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ABSTRACT
In this work, we present a study dedicated to determination of the inverse bremsstrahlung
absorption coefficients and the corresponding Gaunt factor of dense hydrogen-like stellar-
atmosphere plasmas where electron density and temperature change in a wide range. A method
suitable for this wide range is suggested and applied to the inner layers of the solar atmosphere,
as well as the plasmas of partially ionized layers of some other stellar atmospheres (for example,
some DA and DB white dwarfs) where the electron densities vary from 1014 cm−3 to 1020 cm−3

and temperatures from 6000 K to 300 000 K in the wavelength region of 10 nm ≤ λ ≤ 3000 nm.
The results of the calculations are illustrated by the corresponding figures and tables.

Key words: atomic processes – Sun: atmosphere – stars: atmospheres – white dwarfs.

1 IN T RO D U C T I O N

Although, of all the plasma internal absorption processes, we have
so far considered only ion–atom radiative ones, we are aware of the
need to consider other possible absorption processes too. Namely,
some of them must be treated as concurrent to the ones that we have
studied, and others warrant our attention for more diverse reasons.
One such kind of process is that of electron–ion bremsstrahlung,
which, by its very nature, suggests its importance, as its efficiency
increases proportionally to the square of the free-electron density.
Anyone interested in these processes must be fascinated by the
amount of works about them. Indeed, so much has been done in
this field that any new work should contain a very important result.
However, we believe that for some time now we have had results
of significant importance; we mean the possibility of determining
the spectral characteristics of inverse bremsstrahlung (absorption
coefficients and Gaunt factors) in the same way in a wide range of
electron densities and temperatures. We note that some preliminary
results have been presented at the X Serbian Conference on Spectral
Line Shapes in Astrophysics (Mihajlov, Srećković & Sakan 2015),
in order to inform other researchers of the potential possibilities
existing in the field of inverse bremsstrahlung processes.

� E-mail: vlada@ipb.ac.rs (VAS); nsakan@ipb.ac.rs (NS); mdimitrije-
vic@aob.rs (MSD)

The aims of this work require determination of the correspond-
ing spectral absorption coefficients for the inverse bremsstrahlung
process and the corresponding Gaunt factors for a broad class of
weakly non-ideal plasmas, as well as for plasmas of higher non-
ideality. It is shown that this process can be successfully described
in the frame of the cut-off Coulomb potential model within the range
of the physical parameters that cover the area important for mod-
elling astrophysical plasma (white dwarfs, solar atmospheres, etc).
The physical sense and the properties of a group screening param-
eter for two-component systems that are used in this paper are dis-
cussed in detail in our previous papers (Mihajlov, Vitel & Ignjatović
2009a,b). This method for describing the electrostatic screening in
two-component systems is applicable to systems of higher non-
ideality degree. On the basis of data from the above-mentioned
papers are determined new characteristic lengths that complete a
new system of screening lengths in plasma. This topic itself, the
discussion and search for more consistent models of screening and
more realistic potentials in plasmas is still continuing and is very
current (see Mihajlov et al. 2009b; Demura 2010, and references
therein).

For the sake of further considerations, we will introduce some
designations that are used below: E and E′: respectively, the energies
of the initial and final states of the electron–ion system (absorber);
εph: the energy of the absorbed photon and �k: its impulse; �q: the
impulse of the electron in its initial state; and m, e: respectively, the
mass of the electron and the modulus of its charge.
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2 N E C E S S A RY T H E O R E T I C A L R E M A R K S

2.1 The potential and electrostatic screening model

In Mihajlov et al. (2015) the significance of the model potential
used in this paper was emphasized. One of the model Coulomb
screening potentials, known as the cut-off potential, had already
been introduced in Suchy (1964), and had been investigated in
connection with the transport plasma properties in Mihajlov et al.
(1986). This potential is given by

U (r) =
⎧⎨
⎩ − e2

r
+ e2

rcut
0 < r ≤ rcut

0 rcut < r,

(1)

where r is the distance from the coordinate origin and rcut is a
parameter defined and determined further on in the text.

