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Abstract

By combining the Malliavin calculus with Fourier techniques, we develop a
high-order asymptotic expansion theory for a sequence of vector-valued random
variables. Our asymptotic expansion formulas give the development of the
characteristic functional and of the local density of the random vectors up to
an arbitrary order. We analyzed in details an example related to the wave
equation with space-time white noise which also provides interesting facts on
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1 Introduction

The asymptotic expansion of probability distributions for random variables and vec-
tors represents a fundamental topic in probability theory and mathematical statistics.
This theory has been widely applied to several fields, including the efficiency of es-
timators, hypothesis testing, information criterion for model selection, prediction
theory, bootstrap methods and resampling plans, and information geometry. There
exists now huge literature on asymptotic expansion. We refer, among many others,
to [2] and [1] for the case of sequences of i.i.d. random variables and applications, to
[3] for sequences of weakly dependent variables, to [9], [25], [26], [7], [27], [16], [28],
[15] and [14] for asymptotic expansion of martingales and of classical diffusions, and
to [12] or [20] for general sequences of random variables. The reader may consult the
monographs [2], [4] and [8] for complete expositions on these topics.

Generally speaking, the asymptotic expansion theory aims at finding the ex-
pansion of the density functions for a sequence of random variables that converges
in law to a target distributions (usually, the Gaussian distribution, but other target
distributions, such as mixed normal, are possible). The theory usually provides the
leading term and second order term in the asymptotic development of the density
function. For estimators and test statistics, while the leading term is used for confi-
dence limits and testing, the higher order terms provide a more accurate inference.
Some higher order-type asymptotic expansions for particular sequences of diffusion-
type can be found in [22], [24] with applications to statistics, and in [23], [6], [21],
[17], [18], [19] with applications to finance.

Our purpose is to provide a general method to obtain the asymptotic expan-
sions of density functions up to an arbitrary order, i.e. to find the further terms that
appear in the asymptotic behavior of the density. Our approach combines the so-
called Fourier approach and the recent Stein-Malliavin theory (see [10]) and applies
to general sequences of random vectors. Our main finding is that the asymptotic ex-
pansion up to any order of the family of densities of a vector-valued random sequence
(Fx)n>1 is completely characterized by the expectation of the so-called Gamma fac-
tors associated to the sequence Fly, or equivalently, by the joint cumulants of the
components of this sequence. These Gamma factors (defined in Section 2.1) are de-
fined in terms of the Malliavin operators of Fly. Consequently, the knowledge of the
Taylor expansions of the cumulants, together with some regularity in the Malliavin
sense of Fl, gives the higher order asymptotic expansion of the density. We also
mention that, in contrast with the classical assumptions in the martingale case (see
e.g. [26], [28]) or in the Malliavin calculus case (see [20]), the joint convergence in
distribution of Fyy together with its ”"bracket” (which is the usual martingale bracket
when we deal with sequences of martingales and it is defined in terms of the Malliavin



derivative in the non-martingale case) is not assumed in our work.

As mentioned above, our strategy is based on the Stein-Malliavin calculus
combined with the so-called Fourier approach. We start by analyzing the behavior of
the (truncated) characteristic function of the sequence (Fiv)y>1 via an interpolation
method and the Malliavin-type integration by parts. We notice the appearance of
the Gamma factors in the principal part of asymptotic expansion of the characteristic
function. The Fourier inversion, together with some regularity of the distribution
expressed in term of the Malliavin calculus, allows to develop asymptotically the
sequence of (local) densities of Fy. Some regular ordering of the cumulants is assumed
and this is checked in examples. Usually, the second order term in the asymptotic
expansion comes from leading term in the expansion of third cumulant, while the
third order term is due to the second and the fourth cumulant. A general formula is
obtained.

As an example, we analyze the behavior of the spatial quadratic variation for
the solution to the wave equation driven by a space-time white noise. We treat both
the one dimensional case (i.e we fix the time ¢ and we study the quadratic variation in
space for the solution), as well as a two-dimensional case (i.e. we consider a the two-
dimensional random sequence whose components are the spatial quadratic variations
of the solution at two different times). In both cases, based on a sharp analysis of the
correlation structure of the solution, we are able to find the asymptotic expansion up
to at least the third order term. Let us emphasize that, besides being a toy example
to apply our asymptotic expansion theory, this last part of our work shows some
interesting facts related to the solution to the wave equation driven by a space-time
white noise. We obtain the precise correlation of the increments of the solution, at
fixed time and when the time is moving and it appears that the dependence structure
of these increments depends in a non-trivial way on the spatial and temporal lags.

We organized our paper as follows. Section 2 presents, after the definition
and some basic properties of the Gamma-factors, the asymptotic expansion up to
an arbitrary order of the (truncated) characteristic function of a sequence of vector-
valued random variables (Fy)n>1. This expansion depends on the Gamma-factors (or
equivalently, the cumulants) of the vector Fy. Based on this expansion, we obtain
in Section 3, by inverting in Fourier sense the principal part of the characteristic
function, the approximate density for our sequence. This will approximate the local
(truncated) density of Fly. The asymptotic expansion is further explicited in Section
4 where we show that if the cumulants of Fy admit a specific Taylor expansion, then
a more precise expansion of the local density can be derived. In Section 5 we treat
in details a concrete example related to the solution to the wave equation driven by
an additive space-time white noise. The last section is the Appendix which contains
the basic tools of the Malliavin calculus.



2 Expansion of the characteristic functional

In this section, we analyze the asymptotic behavior of a general sequence of random
vectors, by using an interpolation method and the Malliavin integration by parts. We
will distinguish a principal part of the characteristic function, written in terms of the
Gamma factors and a neglijible part. These two parts are then estimated separately.

2.1 The Gamma factors

Let (W (h),h € H) be an isonormal process on a standard probability space (2, F, P).
For the definition of the Malliavin operators with respect to W, see Section 6. The
pseudo-inverse L~' of L is defined by L™'F = Y2, ¢ ' J,F for F = Y 2 J,F €
L*(Q2), where J, is the orthogonal projection to the g-th chaos. For p € N and
F € Dy, we define the Gamma- factors T'P)(F) is a reccursive way, see e.g. [10].

() =r
I'@(F) = (DF,D(—L)"'F)y,

[O(F) = (DF, D(=L) T (F)).

These variables are well defined by Lemma 1 below, if F' is regular enough in the
sense of the Malliavin calculus.

We have the following formula that links the Gamma-factors and the cumu-
lants: for every m > 1

km(F) = (m — 1)IE [T™)(F)] . (1)
Recall that the mth cumulant of a random variable F' € L™() is given by
F(F) = ()" -2 W E [¢F
m(F) = ()" 5o B[] | .

We also introduce the multidimensional Gamma factors of a random vector
F=(FY . F9)e D;,(R?) are defined in the following way. For i =1, ..,d,

Y F) = PO
and for i1,io = 1, ..,d,

r®

il,iQ(F) = <DF(i2),D(—L)_1F(i1)>H
while for 7;17 "7ip = 17 ..,d

Y (F) = (DF% D(-L)"'T)  (F))a. (2)

U15.052p 01 5eeslp—1
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The muldimensional Gamma factors Fgf’“’ip(F ) are also related to the joint

cumulants of the random vector F. Recall that if m = (mq,..,mq) € N, then the
mth cumulant of the random vector F' = (FW), .., F@) is

b (F) = Ky gy (FY, o, FD) = (—1)

where |m| = my + ... +mg. See [10] for the precise link between the multidimensional

Gamma factors and the cumulants.
Let Z, ={0,1,2,...}.

Lemma 1. (a) Let { € Z, and r > 1. Then D(—L)"'F € Dy11,.(H) if F € Dy,,
and there exists a constant Cy, such that
HD(_L)_lFHZ—‘rLT = CMHFHZ,T
for all F' € Dy,

(b) Letl€Zy,r>1andpe {2,3,..}. ThenT” L(F) €Dy if F=(FW, .., FW) e
Des1pr(RY), and there exists a constant C’gmp such that

HF ----- ) F)HZ,T < Cg,T’pHFH5+1,pT (3)

for all F € Dyyypy and iy, ...,ip € {1,...d}. In particular, T, (F) € Dyoo_ if
F € Dpi1,00- = Nps1Digrpe
Proof. Let r > 1. Since D(—L)™'F = (I — L)™' DF for F € P, the set of polynomial
functionals, we have

IDC-L) |, 5 N0 DEVEDELF], = (- D D2DE],

S (o P L P

for all F € P uniformly. Therefore, D(—L)~! is extended as a continuous linear
operator from Dy, to Dyyy,(H). Thus we obtained (a).
Suppose that F' = (FW ... F@) € Dy, q,,(R?). The property (b) follows from

