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Abstract: In this paper, initial estimates of the attraction region for a class of
nonlinear time delay systems are proposed. The approach is constructive, and
make use of an appropiate Lyapunov-Krasovskii functional. Several illustrative
examples (delayed logistic equation, congestion networks, hereditary phenomena
in physics) complete the paper.
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1. INTRODUCTION

It is well-known from the theory of differential-
difference equations that if system

ẋ(t) = Ax(t) +Bx(t− h), (1)

is exponentially stable (all zeros of its characteris-
tic function have strictly negative real parts) then
the trivial solution of the nonlinear system

ẏ(t) = Ay(t) +By(t− h) + f(y(t), y(t− h)), (2)

where f(u, v) satisfies a Lipschitz condition in a
certain neigborhood of the origin and

lim
k(u,v)k→0

kf(u, v)k
k(u, v)k = 0,

is asymptotically stable for sufficiently small ini-
tial conditions, see (Bellman and Cooke, 1963),
(Halanay, 1966) and (Hale and Verduyn-Lunel,
1993). This result is the analogue of the Poincaré-
Lyapunov theorem on stability with respect to
the first approximation. The simpler method of
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proof is similar to the proof of the correspond-
ing result for ordinary differential equations: by
using the formula of variation of constants and
the exponential upper bound for solutions of (1),
see, e.g. (Bellman and Cooke, 1963), and (Hale
and Verduyn-Lunel, 1993) for the general case of
functional differential equations. As in the case
of ordinary differential equations such method of
proof does not provide us with a constructive
estimate of the attraction region.

The result may be also proved by the method
of Lyapunov-Krasovskii functionals. A stability
theorem on the first approximation by using Lya-
punov functionals was proved by A. Halanay in
(Halanay, 1966). However, this does not also pro-
vide us with a constructive procedure to deter-
mine an initial estimate of the attraction region
for a given nonlinear system (2).

The aim of this paper is to present a constructive
method of computing initial estimates of the at-
traction region for the trivial solution of system
(2) when the first approximation (1) is exponen-
tially stable.



The method we propose is analogue to the well-
known method of deriving initial estimates of the
attraction region for systems ẋ = Ax + f(x) by
means of quadratic Lyapunov functions. Thus,
when the first approximation ẋ = Ax is exponen-
tially stable, an initial estimate of the attraction
region is given by the set {x ∈ Rn : v(x) < c} ,
where v(x) = xTPx and c > 0 is a constant
depending on matrix P and the nonlinear function
f(x), see for instance (Khalil, 1996). Here P > 0
is the solution of the Lyapunov equation ATP +
PA = −W for any chosen W > 0.

To the best of our knowledge, there is not a similar
constructive method for delay systems of the form
(2). A stability analysis for system (2), going from
linear to nonlinear, by means of reduced Lyapunov
functionals which are known to work in the linear
stability analysis of system (1) is developed in
(Verriest, 2000). As it is mentioned there the re-
sulting stability conditions are in general difficult
to check when matrix B is not zero. For the case
of matrix B = 0, delay-indepedent estimates of
the attraction region could be derived.

In our opinion the difficulties arising to construct
quadratic Lyapunov-Krasovskii functionals asso-
ciated to a given exponentially stable linear time-
delay system seem to be the main reason for this
lack. Some general expressions of quadratic func-
tionals for linear time-delay systems have been
proposed in (Huang, 1989), (Infante and Caste-
lan, 1978) and (Repin, 1966). Whereas all these
functionals are appropriate for stability analysis
in the linear case, however, the form of the corre-
sponding Lyapunov derivatives as well as the con-
struction itself complicate the study in the robust
and nonlinear cases. Recently, Kharitonov and
Zhapko (Kharitonov and Zhabko, 2003) proposed
a new class of Lyapunov-Krasovskii functionals
which overcome such problems in the robust sta-
bility analysis case.