This is the model, illustrated by Fig. 1, used in this work. Let us
note that in Mihajlov et al. (2011) the universality of the screening
model did not arise at all. However, in the case of the electron–
ion inverse bremsstrahlung process, which is possible in plasmas
with enormous differences in electron densities and temperature,
the situation is the other way round. Namely, in this case we have
to start from the inner plasma electrostatic screening model of any
considered system and to solve the problem of its applicability. For
that purpose we will first consider the models used in the papers
that exist in the literature (Hazak et al. 2002; Armstrong et al. 2014;
van Hoof et al. 2014).

One can see that the electron–ion scattering is treated in those
models as scattering of the electron upon the adequate Debye po-
tential. This fact is a serious handicap of the mentioned models, as
was discussed in our previous papers.

This is caused by the fact that the Debye potential is defined as
a potential of the observed ion and the entirety of its surrounding
as a function of the distance from the ion, and can be used only
for determination of its average potential energy in the observed
plasma. Because of this, in Mihajlov et al. (2011) the model of the
inner plasma screening was applied for the first time. Fig. 1 im-
plies that in this screening model the potential energy of the free
electron Uscr.(r) is of a strictly Coulomb nature: Uscr.(r) = −e2/r in
the region r < rcut, where rcut is the corresponding cut-off radius,
and Uscr.(r) = const = Ucut in the region r > rcut, where Ucut is
equal to the average energy of the free electron in the considered
system. In further consideration of this, we take Ucut = −e2/rcut as
the zero of the energy and describe such plasma just by means of the
model cut-off potential given by equation (1), which is especially
suitable for describing electron–ion scattering within plasma. Cer-
tainly, we assume that the above-described electrostatic screening
model could be applicable in such a wide range of electron densi-
ties and temperatures that this allows one to consider it as an almost
universal model. For that very reason the cut-off potential equation
(1) could also be considered as almost universal.

2.2 Transformation of the dipole moments

It is only after an explanation of the universality of the potential
equation 1 that the procedures gain importance for the determina-
tion of inverse bremsstrahlung processes as characteristic spectral
absorption coefficients, Gaunt factors, and the possibility of im-
provement of these procedures.

As the first improvement, for the inverse bremsstrahlung cross-
section σ

(ex)
i.b. , the standard expressions from Sobelman (1979) will

be used here, since the potential equation (1) has a finite radius.

U
sc
r.(
r)

r

U = e2/r

r
0

cut cut

cut

Figure 1. Behaviour of the potential Uscr.(r), where rcut is the cut-off pa-
rameter presented in equations (6) and (7).

Consequently,

σ
(ex)
i.b. (E; E′) = 8π4

3

�e2k

q2

∑
l′=l±1

lmax|D̂E,l;E′l′ |2,

D̂E,l;E′l′ =
∫ ∞

0
PE′;l′ (r) · r · PE;l(r)dr, (2)

where lmax is defined in section 2.4, the radial functions PE; l(r) and
PE′;l′ (r) are the solutions of the radial Schrödinger equation

d2PE;l(r)

dr2
+

[
2m

�2
(E − U (r)) − l(l + 1)

r2

]
PE;l(r) = 0, (3)

and U(r) is the cut-off Coulomb potential given by equation (1). The
radial functions PE; l(r) of all states that are possible in the potential
U(r) are described and discussed by Mihajlov et al. (1986). As
the next step, using the transformation characteristics of the matrix
element of the solutions PE; l(r) we will replace the dipole matrix
element D̂E,l;E′l′ in equation 2 by the matrix element of the gradient
of the potential energy U(r). This procedure is described by the
expressions

|D̂(r)E,l;E′l′ |2 = �
4

m2
(
E − E

′)4 |∇UE,l;E′l′ |2, (4)

∇rUE,l;E′ l′ =
∫ rcut

0
PE,l(r) · ∇rU (r) · PE′l′ (r)dr, (5)

where U(r) is given by equation (1).
It is known that the transition from the dipole matrix element

D̂E,l;E′l′ to the dipole matrix element ∇rUE,l;E′ l′ in principle does
not mean much. However, in the case of U(r), which is given by
equation (1), it means a transition from determination of the quantity
D̂E,l;E′l′ , which cannot be factually calculated, to determination of a
quantity that can be calculated routinely. Namely, in the case of this
potential the integral of two functions of the Coulomb continuum
from 0 to ∞ gets replaced by the integral of the same two functions,
but from 0 to rcut.

