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Abstract We present a probabilistic analysis of the long-time behaviour of the nonlocal, diffusive equa-
tions with a gradient flow structure in 2-Wasserstein metric, namely, the Mean-Field Langevin Dynamics
(MFLD). Our work is motivated by a desire to provide a theoretical underpinning for the convergence
of stochastic gradient type algorithms widely used for non-convex learning tasks such as training of deep
neural networks. The key insight is that the certain class of the finite dimensional non-convex problems
becomes convex when lifted to infinite dimensional space of measures. We leverage this observation and
show that the corresponding energy functional defined on the space of probability measures has a unique
minimiser which can be characterised by a first order condition using the notion of linear functional de-
rivative. Next, we show that the flow of marginal laws induced by the MFLD converges to the stationary
distribution which is exactly the minimiser of the energy functional. We show that this convergence is
exponential under conditions that are satisfied for highly regularised learning tasks. At the heart of our
analysis is a pathwise perspective on Otto calculus used in gradient flow literature which is of independent
interest. Our proof of convergence to stationary probability measure is novel and it relies on a generalisation
of LaSalle’s invariance principle. Importantly we do not assume that interaction potential of MFLD is of
convolution type nor that has any particular symmetric structure. This is critical for applications. Finally,
we show that the error between finite dimensional optimisation problem and its infinite dimensional limit
is of order one over the number of parameters.
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1 Introduction

This work develops rigorous mathematical framework to study non-convex learning tasks such as training
of deep neural networks. We provide a theoretical underpinning for the convergence of stochastic gradient
type algorithms widely used in practice to train multi-layers neural networks. Deep neural networks trained
with stochastic gradient descent algorithm proved to be extremely successful in number of applications
such as computer vision, natural language processing, generative models or reinforcement learning [42].
However, complete mathematical theory that would provide theoretical guarantees for the convergence of
machine learning algorithms for non-convex learning tasks has been elusive. On the contrary, empirical
experiments demonstrate that classical learning theory [57] may fail to predict the behaviour of modern
machine learning algorithms [60]. In fact, it has been observed that the performance of neural networks
based algorithms is insensitive to the number of parameters in the hidden layers (provided that this is
sufficiently large) and in practice one works with models that have number of parameters larger than the
size of the training set [29,5]. These findings motivate the study of neural networks with large number of
parameters which is a subject of this work.

Furthermore while universal representation theorems ensures the existence of the optimal parameters of
the network, it is in general not known when such optimal parameters can be efficiently approximated
by conventional algorithms, such as stochastic gradient descent. This paper aims at revealing the intrinsic
connection between the optimality of the network parameters and the dynamic of gradient-descent-type
algorithm, using the perspective of the mean-field Langevin equation.

Let us first briefly recall the classical finite dimensional Langevin equation. Given a potential function
f: R? — R which is Lipschitz continuous and satisfies appropriate growth condition, the overdamped
Langevin equation reads

dX; = —Vf(Xt)dt-i-o‘th, (1.1)

where o is a scalar constant and W is a d-dimension Brownian motion. One can view this dynamic in two
perspectives:

i) The solution to (1.1) is a time-homogeneous Markov diffusion, so under mild condition it admits a
unique invariant measure m”*, of which the density function must be in the form

m”*(z) = %exp (f% (:c)) , forall zeR? where Z:= /]Rd exp (f%f(x)) dz.

ii) The dynamic (1.1) can be viewed as the path of a randomised continuous time gradient descent
algorithm.

These two perspectives are unified through the variational form of the invariant measure, namely, m?* is
the unique minimiser of the free energy function

VO (m) = /Rd fz)m(dz) + %H(m)

over all probability measure m, where H is the relative entropy with respect to the Lebesgue measure.
The variational perspective has been established in [37] and [38]. Moreover, one may observe that the
distribution m”* concentrates to the Dirac measure 8,4 min f as 0 — 0 and there is no need to assume that
the function f is convex. This establishes the link between theory of statistical sampling and optimisation
and show that Langevin equation plays an important role in the non-convex optimisation. This fact is
well-recognized by the communities of numerical optimisation and machine learning [34, 32, 31]

This paper aims at generalising the connection between the global minimiser and the invariant measure
to the case where the potential function is a function defined on a space of probability measures. This is
motivated by the following observation on the configuration of neural network. Let us take the example of
the network with 1-hidden-layer. While the universal representation theorem, [19,2] tells us that 1-hidden-
layer network can arbitrarily well approximate the continuous function on the compact time interval it
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does not tell us how to find optimal parameters. One is faced with the following non-convex optimisation
problem.

1 n
i qﬁ( 2 : . ) dy,dz) b, 1.2
ﬂn,iERiliEERd—l {/}Rdel Yy " ;ﬂn,z‘p(an,z Z) l/( Yy Z)} ( )

where & : R — R is a convex function, ¢ : R — R is a bounded, continuous, non-constant activation
function and v is a measure of compact support representing the data. Let us define the empirical law of
the parameters as m” := L 57 | 4By s,am.}- Then

LS nielana ) = [ Bola-2)m (a5, da).
i R4

To ease notation let us use, for z = (8,a) € R?, the function &(z,z) == Be(a-2), and by E™ we denote the
expectation of random variable X under the probability measure m. Now, instead of (1.2), we propose to
study the following minimisation problem over the probability measures:

min F(m), with F(m) = /

@(y ~E™[$(X, z)]) v(dy, dz), (1.3)
Rd

This reformulation is crucial, because the potential function F' defined above is convex in the measure space
i.e. for any probability measures m and m’ it holds that

F((1=a)m+am’) < (1 —a)F(m) +aF(m') for all a € 0,1].

This example demonstrates that a non-convex minimisation problem on a finite-dimensional parameter
space becomes a convex minimisation problem when lifted to the infinite dimensional space of probability
measures. The key aim of this work is to provide analysis that takes advantage of this observation. We also
show that this simple example generalises to certain deep neural networks architectures.

In order to build up the connection between the global minimiser of the convex potential function F and
the upcoming mean-field Langevin equation, as in the classic case, we add the relative entropy H as a
regulariser, but different from the classic case, we use the relative entropy with respect to a Gibbs measure
of which the density is proportional to e~Y(*). A typical choice of the Gibbs measure could be the standard
Gaussian distribution. One of our main contributions is to characterise the minimiser of the free energy
function
Ve . =F+ s
2

using the linear functional derivative on the space of probability measures, denoted by % (introduced
originally in calculus of variations and now used extensively in the theory of mean field games see, e.g.
Cardaliaguet et al. [12]). Indeed, we prove the following first order condition:

" . o . . or , o’ « o2
m” =argminV?(m) if and only if —(m",)+ —log(m") + — U = constant.
m om 2 2

This condition together with the fact that m™* is a probability measure gives

w'@) =g o (-5 (pe 0 +U@) )

where Z is the normalising constant. We emphasise that throughout V and hence m* depend on the
regularisation parameter o > 0. It is noteworthy that the variational form of the invariant measure of the
classic Langevin equation is a particular example of this first order condition. Moreover, given a measure
m* satisfying the first order condition, it is formally a stationary solution to the nonlinear Fokker—Planck
equation:

2 2
om=V- ((DmF(m7 )+ % VU)m + %Vm), (1.4)
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where Dy, F is the intrinsic derivative on the probability measure space, defined as Dy, F(m, z) 1= V% (m, ).
Clearly, the particle dynamic corresponding to this Fokker-Planck equation is governed by the mean field
Langevin equation:

2
dX, = — (DmF(mt, X))+ % VU(Xt))dt +odWy, where my := Law(Xy). (1.5)

Therefore, formally, we have already obtained the correspondence between the minimiser of the free energy
function and the invariant measure of (1.5). In this paper, the connection is rigorously proved mainly with
a probabilistic argument.

For the particular application to the neural network (1.3), it is crucial to observe that the dynamics
corresponding to the mean field Langevin dynamics describes exactly the path of the randomised regularized
gradient-descent algorithm. More precisely, consider the case where we are given data points (Ym, zm)men
which are i.i.d. samples from v. If the loss function & is simply the square loss then a version of the
(randomized, regularized) gradient descent algorithm for the evolution of parameter zi will simply read as

N
) . 1 o o o2 ) )
s = o427 | (= o Geh ) Vi(eh ) - G VUG | +ovied,
j=1

with ¢! independent samples from N (0, I) (for details we refer the reader to Section 8.2). This evolution
can be viewed as a discretization of (1.5).

