’(;*1/P)(071) < €o, (119)

n

the system (1.13) admits a unique strong solution (v,7,n) in the class of functions satisfying

1”8 rq0,ciw2a ) + 16700 oo, c0izaFmem + 1€7 BN o 52010 i)

1O Loooevia Fney + 1€° 1l Lo @ccm o) + 117 nllw20,00:L0(0.1))
<C (HﬂOHng—l/m(ﬂng)) + Hn?”Bﬁfﬁ‘”f’)(og) + ”Wg\\ngj}—l/p>(0,l)) - (1.20)
Moreover, To NTg(n(t)) =0 for all t € [0,00).

In the above statement, we have used a similar notation as in (1.9):

LY, (F) := {f € LY(F) ; /ff =0 d:v} L WENF) i= WH(F) 0 LY, (F).

We also set
W4(0,1) = W*9(0,1) n LY (0,1).

We denote by W;?(2) the closure of C2°(€) in W54(Q) and we set
Wom(Q) = W (Q) 0 LY, ().
Finally, we also need the following notation in what follows:

W,2((0,00) x F) = LP(0, 00; W»(F)) N WP (0, 00; LI(F))
W24((0,00) x (0,1)) = LP(0, 00; WH9(0, 1)) N W2P(0, 00; LI(0, 1))
WL2((0,00) x (0,1)) = LP(0, 00; W4(0, 1)) 0 WP(0, 00; L4(0, 1)).

Let us give some remarks on Theorem 1.1 and Theorem 1.2. First let us point out that the
system (1.13) has already been studied by several authors: existence of weak solutions ([6], [20], [30]),
uniqueness of weak solutions ([19]), existence of strong solutions ([5], [25], [27]), feedback stabilization
([32], [4]), global existence of strong solutions and study of the contacts ([16]). Some works consider
also the case of a beam/plate without damping (that is without the term —Ag0;n): [15], [17]. We
refer, for instance, to [18] and references therein for a concise description of recent progress in this
field. It is important to notice that all the above works correspond to a “Hilbert” framework whereas
our results are done in a “LP-L9” framework.



For this approach, several recent results have been obtained for fluid systems, with or without
structure. For instance, one can quote [14] (viscous incompressible fluid), [11], (viscous compressible
fluid), [22], [21] (viscous compressible fluid with rigid bodies), [13], [28] (incompressible viscous fluid
and rigid bodies). Here we consider an incompressible viscous fluid coupled with a structure satisfying
an infinite-dimensional system and we thus need to go beyond the theory developed for instance in
[28].

Our approach to prove Theorem 1.1 and Theorem 1.2 is quite classical. Since the fluid domain
F(n(t)) depends on the structure displacement 7, we first reformulate the problem in a fixed domain.
This is achieved by “geometric” change of variables. Next we associate the original nonlinear problem
to a linear one. The linear system preserves the fluid-structure coupling. A crucial step here is to
establish the LP-L? regularity property in the infinite time horizon. This is done by showing the
associate linear operator R-sectorial and generates an exponentially stable semigroup. We then use
the Banach fixed point theorem to prove existence and uniqueness results.

Let us remark that this work could also be done in the corresponding 3D /2D model, that is F a
regular bounded domain in R? such that §F contains a flat part I's = w x {0}, where w is a smooth
bounded domain of R2. In that case, we would obtain the same result as in Theorem 1.1 and in
Theorem 1.2 but with the following condition on p, ¢ (instead of (1.18)):

1 1 1 1 3 3

4 A and -+ <o

» + % # 5 an ’ + 2 S 2
or (instead of (1.17))

1 n 1 £ 1 q 1 n 3 < 3

-+ —#- and -4 _—<_.

p o 2q° 2 p 2¢ 2

The plan of the paper is as follows. In the next section, we use a change of variables to rewrite
the governing equations in a cylindrical domain and we also restate our result after change of vari-
ables. Then, in Section 3, we recall several important results about maximal L? regularity for Cauchy
problems and in particular how to use the R-sectoriality property. We use these results to study
in Section 4 the linearized homogeneous system. We complete the study of the linearized system in
Section 5. Finally in Section 6 and in Section 7, we estimate the nonlinear terms which allows us to
prove the main results with a fixed point argument.

2 Change of Variables

In order to prove Theorem 1.2, we first rewrite the system (1.13) in the cylindrical domain (0, 00) x F
by constructing an invertible mapping X (¢,-) from the reference configuration F onto F(n(t)). We
follow the approach of [4]: we consider the set

Vo = (0,1) x (—a, 0) (2.1)

with o > 0 small enough so that V, C F. Notice that, 0V, N 0F =I'g. We consider 1) € C°(R) such
that
Yp=1in (—a/2,a/2), P»=0inR\ (—a,a), 0<¢ <1 (2.2)
Assume 7 € WOQ’q(O, 1). We can extend n by 0 in R\ (0,1) so that n € W24(R) and we can define X,
by
Xo(y) =y + d(y2)n(yr)ea. (2.3)



Assume that 1

© 209 | pee(ry

In particular, X, is a C!-diffeomorphism from F onto F(n) with X, (T's) = I's(n). This leads us to
set

17l zo0,1) < co (2.4)

X(t,y) == Xy (y) (2.5)
so that if

17l oo ((0,00) % (0,1)) < €0, (2.6)

then X is a C'-diffeomorphism from F onto F(n(t)). For each t > 0, we denote by Y (¢,-) = X (¢,-)7,
the inverse of X (t,-).
Note that we have the following properties: for all ¢ € (0,00), y € V2,

det VX (t,y) = 1, <bﬂvxxmw::B ‘@%qu. (2.7)
A O | .
Let us now assume p, q € (1,00) with — 4 %0 # 1. Using that (see [1, Theorem 7.34)),
p q