2.3 Determination of the cut-off radius

In order to complete the described model we have to determine the
cut-off parameter rcut and the energy parameter Ucut as functions
of the electron density Ne and the temperature T. Here we will
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Table 1. Values of the Gaunt factor for Ne = 1 × 1017 [cm−3] as a function of wavelength λ and temperature T. The tables are available in their entirety
for 1014 cm−3 to 1020 cm−3 and temperatures from 6000 K to 300 000 K in the wavelength region of 10 nm ≤ λ ≤ 3000 nm in machine-readable form
in the online journal as additional data. A portion is shown here for guidance regarding their form and content.

λ [nm]/T [K] 10 000 20 000 40 000 50 000 100 000 150 000 200 000 250 000 300 000

10 1.084E+00 1.101E+00 1.121E+00 1.133E+00 1.207E+00 1.244E+00 1.291E+00 1.341E+00 1.415E+00
100 1.088E+00 1.104E+00 1.166E+00 1.217E+00 1.588E+00 1.813E+00 2.053E+00 2.303E+00 2.562E+00
200 1.093E+00 1.151E+00 1.402E+00 1.565E+00 2.522E+00 3.053E+00 3.609E+00 4.185E+00 4.778E+00
500 1.167E+00 1.512E+00 2.425E+00 2.932E+00 5.769E+00 7.322E+00 8.940E+00 1.061E+01 1.233E+01
1000 1.469E+00 2.340E+00 4.401E+00 5.533E+00 1.182E+01 1.524E+01 1.877E+01 2.240E+01 2.611E+01
1500 1.845E+00 3.251E+00 6.532E+00 8.330E+00 1.825E+01 2.359E+01 2.908E+01 3.469E+01 4.039E+01
2000 2.251E+00 4.207E+00 8.762E+00 1.125E+01 2.486E+01 3.213E+01 3.957E+01 4.715E+01 5.484E+01
2500 2.675E+00 5.197E+00 1.106E+01 1.424E+01 3.157E+01 4.075E+01 5.014E+01 5.968E+01 6.934E+01
3000 3.110E+00 6.216E+00 1.339E+01 1.729E+01 3.833E+01 4.942E+01 6.074E+01 7.223E+01 8.385E+01

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.84

0.86

0.88

0.90

0.92

0.94

0.96

0.98

1.00

1.02

a c
ut
(N

e,
T)

r
s;i
/ r
e

Figure 2. Behaviour of the parameters acut = rcut/re as a function of the
ratio rs; i/re, where re is given by equation (6) and rs; i is the ion Wigner–
Seitz radius for the considered electron–ion plasma. The presented curve is
obtained on the basis of data presented in Mihajlov et al. (2009a).

use the fact that these parameters can be determined by means of
Fig. 2, which is obtained using the data from Mihajlov et al. (2009a).
Namely, the curve presented in Fig. 2 shows the behaviour of the
parameter acut = rcut/re as a function of the ratio rs; i/re, where re

and the ion Wigner–Seitz radius rs; i are given by the relations

rs;i =
[

3

4πNi

]1/3

, re =
[

kT

4πNee2

]1/2

, (6)

where Ni is the ion density. After that the cut-off radius rcut is
determined here as a function of Ne, T by means of the relation

rcut = acut · re, (7)

where the parameter acut can be directly determined from Fig. 2.
The procedure for the determination of acut is to calculate the ratio
rs; i/re (by equation 6) for the required values of plasma parameters
(electron density and temperature) and to directly obtain (download)
the y values on the curve in Fig. 2 for the known x value.