(a) by induction. Indeed, since F(kH) (F) = (DFG+) D(—L)~T® iy o if (3)

~~~~~ () (i1,
holds for k (< p — 1) in place of p, then
I8 Ml = ISy o DD TGy sy
N HF(ikH)HeH (k+1 H iy (F)He 1k~ (k+1)
5 HF(ZkH) HZ—{—I (k—l—l)rHFHZ,(k—l-l)r
S NFIE ey



Thus, (3) holds for p = k 4+ 1. The inequality (3) is trivial when p = 1, which
completes the proof. [ |

2.2 Interpolation

Let d > 1. Consider a sequence of centered random variables (Fyy)y>1 in R? of the
form

Fy = (F}V”F}Vf”)

Let C' = (C;;){,—; be a deterministic d x d positive definite symmetric matrix. For
every N > 1, we introduce a truncation functional Wy which is a smooth random
variable. A more precise form of this functional will be chosen later in Section 2. We
consider the following condition for the truncation functional Wy: if p is a positive
integer

[V] Foreach N € N, U : 2 — [0,1] and ¥y € Dy 1.
Let us define the interpolation functional

e(0,\, Fy) = exp <i9<A, Fy) — %(1 - 92)ATCA) (4)

for every 6 € [0,1] and A € R% Let A = (A, ..., \y) € R and 6 € [0,1] and let us
consider the truncated interpolation

on(0.2) = E[WUye(6, X, Fy)]. (5)

Notice that o3 (1,A) = E [\If et N >] represents the "truncated” characteristic func-

tion of Fiy, while 0% (0, A) = E[Wy]e—>" ©»/2 is the " truncated” characteristic function
of the limit in law of Fly.

The first step is to get the expansion of the derivative with respect to the
variable 6 of the characteristic functional.

Lemma 2. Suppose that Fy € Dy, 1(R?) for any N > 1 and that [¥] holds. Then



the functional % (0, X) is well defined for (6,X) € [0,1] x R, and it holds that

8 d
%cp%(@,)\) = 1(10)" > 1Ai1....A,-pHE{\11Ne(9>\FN)r@jig L (Fy)
11y lp+1=
d
+1(10)770 )T A A E[Tye(0, X Fy) BT (Fy)]
i1yeeeyip=1
d
(10772 D N, EB[Une(0, X, Fy)|E[TYY (Fy)]
1 5eeyip_1=1
_|_..
Z XA A E[Une(d, X, Fy)|E[TY, L (Fy)]
i1,12,i3=1
19 Z )\Zl \I!Ne(9 )\ FN)} (E[Fz(f)m(FN)} _Cil,iQ) (6)
i1,i2=1
p
+> Rin(0,N)
j=1

for (0,X) € [0,1] x RY, X = (A1, ..., \q), where

d
Rin(0,2) = a0y Y Ail....A,-jE[e(e,A,FN)<DWN,D(—L)—1r§f},Z._(FN)>H]

A

(7)

for j = 1,2,.,p. In (6), F“ Z2(FN) can be replaced by the symmetrized version
e (Fy) = 27 (T2, (Fy) + T2 (F)).

11,72 11,22 22,21

Proof. The Malliavin derivative of the random variable e(f, A, Fyy) given by (4) can
be calculated as follows

d
De(0, X, Fy) = i0 e(0, X, Fy) Y MDFY. (8)
k=1

We differentiate o3 (6, X) given by (5) with respect to 6, and we use the identity (99)
as F](\f) = 5D(—L)_1F](\?) for every j = 1,..,d and the duality relationship and (8) to



obtain

d

d
%gp%(é’,)\) = Y INE[Tye(0, X FN)FY ]+ Y ONME[Ty (0, X, Fy)Ci]

j=1 7j=1

d
= =030 ANB el A F) ((DF, DL~ )|

J,k=1

d
j=1

d
= i(10) > N AuE[Tne(0, X Fn)] (T2, (Fy) — Ciyiy)

i1,i2=1

+Rin(0,A) (9)

with
d .
Rin(®2) = iz)‘jE[e(evAaFN)<D\I’N,D(—L)_1F](\?)>H_

j=1

The formula (9) has been also obtain in [20] and it allows to obtain the second order
terms in the asymptotic expansion of the sequence (Fy)y>1. In order to get the
higher order term in this asymptotic expansion when p > 2, we refine the above
formula (9). By (99), we write

r®

11,12

(Fn) = Cisy = T

11,82

= 0D(—L) Ty i (Fy) + E[LE (Fx)] = Ciyy (10)

(Fy) — E[TY, (Fy)] + E[L2, (Fy)] = Civi,

i1,

for every iy,19 € {1,..,d}, and we apply the duality and (8) once again to obtain

E[Wxe(,\, Fy)dD(—L)"'TE, (Fy)]
d
— iE [\I/Ne(ﬁ, X Fx) Y A (DFS, D(—L)‘lfﬁf?iz(FN»H}

i3=1

+E [e(e, A, Fx) (DU y, D(—L)‘lfgf?iQ(FN))H} . (11)



From (9), (10) and (11), we obtain

0

g en(0. ) = Z A A A E[Wne(@, X, Fy)TE, - (Fy)]

11,12,13
11,12,i3=1

i(16) Z A A E[Wne(d, X, Fx)] (B[DE (Fx)] — Civia)

i1,i2=1

+R1,N<6, )\) —+ R27N(‘97 )\)

for every 0 € [0,1] and X € R?, where

Ron(6,A) = i(if) Z Ay A [ (0. X, Fx)(DUy, D(~L)"'TE, (Fx)) i
i1,i2=1
By iterating this procedure, we obtain the desired expansion of Gap Y0, ). [ |

2.3 Approximation to the characteristic functional and esti-
mate of the error

The result in Lemma 2 shows that the behavior of the characteristic functional
oy (0, ) is closely related to the behavior of the Gamma factors (or equivalently,
the cumulants) of Fyy. Let us define, for (6, A) € [0, 1] x R¢, the following quantity,
which will be called in the sequel the principal part

d
Pv(0,A) = (0 > A, E[IPY(Fy)]

.....

.....

Z A A E[TY L (Fy))]

i1,2,i3=1

1(10) Z Nihiy (B[TE (Fx)] = Ci ) (12)

i1,02=1



Rv(0,0) = i(i0p Y )\il....)\,-pHE[\IfNe(@,)\,FN)<F(p+1). (Fy) — E[T%*)

1se-tp+1

The truncated characteristic function can be written in terms of the principal
part Py (0, A) and of the residual term Ry (6, A).

Lemma 3. Suppose that Fy € Dy ,11(R?) and that [¥] holds. Then, for any positive
number ¢, the functional ©y, (0, X) admits the expression

ox(0,0) = ¢%(0,>\)exp(/OGPN(el,A)cwl)

+/06 exp (/9 PN(HQ,A)dHQ) R (01, \)d6s (13)

01
for (0,A) € [0,1] x R%.
Proof. By Lemma 2, we have

DH0.0) = Ru(0.0)+ 050, AP (0.2 (14)

Solve (14) to obtain (13). |

In order to obtain the high-order asymptotic expansion, we need to assume
several conditions. The first assumptions stated below concern the Malliavin regular-
ity of Fiy and of its associated Gamma factors. We fix a positive number q, that will
be the order of the asymptotic expansion. Given a positive integer ¢, we consider the
following conditions.

[A]_] (i) Fy € [Dé-i—l,oo and
sup || F < o0 15
NeﬁH NHZ-‘,—l,r (15)
for every r > 1.

(ii) For some positive constant a and some d x d non-singular matrix C; satis-
fying C' =271 (C, + CT), it holds that

P9 (Fw) - G, = O(N)

as N — oo for every r > 1.

10



Let ¢, € {1,...,¢}. Consider also the condition

[A2] (i) For some r > 1,

asn — oo for iy, .., ip11 € {1,...,d}.

(ii) For some r > 1,

i

as n — oo for iy, ..., i1 € {1,...,d}.

Obviously, a sufficient condition for [A2] is

[A2F] For some r > 1,

asn — oo for iy, .., i1 € {1,...,d}.

In what follows, we will work with Wy defined by ¥y = 1 (Zy) for a function
1 € C®(R;[0,1]) such that ¢(z) = 1 for x € [-1/2,1/2] and ¢(z) = 0 for = €
(—1,1)¢, and a functional =y given by

2y = K.NZ |TO(Fy) — ¢y, (18)

where K, is a positive number and I'® (Fy) = (FE?(FN));%]-ZT By choosing a suffi-

ciently large K,, we may assume, due to (18), that there exist positive constants c;
and ¢y such that

a1 < |detT®(Fy)| < (19)

for all N € N and a.s. w € €2 whenever |Ey| < 1.
Let Ay = {\ € R% |A| < N¢}, where ¢ is a positive constant. We will put a
condition ([A3]) concerning ¢ later.

Lemma 4. Suppose that [Al] is fulfilled.

11



(a) Suppose that [A2] (i) is satisfied. Then, for any o € Z%, there exists a constant
C,, such that

805
sup sup lixea, N

aRNw,A)) < Cal+ )T (h e BY (20)
NeEN6€(0,1] oA

(b) Suppose that [A2] (ii) is satisfied. Then

OA*

sup
9€[0,1]

Ryl 0] = o)

asn — oo for every A € R and o € 74..

Remark 1. (i) Under the assumption that sup y¢y HFNHZ—H (1) < 00, We have

(Fn)[ler < 00

thanks to Lemma 1. In this situation, Condition (16) is requesting the order N~9 to
the norm. (ii) It is possible to show a similar result under the condition that

~ o)

7777 ZP+1 N Hfl,’f‘

instead of [A2] though we will not pursue it here. (iii) Logically, ¢ in Lemma 4 can
be £1~

Proof of Lemma 4. Let TP (Fy) = T®)  (Fy) — B[P (Fy)].
For a € Zi, we have

o* ! a 9
aAaR N A) = i(ie)p' Z B ( ) )E%N(G, A) == (NN, sy)

FY TR0 21)

where

By definition,

%e(e A Fy) = py(0Fy, (1—6%)CA (1—6*)C) e(6, A, Fy) (22)

12



for a polynomial p.,.
By Lemma 1 and [A1] (i), Fgft_l,)ipﬂ(FN) € Dy, for any ry > 1. We apply the

IBP formula (see Lemma 2 in [20]) to the interpolation functional e(6, X, Fyy) that is
taking advantage of (19) and based on the chain rule

d
(DF ), DD, = S0 e, (k)
io=1 2

for f € CY(RY) of at most polynomial growth, in order to obtain

1yeees p+1

(16X)°E {\IfNeieO"Fmp,Y (0Fw, (1 —6*)CX, (1 - 6*)C)TPH) (FN)]
- E [eif’wm@gfv <\11pr (0Fw, (1 —6*)COX, (1 - 6*)C)TP) (FN))}

for A € Ay and § € Z% with the sum of the components |3| = ¢;. Here (IDEN is a