1.1 Theoretical Contributions and Literature Review

The study of stationary solutions to nonlocal, diffusive equations (1.4) is classical topic with it roots in
statistical physics literature and with strong links to Kac’s program in Kinetic theory [47]. In particular,
variational approach has been developed in [14,49,56] where authors studied dissipation of entropy for
granular media equations with the symmetric interaction potential of convolution type (interaction po-
tential corresponds to term D, F in (1.4)). We also refer a reader to similar results with proofs based
on particle approximation of [15,58], coupling arguments [23] and Khasminskii’s technique [11,8]. All of
the above results impose restrictive condition on interaction potential or/and require it to be sufficiently
small. We manage to relax these assumptions allowing for the interaction potential to be arbitrary (but
sufficiently regular/bounded) function of measure. Our proof is probabilisitic in nature. Using Lasalle’s
invariance principle and the HWTI inequality from Otto and Villani [50] as the main ingredients, we prove
the desired convergence. This approach, to our knowledge, is original, and it clearly justifies the solvability
of the randomized/regularized gradient descent algorithm for neural networks. Furthermore, we provide
probabilistic proof based on It6 calculus of chain rule for the flow of measures defined by (1.4). This can
be viewed as an extension of [39, Theorem 3.1] to the McKean—Vlasov dynamics. Finally we clarify how
different notions of calculus on the space of probability measures enter our framework. The calculus is
critical to work with arbitrary functions of measure. We refer to [13, Chapter 5] for an overview on that
topic. The calculus on the measure space enables to derive and quantify the error between finite dimensional
optimisation problem and its infinite dimensional limit.

While working on this paper, other groups developed similar mean-field description of non-convex learning
problems, see [46,45,18,51,35,52]. In particular the pioneering work of Mei, Misiakiewicz and Montanari [46],
Chizat and Bach [18] as well as Rotskoff and Vanden-Eijnden [51] proved convergence of gradient algorithms
to the minimum using the theory of gradient flow in the Wasserstein space of probability distributions [1].
Results in [46] are the closest to ours but the proofs are different. While [46] builds on ideas from [38],
we provide probabilisitic perspective. We generalise and provide complete proofs of some key results such
as chain rule for the flows of measures [46, Lemma 6.1] (our Theorem 2.8) and global convergence of flow
of measures to the invariant measure [46, Lemma 6.12] (our Theorem 2.10). In particular we established
convergence to the invariant measure in 2-Wasserstein distance and also demonstrated that for sufficiently
regularised problem that convergence is exponential. Furthermore we are able to deal with general loss
function. This was conjectured in Appendix B of [46] and is needed if one hopes to treat more general loss
functions/network architectures.
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1.2 Calculus on the Space of Probability Measures

By P(R?) we denote the space of probability measures on R?, and by P,(R?) the subspace of P(R?) in
which the measures have finite p-moment for p > 1. Note that = € P,(R% x R?) is called a coupling of u
and v in P,(RY), if for any borel subset B of R? we have n(B,R?) = 1(B) and 7(R%, B) = v(B). By W, we
denote the Wasserstein-p metric on P,(R%), namely,

Wy (u,v) := inf {(/]Rd iy |z — y\pﬂ'(dx,dy)) Porisa coupling of u and 1/} for p,v € Pp(RY).
X

It is convenient to recall that

i) (Pp(Rd), Wp) is a Polish space;
ii) Wp(pun,n) — 0 if and only if ppn weakly converge to p and [p, |z[Pu"(dz) = [pa 2P p(de);
iii) for p’ > p, the set {u € Pp(RY) : Jga |x\p’u(dx) < C} is Wy-compact.

We say a function F : P(R?) — R is in C! if there exists a bounded continuous function g—i :P(RY)xR? - R
such that

1
F(m') — F(m) :/0 /]Rd SF (1= Xym 4w 2) (' — m)(de)an (1.6)

We will refer to g—i as the linear functional derivative. There is at most one %7 up to a constant shift,

satisfying (1.6). To avoid the ambiguity, we impose

SF _
/Rd T(m,x)m(dx) =0.

m

If (m,z) — g—g (m, z) is continuously differentiable in z, we define its intrinsic derivative Dy, F : P(R?)xR? —

R? by

D F(m,z) =V (6—F(m, w)) .

om

In this paper V always denotes the gradient in the variable x € R

Example 1.1 If F(m) := [,4 ¢(x)m(dz) for some bounded continuous function ¢ : R? — R, we have g—f:(m7 x) =
é(x) and Dy F(m,z) = é(z).

It is useful to see what intrinsic measure derivative look like in the special case when we consider empirical
measures

N
m? = %Zémi, where z' € R%.
i=1
Then one can define F&V : (RN - R as FN(z!,...,2") = F(m®). From [16, Proposition 3.1] we know

that that if F € C! then F¥ € C* and for any i = 1,..., N and (z!,...,2") € (R)Y it holds that
1 i
QciFN(xl,...,xN) = NDmF (mN,x ) . (1.7)

We remark that for notational simplicity in the proofs the constant C' > 0 can be different from line to line.
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2 Main Results

The objective of this paper is to study the minimizer(s) of a convex function F : P(R?) — R.
Assumption 2.1 Assume that F € C' is convez and bounded from below.

Instead of directly considering the minimization min,, F(m), we propose to first study the regularized
version, namely, the minimization of the free energy function:

2
min  V7(m), where V(m):=F(m)+ % H(m), forall mePR?),
meP(RY) 2

where H : P(R%) — [0,00] is the relative entropy (Kullback-Leibler divergence) with respect to a given

Gibbs measure in R?, namely,
m(z)
H(m) := m(z)log | —— | dz,
(m) = [ ey tog ("))

g(z) = e V@) with U s.t. / e U@ g0 — 1,
Rd

is the density of the Gibbs measure and the function U satisfies the following conditions.

where

Assumption 2.2 The function U : R - R belongs to C°°. Further,
i) there exist constants Cyy > 0 and Cf; € R such that
VU(z) -2 > Cylz|®> + Cl for all € RE.

it) VU 1is Lipschitz continuous.

Immediately, we obtain that there exist 0 < C’ < C such that for all z € R4
C'laf* —C <U(@) <C(1+[2), |AU(x)| <C.

A typical choice of g would be the density of the d-dimensional standard Gaussian distribution. We recall
that such relative entropy H has the properties: it is strictly convex when restricted to measures absolutely
continuous with g, it is weakly lower semi-continuous and its sub-level sets are compact. For more details,
we refer the readers to the book [20, Section 1.4]. The original minimization and the regularized one is
connected through the following I'-convergence result.

Proposition 2.3 Assume that F' is continuous in the topology of weak convergence. Then the sequence of func-
2
tions V° = F + % H I'-converges to F when o | 0. In particular, given the minimizer m*? of V?, we have

T rnt) = Gt P

It is a classic property of I'-convergence that every cluster point of (argmin, V7(m)) _ is a minimizer of
F.

Moreover, when the relative entropy H is strictly convex, then so is the function V', and thus the minimizer
argmin,,cpray V(m), if exists, must be unique. It can be characterized by the following first order condition.

Proposition 2.4 Under Assumption 2.1 and 2.2, the function V° has a unique minimizer m* € Pa (]Rd) which
is absolutely continuous with respect to Lebesque measure and satisfies

2 2
gi(m*, )+ % log(m™) + %U is a constant, m" — a.s.
m
On the other hand, we have m’ = arg minmep(Rd) VY, if

2 2
m' €T, = {m e P(RY): g—i—;(m, )+ % log(m) + %U is a constant} . (2.1)
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Further, we are going to approximate the minimizer of V7, using the marginal laws of the solution to the
upcoming mean field Langevin equation. Let o € R4 and consider the following McKean—Vlasov SDE:

2
dxy = — (DmF(mt,Xt) + %VU(Xt)) dt + cdWs, (2.2)

where my is the law of Xy and (Wy);>¢ is a standard d-dimensional Brownian motion.

Remark 2.5 i) Let F(m) = [,q f(z)m(dz) for some function f in CYRY,R). We know that Dy F(m,z) =
V f(x). Hence with this choice of F' and entropy regulariser with respect to the Lebesque measure, the dynamics
(2.2) becomes the standard overdamped Langevin equation (1.1).

ii) If the Gibbs measure is chosen to be a standard Gaussian distribution, the potential of the drift of (2.2)

becomes F(m) + %2 Jza |z|?m(dx). This shares the same spirit as ridge regression.

Assumption 2.6 Assume that the intrinsic derivative D F : P(R?) x R — R? of the function F : P(RY) — R
exists and satisfies the following conditions:

1) DmF is bounded and Lipschitz continuous, i.e. there exists Cp > 0 such that for all z,x € R? and m,m’ €
P2 (]Rd)
| Dy F(m,z) — D F(m/,2")] < Cp(|z — 2’| + Wa(m, m/)) (2.3)

ii) DmF(m,-) € C®(RY) for all m € P(RY);
iii) VD F : P(RY) x RY — RY x RY is jointly continuous.

The well-posedness of the McKean—Vlasov SDE (2.2) under Assumption 2.2 and 2.6 on the time interval
[0,¢], for any ¢, is well known, see e.g. Snitzman [53].

Proposition 2.7 Under Assumption 2.2 and 2.6 the mean field Langevin SDE (2.2) has a unique strong solution,
if mg € P2 (Rd). Moreover, the solution is stable with respect to the initial law, that is, given mg,mgy € Pa (]Rd),
denoting by (mi)ier+, (M})ier+ the marginal laws of the corresponding solutions to (2.2), we have for all t > 0
there is a constant C' > 0 such that

Wa(mg,mi) < CWa(mg,mp).
We shall prove the process (VU (mt)) ;s decreasing and satisfies the following dynamic.