In this paper, the use of Lyapunov-Krasovskii
functionals introduced in (Kharitonov and Zhabko,
2003) allows us to give a constructive initial esti-
mate of the attraction region by using explicitly
the functionals.

This paper is organized as follows: In section 2,
after some preliminaries we present the construc-
tion of Lyapunov-Krasovskii functional for linear
time delay systems according to (Kharitonov and
Zhabko, 2003). In section 3 the main results are
presented. The examples in section 4 illustrate
the results, and some concluding remarks end the
paper.

2. PRELIMINARIES

In this paper we consider time-delay systems of
the following form

ẏ(t) =Ay(t) +By(t− h) + f(y(t), y(t− h))(3)

y(t) =ψ(t), t ∈ [−h, 0].
We assume that the initial function ψ belongs
to the space of continuous vector functions C =
C([−h, 0],Rn) equipped with the uniform norm
kψkh = supθ∈[−h,0] kψ(θ)k , function f(u, v) sat-
isfies a Lipschitz condition in a certain neighbor-
hood of the origin and

lim
k(u,v)k→0

kf(u, v)k
k(u, v)k = 0. (4)

From these assumptions it holds that f(0, 0) = 0,
and therefore system (3) has a trivial solution. We
denote by yt(ψ) = {y(t+ θ, ψ) : θ ∈ [−h, 0]} the
restriction of the solution y(t, ψ) on the interval
[t − h, t]. Throughout this paper we will use
the Euclidean norm for vectors and the induced
matrix norm for matrices, both denoted by k·k .

Definition 1. The trivial solution of system (3) is
stable if for any ε > 0, there exists δ = δ(ε) > 0
such that kψkh < δ implies ky(t, ψ)k < ε for t ≥ 0.

Definition 2. The trivial solution of system (3) is
asymptotic stable if it is stable and there exists
δa > 0 such that kψkh < δa implies y(t, ψ) → 0
as t→∞.

Definition 3. The trivial solution of system (3)
is exponentially stable if there exist constants
δe > 0, µ ≥ 1 and α > 0 such that kψkh < δe
implies that ky(t, ψ)k ≤ µkϕkh e−αt, t ≥ 0.

Now we present the construction procedure of
quadratic Lyapunov functionals for linear time-
delay systems in the spirit of (Kharitonov and
Zhabko, 2003).

Consider the following linear time-delay system

ẋ(t) =Ax(t) +Bx(t− h) (5)

x(t) =ϕ(t), t ∈ [−h, 0].
Assume that system (5) is exponentially stable,
i.e., for any ϕ ∈ C there exist constants µ ≥ 1 and
α > 0 such that kx(t, ϕ)k ≤ µ kϕkh e−αt, t ≥ 0.
Selecting positive definite matrices Wj , j = 0, 1, 2
consider the following functional

w(ϕ) = ϕT (0)W0ϕ(t) + ϕT (−h)W1ϕ(−h) (6)
+
R 0
−h ϕ

T (θ)W2ϕ(θ)dθ,

where ϕ ∈ C is arbitrary. If system (5) is exponen-
tially stable, then there exists a unique quadratic



functional v : C 7→ R such that t 7→ v(xt(ϕ)) is
differentiable for t ≥ 0, and

dv(xt(ϕ))

dt
= −w(xt(ϕ)), t ≥ 0,

for all solutions x(t, ϕ) of (5). Functional v(·) is
called the Lyapunov-Krasovskii functional associ-
ated with (5) (Kharitonov and Zhabko, 2003). The
Lyapunov-Krasovskii functional is of the form

v(ϕ) = ϕT (0)U(0)ϕ(0) (7)

−2ϕT (0) R 0−h U(−h− θ)Bϕ(θ)dθ

+
R 0
−h
R 0
−h ϕ

T (θ1)B
TU(θ1 − θ2)Bϕ(θ2)dθ1dθ2

+
R 0
−h ϕ

T (θ) (W1 + (h+ θ)W2)ϕ(θ)dθ,

where the matrix function U(·) is defined as
U(τ) =

R∞
0 KT (t)WK(t+ τ)dt, τ ∈ [−h, h] , (8)

where W = W0 + W1 + hW2, K(t) is the fun-
damental matrix of (5), i.e., K(t) is the unique
matrix function which satisfies

K̇(t) = AK(t) +BK(t− h), t > 0,

with the initial condition K(t) = 0 for all t < 0,
and K(0) = I, see (Bellman and Cooke, 1963).