Wi ((0,00) x (0,1)) = Cy([0, 00); By~ /P(0,1)) < ([0, 00); €' ([0, 1])),

we deduce the existence of ¢y such that if

ne WP%,;((O’ OO) X (07 1))7 Hn|’Wp2:§((07OO)X(O’1)) < &)7 (28)
then X is well-defined and X € Cy([0, 00); C(F)).
We consider the following change of unknowns
v(t,y) =0(t, X(t,y)), m(t,y) =7(t, X(t,y)), (t,y) € (0,00) x F. (2.9)
The system (1.13) can be rewritten in the form
(O — divT(v,7) = F(v,m,n) t>0,y€F,
divev = divG(v, m,n) t>0,y €F,
v(t,s,0) = On(t, s)es t>0,s€(0,1),
v=20 t>0,yel,
Oun + Py (AZn) — A0 (2.10)
=-P, (T(v, m)|rges - 62> + P, (H(v,w,n)) t>0,s€(0,1),
n=0m=0 t>0,s€{0,1},
(7(0,) =77, 9m(0,-) =nj, in (0,1), v(0)=v"inF,

where
00 :=3%(X(0,)). (2.11)



Using the notation
Z(t,y) = (Zijli<ijes = [VX] ' (ty),  t=0,y€e T, (2.12)

the nonlinear terms in (2.10) can be defined as
Fi(v,m,n) =—(v— 0:X) ZTVU‘-FI/Z&(Z i Z1i — Oki015)
i\U, T, 1) = t % : 3ylayk kj&lj kjOlj

Ov;
y Z Y (Ze) 2+ (I — Z7)Vm)s, (2.13)

* Oy 8y
G(v,m,n) = <12 - Cof(VX)T) v, (2.14)
Al = [0an) (G2 + 52) (.0) — @ G20 (2,15

In the above calculation we have used the fact that
dive =0 <« div (cof VXT’U) —0.

The hypotheses (1.14), (1.15), (1.16) on the initial conditions are transformed into the following
conditions:

) € BX271P)(0,1), 09 e B2-YP(0,1), ° e B2TVP(F), (2.16)

1 1
nt =0m! =0 at{0,1}, TonTg(n)) =0, /77? ds =0, /773 ds =0,
0 0

div(Cof VX (0,-) ") =0 in F, (2.17)

1 1
—0,m(5)vY(5,0) + v3(5,0) =n3(s) s€(0,1), v°n=0 onTy if =+ 20 > 1,

v (2.18)
v2(5,0) =1n9(s)es s€(0,1), v"=0 onTy n3=0 at{0,1} if » + % < 1.

Here n is the unit normal to 0F outward F.
Using the above change of variables Theorem 1.1 and Theorem 1.2 can be rephrased as

Theorem 2.1. Let p,q € (1,00) satisfying the condition (1.17). Let us assume that 0 = 0 and
(n9,v°) satisfies (2.16), (2.17), (2.18). Then there exists T > 0, depending only on (n9,v°), such that
the system (2.10) admits a unique strong solution (v,7,n) in the class of functions satisfying
v € LP(0,T; W2(F)) n WhP(0,T; LU(F)) N L0, T; B —1/P)(F)),
€ LP(0,T; W, (F)),
n € LP(0, 00; WH4(0,1)) N W2P(0, 00; L9(0,1)).

Moreover, X (t,-) : F — F(n(t)) is a C*-diffeomorphism for all t € [0, T).



Theorem 2.2. Let p,q € (1,00) satisfying the condition (1.18). Then there exists By > 0 such that,
for all B € (0,By) there exist ¢g and C' > 0, such that for any (n?,n9,v%) satisfying (2.16), (2.17),
(2.18) and

’\U?\\Bgfg—l/p>(o’1) + !!nSHng—l/m(O,l) + HUOHng—l/m(ﬂ < €o, (2.19)

the system (2.10) admits a unique strong solution (v,7,n) in the class of functions satisfying
le”O0ll oo .ccimaay + 17O Brllzo o smacmy + 1670l g p2a-17m ()

B() B(-)

+ |!€ﬁ(')7f||Lp(o7oo;WTy(;)) + 1€ 0l Lr (0,005 49(0,1)) + 1€7 /0l w2.p(0,005L9(0,1))

0 0 0
<C (||U Il g2a-1/m 2y F 11l p2a-1m 1) + ”772”33};*1/?)(0,1)) :

Moreover, X (t,-) : F — F(n(t)) is a C1-diffeomorphism for all t € [0, 00).

3 Some Background on R-sectorial Operators

In this section, we recall some important facts on R-sectorial operators. This notion is associated
with the property of R-boundedness (R for Randomized) for a family of operators. One can find the
definition of R-boundedness in [37].

For any S € (0,7), we write

Y ={re C\{0}; |arg(A)[ < B}
We recall the following definition.

Definition 3.1 (sectorial and R-sectorial operators). Let A be a densely defined closed linear operator
on a Banach space X with domain D(A). We say that A is a (R )-sectorial operator of angle 5 € (0, )

if
¥p C p(A)
and if the set
Rz={AA—A)7"; xe ¥z}
is (R)-bounded in L(X).

We denote by Mg(A) (respectively Rg(A)) the bound (respectively the R-bound) of Rg. One can
replace in the above definitions Rg by the set

Ry={AMN—-A)71; rexgl).

In that case, we denote the uniform bound and the R-bound by M, 3(A) and 7/?,}(14)
This notion of R-sectorial operators is related to the maximal regularity of type LP by the following
result due to [37] (see also [7, p.45]).

Theorem 3.2. Let X be a UMD Banach space and A a densely defined, closed linear operator on X .
Then the following assertions are equivalent:



1. For any T € (0,00] and for any f € LP(0,T;X), the Cauchy problem
W=Au+f in (0,T), u(0)=0 (3.1)
admits a unique solution u with u', Au € LP(0,T; X) and there exists a constant C > 0 such that
'l o o,150) + [ Aull oo,y < CllFllze om0 -

2. A is R-sectorial of angle > 5.

We recall that & is a UMD Banach space if the Hilbert transform is bounded in LP(R; X) for
p € (1,00). In particular, the closed subspaces of L(Q2) for ¢ € (1,00) are UMD Banach spaces. We
refer the reader to [2, pp.141-147] for more information on UMD spaces.