Theorem 2.8 Let mg € P2 (Rd). Under Assumption 2.2 and 2.6, we have for any t > s >0

vm) - vom)=- [ [

Remark 2.9 This theorem can be viewed as an extension of [39, Theorem 3.1] to the McKean—Vlasov dynamics.
In order to prove (2.4), we use the Ito calculus as the main tool, similar to [39]. It is noteworthy that in [39] the
authors apply the Ité calculus to the time-reversed processes, in view of the key observation in their Theorem 4.2,
inherited from [25]. However, this observation no longer holds true for the McKean—Vlasov dynamics, due to the
nonlinearity of the corresponding Fokker-Planck equation. Instead, we apply the It6 calculus in the conventional

2 2 2
Dy, 2) + % Ve ) + TIU()| mo(e)dadr. (2.4)

T

forward way.

Formally, there is a clear connection between the derivative % in (2.4) and the first order condition
(2.1), and it is revealed by the following main theorem.

Theorem 2.10 Let Assumption 2.1, 2.2 and 2.6 hold true and mo € Ups2Pp(RY). Denote by (myi)icp+ the
flow of marginal laws of the solution to (2.2). Then, there exists an invariant measure of (2.2) equal to m* :=
argmin,, V7 (m), and (m¢)icr+ converges to m*.
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Once the convergence to the minimizer established, it is natural to look into the rate of convergence. In this
paper we manage to give a partial answer under the following assumptions, which can be typically satisfied
for o big enough (in other words, in the highly regularized case). Note that some of the assumptions stated
as part of Assumption 2.11 clearly overlap with Assumptions 2.2 and 2.6. They are stated in one place for
reader’s convenience.

Assumption 2.11 (For exponential convergence) Let o > 0 be fized and the mean-field Langevin dynamics
(2.2) start from mg € Pp(Rd) for some p > 2. Assume that there are constants C > 0, Crp > 0 and Cy > 0 such
that for all z,x' € R? and m,m’ € P1(R?) we have

|Dim F(m,z) — Dy F(m',2")| < Cp (\x — | + Wi (m, m')) ,

(2.5)
Dm0 < Cr (14 [ lmldy)).
Rd
and
(VU(z) —VU(z")) - (& — ') > Cylz — 22, (2:6)
VU(2)] < Cy(1+|2]), '
where the constants satisfy
2 2 2
%(p—l)—i—BCF—I—%WU(O)\—CU%<0. (2.7)

While it becomes more restrictive in the choice of ¢ and U, the assumption (2.5) allows more candidate
functions F comparing to Assumption 2.6, for example, (z,m) — D F(m,z) is allowed unbounded.

Theorem 2.12 Let Assumptions 2.1 and 2.11 hold true. Then
Wa(me,m*) < P =Wy (mg, m*) |
where (mi)¢>o is the flow of marginal laws of solution to (2.2).

Remark 2.13 i) The contraction rate in Theorem 2.12 rests upon the condition that Lipschitz constant of
D, F is sufficiently small in comparison to dissipativity constant Cy and o in (2.7). It is a common constraint
in the study of exponential convergence concerning the McKean-Viasov dynamics, see e.g. [23], [43].

ii) Besides using o big enough, the condition (2.7) can be also satisfied with large enough Cyr. Take 8 > 0 and
in place of the Gibbs measure g consider

¢’ (x) = et V@) gng / et U@ g = 1,
Rd
The corresponding mean-field Langevin dynamics then becomes
B_ _ B B B
dXx, = D F(my, X, )+ BVU(X,))dt + odW;.

Now Cy that will appear in (2.7) is replaced by i—gCU and so (2.7) is replaced by the condition

0_2

2
% (b= 1) +3Cp + 5 |VU(0)] - 280y <0
which can always be fulfilled by taking B > 0 sufficiently large. Hence we conclude that the flow of marginal laws
(mf)t>o converges exponentially to m™*. One can also note that for fized B the law ¢°(x)dx becomes singular
when o converges to 0.
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3 Application to Gradient Descent of Neural Networks

Before proving the main results, we shall first apply them to study the minimization over a neural network.
In particular, in Corollary 3.3 we shall show that the marginal laws of the corresponding mean-field Langevin
dynamics converge to the optimal weight of the neural network with 1-hidden layer. Further we also have
a discussion on the application to the deep neural network in Section 3.2.

Fix a locally Lipschitz function ¢ : R — R and for [ € N define ¢! : R — R! as the function given, for
z=(z1,...,2)" by ¢'(z) = ((z1),...,0(2)) . We fix L € N (the number of layers), I, e N,k =0,1,... L—1
(the size of input to layer k) and Iy, € N (the size of the network output). A fully connected artificial neural
network is then given by ¥ = ((a*,8%),..., (a*, L)) € I, where, for k = 1,..., L, we have real I¥ x [F~1
matrices o and real [¥-dimensional vectors 8*. We see that IT = (]RlleU X ]Rll) X (Rl2Xl1 X Rlz) X e X
(IRILXZM1 X RIL). The artificial neural network defines a reconstruction function R¥ : RY — RL” given
recursively, for zg € Rlo, by

(RW)(2°) = a2t 4 gL, 2P = <plk (P 4 8y k=1,...,L—1.

If foreach k =1,..., L—1 we write af, Bf to denote the i-th row of the matrix o and vector g* respectively
then we can write the reconstruction of the network equivalently as

(R®)(2); = af - 22714 8F, F)i=paf - 257480 k=1,...,L—1. (3.1)

We note that the number of parameters in the network is Zle(lk,llk +1g) .

In supervised learning the task is to find the parameters ¥ such that the artificial neural network provides
a good approximation to a real world problem. In practice this means that given a potential function ¢
and training data (v, 2’ );-V:h (yj,7) € R? one approximates the optimal parameters by finding

1
argmin —
vernn N

M=

(v~ (R¥)())).

j=1

Since the typical machine learning task involves huge data sets it makes sense to invoke the law of large
numbers, postulate that the training data are distributed according to some measure v which has a compact
support and instead frame the problem as

g /R oy (R0)()) w(dy,d2). (3.2)

This is a non-convex minimization problem, so in general hard to solve. Theoretically, the following universal
representation theorem ensures that the minimum value should attain 0, provided that y = f(z) with a
continuous function f.

Theorem 3.1 (Universal Representation Theorem) If an activation function ¢ is bounded, continuous and
non-constant, then for any compact set K C RY the set

{(RW) ‘RT SR (R¥) given by (3.1) with L = 2 for some n € N,a?,ﬁ} € R,ajl- IS Rd,j = 1,...,n}

is dense in C(K).

For an elementary proof, we refer the readers to [33, Theorem 2].
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3.1 Fully connected 1-hidden layer neural network

Take L = 2, fix d € N and n € N and consider the following 1-hidden layer neural network for approximating
functions from R? to R: let lp = d, let I; = n, let B2 =0 € R, B! =0 € R”, a' € R™*? We will denote,
for i € {1,...,1°}, its i-th row by a} € R'™*? Let o? = (&,..., )T where ¢; € R. The neural network is

n’ n

gn = ((al,ﬂl), (o2, 62)) (where we emphasise the that the size of the hidden layer is n). For z € Rlo, its

reconstruction can be written as

n

(RE")(2) = a*" (a'2) = - caplal - 2).

i=1

The key observation is to note that, due to law of large numbers (and under appropriate technical assump-
tions) %2?21 Cjap(a; - 2z) = E™[Bp(A - 2)] as n — oo, where m is the law of the pair of random variables
(B,A) and E™ is the expectation under the measure m. Therefore, another way (indeed a more intrinsic
way regarding to the universal representation theorem) to formulate the minimizaiton problem (3.2) is:

meg&gxm F(m), where F(m):= /]Rd ®(y —E™[By(A - 2)]) v(dz,dy) .

For technical reason, we introduce a truncation function ¢ : R — K (K denotes again some compact set),
and consider the truncated version of the minimization:

F(m) := /]Rd ®(y —E™[((B)p(A - 2)]) v(dz,dy).

It is crucial to note that in the reformulation the objective function F' becomes a convex function on P(R%),
provided that @ is convex.

Assumption 3.2 We apply the following assumptions on the coefficients @, u, @, £:

i) the function ® is convex, smooth and 0 = ®#(0) = mingecg P(a);

i1) the data measure p is of compact support;
iii) the truncation function £ € Cp° (RY) such that ¢ and ¢ are bounded;
iv) the activation function ¢ € Cp° (]Rd) such that ¢ and ¢ are bounded.

Corollary 3.3 Under Assumption 3.2, the function F satisfies Assumption 2.1, 2.6. In particular, with a Gibbs
measure of which the function U satisfies Assumption 2.2, the corresponding mean field Langevin equation (2.2)
admits a unique strong solution, given mg € ’Pg(Rd). Moreover, the flow of marginal laws of the solution,

(mt)¢er+, satisfies

lim W [ my, argmin V7 (m) | = 0.
t—+o0 meP(RY)

Proof Let us define, for z = (8,0) e R?, B e R, o € R¥! and z € R4 the function $(x, z) == £(8)¢p(a - 2).
Then

O (m,a) = — [hap D(y — EM[B(X, 2)]) d(, 2) v(dz, dy)
and  DmF(m,z) = — [pa.p @(y —E™[p(X, z)])VgZJ(:c, 2)v(dz,dy).