2.4 The numerical procedure

The numerical procedure consists of two important elements.
The first element refers to the way of determining PE; l(r) in the
area r > rcut. As known, the necessary solution of equation 3
is given by superposition of the spherical Bessel functions, i.e.
C1jn(z) + C2yn(z), where jn(z) and yn(z) are spherical Bessel

functions of the first and second kinds and they are of the nth order.
However, here is used the fact that these functions are expressed over
the Coulomb functions Fl(0,

√
2mE
�

r) and Gl(0,
√

2mE
�

r) by means
of the relations (see e.g. Gough 2009) jL(ρ) = ρ−1FL(0, ρ) and
yL(ρ) = −ρ−1GL(0, ρ), where GL(0, ρ) is the Coulomb function
that is irregular at the coordinate origin. In accordance with that,
the necessary radial function PE; l(r) in the case r > rcut is used here
in the form

PE;l(r) = Cc
N

{
CF Fl

(
0,

√
2mE

�
r

)
+ CGGl

(
0,

√
2mE

�
r

)}
,

(8)

where Cc
N is the normalization constant and CF and CG are the

constants that provide the behaviour of the solution according to
the convergent value for infinite radii. In such a way, we have fully
standardized the expressions for the necessary (continual) radial
solutions of equation (3).

The second element of the numerical procedure refers to the
method of summing in equation 2 for the inverse bremsstrahlung
cross-section σ

(ex)
i.b. (E; E′). After a detailed investigation, the follow-

ing method of summation is chosen: the sum goes over l′ from 0 to
lmax with no need for initial checking of the convergence, and for
l′ > lmax the sum is checked for convergence, e.g. when l′ is greater
than lmax the Cauchy criteria for the convergence test is applied
since it is expected that the sum monotonically converges towards
the limit value. The behaviour of the sum after reaching the limiting
value lmax was examined and convergence is proved in the limiting
series of rcut, when the cut-off radius converges towards infinity
rcut → ∞. To determine the start of the checking boundary we use
lmax =	l∗�+ 1 where l∗ is determined from the relation �

2·l(l+1)
2mr2

cut
= E

From here, keeping in mind that l(l + 1) = (l + 1/2)2 − 1/4, we get

the boundary value l∗ in the form l∗ = 0.5 · (
√

1 + 8 · 2mE
�2 r2

cut − 1).

It has been shown that summing over l in the region l > lmax ends
very quickly, so that the total number of summands is not much
greater than lmax. Such behaviour of the sum is proof of a well
defined lmax boundary. After these improvements we could use the
possibilities provided by the universality of the electrostatic screen-
ing model that we used and finally perform extensive calculations
of the inverse bremsstrahlung characteristics that could be the basis
for creation of the corresponding data base.

3 T H E C A L C U L AT E D QUA N T I T I E S

We consider here plasmas with electron densities from 1014 cm−3

to 1 · 1020 cm−3 and temperatures from 6000 K to 300 000 K. In
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Figure 3. (a) Electron density and temperature in the interior of the Sun as a function of radius for the Standard Solar Models (Bahcall, Serenelli & Basu
2006). (b) Upper panel: behaviour of the temperature T and Ne as a function of height h within the considered part of the solar atmosphere model of Fontenla,
Balasubramaniam & Harder (2007). Lower panel: plots of the absorption coefficients (equation (9)) of the absorption processes considered for the case of a
solar atmosphere model from Fontenla et al. (2007). Black lines denote free–free (ff) absorption processes, i.e. inverse bremsstrahlung absorption coefficients,
blue electron–atom and red ion–atom absorption coefficients (Ignjatović et al. 2014; Srećković et al. 2014). The extrapolated values are in the left shaded
region in front of the dashed line.

accordance with Mihajlov et al. (1993) and Adamyan et al. (1994),
for such conditions we find that, for the electron component, treated
as an appropriate electron gas on a positively charged background,
the value of the chemical potential is practically equal to the classical
one, so that the distribution function for electrons is Maxwellian
fT (v) = 4π (m/2πkT )3/2v2e−mv2/2kT , for a given temperature T.
Consequently,