linear functional and we see that

sup (I>§N (\I’pr (0FN, (1= 6*)CX, (1 —6%)C) quz('ft.l,)ipH(FN)) 2t a=eTeA | o
elg[%i.\{] 1
A€Rd

(23)

Here we used (15), (16) for which r is strictly larger than 1, and the estimate
[(1=0*)CA] < [CV?(14 (1 —6*)ATCA).

For each A = ()\;) € Ay, we choose a component i that attains max{|M|; j = 1,...d}
and use the above estimate for = (i,4...,4). Then we obtain

sup {Nq|)\|él‘E%N(9,)\)‘} < 0. (24)
neN, 0€[1/2,1], AeR?

Moreover, there exists a positive constant ¢y such that

sup ‘6(9, A, FN)‘ < cytexp ( — co|/\|2) (25)
NEeN, 6€[0,1/2)

for all A € RY. From (24) and (25), we obtain

9o
sup su E 9,)\ — >\2 >\2
Neﬁ ee[ol,)l} v >8)\a_7( ! 1)

< Ko(1+ A~ At (26)

13



for all A € R, where K is a constant depending on a— but independent of A € R%.
Since ||D¥ylls = O(N™™) for every m > 0, for Ay = {|JA] < N¢} and for
every k > (0 and s > 0, we see
0“ — ,
— R < i s+(k+j)§—m _
N R; N (0, }\)D N ]31_{1100]\7 0 (27)
if we choose a sufficiently large m. Now, from (26) and (27), we obtain Inequality
(20).
The property (b) is rather easy to prove since it only requires A-wise estimate
of an explicit expression of 2=Ry(6,A) by using [A2] (ii). |

lim sup (Ns\)\\k

N—o00 AEAN

Estimate of 9%/0A%py, (0, A) will be necessary in the proof of Proposition
1 down below. The only possibility is to repeatedly apply the IBP formula. The
estimate outside of Ay cannot gain improvement by the decay of cumulants, and it
is the worst one, in other words, it uses the highest order of repetition of the IBP
formula among other terms.

Lemma 5. Suppose that [Al] (i) is fulfilled. Then, for every o € Z%, there exists a
constant C,, such that

I
for all 0 € [0,1], X € R and N € N,with ¢ from condition [Al].

'aa go%(e,»' < Ca(l+ A~ (28)

Proof. This lemma can be proved by estimatrion quite similar to that for £, y(6, )
in the proof of Lemma 4. We can repeat the IBP formula (i.e. Lemma 2 in [20])
(-times in this case for 6 € [1/2,1]. Estimation for 6 € [0,1/2) is also similar. |

Recall the expression (13) of the characteristic function ¢% (6, A) in Lemma
3. Based on the estimated in Lemma 4, we can show that the last summand in the
right-hand side can be neglegted. Consequently, the dominant part of oy (6, X) will
come from the first term in right-hand side of (13), which involves the exponential of
the principal part. We will introduce a new random variable, in which we keep the
first terms in the Taylor expansion of the exponential function. For k € N, let

k

PL(A) = Z%(/OlPN(H,A)dH)j

j=0
and
o0 1 1 J 1 1
Rv(A) = X0, Y ﬁ(/ PN(G,A)d«9> +/ exp(/ PN(GQ,)\)d92) Ry (61, N)db;.
j=kt1 7" NJO 0 0

14



Then, if one has the expansion (13), then

PN(LA) = on(0, M)PR(A) + Ry (A). (29)

At this point, let us make a brief summary to comment on the role of the
parameters that appear in our work. Recall that d is the dimension of the random
vector, p+ 1 is the maximum order of the cumulant that appear in the decomposition
of the characteristic functional oy (0, X), k comes from the Taylor expansion of the
exponential function while ¢, ¢, ¢ appear in assumptions [A1] —[A2]. N~? will be the
the size of the error term. Next, we need to assume some relation between all these
parameters. Condition (30) will be needed to evaluate the residual terms.

[A3] The numbers qq € (0,00), £ € (0,00), £ € N and ¢; € N satisfy
Qok+1)>q, &(l—d)>q, L>p+1+d

and

p+1
N BTCv™) (Fy)] — |+ Y N[B[0 (Fy)]| = O(1) (30)

Jj=3

as N — oo. The expectation of a matrix is understood componentwise and } . }
denotes the Euclidean norm.

Remark 2. (a) Condition (30) imposes a restriction on ¢ from above. Besides, p
will be asked to be large according to the value of q in order to satisfy [A2]. In this
sense, p is a function of q: p = p(q).

(b) If we take ¢, = ¢, then Condition [A3] requires

‘> d+max{g,p+1}

tol. If d =1, p=1, then £ > 4 at least.

(c) Increasing k causes only increase of complexity of the formula and does not require
Fx to pay more, once we found p for [A2] and q, for (30).

(d) The index qg depends on the largest order of terms among the terms appearing
n (30). Often the term for j = 3 dominates other terms.
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(e) In most common situations, the order p of the controllable cumulants is the essen-
tial parameter. It determines the possible order q of the asymptotic expansion.
The parameters ¢, k, £ and qp are somewhat technical but automatically de-
termined by p and the dimension d. See Section 4.2, that treats a regularly
ordered expansion.

Lemma 6. (a) Suppose that Conditions [Al], [A2] (i) and [A3] are satisfied. Then
there exists a constant K such that

o ‘
* < —t1+p+1
AL I IRREY

N aean)

for all (\, N) € R% x N.
(b) Suppose that Conditions [Al], [A2] (ii) and [A3] are satisfied. Then

804
N

Ry(A) = o(N79)

as n — oo for every A € R,

Proof. 1t follows from [A3] that

aa

sup  lyxeay) INC

0€[0,1], AeR4

Pn(6, A)‘ = O(N %) (31)

as N — oo for every a € Z%. Therefore Py undertakes A’s by itself.

The property (a) follows from Lemma 4 (a), and the representations of R, ()
by Ry(6,A) and Py(0,A) and qo(k + 1) > q. Similarly, the property (b) can be
proved by using Lemma 4 (b). |

3 Asymptotic expansion of the expectation and its
error bound

The approximate density of the sequence (F)n>1 is defined as the Fourier inverse of
the dominant part of the truncated characteristic function of Fy as follows.

1

fN,p,k(x) = W /[Rd €_i<>\7x>g0N7p7k(A)dA, T € [Rd (32)

16



where gy, K is given by
onpk(A) = PPN, (33)

We recall that P}, depends on p and k. Obviously by definition, ¢y ,«(A) may include
terms of higher-order than q. It is necessary to find an expansion of each term in
the expression (12) of Py (6, A) if one wants to extract the principal part from the
expansion. The principal part depends on the structure of the model in question,

and really we will specify it in the later sections.
Let

e¥(A) = on(LA) = E[Tye™]. (34)

The local (or truncated) density py, of the random variable Fly is defined as the inverse
Fourier transform of the truncated characteristic function:

1 —i(A\,x
Ph(e) = 7 [ e NaA

for € R, The local density is well-defined since obviously the truncated character-
istic function ¢y, is integrable over R* under [A1] by Lemma 5 if £ > d.

We estimate below the difference between the approximate density and the
local density.

Proposition 1. Suppose that Conditions [Al], [A2] and [A3] are satisfied. Then

up (\x|m\p%<x> - fN,p,k<x>\) (N (35)

z€ERY

as N — oo for every m > 0.

Proof. Let
Rv(A) = {gX(0,X) — e 2 Apr(n)
= {E(Wy) — 1}e 2N APL(N), (36)
Since
PnpkN) = oN(0, )PR(A) = Ry (N),
we have

PN(A) = onpkX) = Ry(A) +Ry(A) (37)

17



from (29).
By the integrability ensured by Lemmas 5 and 6 and by (36), we obtain

1 [ O° o
(130 = 1)) = G| [0 (e b = gmonan) ) ix

. 0“ o
—i(Ax) g _
[ e (SR — g )
<)
A
/ S (A)'dA+/
Ay | O N An
oy ‘ /
+ _oY(A)|d +
J o [

for every a € Z%. Thus, we obtain (35) by the following estimates.

lim N¢ /
N—o00 An

by the dominated convergence theorem with Lemma 6 since ¢; > p+ 1+ d by [A3].
Since (31) holds and E(¥y) — 1 = O(N~t) as N — oo for any L > 0, the represen-
tation (36) gives

(67

O g
8)\0490N(>\)‘d>‘+//;§v

(67

0
?\, 8)\04 @N,p,k()\) 'd)\
0" ~
xRy () 'dA

IN

(67

0
W@N,p,k()\) ‘d)\

o B
WRN(A)‘d}\ =0

0% ~
aAaRN(A)‘dA =0

lim N* /
N—o0 Ay

for every L > 0. By Lemma 5,

/. lox
A

OA*

so%(k)‘dA < Ca/A (1+ | A~

c
N

5 / ,,,,—Z-i-d—ld,r,
r>N§

= O(N"9%) = o(N™9)

c
N

as N — oo since (¢ — d)§ > q by [A3]. Moreover

/Aﬁv

as N — oo by the Gaussian factor with the assistance of (30). |

0“ _
S A

18



For a,b > 0, we denote by £(a,b) the set of measurable functions g on R?
satisfying |g(z)| < a(1 + |z|)".

Theorem 1. Suppose that Conditions [Al], [A2] and [A3] are satisfied. Then, for

sup = o(N79)

g€&(a,b)

E[g(Fy)] - / 9(2) f ()

Rd