Note that by the exponential stability of (5) the
matrix U(τ) is well defined. The matrix func-
tion U (·) satisfies the following second-order ordi-
nary differential equation, see (Huang, 1989) and
(Kharitonov and Zhabko, 2003),

Ü(τ) = U̇(τ)A−AT U̇(τ)+ATU(τ)A−BTU(τ)B,
(9)

with the following additional conditions

U̇(0) =U(0)A+ UT (h)B, (10)

−W = U̇(0) +
³
U̇(0)

´T
. (11)

Remark 1. When system (5) is exponentially sta-
ble the matrix function (8) is the unique solution
of (9) satisfying (10) and (11), see (Kharitonov
and Plischke, 2004). A piece-wise linear approxi-
mation of matrix function U(·) can be computed
from equations (9)-(11) (Kharitonov and Gar-
cia, 2004). In the scalar case is possible to obtain
an explicit solution of the equations (9)-(11), see
(Melchor-Aguilar, 2004).

Proposition 1. Let system (5) be exponentially
stable. Given any Wj > 0, j = 0, 1, 2, the
functional (7) satisfies:

(1) α1 kϕ(0)k2 ≤ v(ϕ) ≤ α2 kϕk2h , for some
constants α1 > 0 and α2 > 0,

(2) d
dtv(xt(ϕ)) ≤ −β kx(t, ϕ)k2 , for a constant
β > 0.

Indeed, the lower bound of v(ϕ) holds for

α1 < min

½
λmin(W0)

2 kAk+ kBk ,
λmin(W1)

kBk
¾
. (12)

Let

u0 = max
τ∈[0,h]

kU(τ)k .

Functional v(ϕ) satisfies

v(ϕ) ≤ κ
³
kϕ(0)k2 + R 0−h kϕ(θ)k2 dθ´ ,

where

κ=max {u0 (1 + h kBk)
u0 kBk (1 + h kBk) + kW1 + hW2k} .

Then

v(ϕ) ≤ α2 kϕk2h , for α2 ≥ κ(1 + h). (13)

3. MAIN RESULTS

In this section the main results of the paper are
presented. We show that an initial estimate of the
attraction region for the trivial solution of (3) can
be computed when the first approximation (5) is
exponentially stable.

From (4) follows that for any γ > 0 there exists
δ(γ) > 0 such that if k(y(t), y(t− h))k < δ then

kf(y(t), y(t− h))k < γ k(y(t), y(t− h))k .

Theorem 2. Let system (5) be exponentially sta-
ble. For

γ <min

½
λmin(W0)

u0 (2 + kBkh) , (14)

λmin(W1)

u0 (1 + kBkh) ,
λmin(W2)

kBku0

¾
,

the set

U =
½
ψ ∈ C : v(ψ) < α1

δ2

4
and kψkh <

δ

2

¾
(15)

is an estimate of the attraction region for the
trivial solution of system (3).

Corollary 3. Let system (5) be exponentially sta-
ble. For any solution y(t, ψ) of (3) such that
ψ ∈ U , the following exponential estimate holds:

ky(t, ψ)k ≤
r

α2
α1
kψkh e−

β
2κ t, t ≥ 0, (16)

where

β =min {λmin(W0)− γu0 (2 + kBkh)
λmin(W2)− kBku0γ} ,



Hence, according with definition 3 the trivial
solution of (3) is exponentially stable.