κ
(ex)
i.b. (ελ; Ne, T ) = N2

e ·∫ ∞

0
σ

(ex)
i.b. (E; E′)v · fT (v)dv ·

(
1 − exp

[
−�ω

kT

])
, (9)

where the expression in parentheses takes into account the effect
of stimulated emission. Additionally, we take the quasi-classical
Kramer’s k

q.c.
i.b. (λ, T ; Ne) (see e.g. Sobelman 1979) as

k
q.c.
i.b. (λ, T ; Ne) = N2

e · 16π5/2
√

2e6

3
√

3cm3/2ε3
ph

�
2

(kT )1/2

(
1 − exp

[
−�ω

kT

])
,

(10)

where εph = 2π�c/λ, and the averaged Gaunt factor Gi.b.(λ, T) is

k
(ex)
i.b. (λ, T ; Ne) = k

q.c.
i.b. (λ, T ; Ne) · Gi.b.(λ, T ), (11)

where k
(ex)
i.b. (λ, T ; Ne) and k

q.c.
i.b. (λ, T ; Ne) are given by equations (9)

and (10).

4 R ESULTS AND DISCUSSION

The contribution of inverse bremsstrahlung to the total absorption
in stellar atmospheres is not so important, but its contribution in-
creases with density, and for very dense plasmas it becomes domi-
nant. For example, Grinenko & Gericke (2009) stated that inverse
bremsstrahlung is the dominant absorption mechanism for lasers

with parameters typical for inertial confinement fusion. Plasma in
inertial confinement fusion experiments has properties that are simi-
lar to the conditions in stellar interiors. Consequently, it is of interest
to investigate the role of inverse bremsstrahlung in subphotospheric
and deeper layers, and to examine its influence on radiative transfer
through such layers.

In addition to other factors that determine the importance of
inverse bremsstrahlung, we should bear in mind the existence of
a physical area where inverse bremsstrahlung is dominant com-
pared to other processes. The examples that demonstrate this can
be found in the literature (Rozsnyai 2001; Grinenko & Gericke
2009). Moreover, we expect a major contribution to the inverse
bremsstrahlung process in a dense highly ionized plasma (see
e.g. Fig. 3(a), the marked region of r) in the process of trans-
fer of radiation. Here we mean the high electron density and
temperature that occur in the interior of the Sun, which are in
Fig. 3(a) presented as a function of radius (Standard Solar Models,
Bahcall et al. 2006).

In the lower panel in Fig. 3(b), the plot of each absorption co-
efficient of the considered absorption processes for the case of a
solar atmosphere model from Fontenla et al. (2007) is shown as
a function of height for various values of wavelengths. Here h is
the height of the considered layer with respect to the chosen ref-
erent one. The corresponding plasma parameters are presented in
the upper panel of Fig. 3(b). The electron–atom processes that are
sometimes treated as the H− continuum. With AI, i.e. κai, atom–ion
symmetric and non-symmetric processes (Ignjatović et al. 2014;
Srećković et al. 2014) are represented. From this figure one can see
that the inverse bremsstrahlung absorption coefficients are compa-
rable with the concurrent ones, especially in the region of higher
electron density and temperature h ≤ −70 km (left-hand part of
Fig. 3(b)). Consequently, we can conclude that the influence of
the inverse bremsstrahlung process increases with temperature and
density.
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Figure 4. (a) Dynamics of the Gaunt factor data from this work (equation (11)) and data obtained by the approximation formula (D’yachkov 1990) for the
electron density Ne = 6.5 · 1018 cm−3 and temperature T = 18 000 K (from Vitel et al. 2004; Mihajlov et al. 2011). (b) Behaviour of the mean Gaunt factor
data from this work and data obtained by the approximation formula (D’yachkov 1990) for the electron density Ne = 1.5 · 1019 cm−3 and T = 23 000 K (from
Vitel et al. 2004; Mihajlov et al. 2011).
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Figure 5. (a) Plots of the absorption coefficients (equation (9)) of the considered absorption processes for the case of a DB white dwarf with Teff = 12 000 K
and log g = 8 as functions of log τ , where τ is the Rosseland optical depth. (b) Plots of the absorption coefficients (equation (9)) of the considered absorption
processes for the case of a DB white dwarf with Teff = 16 000 K and log g = 8 as functions of log τ , where τ is the Rosseland optical depth. Black lines
denote ff absorption processes, i.e. inverse bremsstrahlung absorption coefficients, blue concurrent electron–atom (EA) processes (He− continuum) and red
concurrent ion–atom absorption coefficients (ai).