Then it becomes straightforward to verify that F' satisfies both Assumption 2.1, 2.6. The rest of the result
is direct from Proposition 2.7 and Theorem 2.10. |
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3.2 Deep neural network

As we have seen, in the 1-hidden layer case, we linearize the problem by lifting the minimization problem
to the measure space. We present two examples of deep artificial neural networks. Example 3.4 shows that
this linearization technique cannot be applied to all deep fully connected artificial neural networks. However
Example 3.5 shows that there are deep artificial neural networks where the linearization technique applies.

Example 3.4 (Fully connected 2-hidden layers neural network) Take L = 3. Let g2 =p2=p=0,
3 3 2

= RlleO, a? e R Let o3 = %, ,Cll—;)—r, where c‘? € R. Let afj = cl% The reconstruction for

- ((al,ﬂl), (a?,8?), (a3,,6’3)) can be written as

2

(RE"1)(2) = a2 (a2e" gL
2) = o’ (0" (a'2) = lgzw szaj

2

Let ,ul’l2 = liz Z§'=1 5{(127&1} be a conditional empirical law, conditioning on a random wvariable I uniformly

distributed on {c‘rf, ..., cz?’g}. Then we may write
l2

12,02 2 1 I|r 2 1.\ Il 1 42
(R =5 Z ( ZCijso(ajZ)) =E [c @ (/ Cyely et (dy dy ))} :
RxR'o

Jj=1

In general this will not longer be a convex function of measure.

Below we present an example of deep neural network where the last layer is an average of output of fully
connected deep neural networks.

Example 3.5 (Averaging fully connected deep artificial neural networks) Consider n € N fully con-
nected artificial neural networks with L hidden layers and identical architectures denoted

o) — ((a@,l)’ﬁ(m))’ (0B, gDy (a(i,m,ﬁ(zpm)) elli=1,....n
We will now construct an artificial neural network ¥ which will be the average of the above n networks. To that
end let

ol = (a(1,1),a(2,1), N .’a(n,l))T c R R l(a(l,L)’a(Q,L)’ N .7a(n,L)) c R xnit !
n

and ; ie
ol = dz’ag(a(l’j),oa@’j), .. .,a("’j)) € RV xn ' , for 5=2,..., L —1.
Moreover let

ghi= (819, 839 .,5<"’j>)T N G R R S S S |

and
15~ 460
R 2
1=1
Let ™ = ((al,ﬁl), (aQ,,BQ),...,(aL,ﬁL)) € " (we use n to emphasise the dependence on the number of

networks we are averaging over). One may check that for any e RY we have
(RE™) (2 Z(Rw@)(zo)

1 ..
Let m™ = EZ?:l 5<a(i,1>,50\1)),(a<i,2),5(i,2)>w,(au,L)ﬁ(z\L)) € P(II) be the empirical measure over the para-

meter space fully describing the network ™. Then for any z € RY we may write
(RU™)(z) = / (Ra)(2) m"(de) .
I7

We note that m" — [;(Ra)(z) m™(dx) is a linear (and so convex) function of the measure m".

In Section 9 we shall show a numerical example comparing the performance of the averaged network and
the conventional fully-connected network.
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4 Free Energy Function

In this section, we study the properties concerning the minimizer of the free energy function V. First, we
prove that V7 is an approximation of F' in the sense of I'-convergence.

Proof of Proposition 2.3 Let (on),en be a positive sequence decreasing to 0. On the one hand, since F
is continuous and H(m) > 0, for all m,, — m, we have

lim Vo (my) > lim F(my) = F(m).

n—-+00 n—+00
On the other hand, given m € P2(R%), since the function
h(z) := zlog(x) (4.1)

is convex, it follows Jensen’s inequality that

/R b fa)de < / d / Wl ) m(dy)de = / (@) de = / h(f(@))de — dlog(on)

where f is the heat kernel and f,(z) = o5 %f(z/on). Besides, we have

[ s fiten(oyas = = [ mi@y) [ @@ =pae = c(1+ [ blm).

The last inequality is due to the quadratic growth of U. Therefore

2
On

T V(e f) < Fm)+ T T /}R h(m + fu)de — /R (m» fo) log(g)da} < F(m).  (42)
In particular, given a minimizer m*? of V7, by (4.2) we have

Im F(m*°") < Iim Vo(m™°") < Tim V" (m=xf,) < F(m), forall m e Pa(RY).

n—o0 n—o00 n—-+4oo

In the rest of the section, we shall discuss the first order condition for the minimizer of the function V7.
We first show an elementary lemma for convex functions on P(R%).

Lemma 4.1 Under Assumption 2.1, given m, m’ € P(Rd), we have

F(m') — F(m) > / OF (o, ) (' — m)(d). (4.3)

Ra

Proof Define m® := (1 —&)m + em’. Since F is convex, we have

e(F') ~ F(m)) > F(m) — F(m) = /0 /Rd OF (m® )’ — m)(dr)ds

Since % is bounded and continuous, we obtain (4.3) by the dominant convergence theorem. |

Proof of Proposition 2.4: Step 1. We first prove the existence of minimizer. Clearly there exists m €
P(R?) such that V(i) < +oo. Denote

2
—— .J O (= 3 /
S:= {m.?H(m) <V (m)fmlelgf(Rd)F(m)}.

As a sublevel set of the relative entropy H, S is compact. Together with the lower semi-continuity of V7,
the minimum of V7 on S is attained. Notice that for all m ¢ S, we have V?(m) > V?(m), so the minimum
of V7 on S coincides with the global minimum. Further, since V7 is strictly convex, the minimizer is unique.
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Moreover, given m* = argmin,,cpra) V7 (m), we know m* € S, and thus H(m") < co. Therefore, m* is
absolutely continuous with respect to the Gibbs measure, so also absolutely continuous with respect to the
Lebesgue measure.

Step 2. Sufficient condition: Let m* € Z, (defined in (2.1)), in particular, m* is equivalent to the Lebesgue
measure. Let m € P(R?) such that m is equivalent to the Lebesgue measure (otherwise V7 (m) = +00), and
thus equivalent to the measure m*. Let

dm
fi= dm*
be the Radon-Nikodym derivative. Let m® := (1 —e)m* +em = (1 +&(f — 1))m™ for € > 0. Recall the
function A in (4.1) and note that h(y) >y — 1 for all y € RT. Using (4.3), we obtain

MZE/R 5F(m 7 )(ma—m*)dx:/ ‘LF(m ) (f = Dm*da.

€ aom rd OM
Moreover
2 2 e *
o e m X m
— | H - H = — log— —m™ 1
5% < (m®) (m” )) 5% <m og ; m” log ; >dx
2 2 € *
-7 (m —m)log—dx+— m€<logm——logm—>dm
2¢e R4 g
o2 o2
== (f—l)m log—daz—i—— mlog—dx
2 RA

2
z (f—l)m*(logm*—i—U)dx—i—Q—/ h(1 +e(f — 1))m" da
Rd € Jrd

02

2

Ra

Y

2
=Z (f = m* (logm™ + U) da
2 Ja

since [pq(f —1)m*de = [L.(m —m™)dz = 0. Hence

o e\ _ 1/0 * 2 2
3 R 2 2

om

due to the fact that m* € Zp and (f — 1)m* = m —m™.

Step 3. Necessary condition: Let m* be a minimizer of V7. Since H(m") < oo, we have E™ [U(X)] < oo

and thus m* € Po(RY). Let m a probability measure absolutely continuous with respect to m* such that
the Radon-Nikodym derivative f := d;;i is bounded. By the same computation as in the proof for the
sufficient condition, we have

VO (m) — Vo (m*)

3

12 (a5 eS80
//Rd‘;Fm 2)(f — 1)m*(z)dads

P on (Y (1 o) 4 (oM =) Y
+7 Rd(lg(g(@)(f D (@) 4 m* () " )d.

Since f is bounded, 2 W is bounded and m* € Pa (Rd), by the dominated convergence theorem

0 /W(f o) (f%(m*’x) + - log(m”" (2)) + SU () + %) da.

Since f is an arbitrary bounded density function, we prove the necessary condition. |
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5 Mean Field Langevin Equations

Recall that 5
b(z,m) 1= DmF(m,z) + %VU(;E).

Due to Assumption 2.6 and 2.2, the function b is of linear growth.

Lemma 5.1 Under Assumption 2.2 and 2.6, let X be the strong solution to (2.2). If mo € Pp(R%) for some
p > 2, we have

E[Sup \Xt\p} <C, for some C' depending on p,o,T. (5.1)
t<T

If mo € Pp(Rd) for some p > 2, we have

sup E[|Xt|p] <C, for some C depending on p,o. (5.2)
teRT

In particular, if mo € Up>aPp(R?), then (mt)ep+ belong to a Wa-compact subset of Pa(R?).

Proof Since b is of linear growth, we have
t
|Xt| < |X0‘ +/ C(l + |Xt|)dt—|— |O’Wt| .
0

Therefore,

S
sup | X[ < C (Xo|p +1 +/ sup|Xt|pdr+sup|JWt|p> .
t<s 0 t<r t<s

Note that E [sup,< [cW:[P] < CsP/2. Then (5.1) follows from the Gronwall inequality.