Note that, by combining U with the upper bound
for functional v(ψ) we can obtain the follow-
ing more conservative, yet computational more
tractable, estimate of the attraction region:

V =
½
ψ ∈ C : kψkh <

r
α1
α2

δ

¾
⊆ U . (17)

Remark 2. As in the case of system without delay,
estimating the region of attraction by means of
the set U is simple but usually conservative.
Clearly, the estimates of the attraction region (15)
and (17) depend on the choice of the matrices
Wj , j = 0, 1, 2. These matrices can be used as free
parameters in order to optimize such estimates.

4. EXAMPLES

In this section we illustrate our results by some
examples from the literature.

4.1 Delayed Logistic Equation

Let us consider the following delayed logistic equa-
tion

ẋ(t) = x(t)
£
r −mx(t)− nx2(t− h)

¤
. (18)

Equation (18) is a generalization of the so-called
delayed logistic equation encountered in several
problems in biological systems (population dy-
namics, single species growth model, etc.) see
(Gopalsamy, 1992). Equation (18) has a unique
positive equilibrium point defined by

x∗ =
−m+

√
m2 + 4rn

2n
.

Let y(t) = x(t)− x∗, then

ẏ(t) = ay(t) + by(t− h) + f(y(t), y(t− h)), (19)

where a = −mx∗, b = −2n(x∗)2 and
f(u, v) = −mu2 − 2nx∗uv − nx∗v2 − nuv2.

We have

|f(u, v)|≤mu2 + nx∗
¡
u2 + v2

¢
+ nx∗v2

+(n/2)
¡
u2 + v2

¢ 3
2 .

Let ς = max {m,nx∗} , then
|f(u, v)| ≤ 2ς ¡u2 + v2

¢
+ (n/2)

¡
u2 + v2

¢ 3
2 .

Thus, for any given γ > 0 there exists δ(γ) > 0, as
the unique real positive solution of the equation
2ςδ+(n/2)δ2 = γ, such that |f(u, v)| < γ k(u, v)k
if k(u, v)k < δ. The first approximation

ẋ(t) = ax(t) + bx(t− h), (20)

is exponentially stable for b < a if and only if
h ∈ [0, h0) where

h0 =
arccos

¡−a
b

¢
√
b2 − a2

.

In (Gopalsamy, 1992) this fact is used to conclude,
by means of a direct application of the stability
theorem with respect to the first approximation,
that the trivial solution of (19) is asymptotically
stable for h ∈ [0, h0) in a sufficiently small neigh-
borhood of the origin, and then to investigate the
existence of periodic solutions of (19) for h near
h0.

Here we show how the application of our results
can provide an initial estimate of such neighbor-
hood (the attraction region) for the trivial solu-
tion of (19). In this case equations (9)-(11) look
as

Ü(τ) =
¡
a2 − b2

¢
U(τ), (21)

U̇(0) = aU(0) + bU(h), (22)

−W =2U̇(0). (23)

If equation (20) is exponentially stable, the unique
solution of (21) satisfying (22) and (23), see
(Melchor-Aguilar, 2004), is U(τ) = Wu(τ), τ ∈
[0, h] , where

u(τ) =

µ −λ+ b sin(λh)

2λ (a+ b cos(λh))

¶
cos(λτ)− 1

2λ
sin(λτ),

where λ =
√
b2 − a2. As an example consider in

(18) that r = 1, m = 1 and n = 2, then the unique
positive equilibrium point of (18) is x∗ = 0.5.
Thus we get a = −0.5, b = −1, and h0 = 2.4184.
So, taking h = 1 we have that (20) is exponentially
stable.