as N — oo for every a,b > 0.

Proof. Since the Fourier transform ¢y, of the measure v(dx) := E[Vy|Fy = x| P~ (dz)
is integrable, v has a continuous density py. Applying Proposition 1, we have

sup
g€e€(a,b)

E[\I/Ng(FN)] — /[Rd g9(x) fnpx(z)dx

/[Rd g(@)py (w)dr - / 9(z) fnp(x)de

R4

= sup
g€e€(a,b)

IN

sup |9(2)||px(2) = fapk(@)|dz
ge€(a,b) JRI

< sup (L) o) = o)) [ alr+ 1) ey

zeR4

~ o)

as N — oo for every a,b > 0. This completes the proof because

sup |E[g(Fy)] —E[WNQ(FN)}‘ < [[1 = x|, sup [Ja(l + [Fx])], = O(NTF)
ge€(ab) N’EN
as N — oo for every L > 0. [ |

4 Reduced formulas

If the cumulants E [F(p) (F N)} , p > 2 admit a specific Taylor decomposition, we obtain
a more explicite asymptotic expansion for the sequence (Fiv)n>1.
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4.1 Principal part of fy

The asymptotic expansion formula is given by (32) and (33). However, it involves
terms that is higher than N~9 in general. If the coefficients in Py (6, A) admit a
specific expansion, then we can extract the principal part of fy , «.

Let | = {1,...,d}. For simplicity of notation, we will denote by I; a generic
element (i1, ..., i;) of . The summation >p, standsfor 3o ooy Forj e {2, .. p+

.....

1}, suppose that a nonnegative integer k(1) is given for each [; € V.

The below assumption gives the concrete Taylor expansion of the cumulants
of Fiy in terms of power of N.

[B] For each j € {2,...,p+ 1} and I; € V, if k(I;) > 1, then for k € {1,....,k(I;)},

..........

such that the following conditions hold.

(1) 0 < 3L, 1) < -+ < (I, k(I})) < q (when k(I}) = 1),
(ii) For I, € I?,

k(I2)
E[ngym)(FN)] —Cp, = Z (I, YN0 4 o(N=9),
k=1

where the sum Z’,j(:?’ reads 0 when k(/3) = 0.
(iii) For j € {3,..,p+ 1} and [; € VV,

=

(L)
EIY(Fx)] = > el k)N 4 o(N79),
k=1

where the sum ZZ(:I{) reads 0 when k(/;) = 0.
(iv) The numbers qo € (0,00), £ € (0,00), £ € N and ¢; € N satisfy

qok+1)>q, &(l—d)>q, (=l>p+1+d (38)

and
Jo S min {”}/(I],l) _.757 Ij S Hj? j = 27 7p+ 1} (39>

with v(/;,1) = oo when k(I;) = 0.
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Assumption [B](ii) — (4i¢) indicates that the random vector (Fy)n>1 converges
in distribution to a centered Gaussian vector with covariance matrix C.

Remark 3. In many cases, y(/;, k) is a multiple of a constant such as 1/2. How-

ever, it is not always true. For example, the asymptotic expansion formula for

Fy = SV + 5% has two scales N2 and [N™]~Y2 and their mixtures when
1 _ N 1 2 - N7 2

Sy = N (Y - 1) and S = NP EINT(E7)? - 1), where

{5](1)’ 5](-2); jE D\l} are independent standard Gaussian random variables.

We write A, = Ay, -+ N, for X = (A,...,\g) and I, = (41, ...,%). Under
|B], fol Px (0, A)df is given by

/OPNH)\ % > ZAIM{ 37y K) st +o(N~ )}

m=2 I, el™ k=1

Therefore, P} () is expressed as

pt1 pt1 RIS R
*
SUCIEETS 55 SR 3D S Dl et Ay A
7j=1 m1=2 m]—21(1)€|]m1 I(])eum k1=1 ]_1

{maetmy ,
x{i (IO k) - e(ID, k)1

glmy--omy ™ my 2 M3 (1] k) () k) <a}

<N~ {—y(Iml,/ﬂ)—i- +’Y( m )}+€N(j mb___’mj;f(l) . I kl,...,kj)},

myy o Tmyo

where EN(j;ml, ey T Ir(,%l), s ]r(,{}.; k1, ..., kj) = o(N~9) independent of .

Given the Taylor expansion of the cumulants from Condition [B] and the
expression of the principal part Py(6,A) in (12), we will replace Py(A) by a new
functional written in terms of powers of N. Define Py (X) by

(1) I(J)
p+1 p+1 k(Imy)  k(m})
Pyv(d) = 1+ZZ DD DD b DD S VIS
j=1 mi=2 mJ—2I(1) ™1 I(])EH i k1=1 kj=1
iy )
XSy U K = U BV 0 1) <)
o NI )+ (L) )} (40)
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Let

ra 1 —i(A\,x) >~
Frnste) = ra [ MmN @R

where ©n ,k is given by
PrpkA) = APy,
Then

Frpx(@) = Pu(i0:)(x;0,C), (41)
where
G(2;0,C) = (2m) Y*(det C) V2 2% O,
Define the a-th Hermite polynomial H,(z;C') by
H,(z;C) = e:”chlw/z( — 8m)ae_mchlm/2 (r € RY)

for o € Z¢. Define the multi-index a([&), s [r(,ij)) € 7% by
G
A Xy = AT (AR,
That is, the i-th component of a([r(,%l, I,(ﬁj)) is the number of i’s appearing in the
sequence L(ﬁl) ooy I, ) Then the density function pr « is expressed as

fN,p,k(I) - ¢(IE’,0,C)
p+l p+1 RIS k)

B335 D SIS Sy z{,ml

,7 1 mp=2 m3—21(1) 1™ I(])Enm ki=1

([ kl) ([%)aky) Ha 17(7{))(1’7 C) ¢($,0,C>

miy?

«1 N—{V(L(il 1)+ +’Y(I(J) k; )}}‘ (42)

(YIS k)4 (1) k) <a}

The following theorem validates J?N@k as a reduced asymptotic expansion for-
mula.
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Theorem 2. Suppose that Conditions [Al], [A2] and [B] are fulfilled. Then

sup [E[o(Fw)] ~ [ gle)Fupelo)ds| = o(N" (43)
ge€a,b) Rd
as N — oo for every a,b > 0.
Proof. We have
sup (1ol fvgade) = (o))
z€ERY
1 Lo k  p+1
= o(N9) sup / 10y )%e i) {6_2}\ oA
( )xE[Rd (27)? Jga (( ) ) ;WZ_Q
15 51D VT SED SIED SP WIS W
mJ—2I(1) ™1 I(])eu j kl 1 ]—1
= o(N79)

as N — oo for every a € Z%. Here the last equality follows from integrtation-by-parts
and that ey = o(N~9). Therefore,

sup | [ 9@ frgadorte = [ o) Fupulo)ds| = olN-
g€e€(a,b) Rd R4
for any a,b > 0. Now Theorem 2 follows from Theorem 1. [ |

4.2 Regular ordering

In this section, we will consider the situation where the exponents v(I;, k) are mul-
tiples of some positive number . Suppose that p > 2. We consider the following
situation.

[C] (i) For each I, € [?,

3
L

E[ngym)(FN)} -C = c(I, k)NF 4 o( N~—(P=1)7)

B
Il
—

as N — oo for some constants c¢(Io, k) (k=1,...,p—1).
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(ii) For each j € {3,..,p+ 1} and I; € IV,

p—j+2
E[F%>(FN)} = Z c(I;, k)N~U=3Hh7 4 o(N—=1)
k=1

as N — oo for some constants c(I;, k) (k=1,...p—j+2).

Given an integer p > 2 and the dimension d of Fy, we suppose that the positive
integers ¢ and ¢, satisfy

(>3p—1)+d, (>0 >p+1+d (44)

For example, the inequalities (44) hold if £ = ¢; > 3(p — 1) + d, when p > 2.
Suppose that Condition [C] and (44) are fulfilled and that a positive number

¢ and an integer k satisfy
1 1

K s P27 4+3 (-1

v =38 v =3¢

Such numbers ¢ and k exist under (44). Let g = (p — 1)y and let qo = v — 3¢ (> 0).
Let

and

~ 1. (45)

VI k) = ky (k=1 p—1)
and
Y k) = (j—=3+ky (k=1...,p—j+2)

for j =3, ..., p+1. Then the inequalities in (38) and (39) are met, and hence Condition
[B] holds for k(I;) =p—1and k(I;) =p—j+2forj=3,....,p+ 1.

We can write y(1;, k) = ((j —3)4+ + k)y for j € {2,...,p+ 1}, v+ = max{z, 0}.
Then the symbol Py (X) takes the form of

p—1 p+1 p+1 p—1—(m1-3)y  p—1—(m;—3)+
Pv(A) = 1+ Z Z Z Z Z Z A A
L=z =2 G e =l k=1 ' !
g 19
o UL R L IS PR By
o N~ (mi=3) 4 +327_ kidy (46)
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We remark that the first summation on the right-hand side of (46) has become Z?;i

though it was originally Z =1, by the following reason. The condition (45) entails
k > p — 1, however, for ;7 > p, the summands vanish due to the indicator function.
Therefore only the terms for j up to p — 1 can contribute. According to (46), the

density fN,p,k has the expression

frupi() = 6(2;0,C)

p—1 p+1 p+1 —(m1=-3)+  p—1-(m;—3)+

1
535S SID SIS SR SR S {jilml...m,
j=lmi=2 my=2 () cpmy Ifg;eu j k1=1 kj=1 J
xe(I$) k) -+ (1), ky) H o i) (;C) ¢(2;0,0)

x1

—{>7_ (m;—3 Ik
(5 mi3) 13, ki<p- 13 Y (ol h}‘ (47)

Applying Theorem 2, we obtain an asymptotic expansion formula when the
gamma factors have a regularly ordered expansion.

Theorem 3. Assume [Al] and [A2] for some pair (¢,01) of integers satisfying (44)
for given integers p > 2 and the dimension d of Fy. Moreover assume [C]. Then

sup
g€&(a,b)

= o(N~=1) (48)

E[g(Fy)] - / 9(2) P

Rd

as N — oo for every a,b > 0 for fN7p7k of (47).

In the rest of this section, we will state several special cases of the asymptotic
expansion in terms of the symbol Py () of (46). When p = 2, Formula (46) gives

- 1 1. _
Pv(A) = 1+¢ Y 512>\1é1)c(1§1>,1)+ > 513)\[§1)c(]§1),1) N7, (49)

Ve Mem
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When p = 3, Formula (46) gives

~ 1 1
Py = 149 Y —12/\1251)0(]2(1),1)+ > _i3>\,§1>c(1§1>,1) N~

2

Ve Ve