For the second estimate, we apply the It6 formula and obtain

d[X¢P = Ithp_Q( — pX¢ - b( Xy, mu) + @02)‘% +po| Xe[PT2X, - AW

Since Dy, F' is bounded and VU (z) - z > Clz|? + C’, we have
AP < 1502 (010 = 2ol + € + P20 ar 4ol 2, aws
<Xy |P3 (C' —e|X:? + %02)& + po| X¢ P2 Xy - AWy, for some 0 < e < #.
The last inequality is due to the Young inequality. Again by the It6 formula we have

At X P) < € (\Xt\p_Q (c n %ﬁ)dt 1 po| Xt P2X, - dwt) (5.3)

Further, define the stopping time 7, := inf{t > 0 : | X¢| > m}. By taking expectation on both sides of (5.3),
we have

B O, ] < B +B [ [ e (o4 2 o) ar). (5.4)
0
In the case p = 2, it follows from the Fatou lemma and the monotone convergence theorem that
E[|X[2] < e *'E[| Xo|?] + /Ot ) (C n 02>ds <c (e_Et rel(1- e—”)) ,
and thus sup,cp+ E[|X¢|?] < co. For p > 2, we again obtain from (5.4) that

2
Then (5.2) follows from induction. ]

t
E[|X:[?] < e “'E[| Xo|"] +/ EETVER]| X P72 (c + Mﬁ)ds.
0
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Proposition 5.2 Let Assumption 2.2 and 2.6 hold true and assume mqo € Pp(Rd) for some p > 2. The law m
of the solution X to (2.2) is the unique solution to Fokker-Planck equation:

2
dm=V- <b(m,m)m + %Vm) , (5.5)

such that t — my in weakly continuous on [0,+00), the joint density function (t,z) — m(t, ) exists and

m e Ch>® ((O, 00) X Rd,R).

Proof Let (t,z) — ¢(t,x) be a smooth test function of compact support. By applying the It6 formula on
#(t, X¢), we can verify that m is a weak solution to (5.5). Next, define b(z,t) := b(x, m¢). Obviously, m can
be regarded as a weak solution to the linear PDE:

- 2
om =V - (bm + %Vm) . (5.6)

Then the regularity result follows from a standard argument through L] -estimate. For details, we refer
the readers to the seminal paper [38, p.14-p.15] or the classic book [41, Chapter IV]. |

6 Convergence Towards the Invariant Measure

Now we are going to show that under mild conditions, the flow of marginal law (m¢);cp+ converges toward
the invariant measure which coincides with the minimizer of V7.

Lemma 6.1 Suppose Assumption 2.2 and 2.6 hold true and mg € P2 (Rd). Let m be the law of the solution to

the mean field Langevin equation (2.2). Denote by Py, the scaled Wiener measurel with initial distribution m.
Then,

i) For any T > 0, Py is equivalent to m on Fr, where {Fi} is the filtration generated by X, and the relative
entropy

E™ [1og (dgjw ‘FT)} < co. (6.1)

i) For allt > 0, the marginal law my admits density such that my > 0 and H(m;) < oco.

Proof i)  We shall prove in the Appendix in Lemma 10.1 that due to the linear growth in x of the drift b,
Ps,w is equivalent to m. Also by the linear growth of coefficient, we have
dm

E™ 1og( ) —E" | T|b(Xt my)|?dt
APy w | 7 a2 J, ’

The last inequality is due to Lemma 5.1.

< CE™

t<T

1+ sup |Xt|2} < 00.

it)  Since Py is equivalent to m, we have m; > 0. Denote f, the density function of the marginal law of
a standard Brownian motion multiplied by o with initial distribution mg. It follows from the conditional
Jensen inequality that for all t € [0, T

me(T) m dm
<
y my log (fa,t($)> de <E [log (dIP’g}w

FT)] < +00. (6.2)

Further, by the fact foi(z) , we have

1
< (2mt)d/20

/ me(z) log( ot (2))dz < 3 log(2mto®).
]Rd

X is a standard Brownian motion.

1 Under the scaled Wiener measure P, ., if we denote X as the canonical process, <
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Finally, note that
—/ mi(z) log (g(z))dz = / m¢(z)U(z)dx < C/ m(x)|z>dz < co.
Rd Rd Rd

Together with (6.2), we have H(m¢) < oo. ]

Next, we introduce an interesting result of [24, Theorem 3.10 and Remark 4.13].

Lemma 6.2 Let m be a measure equivalent to the scaled Wiener measure Pow such that the relative entropy is
finite as in (6.1). Then,

i) for any 0 <t < T we have ftT Jza |V log(ms)|?> msdads < +oc.
LydX,— [}, %1% 7ds 2

"t
i1) given t > to > 0 such that the Doléans-Dade exponential €b(X) = e Jimig o
tionally L% -differentiable on the interval [t — to,t]>, we have

is condi-

1 fo _
Vlog (mt(:c)) = 7%]}3[/ (1 + SVb(Xt_t0+s,mt_t0+s))dW£ to
0

X; = x} : (6.4)

where Wst*to = Wi_to+s — Wit, and W is the Brownian motion in (2.2).
We shall prove in the Appendix, Lemma 10.2, that under Assumption 2.2 and 2.6, &b s conditionally
L2-differentiable on [t — to,t] for all t > to > 0.

The estimate (i) leads to some other integrability results.

Lemma 6.3 Suppose Assumption 2.2 and 2.6 hold true and mo € P2 (]Rd). We have

T T T
/ / |V (z)|dzdt < oo, / / |z - Vmy(z)|dzdt < oo, and / / | Amy(z)|dzdt < oo.
t Jrd t Jrd t Jrd

Proof By the Young inequality, we have

2 2

t mg

\th\ S me —|— ’vm
me

m¢ and |x-th|§x2mt+’v

All terms on the right hand sides are integrable, due to Lemma 6.2, therefore so are Vm and z - Vm. Next,
in order to prove the integrability of Am, we apply 1td’s formula:

Bumai(X Vmg (X 2 2 2 Amy(X Vme (X
dlog(m¢(Xy)) = ( ;n";&t;) _ WZLEE(J) b (Xp,me) — % ’an:t (Xt)’ + %%> dt—i—a% AW,

Together with the Fokker-Planck equation (5.5), we have

log(m¢ (X)) — log(ms(Xs))
t 2
- [ (- g [T

2 t me(Xr)

mr(Xr)

ocdW;. (6.5)

my r

+ Vb (Xr, mr)) dr +

2 Again, we slightly abuse the notation, using X to denote the canonical process of the Wiener space.

3 Denote by IP’;;EO‘IO the conditional probability of Pg,. given X¢—¢, = zo. £2(X) is conditionally L2-differentiable on
the interval [t — to, ], if there exists an absolutely continuous process DE? := ftA—tO DE%ds with DE? € 1.2 (]P’ZTJJO"TO) for all
zo € R? such that for any h := ft-—to hsds with bounded predictable il, we have

EX +eh) —EY(X)
€

(DE*(X),hy| =0, in L2(P5,20%0) for all zp € RY, (6.3)

lim ’

e—0

where (DEY(X),h) = [/, hsDEL(X)ds.



Mean-Field Langevin Dynamics and Energy Landscape of Neural Networks 17

By Lemma 6.2, we have

E Ut %adm} 0.

Also recall that V - b is of linear growth. Taking expectation on both side of (6.5), we obtain

t 2
o |Vmy
/ (2 T (x)

By Lemma 6.1 and Lemma 6.2, the right hand side is finite. |

E [/t UQM(XT.)} dr < H(m¢) + H(ms) + E

myr

2
+C(1+ |X7-|)>dr:| .

Based on the previous integrability results, the next lemma follows from the integration by part.

Lemma 6.4 Let mo € Po(RY). Under Assumption 2.2 and 2.6 we have for Leb-a.s. t that

Jga Te(V Dy F(my, x))mide = — [0 DmF(me, x) - Vimgda,

2
Ve |\ nyde and Jga AU (z)my(x)dz = — [oq VU (z) - Vg (2)da.

me

fRd V- Yy de = — fRd

me

Proof of Theorem 2.8 By the It6-type formula given by [13, Theorem 4.14] and Lemma 6.4, we have

2 2
dF(m) = /]R ) <—|DmF(mt,x)|2 - %DmF(mM) VU (z) + % Tr(VDmF(mt,x))) medadt

_ /]Rd (*|DmF(mt,$)|2 _ %2DmF(mt,$) : (VU(x) n VWT)) medzdt. (6.6)

On the other hand, by (6.5), Itd’s formula and Lemma 6.4, we have

d(log(mt(Xt)) + U(Xt)> — dM;

A 2|y 2
- (02 mt(Xt)_U’ n:nt(Xt)

mg 2 t

2
+ V- bt(Xt,mt) — VU(Xt) . b()(t7 mt) + 0-2AU(X)5)> dt,

2
2 Vme o® | Vmy
_ v. X g X
(U me (&) 2 ‘ mt (X:)

2 2
+ Vb (X, me) — VU(Xy) - (X, me) + GQAU(Xt)> dt.

where dM; = (th (X)) + Xt) -odW; is a martingale on [s,T] for any 0 < s < T. By taking expectation on

my

both sides and using Lemma 6.4, we obtain for ¢ > 0:

dH (my)
2 |y 2 v 2 \Y
—E|-7 ‘ X | b (X me) - T (X) = VUK b(Xemi) — TP - 2 (3,) | de
2 2
=E _% ‘V"“ (X¢) + VU(Xy)| — D F(Xy,my) - (th (X¢) + vy(xg) dt
me mg
o2 | Vmy : Vg
= - + VU (z)| — DnF(m¢,x) - + VU(z) | | me(z)dz (6.7)
R4 2 me mt
Summing up the equation (6.6) and (6.7), we obtain (2.4). ]

In order to prove there exists an invariant measure of (2.2) equal to the minimizer of V7, we shall apply
Lasalle’s invariance principle. Now we simply recall it in our context. Let (m¢);cp+ be the flow of marginal
laws of the solution to (2.2), given an initial law mg. Define a dynamic system S(¢)[mg] := m¢. We shall
consider the so-called w-limit set:

w(mg) = {,u € P2(RY) :  there exist t, — oo such that W (S(tn)[mo], u) — O}
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Proposition 6.5 [Invariance Principle] Let Assumption 2.6 hold true and assume that mo € Up>2Pp (Rd). Then
the set w(mg) is nonempty, compact and invariant, that is,

i) for any p € w(mo), we have S(t)[u] € w(mo) for all t € RT.
i) for any u € w(mo) and all t € RT, there exits 1’ € w(mo) such that S(t)[u'] = p.