Let W0 = 1.5, W1 = 1 and W2 = 0.5, then
u0 = 2.4562. Direct calculations derived from (14)
show that γ < 0.2036. Selecting γ = 0.2035 we
obtain δ = 0.0970. From (12) and (13) we get
α1 < 0.75 and α2 ≥ 12.8249. Selecting α1 = 0.74
and α2 = 12.8249, the estimates of the attraction
region for the trivial solution of (19), defined by
(15) and (17) are given by

U = {ψ ∈ C : v(ψ) < 0.0017 and kψk1 < 0.0485} ,
and

V = {ψ ∈ C : kψk1 < 0.0117} . (24)

From (16) we obtain the following exponential
bound for any solution starting in the set U
ky(t, ψ)k ≤ 4.1630 kψk1 e−1.225×10

−5t, t ≥ 0.
Now we illustrate the dependence of the attration
region on the delay value. Let us select h = 0.5,
then (20) is exponentially stable. Let now W0 =
1.5, W1 = 0.9 and W2 = 0.6, then u0 = 1.4237.
From (14) we obtain γ < 0.4214. Choosing γ =
0.4213 we get δ = 0.1922. From (12) and (13)



we obtain α1 < 0.75 and α2 ≥ 5.0032. Selecting
α1 = 0.74 and α2 = 5.0032, the estimates of the
attraction region (15) and (17) are given by

U = {ψ ∈ C : v(ψ) < 0.0068 and kψk0.5 < 0.0961} ,
and

V = {ψ ∈ C : kψk0.5 < 0.0370} . (25)

The corresponding exponential bound is given by

ky(t, ψ)k ≤ 2.6 kψk0.5 e−3.1391×10
−5t, t ≥ 0.

4.2 Congestion control problem in networks

Let us consider the following nonlinear equation

ẋ(t) = k [w − x(t− h)p(x(t− h))] . (26)

where k,w are positive reals and p(·) is a con-
tinuous and differentiable nondecreasing function.
Equation (26) describes the dynamics of a collec-
tion of flows, all using a single resource, and shar-
ing the same gain parameter k, see (Kelly, 2000).
The delay h represents the round-trip time, and is
assumed constant. The function p(·) can be inter-
preted as the fraction of packets indicating (po-
tential) congestion (presence), see (Kelly, 2000).

Considering that function p(x) = kpx with kp > 0,
(see (Hollot-et-al, 2002) for a discussion on the
benefits to use a proportional controller) equation
(27) can be written as

ẋ(t) = k
¡
w − kpx

2(t− h)
¢
, (27)

The unique positive equilibrium point of (27) is

x∗ =
q

w
kp
. Let y(t) = x(t)− x∗, then

ẏ(t) = by(t− h) + f(y(t− h)). (28)

where b = −2kkpx∗ and f(y(t−h)) = −kkpy2(t−
h). For any given γ > 0 there exists δ = γ

kkp
such

that |f(y(t− h))| < γ |y(t− h)| if |y(t− h)| < δ.

The first approximation

ẏ(t) = by(t− h), (29)

is exponentially stable if and only

2bh > −π or kp < π2

16w (hk)2
.

In this case, equations (9)-(11) look as

Ü(τ) =−b2U(τ), (30)

U̇(0) = bU(h), (31)

2U̇(0) =−W. (32)

If equation (29) is exponentially stable, then the
unique solution of (30) satisfying (31) and (32),
see (Melchor-Aguilar, 2004), is U(τ) = Wu(τ),
τ ∈ [0, h], where

u(τ) =

µ−1 + sin(bh)
2b cos(bh)

¶
cos(bτ)− 1

2b
sin(bτ).

As an example consider the network parameters
from (Kunniyur and Srikant, 2003): k = 0.01,
w = 1, and h = 0.1. Taking kp = 0.01 we obtain
x∗ = 10. Thus, equation (29) is exponentially
stable.