3

1_ 1 1. 1
#4030 SNl 2+ S St A, 2)

Ve Memp

L 1
+ Z 114AI£1)C(LE ),1)

1{Memn

1,
DY 514)\151))\152)0(]2(1)71)0(152)71)

Ve 18P e

1,
DY 615)\1519\[;2)0(]2(1)71)0(]?@71)

Ve 1P e

L, _
+ >y 1—816>\1§1>>\1§2)c([§”,1)c(1§2>,1) N2,

Ve Ve

In particular, when p = 2, Formula (49) is reduced to

5 1, _
Px(A) = 1+ Y g1i"’>\1§1)(z(1},§1>,1)N g

$Mems

if ¢(I,1) =0 for all I € [>. When p = 3, Formula (50) is reduced to

5 L, _
Prv(A) = 1+ D7 ot el DN

$Mem

1_ 1 1. 1
FO et 2) - 2 T Al )

Ve (Ve

L, _
+ >y 1—816>\1§1>>\1§2)c([§”,1)c([§2>,1) N~

(Ve 1P e
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if c(I5,1) = 0 for all I, € 12 and if ¢(I3,2) = 0 for all I3 € 3. If additionally ¢(l5,3) = 0
for all I, € 12 and if ¢(Iy,1) = 0 for all I, € 14, then for p = 4, we obtain

5 1. _
Pv(A) = 1+ Z 513A1§1)C(I§1),1)N 7

$Memp

1 L,
+ Z 512)\151)6(]2(1),2) + Z 114AI£1)C(L§1),1)

Ve 1{Mer

+ > Z —1 Alu)/\I(z)c(Ié),l) (1P, 1)y N

Ve 1‘2)eu3

1, 1 1. 1
+ Z ngAlél)C(Ié ),3) + Z 515)‘1§1)C(I5( )71)

Memp Mew

I
+> > 615>\I§1>>\I§2)c(1§”,2)c(1§2>,1)

Ve 1P e

1.
+ > EJAIS)AIPC(I?E”,1)c(ff),2)

Ve 1P e

+ Z Z Z ﬁl >\I(1>>\1<2)>\I<3)C(Ig§ ,1)e (Iéz,l)c(fég),l) N3,

Ve 1 e 1P e

In the last situation above (which is the case of the example studied below), the first

order term comes from the leading term in the Taylor expansion of the third cumulant,
the second order term comes in the sum of the leading terms in the expansion of the
second and fourth cumulant, the high order terms being a mixture of terms in the
Taylor expansion of all the cumulants.

5 Application to the wave equation

In order to illustrate our theoretical results, we will consider an example of a ran-
dom sequence related to the solution to the wave equation driven by a space-time
white noise. More precisely, we will analyze the asymptotic behavior of the quadratic
variation in space of this solution. We will first analyzed the asymptotic expansion
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of the spatial quadratic variations at a fixed time and then we will study the two-
dimensional random vector whose components are the spatial quadratic variations at
different times. We show that the assumptions considered in the previous sections
are satisfied in this case.

Let us start by recalling some basic facts concerning the stochastic wave equa-
tion and its solution.

5.1 The wave equation with space-time white noise

Our object of study is the solution to the following stochastic partial differential
equation in dimension 1

Put.x) = Ault,z)+W(tz), t>0, z€R

u(0,z) = 0, zeR (51)
du,r) = 0, z€R

We denoted by A the Laplacian on R and by W = {W;(A); t > 0, A € By(R)} a

real valued centered Gaussian field, over a given complete filtered probability space
(2,5, (8)t>0, P) with covariance:

E[Wt(A)WS(B) — (t A S)MAN B), for every A, B € B4(R) (52)

where ) is the one-dimensional Lebesgue measure and B,4(R) is the set of the Borel-
subsets of R with finite Lebesgue measure. This is usually called ”the space-time
white noise”.

The mild solution to (51) is a square-integrable process u = {u(t,z); t >
0,z € R} which is defined by:

t
u(t, ) = / /Gl(t —s,x —y)W(ds, dy) (53)
0o JR
where the Green kernel G is defined by

1
Gi(t,x) = 5]1{‘90‘@5}, t>0,xreR. (54)

5.2 Computing the covariance and the correlation

Fix t1,to > 0 and =,y € R. We need a sharp evaluation of the correlation structure
of the Gaussian process (53). We first calculate the quantity Efu(ti, z)u(ts, x)] at
differents times t; # t5 and when t; = t5.
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Lemma 7. Let u be given by (53). For every ti,ty > 0 and x,y € R, we have

1 1
E[u(ty, z)u(ts,y)] = —=1{jt—ta<ly—sl<tittz} (t1 + 2 — | — yl)® + Zl{|t1—t2‘>|y—l‘|}(tl Ats)?.

16
(55)

In particular, fort; =ty =t > 0,

Blu(t,2)u(t.y)] = 15 Lo sien(2t — 2 — o] (50)

Proof. By the isometry of the Wiener integral and from (54), we obtain

IAWAY 2]
Elu(t, z)u(ts,y)] = / ds/del t1 —u,x—2)Gi(ty —u,y — 2)

t1Ato
= / dS/dZ1{|m sJ<ti—sy L {ly—z|<ta—s}

1 ti At A g (b +ta—|y—a))
= 1/ dS/le{w—ZlSt1—s}1{y—zStz—s}
R

1 t1N\to
+3 / ds [ dz1liassty+ta—y—aly L{jo—z|<ti—s} L{ly—2|<ta—s}
0 R

1 t1/\t2/\%(t1+t2—|y—m|)
= 1{t1+tz>|y—x|}1/0 dS/Rdzl{x—z|<t1—s}1{y—z<t2—s}

1 [hrtAz(titta—ly—z]) (z4t1—8)V(y+t2—s)
- 1{t1+t2>|y—1‘|}_/ ds(/ dZ) .
4 0 (z—t14s)V(y—ta+s) +

In order to find the integration domain for the integral dz, we will consider several
situations. Assume x > .
If t, >t and ©x — y > t; — t5 then

y+to—s<x+t;—sandr—t; +s>y—ty+s.

In this case,

1 t1 Atz A S (t1+t2—|y—z|) y+ta—s
E[u(tl,x)u(tg,y)] = 1{t1+t2>y—x}1/ ds(/ dz)
0 T +

—t1+s

1 t1Ata A (tl—l—tz |y (E|)
1{t1+t2>y—x}ZA ds(ty +t2 — (z — y) — 2s)

1 [altitta—ly—z|)
1{t1+t2>y—w}1/0 ds(ty +ty — (x —y) — 2s)

1 2
L >ly-al) g (ti+ta—(z—y)) .
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If t, > t; and = — y < t; — t5 then

y+to—s<x+ti;—sandr—t1 +s<y—ty+s.

Then
1 t1/\t2/\%(t1+t2—‘y—x‘) y+ta—s
E[u(tl, x)u(tg, y)] = 1{t1+t2>|y—m|}1 / dS/ dz
0 y—ta+s
1 tl/\tg/\%(tl-i-tg—‘y—w‘)
1{t1+t2>|y—x|}1/ d8(2t2 — 28)
0
1 [ 1,
Lt +ta>ly—aly / ds(2ty = 25) = Lintia>ly—al) T2
0
If t; <ty and = — y <ty — t1, then
r4+t;—s<y+ts—sandr—t; +s>y—ty+s.
So
1 tl/\tg/\%(tl-i-tg—‘y—w‘) r+t1—s
Elu(t, z)u(ts,y)] = 1{t1+t2>|y_x|}1 / ds/ dz
0 r—t1+s
1 t1/\t2/\%(t1+t2—‘y—x‘)
= 1{t1+t2>|y—m|}i/ ds(2ty — 2s)
0
1 [ 1,
1{t1+t2>|y—x|}1/ d8(2t1 — 28) = 1{t1+t2>|y—x|}1t1'
0
If t, <ty and ©* —y >ty — t1, then
y+to—s<zxr+ti—sandrx—t;+s>y—ty+s
Consequently
1 t1/\t2/\%(t1+t2—‘y—x‘) y+to—s
E[u(tl, x)u(ts, y)} = 1{t1+t2>|y_m|}1 / ds (/ dz)
0 r—t1+s +

1 [3(titta—ly—z))
1{t1+t2>|y—x|}1/ dS(tl + tg — (ZL’ — y) — 28)
0

1
1{t1+t2>|y—m|}ﬁ (t1 +t2 — (z — y))2 :

By the above four esimates, we showed (55) when = > y. By symmetry, it is also
valid for = < y.
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Notice that the formula (56) has been obtained in [5] in the case t; = to.
Now, we compute the correlation between the increments of the solution to
the wave equation over small spatial intervals. Denote, for 2 =0,..,N —1 and t > 0

1 1+ 1 1+ 1 i
() (8

Lemma 8. Let u be given by (53).

(a) Suppose that t; # ty and ti,ty > 0 with t; + 1ty > 1. Then
1

1 . .
E[u<t17 Ai>u(t27 AJ)} = _Wlﬁl—tﬂﬁ% + ft(17252,N(|Z - j‘)1$<‘tl—t2‘g%
i (= 3D it gy clign (58)
for (i,7,N) € {0,.., N — 1}? x N satisfying i # j, where we used the notation,
for1 <k <N
) 1 A E4+1\? 1
1 2
k)y=2x— [t to—— | —— (1 to ———— | ——(t1i A\t 59
ft17t2,N( ) X16<1+ 2 N) 16<1+ 2 N ) 4(1 2) ( )
and )
1 1 k—+1
2, n(k) = Lt At2)? i (t1 - T) . (60)
(b) Suppose that t; # to and t1,ts > 0 with t; +ty > 1. Then

for any i € {0,..,N — 1} and any N € N satisfying N > |t; — to]| L.

(c) Suppose that t > L. Then

1 1 1 1

for any N € N and any i € {0,1,.., N — 1}.
(d) Suppose that t > L. Then

1

Elu(t, A)u(t, A;)] = SV

(63)
for any i,j € {0,1,..,N — 1} satisfying i # j.
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Proof. Suppose that t1,t; > 0 and t; + to > 1. We have from (55), for every i,j =
0,..,.N—1

E[u(ty, A)u(ts, A))]

1 i =41\’ 1 2
- 9% (tl +ty — —— 1‘t1_t2|§\i;]j\ + 2 X Z(tl Ats) 1|t1—tz\>”;Nﬂ

16 N
1 i —j -1\ 1 )
_E <t1—|—t2—7N ) 1\@—@5% —Z(tl/\tg) 1\t1—t2|>“L];,’1‘
1 i— i+ 11\? 1
0 <t1 ity — %) Lotz = (AL, s (64)

First we will show (61). Assume that i = j. Take N large enough such that
|t1 — t2| > %

1
E[u(tl, AZ>U(t2, Az)} = 2X Z(tl N t2)21|t1—t2|>0
1 1)’ 1
—2 X — (tl + 19 — N) 1|t1—t2|§% —2X Z(tl A t2)21|t1—t2|>%
= 0.

Next, we will verify (58). Let us assume ¢ > j. In this case we have

1 i—7\° 1
E[U(tl,Az)U(tg,A])} = 2X ]__6 <t1 + t2 - T) 1\t1—t2|§% + 2 X Z(tl VAN t2)2]‘|t1—t2\>%

16 (tl T T) Y LA R R

1 1—7+1 ? 1 2
—1— (tl + t2 — T) 1\t1—t2\§$ - Z(tl A t2) 1|t1—t2\>$'
(65)
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If |t; — to| < 2=, the above expression gives

E [u(ty, A)u(ts, A;)] =3%F<“+“‘%%)

L 2 S 2
1—j—1 1—7+1
(4t ——2 ) —(tty——2