Proof Under the upholding assumptions, it follows from Proposition 2.7 that S(¢) is continuous with respect
to the Wh-topology. By Lemma 5.1, we have (5.2) with p > 2, and thus (S(t)[mo])teRJr = (my¢)epr+ live
in a Wa-compact subset of Pa (]Rd). The desired result follows from the invariance principle, see e.g. [30,
Theorem 4.3.3]. In order to keep the paper self-contained, we state the proof as follows.

First, for any ¢ > 0, (ms)s>+ is relatively compact, hence (ms)¢>+ is compact. Since the arbitrary intersection
of closed sets is closed, the set

w(mo) = () (ma)szs

>0
is compact.
Next, let 1 € w(mg), by definition we know that there exists a sequence (tn)nsg such that S(ty)[mo] — u.
Let t € RT, by the continuity of S(t) : Pa(R?) — P2(R%), we have S(t + tx)[mo] — S(t)[1] and therefore
S(t)[1] € w(mo).
Finally, for the second point, let ¢ € RT and consider the sequence (S(tx —t)[mo])N. Since (m¢)icp+ live in a

Wa-compact subset of Po(R?), there exists a subsequence (ty+) and i/ € w(mo) such that S(tx—t)[mo] — .
Again, by the continuity of S(t), we have S(¢)[y'] = impy/ 00 S(tn —t +t)mo = p. u

Proof of Theorem 2.10 Step 1. We first prove the existence of a convergent subsequence. Since w(m)
is compact, there exists m € arg ming,cy(m,) V'’ (m). By Proposition 6.5, for ¢ > 0 there exists a probability
measure p € w(mg) such that S(¢)[u] = m. By Theorem 2.8, for any s > 0 we have

VI (S(t+ s)[u]) < V().

Since w(mg) is invariant, S(t + s)[u] € w(mo) and thus V7 (S(t + s)[u]) = V(). Again by Theorem 2.8,
we obtain

2

o= WSO _ _/ ’Dmp(m, )+ ";@(m) n %2VU(:U) i (z)da.
R m

dt
Since m = S(t)[u] is equivalent to the Lebesgue measure (Proposition 6.1), we have

- o2 Vin | o?

The probability measure m is an invariant measure of (2.2), because it is a stationary solution to the
Fokker-Planck equation (5.5). Meanwhile, by Proposition 2.4 we have m = m*.

Step 2. Let (m4, )n be the subsequence converging to m*. We are going to prove that V7 (m*) = limp— 00 V7 (my,, ).

It is enough to prove [, m”log(m*)dz = limp—oo [pa M1, log(ms, )dz. By the lower-semicontinuity of en-
tropy, it is sufficient to prove that

m* log(m™)dz > M/ my,, log(my, )dz (6.9)
Rd n—oo Rd

By (6.8), we know that —logm™ is semi-convex, so we may apply the HWI inequality in [50, Theorem 3]:

/]Rd mt, (log(mtn) - log(m*))dx < Wa(my, ,m") (\/E + CWy (mtn,m*))7 (6.10)



Mean-Field Langevin Dynamics and Energy Landscape of Neural Networks 19

where I, is the relative Fisher information defined as
2
I, =E “Vlog (mtn (th)) — Vlog (m*(th))‘ }

=E

2 *
‘Vlog (mtn (th)) + ?DmF(m , Xt,,) + VU(Xt,)

2} . (6.11)

We are going to show that sup,, In < oo. First, since D F' is bounded and VU is of linear growth, by
Lemma 5.1 we have

2 *
‘UQDmF(m , Xt,) + VU(Xy,)

supE
n

2} < o0. (6.12)

Next, since Vb is bounded, by Lemma 10.2 and (6.4) we have for all n

IA

E “Vlog (mtn(th))ﬂ int ~ OSC(1+r2)dr

0<s<t, §2

. 1 s 2C
= Sy <2 .
0<1£1§ftn0(s 3) ~ V3 for tn > V'3, (6.13)

where the constant C' does not depend on n. Combining (6.11), (6.12) and (6.13) we obtain sup,, In < co.
Now the HWI inequality (6.10) reads

/]Rd me,, (log(mtn) — log(m*)>dx < CWa(my, ,m") (1 + Wg(mtn,m*))

By letting n — oo, since Wa(my, ,m*) — 0, we obtain (6.9).

Step 3. Finally we prove the convergence of the whole sequence (mi)secr+. Since V7 (my) is non-increasing
in ¢, there is a constant ¢ := lims,00 V7 (m¢). A subsequence of a convergent sequence converges to the
same limit, by the result of Step 2, ¢ = V7(m™). For any p € w(mo) there is a subsequence (mt, )n
converging to u € w(mp) and by lower-semicontinuity we have V7(u) < lim, , V(ms,) = c. Because
m* = m = argmin,, c,(m,) V7 (m), we have

Vo(w) =Vo(m*)=¢, forall uewimo),

and thus w(me) = {m*}, that is, lim;— o0 Wa(m¢, m*) = 0. [ |

7 Exponential Convergence

In this section, we show the exponential convergence under Assumption 2.11.

Lemma 7.1 Fizp > 2. If Assumption 2.11 holds true, then there is a unique solution to (2.2) for allt > 0 such
that

supE|X¢|P < oo (7.1)
>0

and moreover if (X¢);>0 and (Xt)¢>o are two solutions to (2.2) then
E[|Xt - X{ﬂ < e<6CF*CU>tJE[|X0 - X{ﬂ . (7.2)

This lemma is proved by verifying existence of a suitable Lyapunov function and then applying results
from [27]. The proof can be found in the Appendix.

Proof of Theorem 2.12. We can argue as in Step 1 of the proof of Theorem 2.10 that there exists
m* € Po(R?) which is the unique minimizer of the free energy function as well as an invariant measure of
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(2.2), ie. S(t)[m*] = m*. Let (X{)¢>0 denote the solution of (2.2) starting from X, ~ m*, then X; ~ m*
for all ¢ > 0. By Lemma 7.1 we get that

Wa(m,m") < E[|X, - X{’| <O ~O0E||1Xo - X{]
which completes the proof by taking infimum over all couplings of mg and m*. |

Remark 7.2 Let Assumption 2.11 hold but with the global monotonicity condition (2.6) replaced with the fol-
lowing monotonicity at infinity condition: fit R > 0 and assume that there exits a constant M > 0 such that for
any =, 2’ ¢ [-R, R]?

(VU(z) - VU(J?/)) (z—2') > M|z —2)*. (7.3)

For fized o > 0, let Yy = X /52 for allt > 0. It’s clear that lim¢—y 00 Law(Y:) = limy—o0 Law(X¢). Dynamics of
Y reads

dy; = —(%DmF(mf,Yt) n %VU(Yt))dt +dW,, where mY := Law(Y}).

Our aim is to prove the exponential convergence, applying [23, Theorem 2.1]. Fiz § > 0. Let r : (0,00) — [0, 00)
be a piecewise-linear continuous function such that k(r) = —M forr > 2R and x(r) = C forr < 2R—§. Clearly
limy 00 k(1) < 0. We see that Assumption 2.1 in [23, Theorem 2.1] holds with k as defined above. In addition
(7.3) corresponds to Assumption 2.6 in [23, Theorem 2.1]. While authors state Assumption 2.6 for linear function
of measure, it is easy to see that Lipchitz continuity suffices. Note that this has been done, in the case of Levy
noise, in [43, Theorem 1.3]. Consequently there exits c* > 0 such that for all o € [0¥,00) there exist positive
constants ¢ and X\, that are independent of time, such that

Wi (me,m*) < ce” 72" (1+/ |a:|mo(d:r)) :
Ra

Finally note that the contraction rate in the above observation typically degenerates with the increase of dimension
d, see [23, Section 3.3].

8 Particle System Approximation
8.1 Static case

Next we aim to generalise [46, Proposition 2.1] to arbitrary (smooth) functions of measure. This is slight
generalisation of the result from [17, Theorem 2.11] but we provide the proof here for readers’ convenience.