Combining the above theorem with [9, Theorem 2.4] and [35, Theorem 1.8.2], we can deduce the
following result on the system

v =Au+f in (0,00), u(0)=up. (3.2)

Corollary 3.3. Let X be a UMD Banach space, 1 < p < oo and let A be a closed, densely defined
operator in X with domain D(A). Let us assume that A is a R-sectorial operator of angle > 5 and

that the semigroup generated by A has negative exponential type. Then for every ug € (X, D(A))1-1/pp
and for every f € LP(0,00; X), Eq. (3.2) admits a unique solution in LP(0,00; D(A)) N W1P(0, 00; X).

Let us also mention, the following useful result on the perturbation theory of R-sectoriality, ob-
tained in [24, Corollary 2].

Proposition 3.4. Let A be a R-sectorial operator of angle  on a Banach space X. Let B : D(B) — X
be a linear operator such that D(A) C D(B) and such that there exist a,b > 0 satisfying

|Bz|lx < al|lAz||x + bllz||x (2 € D(A)). (3.3)
If _
Mg(A)Rs(A) 1 —aMg(A)Rp(A)

then A+ B — X is R-sectorial of angle (.

4 Linearized System

In order to study the system (2.10), we linearized it and use the theory of the previous section. We
thus consider the following linear system

0w —divT(v,m) =0 in (0,00) X F

dive =0 in (0,00) X F,

v(t,s,0) = na(t, s)es in (0,00) x (0,1),

v=0 on (0,00) x Iy,

dun = 11 in (0,00) x (0,1), (1)
oo + Py, (A?m) — Agnp = —Pp, <’]I‘(v,7r)\pseg . 62> in (0,00) x (0,1),

m=0sm =0 at (0,00) x {0,1},

m(0,-) =n1, n2(0,-) =n3, in (0,1), w(0) =0 in F,

10



We introduce the operator T : L2(0,1) — L%(0F) defined by
(Tn)(y) = (P n(s)) ez if y=(s,0)€Tls,
(Tn)(y) = if yelo.

One can simplify the system (4.1): using that dive = 0 in F and v1(-,0) = 0 on (0,1) we deduce
that (Dv)|pgez - e2 = 0. Thus

(y
( (4.2)

—-P, (T(v,w)|pseg . 62> = VT,

where 7, is the following modified trace operator:

Ymf = Pm(flrg) = f(s,0) / f(s',0) ds"  (f € WH(F) with r > 1/q). (4.3)

This cancelation plays no role in our result and is only used to simplify the calculation.

4.1 The fluid operator

Here we recall some results on the Stokes operator in the L? framework. Let us introduce the Banach
space
Wi, (F) ={p € LU(F) ; divp € LI(F)},
equipped with the norm
lellwa (7)== llllagm)z + 1 div el o)

We recall (see, for instance, [12, Lemma 1]) that the normal trace can be extended as a continuous
and surjective map

s Wk (F) = W20 F),
Y p-n.
In particular, we can define
LI(F)={peLi(F);divp=0 inF, p-n=0o0ndF}.

We have the following Helmholtz-Weyl decomposition (see, for instance Section 3 and Theorem 2 of
[12]):
LY(F)=LL(F)® GIF), where GUF)={Vy; pecW"(F)}.

The corresponding projection operator P from L4(F)? onto LZ(F) can be obtained as

Pf=f-Ve, (4.4)
where p € W14(F) is a solution of the following Neumann problem
0
Ap =div f in F, %Zf-n on OF. (4.5)

Let us denote by Arp = PA, the Stokes operator in LI (F) with domain
D(Ap) = W2I(F) N Wy (F) 0 L (F).

Theorem 4.1. Assume 1 < q < co. Then the Stokes operator Ar generates a C°-semigroup of negative
type. Moreover Ap is an R-sectorial operator in LE(F) of angle B for any B € (0, 7).

For the proof, we refer to Corollary 1.2 and Theorem 1.4 in [14].
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4.2 The structure operator

Let us set
XS = W()27q (07 1) X Lgn(oa 1)

,m

and let us consider the operator Ag : D(Ag) — Xs defined by

0 1d
D(As) = (WH(0,1) N W 0,1)) x WH(0,1),  Ag = <P A2 A) ,
where P, is defined by (1.10).

Theorem 4.2. Let us assume that 1 < q < oo. Then there exists v1 > 0 such that Ag — y1 is an
R-sectorial operator on Xg of angle 31 > w/2.

Proof. We first consider
X9 = Wg(0,1) x L(0,1)

and the operator AOS defined by

0 Id
D(AY) = (W‘Lq(o, 1) mwgﬂ(o,n) X W20,1), A= (_ A2 A) .

Applying Theorem 5.1 in [8], we have that A2 is R-sectorial in X of angle 8y > /2.
Now we can extend Ag on D(A%) by Ag = A% + Bg where

_ 0 0 e )
BS - <(Id _Pm)AQ 0> ) (Id Pm)A m = 8588771(1) 8888771(0)~

Using standard result on the trace operator, we see that Bg satisfies the hypotheses of Proposi-
tion 3.4 and in particular for any a > 0 there exists b > 0 such that (3.3) holds. Therefore, there exists
~v1 > 0 such that Ag — ~; is an R-sectorial operator on Xg of angle 5.

Let A # 0, (g1,92) € Xs and (n1,m2) € D(A2) such that

a=m ] =[]

We can write this equation as

AL —1n2 = g1 in (0,1),
Mg + P A% — Ay = g9, in (0, 1),
m=0m=m=0m=0 at{0,1}.

Integrating the first two equations over (0,1) we find that (n1,72) € D(Ag). Thus

[()\ - ZS)—l} W= Ag)L.

Using basic properties on R-boundedness, we deduce the result. ]
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4.3 The fluid-structure operator

In this subsection we rewrite (4.1) in a suitable operator form. The idea is to eliminate the pressure
from both the fluid and the structure equations. To eliminate the pressure from the fluid equation we
use the Leray projector P defined in Eq. (4.4). Following [31], first, we decompose the fluid velocity
into two parts Pu and (Id —P)u. Next, we split the pressure into two parts, one which depends on Pu
and another part which depends on 7. This will lead us an equation of evolution for (Pu,n;,n2) and
an algebraic equation for (Id —P)u.