<1+2 N ) <1+2 N )
1

= —— Q- —(i—j=1)—=(i—j+1))

8N
1 . S .
T6N2 26— —(—j—1)7=(—j+1))
=) === ==+ 1)~ 55 =~
gy T Y 8NZ T 8NZ'
If S < |t — o] < 5L or 5 < |t — 1| < =2 the conclusion is obtained
directly from (65) and finally, if [t; — t5| > =2 then

+

1 1 1
Elu(t, A)u(tz, Aj)] = 2x Z(tl Nty)? — Z(tl Aty)? — Z(h Ata)* = 0.

We consider the case (62). For ¢ > 1, from (56),

16 16 N

N P
4N ON )

Regarding (63), for ¢ # j, by (64), we have

Efu(t,A)’] = 2x i(2t)2 Cox L (2:& — i)Q

E[u(t, Au(t, 4))] = f%[2<%‘ﬁi§ﬂ)

li—5—1]\" li—5+1]\°
— ot — (2t ———
< N N

t
A
@il = li— =1 = li—j+1)

+

1 . ) . . 2 . . 2

oz Cli— P = li=g =1 =i = j + 1)
¢

= @il -1 -l 1) -
1

SN2

b
3N?
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Note that
2fi—jl=li—j— 1= li—j+1]=—2iti =}
and
2i—jl—li—j—1|—|i—j+1]=0ifi# ]
The conclusion is obtained. [ |

As an immediate consequence of Lemma 8, we have

Corollary 1. If t;, # ty are fized in (0,00) with |t — ta| > 1, then u(ty, A;) and
u(te, A;) are independent Gaussian random variables for every i,j€ {0,1,..., N — 1}.

5.3 The quadratic variation

Fix the time ¢t > 1/2.  We denote z; = % for j = 0,...,N for every N € N. z;
depends on n. The centered renormalized quadratic variation statistic over the unit
interval [0, 1] can be defined in the following way:

|t a) —ult,2)) e
Ve = 2 | B ultray0) = utts )] ] Z \utA)\} 1]‘ (96)

Starting with this paragraph, we will denote by I, = I ;V the multiple integral
of order ¢ > 1 with respect to the Gaussian noise W (given by (52)) and by D = DV
the Malliavin derivative with respect to W. In this case, we will write

U(ta$i+1)_“(t7$i) = Il(gt,i) with gt,i(uvy) = Gl(t_uaxi+1_y)_Gl(t_uuxi_y) (67)

where G from (54).
Using the product formula for multiple Wiener-integrals (100), we can rewrite:

Ve = N I3 (9.) -
= E {(u(t,xﬂ)—u(t,%)ﬂ
s 1, (g?jf)+E[(u(t,xﬁl)—u(t,xj)ﬂ 1
pr E [(u(t, i41) — ult, xj)ﬂ
_ N_: L2 (9::) = L(fv) (63)

E [(u(t, i) —ull, xj))1
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with

N-1 @2
= 2 Bt 4]

We will use the symbolic notation, for i, 7 =0, .., N,

(A Aj) = (Gt r.j) 12(10,00) xR, dtdw) = B [u(t, Aj)u(t, Aj)].

Let us first estimate the L:-mean of the random variable Vi ; as N — oo.

Lemma 9. Suppose that t > 1/2. Let v}, = E[VZ,]. Then

1 1 — L) 1
=1+ =(N-1) (“52) 2:1+O(N)'

N 69
oN MVt 5 (ﬁ(%_ %)) ( )
Proof. Notice that
Uxy =2 NZ_I (4, Ar)*
L=
t T A Ellut ADPIE[u(t, AP
N-1 .
<AjaAk>2 (—8N2)—2
= 2N +2 N o
stk [lu(t, A7) P E[Ju(t, A j k—ZO:J;ék (4AN)=1(2t — 5%))?
(—8N?)~2
= 2N+ N(N-1)
(AN)=1(2t — 55))?
where we used (62), (63).
|
We define
Vi
Fa = N 70
M7 VAN (70)

We will show below that the sequence (Fy)n>1 satisfies the conditions [A1], [A2]

and [C].

5.4 The Gamma-factors

We need to compute the Gamma-factors I'®)(Fy ;) for any p > 1 at fixed time ¢ > 1/2

with I'®) defined in (2). We have

TW(Fy,) = Fyy
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2 j1,j2=0E[| (

_ i NZ_I 12(Aj1 ® Aj2><Aj17 Aj2> + i — <Aﬁ1’ A >
2N~ Ellu(t, A;)PTE[Ju(t, A,)P] ~ 2N 2= El[u(t, A;,)P]E [Iu(t,AjQ)P]
2 pl, ]2(Aj1 ® Ajz)<AJ17 Aj2> (2)

= ﬁﬁ%::OE“u(t,Aﬁ)HEUU t,AJ2)|2} +E[F (FN,t)}- (71)

Next,

PO(Fyy) = (DFyy, D(=L)"'T® (Fyy))

I L(A)L(AL) (AL A,
' Z E[u(t, A;,)PJE[Ju(t, Ay, )]

(
]2(AJ1 ® AJ2) <AJ17 Ajs) <Aj27 Ajs)

4 N—-1
GVt 2 Bt APTE u A FIB (. A7)
4 = (Ajy, A )(Agy, Aj) (A, Agy)
FamiE, 2 Blult Ay PIB[u(t ApFIB]u(t AL)F]
_ 4 - [2(Aj1®AJ2)< J1’A33>< J2> > (3) "
2T, 2= Bllutt, A, P u(r. A, FIE UutA]SM*EF (Five).
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In the same way, for any p > 2,

TP (Fy,) = (DFxs, D(—L) Ty 1(Fny))

1 TR LA @A) (g, Aj ) (Ajyy Ajy) e (A, Ay Y (A Ay

CINE 2

J15+,Jp=0

Ellu(t, A;)?]... E[Ju(t, A;,)|?]

L R ( Ay, A (A, AW (A, Ao (A, Ay ) (A

] Aj1>

Jp?

>

JiseJp=0

_|_

(2N)2 Eflu(t, A;)?]... El|u(t, A;,)?]

opr—1 i 12(Aj1 ®Aj2> <Aj27 Ajs) <Aj37 Aj4>""<Ajpfl’ Ajp) <Ajp’ Ajl

)

~ (2N): 2

Ellu(t, A;)?]... E[Ju(t, A;,)|?]

J15-3p=0
+EIP(Fy,). (72)
where
E[F(p)(FN,t)]
_ or—t NZ_I <Aj1’ Aj2> <Aj2’ AJ3> <Aj3’ Aj4>""<Ajp—1’ Ajp) <Ajp> Ajl) . (7?))
(2N)% = E[|u(t, Aj))2]... E[Ju(t, A;,)[?]
Then, using (62) and (63) in Lemma 8
E[F(p)(FN,t)}
N apaN(N —1) ( o) )2 +apaN(N — 1)(N —2) ( o)
(2N)* | (2w (20 = 5¥)) | (v (2t = 5

o FapyN(N —1)--- (N —p+1) <(i((;twl))> ]

where a, 2, .., a,, are combinatorial constants. In order to get the explicit asymptotic
expansion of the E[I'®(Fy,)] (which is necessary in order to check [C]), we will need

k
1
to evaluate the Taylor expansion of (%) for every k > 1 integer. We can

1 1
i~ (2t—3x

write




where C}' = ( 2 ), we get

() @) Bl o

Let us now check assumptions [Al], [A2] and [C] in order to apply Theorem 3.

5.5 Checking condition [C]

We will show that condition [C] is satisfied for C'=1 and v = %. Let us first look to
assumption [C](4). Since d = 1, we have | = {1} and the only non-empty subset of ?
is {(1,1)}. Let T® = F(Z) In order to check [C](), we need to find the asymptotic
behavior of E[I'®(Fy,)] — 1. From (73)

, B 2 i <AJ17A>
BI(Fv] -1 = ﬁﬂ;oEUu(t,Am Bllu(t. A)F]

! () )
. NN(N_D((LN(%__)))

and from (75), for every ¢ > 3

E[I'®(Fy,)] -1
_ ety <i)n
N (4N1)2 &= "\ 4Nt

= (N—1) ! <1+21 43 +ont(g+1) ! +0(N_q))
1

ANt " O (AN1)? (4Nt)a

1 1 1 1 1 1 1 "
T N <2(4t)3 - W) N (‘IW —la- 1>@) ~7 o).
(76)

Therefore condition [C](i) holds by taking g = 21 (so ¢ + 1 = £1) with

c(lz, k) = 0if k is odd and ¢(1s,2k) = k‘; — (k-

> 1.
(4t)k+1 k=

1
e
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Next, we show [C](ii). We will obtain the asymptotic expansion of E[I'V)(Fy )]
for every j > 3 integer. By using (74),

E[F(j)(FN,f,)]
_ o)\ (~ah
RTIE N+aj,2N(N—1)((ﬁ(2t_ﬁ))> +aj73N(N—1)(N—2)<(ﬁ(2 vl

where a; 2, .., a;; are combinatorial constants. Therefore, via (75)

, 9i—1 1 N! = I
ETY(F N o (—1)2 E 1 _—
[ ( N,t)] (QN)é _'_aj,?( ) (4t)2 (N—2)!N2 n:00n+1 <4Nt)
1 NI - 1 \"
S(=1)3 2 —
T N e ;C"“ <4Nt) ot
1 NI = 1 \"
C(—1)P : : E g — .
—l—am( ) (41)7 (N — j)INJ 2 Cn—i—] <4Nt> ]
Since

e = (%) (%)

for k > 2, we obtain

_ 1 1 1
©)) — | P A A P
E[IY(Fy,)] = C(IJ,I)N%_l—I—C(I],?))Nl+c([j,5)N%+1 (78)

2

fotellp—j+2) " ( ! )
oo+l p— — 0 —
’ / N"3' N'3

for j € {3,...,p+1}. All the coefficients above can be written explicitely. In particular
c(1;,2k) = 0 for every k > 1 integer while

ol 1) = 24759 = 27 (5 g + (1 g + o 0 )

and

e, o L (k1 (k=1)k
o(1;,5) =2 ;%k( l)k(4t)k( m 5 )
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5.6 Checking conditions [A1l] and [A2]

Condition [A1](7) is clearly verified for every [,r because Fy, is an element of the
second Wiener chaos with E[FZ] — 1 as N — co. Condition [A1](ii) can be checked
similarly to [A2](7).

Let g = (p—1)/2. Due to Lemma 1 (b) and by the hypercontractivity propery
of multiple stochastic integrals (101), it suffices to check that for every p > 3

[T#+D (Fy,) — B[LED(Fy )], = o(N757).

I

Let TP+ (Fy,) = D¢+ (Fy,) — E[T®*D(Fy,)]. Then by (72),

E { (f‘(P-i-l) (FN¢)> 2} <(2]\27%) 2

%9 NZ_I <Aj1 ®Aj2> Ak1 ®Ak2> <Aj2> Aj3>""<Ajp+1’ Aj1> <Ak2’ Ak3>“'<Akp+1> Ak1>
E[lu(t, A;) ] - E[Ju(t, Ay, ) PE[Ju(t, A, 2] - Bllu(t, Ay,,,)[?]

J1sdp+1s
Kyt 1=0
2
( op+1 ) N-1
= (=2
p+1
(2N) 2 J1sdp41s
ky,.kp =0

<Aj17 Akl) <Aj27 Ak2> <Aj27 Aj3>""<Ajp+l7 Aj1><Ak27 Aks)""<Akp+17 Ak1>

“EBllult, A)P] - Bllult, Ay P E[ult, Aw)P] - B[t A ] )

where we used the symmetry of the sums above and the formula

(1&g, 11 @0) = (U R 0.00) + (F 01} 0. ).

Consequently, by (62) and (63), we get

E[ (f(p)(FN,t)>2:|

o <(27> (N +0(1)) = PN-0H(N +0(1)) = 2N 7 + o(N).(50)

2N)™=

The above estimate is true for every p > 3 and it clearly implies [A2].
To summarize the behavior of the cumulants, we have the situation described

in Table 1 with v = %
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Table 1: The asymptotic behavior of E [I'7)]

Summand First order term  Second term Third term Fourth term

E [[O(Fy) e . = —e

E [IW(Fy)] + (E[I®(Fy)] - 1) N N Nov il