Theorem 8.1 We assume that the 2nd order linear functional derivative of F exists, is jointly continuous in
both variables and that there is L > 0 such that for any random variables n1, n2 such that E[\m|2] <oo,t=1,2,
it holds that

2

0°F
E W(%m,ﬁ?)

sup +E

vEP, (RY)

sup
vEP, (RY)

oF
%(Vv 771)

} <L (8.1)

If there is an m* € P2(R?) such that F(m*) = inf,,cp, (ray F'(m) then with i.i.d (XHN, such that X} ~ m*,
i=1,..., N we have that

N
1 * 2L
iE N — < —.
EF(Nll(SXZ_) F(m) SN
1=

N
1
inf  F| = 6z | —F(m*
ol R <NZ ) )
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Proof Let u € P2(R?) be arbitrary. Let ( ON, be iid. with law p. Let uy = g ZN 6x, and m{ =
p+t(un — p), t € [0,1]. Further let (X;)¥, be consider i.i.d., independent of (X;)¥; with law .

By the definition of linear functional derivatives, we have

oF
)]~ £ =2 [ [ [ 2 ) o e
oF
/ Z( { (mt ,Xl)] |:5m(mt ,Xl)])
_ OF N 0P N 5
—/0 E [(Sm(mt ,Xl) (Sm(mt ,Xl):| de. (82)
We introduce the (random) measures
A =m¥ 4 i((sX —6x,) and mdy, = (@) —md)t +md, tteo,1],

and notice that due to independence of (X;)Y, and (X;)X, we have that

E {6F(mt ,Xl)} —E {5F(mt ,Xl)}.
m m
Therefore,
E[F(un) - F 1]E{ (my ,Xl ——(mt ,Xl)} dt
01
— ; {/ /Rd pom (my} tl,Xl,y1)(mt —mi )(dyl)dtl} dt (8.3)

E
IE[ //Rd om 2(m“vxlvyl)(5 5x1)(dy1)dt1dt}

|

/Rd gmz(mttl)(xhyl) (dyl) / g 2(mtt1)(X1 y1)dx, (dy1)

To conclude, we observe that

H/d 5 (M, )(X1,51) (0%, — 6x,)(dy1)
R

:E[

<E

|

2

F -
5z V(X1 X1)

5%F -
sup W(V)(leXl)

vEP,(RY)

-+ sup
vEPy(RY)

}SQL,

by (8.1). We have thus shown that for all u € P2(RY), for all i.i.d. (X;), with law p and with puy =

L SN 5x, it holds that
2L

BLF o)) — ()| < 2% (34)
From (8.4) with i.i.d (X7)¥, such that X} ~m*,i=1,..., N we get that
1 * 2L

Let (X)Y, beii.d. such that X ~m* i=1,...,N. Note that

1Y 1
F(m*)< inf F <N§5x> <E|F <N§6Xi*>} .
From this and (8.4) we then obtain

(Ti)ivzlc]Rd
* 2L
< N 6 | - <
! (m)N CRd (N 57) Fm’) < N
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8.2 Dynamic case

Consider independent random variables (X$)Y,, X§ ~ mo and independent Brownian motions (W*)N ;.
By approximating the law of the process (2.2) by its empirical law we arrive at the following interacting
particle system

{dXZ - —(DmF(m,{V,Xz)+%2VU(X§))dt+adW; i=1,....N, 55
N N .

my = % Zi:l 6Xff :

Note that particles (X?)¥_, are not independent, but their laws are exchangeable. Recall the link between

partial derivatives and measure derivative given by (1.7) and for any (z!,...,z") € (RH)V let FN(2,...,2N) =

F (%, 6,0). Then
) 2 ) .
axi = — (Nax,.FN(th, LX)+ 5 VU(X;))dt T odWi .

Let us define, for z = (8,a) € RY, € R, @ e R¥™! and z € R4~ the function ¢(z, 2) := £(8)p(a - z). Then

for (z*)N_, we have N
N(x):/]Rd ( ]1;2_: ' ) (dz, dy).

N
0, FN (b, a™) = —% Rd@(y - %Z@(mj,z)>V¢(xi,z)V(dz,dy),

Jj=1

Hence

where we denote for all z € R4™!
Vé(a'2) = Vigian6(8)e(a'2)] = (592 ).
We thus see that (8.5) corresponds to

N
dx; = / qs(y_ l2¢(xg,z))v¢(xz, 2)v(dz, dy) — fvu(xt) dt 4+ odWy.
R4 szl

This is classical Langevin dynamics (1.1) on (R%)". One may reasonably expect that the a version of
Theorem (8.1) can be proved in this dynamical setup. This has been done for finite time horizon problem
n [17]. The extension to the infinite horizon requires uniform in time regularity of the corresponding PDE
on Wasserstein space (Wa, P2) and we leave it for a future research. However rate for uniform propagation
of chaos in W; under structural condition on the drift has been proved in [21]. We also remark that for the
implementable algorithm one works with time discretisation of (8.5) and, at least for the finite time, the
error bounds are rather well understood [10,9,44,54,55].

For a fixed time step 7 > 0 fixing a grid of time points ¢, = k7, k = 0,1,... we can then write the explicit
Euler scheme

Ty T
th+1 th:

N ‘ . | | |
— /Rd ( Z tk ) 2 ) (X;’;l,z)y(dz,dy)_ %VU(X;C’Z) T+C’(W;k+1 _thk)

To relate this to the gradient descent algorithm we consider the case where we are given data points
(Yym, 2m)nen which are i.i.d. samples from v. If the loss function & is simply the square loss then a version
of the (regularized) gradient descent algorithm for the evolution of parameter zj, will simply read as

) . 1 o o2 . .
Fgy =7l + 27 (yk—NZ wk,zk)w%zk)—?w(wz) oV,

with ¢! independent samples from N (0, I).
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9 Numerical Example of Averaging Deep Artificial Neural Networks

We have discussed in Section 3.2 that averaging deep neural networks fit in our theoretical framework
while the fully connected neural networks do not. Here we present a numerical example to compare the
performances of these two different architectures. We aim at justifying that the averaging neural network
is a reasonable alternative to the fully connected one.

Artificial neural networks are an effective tool for approximating partial differential equations (PDEs) in
high dimensions. See, for example, Beck et al. [3] and [4], E et al. [22], Han et al. [28] or Sabate et al. [59].
In fact part of the reason for this success is that deep artificial neural networks approximate solutions to, in
particular, parabolic PDEs to an arbitrary accuracy without suffering from the curse of dimensionality. The
first mathematically rigorous proof is given in Grohs et al. [26]. See also Jentzen at al. [36]. Examining [26]
one can see that the resulting network has precisely the architecture of Example 3.5.

We now provide a sketch of how such architecture arises. Consider

{8tv + tr(ad2v) + bdzv =0 in [0,T) x D, (9.1)

v(T,-)=g on D.
Here a := 200* and b, o, and g are suitable given functions such that v € C2([0,7] x D). See e.g. [40].
From Feynman—Kac formula we know that with a Markov process X, that is given as the solution to the
SDE,
dXs =b(Xs)ds+ o(Xs)dWs t € [t,T], Xy == (9.2)
we have that
vo(t,z) := E[g(X7)| Xt = 2]
Take a partition of [0, 7] denoted by

Ti= {t:to < - <thteps :T}, (9.3)
let AWy, =Wy, =Wy, for k=1,..., Nsteps, let W7 := (Wti)f\é“f"s and consider an approximation of (9.2)
by (ng)f\;g‘“ which itself arises as

XT . = G(X], AWy,

where G : R? x R? - R? is a measurable function. For example in the case of the Euler scheme this would
be

G(z,y) :=z + b(x)h + o(x)y.
We now make a simplifying assumption that there exist deep networks w® and w(?) such that for all z € R?
we have b(z) = (R¥®)(z) and o(z) = (R¥(?))(x). It can be shown that sums of deep neural networks is
again a deep neural network and composition of deep neural networks is again a deep neural network and
the identity function can be approximated by a neural network (all having the same activation function).
See e.g. Grohs et al. [26] for details. Hence, given W™ one can construct a deep neural network W) such
XH = (ReW)(X). Note that (some of) the weights in #("") depend on W™ by construction.
Assume further that there is a network ¥(9) such that for all z € R? we have g(z) = (R#@)(z). An
approximation for v(t,z) is then given as follows: first note that

o(t,2) = Elg(X7)] ~ Elg(X7)] = E[(RV@)(XF)] = E[(R'?) o (RE ) (2)].
Consider now n i.i.d. samples (W’T’(j))?:1 from W™. Then
_ N (re® (W o)
w(t,x) =~ > (Re9) o (RW )(z).
j=1
This is exactly of the form of Example 3.5.

We now provide a numerical experiment based on Sabate et al. [59], see Example 6.1. therein. An artificial
neural network is used for approximating a solution to a PDE arising in mathematical finance (pricing of
an exchange option).