The advantage of this formulation is that the R-boundedness of the fluid-structure operator can
be obtained just by using the fact that the operators Ar and Ag are R-sectorial and a perturbation
argument. This idea has been used in several fluid-solid interaction problems in the Hilbert space
setting as well as in L%-setting (see, for instance, [33, 21, 29, 27] and the references therein).

First, let us consider the following problem :

—divT(w,y) = f in F,
divw =0 in F,
w="Tg on dF, (4.6)

/szdxzo.

From [34, Proposition 2.3, p. 35], we have the following result:

Lemma 4.3. Assume 1 < g < oco. For any f € LY(F) and g € Wo 4(0,1), the system (4.6) admits a
unique solution (w, ) € W24(F) x Wi (F).

This allows us to introduce the following operators: we consider
Dy € LW (0,1),W24(F)) and Dy € LWy (0,1), Wh(F))

defined by
Dvg = w, ng = Tﬂ, (47)

where (w, 1)) is the solution to the problem (4.6) associated with g and in the case f = 0.
Second, we consider the Neumann problem

Ap =0in F, a—c'ozhon@]:, /gpdm:O. (4.8)
on F

Let us denote by N the operator defined by
Nh = ¢. (4.9)
It is all known that, the above system is well-posed (see for instance [26]) and
N € LWy Y 90F), WEUF)), N € LW, 9(0F), Wyi(F)), (4.10)

and thus by interpolation
N € L(L%,(0F), Whtt/aa(F)).

Recall that Wy, "/79(9F) is defined by (4.11).

W 190F) = {h e WYBQF) (A 1)y 100y = 0} (4.11)
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1 1
where ¢ the conjugate of ¢ i.e. — + - =1
q

We also define

0) if y=(s,00€l
Ny € L(L9(0,1), WIH/19(F)), Ngg= Nh with hiy) = 4950 T v=(0€els o
0 if yely.
Finally, we introduce the operator Ny € L£(LI(F), W?(F)) defined by
Naw f = o, (4.13)

where ¢ solves (4.5).
Using the above operators, we can obtain the two following proposition. Their proof are similar
to the proof of [29, Proposition 3.7] and we thus omit them.

Proposition 4.4. Let 1 < ¢ < oo and let us assume that f € LI(F) and g € WO%;%(O,l). A pair
(w, ) € W24(F) x Wpd(F) is a solution to (4.6) if and only if

—ApPw+ ApPDyg = Pf,
(Id =P)w = (Id =P)Dyg, (4.14)
Y = N(vAPw-n)+ Ngw f.

Proposition 4.5. Let 1 < p,q < co. Assume

1,2 i
ve W, ((0,00) x F), me LP(0,00; W, 9(F)),
m € Wy ((0,00) x (0,1)), 72 € Wp((0, 00) x (0, 1).

Then (v, m,m1,12) is a solution of (4.1) if and only if

Pv' = ApPv — ApPDyne in (0, 00),
Po(0) = Pv°
(10—P)o = (10 —P) Dyny in (0.00),
m = NWAPv-n) — NgOna in (0,00), (4.15)
Om = n2 in (0, 00),
(Id +7mNs) O + P A%y — Ang = 3 N(vAPv -n) in (0,00),
(m(0) = n7,  72(0) = 5.

In the literature, the operator Id ++,, Ng is known as added mass operator. We are going to show
that it is invertible.

Lemma 4.6. The operator Mg = Id +v,,Ns € L(L}(Ts)) is an automorphism in W39(Ls) for
any s € [0,1]. Moreover, ]\45_1 —1d is a compact operator on L},(0,1). In particular, ]\/.I'S_1 —1Id €
L(LE(0,1), Wi9(0,1)).

Proof. At first, we show that Mg is an invertible operator on Lf,(0,1). Since

YmNs € L(LZ,(0,1), W?(0,1)),
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it is sufficient to show that the kernel of Mg is reduced to {0}: assume
(Id+vmNg) f = 0. (4.16)
Then f € W%(0,1) C L2,(0,1). In particular (see (4.12)), 9 = Ngf € H'(F) is the weak solution of

oY 09
n fon g, n on I'y
Multiplying (4.16) by f and using the above system, we deduce after integration by parts,

AY =0in F,

1 1
_ 2 2 _
/0 [(1d +7mNs) ] £ ds = /0 2 ds + /f VI dy = 0.

Thus f = 0 and Mg is an invertible operator on L#,(0,1). Let s € [0,1] and fo € W;59(0,1). By the
above argument, there exists a unique f € L%, (0,1) such that
(Id+ymNs) f = fo.

Asy,Nsf € Wﬁiq(Fs) we conclude that f € W;(T's). Thus Mg is an invertible operator on W4 (T'g).
Finally, the compactness of the operator Mg 1 _ 1d follows from the following identity

Mg' —1d = Mg' — Mg' Mg = —Mg'ysNg.
O
We are now in a position to rewrite the system (4.1) in a suitable operator form. Let us set
X =LL(F) x Xg, (4.17)
and consider the operator Apg : D(Aps) — X defined by
D(Ars) = {(wﬂhﬂh) € LL(F) N W9(F) x D(As) ; w —PDyn € D<AF)}7
and Apg = .AOFS + Brg, with
Ap 0 —ArPD,
Abg:= 10 0 Id (4.18)
0 —PpA? A
and
0 0 0
Brs = 0 0 0 . (4.19)

MGy NWA() -n) —(Mg' —1d)P,A% (Mg' —1d)A
Combining Proposition 4.5, Lemma 4.6 and the operators introduced above, we have the following
result:

Theorem 4.7. Let us assume the hypotheses of Proposition 4.5. Then (v,m,n2,1m2) is a solution of
(4.1) if and only if

4 |Pv Po Pu P
g || =Ars || m| )= ||, (4.20)
2 12 12 )

(Id =P)v = (Id —=P)Dyna,
7= NWAPv-n) — NsOns.
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4.4 R-sectoriality of the operator Apg.

In this subsection we prove the following theorem

Theorem 4.8. Let 1 < g < oco. There exists vo > 0 such that Aps — v2 is an R-sectorial operator in
X of angle > /2.