LetW0 = 1, W1 = 0.5 andW2 = 0.1, then we have
u0 = 377.5755. Direct calculations derived from
(14) show that γ < 0.013. Selecting γ = 0.012
we obtain δ = 12. From (12) and (13) we get
α1 < 250 and α2 ≥ 415.4161. Selecting α1 = 249
and α2 = 415.4161, the estimates of the attraction
region for the trivial solution of (28) defined by
(15) and (17) are given by

U = {ψ ∈ C : v(ψ) < 8964 and kψk0.1 < 6} ,
and

V = {ψ ∈ C : kψk0.1 < 7.7498} .
The corresponding exponential bound (16) for any
solution starting in the set U is given by
ky(t, ψ)k ≤ 1.2916 kψk0.1 e−1.2409×10

−4t, t ≥ 0.

4.3 Hereditary phenomena in physic

Let us consider the following equation

ẍ(t) + 2rẋ(t) + p2x(t) + 2qẋ(t− 1) = εẋ3(t− 1).
(33)

Equation (33) arises in modelling the dynam-
ics of oscillations in a vacuum tube, in the the-
ory of self-excited oscillations, and in the theory
of stabilization of ships, see (Kolmanovskii and
Myshkis, 1999) and the references therein.

Let y1(t) = x(t) and y2(t) = ẋ(t), then (33) can
be written as

ẏ(t) = Ay(t) +By(t− 1) + f (y(t− 1)) , (34)

where y(t) =
¡
y1(t) y2(t)

¢T
, A =

µ
0 1
−p2 −2r

¶
,

B =

µ
0 0
0 −2q

¶
and f (y(t− 1)) = ¡ 0 εy32(t− 1)

¢T
.

The unique equilibrium point of (34) is the origin.
For any given γ > 0 there exists δ =

p
γ
ε such that

kf (y(t− 1))k < γ ky(t− 1) k if ky(t− 1)k < δ.

The first approximation of (34) is

ẏ(t) = Ay(t) +By(t− 1). (35)

Applying a frequency sweeping test it is easy to
show that (35) is delay-independent exponentially
stable if 2(r2 + q2) > p2, see (Niculescu, 2001).
Thus, considering r = p = q = 1 we have that
(35) is exponentially stable.

Let W0 = I,W1 = 0.75I and W2 = 0.5I. A piece-
wise linear approximation of the unique matrix
U(·) solution of equations (9)-(11) is plotted in
Fig. 1.
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From Fig. 1 we have that u0 = 5.0801. Direct
calculations derived from (14) show that γ <
0.0492. Selecting γ = 0.049 and considering ε =
0.5 we obtain δ = 0.3130.. From (12) and (13)
we get α1 < 0.1464 and α2 ≥ 63.4618. Taking
α1 = 0.1463 and α2 = 63.4618 the estimates of
the attraction region defined by (15) and (17) are
given by

U = {ψ ∈ C : v(ψ) < 0.0036 and kψk1 < 0.1565} ,
and

V = {ψ ∈ C : kψk1 < 0.0075} .
The corresponding exponential upper bound (16)
for any solution of (34) starting in the set U is
ky(t, ψ)k ≤ 20.8487 kψkh e−3.3808×10

−5t, t ≥ 0.

5. CONCLUSION

A constructive procedure to compute initial es-
timates of the attraction region for a class of
nonlinear time-delay systems whenever the first
approximation is exponentially stable is proposed.
The approach is constructive and make use of the
Lyapunov-Krasovskii functional associated to the
first approximation. Some examples illustrate the
results.
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2004.

Niculescu, S.-I., Delay Effects on Stability: A Ro-
bust Control Approach, Springer-Verlag: Heidel-
berg, LNCIS, vol. 269, 2001.

Repin I. M., “Quadratic Lyapunov functionals for
systems with delay”, J. Appl. Math. Mech., 29,
669-672, 1966. Tranlation of Prikl. Mat. Meh.,
29:564-566 (1965).

Verriest E.I., “Robust Stability and Stabilization:
From Linear to Nonlinear”, in Proceeding of 2nd
IFACWorkshop on Linear Time Delay Systems,
Ancona, Italy, 2000.