The experiment here is the following: given a fixed computational budget (i.e. same overall memory re-
quirements, same number of iterations of gradient descent algorithm) is it significantly better to:
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Outputs Aggregated Outputs
0.30 model 1 model
—— Small networks —— Average of small networks
0.25 1 —— Exact solution 1 —— Exact solution
—— —— Fully connected large network —— Fully connected large network

0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
time time

Fig. 1 One complex network trained for longer or an average of many trained with the same computational budget?

i) train a larger fully-connected neural network for longer or
ii) take the average of many (in this case 100) smaller networks that are trained for shorter time?

In Figure 1 we can see that while individual small networks trained for short period of time don’t always

perform well on their own, their average is a very good approximation of the true solution (and similar to
that provided by one complex network that has been trained for a long time).

10 Appendix

The following result regarding to the change of measure in the Wiener space is classic, see e.g. [6]. For
readers’ convenience, we provide a transparent proof as follow. Our argument is largely inspired by the one
in [7, Lemma 4.1.1].

Lemma 10.1 Let a function (t,x) — b(t,x) be Lipschitz continuous and of linear growth in z, and a process X
be the strong solution to the SDE:

dX; = b(t, Xt)dt + odWs.

Define the following Doléan-Dade exponential for all t € R™

1/ 1/t 2
pr = exp (5/0 b(s,Xs)dstﬁ/o 1b(s, Xs)| ds). (10.1)

Then we have Elp;] =1 and thus p is a martingale on any finite horizon.

Proof First, we shall prove that there exists C' > 0 such that for all ¢t € RT, we have
E[pe| X:|*] < C. (10.2)

By It6’s formula, we have
d|X:? = (2Xb(t, Xi) + 02)dt + 2X,;0dWs,
and

1
d(pe| Xe|*) = pt (4th(t, Xt) + aQ)dt +pt (;lxtl%(t, Xt) + 2Xta) dws,
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and further

pe| X¢f* Pt 1, .9
- =X ?b(t, X¢) + 2X¢0 | AW,
1+ ept| Xe|? (1 4+ ept| X¢)?)2 U‘ t|7b(t, Xt) + 2X¢0 t

Pt 2
+W (4th(t, Xt) + g )dt

,%
(14 epe| Xe|?)3

2

l\Xt\zb(t, X¢) 4+ 2X¢0| dt.

g

Note that the integrand of the stochastic integral on the right hand side above is bounded, so the stochastic
integral is actually a real martingale. Therefore, by taking the expectation on both sides and using the fact
that b has linear growth in x, we get

d pi| X Pt ( 2)
Bl | SE | a4 X
dt [1+6pt\Xt\2 - (1 + ept| X¢[2)2 tb(t, Xt) + o

pt| Xi|?
<KE|—T———— +1].
- [1+8pt\Xt\2+

By Gronwall inequality, we get

pit| X¢|?
E|_PUAE | oo
|:1+€Pt|Xt|2 -

for some constant C' which does not depend on e. By Fatou’s lemma, we get (10.2).

Next, by Ito’s formula, we have

pt_ _ pib(t, Xt) epib(t, Xi)?
14+epr  (14ept)? ¢ (I4ept)?

By (10.2), the stochastic integral above is a martingale, so taking the expectation on both sides, we get

t 2 2
ol B —/ I EEICR O N
1+ ept 1+¢  J, (14eps)?
Due to the linear growth of b, the term inside the expectation on the right hand side is bounded by
Cps(|Xs|> + 1) for some constant C' > 0 independent of e. By the dominated convergence theorem, we get

Il
=

lim E [ Pt }
e—=0 | 1+4ept

To conclude, one only needs to note that lim:_o E [%;pt] = Elp].

Lemma 10.2 Under Assumption 2.2 and 2.6, the exponential martingale £(b) is conditionally L2-differentiable
on [t — to,t], i.e. the equation (6.3) holds true, for all t > to > 0.

Proof Without loss of generality, we may assume ¢t = tg. Under the upholding assumptions, the process
(bt)sefo,ty) is L2-differentiable. By [48, Lemma 1.3.4], we know that ((X) := —fg” bedX, — fgo 1182 12gs is
L2-differentiable for any tg > 0, namely there exists D¢ such that

(X +eh) - ¢(X)

€

—(D¢(X), k) = 0, in L2(PY%,) for all z € RY, as & — 0.

By Proposition 1.3.8 and Proposition 1.3.11 from [48], we may compute D¢ explicitly:

to to
D¢(X) = — /O (% + / Vb (dXr +brdr)) ds. (10.3)

o2
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Note that €% = €. Therefore, we have
€
EYX +eh) - E(X) = / (EP(X + sh)DC(X + sh),h)ds, PY%-as. for all z € RY.
0

In order to prove (6.3), it is sufficient to prove that for all z € R?

supEPgﬁv U(Sb(X + sh)D¢(X + sh),h)ﬂ < oo, for some p > 2.
s<1

By the form (10.3), we have (D{(X + sh),h) € ﬂq>1Lq(Pg:fU), so it is enough to show
EFe [|€b(X)|p} < 0o, for some p > 2. (10.4)
Further, note that
et = o P S0 (672D F(me, X )+ VU (X,))dX, 2 [0 Lol as
Since Dy, F' is bounded, in order to prove (10.4), it is enough to show that

0,z _ t
Efeow [e P Jo" VU(XS)dXS} < 00, for some p > 2.

By It6 formula, we obtain

’

B [ep ot YUCax.]  grn [P (vexi-ve-se ”;AU(X“‘“)}

where we use the fact that U > —C for some C > 0 and AU is bounded. [ |

Proof of Lemma 7.1. All integrals in this proof are taken over R? unless stated otherwise. We will first
show existence of a weak solution. Note that (2.5) and (2.6) imply that for m € P(R%),z € R? that

Dn(m2)] < O (1+ [ ) + Jal) and — 2 VU() < ~Culol? + VO] (105)
Let L denote the diffusion generator for (2.2), that is for any v € C?(R?) we have

L(m, v = ";Au ~ V- (DmF(m, )+ U;VU@:)) .

Fix p > 2 and consider now the Lyapunov function z — |z|P. Note that in this case

2
L(m,z)v(z) = 3 p(p—1)|z|P~2 — plz|P 2z - (DmF(m,x) + %VU(m)) .
Recalling that for any = € R? we have |z[P~2 < (1 + |#|P) we hence get, for any m € P(R?), that
/L(m,z)v(m) m(dz)
o? o’ P p—2 o’ p—2
< 7p(pf D+p [?(pf Dz? — |z|P”" "z - DmF(m,z) — ?M x-VU(:r)} m(dz) .

Now we observe that due to (10.5) and Hélder’s inequality we have

p [ e 1D P, ) m(da) < Cr \xw—l(u [ wimian) + m) m(da)

< ch( ( / |w|”m<dx>)(p1)/p vz f |w|pm<dx>)
< pCp (1 + 3/ |z |? m(dx)> .
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Moreover
p%QWU(O)'/lwI””m(dx) gp”;\w(on </|xpm(dx)>(p1)/p
SP%Q‘VU(ON <1+/Iw\”m(dx)) .

Hence for any m € P(R%), that

[ 1 ey mi@a) < Gt~ 1) 4205 + 5% [VUO)

2 2 2
0 [ [ 0= 1 +3Ck + GIVU0)] - 0 |lal m(do).

This shows that Assumption 2.2 from [27] on the integrated Lyapunov condition holds. Our assumptions
also ensure that the initial condition satisfies Assumption 2.3 [27] and our continuity assumptions ensure
that Assumption 2.5 from [27] holds. Assumptions 2.6 and 2.7 from [27] hold due to our assumption of

linear growth. Using (2.7) and applying Theorem 2.10 from [27] shows that there is a weak solution to (2.2)
which satisfies (7.1).

To show the continuous dependence on initial data consider the Lyapunov function #(z) = 22 and define
L(m,m’,z,2')o(z — ') = — (DmF(m, @) — D F(m,2') + VU (z) — VU(J:')) - (027)(z — ') .
Let 7™ be any coupling of m,m’. We can see that due to (10.5) we have
-2 // (DmF(m, x) — DmF(m/,x')> (z—a) 7 (dz,dz")

<20p // (14 Je =1+ Walm,m)) o — /| 2™ (d, d)

< GCF/ |z — 2/ |? 7 (da, da’)
and that due to (2.6) we have

- // (VU(x) - VU(m')) (029)(z — 2" )7™™ (dz, da’)

<y / / o — 2/ 7™ (dz, da') .
Hence for any coupling 7™ be of m,m’ it holds
//L(m, m', x, 2" )o(z — ') Trm’m,(dx, dz’) < (6Cp — Cp) //ﬁ(x —a') 7 (de,dz’).

This shows that Assumption 3.2 (Integrated Global Lyapunov condition) in [27] holds. Also note that for
p=p/2,q:=p/(p— 1) we have

2(z — 2')[*? +20°7 < cp(1 + 2P + |2']) = ep(1 4+ v(z) + v(2)).

Hence we may apply Theorem 3.3 in [27] to conclude that if (z¢);>0 and (2});>0 are two (weak) solutions
to (2.2) then

E{\xt — x£|2} < e(6CF—Cultp [|$0 — x6|2]

i.e. we get (7.2). From this the pathwise uniqueness of solutions to (2.2) follows which in turn (together
with the weak existence) implies existence of a strong solution by the Yamada-Watanabe principle. |
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