Proof. Observe that

1 _ [MA=Ap)Tt Ap(A— Ap)TIPDAN — Ag) 7

40
A ()‘ AFS) 0 /\()\ _ As)fl ’

where D, [f1, fQ]T = D, fo. Using a standard transposition method and Lemma 4.3, we see that
Dy € L(LE (0,1), LY(F)). (4.21)

Therefore by Theorem 4.1 and Theorem 4.2, there exists v > 0 such that A%S — ~ is R-sectorial
operator in X of angle > /2.

Next, we want to show Brg € L(D(Arg), X) is a compact operator. Assume (w,n1,12) € D(Apg).
Then Aw € LY(F) and div Aw = 0 and thus from the trace result recalled in Section 4.1,

(Aw) -n € W;YUDF).
This yields N((Aw) - n) € WkY(F), ymN((Aw) - n) € Wnlfl/q’q((), 1) and, using Lemma 4.6,
Mgy N((Aw) -n) € WLH%9(0,1).
On the other hand, using again Lemma 4.6, we deduce
(Mg' —1d) P, A% € L(WH9(0,1), Wh9(0,1)), (Mg' —Id)A € L(W29(0,1), Wr4(0,1)).

Therefore, Brgs € L(D(AFpg), X) is a compact operator and by [10, Chapter III, Lemma 2.16], Bpg is
a A%S—bounded operator with relative bound 0. Finally, using Proposition 3.4 we conclude the proof
of the theorem. O

4.5 Exponential Stability of the operator Arg.

In this subsection we show that Apg generates an exponential stable semigroup. More precisely, we
prove the following theorem

Theorem 4.9. Let 1 < g < co. The operator Aps generates an exponentially stable semigroup on X.
In other words, there exist constants C > 0 and By > 0 such that

t 0,0 . 0\T —Bot
eAFS(U 7771’772) Hche Po

‘(vo,n?,nS)THX. (4.22)

Proof. Since Apg generates an analytic semigroup it is sufficient to show that

Ct={\ e C; Re\ >0} C p(Ars).
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Moreover, using that Arg has a compact resolvent and the Fredholm alternative theorem, we can
show the above relation by proving that ker(A — Apg) = {0} for A € C*. Assume A € C* and

(U77T7771,7’]2) € Wz’q(f) X ng’q(f) X Ws{q(()? 1) X WT%L,q(()? 1)

satisfy
A —divT(v,m) =0 in F,
dive =0 in F,
v="T: on O.F,
" - (4.23)
A =2 =0 in (0, 1),
Az + P A% — Ay =y in (0, 1),
(T = 0sm =0 at {0,1}.
First we notice that
(v, 7, m1,m2) € W22(F) x Wh2(F) x Wk(0,1) x W22(0,1). (4.24)

If ¢ > 2 then it is a consequence of Holder’s inequality. Let us assume that 1 < ¢ <2 and let us take
A € p(Apg) (see Theorem 4.8). We have

(X - .AFS)(U, 7717772>T = ()‘ - )\)(%771,"72)T

By following the calculation done in Section 4.3, we see that the system (4.23) can be written as

_ Pu B Pu
(/\ — AFS) mil=A=X)m]|,
2 12

(Id —=P)v = (Id =P)Dyn2,
= NWAPv-n) — ANgns.

Since W24(F) C L2(F), W24(0,1) € L2(0,1) and (XA — Apg) is invertible, we deduce (4.24).

Using (4.24), we can multiply (4.23); by 7 and (4.23); by 72, and we obtain after integration by
parts:

1 1 1
)\/ ]2 dy—|—2u/ D)2 dy+)\/ 2 ds+)\/ A2 ds+/ Val? ds = 0.
F F 0 0 0

Since ReX > 0, from the above equality and using the boundary conditions we obtain that v = 7 =
m = n2 = 0. This completes the proof of the theorem. O

5 Maximal LP-L9 regularity for the linearized system

Using the results obtain in the previous section, we can now consider the nonhomogeneous problem
associated with the linear system (4.1). More precisely, we consider the following problem:
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o —divT(v,m) = f in (0,00) X F,

divo =divyg in (0,00) X F,

v="Tne on (0,00) x OF

O = 2 in (0,00) x (0,1), (5.1)
Out + P (A2m1) = Asip = =P (T(0, 7)lrge2 - €2) + Puhin (0,00) x (0,1),

m=0sm =0 at (0,00) x {0,1},

(71(0,) =n?,  12(0,-) =19, in (0,1), v(0) =" in F,

Remark 5.1. Since divv # 0, we can not drop the term 2v(Dv)ey - es from the right hand side of
(5.1)5.
Let us define

1 1
B2 1P (0,1) = {n e B2I=1P(0,1) N LL,(0,1) 5 n=0at {0,1} if 5t 50 < 1} -

By combining the definition (4.7) of D, and by using (4.21), we have
D, € £L(BX} P (0,1), B2 71/P)(F)).

q7p7cc 7p

In order to obtain a result of well-posedness on the system (5.1), we need to impose some compat-
ibility conditions on the data:

1 1
Y =0m) =0 at {0,1}, / 7Y ds =0, / 7Y ds =0,
0 0

diV(vO —g(0,-))=0 inF, g=0on (0,00)xdF (5.2)
and
0 . 1 1
vW.eg=Tny-ea ondF if ,+27>17
1T (5.3)
=T ndF, =0 at{01) i 4oo<1L

The main theorem of this section is the following

1 1
Theorem 5.2. Let p,q € (1,00) with — + %0 # 1 and let B € [0, Bo), where By is the constant in
p q

Theorem 4.9. Assume
o’ e BIUTVPN(F), e BiGTYP(0,1), 8 e B, THP(0,1), (5.4)

PV f € LP(0,00; LUF)), e’ge Wh2((0,00) x F), €?h e LP(0,00;L9(0,1))

satisfy the compatibility conditions (5.2) and (5.3). Then the system (5.1) admits a unique strong
solution

POy € Wpl7’q2((0,oo) x F), PO e LP(0, oo; ern’q(}')),
ey e W2H(0,00) x (0,1)) N LP(0, 005 LE,(0,1))
e’y € W2((0,00) x (0,1)) N LP(0, 00; LL, (0, 1)).