The behaviour of the Gaunt factor in the area of higher parame-
ters of non-ideality is shown in Figs 4(a) and (b). In these figures
are presented the dynamics of the Gaunt factor for the electron
density Ne = 6.5 · 1018 cm−3 and temperature T = 18 000 K as
well as for Ne = 1.5 · 1019 cm−3 and T = 23 000 K (parameters
obtained in the experiment by Vitel et al. 2004; Mihajlov et al.
2011). The data from this work are marked by solid lines and
data obtained by the use of the approximation formula (D’yachkov
1990) by the dashed line. The insets show the data from this work
but in a wider wavelength region. One can notice that there is
an evident difference between the data presented here and data
obtained by the use of the approximation formula (D’yachkov

1990). These differences are affected by the principal differences
in the way of describing the electron–ion scattering in the rest
of the plasma (see Mihajlov et al. 2009a). It is understood that
some of these results may be useful for further laboratory plasma
investigations.

Good conditions for studying the impact of the increase of elec-
tron density and temperature on the inverse bremsstrahlung contri-
bution is provided by plasmas of white dwarf atmospheres. This is
illustrated in Figs 5(a) and (b), where the plots of the considered
absorption processes, including the inverse bremsstrahlung pro-
cesses, are shown for the case of a DB white dwarf with log g = 8,
Teff = 12 000 K and Teff = 16 000 K from the atmosphere model
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of Koester (2015, private communication). The electron–atom
processes (He− continuum), are represented in these figures by
blue lines marked by EA (κEA). ai, i.e. κai, represents atom–ion
symmetric and non-symmetric processes. From these figures one
can see that the inverse bremsstrahlung absorption coefficients are
comparable with concurrent ones, especially in the region of higher
electron density (the parts of Figs 5(a) and (b) marked with arrows).
Finally, within the considered DB white dwarf atmospheres, the in-
vestigated radiative processes strongly influence the atmosphere’s
opacity, especially for the cases of white dwarf atmospheres with
larger effective temperature, i.e. higher electron densities and tem-
peratures.

Concerning the accuracy, a number of factors may affect it. First,
we discuss the screening parameters. It is likely that such a change
in the screening length will affect the accuracy. Since the method
that is used here is applicable to systems of higher non-ideality
degree, its use is limited to certain areas of plasma temperatures
and densities. For plasmas with low non-ideality (i.e. low density
and high temperature) or plasmas with extreme non-ideality with
the coupling parameter � much greater than 1 (high density and
very low temperature), this approach is not capable of providing
high accuracy (here � = e2/(akT) and a = (3/4πNe)1/3). Finally,
we are also able to notice that the data are highly sensitive to changes
in temperature.

To summarize, the presented exact quantum-mechanical method
is used to obtain the spectral coefficients for the inverse
bremsstrahlung process and the corresponding Gaunt factors for
a broad class of moderately non-ideal plasmas, as well as for plas-
mas of higher non-ideality. The range of the physical parameters
covers the area important for plasma modelling from an astrophysi-
cal standpoint (white dwarfs, central stars of planetary nebulae, etc).
For this purpose, calculation of the Gaunt factors in a wide region
of wavelengths for series of electron densities and plasma tempera-
tures was done. The results of the calculations are illustrated by the
corresponding tables in the online version of this article (table for
every Ne and T taken).

Further directions in the development of the method would be
determination of absorption coefficients and Gaunt factors for two-
component systems (ions with an arbitrary charge Z and electron
component) as well as for three-component systems.
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