B [10)(Fy) & = o i

E [ITO(Fy)] = e e I

E[TOF £ E E M

[ ( N)] N57 NTY N9V N1Y

E [P*H)(Fy)] NG-T NGIDY NG NG

5.7 The multidimensional case

Consider the sequence
FNJ - (FN,tlaFN,tz) (8]‘)

with Fiv, given by (70) and ¢; # to and t;,t, > 1/2. Using relations (58) and (61)
we can prove that this two-dimensional sequence satisfies [A1], [A2] and [C].

Recall that we denoted by I, = I ;’V the multiple integral of order ¢ > 1 with
respect to the Gaussian field W (whose covariance is given by (52)) and by D = DV
the Malliavin derivative with respect to W. In this case, the sequence (70) can be
written

N-1
1 Z gtz j)
" V2N p= E[|u(t, A;)?]
for i = 1,2, where we used the notation u(t, A;) from (57) and g;,; from (67). Let us

first compute the Gamma factors (2) of the vector (81). Since, for a = 1,2

N-1 N-1

[1 gt J)gt J 1 1
= = and D(—L)  F =
\/_ 2 Bfjuft,, Ay PO e = 5 2

L (gtay 9ta,j
E[u tas Aj)[?]

DFN,ta -

and by using the symbolic notation, for a,b =1,2 and j;,7, =0,1,.., N — 1

<AJ1>A]2>Ht gy E[u(ta’Ah)u(thAjz)}: <gta7j17gtb7j2>'

we get, for every 41,15 = 1,2
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r2,(Fny) = (DFyy,, D(=L)"Fyy,)
1 &= DGy D Gy ) (A A,
" ¥ 2, B, 4 PIE[u A
B N Io(( gtzl ) (9&2 J2))<AJ17AJ2>7‘[t iy
N N Z E[[u(ti, Aj)) 2] E[Ju(t z-z,AJZ)IQ]

<A317A]2>7'lt i
N Z |u 217AJ1)‘} Uu( 127Aj2>|2]

J1,J2=0

B 1 NZ:I [2((gti17j1)®(gti27j2))<AJ1?A]2>Ht stis
N Elu(ti,, Aj)P]E[Ju(t iz,Am)P]

J1,J2=0

+E [FEM) i2) (FNvt):| :

In the same way, we get for p > 2

tip tiy

p—1 N-1 [2((91' T, 1)@(91 T 2))<A 27A3>7-Lt i <AP7A >
Fg’)wip(FNvt) = 2 by @.d |t2 »J J J j

(2]\])% Z E[ ( 21>Aj1)|2} ’ [|u( Zp’AJp)|2}

J15+,Jp=0

+E[IY | (Fay)]

<Aj1a Aj2>’th-i,t,L- <AJ2’ AJ3>Ht gotiz " <Ajp’ Aj1>’th-p,t,L-1

E|:|u(til7Ajl)‘2:| o “u( ip7Ajp)‘2}

~ (2N) 2

J1s-,Jp=0

(82)

5.8 Checking conditions [A1], [A2] and [C]
1

We will check our main assumptions in the particular case p = 2 with v = 5 and
C' a symmetric matrix in dimension two. Let us first determine the limit covariance

matrix C'.
Denote by [z] the minimum integer that is not less than x. Let ny = [TN] —

Nt for 7 = |t; — ta.
Lemma 10. Let t; # ty and ty,ty > 1/2.
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1. Assume |ty —ts| > 1. Then
B[ (Fx)] = Lg=p (1+0(V)
as N — oo fori,j =1,2.
2. Assume |ty —ts| <1 (and hence ty +ty >1). Then, as N — oo,
E[l?(Fy,)] = 1+0N7Y
fori=1,2, and

(1= |ts = ta])(ts A t2)? (21

(2) _
E [Fi’j (FN’t)] a 2t1t2

¥ =20y + 1)+ O(N") (83)

for (i,7) = (1,2), (2,1).

Proof. In both cases, we have
B[l (Fy,)] =1+ 0N

for i = 1,2 by Lemma 9.
We will investigate the asymptotic behavior of E[F1 %(FN ¢)].  In Case 1, by
Corollary 1, we obtain

E [T7)(Fx,)| = E [Fy Fy] = 0.

In Case 2, using (58) and (61),we can write

N—-1 2
o] = 3§ (Bl )
| | N 5 B |“ tl’Ah” |B{lu(ty, A;,)?]
1 1 1 -1 1 1 —1
= = 2t) — — —(2ty — —
N <4N( h 2N)) (4N( L QN))

N-1
—1
x> {8N21|t1 to] < 1211 + S (it = )1 D21 gy gy bl

J1,32=0,517#72
FE (Ui = o) st oy ctimpn ] (34
tl,tQ,N %<‘t1—t2‘§ J1 1-1]2

with f), £ from (59) and (60) respectively.
To get the limit of the sequence uy := E [F?%(F n,t)], it suffices to get the limit
of U, —t,-1. We can write, by (84), with Ny o = Nty —to|™!
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1 S 1)‘1 . 1)‘1
e Nio \ 4N ! 2N o 4N 5 ? 2N

(WD 0@ 4 @)

with
[lez}—l

2
(1) _ 1
uy = <_W) > L

J1,52=0,51#j2

[N1,2]—1 [N1,2]—1

2 2
2 2 : 1 . . 3 j : . .
u&\[) - (.ft(17)tg,N172(|]1 _]2|)) ]'Ijl_j2‘:N? uEV) = (ftl t2, N12(|]1 _]2|)) ]'Ijl_j2‘:N_l'

J1,72=0,j17#j2 J1,72=0,517#j2

Notice that
2
ftl ,ta, N12( ) ft(l,zfg,leQ(N_ 1)

1 1 1\?
16(t1+t2—|t1—t2\) —7g |t = [t — ] = [ — ol

1 1 1
= §|t1 —t2|(t1 /\tQ)N —I-CQN —I-Cgm +.

Coming back to (85), we deduce that

-1

(85)

(86)

[V1,2]
) 1 4NE, (1 S|
E[F&%(FNJ)] ~ glinta) | <o > Wimjal=n1 + Ljumgol=n—1]

Nig tity \8 io

J1,32=0,517#72
4 (ty A ty)?
64  tito

2

4 (|t1 - t2|_1 - 1) = 0172 - 0271.

Denote uy = E[F%(FNt)] Let 7 = |[t; — t2|. Then

Wll |

1 2 N-1
1
Ugv) = (_W) Z Lji—jal>rN+1}

J1,92=0,j17#j2

N-1
2
2 1 . .
ugV) B Z (ft(l’th’N(‘jl _']2|>> 1{TN§|j1—j2\<TN+1}

J1,J2=0,717#j2
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and

N-—1
2
ugv) = Z (ft(l,)tz,N(\Jl - J2|>) LirN-1<lj1—jal <} -

J1,J2=0,j1#j2
The contribution of u%) to uy is asymptotically negligible since

uy = O(N72).

Moreover,
@ 2 [TNT1\> 1 [TN]+1\> 1 )7
Uy = Q(N—[’TN—I)X 1_6 t1+t2— N —E tl‘l‘tg—T _Z(tl/\t2)
and
1 N1\ 2) 2
W) = AN =[N+ 1) xSt Aty)? — = t1+t2—h !
16 N
Since
TN
t1+t2—% = t1—|—t2—7'—77WN = 2(t1/\t2)—nﬁN

@ , G
We can express uy’, Uy’ as

WP = 20— 7)N" x {l(tl Ats)(1—ny) + O(N‘l)} +0(n7?)

4
and
1 2
ug\?;) = 2(1 — T)N_l X {i(tl VAN tQ)TIN + O(N_l)} + O(n_2).
Consequently,
(1 — [ty — ta|)(t1 A t2)? _
= 2115 {0 =)+ 03} +ONT).
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When |[t; — t5] < 1, the sequence uy does not converge. We need to consider
the limit of uy along a subsequence of N such that ny — a € [0, 1]. More precisely,
uy does not converge, however,

(1 — [t1 = ta])(t1 A t2)?

uy = (2a* — 2a + 1) + o(N~V/2) (89)
2t1t;

along any subsequence such that
Iy = a+o(N~'?) (90)

as N — oo for some a € [0, 1].

Thus, in Case 2, we can consider approximation to the distribution of Fy; by
the asymptotic expansion along the subsequence.

Define the matrix C' = (Cj;); =12 by C;; = li—;y in the case [t; — to] > 1,
and by C1; = Cy5 =1 and

(1 — [t1 = ta])(t:1 A t2)?

Cip = Cy = o1
102

(2&2 — 2a + 1)

in the case [t; — to] < 1.

We now check [A1], [A2] and [C] for p = 2 and v = 1. In what follows, we will
consider the full sequence (N)yen when [t; —t2| > 1, but only consider a subsequence
of (N)yew satisfying (90) when |t; — t5] < 1. Since [ = {1, 2}, we need to evaluate

E[I'?(Fx,)] and E[T®(Fy,)]

for every I, in 2.

By Lemma 10, we have the property [C](7), that is,
E[I'Y(Fx,)] = COn+o(N"?)

for I, € 1? (i = 1,2) as N — oo (but along the subsequence when [t; — t5] < 1).

In order to check [C](ii), we need to estimate E [FZ(-??Z-27Z-3(FN¢)} with (41,19, 13) €
{1,2}%.

If iy = iy = i3 (and they are 1 or 2), then we can follow the lines from the
one-dimensional case, see relation (77). We will have, for i = 1,2,
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E[TY

1,0,0

(Fyo)] = E[IT®(Fy,)]

and by (75) we obtain

4 | N' &4 L\"
ot |V arap & O (2N<2t,->)

, 1 N &, 1 "
D ox Gy v g 2 e (avmy) ] '

We thus obtain the estimate (78) where in the expression of the coefficients we replace
t by t;.

If 41,149,193 € {1,2} are not all equal, then we have a different behaviors of the
quantity E[F(?’) (FN,t)] We can assume i; = i3 = 1 and i3 = 2 since the other

11,02,13

E[T® (Fy,)] =

1,0,0
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cases can be treated analogously. In this situation, from (58)-(63)

)
4 — E [u(tlﬁ Aj1)u(t1> Ajz)} E [u(tb Ajz)u(t% Ajs)} E [u(t% Aj3)u(t1’ Aj1)}
Eflu(ti, Aj) P E[lu(ti, Ap) P E[|u(ts, Aj)]?]

- o) (o)

N—-1
X E [u(ty, Aj )u(ty, Ay) [E [u(ty, Aj,)u(ts, Ajy) [E [u(te, Ajyulty, Aj,)]
J1,J2,J3=0
- ar(w (o) (o))
(2N)z \4N 2N 4N 2N
N—-1

X > E[u(ti, Aj Jults, Ap) JE [u(ty, Ay )ults, Ajy) JE [u(ts, Ajy)u(ts, Aj,)]

J1,J2,§3=0;j2#j3 75

“ (v (o) G (o)

x l Z_ B(u(t, A;,)]?] (Blu(ty, Aj,)u(ts, A3,)])°
j1,52=0;717 ]2
+ Z_: E[u(thAj1)u(t1’Aj2)}E[u(t1’Aj2)u(t2>Aja)}E[u(t%Aja)u(tleh)}

J1,J2,J3=0;j2# T3 j17 ]2

4 1 1I\\ 2/ 1 I\ @
— = (ot — — = (2t — — .
avt v (nmaw)) (w (emaw)) @9+l

In Case [t; —to| > 1, we see E[F(s) (Fx.)] = 0 by Corollary 1. In Case [t; —t2] < 1,

11,912,103
we are only considering the subsequence of (N)yen. By Lemma 8 (d) and (a), we
have

N-1

>

J1,42,33=03j2#j3Fj17 )2

= O(N7?%) x (O(N2 x N2x N3 +O(Nx N' x N‘1)> = O(N7?)

2 _
Y| S O(N72) x

E[u(ty, Aj,)u(ts, Aj) | Efu(ts, Az )u(ts, Aj))

since the last sum is essentially one-dimensional. Therefore, v](\?) has no essential
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contribution in the limit. As for U](\P, by Lemma 8 (c),