i
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Moreover, there exists a constant Cp, depending on p,q and the geometry such that

[0 o 0

Heﬁ(oU’

LP(0,00;W.59(F))

+HB 72

L>(0,00;B35 " /PN(F
O

W2 ((0,00) X F)

+je O]
n 2.4((0,00)x(0,1)) Lo°(0,00;B2Z 71/ (0,1)) W,2((0,00)x(0,1))

B()
e mHLw szt < CE (1 g2m ey + I8l gy + 18l g g
—i—’e ‘ +H BO) +H 5()11‘ ) (5.5)
LP(0,00;L9(F ((0,00)xF) LP(0,00;L9(0,1))
Proof. Let us first consider the case f = 0. We set,
w=v-—g.
Then (w, m,n1,n2) satisfies the following system
Ow — div T(w, ) = 7 in (0,00) X F,
divw =0 in (0,00) X F,
w="Tny on (0,00) x OF
O =12 in (Oa OO) x (07 1)a (56)
Oma + P (A2m) — Agny = —Py, (T(wjﬂ)lrs@ : 6’2) + Puh in (0,00) x (0,1),
m = 9dsm =0 at (0,00) x {0,1},
771(07 ) = 77(1]7 772(07 ) = 7787 in (07 1)7 U}(O) = ,wO in 'F7

where
w® =0 — ¢(0), fz f—=0wg+vAg+vV(divyg), h=h-— 2vDg|rge2 - €.
Using the regularity assumptions of v%, f, ¢ and the embedding
Wy ((0,00) x F) <+ Cy([0, 00); B3, /P (F))

we see that B B
w’ e BAUTYP(F),  fe LP(0,00;LY(F)), h e LP(0,00;L9(0,1)).

Moreover, the system (5.6) can be written as follows

d Pw Pw Pf Pw Pu?
|l m|= Aps | m |+ 10 |, m | (0)= | |,
t - 0
72 72 h 72 3

(Id —P)’U) = (Id —P)DvnQa
7= NwAPw-n) — Ngdna2 + Naw f,

where _ B B
h=Mg'Puh+ Mg 'Y Nyw f.
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Using (4.13) and Lemma 4.6 we can easily verify that h € LP(0,00; L, (0,1). From [3, Theorem 2.4]
we also have that (Pw® n{,7n9) € (X, D(AFs))1_1p, - From Theorem 4.8 and Theorem 4.9 we know
that Apg generates an analytic exponentially stable semigroup on X and is a R-sectorial operator on
X. Therefore by Corollary 3.3

(PU), m, 772) € Lp(07 003 D(AFS)) N Wl,p(o) 00; X)

From the expression of (Id —P)w we recover that w € Wp2((0,00) x F) and next using relations
(4.10), (4.12) and (4.13), we obtain 7 € LP(0, co; Wi (F)).

The case 3 > 0 can be reduced to the previous case by multiplying all the functions by e’ and using
the fact that Apg + 8 is a R-sectorial operator and generates an exponentially stable semigroup. [

6 Local in time existence

The aim of this section is to prove Theorem 1.1 and Theorem 2.1. Throughout this section we assume
that

—_

1 1 1 3

0
=0, (pq) €, hthat — + — #£1, -+~ < =.
M =0, (pg) € (1,o0) such that 5o A1, o<

Q

Let us also assume that (19, v°) satisfies (2.16), (2.17), (2.18). We set
||U0||ng;—1/p>(f) + \|U8||B§§;fl/p>(071) = M. (6.1)
For T < oo we define St as follows
Sr = {(f,gy h) | f € LP(0,T; L(F)), g € Wi ((0,T) x F), h e LP(0,T; L(0,1)),
9(0,-)=0in F, g=0on (0,T) x 8}'}, (6.2)

with

(£, Wllsr = I Fllzoorszacmy + Nz oy + IAlloizsomy.

The following lemma plays an essential role in the remaining part of this section.

Lemma 6.1. Let Q be a smooth bounded domain in R™. Let us assume that q € (1,00), s1,s2 € [0, 1],
f1 € W4 Q) and fo € W524(Q). Then

| f1f2llza) < C(Q, 51, 52, Q) frllwsra)ll follwsz2.a0), (6.3)
if s14 59 > n or if s1 > 0 and s3 > 0 and s1 + $o :E.
q q

Proof. We only consider the case when 0 < s1,s2 < n/q. The other cases follows easily from the
embedding W54(F) — L*(F), if s > 2/q. By Holder’s inequality we have

1 1
1f1f2llLe@) < CllfillLra@llfall gy ~to=L
Now W#4(Q) — L™(Q) if rq < =L. Similarly, W*24(Q) — L7(Q) if r'q < e Eliminating r
and ' for the above relations we obtain s + so > n/q. O
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Our aim is to estimate the non linear terms in (2.13)-(2.15):

Proposition 6.2. Let p,q € (1,00) satisfying the condition (1.17). Let us assume that 7Y = 0 and
(19,1°) satisfies (2.16), (2.17), (2.18). Let M be defined in (6.1). There exist T < 1, a constant § > 0
depending only on p and q, and a constant C' > 0 depending only on p,q, M, T such that forT € (0, f]
and for (f,g,h) € St satisfying

1(fs 9. M)llsr <1,

the solution (v, m,n) of (5.1) in [0,T] verifies
H (F(U, T, 77)7 G(’U, , 7])7 H(U, T, 77))||ST < CT67
where F,G, H are defined by (2.13), (2.14), (2.15).
Proof. We consider T < 1 and we assume that T’ € (O,Tv ]. The constants C' appearing in this proof
depend only on M. From (5.5) in Theorem 5.2, we first obtain

1llw2 oryxr) + ||U||Loo(07T;B§§;—1/p>(;)) 7l oo mwiza ) + 1wz 0,1)x 0,1))

+ ||n||L°°(O,T;B§,<§71/p>(0,1)) + HathWpl,’qQ((O,T)><(071)) ++ Hatn”Loo(07T;B§FZ}*1/P)(O71)) <C (64)
Therefore by [36, Theorem (i), p.196], we have that
1960l oo (0. 75ws1:0(0,1)) + 10ss7| Loo (0,75w751:9(0,1)) F V]| oo 0,73 w 10 (7)) < C (6.5)

for s <min{2(1 —1/p),1}.
For all s3 € (0,1) we have by complex interpolation

llv(t, -)||W1+s2,q(]:) < Cllo(t, )H%ﬁ)}fﬂv(t» ')|’(quz;3))/2’

and thus
(1=s2)/2p)) |22 =52 (1-52)/2
”””LP(O,T,W”SM(H <OTvTE pHvHL"Q"(O,T;Lq(}')HU”LPQ(O,T;WQ’Q(F)) S CTV. (6.6)

Since n(0) = 0, we have
171l oo (0,75w2.0(0,1)) < cr/v 190l Lo (0,729 (0,1)) < cr'r.
In particular, there exists T < 1 such that

70l oo ((0,7) % (0,1)) < €05 T<T,

where c¢q is defined in (2.4). Let X be defined as in (2.5). With the similar calculation as above, we
can easily verify that

| Cof VX lw1s0rwraF)) + 1 Zllwieorwra) + 12 Le0mxF) < C,
IVX = Ll oo (o) x ) + | Cof VX = Il oo omyx ) + 12 = Ll o 0,1y x7) < CTVP. (6.7)

We are now in position to estimate the non linear terms in (2.13)-(2.15). We choose

0 < s1 <min{2(1 —1/p),1} and 0 < sy < 1 such that s; + s2 > 2/q. (6.8)
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Note that, such a choice is always possible since 1/p + 1/q < 3/2. To estimate the first term of F, we
combine Lemma 6.1, (6.5) and (6.7) to obtain

H(v —8:X) - 2TV

LP(0,T;L4(F))
C ([v]l zooorws1a(Fy) + 1860l Loo (o mws1.90.0)) ) IV ill Lo (0. 1w 520 )y < CTE52)/2P,
Estimates of the other terms of F' and GG are similar. Finally, the estimate of H can be done as follows:
H avl o)
6y2

<C HasUHLoo((o,T)x(o,n) HUHLp(o,T;W%q(f)) <cT'”
LP(0,T;L4(0,1))

O]

Proposition 6.3. Let p,q € (1,00) satisfying the condition (1.17). Let us assume that 7Y = 0 and
(n9,v°) satisfies (2.16), (2.17), (2.18). Let M be defined in (6.1). There exist T <1, a constant § > 0
depending only on p and q, and a constant C > 0 depending only on p,q, M, T such that forT € (0, T]
we have the following property: for (f7,g7, W) € St satisfying

H(fjagja hj)HST <1

for 7 = 1,2, let (v, 77, 17) be the solution of (5.1) in [0,T] x F corresponding to the source term
(f7,97,h7). Let us set (see (2.13), (2.14), (2.15))

FI :F(vj,ﬂj,nj), GJ :G(vj,ﬂj,nj), HI :H(vj,ﬂj,nj).

Then
|(F', G HY) = (F?,G* H?)| g, < CT°.

We are now in a position to prove Theorem 2.1 and Theorem 1.1.
Proof of Theorem 2.1. Let T be the constant in Proposition 6.2. For T € (0, f], we consider the map
N : BT — BTa (fa g, h) — (F(Uv T, n)a G(U, T, n)a H(U, T, 77))7

where
Br ={(f,9:h) € Sr | |(f,9:P)|sy <1},

(v,m,7n) is the solution to the system (5.1) in [0,7] x F and F,G and H are given by (2.13)-(2.15).
With Proposition 6.2 and Proposition 6.3 we have that, N'(Br) C By and N, is a strict contraction
for T small enough. This completes the proof of the theorem. O

From Theorem 2.1 we can now deduce Theorem 1.1.

Proof of Theorem 1.1. et (v,m,1n) be the solution of the system (2.10)- (2.15) constructed in The-
orem 2.2. Since X is a C'-diffeomorphism from F to F(n(t)), we set Y (¢,-) = X !(¢,-) and for
zeFn(t),t=0

o(t,x) =v(t,Y(t,x), 7T(t,z)=7ntY(tz)), °(x)=°Y(0,x)).

One can easily verify that (2°,0,79) satisfies the compatibility conditions (1.16). Moreover, (v, 7,n)
satisfies the original system (1.13). O
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7 Global in time existence

The aim of this section is to prove the global in time existence result. More precisely, we prove here
Theorem 1.2 and Theorem 2.2. At first, we estimate the nonlinear terms F, G and H defined in (2.13)

1 1
- (2.15). Throughout this section we assume that p,q € (1, 00) with — + %0 # 1. Let us fix 8 € (0, fo),
p q

where fy is introduced in Theorem 4.9. Let us consider the Banach space
§ = W,2((0.00) x F) x L(0,00: W (F)) x WEA(0,00) x (0,1)).
and its closed ball centered in 0 and of radius € > 0:

Bs(e) = {(vﬂfﬂ?) €S;

’('U,T(',U)HS < 5}. (7.1)

Assume
"O(w,m,m) € Bs(e).

Then, we already notice that there exists a constant C' > 0 such that

R el e o

L (0,00;B2G /P Lo (0,00;BLF 1P (0,1 L= (0,00;B25 /P (0,1))

Using the embedding
B2=1P(0,1) < C([0,1]) (p,g > 1), (7.3)

there exists a constant C' > 0 such that for all ¢t > 0,
171l oo (0,00525¢(0,1)) < Ce.

In particular, there exists g9 € (0, 1) such that for any ¢ € (0,eq), n satisfies (2.6). This allows us to
construct X, Y and Z as in Section 2. We first give some estimates on this change of variables.