N-1 )
1
o = 30 Bt 4] (Blult, A)u(t, 45,)])

J1,72=0;517#72
N-1

= (t—l + O(N_2)> Z (E [u<t17Aj1)u<t27Aj2)})2 :

2N o .
J1,92=0;j17#72

Therefore,

4 1 1\ ?/ 1 1\\ '
— (2, — — — (2t — —
(2N)2 (4N< ' 2N)) (4N< ? QN)) N
4 1 1\\ '/t
— — (2, — — —— L O(N2) )uy.
23 N1/2 <4N < ' QN)) <2N O ))“N

From (89), we obtain, with a from (90),

4 1 L\ '/t
E[MY,(Fy)] = — (= (2t — — oy HON
[ 1'1_2( N,t)} 2%]\[1/2 (4N ( tl QN)) <2N+O( )

y (1 — |ty — ta]) (t1 A t2)?
2t1ts

(20* =22+ 1) + o(N~Y/?%)

(L—[ts —ta) (s A t2)* ) o ~1/2
= 20> —2a + 1) + o(N~V
V2Ntqty ( ) ( )
Consequently, we obtained
E[1Y,  (Fys)] = DIN"Y2 4 o(N"V/?) (91)
and this verifies [C](i1).
Similarly to the one-dimensional case, we can check [A1] — —[A2]. Recall that

O (Fy) = 92 Nz_:l L((9t, .50 @Gty 2.32)) (Ao At v, (A Asi ),
N T

J1,J2,J3=0

igotig

E Uu(tilv Ajl)‘2j| E Uu(tiw Aj2>|2} E Uu(tisv Ajs)‘ﬂ

for

e (Fny) = r® (Fn.) —E[F,(?)H(FNt)}

11,-523
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Therefore,

[T i (Fx)l]
o ( 22 )2 = {<AJ17AJ1>7‘[t i <Aj27Aj§>7-lti i <AJ27A]3>7‘[t tig
( o LE[Ju(tiy, 45,2 } [lultis, Aj) 2 } [Ju(t 237A]3)|2]
<Aj3v AJ1 >Ht t <Aj§> Ajé>’Ht,L-2,t,L-3 <Aj§7 Aj1>7'lti3,ti1 }
[|U( mAgl)\ } [u(tiy, Ajp) PIE [Jultiy, Ajy)I?]
_'_( 22 ) Nzl { J1o j2>Ht i <Aj2aAj{>Hti g <AJ27AJ3>Ht ootis
(2N)% ‘u( ZNAJ1>| ]E“u(tiwAJé)‘ } “u( istJ3>|2]
<A]37A]1>7‘lt £ <Aj§7Aj§>7‘lti2,ti3 <Aj§7AJ1>7‘lt tll}
E[|u(t mAyl)\ } [u(tiy, Ajy) PIE [Jultis, Ajy)I?]

Jl J2 J3=0

31+3535=0

and hence

E[T . (Fxo)]
N—1
DS {»<AJ1,AJ2>%, .

‘ <AJ47 A]<)>,Ht f;'t ,

<AJ2> AJ;>Ht i it #,

}(AB? AJ4>Ht i t i,

<Ajo’ AJ6>Ht i t; .

}<AJG7 AJ1>Ht i ity

)

where > is the sum for all permutations (i}, ..., i) of (i1, 11,41, i1, 2, @2, i2, 02, i3, i3, 13, 13 )
By Lemma 8 (a), (c¢), (d), we conclude that there exists a constant K such that

N—-1
A Ay, | < KNT!
z:O?.?SV—ljZ:;R D oun]

for any a,b € {1,2} and n € N. By the Schwarz inequality and Lemma 8 (c), we have

max{tl,tg}
RAJlaAJz)’Ht byl S N

Then, by Lemma 11 below with A = {1,2}?, we obtain

(jl,jQ = 0, ,N — 1, ’il,ig = 1,2)

I L(Exg), = O,

in particular, [A2](77). Since f‘l( ) is(F,) is in the second chaos, we obtain [A2](i) for
any /1 € N.
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Verification of [A1l] can be done in a similar way. The components of Fy,
and T®(Fy,) — C are in the second chaos. First we can show supycy [|[Fylls < 0o
and |[T@(Fy,) — C|la = O(N~Y2), and next use hypercontractivity to obtain L’-
estimates for any » > 2. Condition [A1l] is verified if we follow the same procedure
after applying the Malliavin operator [(¢ 4 1)/2]-times to these variables.

In conclusion, the asymptotic expansion for the multi-variate Fy, is valid for
p=2and vy = 1/2as N — oo when |t; — t3] > 1, and so along a subsequence
satisfying (90) when |t; —to| < 1. With more tedious computation, our approach can
be extended to any p > 2.

In the above discussion, we used the following lemma.

Lemma 11. Let A and J be finite sets. Let a*(ji,j2) € R for X € A, ji,jo € J. Let
A € R. Suppose that there exists a constant K such that

ey 2 G < K

J2€Jd

Let k € N satisfying k > 2. Let

SG A, d) = > @M (G1,2)a (o, Js) - - @ (e, k)@ (v ).
72, Jk€IN
Let
Ty he) = Y a™ (i, j2)a™ (. js) - - @™ (e, Ji)a™ (ks in)-
J1,925-JkE€EIN
Let
A= M o).
aK ek, 0, 2)
Then

15 < KRkIAF-TA/
(a) A17¥}7§§6A%2§}S(]17)\1a ,)\k)‘ <

k=1 Ak—=1 A/
(b) )\17r__r_l%§€A}T(>‘17"-a)‘k>} < KPPAPTIAHED.

Proof. We may assume that a*(ji,7,) > 0. The property (b) follows from (a). We
will show (a). Let

SP=Y(j;) = max max a (1, j2)a™ (ja, js) - - - @ (Gpo1, )@’ (Jp, 1)

o1



S(p_l)(j1>
- A me)x\x max a')\l(]1>]2) Z a')\z(j2>j3)"'a)\pil(jp—bjp)a')\p(jp?jl)
Lyeeey pEA ]iEJJ X
J J35eJp€EJ
< ma Ay
< maxmax ) a (41, J2)
J2€Jd
Ao/ ol - Ap—1( 3 . Ap( .
x/\max max a*?(jy,J3) - a (Jp—15Jp)@"" (Jps J1),
2, pEA jhed
J35e-JkE€EJ
therefore
5PV(G) < KASP2(j)) (92)

for all j; € Jy, N € Nand p € {3,4,...}. By inductively applying (92), we obtain
S0 < (KA)280 (). (93)
Moreover,
S = max max » o™ (51, j2)a* (52, 1)

)\ i . )\ -/ .
max max a 1(]17]2) maxa 2(]2a]1)
A1, 2€A jled 4 oy jhed

J2

IN

KA 2404
maxmax a”(jy, j1)
< KAA (94)
From (93) and (94), we conclude

max S*V(j) < (KAFIA

j1€J

Since S(j1;1, ..., ix) < S*7V(j;) by definition, we obtain the result. |

6 Elements from Malliavin calculus

In this section, we recall the basics of the Mallaivin calculus. For complete
presentations, we refer to [11] or [10]. Consider H a real separable Hilbert space and
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(W(h),h € H) an isonormal Gaussian process on a probability space (€2, A, P), which
is a centered Gaussian family of random variables such that E [W (o)W (¢)] = (¢, V) n.

We denote by D the Malliavin derivative operator that acts on smooth func-
tions S of the form F' = g(W (hy),...,W(h,)) (g is a smooth function with compact
support and h; € H)

DF = i %9 (W (hy), ..., W(hy))hs.

i=1 Oz;

By iteration, we can also define D*F| the kth iterated Malliavin derivative. Let Dy,
(for any natural number k& and for any real number p > 1) be the closure of § with
respect to the norm

k
IEIl;, = ENFPI+ ) E[IDFle] -
i=1
The adjoint of D is denoted by ¢ and is called the divergence (or Skorohod) integral.
Its domain (Dom(d)) coincides with the class of stochastic processes u € L*(Q2 x T))
such that
[E[(DF,u)]| < cllF;

for all F' € Dy and 6(u) is the element of L?(Q) characterized by the duality rela-
tionship
E[(Fé(u))] = E[(DF,u)y]. (95)

The chain rule for the Malliavin derivative (see Proposition 1.2.4 in [11]) will
be used several times. If ¢ : R — R is a continuously differentiable function having
bounded derivative and F' € Dy o, then ¢(F) € Dy, and

Dp(F) = ¢'(F)DF. (96)

Denote by I,, the multiple stochastic integral with respect to B (see [11]). This
mapping [, is actually an isometry between the Hilbert space H®"(symmetric tensor
product) equipped with the scaled norm ﬁ” - ||gen and the Wiener chaos of order

n which is defined as the closed linear span of the random variables h,, (W (h)) where
h € H,||h||z =1 and h,, is the Hermite polynomial of degree n € N

() = (_nll)n exp (%2) d% (exp (—%2)) ., z€eR

The isometry of multiple integrals can be written as follows: for m, n positive integers,

E[L(/)n(9)] = nl{f,d)uer iLm=n,
E[L(f)u(9)] = 0 ifm#n. (97)
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It also holds that I,,(f) = I, ( f) where f denotes the symmetrization of f.

We recall that any square integrable random variable which is measurable with
respect to the o-algebra generated by W can be expanded into an orthogonal sum of
multiple stochastic integrals

F=3 I.(f) (98)

n=

0
where f, € H®" are (uniquely determined) symmetric functions and Io(fo) = E [F].

Let L be the Ornstein-Uhlenbeck operator

LF ==Y nl,(f,)
n>0
if F'is given by (98) and it is such that > >, n?nl||f, |36, < co. Notice that
LF = L(F—FEF)and L"'F = L”Y(F — EF).
It holds that
§D(-L)"'F =F — EF. (99)

We recall the product formula for multiple integrals. It is well-known that for
feH® and g € HO™

Li([)Im(g) = Mzmrl ( " ) ( " ) Lo (f ©, g) (100)

T T
r=0

where f ®, g means the r-contraction of f and g.
Another important property of finite sums of multiple integrals is the hyper-
contractivity. Namely, if £/ = Y}  I(fi) with fx € H®* then

E[|F"] < C, (B[F))*. (101)

for every p > 2.
We can also define associated Sobolev spaces and Malliavin derivatives for
vector-valued random variables. Let V' be an Hilbert space. Let Sy denote the set

Sy = {ZFh

i=1

F,....,F, €S, hl,...,hnev,nzl}.

Then for u =" | F;h; we can define Du := 3" | DF; ® h; and consider the norm

k P
[ullkp,v = (E[|IU||2v] +ZEH|D’WII’}{®1®V]> :

i=1

o4



Now we can, just as for the space S, consider the closure of Sy, with respect to this
norm and call it Dy (V).
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