Lemma 7.1. Let X be defined by (2.5) and Z be defined by (2.12). Then there exists a constant
C > 0 depending only in p,q and F such that, for all € € (0,e9) and for every (v,m,n) € Bs(e), we
have

VX = Io|[ Lo ((0,00)x 7) + | Cof VX = Lo oo (0,00)x 7) T [1Z = L2l Lo ((0,00)x 7) < CF, (7.4)

and
VX[ oo ((0,00)x 7) + | Cof VX || oo ((0,00)xF) + 121 L0 ((0,00) xF) < C- (7.5)

Proof. Due to the definition of X, (7.2) and (7.3), we have
VX = Ll ((0,00)x7) < Cllnllzoc (0,001 (0,1)) < Ce.
All the other estimates are similar. O
In the following proposition we estimate the nonlinear terms F, G and H defined by (2.13)-(2.15).

Proposition 7.2. There exists a constant Cy > 0 depending only in p,q, 5 and F such that, for all
e € (0,e90) and for every (v, m,n) € Bs(e), we have

|’6B(.)F||LP(0,oo;Lq(]-‘)) + Heﬁ(')GHWz};g((o’oo)X]:) + ||eﬂ(.)HHLP(O,oo;Lq(O,I)) < CN52' (7-6)
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11 3
Proof. Since — 4+ — < o e have the following embeddings (see for instance [23, p.58])
p q

W2((0,00) x F) < L*(0,00; L*(F)),  Wa2((0,00) x F) < L¥/2(0, 00; WH34/2(F)),
WE2((0,00) x (0,1)) = L*(0, 00; L*(0,1)),  Wh2((0,00) x (0,1)) < L¥/2(0, 00; W37/2(0, 1)).
Therefore

H66(.)0”[/31’(0700;[/3(1(.7)) -+ ”65(.)V'UHLSP/2(O7OO;W1,3Q/2 (]_'))

+ [1€7D0n|| L (0,005229(0,1)) + 167 0usnl| swr2(0,00:130/20.1)
+ (1”05

L3(0,00;L34(0,1)) T Heﬁm@sss’?”LBP/2(0,oo;L3q/2(0,1)) <Ce (7.7)

To estimate of first term of F, we combine (7.7), Lemma 7.1 and Hélder’s inequality to obtain

H—eﬁ(')(v — 0 X)-Z" "V,

LP(0,00;L9(F))
<C (Heﬁ(’)UHLBP(o,oo;L3q(f)) + HG’B(‘)@H?HL3p(o,oo;L3q(rs))) IV 0ill w20 001202 (F)) < CE>.

The estimates of second and fourth terms of F' follow from using Lemma 7.1. In order to estimate of
third term of F, we use the expression of Z and (7.7) to find

0
H = (Zkj)

E <C (||0877||L3P(0,00;L3q(0,1)) + ||ass77”LSP(O,oo;LS‘I(O,l))) < Ce.

L3r(0,00;L34(F))

Thus

J.k,l LP(0,00;L4(F))
) 8() 9vi 2
<Cy 5y, (ki) “ ol : SO
Sra 1o L37(0,00;L34(F)) Yk 11 L39/2(0,00;,L3/2(F))

The estimates of G lead to similar calculations, with moreover terms of the form (9sssm)v and (9¢sn)v
that can be handled as above.
Finally, the estimate for H is done as follows (the other terms are treated similarly):

5 Ov
Heﬁ( )=, 0)(8,m) P

0yo

<C ”asWHLOO(o,oo;Lw(OJ)) Heﬁ(')”’
LP(0,00;L9(0,1))

Similarly as Proposition 7.2, we can prove the following result:

Proposition 7.3. There exists a constant Cri, > 0 depending only in p,q, 8 and F such that, for all
e € (0,e0) and for every (v/, 7, n7) € Bs(e), j = 1,2, we have

Heﬁ(')(Fl - F2)||Lp(o,oo;Lq(F)) + ||€B(')(G1 - G2)||W;;3((o,oo)xf) + ”eﬁ(.)(Hl - HQ)”LP(QOO;L‘?(OJ))
(7.8)

1 2 1 2 1 2
<CLip5H(v v —mi =0 )‘S,

where . . . . . . . . . . . .
FI=FW,n ), G =G0, ,n,n), H =HW,x 7).
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We now prove Theorem 1.2 and Theorem 2.2.

Proof of Theorem 2.2. Let us set

. 1 1
& T {50’ 20.Cx 2CLCLp } :

where ¢¢ is defined in the previous section and Cp,Cy and Cii, are the constants appearing in
Theorem 5.2, Proposition 7.2 and Proposition 7.3.
Assume (n9,79,0°) satisfies (2.16), (2.17), (2.18) and

3

\\77(1)||B(§’<3—1/p>(0’1) + !’ﬁg\\ngplfl/p>(071) + HUOHBg’(T}fl/m(I) <3, (7.9)
Let us consider the mapping
N BS(E) — BS(€)7 ('/0\7%777) — (U?Wa 77)1 (710)
where (v, m,n) is the solution to
O —divT (v, m) = F(v,7,1) t>0,y€F,
dive = divG(v, 7, 1) t>0,y €F,
v(t,s,0) = dn(t,s)es t>0,s€(0,1),
v = 0 t> O>?/ € FO:
O+ P (D20) — AsOrn (7.11)
—_p, (']T(U, m)rges - 62) + P, (H(m, ﬁ)) t>0,se(0,1),
n=0m=0 t>0,s€{0,1},
n(0,") =1, 9n(0,-) =19, in (0,1), v(0)=12"in F.

A solution of (2.10) is a fixed point to /. Applying Theorem 5.2 and Proposition 7.2 to the system
(7.11) and using (7.9), we obtain

H(v,w,n)”s < %—i— CLCne? < e,

with our choice of g,. Thus N is well-defined. In a similar manner, using Theorem 5.2 and Proposi-
tion 7.3, one can check that A is a strict contraction. This completes the proof. O

Finally, we prove our main result

Proof of Theorem 1.2. Let (v, m,n) be the solution of the system (2.10)- (2.15) constructed in The-
orem 2.2. Since X is a Cl-diffeomorphism from F to F(n(t)), we set Y(t,-) = X (¢,-) and for
zeFn(t),t=0

o(t,x) =v(t,Y(t,x), T(t,x)=ntY(tz)), ) =°Y(0,x)).

One can easily verify that (2°,79,79) satisfy the compatibility conditions (1.16). Moreover, (v, 7,)
satisfies the original system (1.13) satisfying the estimate (1.20). O
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